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The temperature dependence of the Phonon velocity

and the roton minimum in liquid He ]I

Takeji KEBUKAWA

Department of Physics, College of General Education

Osaka University, Toyonaka

Die Abh3ingigkeit der Phonongeschwindigkeit und des
Rotonminimums von Temperatur wird aus dem mikroskopishen
Gesichtspunkt untersucht. Durch die ﬁberlegung des Beitrags
aus der in der fruherer Abhandlung gegebenen Wechselwirkung
zwischen Quasiteilcheh finden wir, dass die Phonon-Roton-
wechselwirkung und die Roton-Rotonwechselwirkung spielen eine
grosse Rolle in der Abhangigkeit der Phonongeschwindigkeit
und des Rotonminimums von Temperatur. Das Resultat der Rechnung

stimmt mit dem Experiment uberein.



§1, Introduction

The elementary excitations in liquid helium II have been
the object of extensive study for many years. The phonon-
roton type excitation spectrum wqg proposed phenomenologically

by Landau(l)

to explain superfluid properties and thermodynamic
bahavior of liquid helium II below the“A_-transition temperature.
The existence of such a spectrum was demonstrated by the direct
observation of single excitations from inelastic écattering of

(2)

slow neutrons. The curve H.W. in Fig B-2 indicates the
experimental results obtainéd by Henshaw and Woods at T=0°K.
The experimental spectrum H.W. clearly shows the existence of
the phonon-roton type excitations, as has been proposed by
Landau.(l)
A quantum theory of the excitations was developed by
(3)

Feynman and Cohen. In their calculation, the excitation
energy is expressed in terms of the structure factor of

liquid helium. Inserting the observed results into the structure
factor in the formula of the excitation energy, they obtained

the excitation spectrum of which agreement with experimental one
was good qualitatively but was not quantitatively.

On the other hand, progress has been made along the
microscopic point of view by many quthers. Bogoliubov(4) derived
a phonon-like elementary excitation spectrum in the low momentum
region on the basis of the assumption that the finite fraction
of helium atom was condensed into the zero-momentum state at
T = 0°K, and hence the creation and the annihilation operator of
helium atom at zero'momentum (a0 and a;) might be replaced by

(5)

NO' Parry and ter Haar , however, have shown that the .



depletion of the zero-momentum state amounts to 270% if we take

(6)

the Brueckner-Sawada excitation spectrum which was obtained
on the basis of Bogoliubov formalism and the method‘of t-matrix.
Miller, Pines and Nozieres(7) have emphasized that the
phonon-phonon interaction is indispensable to account for
the observed excitation spectrum. In the Bogoliubov formalism,
however, the assumption that ag = ag = N0 = c-number ignores
the gquantum fluctuation of the number of condensed atoms and
hence does not lead to a unique expression for the phonon-
phonon interaction. This difficulty has been overcome by

(8)

Sunakawa et al. by describing a Bose system in terms of the
colletive variables which are appropriate to represent the
liquid system, and the theory gives a microscopic theoretical
version of the Landau quantum-hydrodynamics. The introduction
of the collec?ive variables yields a definite expression of
the phonon-phonon interactions.

By taking into account the contributions of the definite
phonon-phonon interaction, Sunakawa, Yamasaki and the present
authorg)'lo) have developed the theory of the excitation
energy of liquid helium ITI at T = 0°K on the basis of the method
which is slightly different from that of the standard perturbation
theory, and(ﬂﬂhh&d the convergent results for the correction of
the excitation ehergy. Their results of the phonon-roton type

excitation energy which are shown by the curve Ei in Fig B-2

are in good harmony with experimental curve H.W. On the basis



of the same convergent formula for the excitation energy at T = D°K,

(11)

recently, they have derived the multi-branch structure of

the excitation spectra which have been confirmed experimentally
by Woods et al..(lz)
The temperature dependence of the excitation spectrum in
liquid helium II, especially the phonon velocity and the roton
minimum, was observed experimentally by many authors. Recently
Dietrich et al.(l3) have made measurements of the temperature
dependence of the roton minimum by inelastic neutron scattering.
Fig. 5 shows their experimental results which indicate that
the roton-minimum decreases as temperature increases. Very
accurate measurements of the temperature dependence of the
phonon velocity have been made by Whitney and Chase by making
use of pulse techniques developed by Chase. Their results for
1Mc/s -sound waves in helium under the saturated vapour pressure
are shown in Fig. 3, which is written in a greatly expanded scale
for the phonon velocity. A small maximum in the phonon velocity
is observed ét about 0.65°K. Fig. 4 shows the whole behavior of
the temperature dependence of the phonon velocity, and shows
rapid decrease of the phonon velocity in the region of temperature
from 1.5°K to 2.19°K. A theoretical interpretation of the
existence of a small maximum in the phonon velocity has been

(15)

given by Khalatonikov et al. on the basis of the phonomeno-

logiéal kinetic equations for the distribution functions of
phonons and rotons which are regarded as classical gases,

respectively. From microscopic point of view, ter Haar et al.(le)



have developed a theory for the temperature dependence of the
phonon velocity on the basis of the perturbation theory at

(1)

finite temperature, by assuming Landau phenomenological

phonon-phonon interactions. They, however, considered only
a part of all diagrams which contribute to the self-energy,
and the neglected diagrams give divergent results.

The purpose of this paper is to calculate the temperature
dependence of the phonon velocity observed by Whitney and Chase
and of the roton minimum revealed by Dietrichet al.,. by
taking into account the effect of all diagrams which contribute
to the second order self-energy. The difficulty of the
divergence of the self-energy which arises from the diagrams
ignored by ter Haar and others will be removed with the aid of
the method proposed in the previous papers(g)xlo)(refered to
as I and II hereafter), and later by Nishiyama.(l7)

Section 2 is devoted to the derivation of a divergence
ffee formula for the excitation spectrum at finite temperature.
In §3, the temperature dependence of the phonon velocity is
calculated quantitatively on the basis of the formula derived

in §2, and is compared with experimental results(14)

to have
a good agreement. In §4, the temperature dependence of the
roton minimum is calculated to yield also a fairly good

agreement with experiments.(l3)

In Appendix A, we shall
present a résumé of the collective description. Some lemmas
which are necessary for the collective description will be
proved in Appendix C. The formula of the excitation energy and

its results . wWill be shown in Appendix B.



§2. The excitation energy at finite temperature

Consider a system of N interactina helium atoms of mass
m enclosed in a cubic box of volume V. The Hamiltonian of this
system is described in terms of the density fluctuation operator

. (N0GoLI8) | :
?k and the velocity operator vk in the following

H=E +¥ BKBK+ 31”(?‘1) B;Bg’i»@*‘ﬁﬂ%gp)

l’+i§. '-1'0

Y TR EB GBuBs) G

P.3 %o
P30

1 _
up to the order of NTF , where

S = M= vc)+‘7_( -¥ i)

gives the ground state energy in the lowest approximation. The
)
Bogoliubov excitation energy E, is expressed by

B = 2m /7\11 W v e

and the structure factor 7\& in the lowest approximation is

N = k [0 (43)



; wWhere
CaRY= | Hyg

and \)Q@ indicates the Fourier transform of the interaction

potential between two helium atoms. The functions T;(p,q) and

T;(p,qp in (2.1) are given by
RED) = 5 P pra 00 ) B0+ L) G

and

T e9)= = PP (D035 -(P*Pﬁ)(\-m) -4 W“W‘?gz :

The detailea derivation of the Hamiltonian (2.1) will be found
in Appendix A.

The excitation energy in liguid helium II at finite temperature
is calculated by making use of the method of a temperature

Green—function(lg) defined by

G®, ) =-T (SO (BOBL) @)



, Where
HT. =N

The symbol T, indicates the chronological operator concerning a
temperature T . The second order self-energy is given by the

following three diagrams shown in Fig.-1l.

th. 1

From three diagrams (a), (b), (c¢) in Fig.-1, we can readily

write down the expressions

QZ@{k,‘—Om): |8 x’é‘%2;<f§£gﬂ)l§o(P;%)a;("P‘k)"W'%)‘ (&.5)

Z}‘_ FEP G RGG, (PR, twn) @)

Pk, 00n)= an F‘
w0

and

3k, on)= 4)((5 /:L_"ZP_ LR ERUDE (PRuW-w) Q.8



for the proper self-energy. In the above equations, Es(p,wn)

is the Fourier transform of the free temperature Green-function

given by
&o(PJw'Y\) - z%~E$ (&?)
’ where(ﬁ% = 2nnJP (n =0, ¥1, ....). After taking the

summation concerning n and replacing iu%Aby E§+iq, we get the
second order excitation energy at a temperature T = (KB?)_l

in the following form,

D By R&P) Zep? 8 .
T B)=-2Y CEhE, L e, e

Z(ek,Ek) ;1‘[_ Wv(kl’) = E(h{)z nE) @)
EE-EB A= i

and

(PR
F e =- ) B, o (nE-nE) @13
, Where

(&)
%)= ~BEp_1
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From (2.10), (2.11) and (2.12), the excitation energy EK(T)

at T is written by

B = EB + T EE)+ L (RED L (RER), @M

(16)

D. ter Haar and others derived a similar result to
calculate the absorption coefficient of the first sound in
liquid helium II on the basis of the Landau phenomenological
Hamiltonian. They consider only the effect of Z(c) (R,E;) in
(2.14) and do not take the contributions from Z(a) (R,BI%) and
Z_(b) (R,E;) into consideration. Since Z(_a) (R,Ez) and

2-:-(b) (IQ,EE) play a véry important role in the temperature
dependence of the phonon velocity and the roton minimum, as
will be seen later, we must_consider the effect of the new
terms (a)(R,EE) and zik)(R,Ea) in (2.14). However the first
terms on the right hand side of (2.10) and (2.11) are strongly
divergent. In order to avoid this serious difficulty, we make
use of the method proposed in the previous paper 1(9). In
this paper, the excitation spectrum at zero temperature has
been calculated to yield a convergent result which is in good

(2 (17) derived

agreement with the experiment. Nishiyama
later essentially the same result by making use of the ordinary
perturbation formalism. Since the method of Nishiyama is more
convenient for the present approach than the original method
in I, we use his method to overcome the difficulty.

Let us now introduce the Feynman energy Eg'(3) defined by

= TN @i
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S(R) is the structure factor of ligquid helium II at 0°K:

SR = GI%SE 167 |68y = N &I B RBDIE ey @10

, where lG} denotes the ground state of the total Hamiltonian

(2.1). After the straightforward calculation, we have

SEk)= Ny + (3N lo ®PERP)
R 47\‘{%{(ER+EB‘\'EHJ ER(EQ‘*'E{BJ Epﬂg)}

Ry 2

Substitution of (2.17) into (2.15) gives

_r® in ReP™ L& }
(Ek+$+l§,,.k)a B( E’k’fE?‘fEr'rk)
in the second-order approximation. From (2.14) and (2.18)

Em=EF +2 {K &P (R -Fp-Epa)+ |b(kf)(Eh+Er+EP+k)}
¥ (BR+ B vEpJ (BR-Bp ~Epue)

2
-4L Eék,f%n D +4y ﬁ%qn(sg)

-4}: né‘i% {mE?)m(E,?,R)} ‘ ERYD;
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The second term on the right hand side of (2.19) is independent

of temperature T and gives the correction term for the Feynman

energy Ea at zero temperature. This correction term is

strongly convergent in contrast to the first terms inZi?)(R,E;)

and.'Zfb)(R,EZ?. On the other hand, the third, fourth and

fifth terms on the right hand side of (2.19) give the temperature

dependence of the excitation spectrum.
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§3. The temperature dependence of the phonon velocity

In this section we shall investigate the temperature
dependence of the phonon velocity on the basis of the formula
(2.19) derived in the preceding section. The temperature

dependent part SI%JT) in (2.19) is given by

SEL(T) = SEp(n) + BER) + ST | @.1)

, wWhere

® < .K(RJWB B.2)
gEk = 4%)— EE‘\'EB'\'Eﬁ.k (El?) P 6

~b) T jz (
SR PP, P

and

SEM = —42@—%}1@@(&;}) RIS
k5P

on taking the real part of (2.19). The symbolq? indicates

to take the principal values for the integrals. 1In order to
proceed further, we replace Ez involved On the right hand
side of (3.2), (3.3) and (3.4) by the experimental excitation
spectrum E'Q at zero temperature. This replacement may be
plausible if we take the higher order corrections into

consideration.
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The deviation of the phonon velocity from that of zero

temperature is given by

SCM) = SC) + 5Pa) + T
= &;"0 T‘?—{Eé‘gﬁ) '\'8%?0') + Sé?Cl‘)} . (3 5)

We now first calculate the contribution’fronxgkﬁa)(T) and

E;Z(B)(T). Since we can put

B - X
and
N — R/c (3.6)

in the limit of k-0, we have

S = S0 + 5P

—-qfl 4 L1
- g{a@mﬁN}%m}) @M

R (P
® = 1%
’ - Ep(cfRy) G. 3

, Wwhere C = 32—1 is the phonon velocity at zero temperature.
In order to carry out the integration in (3.7), we separate

the region of the momentum integration by an appropriate
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momentum PC into two parts, that is, the phonon region and

the roton region. Then we have

Sy = @%Q%E@Qi &(P)F*d?JrC(P)P*dP} @1

In the phonon region, we can replace %P and 7\9 by cp/2m and
p/c, resepctively, and we can extend the finite range of the
integration to infinity without introduéing any appreciate
error in virtue of the existence of the statistical factor
n(Ep), and we have the contribution Sbé;;?) from the phonon

region as

(a+b) Y 2 {&'DLL - @B.10)
SCobs M =~ 115 N & G

, where we have used the fact that 1 777%. In the roton region,

we can put

_7\E ~ 1

and
| 2 1

EP. ~ A+5}-I.(P-|Qo) | | G.1D
, Where :

A= laxigh wng ,

N:' "3.4 a_
and

Ly K
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By making use of (3.11) and by retaining the dominant terms,

we have
6O 2
P ma gLk L 2 (4 e
Wty = "3 @mENCT & ' en? )
FAN
~ __ YRGRT &
T AN & & Ry © (3.1
, where we have used the fact that
&dfe "’f‘ ~%o\reF/"‘ = |2TCMRT 3.13)

4

Collecting (3.10) and (3.12), we can write

e 2T 26D T K ) (T m
e (T)—_lao% Eg;?n? .zrélzN%Y'A KRy © Gl

We next calculate E;C(c)(T) in (3.5). In the 1limit of
k->0, the energy denominator and the statistical factor in
(3.4) vanish simultaneously; Therefore we must expand them
around |Eﬂ = 0, and retain only nonvanishing lowest terms.

In the phonon region |pj~ 0, we can write

St =g S"‘F&dﬂ PO e )y BRE ()
B L G3.15)
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, where use is made of (3.6) in the integrand and the vertex
fqnction FL(p,k) is approximated only by the term which have
lowest power in p. The angular integration gives

Cy=- =5 oy BC dPP‘*{loé 9o 5} NE(HE)

QJL) @m) (3.16)

, where we have used the relation

FE | = £ (|- ayp2

TGB! = 35 (1-3%7p2)
and the expansion coefficient Y= 2.2 X 10375& cm? sec2 is
obtained with the aid of the energy spectrum calculated in the

previous papers I and II. Carrying out the integration in

(3.16), we find

= EreE o nl(GHiE)] e

. where we have replaced p by 3kBT/C in the logarithmic term

of the integrand of (3.16), and the other factor in the integrand
of (3.16) has a maximum value for this value of p. On the other
hand, the contribution of the integral from the roton region

is negligibly sﬁall. This comes from the fact that the leading
term of the integrand in (3.4) is propotional to (p-ko), since
the order of magnitude of the statistical factor in the roton
region p::ko is given by g%(p—ko) and the energy denominator

is ck/2mn.
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Collectina(3.l4) and (3.17), we have the final result

for the temperature dependent part of the phonon velocity;

SCm = 8Py + §Cr)

sy Q%ﬁ;{ww?%%é%)}‘ .19

Introducing the numerical wvalues

C=38A
j[ _ 3
v 453 A

and

oY =aar(d S-QCIJIQA.QC&

7

we have the yesult

8.6

—

Se) = |o.4T"JL(—T'-1)-&7uo*ﬁ el (& @V

In the expression (3.19), the first term on the right hand side
is the contribution from the phonon region and the second term
comes from the effect of the roton region. The first term
gives increase of the phonon velocity as temperature rises,

and the second term, on the other hand, decreases the phonon



19

velocity. This behavior of the second term is indispensable
for explaining the experimental results of the temperature
dependence for the phonon velocity which show characteristic
decrease. We should note here that this second term comes

from (3.1) and (3.2) which are not considered in the theory of

ter Haar et al.. The numerical result of (3.19) is shown in
Table-I, and compared with the experimental result(l4) in Fig.-3
and Fig.-4.

Table I Fra_ 3 F‘3'4

Although the position of the maximum point of the theoretical
curve is slightly larger than the experimental one in Fig.-3,
the whole behavior of the theoretical curve is very similar
to the measured one.

In conclusion, we can see that the phonon velocity increases
slightly due to the effect of the phonon-phonon interaction up
to 0.6°K, and the phonon-roton interaction becomeg effective
above 0.6°K to decrease strongly the phonon velocity. We can
further expect that the phonon-roton interaction also playsan
important role in the temperature dependence of the absorption
coefficient of the first sound in liquid helium II, and this

problem is now under consideration.
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§4. The temperature dependence of the roton minimum

In this section we shall study the temperature dependence
of the roton minimum A . The deviation of the roton minimum
SA(T) from that at zero temperature is described from (3.2),

(3.3) and (3.4) by

TAM = ST + 3 « 84T @&
HCX )
)= - —N(Ep) (4.2)
S 4%:A+EP*EP*I2° o
&= 47 P ——E—(&j“’j—nmy) 4.3
P A-Fp-Fprg
and
) 5 Bk {y e y_
SAT - -4 B A+EHM"EP{7NEF) NlEp,) | e
where
k) =k, |
Ek° = A
and
Mo~ 1 . CXY)

As in the case of the phonon velocity, we separate the region
of the momentum integrations of (4.2), (4.3) and (4.4) into
two parts, that is, the phonon region and the roton region.
We first consider the contributions from the phonon region

(p~©0) by using the following approximated relations ;



21

E‘ko"\'E')'\‘EP.tho QQA ,

B&P* = g bk pootlo | &6

and

Epot Bpg-Fp = 24
The substitution of the relations in (4.6) into (4.2), (4.3)

and (4.4) and the momentum integrations give

(! " + thq
§hpm=-ET %é,,—iﬁ)—i , G

® A Vo & |
S0 ™ = ~TEN Cﬁ(l_c,—; 2 “.9)

and
2 A

© it kD', 9 7RG D - R

ShpD=-G e ) RN %ﬁ Ry © G
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. where in (4.8)

ve

A=\o\x X~ ok

-

and in the second term of (4.9) we have used the following

approximation;

(3 L (1prRel~ke) e—@ 7}}2 | 4.l0)

Collecting (4.7), (4.8) and (4.9), we have the expression for

the temperature dependence of the roton minimum

CR?@BT)}‘ K}VR?_@L_
(&) 30 N C (&yA

vk Qm\)z_ﬂ@ QT% @.1)
8T§N C; A thy

SATQ)(T) m

from the phonon region.

We next calculate the contributions from the roton region
(\pp»ko) by using (4.5) as the approximated relations for
EP andﬂAp in the integrands of (4.2), (4.3) and (4.4). The

contributions from the roton region are given by

1,2
Nprk, ( Qk:+iﬁl?o)

s ) N(A+5: (k)
A+ Eﬁko au ) &)

(L)) -
SAQ\'C)('T) == @m)? N Z.
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Aps
ZM@—MA HPRT) @)

Ep+k,
and
© & |5 APk N
& BT (Sm)zN}l; Epre {”fl(éw(?—w)%“fm.)L "

» where we have used the fact that |p|~ k. The integrations

on the right hand side of (4.12), (4.13) and (4.14) are to be
carried out for two regions when [p+k& is in the phonon region

and when it is in the roton region, respectively. After the

integrations for +{heseregions, we obtain

2.2 _4_
@) kD SR @, 16

+ (small Gma ) & 16)
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and

Sy, ™ = (mall fiama)

for the contributions from the roton region. In (4.15) and
(4.16), we have written down explicitly only the leading terms,
and the other small terms are negligible compared with the
leading terms. —

Collecting (4.11), (4.15) and (4.16), we have the final
result for the deviation of the roton minimum from that at

Zzero temperature ;

iy oo &’ v K T
gA(T)z_-—ICko .kB_ - 30 N C .

f2 N (& ¢ o
2 A= _é__

v R (K S &T

N ¢ TA | E .

By using the numerical values of the constants A , ¢, V/N and

2

kO given in the preceding section, we obtain the result

- - - -6
A = - 96x0 -840 T 1140 T € Manp, Ghi8)

Fy. § Tobe . IL
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The first and second terms in (4.18) are the contributions
from the phonon region to the roton minimum, and the third
term in (4.18) is the correction term from the roton region.
From (4.18), the numerical values for the roton minimum
A(T) = A +8-A(T) are shown in Table-2 and compared with
(13)

experiments in Fig.-5,from which we find that the theoretical
result is in fairly good agreement with the experimental one.

In conclusion we can see that the roton minimum gradually
decreases due to the effect of the roton-phonon interaction up

to 0.7°K, and begins to decrease rapidly above 0.7°K by the

effect of the roton-roton interaction.



Appendix A
Collective description and phonon-phonon interaction

We consider a system of N interacting helium atoms of
mass m enclosed in a cubic box of volume V at T = 0°K.
The Hamiltonian for our system is given by
Rabo 4Ly YO &g A
H=2 0% +xi,7 % bl
R K89
, where Lﬂk) is the Fourier transform of the effective

interatomic potential V(X). The commutation relations are

given by

(0,00 ] = Sopr , [0, 0=k @] =0 . (-0

In this appendix, we rewrite the original Hamiltonian
(A-1) in terms of the collective variables which are appropriate
to describe the collective behavior of the system. As the
collective variables, we first introduce the density fluctuation

operator and the current operator defined by

.‘.
Tk = I Opaclp

and

o
de = 2 Plpy Opuy B



From (A-2) and (A-3), we can readily derive the following

commutation relations,

[ek,ekl]"—"- 0, [§RJFR']= k' FR'-]R
and

: . } @)
[2\2 ,3‘2'] = (g:*k'ki - dpw ki) ’ G-

where
G BLER) ke k),

One cannot treat ?‘R and %k as a canonical set of variables

because of the fact that the commutatof between gk and PRI

is not a c-number, and the third commutation relation in (A-4)

does not vanish even for the case R =R'. As the canonical

variables for ?k , however, we can introduce the new collective
JIUSL Y

variables, i.e. the velocity operator 'Uiz , defined by the

integral equation
2 - lg _ L T, A%
T = T ~ Wiy PP )
| e _S
where ﬁ_f°~%OPQP )

From (A-4) and (A-5), we can prove the commutation relations

(A-6)

and



where the last commutation relation in (A-6) will be derived
in the appendix C. 1In contrast to the case of gk , the new
variables 1% do commute exactly with ﬁz , for kzpk’ , and we

can rewrite (A-5) in the following form :
- _AS (A=)
Tmvh Wi PR

It should be noted that the commutation-relations (A-6)

coincide precisely with those assumed by Landau(l), except

the fact that the second commutation relation in (A-6) vanishes,
In order to express the Hamiltonian (A-l) in terms of

the collective variables, we now introduce a projection

operator defined by

Plr-k) = Zﬂf«f\’o m*y f’rkﬂ’ﬁ? JN'J I i (A"D_

which will be proved in (C-8) to be

Pk%k) = 1S, | (A-9)

for the case of Bose system. Noting the relation (A-9), we
insert (A-8) into (A-1) and hence the kinetic energy T is

written as

dyd v
T= 3] I ROt G O - =5 bty ki onie ]
P -
(A-lo)

Introducing the relations

+ = |
2 RO Gep = -2 PPy



and
X g -\ -ID)
ROl = dp 3Pl 4
into (10), we obtain
A glpe la ...
T= w1 S vy ~Z % T }
| ®
AR LT TR LTS

In order to express (A-12) in terms of the velocity operator
defined by (A-5), let us consider in detail the first term
on the right-hand side of (A-12). The first series ean be

transformed into the following form :



Noting that €>= ﬁ: we divide each term of the last
expression into two parts, i.e. the part of p' = p and that

of p' ¥ p, and obtain

P
= Ay —
- aan%jgggxr é%ﬁf In?_pxrfpfp p
i
-Z:.'U* Fk l” P P# ]
L Bl fe'? Wheer bl
o } @-13)

All the terms cancel out except the first term on the right

hand side of (A-13), and we have
—3
-1

Lp AT - LY\
{nggf &p P'ﬁ Pﬁ’“‘lﬁg‘l*‘“} "am%\yl’FW*ﬁv

=

In the quite similar way, we obtain

“m\ F R GRS R) - T G hon b b b))

%
=LY p(i TR A
bm%‘ P (Vp fp-fp ) =- %#m 8-18)
with the aid of the commutation relations (A-6). The interaction

energy is expressed by



A-6

?\ik @%QM% - N \)V@ L5 yaost %ﬂv&) SN
2

where N is the total number of the particles in our system and
the operator ¥ has been replaced by a c-number N ‘by virtue
of the fact that the total number of the particles is always
conserved.

Collecting (A-14), (A-15) and (A-16), we find the Hamiltonian

expressed in terms of the collective variables in the

following form :

H= {N(N D)oy~ —“ZVQ@-—-—ZkZ}
+§{5N7ﬁﬁkiﬁk gmN g_v)ﬁaﬁk}

+Z bl aptlhlaly) - - L ww
pﬁ#o

The second term of the Hamiltonian (A-17) can be regarded as
the free part, and the third and higher terms give the phonon-

phonon interactions.

If we introduce the operators By and B; by

fie = e (Be+By)
and A-13)
Uy - B(B-B)

the new operators satisfy the commutation relations



1Bg.Bel=o , I8 B1=0

and

[Be> Bl = S

. where

e = RNESC® | k=Kl (A-20)

(A1

7

and

CR) = i%mv@) . @-21)

Inserting (A-18) into (A-17), we have the new representation

of the Hamiltonian:

H = }40 +l4I

o= ES + LRI

and

Hl‘s‘m"“% EERCY AL T AL AL K 1

R R R e

Prito

where Eg stands for the lowest order ground state energy

given by



5 N(=D
ey - MLy + o1 (B -5 - i) , (253

and

B = Rlgrew (A-26)

gives the excitation energy in the lowest approximation.
The phonon-phonon interactions of the order of \’N are given



Appendix B
Phonon-Phonon interactions and the excitation energy

In A, we have obtained the definite expression (A-24)
of the phononephonon interactions by introducing the collective
variables fhhandiil. In this section, let us deriw a formula
for the excitation spectrum in which the effects of the
phonon-phonon interactions are taken into account. However, the
traditional perturbation treatment of the interactions will
produce a strongly divergent result, because the phonon-phonon
interactions (A-24) involve the products of momenta (p-q)..
If we introduce a cutoff parameter to yield a finite result, the
result will be fortuitous even if it is in good agreement with
experiment for some value of the parameter, because the result
is very sensitive to the magnitude of the parameter.’

In order to overcome the difficulty mentioned above, we
now adopt a slightly different method from the standard
perturbation theory. The Schr8dinger equation for the state

of a single excitation|¥,yis given by

(H-Eo-ERIBy = SEIT | (3-1)

and

_1F
B = b +0R:
where Eo is the eigenvalue for the exact ground state |G of

the total system and Ey denotes the excitation energy of

F

a single physical phonon. The Feynman excitation energy Ek

is defined by



2 t
B o

Along the line of reasoning of the Feynman-Cohen theory ’
we assume that the single excitation state is approximately

expressed by
— Lot
%= ey 437 Gena b1 e

where we should note that the first and the second terms on
the right-hand side of (B-3) are not orthogonal to each other.

Introducing (B-3) into (B-1l), we may obtain a set of equations :

S @l R Iy = 33 Gl R (H-E~ED)R B &>

g;—kck&lﬂ' Gl ﬁafg_y F;. |G>6Ek (8-4)

and

EPEES

'\'R

20 G H-EBOE, ey

= - Glfah H-E-EDRIEY + H@lfhalfle> . 6®
where use is made of the sum rule
GIRH-E-E) R lav=0

The prescription of our method of cale-Zution is to retain

only the lowest nonvanishing =~.crix elements. Hence, the exact



structure factor S(R) is approximated by’)\R in the following

way,

RO =afo=ne 0 @D

where the state |G) denotes the ground state of the free

Hamiltonian HO :

H-E)|§) =0 @9

Because of the approximation adopted above, Feynman's

excitation energy EF

R in (B-4) and (B-5)

is replaced by

Bogoliubov's one Ez

& =G s = &=L by G

.

, l.e.

If we use the same prescription as above for the ground state
energy, the energy Eo which includes the effect of the phonon-
phonon interactions should be replaced by the ground state
energy Eg >in the nonvanishing lowest approximation. 1In the

same way, we have

Qs H-E-EE (16
~ @l R H-BER 10
= (Bpg *E -Bepshe (So 0+ S )N®

where the excitation energy ER remains as it is. Introducing

(B-9) and (B-10) into (B~4) and (B-5), we may readily obtain



BT ACEE DM (8=11)
B e £+ £, b,

and

- _ o S <G‘Pp.gﬁg(H~EE )ﬁz‘ef>(3 F ]¢> (B-12)
‘YR>“— ﬁ;“i> élﬁ*k.Nf&exk,g(E%'*Ek1’4iR> ks

In the course of derivation of (B~11l) and (B-12), the second
terms on the right hand sides of (B-4) and (B-5) have been
neglected, since they can be regarded as higher order terms
in comparison with other retained terms.

The calculation of the-matrix elements in (B-1l) and
(B-12) should be carried out in the same spirit as the
calculations of (B-9) and (B-10) ; that is, we take only the
lowest nonvanishing value of the matrix element. Since the
matrix elements in the numerators of (B-1l) and (B-12) have
odd density operators, it is required for us to take the phonon

-phonon interaction H. into account, and the physical ground

I
state | G) is written as

67 18) + o hel®)
1
i e —é%%?—g’:a m (BEDLAADRCE
"

By making use of (A-24) and (B-13), we have
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By using (B-14) and (B-15), the straightforward calculation

yields

- ERol (BRI

~ (00) 1 (65 -0 (R -0 (l-)&-g)*r(k\!))XE,,(I-,\})-QRM)(&'R‘P)W‘*M)Q}.
N Ao (k-0 elo + KAp o B-16)

Inserting (B-16) into (B-1l), we have a fundamental formula

for the excitation energy in the following form j

B = B +8F = BB (1-"k) , B

where 'qk indicates the ratio of the correction due to the
phonon-phonon interaction to the lowest Bogoliubov excitation

energy Ei and is determined by the equation

2
A Rk‘tﬁ&-ﬂ P ®RDX (M)t RDAR 9 (1) - R0 kA g es]

ﬂk:gNka (Chele-o -0t B 0) (e +E-hehg - Ko )
(B-13)

it should be noted here that the correction term 7k in

(B-18) vanishes for the case of the non-interacting system

( M{= l) as they should, and that the integral in (B-18) does
strongly converge irrespective of the form of the potential
function between helium atoms in contrast to that based on the
standard perturbation theory. By virtue of this reason, wé can

use a simple square-well potential (see Fig. B-1)



A\ o adyy
V) = |-v, Joo bryy>a (B-19)
Q fov ¥ob

Fig. B-1

as an idealization of the realistic potential, where Va indicates
the height of the repulsive potential and Vi, denotes the depth
of the attractive potential. The parameters a and b represent
the range of the repulsive potential and that of the attractive
one, respectively. In the case of the realistic potential,
however, the repulsive core is not soft like (B-19), but is
regarded as a hard core. In this respect, the potential

(B~19) seems to be very far from reality. For the hard sphere
potential, however, the Fourier transform of the potential
function produces divergence, because the plane wave does

not vanish in the hard sphere region. In reality, the amplitude
of the wave function vanishes in the region of the hard sphere
potential, and the product of the hard sphere potential and

the wave function remains to be finite. So long as one uses

the Fourier transform, therefore, use of the hard sphere
potential is not adequate and it should be replaced by a

finite effective potential. From the arguments mentioned

above, we should realize that the height Va of the repulsive

potential in (B-19) does not literally represent the real



height of the repulsive potential, but gives the effective
magnitude of the hard sphere interaction.

The Fourier transform of the potential (B-19) ig given by

ViR =TT, ()Y HE) |

(B-20)
| b3
Y=76) , n=TNy,
and
R R CONENCS,
H@”l—’x{ Ra llz } , (B-21)

hY
where QL .is the first order spherical Bessel function. The

function c(k) defined by (A-21) is written as

R) = CPHER) (B-22)

and

2 _aN =
C 3 V Vb (mﬂ)(‘ %) (B-23)
We now fix the mean density Nhr and the constant c with

the observed values
-3
Ny = !/apg A

and

= 2MmD
== = 2.994" )

where S = a3"x%l0 U’“/,Q,Q_c is the observed phonon velocity.

-] ©
For the parameters a and b, we set a = 2.8A and b = 4.4A4,



which are reasonable values as the rangegsof the interaction

potential between two helium atoms. The remaining parameter

should be determined so that we have a reasonable value for

the depth of the square-well attractive potential Vi from

(B-23) and (B-20). If we choose™y= 0.60 which corresponds

to take n = 5.5, we have a reasonable value Vj ='ZQ$K§MQ%5 .
By using the parameters chosen above, the equation

(B-18) for ﬂk is solved numerically and the solutions

give the multi-branch excitation spectra shown in Fig. B-2.

Fig. B-2




Appehdix C

Projection operator and the velocity operator

In A , we have introduced the projection operator P (R)

and the velocity operator to rewrite the original Hamiltonian

(A-1) in terms of the collective variables. This appendix is

devoted to the proof of the property of the projection operator,

i.e. P(k)—’_ﬂgko and the derivation of -the second commutation

relation of (A-6).
The projection operator P(k) is given by

| gt
P> = 20y 7 o mopaﬂﬂ’ﬁnﬂ‘ pnk T

we transform each term of the right hand side of (C-1) into

(-

-

L I +
%—-%Tv’%k ""gzﬁ%%m '%-‘%NL%%QM

\ F
‘ﬁﬁ\%‘th'%-mk +Z A—mT\TL t-mm
2

3[\4

| }
sz-ﬂ by ﬁn%aﬂ-mtk
| )
ﬁ—%% Emﬁ 0-mik €3>

~ 2

and so on. Combining the second terms o the right hand side

of (C-2) and (C-3), we have
L, gt \i
—2 70, =0 L0y w5 B o O
%:W XN etk ,Z,;;o MT’"N 2-n+R
2
.‘.
-Z N*me\]“ -M+R .

I



c-2
By repeating this procedure for all terms of (C-1), we rewrite

(C~1) in the following form;
s da A s Aol 14+ | 4
P&)= %: R % Qouge ‘%ON ﬁn{%- o Og-mr ‘%;G%x’fﬁ:ﬁ%m—mk
te-e ] |
’_"Z{Z-Qﬂtr O me ?,:ao—mfjv“ﬁtm‘ﬁp%-nm]@ -

Using the equation (C-1) in (C-4), we obtain an integral

equation
< | i < | |
R)=) = - = ~= A -8
P&) %—N‘Oﬂﬂﬂ’rk %EOW ﬁnP(k—m) N E(R)) ¢

where A indicates Zl, The integral equation for Ikk) is
L

rewritten in the following form

D= Stk - L5 f, Do) @6

for the case of the Bose system. In the case of Fermi

system, on the other hand, we get

Doy= Skozle _ 15~ £ Pirg) (1)

N +a f\T+Ae#o

where we should note the difference of the sign in the
inhomogenous term in (C-6) and (C-7). Iterating the equation

(C-6), we have

__Z>EQZ'+F
Py =2k o) B (480t fece)

ﬁn (D-0-m,0 % fg-p-r)~ -~ R P

| —
+-6Fh4f.l o

m=+0



In the case of k=o . the equation (c-8) becomes
- L s |
E(O) =1 - 'ﬁi;%.oﬁpﬁﬁ '*'@,:_‘;_Z)}QZ% Fg Em (S(O)S.Q'tm,l)"'ﬁ.ﬂ-m)
M=o

—~— .-

=1~ g oo + * oy o fa P @myw = bl o

Em%

- = e -

=41 N ED)

In the case of 'Q¥0 , on the other hand, one can see that

f
Ekkaz KT:ZB 6¢+£622* t2(15E9R19C)+fE:9)
+ i 7 P (0Tt ) = -
mM+*0

_ ko' 5
_f\T—%x_ Rta ({ -\-A)ZL(,RGP ()R’Q

A
QT :ygaz}zﬂ k-2

=0, (!
Hence we can conclude that

[202)== j‘E%Q,C) (I}‘ll)

for the case of Bose system.



On the other hand, we cannot derive the relation ((C-|1)
for the case of the Fermi system, because of the difference
of the sign in front of ﬁ( in the first term on the right hand
side of (c-7). |

The proof of the commutation relation [\fg),\l\'g)]
is achieved by using the property of the projection operator
.ﬂwmhoncdoLove.’. If we introduce the integral equatioﬁs

defined by
RR = "RI?QL -2 %ﬁ; Fﬂ Rk-ﬂ (C-12)
2+0
and by

Sk= 7o - Ly foSee €

)

the velocity operator given by (A-5) is rewritten as

N |
W e 21;‘_ R’M-Rma'm +5:,)2n_ S_R_mmam . (C-14)

First we shall show that Rk.commutes exactly with O'>
We can see from (c-12) that the commutation relation of these

operators is readily given by

[Ql’ ’ PR] = P, R QPY_ N qk Z E@ RR—Q]

_ _L al
K Dz*:o QP-n Ke-2 = ,{Z-ONV i [GP)RR—Q—J )

(C-15)



By using (c-12), the second term on the right hand side of

(c-15) becomes
1
~w JpRe
and the integral equation (C-15) is expressed as
\ \
[Qf,}zk] = '%J‘Ey,k —Z:EQP-"QRIQ-‘Q _DZ#:;:N_’ EOEQF)RR‘»Q]. (C-16)

Notin% (C-11), we find that the first term on the right hand
side of (C-16) cancels out the second term, and hence we

can conclude that

Lap,Re ] = O, (c-17)
We now turn our attention to the proof of the relation
=3 -3
kx\& =0 - By introducing two operators Qk and TR
defined by

@k = Z:T(m‘h)Rm_kxmqm | (C-18)

and by
— (C-19)
Tk = L M+RIS, uxm By
respectively, |2x\ﬁ< is expressed as
(C-20)

lQX\Ei .=._'<>FL-+E§:E;



From (C-12), CSR is rewritten as
Qg = Lan-ROF0,,  xM0y 2y 40 ) Ry-pep XM Oy

\ - |
=20 70 (0-R-0) Ry g xMQ c-20)
N e M-k~ m , (
where the restriction concerning the sum ovey momenta [
on the right hand side of (C-21) is taken off, because the

contribution from f=0 vanishes. The second term on the

right hand side of (C-21) is transformed into

}
-2 ﬁ‘QQPO‘P-n -0 XM Uy

2,m,p
-5 Lppydt
= QZEPW(P 2905 Oy Rip +ge-p ¥ g

5= Lot |
= "QZ—— R PO O Rpyam—op X M U
mp |
| 3
= -0 gm-R) Gy pxmiy |
m
(C-22)

where the last equality is due to (c-11), and the second one

comes from the following relation

il ,
Z OyRﬂ+m~k-ﬂ)-QprmaM =0 . (C-23)
m.0
From (C-22) and (C-18), we can conclude that
Y
Qk =0 | (C-24)

In the same way, we find



—) _ —L _—
Tk = 0 - gqu‘ PQTMD (C-25)

and hence

Tk =0 (C~26)

Wwith the aid of (C-24) and (C-26), one can conclude that

RxVg =0 (C-27)

The commutation relation between the velocity operators

is given by
R R ‘ l‘) lD
D7 ) = - - T (RVG- 1)

[ N
-3 e D99

/
where the symbol Z_ indicates that the term with P—_—k and

(C-28)

P
% --.k/ at the'%same time should be omitted from the sum.
Noting (c—27), we find the second commutation relation in

(A-6) ;
[V, V] =0

Closing this section, we should give the remarks that the

(C-29)

relations (c-11), (¢-27) and (c-29) are valid only in the

case of the Bose system.
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Figure Captions

the experimental data of Dietrich et al..

Lowest order diagrams for the self energy.
Lowest order diagrams for the structure factor.

The deviation of the phonon velocity from that at
zero temperature in liquid helium II : the continuous
curve\gives the theoretical values and the points are
the experimental data of Whitney and Chase.(l4)
The phonon velocity in liquid heiium ITI : the continuous
curve gives the theoretical values and the points are
the experimental data of Whitney and Chase.(l4)

The roton minimum in liquid helium II : the continuous

curve gives the theoretical values and the points are
(13)

1 The calculated numerical values of phonon velocity
versus temperature in liquid helium IT,
2 The calculated numerical values of roton minimum

versus temperature in liquid helium II.

Fig. B-1 The effective interaction potential (B-19) between

helium atoms.

Fig, B-2 The theoretical and experimental curves of excitation

spectra in liquid HeII. The experimental curve H. W.
(2)

(12)

has been‘observed by Henshaw and Woods. The experimental

curve C. W. are found Cowley and Woods.

Ei is the Bogoliubov excitation spectrum in the present

mA ~EB L2 L,
theory. The curves E; )Eh' ;Ek' and Eg are

(11)

The curve

the theoretical excitation spectra.
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Table - 1

Table - 2

T (°k)

C(T) (555)

T (°k)

A(T)

(Xl0_16erg)

* e . e & & 0 2
N H O W 0Ny W NN O 0 oYy

I N O i R o e e S I S =~ =R =)

238
238

238

238

238
237.9 .
237.7 -
237.4
236.9 -
236.1
235.1 -
235.8
233.2 -
230.2
227.8
225.0
221.9

12
12

11.99
11.98
11.96
11.91
11.83
11.70
11.52
11.26
10.91
10.47

9.93

9.28

8.51

7.62

6.61 .




