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All orders analysis of the three dimensional CP"Y~! model in the 1/N expansion
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The renormalizability of the three dimensional supersymmetric CPY~! model is discussed in the
1/N-expansion method, to all orders of 1/N. The model has N copies of the dynamical field and the
amplitudes are expanded in powers of 1/N. In order to see the effects of supersymmetry explicitly,
Feynman rules for superfields are used. All divergences in amplitudes can be eliminated by the
renormalizations of the coupling constant and the wave function of the dynamical field to all orders of
1/N. The beta function of the coupling constant is also calculated to all orders of 1/N. It is shown that this
model has a nontrivial ultraviolet fixed point. The beta function is shown to have no higher order

correction in the 1/N-expansion.
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I. INTRODUCTION

In lower dimensions many quantum field theories are
renormalizable. Especially in two dimensions, scalar
field theories with arbitrary interactions are renormalizable
in perturbation theory. We can easily see this fact by
power counting. In two dimensions, a scalar field is di-
mensionless and any interaction term in the Lagrangian is
superrenormalizable.

In three dimensions, however, the situation is different.
Since a scalar field now has dimension 1/2, coupling
constants of interaction terms involving more than six
scalar fields have negative mass dimensions, implying
nonrenormalizability of the theory. In particular, three
dimensional nonlinear sigma models are perturbatively
nonrenormalizable because they have an infinite number
of interaction terms in the Lagrangian.

However, the perturbative nonrenormalizability does not
immediately mean that the theory is ill-defined. It only
means that we cannot remove divergences order by order in
powers of coupling constants. It might be possible to
remove divergences by methods other than perturbation
theory. To do this, we would have to use some nonpertur-
bative method. Theories which are nonrenormalizable in
perturbation theory, but renormalizable by nonperturbative
methods, often have interesting nonperturbative phe-
nomena, such as dynamical mass generation, bound states
formation, and dynamical generation of the Chern-Simons
term. In three dimensions, such nonperturbative phe-
nomena seem to be crucial for the nonperturbative renor-
malizability. Therefore, it would be interesting to study
how these nonperturbative phenomena contribute to the
nonperturbative renormalizability of the three dimensional
sigma model.
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Actually, some supersymmetric nonlinear sigma models
were argued to be renormalizable even in three dimensions
by the exact renormalization group method [1]. The super-
symmetric CPN~! model is one of the candidates.
The CPY~! model is a nonlinear sigma model on the
complex projective manifold CPN~!, which was first in-
troduced by Eichenherr [2]. The supersymmetric version of
the model was formulated by introducing an auxiliary
gauge field [3-5].

The renormalization group method is one of the power-
ful methods which can reveal the nonperturbative property
of the theory. The renormalizability in the renormalization
group method is equivalent to the existence of a nontrivial
ultraviolet (UV) fixed point of the theory. In the renormal-
ization group analysis in [1], however, the effective action
is expanded in powers of derivatives on spacetime and
approximated by truncating at the second order of deriva-
tives. Although this approximation is valid in the low
energy scale region, it is not obvious in the high energy
scale whether the approximation is valid or not.

The existence of the UV fixed point of the three dimen-
sional supersymmetric CPVY~! model is also shown by the
1/N-expansion method up to the next-to-leading order
[6,7]. In the 1/N-expansion, we expand amplitudes in
powers of 1/N instead of coupling constant, where N is
the number of fields involved in the theory. In general, each
term of 1/N expansion corresponds to a sum of infinite
number of Feynman diagrams in perturbation theory.
Therefore, the 1/N-expansion is another powerful non-
perturbative method. Indeed, it was argued that the three
dimensional nonlinear sigma model and its supersymmet-
ric versions are renormalizable, order by order in the 1/N
expansion [8,9]. In Refs. [6,7], the beta function of the
coupling constant was explicitly evaluated by using
Feynman rules in the component field formalism. It was
shown that there is no next-to-leading order contribution of
1/N. Because of supersymmetry, contributions of bosons
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and fermions cancel each other in the next-to-leading order
of 1/N. There might be, however, contributions of higher
orders of 1/N. Therefore, an all order calculation in 1/N is
necessary for the complete proof of the existence of the UV
fixed point.

In this paper, we study the three dimensional N = 2
supersymmetric CPY~! model in all orders of
1/N-expansion and show that there is no higher order
correction to the beta function in this model. This confirms
the existence of the nontrivial UV fixed point to all orders
of 1/N-expansion. We also show explicitly that all diver-
gences can be eliminated by the renormalizations of the
coupling constant and the wave function of the dynamical
field @, namely, the renormalizability in the method of
1/N-expansion. To show this explicitly we have intro-
duced N = 2 supersymmetry and we use Feynman rules
for superfields, which we call ““super Feynman rules”. For
example, a chiral superfield ®(x, 6, A) can be expanded in
terms of component fields as

D 0,0) = $0) + 040) + S EF0),

where y* := x# + Lfy* 6. Therefore, if we know the two-
point functions of component fields, we can construct the
two-point function of superfield ®(x, §, ) from them.
Using this propagator of superfield, we can explicitly see
the cancellation due to supersymmetry.

In Sec. II, we review a part of the argument given in [7].
For the 1/N-expansion, it is useful to introduce an auxil-
iary field in the action. Although the auxiliary field has no
kinetic term in the classical action, it acquires quadratic
terms in the effective action induced by the quantum
fluctuations of the dynamical field. When the auxiliary
field is introduced, the path integration over the dynamical
field becomes a Gaussian integral and can be performed
easily. After performing the integration over the dynamical
field, we obtain the action with respect to the auxiliary
field, which is proportional to N. Therefore, the
1/N-expansion turns out to be the loop expansion of the
auxiliary field. This is the reason for introducing the aux-
iliary field.

We evaluate the effective action to the leading order of
1/N to study the vacuum structure of the model. The model
turns out to have two phases, ‘“‘symmetric phase” and
“broken phase.” The global SU(N) symmetry is sponta-
neously broken in the broken phase, while it is unbroken in
the symmetric phase. The supersymmetry is unbroken in
both the symmetric phase and the broken phase. In the
leading order of 1/N, the effective action has a linear
divergence which can be eliminated by the renormalization
of the coupling constant.

In Sec. III, we evaluate the propagator of the chiral
superfield @ in the symmetric phase, which can be ob-
tained by combining the propagators of component fields.
We call this propagator of superfield ‘“‘superpropagator.”
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After we modify the chiral superfield ® by some similarity
transformation, the superpropagator can be written by us-
ing differential operators on superspace. These differential
operators can be obtained by modifying ordinary super-
covariant derivatives D,, D,. We call these differential
operators “‘twisted covariant derivatives.”

In Sec. IV, we first evaluate one-loop diagrams of the
dynamical field, which induce the inverse propagator of the
auxiliary field in the effective action. Using the superpro-
pagator of the dynamical field, we can easily calculate the
one-loop diagrams by a partial integration over Grassmann
coordinates. From the inverse propagator of the auxiliary
field, we secondly evaluate the propagator of the auxiliary
field V, which can be written in terms of ordinary covariant
derivatives D, D,,.

In Sec. V, we study divergent diagrams and the renor-
malization. We first evaluate the superficial degree of
divergence and find that divergent diagrams can be classi-
fied into two types. We show that all divergences can be
eliminated in each order of 1/N by renormalizations of the
coupling constant and the wave function of the dynamical
field. In the last subsection, we evaluate the beta function
of the coupling constant. In the 1/N-expansion, there is no
contribution to the beta function except at the leading
order. We find that this model has a nontrivial UV fixed

point.
Throughout this paper we work in three dimensions with
metric 1, = diag(+, —, —).

II. CPY~! MODEL
A. Action of the CPY~1 model with the auxiliary field

The action of the CPY~! model involves a set of N chiral
superfields @/ (j = 1 ~ N) and one vector superfield V:

S = [d3xd46’(fl>ﬁe_v<bj + cV), (D

where c is a coupling constant and we define

[d“ﬁ = [dzﬁdzé, [d2002 = [dzééz =2

This action has N = 2 supersymmetry, U(1) local gauge
symmetry, and a global SU(N) symmetry. In Appendix A,
N = 2 supersymmetry in three dimensions is reviewed.
The local gauge transformation is
i — N/, ®/t — ~iN Pt
VoV + A+ AL

where A is any chiral superfield. Although V itself is not
invariant under this transformation, the following term

fd%rdzév

is gauge invariant.

065034-2
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The equation of motion for V
dite VD = ¢
is solved for the auxiliary field V
V = log(®/t®/) — logec.

Therefore we can eliminate V from the action:
S = c/d%d“@log(@”@ﬂ,

which reduces to the action with the Fubini-Study metric if
we fix the gauge symmetry by ®V = 1. Note that
[ d*6logc = 0.

For the 1/N-expansion, the action (1) is more conve-
nient than this action.

In terms of component fields, @ can be written as

Dix, 6,0) = (x) + O (x) + %02F(x) + %(éﬁﬁ)d)(x)

i ~ 1 _
- Zﬁz[ﬁﬂtﬂ(x)] - Eezazazdj(x)

and if we choose the Wess-Zumino gauge, V can be written
as

V(x, 6,8) = GY(0)0 + M(x)36 + %[Mm) + 6204(x)]
+ %HzézD(x). P
Then the action (1) becomes
S = [d3x{aﬂ¢f*a#¢f + iy + FIFFI
— L7 0,7 — d10,7) + iyH i ok

+ U“U,Lﬁbj*fi’j — M7 pI — M7 — Dp7* b/
+eD + (PPN + 7 Ay}

B. Vacuum structure of the CPY~! model

To investigate the vacuum structure we have to calculate
the effective potential. We divide the dynamical fields into
the vacuum expectation values and the quantum fluctua-
tions:

¢ = i+ by,

where

@/ =yl  F =Fl+F),

bt =(¢)),  Ft=(F))

are constant modes independent of spacetime and (/) =
0 because we assume the translation and Lorentz invari-
ance of the vacuum. Quantum fluctuations satisfy
[ oud’x = [yd’x = [Fyd’x = 0. Then we perform
the path integration over ¢}, ¥4, Fy.

PHYSICAL REVIEW D 79, 065034 (2009)

We can first perform the Gaussian integral over F é and
find that the effective potential for F/ is F."F}. Therefore
FJ does not have the vacuum expectation value:

Fl=0.

Then we integrate out qﬁé and zpé. Notice that the
Lagrangian can be written as

L = ¢ {—(9, + iv,)(@* + iv*) — M> — D}¢},
+ Pyiif = = M)y + $y A + 5 Kby + cD
- ¢{*{i(aﬂv”) — vk, + M? + D}¢l,
where surface terms are ignored. We shift the integration
variables 7,
§o= o+ G = = B
b=+ TAGH — = M),
then we find
L = ¢ (Vp = AV Ny + dif V] + D
- d){-*{i(aluv”) — vk, + M> + D},
where
Vpi=—(9, +iv,)(0* + ivH) — M?—D
Vei=if —y— M.
We perform the Gaussian integration over d)j , gl/é and
obtain the effective action for the dynamical fields, where

the auxiliary fields are treated as the external background
fields:

Sert(de; v, M, A, D) = iNTrIn(Vg + AVz'A) = iNTrInV,
+ [de[cD — (9, v")
— vk, + M? + D}p].

To obtain the exact effective potential for both the
dynamical fields and the auxiliary fields, we have to per-
form the path integration over the fluctuations of the aux-
iliary fields. In this section, we calculate the effective
potential in the leading order of the 1/N-expansion, and
we take ¢ = N/g? in order to make the Lagrangian of
order N.

If we take the limit of N — oo, the path integration over
the auxiliary fields can be performed by the saddle point
method since the S is of order N. In the leading order of
1/N expansion, the effective potential is given by the value
of S at the saddle point.

We take the vacuum expectation values of the auxiliary
fields as follows:

() =) =0, (M) =M, (D)= D,,

where M, D, are constant fields. Then we find

065034-3
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Setr = — fd3xveff

Ver . [A dk
= =—i| ——In(—k*+ M? + D?
N o AG=s n( ¢+ D7)
A &k 1. :
+i| —uwhh(f—M,)+— ¢t (M2+ D}
[ g I M)+ O M2 + D)
1,
g
=—L|M2+D|3/2+1|M|3
67T c c 6 c
1 e A 1
+—(M2+ D)l ’C+<———)D-, 3
N M+ Do) e+ (5 2)P 3)

where A is an ultraviolet cutoff and the last equality is
shown in Appendix B. Then we define a renormalized
coupling constant g to absorb the linear divergence:
A
ad AL m

_
%' 2 27

272’

oQ

where w is a renormalization scale and g is dimension-
less. Then we define m as follows:

mo (1 _1)_/\_1
4 Moz gx) 27 g¥

which is independent of the renormalization scale .
With these definitions, the effective potential can be
written as

7 1, 5 1
=—— M2+ D+ —IM|?
N 67T| ¢ cl 67T| cl
+—(M2+ D)l el + LD, 4)
N 4qr

The saddle point condition of S is

19V, € 1 | B
N = —om, (12 DA I~ o )
=0 &)
18Veff € ) 1 1 e 7 m
— == — M2+ D"+ -l pl+-—=0
N 9D, 47T| ¢ 2 Nd) ¢ 41
(6)
1 dV, 1 .
N g~ M+ DISL=0,
c

where € = sgn(M? + D,). The first two conditions fix the
value of M, at the saddle point

|M,|=m or O.

So there are two candidates for the vacuum configuration.
We will evaluate the values of V. at these two
configurations.

PHYSICAL REVIEW D 79, 065034 (2009)

|M.| = m case: Notice that this case is possible only
when m = 0. Equation (6) can be solved for & ¢t ¢ as
follows:
m

1o jej_ € 2 1/2
— oL Pl M=z + D . 7
N 477| ¢ ol dar @)

Substituting this and |M,| = m to (4), we find

Veff
N

1
= 5 (M2 + D2 = m).

And we can also solve the constraint (6) for |M2 + D_|'/2:

|M? + D|'/? = :

A
+— ¢l ¢l
mN¢¢

Then we obtain the vacuum energy when qﬁ{ is kept fixed

Verr(d,) = % (

dir . 3
WWM ¢'£+m| —m3).

Assuming m > 0, the minimum of this vacuum energy is
located at ¢?. = 0. Then (6) implies D, = 0. Since ¢, and
D.. are the order parameter of SU(N) and supersymmetry,
respectively, both SU(N) and supersymmetry are unbroken
in this case. The fact that the minimum vacuum energy is
exactly zero also implies supersymmetry is not broken.

M, = 0 case: Substituting (7) and M, = 0 to the effec-
tive potential (4), we find

1
Veff(d)c) = ET |Dc|3/2-

And by solving the constraint (6) for |D_|'/? and substitut-
ing it to this equation, we obtain the vacuum energy

N
Veft‘(¢c) = m

A7 3

N PL Pl +m | .

If m > 0, the minimum of this vacuum energy is located at
¢’ = 0 and larger than zero, and therefore the true vacuum
is located at M. = m. On the other hand, if m <0, the
minimum is located at

Bl DL =l

T

then (6) implies D, = 0. Therefore supersymmetry is not
broken while SU(N) symmetry is spontaneously broken in
this case. The minimum vacuum energy is again exactly
Zero.

In summary, in the case of m = 0 which we call the
symmetric phase, both supersymmetry and SU(N) are
unbroken, and ¢, = D. =0, |M,| = m at the vacuum.
On the other hand, in the case of m <0 which we call
the broken phase, supersymmetry is not broken while
SU(N) is spontaneously broken, and ¢ = 47|m|, M, =
D. = 0 at the vacuum.

065034-4
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III. PROPAGATOR OF THE DYNAMICAL FIELD

In this section, we will evaluate the propagator of the
dynamical field ®/ in the symmetric phase. We first evalu-
ate the propagators of the component fields ¢/, ¢/, F/, and
then we construct the propagator of the superfield ®/.

A. Propagator of the component fields

In the symmetric phase, we redefine M as follows:
M—M+m

so that (M) = 0. Then in the Lagrangian, the kinetic term
for the dynamical field becomes

Lyin = ¢ (=9 = m?) ¢/ + ¢/ (iff — m)yp/ + FI*F.

Notice that although the dynamical field obtained the mass
m, neither supersymmetry nor SU(N) symmetry is broken
in this phase.

Defining the Green’s function

Apr(x —x) = (0> —m*> + ie) 16(x — X)),
the propagators of ¢/, ¢/, and F/ can be written as
(¢ (x) " (x))g = 16/ Ap(x — x')
W) TN = i8M(id — m) 138 (x — )
= 8k (if + m)® gAp(x — x')
(FI(x)F*(x"))y = i67%8(x — x')
= i6/(—0% — m?)Ap(x — X).

All other two-point functions vanish.

B. Superpropagator of the dynamical field

Using these component propagators, we can construct
the propagator of the superfield ®/ which we call the
superpropagator.

Since the superfield ®/ can be written in terms of
components as

I(5.6,6) = 0) + 0I0) + 3 IO,

where y* 1= x* + %0_)/“ 0, the free-field two-point func-
tion of ®/ becomes as follows:

(@I, 0, BT, 0,00 = ()P0,
O T,
+ L OROUPGF (),
If we note
OGP DT FC N0 = 0,870 TN,

then we find

PHYSICAL REVIEW D 79, 065034 (2009)
(@I, 0, DT, 0/, 8,
. _ 1 .-
= 541+ 00 + )i + ;00" — )|

X Ap(y = y'")
_ iSjkee(iJ+m)(§’AF(y _ y/‘r)'
In the last line, we use the equation [8(if + m)@']* =
1626”(—9> — m?), which is shown in Appendix C.
Recalling y* = x#* +16y#6 and noting that 6(if +
m)@ = —0'(if — m)6, then we find
(DI(x, 6, 0)DI (X', 6, 0)),

_ i(sjke—§’(iif—m)9+(i/2)§,if()+(i/2)(§’if()’AF(X _ x’).

In momentum space, this becomes

(DI (p, 0, ) DT (—p, 0, §)),

— o B (p-mo+(1/256+(1/20 o' i 5% (8)

p>—m* + ie

All the propagators of component fields are combined in
this superpropagator.

Since we redefine M as M — M + m, the action be-
comes

S = /d%d“ﬁ(@”e‘méee_vd)j + cV).

We define &/ s d/t by

HJ = = (1/2mi0 i It = o= (1/2mb0 it

then we find
S = f Bxd*0( DT e VD + V), 9)

and the propagator of d’ becomes

(D/(p, 6, )M (—p, 0,6y

— o T mO+ (/20 mo+ (12T Gme L sk
p>—m?+ ie

(10)

Hereafter, we will use Y s ®1/ as the dynamical fields
instead of ®/, 1/,

C. Twisted covariant derivatives

Since the expression (10) is slightly complicated, we
will rewrite it in terms of differential operators on super-
space, obtained by twisting D,, D,. We call them the
“twisted covariant derivatives.”

We first review the propagator of the ordinary massless
chiral superfield. Although the Lagrangian

chiral

Lmasslcss — [d49(DT(D (11)

065034-5
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does not have any time derivatives, the constraint D ,® =
0 contains a time derivative and leads to the nontrivial
propagation of ®. From the Lagrangian (11), we can
show that the propagator of ® becomes

(D(p, 6, 0)DT(=p, 0, 6")
=— I . e—5’[50+(1/2)§‘159+(1/2)9_/[50’_ (12)
p- +ie
It is known that this is equivalent to the following expres-
sion [10-12]:
(D(p, 6, 0)DT(—p, 0, 8))
i

—;;;ffD@Pmm%ww—eo (13)

where D(p) and D(p) are the covariant derivatives in
momentum space:

D)y = = oz + 5P
Dlpl = =2+ 3 0P

and we define 6¥(0 — ¢') :=1(6 — 6")%(6 — 6")%. We can
show this equivalence of Egs. (12) and (13) through a
straightforward calculation. For the calculation of a loop
diagram, the expression (13) is more useful than (12)
because we can perform the integration by parts in
superspace.

We now look for a constraint for ® such that

E ®=0.

Since <i>(_x, 0, 0) = e__(l/z)’”%q)(x, 0,0), we
Eae—(l/Z)mO() — e—(1/2)m00Da’ namely

impose

E = e*(l/Q)méaD_ e+(1/2)m€_0 =D + lmﬁ (14)
a o (23 2 a*
We define E, by the same similarity transformation of D,,:

E, = e~ Waminp g+u/mmio —p 1G5
2

Secondly, we define another set of differential operators
H,, H, as follows:

g = e+(1/2)m59D‘ e—(l/2)m€_9 =D — lmH
o o o 2 a’

H. = e+(1/2)m5(}D e—(l/2)m(§t‘} =D - lmé
o o o 2 a*

Notice that the sign in front of m is opposite to (14) and
(15). We call E,, E, and H,, H, the twisted covariant
derivatives. Then we can rewrite the expression (10)

through a straightforward calculation:

PHYSICAL REVIEW D 79, 065034 (2009)

(®/(p, 6,0)D" (= p, 0/, 0,

gk i }L E(p)?H(pP6“(0 — ¢, (16)

p>—m? + ie

where

| R _ _ 1
H(p)a = D(p)a - Emgw E(p)a = D(p)a + Emaw

In Appendix D, the derivation of

1.
S EGPH(pP8 (0 ~ 0)
- e*é’(ﬁfm)0+(1/2)@(]57;n)0+(1/2)67’(;57m)6’ (17)

is shown in detail.

D. Property of the twisted covariant derivatives

In the previous subsection, we defined the twisted co-
variant derivatives E,,, E, and H,,, H . We now investigate
the property of these differential operators in detail.

We first study E, and E,. We can easily show the
anticommutation relations of E,, E,, are those of covariant
derivatives:

{Ea’ Ea} = iﬂaﬁ,

They are indeed supercovariant derivatives when they act
on &/ s ®’t. To see this explicitly, recall the definition of
the twisted chiral superfield ®/ = ¢~(1/2m00dJ_ Under the
infinitesimal supersymmetry transformation, the chiral
superfield ® transforms as @/ — (1 + £Q + £ Q)D/
where &, £ are the transformation parameters. So the trans-
formation law for the twisted chiral superfield &’ becomes
as follows:

{E*, Eg} = {E% Eg} = 0.

D — o= (1/2mb0 (] 4 0+ é?Q‘)e+(1/2)rm§0ci)j_ (18)

If we define

R, = e—(1/2)méeQae+(l/2)m90 =Q,+ iméa
2
imt9a,

R = e*(l/z)méé)Q et (1/2)mbo — Q _
a a @ 3

the transf0r~mati0n law (18) can be written as &/ — 1+
ER + £R)D’. We call R,,, R, twisted supercharges, which
of course satisfy the anticommutation relations

{Ra’ RB} = _lﬁaﬂ = {Qa’ Qﬁ}r

{Ra, RB} = {Ra, R.B} = 0.
Supersymmetry transformations for twisted chiral super-
fields ®/, &'t are generated by R, R,.

We can show explicitly that twisted covariant derivatives
E,, E, anticommute with R, R:

{Ea, R,B} = {Ea, R,B} = {Ea, R.B} = {Ea, RIB} = O

065034-6
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Therefore E,, E, are indeed supercovariant derivatives
when they act on &/, ®/T. We now find that the twisted
chiral condition £, O/ =0is supercovariant. The twisted
antichiral condition for ®/T becomes

E,®t =0

and also supercovariant.

On the other hand, another set of twisted covariant
derivatives H,, and H, do not anticommute with R, and
R,,. The anticommutation relations are

[H Rg} = —imd%,,  {A%Rg} = imd?,
{Ha, RB} == {Hoz’ RB} =0

and therefore H,, H, are not supercovariant derivatives
when they act on CI)_J , DIt However, since the only differ-
ence between H,, H, and E, E,, is the sign in front of m,
H,, H, are supercovariant derivatives when they act on
e+(l/2)m€_0q)j’ e+(1/2)m0_0q)j1"

while &/ = ¢~ (1/2mB0pi and P/t = ¢~ 1/2mEIPIt o
there are two ways of “twisting” and we can define two
sets of twisted superfields (twisted supercharges) and
twisted covariant derivatives which are distinguished by
the sign in front of m.

Anticommutation relations among supercovariant de-
rivatives in different sets are as follows:

{Ea: Hﬁ} = (lﬂ - m)“ﬁ» {HO[’ Eﬁ} = (lﬁ + m)a‘B
{Eax Hﬁ} = {Ea, I:IB} = O)
which will be used frequently in Appendix E to show
useful formulae for loop calculations.
In the following, we will show a useful formula for the
propagator of the dynamical field. B
Note that the only difference between E,, E, and H,,

H, isthe sign in front of m. Therefore, by replacing E, and
H, with H, and E, in Eq. (17), we find

JAPER9 6 0

— e*é/(ﬁer)BJr(l/2)9([5+m)0+(1/2)0_/(15+1n)9" (19)
If we replace 6, 6 with #', §', we find

1~

ZH’(p)zE’(p)zc?“)(@’ —0)

— e—5([5+m)0’+(1/2)(;’(]5+m)0’+(1/2)(§([5+m)0’ (20)
where E'(p), H'(p) stand for twisted covariant derivatives

with @, §’. Recalling the definition of twisted covariant
derivatives

PHYSICAL REVIEW D 79, 065034 (2009)

_ 0 1 1

H'(p)y = — Y + 5(0’]5)& - Em%’
J 1 - 1 -

E'(p)y=— 9@ + E(B’ﬁ)a + Emﬁ’a,

we can exchange H'(p) and E'(p) by the following replace-
ment: 0 < ¢, m — —m. Therefore by replacing 6 < 6,
0’ — 6, m — —m in Eq. (20), we find

1 _
ZE’(p)zH’(pY«S(“)(@’ —0)
— o OU—m)F (/28 (p=m)'+(1/2)6(p~m)i

Then, at last, using the fact that 60 = — 6046 and m66 =
m@8, we obtain the following result:

JE PP pPa( — )
— o O F-mO+ (/20 (- m)o + (/- m)6.

Since the right-hand side is the same as that of (17),
Eq. (16) can be written as

(D/(p, 6, 9D (—p, 0", 8")

. j 1 _
= 6Jk%._E T2 H(+p)2sW 0 — 0
T ie B PPHG e —0)
) ] 1 _
= 3/k l . —E’(—p)zH'(—p)25(4)(0 _ 0').

p>—m?+ie 4
21

We will use this formula in the calculation of the loop
diagrams of the twisted chiral superfield.

IV. PROPAGATOR OF THE AUXILIARY FIELD

In the previous section, we studied the propagator of the
dynamical field. In this section, we will investigate that of
the auxiliary field. Although the auxiliary field has no
kinetic term in the classical level, the effective action
contains the quadratic term of the auxiliary field induced
by quantum effects of the dynamical field. We use the
quadratic term induced by one-loop diagrams of the dy-
namical field, which is the leading order of 1/N, as a
kinetic term in order to calculate the propagator of the
auxiliary field. Therefore we have to calculate the one-loop
diagram of the dynamical field in order to obtain the
propagator of the auxiliary field in the large N-expansion.

A. One-loop diagram of the dynamical field

Since the action of the theory is

S = [ Bxd*0(@te VD +cv)  (j=1~N), (22)
the auxiliary field V' does not have the kinetic term at the
tree level. If we perform the path integration over ®, ®1,
we obtain the effective action S, when the auxiliary field

065034-7
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V is treated as the external background field while the dynamical fields &, &1 fluctuate:

1
Seir = S + 5 fd3xd40V(iG—1)V 4+ e

The quadratic term of the auxiliary field defines the inverse propagator of it, which comes from one-loop diagrams of the
dynamical field:

q
+ (23)
V(-p.0) ; V(p.o)
Feynman rules are as follows
P = , i 1
b . Koo o= 9 ZE(p)2H(p)?6W (6 — ¢
& 5 7 @ R S (p)*H(p)*0"Y( Ja
3
2
1 n = i(-1) &7
B oy
Then the contribution of the first diagram in (23) can be evaluated as
2 [woviep o i-rp riliBeraareve-o]| Ve
(2 )% (2 )3q —m + ie 0'=0,6'= ’
Since 8(6 — 0') = 1(0 — 6)*(d — @)%, we can show
1 1 d 9 9 ]
—E(q)*H 25<4>0—0'] ——[————0—0'20 6')? =1 24
R A I P b R Rt 2] | B 4)
Therefore the contribution of the first diagram in (23) becomes
q
d’p 4 / d3q N
d 0 V(—p,0)- -Vi(p,9). 25
/(%) JPovro [Gha—ar Ve, e
V(-p,0) " Vip,0)

In the right-hand side, the momentum integral over ¢ has a linear divergence. So we here regularize the integral, for
instance by introducing a momentum cut-off.

B. Integration by parts at vertices

We now evaluate the contribution to the effective action from the second diagram in (23):

d*p d%q 9 1
V(p,0) :N/— /d4c9d40'V— 0 (=i
g (2m)? (2m)3 =p.8)- (=) (p+ q)* —m?2 + ie

X F — o e %E’(p +9)°H'(p+¢)*5™ (¢ - 9)] [—E(Q)ZH(Q)25(4) 6-0)|-V(p,0), (26)
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where E'(p + ¢) and H'(p + g) are twisted covariant de-
rivatives with #’, #’ and momentum p + ¢. Using Eq. (21),
we can rewrite the term in the first bracket:

ZI‘E"’(P +q)’H'(p + q)*8W(0' - 0)

E(=p—q@*H(=p—q*sWO —-0). (@27

ENYI

In the following, we perform the 6, # integration by parts,
then we can apply E(—p — q)*H(—p — ¢)* to the second
bracket and V(p, 0) in Eq. (26). We first note the partial
integration rule for covariant derivatives [12]:

/fﬂmmww=—ffﬂﬂWMwEMﬁk

where |A| =1 for Grassmann-odd A and |A| =0 for
Grassmann-even A. Note that the signs in front of — #
and %(0 p). become opposite after the integration by parts
in the definition of the covariant derivative D(p), =
— 0=+ 1(6),.. Namely, through the integration by parts,
D(p), becomes D(—p), and D(p) becomes D(—p) as
well.

We now recall the definition of twisted covariant deriva-

tives:

E(p)y = D(p), + 5B,
E(p)y = D(p), + 3 ml,
Hp)y = D(p)y — 5l
H(p)o = D(p)a —% O

Then we find in the similar way that E(p), becomes
H(-p), and H(p), becomes E(— p), through the integra-

tion by parts.
|

Vi(p)

E(—p—q)a®(—p—q) —L o(q)

Then we perform 6, 6 integration by parts in Eq. (26).
Recall the term in the first bracket has been rewritten as
(27). We apply, through the integration by parts, E(p —
q)*H(p — ¢)? in (27) to the second bracket and V(p, ) in

PHYSICAL REVIEW D 79, 065034 (2009)
If we take the following operator
dp d’q ~ ~
L [ @ 0E(—p — 9@ (—p — @}V(p)D(g),
S [ 40IBp — @)@~ V(P Bla)
(28)

we can integrate by parts and move E(—p —gq), to
V(p)®(g) by substituting H(p + ¢), for it:

3 3 _
- —(;177];3 (ZTQP jd“ﬁqﬂ(—p —q) H(p + 9

X {V(p)®(q)}. (29)
Then we can distribute H(p + ¢), to V(p) and ®(g) as
H(p + g}{V(p)®(q)} = {D(p)V(p)}®(q) + V(p)
X {H(q)®(q)}, (30)

where we should recall H(p + q)o = — 5= + 16P)a +
504)o —3m, and D(p) = — 35z + 5(6p),. We apply
the Leibnitz rule for — % and distribute %(9 B, to V(p)
and 1 (64) — mé, to ®(g). The momenta in the covariant
derivatives should be chosen as the momenta of the fields
on which they act. We frequently use this kind of integra-
tion by parts at interaction vertices. Since each interaction
vertex contains one pair of ® and &7, through the integra-
tion by parts, we move § m#,, or 3 mé, in twisted covariant
derivatives from ® to (i)T, or vice versa. We never distrib-
ute $mé,, s mé,, to the auxiliary field V.

Therefore, the rules for partial integration are as follows:
twisted covariant derivatives E,, E,(H,, H,) are replaced
by another set of twisted covariant derivatives H,,
H,(E,, E,) when they act on the dynamical fields ®,
Ci)T, while they act as ordinary covariant derivatives D,,,
D, on the auxiliary field. The momenta in covariant de-
rivatives should be chosen as the momenta of the fields on

which they act. We can draw the result of the integration by
parts (28)—(30) as follows:

(26). We will obtain 16 terms if we perform the integration
by parts straightforwardly. To avoid complicated expres-
sions, we rewrite the products of twisted covariant deriva-
tives in (27) as follows:

065034-9
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( p—q)*H(=p—q)?
H(—p—q’E(—p—q)* —H(-p —q)

X{(=p = +mE(=p—q +{(=p—q? —m?,
(3D

which is shown in Appendix E (see proposition E-2).
Noting that the order of Es and Hs is reversed, we see
that many terms vanish through the integration by parts.
For instance, if we integrate by parts and move H(—p —
q), in the first term, it acts as £(g), on the second bracket
and as D(p), on V(p). However, since the second bracket
in (26) already has E?, it vanishes when E(q), acts on it.
Similarly, we will easily find many terms vanish through
the integration by parts if we use the above equation.

We first evaluate the contribution of the third term in the
right-hand side of (31). Since this term has no covariant
derivatives, we can easily evaluate it by substituting
{(=p — q)* — m*}6W(6 — @) for the first bracket in (26):

N~

dp dq
273 2m)?

. [5(4)(0 _ 0’)lE(q)2H(q)25(4)(9 — 0/)] “V(p, 0)

(2 ) [d49V( ek ,[(277')3 q> —m?> + ie
“V(p, 0),

where we should recall Eq. (24). This exactly cancels the
linearly divergent contribution of (25).

Then we evaluate the contribution of the second term in
(31). We first apply H(—p — ¢) to the second bracket and
V(p, 6) in (26). However, for the reason mentioned before,
the second bracket vanishes if we apply H(—p — ¢) on it
as E(q). So we apply H(—p — q) to V(p,6) as D(p)
through the integration by parts. On the other hand, the
twisted covariant derivative E(—p — ¢) can be distributed
to both the second bracket and V(p, 6) in (26). But if we
operate it to the second bracket, we obtain the following

1
—m? + ie

f OOV (-, 0)

E2H?6(0 — 0

H[—p—¢+m]E56 — )

Recalling the Eq. (24) again, we evaluate (34) as follows:

PHYSICAL REVIEW D 79, 065034 (2009)

factor:
(6 — 0)H(q),E(q)*H(q)*8“(6 — 6, (32)

and using the commutation relation of [H(q),, E(¢)*] =
—2[E(q)(¢ — m)], (again see Appendix E) we can rewrite
this as

—289(0 — ON[E(q)(f — m)]H (g8 (6 — 0.

We find this is zero due to the property of Grassmann
variables. Since 8™W(6 — 0') =1(0 — 6)*(0 — '), the
term containing two delta funct10ns vanishes unless we
have four derivatives (5 00{ (% 5 au)z between them. Therefore,
a nonzero contribution of the second term in (31) comes
only from the term where H(—p — ¢ + m)E is applied to
the auxiliary field. Noting that with Grassmann-even fields
A, B

[ d*O{H(—p)(— + m)E(~p)A} - B

— 4 / dO4(— p + m)* JE(—p)PA} - {E(p) . B}
= —(p+m [ oA (HPPED),B)

= (-~ my [ oA HEPEP).B)

= [@oa- 1) + mEPB) (33)
the contribution of the second term of (31) becomes
dp d’q
-N d*0d*0'v(—p, 060 — 0’
el | (—p. 6599 — 6)

1
(p+q?—m>+ie

<[ 3 E@H@P8 0~ 0]

1

X mD(p){zf + ¢ + miD(p)V(p, 0).

(34)

We can graphically express this integration by parts as
follows:

B2H28(0 — 0')
1% Dlp+¢+m]DV.

50— 0
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dp dq .
== (277)3]51 oV(—p, 0)
1

X mD(p){ﬁ + ¢ + miD(p)V(p, 0).

1
(p+q?—m>+ie

When we use the identity
d’q 4
Q) [(p + q)* — m? + i€l(g> — m* + ie)
_ [ d’q 30
Q) [(p + q)* —m* + iel(q> —m* + ie)’
which is easily shown by shifting the integration variables

g — —q — p in the left-hand side, and we obtain the
following result:

- | é’;’; [asovi-p o (L + m)Dp)V(p.6)
L

2)-1
477_1(19) , (35)

E2H25 (0 — 0')

H2E25 (0 —0)

When we moreover apply E*(—p — q) to the second
bracket (the upper chiral propagator in the above picture)
and V(p, 0) in (26), we should note the term (32) vanishes
as before and the term

890 — 0")H(q)*E(q)*H(q)*8“ (0 — 6')
also vanishes. This is because we have at most two deriva-
|

dp dq 1

PHYSICAL REVIEW D 79, 065034 (2009)

where we define I(p?)~! as

411 d’q 1
i) e} (p+ q)* —m? +ie
1

I(p?)~' =

X

2

—_r
_ arctany/

=
The second equality is shown in Appendix F. This defini-

tion of I(p*)~! is the same as that in [7].
‘We now evaluate the contribution of the first term in (31)

}g‘l(—p — PE(=p — q)*69(0 — ).

We integrate by parts and apply §H*E* to the second
bracket and V/( P 0) in (26). For the same reason as before,
we first apply H(—p — g)? only to V(p, ) as D(p)*:

E2H%5 (60— 0)

E2%5 (0 — 6

f
tives between two delta functions since we can show
H(q)*E(q)*H(q)? = (¢> — m*)H(gq)>. We do not have
nonzero contributions unless there are four derivatives
between two delta functions. Therefore again, the nonzero
contribution of the first term in (31) comes only from the
term where ; H?E? is applied to the auxiliary field:

1

S o f 0d 0V (—p, ')

X 3 D(pRD(pPVI(p. 0

dp dq 1

(p+q)?—m?>+ie g> — m*> +ie

50 — 0y ElgPH(@)59(0 — )]

1 1

d*p
2m)

= IN

d*ov(— ,0) - .
(277)3(277)3[ L PR g S e g B

D(p)*D(p)*V(p, 0)

[ V(= p,0) L D(PPD(PV(p, ) 1 1(p) " (36)

We can graphically express this integration by parts as follows:
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E2H25 (0 — 0')

H2E25 (0 — 0

PHYSICAL REVIEW D 79, 065034 (2009)

EH?5 (0 —0)

Vv D2D%V.

5(0—0)

In summary, we can evaluate Eq. (26) by using the formula (31) for one of the chiral propagators. The contribution of
the third term of (31) cancels the contribution of (25),; the contributions of the second and third term are given by (35) and
(36). Considering all the contributions, the quadratic terms of the auxiliary field in the effective action become as follows:

f d0V(—p, )GV (p, ) =

2 (2 )’ 2 (2 )3

f d*ov(—p, 0){ D(p)*D(p)* — —D(p pD(p) — mD(p)D(p)}

X V(p, 0) -—I(pz)*l

2 (2 )3

—I 271’
yp (p?)

where the last equality is shown in Appendix G. This
inverse propagator of the auxiliary field is the same as
that of the super Yang-Mills field except for the mass
term mDD and nonlocal factor I(p?)~"'.

C. Propagator of the auxiliary field

In order to derive the propagator of the auxiliary field
from (37), we have to evaluate the inverse of the differen-
tial operator in it. To do so, we first study the algebra of D,
and D, in detail. Because of the fact that D> = D> = 0, all
the differential operators composed of D, and D, can be
written as linear combinations of the following six opera-
tors (similar to the case of 2N =1 in four dimensions
[10]), namely, a set of projection operators of chiral and
antichiral superfield

D*D? D*D?
P, = 4—172’ | = 4p2 ,
and other four operators:
P, = — iD? ’ P i—_ iD? ’
W=p W=17
PT:=—@, PD:_iDD_’
2 N

where we omit explicitly writing the momentum depen-
dence of covariant derivatives. Note that the term DD can
be written as a linear combination of Py and P;. Through a
straightforward calculation, we can show that

The multiplication rules of these operators are indicated in

[ d0V(~p, e>{ D(p)D(p)2D(p) - mD<p>D<p>}v<p, 6)

(37)

I
Table I, where the blanks mean zero. We show a part of this
table explicitly in Appendix G.

We now want to derive the inverse of

1 _2 ~ . p2
~DD*D — mDD = —~— Py —
4 2

imy—p*Pp  (39)
by using Table I. But this operator is noninvertible because
this annihilates arbitrary antichiral superfields (indeed also
annihilates arbitrary chiral superfields). Note here that

DD = DD +{D,, D*} = DD + itr(§) =

This singularity is of course due to the gauge symmetry. So
we need to introduce a gauge-fixing term to define the
inverse of (39). We here introduce the following super-
symmetric gauge-ﬁxing term in the action

N

Sor = 5 (277)3 L [aovi-po)

[DZD2 + D*D*V(p, 0) ol (P!

where we omit writing momenta p of covariant derivatives

TABLE I. The multiplicative property of operators.
Left\right P, P, P, P_ Py Pp
P, P, P
P, P, P
P, P, P,

P_ P_ P,
Py Pr Pp
Pp Pp Pr
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explicitly. With this gauge fixing, the inverse propagator of
the auxiliary field is given by

3
: (;’W’; dOV(=p)GIV(p) + Sor
- (2 = [ dOV(~p, )V, V(p. 6) - —1( )1,
where

1

_ _ o
Vy, = ZDDzD — mDD + 8—(1)21)2 + D>D?)
a

P 2
= T imy—p?Py + (P, + Py).
2 2a

Then we can evaluate the inverse of V. Indeed, by sup-
posing V! =aP, + bP, + cP, + dP_ + eP; + fPp,
we can easily show

p’ p’
v,V = —(aP1 + bP,) + —(cP+ +dP_)

1
=3 (p e+21m\[—p )Py
1

—5( pf + 2imy| —pe)Pp.

If we impose a = b =%, c=

> d=0,e=—ﬁ,and
f — _ 4im
9
/7[72([7274’"2)

vVv‘;]:Pl+P2+PT:1.
Therefore the inverse operator of Vy, is
2 2im 2
v, = —7<P —P ) P, +P
v 2 — 4m? T \/7 D 2( 1 2)
_ 1 DD?D—4mDD
P’ — dm? P’

+ -2 (D*D? + D*D?).
2p

Using this inverse operator, the superpropagator of the
auxiliary field V can be written as

V=p. 0,0V (p, 0,00 = "7 1(p?) - 71690 — 0.
(40)

|

(DM(=p, 0/, 8)DI(p, 0, 0))y = 5 ——— !
p*—m*+ ie 4

—E?H?8W(9 —

DD?>D — 4mDD n a

PHYSICAL REVIEW D 79, 065034 (2009)

Note that this propagator has a pole at p> = 4m?, which
implies that a one-particle state of the auxiliary field is a
bound state of the dynamical field.

If we expand this propagator in components, we obtain
propagators of component fields. However, it leads to a
complicated expression to expand (40) straightforwardly
since the auxiliary superfield V(p, 6, ) has many unphys-
ical component fields which can be eliminated if we choose
the nonsupersymmetric gauge such as the Wess-Zumino
gauge. We can, nevertheless, easily obtain the propagators
of v, and M by taking the coefficient of 66’66 in the
expansion of (40), namely

(P = T s

2_4 2
X[—nw+(1+a-p pzm)

PuPy 2mi ]}
X — —€,.,,P" 41
PE proHe

(M(—=p)M(p)) = —I (p2) (42)

—4m?*

These propagators of component fields coincide with the
result in [7]. The derivations of these expressions are
shown in Appendix H.

V. DIVERGENT DIAGRAMS AND
RENORMALIZATION

In this section, we investigate divergent diagrams and
the renormalizability. We first study the superficial degree
of divergence and show that there are two types of diver-
gent diagrams. We can prove all divergences can be elim-
inated by renormalizations of the coupling constant g and
the wave function of the dynamical field o.

A. Superficial degree of divergence

We first evaluate the superficial degree of divergence.
Recall the superpropagators of the dynamical field and the
auxiliary field

/)<V(_P’ 0/’ é/)V(P’ 6! 9_)>0

47Tl 1

2

— (D?D? + D_ZDZ)]S(“)(G -6,
P P

where momenta of covariant derivatives are all equal to p. Postponing the discussion on momentum dependence of
covariant derivatives, we can evaluate high energy behaviors of above superpropagators as follows:
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~ P _ 1 _
<(I)1-k(_p,' 0’) ﬁl)q)'](p,' 0» 0)>0 ~ ? X E‘2PI2

7

(V(—=p,0',8)V(p,6,0)) ~ T

Note that
2
-p
1(pP) = ——=—=~y—P°
arctan\/ - %
at high energy.

Then we evaluate high energy behaviors of covariant
derivatives. In any loop diagram, we can integrate by parts
and reduce the number of integrations over Grassmann
coordinates by virtue of the delta function 6 (6 — #).
Then the final expression of Grassmann integrations on
each loop has a factor

¥ (6 — 6')(product of covariant derivatives)5“ (8 — ')

in the integrand. As we have seen in the previous section,
however, this factor will give a vanishing result unless
there are four derivatives between two delta functions.
What can be obtained if we have six covariant derivatives
between two delta functions? The answer turns out to be
zero when we note

DZD_ZDZ — [D2’ D_2]D2 — 4])2D2,

since we have only two derivatives between delta func-
tions. How about the case in which we have eight deriva-
tives between delta functions? In such a case, we obtain a
factor

D2D2D2D2 — 4p2D2D2

and this gives a nonzero contribution. Similarly, if we have
12 covariant derivatives, we obtain (D?D?)3 =
(4p?)?D*D?. Therefore we find that D>D? ~ p? unless
they are used to differentiate a delta function 6 (9 —
6"). In every loop, we use one D*>D? to differentiate a delta
function in the formula

f d*6'8W (6 — 0')[%1)2132]5“)(0 —-0) =1

This formula is easily shown in the same way as (24).
When the diagram contains L loops, L sets of D>D? are
used to differentiate delta functions, reducing the degree of
divergence by 2L.

By counting DD ~ p, we then obtain the complete
behavior of superpropagators at high energy as

X (DD*D or

PHYSICAL REVIEW D 79, 065034 (2009)

mDD or D?D?> or DZ2D?).

(DM (=p, 0, 8D (p, 6, 0)) ~ 1

<V(_P’ 01! é/)V(P’ 01 0_)>0 -~ ’
[—p?
and the degree of divergence has to be reduced by 2L if the

diagram has L loops. Then we have the superficial degree
of divergence d as

d=3L_PV_2L,

where L denotes the number of loops and Py denotes the
number of propagators of the auxiliary field. The first term
comes from the fact that each loop has three momentum
integrations. The last term comes from the fact that we use
four covariant derivatives at each loop to differentiate a
delta function. Using the relation L = (Py + Pg) — V +
1, where Pg, is the number of propagators of the dynamical
field and V denotes the number of vertices, we find

d=Py—V+1. 43)

Then we should notice that all vertices in this theory
contain exactly one ®f®. This means that
E
V="Pgy+ 743 (44)
where Eg denotes the number of external lines of ®. The
formula (44) can be shown as follows. Noting the symme-
try of & — ¢i*®d, & — ¢~i@dt, we find that the internal

T

' (b)

FIG. 1. Typical examples of two types of ®-lines.
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lines of @ are not branched. This means there are two types
of @ lines. The first type goes from one external line to
another external line without branches: (a) The second type
is an internal circle of ® which has no external lines;
(b) Typical examples of these two types are indicated in
Fig. 1. We now count the number of vertices on the line of
®. For type (a), we easily find V = Pg + 1 = Pg + E2‘
On the other hand, for type (b), V = Py is satisfied. But

|

In the following, we study these two types of diagrams in
detail. We will show that all the divergences can be ab-
sorbed into the bare coupling constant and the wave func-
tion of ®.

B. Renormalization of the coupling constant

In this subsection, we study the amplitudes without
external ®-lines shown in the left diagram in (45). Since
its superficial degree of divergence is 1, it may contain
linear and logarithmic divergences. To see these diver-

gence explicitly, one might expand the amplitude in
|

where a, b, ¢ and d are constants independent of external
momenta and Grassmann coordinates. The differential
operators DD, D?, D? acts on external auxiliary fields
and independent of internal momenta. Terms linear in p2,
p* or p>DD are included in finite terms.

Therefore, the effective action might need counter terms
of the form

[ & [ d0[a, V" + B,V-XDV)(DV)
+ 9, VADV) + 8,V 2(DV)?] (46)

where n is a positive integer and «,, B,, ¥, O, are
constants. When n = 1, the second, third, and fourth terms
should be considered as DDV, D?V, and D2V,
respectively.

e
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this can be also written as V = Pg, + E—z“’ because E¢ = 0

for type (b). Since both types (a) and (b) satisfy (44),

diagrams containing both types also satisfy (44).
Combining (43) and (44), we find the final result:

d=1 .
2

Therefore there are only two types of divergent diagrams:

(45)

|
powers of the external momentum p* in the same way as
in the ordinary field theory. However, since we now work
in the superfield perturbation theory, each field has
Grassmann coordinates in addition to spacetime coordi-
nates. Therefore we have to expand the amplitude in
powers of D, D, as well as p*. The reason for expanding
it by D, D, rather than ;77 , -2 is supersymmetry.
Although there are no terms linear in p* due to the
Lorentz invariance, there may be terms linear in D?, D?
or DD, which can be logarithmically divergent:

=al+logA (bDD +¢D? + dDQ) + finite terms,

If we assume the existence of a gauge invariant regu-
larization, vy, and J§, must be zero because operators
Vr=ID2y, V"' D2V are not gauge invariant. Similarly, we
can show 3, = O unless n = 2 and «,, = O unless n = 1.
However, we can explicitly show these results by analyzing
loop integrations without assuming the existence of a
gauge invariant regularization.

1. Operators of the form V"~'DDV, V"~ 1D?V, v"~1 D2V

We first show explicitly that 8,, v,, 6, = 0 for all n.
Note that all covariant derivatives acting on external fields
come from partial integrals over Grassmann coordinates.
In order to obtain operators V" 'DDV, V" DV,
V*~ID2V, we have to move two covariant derivatives
from propagators to external fields through integrations
by parts. Suppose there are k propagators in the diagram.
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Since every term in every propagator has four covariant
derivatives except for mDD in the superpropagator of the
auxiliary field, 4k — 2 covariant derivatives remain in
loops after moving two covariant derivatives to external
fields, assuming there is no mDD in the diagram. We
perform integrations over Grassmann coordinates and
shrink all Grassmann loops using the formula

f d*e'sW (6 — 0/)[%020‘2]5@)(0 —-0)=1

or the similar one which has E>H? instead of D>D?. We use
4L covariant derivatives to shrink all Grassmann loops
when the diagrams has L loops. Then 4(k — L) — 2 cova-
riant derivatives remain. But, since all Grassmann loops
have been shrunk, these 4(k — L) — 2 derivatives must be
changed into internal momenta by using the anticommu-
tation relation

[D?, D*] = 44> — 4D¢D

unless they vanish for the reason that there are less than
four derivatives between two delta functions. Therefore, if
we move two covariant derivatives to external fields, at
most 4(k — L) — 2 covariant derivatives are changed into
g**=D=1 where g is a typical internal momentum. Recall
here that D?D? ~ p?. However, assuming Lorentz invari-
ance, this factor has to be written as (¢*)*" L4, which
contains an odd number of internal momenta. Notice that
each propagator is invariant under p — —p except for

01
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covariant derivatives and vertex factors are independent
of momenta. Then we find that the total integrand is an odd
function of internal momenta. We know that the degree of
divergence is reduced at least by 1 if the Feynman inte-
grand is an odd function of internal momenta. Then these
integrals are not divergent because their original superficial
degree of divergence is zero.

Let us consider what happens if we have some mDDs in
the diagram. Noting that we count all of D>’D?, DD?D,
mDD as ~p? when we evaluate the superficial degree of
divergence, we find that the degree of divergence is again
reduced at least by 1 if the diagram contains some mDDs.

It is proved that in the effective action there is no
quantum correction to the operator of the form of
viip2v, violID2V, or V'IDDV.

2. Operators of the form V"

We now show explicitly that «,, in (46) vanishes unless
n = 1. Recall that no V? term arose when we evaluated the
inverse propagator of the auxiliary field in subsection IV B.
The reason for this is the cancellation between (25) and the
contribution of the third term in (31). The contribution of
the third term of (31) is a part of (26). The contribution
proportional to V2 induced by the partial integration over
Grassmann coordinates in (26) exactly canceled (25)
which is also proportional to V2. This cancellation is due
to the fact that the dynamical field is a chiral superfield. To
see this, we examine the following diagram:

05

e

i
pgl 5— m?

.
< %EQH2(512 E
v

Vi

i
paz—m?

iE2H2523 (47)

V3

where §;; stands for 5%, — 6 ;) and p;; denotes the momentum which flows from 6, to 6. Therefore p; is equal to — p;;.

When we write E2H?5;;,

the covariant derivatives in front of §;; stand for covariant derivatives with Grassmann
coordinates 6;, 6; and momentum p;;. On the other hand, if we write E’H?6

ji» they are covariant derivatives with 6,

0, pji- We distinguish §;; from & ;. Then we can write the formula (27) as

1

By using this formula, we can rewrite (47) as

6,

_ 1 _
E2H2612 = ZEZHZBQI.

05

i
Pla—m?

c %E21?2521

|4 Vs

Then we use the formula

1

7 172172
1)2737777,2 4E H 523

Vs

_ 1 = _
E?H?6,, = ZHZEZBZI — H(py + m)ESyy + (p3, — m?)5,y,
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which is easily shown by the commutation relations of E and H?. We can graphically express this formula as follows:

(T)T (91 93 0:; (T)
i 1772 ; _
Vi - 0
of £ 02 03 -
I }?‘m? - H(ppyy +m)Edy % W ) %E2H2523
h v, Vi
. 0 0 ‘ )
ot ; /) 0y 5
v v v

In the third term in the right-hand side, we can easily perform the integration over #;. Then we obtain the following
contribution

0y 05 -

of
i 1277258
_ pggfm? 4E H 62"

(50)

Vi Va Vs

In order to understand the minus sign, we should recall that the vertex factor is i(—1)" when the vertex is attached to n lines
of auxiliary field. Although performing the integration over 6; does not change the number of lines of auxiliary field, it
reduces the number of vertices by one, leaving a factor i which has been attached to the annihilated vertex. Moreover, there
is another i in front of §,;. The minus sign in (50) comes from these two factors of i. Then the contribution from the third
term in (49) exactly cancels that of the following diagram:

il o
= .

i W Vs

We now consider the remaining terms, namely, the first and second terms in (49). Performing the partial integration over
6,, we can show as before that all vanish except for contributions in which all covariant derivatives between 6, and 6, are
applied to external auxiliary fields. For instance, see the second term in (49). If we move H , from the left chiral propagator
to the right one exchanging it for E,, it vanishes because E,E?> = 0. We have to apply H, to V, to obtain a nonzero
contribution. Then we move E,, in the left chiral propagator and perform the integration over 6, by virtue of d,;. The result
is as follows:
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Vi

N 05 03 _

ot . - — 0
X /—IJIF% pggi’m? ’ iHQEQHZ(SB %
[D(por +m)],Va Vi

b

Vi

where we use the similar equation as (33).

In the second term in the bracket, all covariant deriva-
tives moved to the external auxiliary field V,. On the other
hand, in the first term, H, is applied to the other chiral
propagator. This H, can, however, move to V| or V, if we
again perform the partial integration over #,. Noting that
E,® = 0, we find that the contribution of applying H, to
the external ® vanishes. So we move it only to external
auxiliary fields exchanging it for D,,. The result is the same
if there is an another chiral propagator instead of the
external ®1 because E, < Cf)*(p, 0, 67)&)(—17, 0, 6")>, =
0. This vanishing occurs due to the fact that the dynamical
field is a (twisted) chiral superfield. Therefore, through the
integration by parts, the nonzero contributions of the sec-

A

Vi Va V3

where ~ means that both sides are equal up to terms with at
least one covariant derivative applied to external fields.

Recalling the purpose of this subsection, in the follow-
ing, we consider only one-particle irreducible amplitudes
with no external chiral superfields and no covariant deriva-
tives applied to external auxiliary fields:

bl

For instance, consider the following amplitude with two
external auxiliary fields

1PI

' : — i
1 Jjjﬁg s 10 % 7

D(pra +m)DVs

f
ond term in (49) come only when all the covariant deriva-
tives are applied to external auxiliary fields V;, V,.

In the same way, we can show that nonzero contributions
of the first term in (49) arise only when all the covariant
derivatives are applied to external auxiliary fields, by per-
forming a partial integration over 6, to move H>E? in front
of &,;. Therefore, all nonzero contributions from the first
and second terms in (49) have at least one covariant
derivative applied to external auxiliary fields. Only the
third term has no covariant derivative applied to external
auxiliary fields but it was canceled by the contribution of
(51). We can express the whole argument given above by
the following simple graphical equation:

AT

i Vs Vs

e

|
This induces an order 1/N? correction to the inverse
propagator of the auxiliary field. By the same argument
as above, we can show this amplitude cancels the following
one:

Wi

Vy

except for terms with at least one covariant derivative
applied to external auxiliary fields. Note that covariant
derivatives do not act on the internal line of the auxiliary
field, since V is attached on the propagator of dynamical
fields. Shifting the vertex attached to V| along the chiral
loop in a clockwise direction, we can also show that
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Vi
‘J,_)

5 T

[

Vi

These six amplitudes are given by inserting a vertex

(52)

Vi Aac~oone

into the following diagram

% 1 (53)

where there are six possible ways of insertion and summing
up all these amplitudes leads to a vanishing result.
Similarly, all possible insertions of (52) into the following
diagrams

v Vo (54)

also give vanishing results.

Considering all possible insertions into (53) and (54), we
can obtain all amplitudes of order 1/N? with two external
auxiliary fields. This means that in the effective action
there is no quantum correction to the operator V2 in order
1/N?. We can also prove that amplitudes of order 1/N™
with two external auxiliary fields vanish when we sum
them up, with an arbitrary positive integer m, except for
terms with at least one covariant derivative applied to
external fields.

In the same way, if we fixed the number of external
auxiliary fields and the order of 1/N, except for only one
case, we can show that all contributions vanish if we sum
them up, up to terms which have at least one covariant
derivatives applied to external fields. For example, if the
diagram has n external auxiliary fields and we consider the
contribution of order 1/N™, we choose one external aux-
iliary field and consider all diagrams of order 1/N™ with-
out it. Then we consider all possible insertions of the
chosen external auxiliary field into them. The insertions
have to be made at propagators or vertices on loops of ®.
Since any chiral loop has the same number of propagators
and vertices, it gives a vanishing result to sum up all
insertions. The only exception is the following one-loop

Vi
~ 0.
Vi

PHYSICAL REVIEW D 79, 065034 (2009)

Vi
Va ~ 0,

|
amplitude:

v : (55)

Since this is only one amplitude of order N with one
external auxiliary field, it has no counterpart to cancel.
However, this contribution was already considered when
we evaluated the vacuum structure of the theory in
subsection IIB. It gave a linearly divergent contribution
to be eliminated by the renormalization of the coupling
constant.

In summary, it is proved that no counterterms of the
form of V" are necessary, except for the case n = 1.
Namely, «,, in (46) vanishes unless n = 1. In the case n =
1, there is a linearly divergent term proportional to N but it
is canceled by a counterterm induced by the renormaliza-
tion of the coupling constant. Notice here that the counter-
term is also proportional to N.

We now find that all divergent amplitudes of the left type
in (45) become finite, at each order of the 1/N-expansion,
only by renormalizing the coupling constant.

C. Wave function renormalization of ®

We now show that all divergences from diagrams of the
second type in (45)

J41PI

can be eliminated by the renormalization of the wave
function of ®. Since its superficial degree of divergence
is zero, it may contain logarithmic divergences. If we
expand the amplitudes in powers of covariant derivatives
and external momenta, only the lowest order, which has no
external momenta and no covariant derivative acting on
external superfields, can be divergent. Therefore, in this
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subsection, we only consider terms with no covariant
derivatives acting on external superfields.

Notice here that we have to expand amplitudes in powers
of E,, Ea acting on external (i), ®T as well as in powers of
D,, D, acting on external V. The reason for this is super-
symmetry. Differential operators E,, E, are supercovar-
iant when they act on d~), d)f, while D,, D, are
supercovariant when they act on V. In order to study
divergent amplitudes, it is enough to investigate amplitudes
which have no E,, E,, acting on external ®, d' and no D,,
D, on external V.

We have already seen that the following type of ampli-
tudes

4 1PI

has no divergence. Especially when we neglect terms with
covariant derivatives acting on external superfields, it led to
a vanishing result to sum up all the diagrams of the above
type. The reason for this was as follows. Suppose the
following diagram and take one external auxiliary field,
which is always attached to a loop of a twisted chiral
superfield:

g

(57)

When we perform a partial integration at a vertex § where
the chosen external auxiliary field is attached, we use the
formula (48) at a chiral propagator next to the vertex.
Keeping only the contribution with no D,, D, acting on
external auxiliary fields, we find that it exactly cancels
another diagram

(58)

These two diagrams can be obtained by inserting one
external auxiliary field in the following diagram:

PHYSICAL REVIEW D 79, 065034 (2009)

The diagram (57) can be obtained by inserting an external
V into the chiral propagator in the loop while the dia-
gram (58) can be obtained by inserting it into the vertex
in the loop. The diagrams obtained by these two insertions
cancel each other. Since any loop has the same number of
propagators and vertices, the contributions of diagrams
obtained by moving one external auxiliary line along the
chiral loop cancel each other. This kind of cancellation
occurs when other external lines and all internal lines are
fixed. Therefore, considering all diagrams of the form (56)
leads to a vanishing result.

In the same way, it gives a vanishing result to sum up all
the diagrams of the following form

when we neglect terms with covariant derivatives acting on
external superfields. But we cannot use the same argument
to evaluate the following diagrams

S g

because there is no external auxiliary field attached to an
internal chiral loop. All external auxiliary fields are at-
tached to the chiral line which connects two external
twisted chiral superfields. In this case, even if we neglect
terms with covariant derivatives acting on external super-
fields and move one external auxiliary field along the chiral
line, with other external lines and all internal lines being
fixed, it gives a nonvanishing result to sum up all contri-
butions. The reason for this is as follows. The chiral line
has one more vertex than propagators, and it has also two
external chiral lines. Then, there are two types of insertion
of the chosen external auxiliary field: (A) insertion in a
vertex on the chiral line; (B) insertion in a chiral propa-
gator or an external chiral line. Each diagram of type (A)
has a counterpart of type (B) to cancel out. However, since
there are one more diagram of type (B) than that of (A),
without cancellation when we sum up all insertions of the
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chosen external auxiliary field, only one diagram of
type (B) remains.
For instance, suppose the following diagram:

(59)

We insert one external auxiliary field in the above diagram.
|

v

5 :

PHYSICAL REVIEW D 79, 065034 (2009)

Since the chiral loop in the above diagram has four vertices
and four propagators, considering all insertion of the ex-
ternal auxiliary field in the chiral loop, we obtain a vanish-
ing result up to terms with covariant derivatives acting on
external superfields. On the other hand, the chiral line in
the above diagram has two vertices, one propagator, and
two external lines. We first find that the following two
diagrams vanish when they are summed:

where we neglect terms with covariant derivatives acting on external superfields. In the same way, we find that the sum of

the following diagrams vanishes:

v
+
The following diagram, however, remains:
!
(60)

This diagram does not have a counterpart to cancel.
Therefore, summing up all diagrams obtained by inserting
one external auxiliary field in the diagram (59), all dia-
grams cancel out each other except for the diagram (60). If
we again perform the partial integration, we find the re-
maining diagram (60) is equivalent to

-V

)

up to terms with covariant derivatives acting on external
superfields.

When we insert two external auxiliary fields in (59), we
fix the first external auxiliary field and consider all inser-
tion of the second external auxiliary field. Then we find

|
that only one diagram remains, in which the second exter-
nal field is inserted in the external line of ®. We now
consider all insertion of the first external auxiliary field
and again find that only one diagram remains. The remain-
ing diagram is as follows:

VvV

.

Notice here that if there is at least one external auxiliary
field inserted in the internal chiral loop, we can move it
along the chiral loop and obtain a vanishing result.
Performing partial integration, we find the above remain-
ing diagram is equivalent to

T
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up to terms with covariant derivatives acting on external
superfields.

In the same way, when we insert n external auxiliary
fields in the diagram (59), considering all insertions, all
diagrams cancel each other except for one diagram:

VR
o
iy . (61)

-W —V5
5

-
“a%;}if
g ~

where ~ means both sides are equivalent up to terms with
covariant derivatives acting on external superfields. In the
right-hand side, n external auxiliary fields are just multi-
plied by the diagram (59) which has no external auxiliary
fields.

In general, any one-particle irreducible diagram with n
external auxiliary fields and one pair of external O, O,
can be obtained by insertion of n external auxiliary fields in
a diagram of the form

—V.
_‘/1 2 _‘/n

- - 1PI

We now find that all divergences included in the left-hand
side of (63) can be eliminated by a renormalization of the
wave function of ®. Indeed, Eq. (63) implies that all
logarithmic divergences included in diagrams of the form

—V.
_‘/1 2 _‘/n

- - 1PI

are canceled by a counter term of the form

(=V1) (=Va) --- (=Vn) X

~ (V) (V) (= Va) X

PHYSICAL REVIEW D 79, 065034 (2009)

In order to obtain an amplitude from this diagram, we have
to perform all integration over Grassmann coordinates of
remaining vertices as well as internal momenta. In doing
so, we neglect terms with covariant derivatives acting on
external superfields because such terms have no divergence
and we are only interested in divergent terms. Particularly,
we neglect terms with D, D, acting on external auxiliary
fields. Therefore, in order to study divergent terms, we can
rewrite (61) as

.\ »

@ :
@,

If we choose one diagram of the above form and consider
all insertions of n external auxiliary fields in it, the result is
equivalent to multiplication of the chosen diagram by
ViV,---V,, neglecting terms with covariant derivatives
acting on external auxiliary fields. Namely,

@,

(62)

(63)

Bite VP = 3 L Hit(—vydi,
n=0n!
namely by a renormalization of the wave function of the
dynamical field.

Note that Eq. (63) is satisfied for any internal diagram in
the shaded circle. Therefore, it is also satisfied at each
order of 1/N. Then divergences are eliminated at each
order of 1/N by the renormalization.

D. Beta function of the coupling constant

We have shown that all divergences in the
1/N-expansion can be eliminated by the renormalizations
of the coupling constant and the wave function of the
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twisted chiral superfield. In this subsection, we evaluate the
beta function of the coupling constant gg.
In Sec. II, we defined gy by

M 1
T 64
gk g 2w 2 ©4)

so that the linear divergence from a one-loop diagram of
the dynamical field (55) is eliminated. In the above defini-
tion, w is a renormalization scale and A is a momentum
cutoff. In subsection V B, we showed that there is no more
divergence from diagrams of the form

1PI

Therefore we need no more renormalization of the cou-
pling constant. Then we can treat g defined by (64) as a
renormalized coupling constant correct in all orders of
1/N-expansion.

We now evaluate the beta function of g. Differentiating
both sides of (64) by u, we obtain

1 _2p dgp 1

g gk dmw 27
where we should note that ¢ and A are independent of u
but g depends on w. If we define B(gg) ‘= u %f, we find

1 1
_ _ 3
B(gr) = EgR ) 8k

This beta function is shown in Fig. 2. This vanishes when
gr =0, V2. We find that this theory has one ultraviolet
fixed point at g = V2.

0.75

0.5

0.25 \
: \
-0.25

B(9r)

9Rr

FIG. 2. Beta function of the coupling constant.
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VI. CONCLUSIONS

In this paper, we have studied a three dimensional
CPV~! model in the method of 1/N-expansion. This
model has N = 2 supersymmetry, U(1) gauge symmetry,
and global SU(N) symmetry. For the 1/N-expansion, it is
useful to use the Lagrangian with the auxiliary field V.
Using the super Feynman rules, we have derived the super-
propagator of the auxiliary field induced by quantum ef-
fects of the dynamical field. Then we have proved that all
divergences in amplitudes can be eliminated in each order
of 1/N by renormalizations of the coupling constant and
the wave function of the dynamical field. We have also
shown that there is no contribution to the beta function
except in the leading order of 1/N. This model has been
shown to have a nontrivial ultraviolet fixed point. These
arguments are valid in all orders of 1/N-expansion.
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APPENDIX A: N = 2 SUSY IN THREE
DIMENSIONS

The smallest supersymmetry algebra in three dimen-
sions has one Majorana (real) spinor of supercharges. It
has two real degrees of freedom. So N = 2 supersymme-
try in three dimensions has one Dirac (complex) spinor of
supercharges. It has four real degrees of freedom.
Therefore the dimensional reduction of the N* = 1 super-
symmetry in four dimensions gives the N = 2 supersym-
metry in three dimensions.

The superspace has coordinates x*, 6%, and 6% where
m =012 and a = 1,2. Here % is a two-component
Dirac spinor and 6 is the complex conjugate of 6.

1. Gamma matrices and Dirac spinor

We use the metric 7,, = diag(+, —, —) and gamma
matrices
Y7 Li oof

) _ i 0
Y [0 —i]‘

These matrices satisfy the anticommutation relations
{y*, v} = 2n*¥ and the identity

fy:u“yv = 17:“‘” —+ l'E’qu’)/p,

where €#”” is a totally antisymmetric tensor so that €°!? =

+1.
Spinors with upper and lower indices are related through
the antisymmetric tensor C:
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0 —i
CceB = Cop = [ i ] )
B l 0 afB
o = CopihP, P = CPyp.

We use the following summation convention:

C*BCy, = 8

X = x* = —XYo=xo¥* = x¢
P X=X = X0 =XV =X
YX = PoX® = XV = Xa ¥ = XV

The gamma matrices have the following index structure:
(v yEx = gy pxP.

Since this y* satisfies (y#),P := C,,CP(y*)?; =
(y*)B,, we find the identity iy y = —,\/y”z//
We also find the following identities:

(W)t = (CopthPx)T = Cou¥* 9P =x 0 =4 x
(IZJX)T = (CQB'Z’BXQ)T = Cﬁa/?alﬁlg = /?(!I = l/f/?
Wy )t = xy*y.

Notice here that ¢, = C,z? # C,py? because
“5 = ~Cap = Cpa.

2. Supersymmetry algebra and covariant derivatives

A supersymmetry transformation in the superspace
R )

G — 0 =6+

90z —_ e/a — aoz + fa’

Syl
S

is generated by the differential operators

0" = [ﬁ+ (#0)° ]

0= 157

+ o)«
S0 ]
namely

eEC—E0F(x, 0,0) = F(x, 0/, 0").

Supercharges Q% and Q¢ satisfy the following anticom-
mutation relations:

{09 0g) = —i0e, 10 Qp} = (0% O} = 0.

We define the covariant derivatives:

_ d i
D, = — 0 ) Da =——+4+ (0 s
T R R ()
and we find
{D% Dg} = 9% {D* Dg} ={D* Dg} = 0.

With these definitions, supercharges Q%, O and covariant
derivatives D%, D% anticommute.
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3. Chiral and vector superfield

Since D, and Q%, Q% anticommute, the chirality con-
straint

D, ®(x,0,0) =0

is consistent with supersymmetry transformations. The
expressions for D, and D, in terms of y* = x* +
507“0, 0%, 6% are

D, =-—

o ~
50° + 1(97“)a(9y—w Dy,=——.

We can therefore expand ® in powers of 6:

D 0,0) = B0) + 0Y0) + 3 07F0)

— B+ 09U () + %eznx) @)

02[013 P(x)] - 020282(15()6)

The superfield q)T satisfies the constraint D, ®t = 0.
Note that there are no chiral spinors in three dimensions.

Although we call @ chiral superfield, ¢ is a Dirac spinor.
A vector superfield V satisfies the constraint

vt=v
and has the expansion
= €0+ [0m() + 0 7] + 31670
+ 02f*(x)] + 64 (x)0 + M(x)éa

V(x, 6, 6)

1 -
+ 5020[)t(x) il + = 029[)\(x) +id ]
1 _
+ = 2 2[ + = 2 ]’
40 0°| D(x) 48 C(x)
where C, v#, M and D are real.

APPENDIX B: CALCULATION OF THE
EFFECTIVE POTENTIAL

In propsition B-1, we show the last equality in (9).
1. Proposition B-1

A dPk
2m)?

(A Pk
+ l/ Wtrln(](—Mc.)

In(—k> + M2 + D?)

A

1 1
In order to show this, we first note [A (zd;’§3 trin(¥ —

M) = [Nk (=12 + M?).
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Then we perform the Wick rotation in the left-hand side
(LHS):

A Py
@n)
kg
- In(k% + M?).
I Gy R T MO
We now combine two integrals as follows:
MZ+D, A dk 1
f dm? e~
M2 Qm)? k% + m?
2

A 1 M2+D, A
27 Jm? 0 K-+ m

(B2)

(LHS) = In(k% + M2 + D?)

Notice that the first term is linearly divergent while the
second term has no divergence. Therefore we take the limit
A — oo at the second term. We find

A 1
LHS)=—D, — —
( ) 272 ¢ 4nx

M2+D,
j dm?|\m| = (RHS).
M;
Alternatively, we can interpret the left-hand side of (B1)
as a vacuum zero-point energy. Namely, if we take the limit
A — o0 and perform the contour integral over k°, then we

obtain
<2 )2“ D‘/(z A VE

The first term in the right-hand side (RHS) is a zero-point
energy of ¢, and the second is that of . These include a
linear divergence proportional to D.

(LHS) =

APPENDIX C: FIERZ TRANSFORMATIONS

In this appendix, we show some useful formulae for
spinor calculations. We can first show

(0)6x) = — 5 P2(Ex) e

through a straightforward calculation. Substituting 6 for
both ¢ and y, we find
_ 1 -
00)* = — - 66>
(037 =~

On the other hand, if we substitute y*6 for ¢ and 9, ¢ for
x in (C1), we obtain the equation

(0740)03,.) = - %ezcaﬁ(wéwaw)a

0> (07 ).

l\)l'—

Substituting_y“é for £ and y_”é for y in Eq. (C1), we can
show (6y*6)(0y"0) = 16%(8y*y"6). Using the equation
Yty = n*” + ie*"Py, and the fact that €"#? = —et"?,

PHYSICAL REVIEW D 79, 065034 (2009)

we find
(0y*0)(0y"6) = 026’277””

At last, if we substitute (i + m)@ for both & and y in (C1),
we obtain

[0 + TPk = =3 Cogl(if + mBVLGH + m)a)e

—

22(_ 42 _
=SB — )
We use this equation in Sec. III B to construct the super-
propagator of the dynamical field.
In the following, we will show the Fierz transformation
for general two-by-two complex matrices. In general, any
two-by-two complex matrix I' can be expanded by the

following four matrices:
I# = y*(u=0,1,2), =1,

such that I' = ¢,I' where the capital index A runs over 0,
1, 2, 3. Note the relation

tr[L4T'5] = 2145,
where 1,5 := diag(+ — ——)and ', := 5,z'?. Then we
find ¢, =1 tr[T'4I'] and therefore

1
If we take an another two-by-two matrix I", the product of
the matrix elements I',,I"’, can be treated as the
(a, b)-element of a two-by-two matrix fixing the indices
b, c. Then we use the above relation (C2):

1
Fabrzd = EZ[(FA)efrfbrie](rA)ud

— L, D), ()0

.[;

In the last equality, we again used the relation (C2).

APPENDIX D: SUPERPROPAGATOR WITH
TWISTED COVARIANT DERIVATIVES

In this appendix, we will explicitly show the calculation
to rewrite the superpropagator of the dynamical field (10)
into (16) which is written in terms of the twisted covariant
derivatives. We first show a proposition.

1. Proposition D-1

H(0 — 0') = —4exp{— %[é(iﬁ - 0’)]}.
D1)

The proof is straightforward. Noting that H, =

— &+ 1[0 — m)],, we see
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P
96 aa (i = m)]" 9,

HZ(e _ 0/)2 — {_
T Ze‘ﬂ(aﬂ + mZ)}(e — oy,

where we should note that C,g 505 = — 55-. We can easily

show
Jd J N o
90° ae o) =—4
[6Gidf — m)] (0 — 0 =20(if —m)(6 — ¢),

CY

and then we find
1 -
H2(0 — ') = —4{1 ~ 3 0GH = m)® ~ 0
1 -
- Lo -ope + mZ)}.
16
Noting that [~ 16(if — m)(6 — 6")]* =

(92 + m?), we can prove the statement.
Using this, we can show Eq. (17) in page (11).

—16%(6 — 0')* X

BH69(0 — /) = — expl:—% (i — m)(6 — 9')]152(9 _ 8+ { 9
+ 2{ Z exp[—lé(l‘a — 0')]} ag
= 100 + ml =5 expl =30 =m0 - o0 [}ia - a7

L’(
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2. Proposition D-2

1_ ~
ZE2H25(4)(9 -0)= exp[—e’(iﬂ — m)o
1.
+-0(Gig — m)o
2
1 -
+ g - m)H’].
2
In the above equation, we define 8W(0 — ') = % X
(0 — 6")2(6 — 6')>. The proof is again straightforward but
needs a large amount of calculation. We first use
proposition D-1 and obtain
_ _ 1 -
EXH?5W(0 — ¢) = —E2{exp[— E49(1',21 —m)(6 — 0')]
(- a7}
Since we can expand E? as
_ d 1

H? = ~ 357 30, +[0Gf + m)] + 402(82 + m?),

Q

we find

90 90, [_% (i —m)(6 — 0’)]}(5 — 0>

@0

23

(D2)

where we use the Leibniz rule for the derivative with respect to #. We can easily show

E20— 07 = —4—2(8 — 8)if — m)o — 102(6 -

- %(0 — 09 + mz)exp[— Lot — myo - 0')]

1

[un—y

0")%(3% + m?)

ag_a % exp[—lé(iﬂ — )0 - 0/)]

exp| =300 = m)(0 — 0) |

6%

=——ne—axm+nmawﬁ——mw—nme—aﬂ

2 2

Therefore the Eq. (D2) becomes

E2H?8W(0 — 0') = exp[—%é(iif —m)(0 — 0’)]
4{1 + %(é — )i — m)(20 — 0)

- G- 0RO - 0P+ )}

We can rewrite this equation as

E*H?>6W(9—¢') = 4exp[ — %0_(1';5 —m) (0 — 0')]

1 - -
xexp] + (0~ (i~ m)20 — 0 |
Then, at last, we can prove the statement.

APPENDIX E: USEFUL FORMULAE WITH
TWISTED COVARIANT DERIVATIVES

In this appendix, we will show some useful formulae for
loop calculations involving twisted covariant derivatives,
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which are shown only by using the anticommutation rela-
tion of them.

1. Proposition E-1

[E_Qr Ha] = Z[E_‘(lﬂ - m)]a/’

[E2 H*] = —2[(iff + m)E]"

(A% E,] = 2[H(if + m)],,

(A% E“]= —2[(if — m)H]".
We can easily find the anticommutation relations
{H, Eg} = (if + m)"‘ﬁ and {E¢ Hpg} = (if — m)"‘B.
Using these, this proposition can be shown through a direct
calculation.

By using this proposition, we can show the following
important formula.

2. Proposition E-2
[E?, H?] = 4(—0%> — m?) — 4H(if + m)E EL
_ _ ED
[E2, H*] = 4(—9* — m?) — 4H(if + m)E.

We first show the upper equation. The second term H(i# +
m)E in the right-hand side means H ,(if + m)® sH B.When
we rewrite the left-hand side as H,[E?, H*] + [E? H,]H*
and use the proposition E-1, the left-hand side becomes

— 2H(if + m)E + 2E(if — m)H

= —4H(if + m)E + 2(if — m)* 5 - {E,, HP}.

Then using the anticommutation relations of E,, HP, we
can prove the statement. The lower equation of (El) is
proved in the same way.

any 2
APPENDIX F: I(p?)~! = %
-p

We here explicitly show the equation

-
1)1 = arctan\/m2 ’
7

where the definition of I(p?)~! is
B 4 [ &° 1
I(pz) ! = q3 2 2 .
i Qm)? (p + g)* — m* + ie
1
X

g> — m? +ie

We first introduce a Feynman parameter:

17 =7 [l [£$

- A(pz;x) +ie”’

[(k —xp)?

PHYSICAL REVIEW D 79, 065034 (2009)

where A(p?;x) := —x(1 — x)p? + m>. Then we shift the
integration variable k as k — k + xp and perform the Wick
rotation:

2 [ o K?
I(p?)~1 = —/ d [ dK ———————.
(p?) T Jo * 0 (K> + A(p% 0

We can easily perform this integral by changing the inte-

VA(p?; x) tanf. The result is
- arctan\/ — 4’:; .

4 A(p?; x) v-p’

gration variable as K =

1
IWW=3fd
T Jo

APPENDIX G: D ALGEBRA

We here study the algebra of supercovariant derivatives
D,, D, especially in momentum space. Recall that we can
obtain D, D, from twisted covariant derivatives E,, E,,,
H,, H, imposing m = 0. Therefore, from proposition E-1
and E-2, we find in momentum space that

[D? D] = =2(pD)*,  [D* Dol = 2(DP)a
and
[D?, D*] = 4p* — 4D(p)D. (G1)
Moreover, we can show the following proposition.
1. Proposition G-1
D?D?* — 2DpD = DD?D,
(G2)

D2D? — 2DpD = DD*D,

where DD?D := D,D>D*.

The proof is straightforward. By using the anticommu-
tation relation of D, and D%, we can rewrite D>D? as
DD?D + 2DpD Therefore the left equation in (G2) is
proved. The right equation can be shown in the similar

way.
We now define the following projection operators:
D?*D? D?*D?
P, = 5 = 5 (G3)
4p 4p

Suppose P is an arbitrary chiral superfield. Then we can
show P;® = 0 and

2 2
P2(I>=(P1 M)cb ®.
4p?

In the last equality, we use Eq. (G1). In the same way, we
can show that P,®t = ®t and P,®' = 0 for arbitrary
antichiral superfield ®f. Therefore, P, and P, are projec-
tion operators to antichiral and chiral superfield,
respectively.

In addition to (G3), we can define the following four
Lorentz invariant operators from D, and D,:
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P iD? P iD?
+ - , - = - ,
24— p? 24— p?
. _ DPD DD
T 2p2 > D J_—}?z
Since D,D?* = D,D? = 0, any other differential operator

composed of D,, D, can be written as a linear combina-

tion of these six operators. Note that D$D can be written as

a linear combination of P, and P7 using proposition G-1.
Moreover, we can show the following useful formula.

2. Proposition G-2
P 1 + P 2 + P T = 1.
The proof is straightforward. Recalling the definition of
projection operators, we can show that

1 _ _ _
P, + P, + Py = —(D2D? + D*D* — 2DD?D)
4p?

1 o
= z—pz(D[fD + DpD).

In the last equality, we use proposition G-1. We moreover
rewrite this as

1 _ 1
P, +P,+ Pr= 2—1721536,{0“, Dg} = 27 tr(p?) = 1.
Then the statement has been proved.

The multiplication rules of these projection operators are
indicated in Table I. The table is, for the most part, the
same as that in [10,12]. Here we have, however, a new
operator Pp. Below, we will show the multiplication prop-
erty of it.

We first note that since

_iDD _ iDD

Pp = = ,
[=p? [—p?
we obtain a vanishing result if we multiply Pp by Py, P»,

P, or P_. Next we will show that P2, = Py. By using the
Fierz identity, we see

57, = ! uf [, 057 g =%rAvﬁrAa5

0%

l\)lr—l-lk

(YH7 gy s + 87 50%5).

We can therefore show that

1 _ 1 _
P32 =_—_D _DPD D%8",6% =—D_ DFD,D*
D 2p2 a Y BY & 2p2 a B
1 -
=_FDD2D=PT
P

PHYSICAL REVIEW D 79, 065034 (2009)

We will now show that PP = Pp,. First note that

PPy = — W(DD_ZD)(D_D)
= W (leD)(DD)
WD .DPD Dﬁpa 875 (G4)

Then use the Fierz identity as follows:

1
[5“B375 = Z tr[FA[fFB]FBVBFA“(S.

Substituting this for (G4), we see that the factor
DﬁFBVB , vanishes if I'® = y#. The reason for this is

Dy*D = 0. Nonzero contribution, therefore, occurs if and
only if I'® = i1, namely,

PPy = D, DPD,D° tl py,167 yy** 5

e p2>*/2

= W (DP*D) =

In the same way, we can show the equation PpPy = Pp.

APPENDIX H: PROPAGATORS OF AUXILIARY
COMPONENT FIELDS

We here derive the expressions (41) and (42) from the
superpropagator of the auxiliary field

4qri

V(=p, 0. 00WV(p, 0,00 = —=1(p*) - V! 640 — 6",
(H1)
where
-1 1 DD*D — 4mDD
V!l = .
14 pz — 4m2 p2
+ %(DZD2 + D’D?). (H2)
p

We will first expand the left-hand side of (H1) in compo-
nents. Choosing the Wess-Zumino gauge, the auxiliary
field V can be written as

_ 1 1 - 1 .-
V = 06 + MO + 5620)\ + E020/\ +Z¢9202D.

Then we see that the propagators of M and v* can be
obtained by taking terms proportional to 6’6’06 in (H1),
namely,

<V(_pv 91’ é/)v(pv 6, é)>0|0(0_'9’1§9)

= (0'I¥(=p) + M(=p)]0'8[¥(p) + M(p)]0)y. (H3)
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In the right-hand side of (H1), we can show that
D2D25(4)(9 - 9’)|0(g/9/9-0) = D2D25(4)(9 - 0’)|0(§r9/50)
= (046)(6'p0"), (H4)

D(p + 2m)D8D(0 — 6" p(arorge)
= p2(06')(80") + m(640')(06") + m(046")(68").

(Hs)
By using the Fierz identity, we obtain
(0030 = — 36y 0)@y,,) — 3 (BN,
(B40)00) = = 3 €0 By 60y
~ S @O0~ L @060,
(040)00) = ~ 3 €0 By 60y
+L@H00') + 5 (B0)(0' )
Then Eq. (H5) becomes
D(p +2m)D8N(0 = )o@
= 2 LGy 0)(@'y .01~ (0)(T'9)]
— ime€,,,p?(0y*0)(0'y"0"). (H6)

PHYSICAL REVIEW D 79, 065034 (2009)
From (H2), (H4), and (H6) and proposition G-1, we can

evaluate terms proportional to 6’6’66 in (H1) as follows:
<V(_p: 9’; é/)v(pr 9: é))olo(é/e/ée)
_ _ 471
= (@'y40')(By"6) X~ 1(p?)

1 PuPv a
o (e + 227 (1= 507 - )
pZ _4m2 I p2 p2

2mi - - 4ari 1
+ [)26/“’ppp>} + (0’0’)(00) X Wl(pz)m

Comparing this to (H3), we can show that

47i 1 Pulv
n(_ v — I 2 _ + M
<v ( P)U (P)>0 N (p ){ 2 4 2( Nuv p2

x (1 - %(p2 - 4m2))

2mi
+r )
4qri 1

(M(—p)M(p))y = Tl(pz) e

P2 — 4m?’
(W (=p)M(p))y = 0.

These coincide with the results in [7].
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