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Chapter 1

Introduction

1.1 Exotic hadrons

Exotic hadrons are of special interest in hadron physics. It is well known that the

ordinary hadrons are well described by the quark model, which explains mesons as

quark-antiquark states and baryons as three quark states [6, 7, 8, 9]. Exotic hadrons

are also composed of quarks and gluons, but which do not fit into the usual scheme

of hadrons. Although they will be bound by strong interaction, which is described by

quantum chromodynamics (QCD) in principle, they are not predicted by conventional

quark model. The study of exotic hadrons is expected to shed light on the understanding

of low-energy dynamics in QCD.

There have been many analyses which imply that they are multi-quark systems or

hadronic molecules. In strangeness sector, there are several candidates of exotic hadrons,

such as f0(980), a0(980), Λ(1405) and so on. The scalar mesons f0(980) and a0(980) may

be regarded as tetra-quark systems or KK̄ molecules [10, 11]. Λ(1405) is considered

to be generated dynamically by K̄N and πΣ [12]. In charm and bottom sectors, re-

cently many candidates of exotic hadrons have been reported in experiments and also

actively discussed in theoretical studies [6, 13, 14, 15, 16]. Ds(2317) and Ds(2460) may

be tetra-quarks or KD molecules. X(3872), Y(4260), Z(4050)±, Z(4250)±, Z(4430)±

and so on are also candidates of exotics states. Especially Z(4050)±, Z(4250)± and

Z(4430)± cannot be simple charmonia (cc̄) because they are electrically charged. There

are also exotic hadrons in bottom flavors. Yb is the first candidate of exotic bottom

1



Chapter 1. Introduction 2

hadrons. More recently, Zb(10610)± and Zb(10650)± with isospin one have been re-

ported by Belle [2, 17]. They also cannot be simple bottomonia (bb̄) because they are

electrically charged. Zc(3900) is also not simple charmonia (cc̄), which is considered as

flavor partner of Zb(10610) in some studies.

1.2 Heavy meson molecules

As a candidate of a form of the matter, we focus on the heavy meson molecules in this

study. Meson molecules are described as bound states of more than two hadrons. The

hadrons as constituents of molecules are still retained as colorless objects, hence they

can interact each other via inter hadron interactions, for example, meson (mainly light

mesons) exchanges. They are expected to loosely bound states compared with ordinary

hadrons and can have exotic quantum numbers. In particular, we expect the appearance

of hadron molecules in the heavy quark region because of the following two reasons.

One is that kinetic term of Hamiltonian is suppressed. The Hamiltonian for the heavy

meson molecule is generally given as

H =
P 2

2µ
+ V (r), (1.1)

where P is the momentum and V (r) is the potential and µ is the reduced mass of heavy

meson molecules. For reference, we present the reduced masses µ of two body systems

as follows

µNN ∼ 470MeV (1.2)

µDD∗ ∼ 970MeV (1.3)

µBB∗ ∼ 2650MeV . (1.4)

We can see that the µBB∗ is five times as large as the µNN . Hence, the kinetic terms,

which always work as repulsive, are suppressed in the heavy meson molecule systems

due to the large reduced mass.

The second reason is that the heavy psudo scalar and vector mesons, D(B) and D∗(B∗),

are degenerate thanks to heavy quark symmetry. In fact, the mass splittings of them
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are decreasing with increasing the heavy meson masses as follows:

mK∗ −mK ∼ 400MeV (1.5)

mD∗ −mD ∼ 140MeV (1.6)

mB∗ −mB ∼ 45MeV. (1.7)

Therefore, both pseudo scalar and vector mesons are considered as fundamental degree

of freedom in the system of heavy meson molecules. As a result, the effects of channel

couplings becomes larger in heavy quark regions.

Thus the existing of heavy meson molecules are naturally expected around the heavy me-

son thresholds. We study the spectrum of heavy meson molecules by using the potential

based on heavy quark symmetry in Chapter 4. This study will provide an opportunities

to understand the properties of exotic hadrons.

1.3 Zb(10610) and Zb(10650)

As good candidates of exotic hadrons, Zb is mainly studied in this thesis. Belle Collab-

oration observed two charged bottomonium-like resonances, Zb(10610) and Zb(10650),

under the processes, Υ(5S) → Zbπ → Υ(nS)ππ(n = 1, 2, 3) and Υ(5S) → Zbπ →
hb(mP )ππ(m = 1, 2) in 2011 [2, 17]. Zb’s have some remarkable properties, which is

discussed in detail in Chapter 3. Their analyzed quantum numbers are 1+(1+), which

clearly indicates that Zb’s are not simple bottomonium but exotic mesons containing at

least four quarks as constituents. Their masses and widths are given as M(Zb(10610)) =

10607.2± 2.0 MeV, Γ(Zb(10610)) = 18.4± 2.4 MeV and M(Zb(10650)) = 10652.2± 1.5

MeV, Γ(Zb(10650)) = 11.5 ± 2.2 MeV. Their masses are slightly above the respective

thresholds, BB̄∗ and B∗B̄∗ and widths are relatively narrow compared with the typical

excited bottomonia above the open flavor thresholds. Zb’s decays are also exotic. In gen-

eral, a decay processes Υ(5S)→ hbππ should be suppressed in heavy quark mass limit,

because these processes require a heavy quark spin flip. Nevertheless, the decay rates

of Υ(5S) → Zbπ → hb(mP )ππ are comparable to those of Υ(5S) → Zbπ → Υ(nS)ππ.

These facts strongly suggest that Zb’s have molecular type of structure [18].

We study the Zb’s with a potential model from the point of view of heavy meson molecule

picture.
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This thesis is organized as follows. Because heavy quark symmetry and effective heavy

hadron theory are effectively important to study the dynamics of heavy meson molecules,

we introduce the concept of heavy quark symmetry and how to use the effective heavy

hadron theory in the low energy dynamics in Chapter 2. Chapter 3 provide the overview

of the experimental results regarding Zb. In Chapter 4, we mainly study the spectroscopy

of heavy meson molecules, PP̄ and PP , with the potential model (P (P̄ ) stands for heavy

meson). The masses of Zb(10610) and Zb(10650) will be explained as B(∗)B̄(∗) states with

IG(JP ) = 1+(1+). In addition to the study of PP̄ states, we also analyze the PP states,

whose constituents are apparently exotic states such as |bbūd̄〉. In Chapter 5, we study

the decay and production properties of Zb and other BB̄ molecules. We will introduce

the heavy quark spin selection rules in that chapter, which is germane to the decay and

production properties of heavy meson molecules. Chapter 6, considering Zb as heavy

meson molecules, we investigate the decay of Z(′)±
b → Υ(nS)π± in terms of the heavy

meson effective theory. We also predict the decay width of Z±
c → J/Ψπ± and Ψ(2S)π±,

where Zc is a charmonium-like resonance recently reported in experiments [19, 20].

Finally, we study the spin degeneracy of the heavy meson molecules in Chapter 7. It is

known that the suppression of spin-spin interaction in heavy quark limit cause the mass

degeneracy of heavy hadrons. The properties of heavy meson molecules in heavy quark

limit will even provide the useful information heavy meson molecules with finite heavy

quark mass. Chapter 8 is devoted for summary.



Chapter 2

Heavy quark symmetry and

effective heavy hadron theory

When masses of heavy quarks are sufficiently heavy compared with the scale of nonper-

turbative strong dinamics, it is good approximation to take the heavy quark mass limit

mQ → ∞ of QCD. In this limit QCD has spin-flavor heavy quark symmetry (HQS).

HQS is a good tool to describe and undestand the properties of hadrons containing

heavy quarks. In this chapter, we briefly introduce heavy quark symmetry. We also dis-

cuss the heavy hadron effective theory, which reflect on HQS, to describe the interaction

of heavy mesons.

2.1 Heavy quark symmetry

The QCD Lagrangian describes the strong interaction of quarks and gluons. Although

QCD is simple and elegant in its formulation, the difficulty arises to predict the var-

ious phenomena of hadrons with this because of long distance QCD effects that are

essentially non perturbative. The employing approximate symmetries is useful tool to

understand the low energy hadron physics, which is hard to directly access from the

QCD Lagrangian. In particular, chiral symmetry, which appears in the mq → 0 limit

of QCD, has succeessed to predict some properties of hadrons containing light quarks.

Here, we consider the dynamimcs of hadrons containing a heavy quark, which is heavy

with respect to the hadronic scale of QCD. In the limit of infinite masses, mQ →∞, the

heavy quark symmetry appears.

5
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Heavy quark symmetry is classified as two charactrized symmetries.

In the heavy quark mass limit mQ →∞, the strong interactions of the heavy quark do

not change its velocity vQ. Hence, the heavy quark in the meson can be labeled by a

velocity four vector vQ. The heavy quark in the meson behaves like a static spectator

particle which transforms as a color triplet. This fact indicates that the interaction of

the heavy meson can be regarded as that of the light degree of freedom with this color

sorce. It is clear that the infinite mass of heavy quark plays no role in its interaction

with the light sector, so that all heavy quarks interact in the same way within heavy

mesons. In other words, the dynamics is unchanged under the exchange of heavy quark

flavors, U(Nf ) (for Nf heavy flavors). This is first symmetry and called heavy quark

flavor symmetry.

The second symmetry is a result to the decoupling of the gluon from the quark spin.

A heavy quark can only interact with gluons in QCD, as there are no quark-quark

interaction in its Lagrangian. In the mQ →∞, the static heavy quark can only interact

with gluons via its chromoelectric charge. This interaction is spin independent. It

conclude that the dynanmics is unchanged under the arbitrary transformations on the

spin of the heavy quark, SU(2). This is heavy quark spin symmetry.

Therefore, the effective Lagrangian to describe the interaction of a heavy quark must

involve a U(Nf ) flavor and a SU(2) spin symmetries in the MQ → ∞ limit, which

symmetries can be embedded into a larger SU(2Nf ) spin-flavor symmetry. We will see

in next section that the effective Lagrangian can be written in a way that makes this

symmetry manifest. The effective theory to describe the dynamics of hadrons containing

a single heavy quark is nowadays known as Heavy Quark Effective Theory (HQET) [21,

22, 23, 24, 25, 26].

2.2 Heavy quark effective thoery

As mentioned in the previous section, the Lagrangian to describe the dynamics of a heavy

quark or hadrons containing it has to involve the heavy quark spin-flavor symmetry. The

QCD Lagrangian does not have heavy quark spin-flavor symmetry as mQ → ∞ in the

obvious manner. It is convenient to constract the effective theory for QCD in which

heavy quark symmetry is manifest in the mQ →∞.
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To begin with, we consider a heavy quark with the velocity v interacting with the

external fields such as gluon fields. On the on-shell quark, the velocity v is defined by

pQ = mQv, where pQ is a mometum of the heavy quark. Because the mass of a heavy

quark is sufficiently heavy compared with ΛQCD, we can regard an off-shell heavy quark

as an almost on-shell heavy quark and its momentum pQ can be written, introducing a

residual momentum k of the order of ΛQCD, as

pQ = mQv + k (2.1)

The usual dirac propagator of a heavy quark simplifies to

i
p/+mQ

p2 −m2
Q + iε

= i
mQv/+mQ + k

2mQv · k + k2 + iε
→ i

1 + v/

2v · k + iε
, (2.2)

in the heavy quark limit. A projection operator which is depend on the velocity,

1 + v/

2
(2.3)

appears in the propagator. In the rest frame of the heavy quark this projection operator

becomes (1+ γ0)/2, which projects onto the particle components of the Dirac spinor. It

is useful to formulate the effective Lagragian with the velocity-dependent fields Qv(x),

Using Qv(x), we can decompose the original heavy quark field into the positive energy

Qv(x) and the negative energy heavy quark fields Qv(x) as

Q(x) = e−imQv·x[Qv(x) +Qv(x)], (2.4)

where

Qv(x) = eimQv·x 1 + v/

2
Q(x), Q(x) = eimQv·x 1− v/

2
Q(x). (2.5)

The exponential prefactor subtracts mQv
µ from the heavy quark momentum. At the

leading order, The Qv field only appears in the effective Lagrangian, whereas the Qv
field is suppressed by powers of 1/mQ. Neglecting Qv and substituting Eq .2.4 into the

part of QCD Lagrangian involving the heavy quark field, Q̄(iD/−mQ)Q, we obtain the

effective Lagrangian at lowest order as

L = Q̄v(iv ·D)Qv, (2.6)
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where Dµ = ∂µ + igAaµT
a is the SU(3) color covariant derivative. This is clearly heavy

quark flavor and spin independent expression.

The HQET Lagrangian including 1/mQ corrections can be derived from the QCD La-

grangian by substituging Qv for Q(x) in the original QCD Lagrangain as follows [27]:

L = Q̄v(iv ·D)Qv −Qv(iv ·D + 2mQ)Qv + Q̄viD/Qv + Q̄viD/Qv,+O(1/m2
Q) (2.7)

using v/Qv = Qv and v/Qv = −Qv. We can eliminate Qv with the perpendicular compo-

nent of D defiened by Dµ
⊥ ≡ D

µ −Dv · vµ and obtain

L = Q̄vv · iDQv + Q̄v
(iD⊥)2

2mQ
Qv − gsQ̄v

σµνG
µν

4mQ
Qv +O(1/m2

Q), (2.8)

where Gµν = [Dµ, Dν ]/igs. This is the heavy quark effective Lagrangians in the 1/mQ

expansion. Thus, the spin-spin interaction between a quark and a gluon is suppressed

by 1/mQ order.

2.3 The effective Lagrangians for heavy mesons

HQS, which is approximate symmety of QCD in the infinite heavy quark (Q = c, b), and

Chiral symmetry, which appears in the chiral limit for the light quarks (mq → 0, q =

u, d, s), can be used to together to built and effective Lagrangians for heavy and light

meson to describe strong interactions among effective meson fields.

2.3.1 Heavy meson fields

In the following section we consider the couplings of the open flavor heavy mesons P

and a light meson such as π and K. Here we consider strong interactions of mesons HQ

containing a single heavy quark Q, which is described in the framework of the HQET.

Our whole discussions are valid under the heavy quark mass limit mQ → in QCD. Thus

the heavy mesons P should be reflected on heavy quark symmetry.

Heavy meson fields implies a degenerate doublet of states, such as B and B∗ To consider

the strong interactions of heavy mesons and a light mesons, it is convenient to define a

heavy meson field which can be treated as a single object that transforms linearly under

the heavy quark symmetries.
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We represent the ground-state Qq̄ mesons with the orbital angular momentum L = 0

as a field Hv that annihilates the mesons. This field can be represented by a 4 × 4

Dirac-type matrix, with one spinor index for the heavy quark and the other for the light

degrees of freedom. Such fields transform under a Lorentz transformation Λ as

Hv → D(Λ)HvD(Λ)−1, (2.9)

where D(Λ) is the usual 4×4 representation of the Lorentz group. Under a heavy quark

spin transformation S belonging to SU(2) as

Hv → SHv, (2.10)

where S satisfies [v/, S] = 0 to preserve the constraint v/Hv = H. The field Hv is a linear

combination of the pseudoscalar field Pv(x) and the vector field P ∗
vµ that the annihilate

the Sl = 1/2 meson multiplet. Vector particles have a polarization vector εµ, with

ε · ε = −1 and v · ε = 0. A simpe way to express the two fields into a single field with

the desired properties is to define

Hv =
1 + v/

2
[
P ∗
vµγ

µ − Pvγ5

]
. (2.11)

This equation is consistent with Pv transforming as a pseudoscalar, and P ∗
v as a vector.

The (1 + v/)/2 is a projection operator, which retains only the particle components of

the heavy quark Q. The conjugate field is defined as

H̄v = γ0H
†
vγ0 =

[
P ∗
vµγ

µ + Pvγ5

] 1 + v/

2
. (2.12)

2.3.2 A chiral Lagrangian for heavy meson

The effective Lagrangian for the strong interactions of heavy mesons and a light pseudo

scalar meson must satisfy Lorentz and C, P, T invariance. In addition to them, at the

leading order in the 1/MP expansion, and in the massless quark limit, ae require flavor

and spin symmetry in the heavy mesons sector, and chiral SU(3)L⊗SU(3)R invariance

in the light one. The most general Lagrangian is given as

L = iTr[Hbv
µDµabH̄a] + igTr[Hbγµγ5AµbaH̄a]

+
f2

8
∂µΣab∂µΣ

†
ba, (2.13)
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where Dµ = ∂µ + Vµ and Tr[· · · ] means trace over the 4 × 4 matrices. The first term

in the Lagrangian contains the kinetic terms for the heavy mesons giving the P and P ∗

propagators,

i

2v · k
, (2.14)

and

− i(gµν − vµvν)
2v · k

, (2.15)

respectively. The first term also have the interactions among the heavy mesons P (∗) and

an even number of pions coming from the expansion of the vector current Vµ. The second

term in the Lagrangian describe the strong interactions between the heavy mesons P (∗)

and odd number of the light pseudoscalar mesons:

LI = igTr[Hbγµγ5AµbaH̄a], (2.16)

where the axial current Aµ is

Aµ =
1
2
(ξ†∂µξ − ξ∂µξ†). (2.17)

ξ(x) is the field of the light pseudoscalar mesons and given as ξ(x) = exp(iM(x)/f)

with f = 132 MeV. M is a 3× 3 hermitian, traceless matrix:

M =


√

1
2π

0 +
√

1
6η π+ K+

π− −
√

1
2 +

√
1
6η K0

K− K̄0 −
√

2
3η

 . (2.18)

The first term in the expansion of the axial current gives

Aµ ≈
i

f
∂µM+ · · · , (2.19)

which reproduce the three point interactions. Thanks to the heavy quark symmetry,

the interactions which the Lagrangian LI contains are related only with one parameter

g. As an example, this allows to relate the D(∗)D(∗)π couplings, defined thruogh the
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matrix elements

〈D∗+(p+ q, ε)|D0(p)π+(q)〉 = gDD∗π(ε · q) (2.20)

〈D∗+(p+ q, ε)|D∗0(p, η)π+(q)〉 = igD∗D∗πε
αβµγpαεβqµη

∗
γ (2.21)

to the coupling g:

gDD∗π = 2
√
mDmD∗

g

f
(2.22)

gD∗D∗π = −2
g

f
(2.23)

The interaction term DDπ is forbidden by parity. Here we neglect corrections due to

the finite mass of the charm quark. The most common way to determine the coupling

g is given from the D∗ → Dπ decay. Using the matrix elements 2.20, we obtain the

partial widths:

Γ(D∗+ → D0π+) =
g2

6πf2
|~pπ|3 (2.24)

Γ(D∗+ → D+π0) = Γ(D∗0 → D0π0) =
g2

12πf2
|~pπ|3 (2.25)

The decayD∗0 → D+π− is forbidden by the phase space. The direct B∗ → Bπ transition

is also not allowed because of lack of phase space. In experiments, the total width of

D∗+ is given as Γtot(D∗+) = 96±22 keV [28]. In contrast, there is an exprimental upper

bound on the total D∗0 width: Γtot(D∗0) < 2.1 MeV. The branching fractions of D∗

mesons are summarized in Table. 2.1. By means of the measured branching raitos of

D∗+, we obtain the coupling g = 0.59.

Table 2.1: Experimental D∗ branching ratio (%)

Decay mode fraction (Γi/Γ) p(MeV)
D∗0 → D0π0 61.9± 2.9 43
D∗0 → D0γ 38.1± 2.9 137
D∗+ → D0π+ 67.7± 0.5 39
D∗+ → D+π0 30.7± 0.5 38
D∗+ → D+γ 1.6± 0.4 136
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2.3.3 Couplings of pairs of heavy-light mesons to heavy quarkonium

states

Here, we consider the interactions of pairs of heavy-light mesons to heavy quarkonium

states in terms of heavy quark effective theory. For heavy quarkonia QQ̄, degeneracy is

expected under ratation of the two heavy quark spins. This allows us to build up heavy

meson multiplets for each value of the relative angular momentum L For L = 0 one has

a doublet of a pseudscalar and a vector mesons, ηc and J/ψ in case of charmonium, ηb
and Υ in case of bottomonium. The corresponding heavy quarkonium field is defined

as [29]

RQ1Q̄2 =
(

1 + v/

2

)
[Lµγµ − Lγ5]

(
1− v/

2

)
, (2.26)

which is the form of 4× 4 matrix with the annihilation operator for pseudoscala meson

L and vector meson Λµ, Lµ = Υ and Λ = ηb in the case of bb̄. The annhilation operators

L and Lµ are normalized as follows:

〈0|L|QQ̄(0−)〉 =
√
MQQ̄ (2.27)

〈0|Lµ|QQ̄(1−)〉 = εµ
√
MQQ̄. (2.28)

For L = 1, four states can be built which are degenerate in the heavy quark limit. The

corresponding spin multiplet reads

M (Q1Q̄2)µ =
(

1 + v/

2

)[
ξµα2 γα +

1√
2
εµαβγvαγβχ1γ +

1√
3
(γµ − vµ)χ0 + hµ1γ5

](
1− v/

2

)
,(2.29)

where ξ2 = ξb2, ξ1 = ξb1 and ξ0 = ξb0 corresond the spin triplet whereas the spin singlet

is h1 = hb in the case of bb̄ . These fields also contain a factor
√
m with m the meson

mass. We again write the field of heavy-light mesons as follows

H1a =
(

1 + v/

2

)[
P ∗
aµγ

µ − Paγ5

]
(2.30)

H2a = [P ′∗
aµγ

µ − P ′
aγ5]

(
1− v/

2

)
, (2.31)

where the quark content ofH1a is Q1q̄1 andH2a is qaQ̄. The meson multipltes transforms

under the independent heavy quark spin rotations S1 ∈ SU(2)Q1 and S2 ∈ SU(2)Q2 as
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follows:

H1a → S1H1a H̄1a → H̄1aS
†
1 (2.32)

H2a → H2aS
†
2 H̄2a → S2H̄2a (2.33)

M (Q1Q̄2)µ → S1M
(Q1Q̄2µ) M (Q1Q̄2µ) →M (Q1Q̄2µ)S†

2 (2.34)

R(Q1Q̄2) → S1R
(Q1Q̄2) R(Q1Q̄2)S†

2 (2.35)

To require the invariance under the independent heavy quark spin rotations, the inter-

actions with the heavy-light vector and pserudoscalar mesons proceed in P -wave and

can be desicribed by a Lagrangian containing a derivative term:

L1 =
g1
2

Tr
[
R(Q1Q̄2)H̄2a

←→
∂/ H̄1a

]
+ H.c.+ (Q1 ↔ Z2). (2.36)

The action of the derivative produces a factor of the residual momentum k. This quantity

is defined as the difference of the hadron and heavy quark momentum, MHvµ = mQvµ+

kµ, and k is finite in the heavy quarak limit. As an example, we derive the couplings of

B(∗) mesons to Υ from Eq. 2.36:

〈B(p1)B̄(p2)|Υ(P, ε)〉 = gBBΥ(ε · q)

〈B∗(p1, ε1)B̄(p2)|Υ(P, ε)〉 = gBB∗Υiεαβµνv
αεβε∗µ1 qν (2.37)

〈B∗(p1, ε1)B̄∗(p2, ε2)|Υ(P, ε)〉 = gB∗B∗Υ[(ε · ε∗2)(ε∗1 · q)− (ε · q)(ε∗1 · ε∗2) + (ε · ε∗1)(ε∗2 · q)],

where q is the diffrence in the residual momenta of the two B(∗) mesons, q = k1 − k2.

Since p1 = mQv+ k1 and p2 = mQv+ k2, q is equivalent to the difference of the two B∗

mesons, q = p1− p2. The three couplings in Eq. 2.37 are related to the single parameter

g2:

gBBΥ = 2g1
√
mΥmB

gBB∗Υ = 2g1
√
mΥmBmB∗

gB∗B∗Υ = −2g1
√
mΥmB∗ . (2.38)

The Lagrangian describing the coupling to two heavy-light mesons Q1q̄a and qaQ̄2 and

heavy quarkonium Q1Q̄2 with L = 1 can be written as follows:

L2 = i
g2
2

Tr[M (Q1Q̄2)µH̄2aγµH̄1a] + H.C.+ (Q1 ↔ Q2), (2.39)
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This Lagrangian satisfies chiral and heavy quark spin symmetries. From Eq. 2.39, we

can obtain the matrix elements describing the couplings of B(∗) mesons and hb:

〈B∗(p1, ε1)B̄(p2)|hb(p, ε)〉 = gBB∗hb
(ε∗1 · ε) (2.40)

〈B∗(p1, ε1)B∗(p2, ε2)|hb(p, ε)〉 = igB∗B∗hb
εαβµνp

αεβε∗µ1 ε∗ν2 , (2.41)

where the couplings are given as

gBB∗hb
= −2g2

√
mhb

mBmB∗ (2.42)

gB∗B∗hb
= 2g2

√
m2
B∗

mhb

. (2.43)

In the same way, we obtain the couplings of B(∗) mesons and ξb0 as follows:

〈B(p1)B(p2)|χb0(p)〉 = −gBBχb0
(2.44)

〈B∗(p1, ε1)B∗(p2, ε2)|χb0(p)〉 = −gB∗B∗χb0
(ε∗1 · ε∗2), (2.45)

with

gBBχb0
= −2

√
3g2
√
mξb0mB (2.46)

gB∗B∗χb0
= − 2√

3
g2
√
mχb0

mB∗ . (2.47)

It is hard to determine the couplings g1 and g2 directly from the experiments. Here we

estimate them invoking vector meson dominance (VMD) argumnents. By this, we can

obtain g1 in terms of the Υ leptonic constant fΥ, defined by 〈0|b̄γµb|Υ(p, ε)〉 = fΥmΥε
µ.

From the VMD result

gBBΥ =
mΥ

fΥ
, (2.48)

one gets

g1 =
√
mΥ

2mBfΥ
. (2.49)

The constant fΥ is determined by the leptonic decay of Υ. The hadronic electromagnetic

current is given in terms of the vector currents of c and b quarks as follows:

Jemµ =
2
3
c̄γµc−

1
3
b̄γµb, (2.50)
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where c(x) and b(x) refer to the quark fields. This current can be rewritten identically

as

Jemµ =
2
3
J (J/ψ)
µ − 1

3
JΥ
µ , (2.51)

where we have introduced combination directly reflect the quark compositions corre-

sponding vector mesons:

J (J/Ψ)
µ = c̄γµc (2.52)

JΥ
µ = b̄γµb (2.53)

The decay of a given heavy quarkonia V = J/Ψ,Υ into an e+e− pair described by the

matrix element 〈0|Jemµ |V 〉 connecting a vector meson with the QCD vacuum. Thus the

leptonic decay constant fΥ are determined by the e+e− decay widths

Γ(Υ(nS)→ e+e−) =
4παEM

27

f2
Υ(nS)

mΥ(nS)
, (2.54)

where αEM = 137.036 is the fine-structure constant. The experimental results for the

leptonic decay widths of the Υ(nS) states are [28]

Γ(Υ(1S)→ e+e−) = 1.340± 0.018keV (2.55)

Γ(Υ(2S)→ e+e−) = 0.612± 0.011keV (2.56)

Γ(Υ(3S)→ e+e−) = 0.443± 0.008keV. (2.57)

Then the decay constants are fΥ(1S) = 715 MeV, Υ(2S) = 497.5 MeV and Υ(3S) = 430.2

MeV. Finally, we obtain the couplings g1 as g1Υ(1S) = 1.3× 10−5, g1Υ(2S) = 1.9× 10−5

and g1Υ(3S) = 2.2× 10−5. In the same way, we can obtain the couplings g1 for QQ̄ = cc̄.

Adopting the same argument, we can also obtain g2 in terms of the constant fξb0 that

parametrizes the matrix element

〈0|b̄b|χb0(q)〉 = fχb0
mχb0

, (2.58)

which implies the relation

gBBχb0
= 2

mBmξb0

fχb0

, (2.59)
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a relation which determines g2 once fχb0
is known:

g2 = −
√
mχb0

3
1
fχb0

. (2.60)



Chapter 3

Overview of Zb

In 2011, Belle Collaboration at KEK B factory observed two charged bottomonium-

like resonances, Zb(10610) and Zb(10650), that are produced in the Υ(5S) → Z±
b π

∓

transitions and that decay to Υ(nS)π±(n = 1, 2, 3) and hb(mP )π±(m = 1, 2) channels.

The masses of Zb states are very close to the respective thresholds, BB̄∗ and B∗B̄∗.

Their favored quantum numbers are IG(JP ) = 1+(1+). Hence, these states are charged,

which indicate that their quark content is explicit exotic such as |bb̄ud̄〉. We review

status and interpretations on the Zb states.

3.1 Historical background

First signal to discover Zb appeared in the processes, Υ(5S) → Υ(nS)ππ(n = 1, 2, 3).

The Belle Collaboration reported the observation of anomalously high rates for Υ(5S)→
Υ(nS)π+π−(n = 1, 2, 3) [30]. The results are based on a data sample of 21.7 fb−1

collected with the Belle detector at the KEKB e+e− collider. Attributing the signals to

the Υ(5S) resonance, the partial widths are obtained as

Γ(Υ(5S)→ Υ(1S)π+π−) = 0.59± 0.04(stat)± 0.09(syst) MeV, (3.1)

Γ(Υ(5S)→ Υ(2S)π+π−) = 0.85± 0.07± 0.16MeV, (3.2)

Γ(Υ(5S)→ Υ(3S)π+π−) = 0.520.20
0.17 ± 0.10MeV, (3.3)

17
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from the observed cross sections. The decay widths and branching fractions from Υ(5S)

are summarized in Table. 3.1. The branching fraction ratios of these channels are unex-

pected high probabilities. The measured partial widths, of order 0.6−0.8 MeV, are more

than 2 orders of magnitude lager compared to all other known transitions among Υ(nS)

states. The partial widths for Υ(2S), Υ(3S) and Υ(4S) → Υ(1S)π+π− transitions are

all at the keV level (see Table 3.2).

Belle also reported the observation of anomalously high rates for Υ(5S)→ hb(mP )π+π−(m =

1, 2) [1]. In general, the processes Υ(5S) → hb(mP )π+π− will be suppressed by the

heavy quark spin selection rule because these processes require a heavy quark spin-flip.

Nevertheless, these processes are found to have rates that are comparable to those for

the heavy quark spin conserving transitions Υ(5S) → Υ(nS)π+π−. The hb(1P ) and

hb(2P ) are produced via e+e− → hb(mP )π+π− in the Υ(5S) region. A 121.4 fb−1 data

sample is collected near the peak of Υ(5S) resonance (
√
s ∼ 10.865 GeV). Belle observe

the hb(nP ) states in the π+π− missing masses spectrum of hadronic events. The π+π−

missing mass is defined as M2
miss ≡ (PΥ(5S)−Pπ+π− )2, where PΥ(5S) is the 4-momentum

of the Υ(5S) determined from beam momenta and Pπ+π− is the 4-momentum of the

π+π− system. The measured masses of hb(1P ) and hb(2P ) are M = (9898.2+1.1
−1.0

+1.0
−1.1)

MeV/c2 and M = (10259.8± 0.6+1.4
−1.0) MeV/c2, respectively. The Mmiss spectrum after

subtraction of the background contributions is shown with the fitted signal functions in

Fig .3.1 [1]. The ratio of cross section for e+e− → Υ(5S) → hb(mP )π+π− to that for

e+e− → Υ(5S)→ Υ(2S)π+π− are also measured. The ratio of cross section are

R ≡ σ(hb(1P )π+π−)
σ(Υ(2S)π+π−)

= 0.45± 0.08+0.07
−0.12, (3.4)

R ≡ σ(hb(2P )π+π−)
σ(Υ(2S)π+π−)

= 0.77± 0.08+0.22
−0.17. (3.5)

Hence, Υ(5S) → hb(mP )π+π− and Υ(5S) → Υ(2S)π+π− proceed at similar rates,

despite the fact that the production of hb(mP ) requires a spin flip of a b quark.

These observations differ from naive theoretical expectations and strongly suggest that

exotic mechanism are contributing to Υ(5S) decays.
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Table 3.1: The first uncertainty is statistical and the second is systematic. This data
is from [30].

Process B (%) Γ (MeV)
Υ(1S)π+π− 0.53± 0.03± 0.05 0.59± 0.04± 0.09
Υ(2S)π+π− 0.78± 0.06± 0.11 0.85± 0.07± 0.16
Υ(3S)π+π− 0.48+0.18

−0.15 ± 0.07 0.52+0.20
−0..17 ± 0.10

Table 3.2: Most values are from [28, 30].

Process Γtot Γe+e− ΓΥ(1S)π+π−

Υ(2S)→ Υ(1S)π+π− 0.032 MeV 0.612 keV 0.0060 MeV
Υ(3S)→ Υ(1S)π+π− 0.020 MeV 0.443 keV 0.0009 MeV
Υ(4S)→ Υ(1S)π+π− 20.5 MeV 0.272 keV 0.0019 MeV
Υ(5S)→ Υ(1S)π+π− 110 MeV 0.31 keV 0.59 MeV

Figure 3.1: The inclusive Mmiss spectrum with the combinatoric background and K0
S

contribution subtracted and signal component of the fit function overlaid [1].
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3.2 Observation of Zb states in the Υ(nS)π+π− and hb(mP )π+π−

states

Belle observed the resonant structure in the Υ(5S) → Υ(nS)π+π− and hb(mP )π+π−

decays n = 1, 2, 3;m = 1, 2 in 2011 [17] and reported with more higher statistics in

2012 [2]. The Υ(nS) states are reconstructed in the µ+µ− channel and the hb(mP ) states

are observed inclusively using missing mass of the π+π− pairs. Invariant mass spectra

of the Υ(nS)π± and hb(mP )π± combinations are shown in Fig 3.2. Each distribution

shows two peaks. The results of the angular analysis indicate that the both states have

the same spin-parity JP = 1+ [17]. Since they are charged states, these states should

be isovector states, I = 1.

Table 3.3 shows the masses and widths of the two peaks determined from each channels,

which are consistent with different channels. The parameters averaged over the five

decay channels are

M1 = (10607.4± 2.0)MeV/c2, M2 = (10652.2± 1.5)MeV/c2, (3.6)

Γ1 = (18.4± 2.4)MeV/c2, Γ2 = (11.5± 2.2)MeV. (3.7)

The peaks are identified as signals of two new states, named Zb(10610) and Zb(10650).

Thus these decays occur via Zb resonances, namely Υ(5S) → Z±
b π

∓ → Υ(nS)π±π∓

and Υ(5S) → Z±
b π

∓ → hb(mP )π±π∓. The results of the amplitude analyses is that

the phase between the Zb(10610) and Zb(10650) amplitudes is zero for the Υ(nS)π+π−

channels, and 180◦ for the hb(mP )π+π− channels.

Zb resonances have remarkable properties. The masses of the Zb(10610) and Zb(10650)

states are very close to the BB̄∗ and B∗B̄∗ thresholds, respectively. This fact natu-

rally suggest that Zb states have a molecular type structure. As stated in the previous

section, the decay to the hb(mP )π± is not suppressed relative to the Υ(nS)π±. This

behavior is also explained by molecular interpretation. Considering the heavy-quark

spin structure of the B(∗)B̄∗ molecular states with IG(JP ) = 1+(1+), we can see that Zb
states contain heavy quark singlet and triplet components [18, 31]. The weight of these

components would be equal, and therefore the hb(mP )π± decays are not suppressed

(See also Section 5.). The Zb(10610) and Zb(10650) differ by the sign between heavy

quark singlet and triplet components, this explains what the Zb(10610) and Zb(10650)

amplitudes appear with the sign plus for Υ(nS)π+π− channels and with negative sign
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Figure 3.2: Invariant mass spectra of the (a) Υ(1S)π±, (b)Υ(2S)π±, (c) Υ(3S)π±,
(d)hb(1P )π±, (e)hb(2P )π± combinations [2].

for hb(mP )π+π− channels. The widths of Zb states are about 10 − 20 MeV, which is

narrower compared with the usual expectations of a typical excited bottomonium.

3.3 Observation of the Zb(10610) → BB̄∗ and Zb(10650) →
B∗B̄∗ decays and branching fractions of Zb states.

Since Zb states are slightly above the corresponding thresholds, it is natural to expect

that the rate of decays Zb(10610) → BB̄∗ and Zb(10650) → B∗B̄∗ are dominant in Zb

decays from the point of view of molecular picture. To search these transitions, Belle

studied the Υ(5S) → [B(∗)B̄∗]±π∓ decays including an observation of the Υ(5S) →
Z±
b (10610)π∓ → [BB̄∗ + c.c.]±π∓ and Υ(5S) → Z±

b (10650)π∓ → [B∗B̄∗]±π∓ decays

as intermediate channels [3]. The distribution of the missing mass of the Bπ± pairs

shows clear signals of the Υ(5S)→ [BB̄∗ +c.c.]±π∓ and Υ(5S)→ [B∗B̄∗]±π∓ as shown

in Fig. 3.4 (a). These branching ratios are (2.83 ± 0.29 ± 0.46) % and 1.41 ± 0.19 ±
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Figure 3.3: Green vertical lines indicate the BB̄∗ and B∗B̄∗ thresholds [2].

0.24 %, respectively. The distributions in the BB̄∗ and B∗B̄∗ invariant mass for the

Υ(5S)→ [BB̄∗ + c.c.]±π∓ and Υ(5S)→ [B∗B̄∗]±π∓ regions, which is estimated by the

missing mass analysis with the charged pions in Fig. 3.4 (b) and (c), indicate the sharp

peak slightly above the respective threshold. These peaks around the thresholds can be

interpreted as the signals for the Zb(10610)→ BB̄∗ and Zb(10650)→ B∗B̄∗ decays, with

significance of 8σ and 6.8σ, respectively. The significant signal of the Zb(10650)→ BB̄∗

decay is not found. It may implies that the main component of Zb(10650) is B∗B̄∗.

Assuming that the Zb decays are saturated by the channels so far observed, Belle cal-

culated relative branching fractions of Zb states (See Table 3.3.). The B(∗)B̄∗ channel

is dominant and accounts for about 80 % in total decay widths, which seems consis-

tent with the expectations of the molecular picture. The Zb(10650) → BB̄∗ channel

is not included in the table because its significance will be marginal, although this de-

cay channel should exist based on potential model (See chapter ??). We can see that

Zb → hb(mP )π± decays are not suppressed compared with the Zb → Υ(nS)π± decays,

as already discussed. This fact is related to the spin structure of Zb, and discussed in

detail in Chapter 5. Another unique feature is that the decay ratios are not simply
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Figure 3.4: Missing mass of the pairs formed from the reconstructed B candidate and
charged pion (a) and missing mass of the charged pion for the Bπ combinations for (b)

Υ(5S)→ BB̄∗π and (c) Υ(5S)→ B∗B̄∗π candidate events [3].

Table 3.3: Branching ratios (Br) of various decay channels from Zb(10610) and
Z ′

b(10650).

channel Br of Zb Br of Z ′
b,

Υ(1S)π+ 0.32± 0.09 0.24± 0.07
Υ(2S)π+ 4.38± 1.21 2.40± 0.63
Υ(3S)π+ 2.15± 0.56 1.64± 0.40
hb(1P )π+ 2.81± 1.10 7.43± 2.70
hb(2P )π+ 2.15± 0.56 14.8± 6.22

B+B̄∗0 +B∗+B̄0 86.0± 3.6 −
B∗+B̄∗0 − 73.4± 7.0

proportional to the magnitudes of the phase space. Chapter 6 focuses on the mechanism

of the Zb → Υ(nS)π± decays and this exotic behaviors will be explained.

3.4 Evidence for neutral isotriplet partner Z0
b (10610)

Both Zb(10610) and Zb(10650) are isotriplets and only observed the charged components

originally. Belle searched for their neutral components using the Υ(5S)→ Υ(1, 2S)π0π0

decays [4]. The decays are observed and the measured branching fractions, B[Υ(5S)→
Υ(1S)π0π0] = (2.25± 0.11± 0.22)× 10−3 and B[Υ(5S)→ Υ(2S)π0π0] = (3.66± 0.22±
0.48)× 10−3, are approximately half size of that for Υ(5S)→ Υ(1S, 2S)π+π−, which is

consistent with isospin relations.

Belle performed the Dalitz plot analyses of the Υ(5S)→ Υ(1S, 2S)π0π0 transitions and

results are summarized in Fig. 3.5. The Zb(10610) signal is found in the Υ(2S)π0 with
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Figure 3.5: The projections of the Dalitz plot fit for the Υ(1S)π0π0 (top row) and
Υ(2S)π0π0 (bottom row) channels on the Υ(nS)π0 (left column) and π0π0 invariant

mass [4].

the significance of 4.9σ including systematics. The mass of Z0
b (10610) are measured as

(10609+8
−6 ± 6)MeV/c2, which is consistent with the mass of charged Z±

b (10610) states.

At this stage, the Z0
b (10650) signal is not significant in either Υ(1S)π0π0 or Υ(2S)π0π0

and Z0
b (10610) in the Υ(1S)π0 channel is also insignificant. It should be noted that

the Belle data do not contradict the presence of the Z0
b (10610) → Υ(1S)π0 and the

Z0
b (10650). The available statistics are not enough for the observation of these states.



Chapter 4

Heavy meson molecules with the

potential model

We study heavy hadron spectroscopy near open bottom thresholds. We employ B and B∗

mesons as effective degrees of freedom near the thresholds, and consider meson exchange

potentials between them. All possible composite states which can be constructed from

the B and B∗ mesons are studied up to the total angular momentum J ≤ 2. We consider,

as exotic states, isosinglet states with exotic JPC quantum numbers and isotriplet states.

We solve numerically the Schrödinger equation with channel-couplings for each state.

The masses of twin resonances Zb(10610) and Zb(10650) found by Belle are reproduced.

We predict several possible bound and/or resonant states in other channels, which will

be observable in the future experiments.

4.1 PP̄ molecules

4.1.1 Introduction for PP̄ molecules

As discussed before, Zb(10610)± and Zb(10650)± are strong candidates of exotic heavy

meson molecular states. The reported masses and widths of the two resonances are

M(Zb(10610)) = 10607.2±2.0 MeV, Γ(Zb(10610)) = 18.4±2.4 MeV andM(Zb(10650)) =

10652.2 ± 1.5 MeV, Γ(Zb(10650)) = (11.5 ± 2.2) MeV [2, 17]. They cannot be simple

bottomonia (bb̄) because they are electrically charged. Hence, it is useful to study the

spectrum of exotic heavy meson molecules.

25
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Well below the thresholds in the heavy quark systems, quarkonia are described by heavy

quark degrees of freedom, Q and Q̄ (Q = b, c). Above the thresholds, however, it is a

non-trivial problem whether the resonant states are still explained by the quarkonium

picture. Clearly, a pair of heavy quark and anti-quark (QQ̄) are not sufficient effective

degrees of freedom to form the resonances, because they are affected by the scattering

states of the two open heavy mesons. Indeed, many resonant states are found around the

thresholds in experiments. However they do not fit into the ordinary classification scheme

of hadrons, such as the quark model calculation. Properties for masses, decay widths,

branching ratios, and so forth, are not predicted by the simple quarkonium picture [16].

Therefore it is necessary to introduce components other than QQ̄ as effective degrees of

freedom around the thresholds.

Instead of the dynamics of QQ̄, in the present discussion, we study the dynamics de-

scribed by a pair of a pseudoscalar meson P ∼ (Q̄q)spin 0 or a vector meson P∗ ∼ (Q̄q)spin 1

(q = u, d) and their anti-mesons P̄ or P̄∗, which are relevant hadronic degrees of free-

dom around the thresholds. In the following, we introduce the notation P(∗) for P or P∗

for simplicity. We discuss the possible existence of the P(∗)P̄(∗) bound and/or resonant

states near the thresholds. An interesting feature is that the pseudoscalar P meson and

the vector P∗ meson become degenerate in mass in the heavy quark limit (MQ → ∞).

The mass degeneracy originates from the suppression of the Pauli term in the magnetic

gluon sector in QCD, which is the quantity of order O(1/MQ) with heavy quark mass

MQ [27, 32]. Therefore, the effective degrees of freedom at the threshold are given,

not only by PP̄, but also by combinations, such as P∗P̄, PP̄∗ and P∗P̄∗. Because P(∗)

includes a heavy anti-quark Q̄ and a light quark q, the Lagrangian of P and P∗ meson

systems is given with respecting the heavy quark symmetry (spin symmetry) and chiral

symmetry [27, 33, 34, 35, 36, 37, 38, 39, 40].

A new degree of freedom which does not exist in the QQ̄ systems but does only in

the P(∗)P̄(∗) systems is an isospin. Then, there appears one pion exchange potential

(OPEP) between P(∗) and P̄(∗) mesons at long distances of order 1/mπ with pion mass

mπ. What is interesting in the OPEP between P(∗) and P̄(∗) is that it causes a mixing

between states of different angular momentum, such as L and L± 2, through its tensor

component. Therefore, it is expected that the P(∗)P̄(∗) systems behave differently from

the quarkonium systems. In reality in addition to the one pion exchange dominated at

long distances, there are multiple pion (ππ, πππ, etc.) exchange, heavy meson (ρ, ω, σ,

etc.) exchange at short distances as well. With these potentials, we solve the two-body
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Schrödinger equation with channel-couplings and discuss the existence of bound and/or

resonant states of P(∗)P̄(∗).

In this section, we study P(∗)P̄(∗) systems, with exotic quantum numbers which cannot

be accessed by quarkonia. The first group is for isosinglet states with I = 0. We recall

that the possible JPC of quarkonia are JPC = 0−+ (ηb), 0++ (χb0) for J = 0, J−−

(Υ), J+− (hb), J++ (χb1) for odd J ≥ 1, and J−−, J−+, J++ (χb2) for even J ≥ 2,

where examples of bottomonia are shown in the parentheses. However, there cannot be

JPC = 0−− and 0+−, J−+ with odd J ≥ 1, and J+− with even J ≥ 2 in the quarkonia.

These quantum numbers are called exotic JPC , and it has been discussed that they are

the signals for exotics including the P(∗)P̄(∗) systems and glueballs. The second group is

for isospin triplet states with I = 1. It is obvious that the quarkonia themselves cannot

be isotriplet. To have a finite isospin, there must be additional light quark degrees of

freedom [41]. In this regard, P(∗) and P̄(∗) mesons have isospin half, and therefore the

P(∗)P̄(∗) composite systems can be isospin triplet. We observe that, near the thresholds,

the P(∗)P̄(∗) systems can access to more various quantum numbers than the QQ̄ systems.

In this section, we focus on the bottom sector (P = B and P∗ = B∗), because the heavy

quark symmetry works better than the charm sector.

In the previous works, Ericson and Karl estimated the OPEP in hadronic molecules

within strangeness sector and indicated the importance of tensor interaction in this

system [42]. Törnqvist analyzed one pion exchange force between two mesons for many

possible quantum numbers in [43, 44]. Inspired by the discovery of X(3872), the hadronic

molecular model has been developed by many authors [14, 15, 45, 46, 47, 48, 49]. For

Zb’s many works have already been done since the Belle’s discovery. As candidates

of exotic states, molecular structure has been studied [50, 51, 52, 53, 54, 55, 56], and

also tetraquark structure [57, 58, 59, 60, 61, 62]. The existence of Zb’s has also been

investigated in the decays of Υ(5S) [63, 64, 65, 66]. Our study based on the molecular

picture of P(∗)P̄(∗) differs from the previous works in that we completely take into ac-

count the degeneracy of pseudoscalar meson B and a vector meson B∗ due to the heavy

quark symmetry, and fully consider channel-couplings of B(∗) and B̄(∗). In the previous

publications, the low lying molecular states around Zb’s which can be produced from

the decay of Υ(5S) were studied systematically and qualitatively [18, 67]. Our present

work covers them also.

This section is organized as followings. In 4.1.2, we introduce (i) the π exchange potential

and (ii) the πρω potential between B(∗) and B̄(∗) mesons. To obtain the potentials, we
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respect the heavy quark symmetry for the B(∗)B(∗)π, B(∗)B(∗)ρ and B(∗)B(∗)ω vertices.

In section 4.1.3, we classify all the possible states composed by a pair of B(∗) and B̄(∗)

mesons with exotic quantum numbers IG(JPC) with isospin I, G-parity, total angular

momentum J , parity P and charge conjugation C. (C in I = 1 is defined only for

states of Iz = 0.) In section 4.1.4, we solve numerically the Schrödinger equations with

channel-couplings and discuss the bound and/or resonant states of the B(∗)B̄(∗) systems.

We employ the hadronic molecular picture and only consider the B(∗)B̄(∗) states. In

practice, there are bottomonium and light meson states which couple to these states. The

effect of these couplings as quantum corrections is estimated in section 4.1.5. In 4.1.6,

we discuss the possible decay modes of these states. 4.1.7 is devoted to summary.

4.1.2 Interactions with heavy quark symmetry

B(∗) mesons have a heavy anti-quark b̄ and a light quark q = u, d. The dynamics of the

B(∗)B̄(∗) systems is given by the two symmetries: the heavy quark symmetry for heavy

quarks and chiral symmetry for light quarks. These two symmetries provide the vertices

of π meson and of vector meson (v = ρ, ω) with open heavy flavor (bottom) mesons P

and P ∗ (P for B and P ∗ for B∗)

LπHH = g trH̄aHbγνγ5A
ν
ba, (4.1)

LvHH = −iβtrH̄aHbv
µ(ρµ)ba + iλtrH̄aHbσµνFµν(ρ)ba , (4.2)

where the multiplet field H containing P and P ∗ is defined by

Ha =
1 + /v

2
[
P ∗
aµγ

µ − Paγ5

]
, (4.3)

with the four velocity vµ of the heavy mesons [32]. The conjugate field is defined by

H̄a = γ0H
†
aγ0, and the index a denotes up and down flavors. The axial current is given

by Aµ ' i
fπ
∂µπ̂ with the pion field

π̂ =

 π0
√

2
π+

π− − π0
√

2

 , (4.4)

where fπ = 135 MeV is the pion decay constant. The coupling constant |g| = 0.59 for

πPP ∗ is determined with reference to the observed decay width Γ = 96 keV for D∗ → Dπ

[68], assuming that the charm quark is sufficiently heavy. The coupling constant g for
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πBB∗ would be different from the one for πDD∗ because of 1/mQ corrections with the

heavy quark mass mQ [69]. However the lattice simulation in the heavy quark limit

suggests a similar value as adopted above [70], allowing us to use the common value for

D and B. The coupling of πP ∗P ∗, which is difficult to access from experiments, is also

fixed thanks to the heavy quark symmetry. Note that the coupling of πPP does not

exist due to the parity conservation. The coupling constants β and λ are determined

by the radiative decays of D∗ meson and semileptonic decays of B meson with vector

meson dominance as β = 0.9 and λ = 0.56 GeV−1 by following Ref. [71]. The vector (ρ

and ω) meson field is defined by

ρµ = i
gV√

2
ρ̂µ , (4.5)

with

ρ̂µ =

 ρ0√
2

+ ω√
2

ρ+

ρ− − ρ0√
2

+ ω√
2


µ

, (4.6)

and its field tensor by

Fµν(ρ) = ∂µρν − ∂νρµ + [ρµ, ρν ] , (4.7)

where gV = 5.8 is the coupling constant for ρ→ ππ decay.

From Eq. (4.1), we obtain the πPP ∗ and πP ∗P ∗ vertices

LπPP ∗ = 2
g

fπ
(P †

aP
∗
b µ + P ∗ †

aµPb)∂
µπ̂ab , (4.8)

LπP ∗P ∗ = 2i
g

fπ
εαβµνvαP

∗ †
a βP

∗
b µ∂ν π̂ab . (4.9)

The πP̄ P̄ ∗ and πP̄ ∗P̄ ∗ vertices are obtained by changing the sign of the πPP ∗ and

πP ∗P ∗ vertices in Eqs. (4.8) and (4.9). Similarly, from Eq. (4.2) we derive the vPP ,

vPP ∗ and vP ∗P ∗ vertices (v = ρ, ω) as

LvPP = −
√

2βgV PbP †
av · ρ̂ba , (4.10)

LvPP ∗ = −2
√

2λgV vµεµναβ
(
P †
aP

∗
b β − P

∗ †
a βPb

)
∂ν(ρ̂α)ba , (4.11)

LvP ∗P ∗ =
√

2βgV P ∗
b P

∗†
a v · ρ̂ba

+i2
√

2λgV P ∗ †
aµP

∗
b ν(∂

µ(ρ̂ν)ba − ∂ν(ρ̂µ)ba) . (4.12)
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Due to the G-parity, the signs of vertices for vP̄ P̄ , vP̄ P̄ ∗ and vP̄ ∗P̄ ∗ are opposite to

those of vPP , vPP ∗ and vP ∗P ∗, respectively, for v = ω, while they are the same for

v = ρ.

It is important that the scatterings P (∗)P̄ (∗) → P (∗)P̄ (∗) include not only diagonal

components PP̄ ∗ → P ∗P̄ and P ∗P̄ ∗ → P ∗P̄ ∗ but also off-diagonal components PP̄ →
P ∗P̄ ∗ and PP̄ ∗ → P ∗P̄ ∗. The OPEPs for PP̄ ∗ → P ∗P̄ and P ∗P̄ ∗ → P ∗P̄ ∗ are given

from the vertices (4.8) and (4.9) in the heavy quark limit as

V π
P1P̄ ∗

2 →P ∗
1 P̄2

= −
(√

2
g

fπ

)2 1
3
[
~ε ∗1 ·~ε2C(r;mπ)+Sε∗1,ε2 T (r;mπ)

]
~τ1 ·~τ2, (4.13)

V π
P ∗

1 P̄
∗
2 →P ∗

1 P̄
∗
2

= −
(√

2
g

fπ

)2 1
3

[
~T1 · ~T2C(r;mπ)+ST1,T2 T (r;mπ)

]
~τ1 ·~τ2, (4.14)

and the OPEPs for PP̄ → P ∗P̄ ∗ and PP̄ ∗ → P ∗P̄ ∗ are given as

V π
P1P̄2→P ∗

1 P̄
∗
2

= −
(√

2
g

fπ

)2 1
3
[
~ε ∗1 ·~ε ∗2 C(r;mπ)+Sε∗1,ε∗2 T (r;mπ)

]
~τ1 ·~τ2, (4.15)

V π
P1P̄ ∗

2 →P ∗
1 P̄

∗
2

=
(√

2
g

fπ

)2 1
3

[
~ε ∗1 · ~T2C(r;mπ)+Sε∗1,T2 T (r;mπ)

]
~τ1 ·~τ2. (4.16)

Here three polarizations are possible for P ∗ as defined by ~ε (±) =
(
∓1/
√

2,±i/
√

2, 0
)

and ~ε (0) =(0, 0, 1), and the spin-one operator ~T is defined by T iλ′λ = iεijkε
(λ′)†
j ε

(λ)
k . As

a convention, we assign ~ε (λ) for an incoming vector particle and ~ε (λ)∗ for an outgoing

vector particle. Here ~τ1 and ~τ2 are isospin operators for P (∗)
1 and P̄

(∗)
2 . We define the

tensor operators

Sε∗1,ε2 = 3(~ε (λ1)∗ ·r̂)(~ε (λ2) ·r̂)− ~ε (λ1)∗ ·~ε (λ2), (4.17)

ST1,T2 = 3(~T1 ·r̂)(~T2 ·r̂)− ~T1 · ~T2, (4.18)

Sε∗1,ε∗2 = 3(~ε (λ1)∗ ·r̂)(~ε (λ2)∗ ·r̂)− ~ε (λ1)∗ ·~ε (λ2)∗, (4.19)

Sε∗1,T2 = 3(~ε (λ1)∗ ·r̂)(~T2 ·r̂)− ~ε (λ1)∗ · ~T2. (4.20)
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The ρ meson exchange potentials are derived by using the same notation of the OPEPs

and the vertices in Eqs. (4.10)-(4.12),

V v
P1P̄2→P1P̄2

=
(
βgV
2mv

)2 1
3
C(r;mv)~τ1 ·~τ2, (4.21)

V v
P1P̄ ∗

2 →P1P̄ ∗
2

=
(
βgV
2mv

)2 1
3
C(r;mv)~τ1 ·~τ2, (4.22)

V v
P1P̄ ∗

2 →P ∗
1 P̄2

= (2λgV )2
1
3
[
2~ε ∗1 ·~ε2C(r;mv)−Sε∗1,ε2 T (r;mv)

]
~τ1 ·~τ2, (4.23)

V v
P ∗

1 P̄
∗
2 →P ∗

1 P̄
∗
2

= (2λgV )2
1
3

[
2~T1 · ~T2C(r;mv)−ST1,T2 T (r;mv)

]
~τ1 ·~τ2

+
(
βgV
2mv

)2 1
3
C(r;mv)~τ1 ·~τ2, (4.24)

V v
P1P̄2→P ∗

1 P̄
∗
2

= (2λgV )2
1
3
[
2~ε ∗1 ·~ε ∗2 C(r;mv)−Sε∗1,ε∗2 T (r;mv)

]
~τ1 ·~τ2, (4.25)

V v
P1P̄ ∗

2 →P ∗
1 P̄

∗
2

= − (2λgV )2
1
3

[
2~ε ∗1 · ~T2C(r;mv)−Sε∗1,T2 T (r;mv)

]
~τ1 ·~τ2, (4.26)

for v = ρ. The ω exchange potentials are obtained by changing the overall sign from the

above equations with v = ω and by removing the isospin factor ~τ1 ·~τ2.

To estimate the size effect of mesons, we introduce a form factor (Λ2−m2
h)/(Λ

2 +~q 2) in

the momentum space at vertices of hPP , hPP ∗ and hP ∗P ∗ (h = π, ρ and ω). Here ~q and

mh are momentum and mass of the exchanged meson, and Λ is the cut-off parameter.

Then, C(r;mh) and T (r;mh) are defined as

C(r;mh)=
∫

d3~q

(2π)3
m2
h

~q 2 +m2
h

ei~q·~r F (~q;mh), (4.27)

T (r;mh)S12(r̂)=
∫

d3~q

(2π)3
−~q 2

~q 2 +m2
h

S12(q̂)ei~q·~rF (~q;mh), (4.28)

with S12(x̂) = 3(~σ1 · x̂)(~σ2 · x̂) − ~σ1 ·~σ2, and F (~q;mh) = (Λ2−m2
h)

2/(Λ2 + ~q 2)2. The

cut-off Λ is determined from the size of B(∗) based on the quark model as discussed in

Refs. [72, 73]. There, the cut-off parameter is Λ = 1070 MeV when the π exchange

potential is employed, while Λ = 1091 MeV when the πρω potential is employed.

As a brief summary, we emphasize again that, according to the heavy quark symmetry,

not only the BB̄∗ → B∗B̄ and B∗B̄∗ → B∗B̄∗ transitions but also the BB̄ → B∗B̄∗ and

BB̄∗ → B∗B̄∗ transitions become important as channel-couplings. In the next section,

we will see that the latter two transitions supply the strong tensor force, through the

channel mixing B and B∗ as well as different angular momentum, such as L and L± 2.
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4.1.3 Classification of the B(∗)B̄(∗) states

Table 4.1: The exotic quantum numbers which cannot be assigned to bottomonia bb̄
are indicated by

√
. The 0+− state cannot be neither bottomonium nor B(∗)B̄(∗) states.

JPC components exoticness

I = 0 I = 1

0+− ——
√ √

0++ BB̄(1S0), B∗B̄∗(1S0), B∗B̄∗(5D0) χb0
√

0−− 1√
2

(
BB̄∗ + B∗B̄

)
(3P0)

√ √

0−+ 1√
2

(
BB̄∗ − B∗B̄

)
(3P0), B∗B̄∗(3P0) ηb

√

1+− 1√
2

(
BB̄∗ − B∗B̄

)
(3S1), 1√

2

(
BB̄∗ − B∗B̄

)
(3D1), B∗B̄∗(3S1), B∗B̄∗(3D1) hb

√

1++ 1√
2

(
BB̄∗ + B∗B̄

)
(3S1), 1√

2

(
BB̄∗ + B∗B̄

)
(3D1), B∗B̄∗(5D1) χb1

√

1−− BB̄(1P1), 1√
2

(
BB̄∗ + B∗B̄

)
(3P1), B∗B̄∗(1P1), B∗B̄∗(5P1), B∗B̄∗(5F1) Υ

√

1−+ 1√
2

(
BB̄∗ − B∗B̄

)
(3P1), B∗B̄∗(3P1)

√ √

2+− 1√
2

(
BB̄∗ − B∗B̄

)
(3D2), B∗B̄∗(3D2)

√ √

2++ BB̄(1D2), 1√
2

(
BB̄∗ + B∗B̄

)
(3D2), B∗B̄∗(1D2), B∗B̄∗(5S2), B∗B̄∗(5D2), B∗B̄∗(5G2) χb2

√

2−+ 1√
2

(
BB̄∗ − B∗B̄

)
(3P2), 1√

2

(
BB̄∗ − B∗B̄

)
(3F2), B∗B̄∗(3P2), B∗B̄∗(3F2) ηb2

√

2−− 1√
2

(
BB̄∗ + B∗B̄

)
(3P2), 1√

2

(
BB̄∗ + B∗B̄

)
(3F2), B∗B̄∗(5P2), B∗B̄∗(5F2) ψb2

√

We classify all the possible quantum numbers IG(JPC) with isospin I, G-parity, total

angular momentum J , parity P and charge conjugation C for the states which can be

composed by a pair of B(∗) and B̄(∗) mesons. The charge conjugation C is defined for

I = 0 or Iz = 0 components for I = 1, and is related to the G-parity by G = (−1)IC. In

the present discussion, we restrict upper limit of the total angular momentum as J ≤ 2,

because too higher angular momentum will be disfavored to form bound or resonant

states. The B(∗)B̄(∗) components in the wave functions for various JPC are listed in

Table 4.5. We use the notation 2S+1LJ to denote the total spin S and relative angular

momentum L of the two body states of B(∗) and B̄(∗) mesons. We note that there are

not only BB̄ and B∗B̄∗ components but also BB̄∗ ± B̄B∗ components. The JPC = 0+−

state cannot be generated by a combination of B(∗) and B̄(∗) mesons 1. For I = 0,

there are many B(∗)B̄(∗) states whose quantum number JPC are the same as those of

the quarkonia as shown in the third row of I = 0. In the present study, however, we do

1The JPC = 0+− state cannot be given also in the quarkonium picture.
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not consider these states, because we have not yet included mixing terms between the

quarkonia and the B(∗)B̄(∗) states. This problem will be left as future works. Therefore,

for I = 0, we consider only the exotic quantum numbers JPC = 0−−, 1−+ and 2+−.

The states of I = 1 are clearly not accessible by quarkonia. We investigate all possible

JPC states listed in Table 4.5.

From Eqs. (4.13)-(4.16) and (4.42)-(4.47), we obtain the potentials with channel-couplings

for each quantum number IG(JPC). For each state, the Hamiltonian is given as a sum

of the kinetic energy and the potential with channel-couplings in a form of a matrix.

Breaking of the heavy quark symmetry is taken into account by mass difference be-

tween B and B∗ mesons in the kinetic term. The explicit forms of the Hamiltonian for

each IG(JPC) are presented in Appendix A. For example, the JPC = 1+− state has four

components, 1√
2

(
BB̄∗ − B∗B̄

)
(3S1), 1√

2

(
BB̄∗ − B∗B̄

)
(3D1), B∗B̄∗(3S1), B∗B̄∗(3D1) and

hence it gives a potential in the form of 4× 4 matrix as Eqs. (A.6), (A.58) and (A.28).

4.1.4 Numerical results

To obtain the solutions of the B(∗)B̄(∗) states, we solve numerically the Schrödinger equa-

tions which are second-order differential equations with channel-couplings. As numerics,

the renormalized Numerov method developed in Ref. [74] is adopted. The resonant states

are found from the phase shift δ as a function of the scattering energy E. The resonance

position Er is defined by an inflection point of the phase shift δ(E) and the resonance

width by Γr = 2/(dδ/dE)E=Er following Ref. [75]. To check consistency of our method

with others, we also use the complex scaling method (CSM). We obtain an agreement

in results between the renormalized Nemerov method and the CSM.

In Table 4.2, we summarize the result of the obtained bound and resonant states, and

their possible decay modes to quarkonium and light flavor meson. For decay modes, the

ρ meson can be either real or virtual depending on the mass of the decaying particle,

depending on the resonance energy which is either sufficient or not to emit the real state

of ρ or ω meson. ρ∗(ω∗) indicates that it is a virtual state in radiative decays assuming

the vector meson dominance. We show the mass spectrum of these states in Fig 4.1.

Let us see the states of isospin I = 1. Interestingly, having the present potential we find

the twin states in the IG(JPC) = 1+(1+−) near the BB̄∗ and B∗B̄∗ thresholds; a bound

state slightly below the BB̄∗ threshold, and a resonant state slightly above the B∗B̄∗

threshold. The binding energy is 8.5 MeV, and the resonance energy and decay width
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are 50.4 MeV and 15.1 MeV, respectively, from the BB̄∗ threshold. The twin states

are obtained when the πρω potential is used. We interpret them as the Zb(10610) and

Zb(10650) observed in the Belle experiment [2, 17]. It should be emphasized that the

interaction in the present study has been determined in the previous works without

knowing the experimental data of Zb’s [72, 73].

Several comments are in order. First, the bound state of lower energy has been obtained

in the coupled channel method of BB̄∗ and B∗B̄∗ channels. In reality, however, they

also couple to other lower channels such as πhb, πΥ and so on as shown in Table 4.5.

Once these decay channels are included, the bound state will be a resonant state with

a finite width. A qualitative discussion will be given in Section 5. Second, when the

π exchange potential is used, only the lower bound state is obtained but the resonant

state is not. However, we have verified that a small change in the π exchange potential

generates, as well as the bound state, the corresponding resonant state also. Therefore,

the pion dominance is working for the BB̄∗ and B∗B̄∗ systems. (See also the discussion

in Appendix C.) Third, it would provide a direct evidence of these states to be BB̄∗ and

B∗B̄∗ molecules if the BB̄∗ and B∗B̄∗ decays are observed in experiments. Whether the

energies are below or above the thresholds is also checked by the observation of these

decays.

In other channels, we further predict the B(∗)B̄(∗) bound and resonant states. The

IG(JPC) = 1−(0++) state is a bound state with binding energy 6.5 MeV from the BB̄

threshold for the π exchange potential, while no structure for the πρω potential. The

existence of this state depends on the details of the potential, while the states in the

other quantum numbers are rather robust. Let us see the results for the latter states

from the πρω potentials. For 1+(0−−) and 1−(1++), we find bound states with binding

energy 9.8 MeV and 1.9 MeV from the BB̄∗ threshold, respectively. These bound states

appear also for the π exchange potential, though the binding energy of the 1−(1++)

state becomes larger. The 1−(2++) state is a resonant state with the resonance energy

62.7 MeV and the decay width 8.4 MeV. The 1+(1−−) states are twin resonances with

the resonance energy 7.1 MeV and the decay width 37.4 MeV for the first resonance,

and the resonance energy 58.6 MeV and the decay width 27.7 MeV for the second. The

resonance energies are measured from the BB̄ threshold. The 1+(2−−) states also form

twin resonances with the resonance energy 2.0 MeV and the decay width 3.9 MeV for

the first resonance and the resonance energy 44.1 MeV and the decay width 2.8 MeV for

the second, where the resonance energies have are measured from the BB̄∗ threshold.
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Next we discuss the result for the states of isospin I = 0. In general, the interaction

in these states are either repulsive or only weakly attractive as compared to the cases

of I = 1. The fact that there are less channel-couplings explains less attraction partly.

Because of this, we find only one resonant state with IG(JPC) = 0+(1−+), as shown

in Fig 4.1 and in Table 4.3. The 0+(1−+) state is a resonant state with the resonance

energy 17.8 MeV and the decay width 30.1 MeV for the πρω potential.

In the present study, all the states appear in the threshold regions and therefore are

all weakly bound or resonant states. The present results are consequences of unique

features of the bottom quark sector; the large reduced mass of the B(∗)B̄(∗) systems and

the strong tensor force induced by the mixing of B and B∗ with small mass splitting. In

fact, in the charm sector, our model does not predict any bound or resonant states in

the region where we research numerically. Because the reduced mass is smaller and the

mass splitting between D and D∗ is larger.

Table 4.2: The energies E can be either pure real for bound states or complex for
resonances. The real parts are measured from the thresholds as indicated in the second
column. The imaginary parts are half of the decay widths of the resonances, Γ/2. In
the last two columns, decay channels of a quarkonium and a light flavor meson are
indicated. Asterisk of ρ∗ indicates that the decay occurs only with a virtual ρ while

subsequently transit to a real photon via vector meson dominance.

IG(JPC) threshold E [MeV] decay channels
π-potential πρω-potential s-wave p-wave

1+(0+−) — — — — hb + π, χb0,1,2+ρ
1−(0++) BB̄ −6.5 no ηb+π, Υ+ρ hb+ρ∗, χb1+π
1+(0−−) BB̄∗ −9.9 −9.8 χb1+ρ∗ ηb+ρ, Υ+π
1−(0−+) BB̄∗ no no hb+ρ, χb0+π Υ+ρ

1+(1+−) BB̄∗ −7.7
−8.5

Υ+π hb+π, χb1+ρ∗
50.4− i15.1/2

1−(1++) BB̄∗ −16.7 −1.9 Υ+ρ hb+ρ∗, χb0,1+π

1+(1−−) BB̄
7.0− i37.9/2 7.1− i37.4/2

hb+π, χb0,1,2+ρ∗ ηb+ρ, Υ+π
58.8− i30.0/2 58.6− i27.7/2

1−(1−+) BB̄∗ no no hb+ρ, χb1+π ηb+π, Υ+ρ
1+(2+−) BB̄∗ no no — hb+π, χb0,1,2+ρ
1−(2++) BB̄ 63.5− i8.3/2 62.7− i8.4/2 Υ+ρ hb+ρ∗, χb1,2+π
1−(2−+) BB̄∗ no no hb+ρ Υ+ρ

1+(2−−) BB̄∗ 2.0− i4.1/2 2.0− i3.9/2
χb1+ρ∗ ηb+ρ, Υ+π

44.2− i2.5/2 44.1− i2.8/2
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Table 4.3: (Same convention as Table II.)

IG(JPC) threshold E [MeV] decay channels
π-potential πρω-potential s-wave p-wave

0−(0−−) BB̄∗ no no χb1+ω ηb+ω, Υ+η

0+(1−+) BB̄∗ 28.6− i91.6/2 17.8− i30.1/2 hb+ω∗, χb1+η ηb+η, Υ+ω

0−(2+−) BB̄∗ no no — hb+η, χb0,1,2+ω

Figure 4.1: The dots with error bars denote the position of the experimentally ob-
served Zb’s where M(Zb(10610)) = 10607.2 MeV and M(Zb(10650)) = 10652.2 MeV.
Solid lines are for our predictions for the energies of the bound and resonant states

when the πρω potential is employed. Mass values are shown in units of MeV.

4.1.5 Effects of the coupling to decay channels

We have employed the hadronic molecular picture and only considered the B(∗)B̄(∗) states

so far. In reality, however, the B(∗)B̄(∗) states couple to a bottomonium and a light meson

state which is predominantly a pion, as Zb’s were discovered in the decay channels of

Υ(nS)π (n = 1, 2, 3) and hb(mP )π (m = 1, 2) [2, 17]. In this section, we estimate the

effects of such channel coupling to the B(∗)B̄(∗) states. We give a qualitative estimation
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for the lowest B(∗)B̄(∗) state in 1+(1+−) corresponding to Zb(10610)±. Similar effects

are expected for other states.

To this purpose, we employ the method of Pennington and Wilson [76]. They calculated

charmonium mass-shifts for including the effect of open and nearby closed channels and

we apply their calculation procedure for Zb mass-shift. The bare bound state propagator

i/[s−m2
0], wherem0 is the mass of the bare state, is dressed by the contribution of hadron

loops Π(s). Therefore, the full propagator can be written as

Gz(s) =
i

s−M2(s)
=

i

s−m2
0 −Π(s)

(4.29)

=
i

s−m2
0 −

∑
n=1 Πn(s)

,

where s is the square of the momentum carried by the propagator. M(s) is the complex

mass function and the real part of this give the “renormalized” mass. Since the Zb has

five decay channels, the hadron loops Π(s) is a sum of each decay channel n (Fig.4.2).

Each hadron loop Πn(s) (Fig.4.2) is obtained by using the dispersion relation in terms

of its imaginary part. All hadronic channels contribute to its mass at least in principle.

Because the dispersion integral diverges, we have to subtract the square of mass function

M(s0) at suitable point s0 from M(s). We shall discuss the choice of s0 shortly. Now,

we can write the loop function in a once subtracted form as

∆Πn(s, s0) ≡ Πn(s)−Πn(s0) =
(s− s0)

π

∫ ∞

sn

ds′
ImΠn(s′)

(s′ − s)(s′ − s0)
. (4.30)

Then we arrive at the mass-shift δM as

∑
n=1

∆Πn(s, s0) =M2(s)−m2
0 ≡ δM2(s) . (4.31)

Since an imaginary part of a loop function is proportional to the two-body phase space,

we take ImΠn in the form for s ≥ sn as

ImΠn(s) = −g2
n

(
2qcm√
s

)2L+1

exp
(
−q

2
cm

Λ2

)
, (4.32)

where gn is the coupling of Zb to a decay channel n (a bottomonium and a pion), L is the

orbital angular momentum between a bottomonium and a pion. qcm is the magnitude
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of the three momentum of a pion in the center of mass frame and is related to qcm by

qcm =

(
s+m2

π −M2
bb̄

2
√
s

)2

−m2
π . (4.33)

In eq (4.32), following [76], we have introduced the Gaussian-type form factor with a

cut-off parameter Λ which is related to the interaction range R. We set Λ = 1000 MeV

as a typical hadron scale; this value corresponds to R ∼ 0.5 fm by using the relation

R '
√

6/Λ, which correspond the size of B meson. Coupling gn is determined from the

partial decay width Γn, by Γn(s) = −ImΠn(s)/
√
s. Then partial decay widths for each

decay channel are given from the experimental data (See Table 3.1).

The subtraction point s0 determines the renormalization point where the loop correction

vanishes. In Ref. [76], the subtraction point was chosen at the mass of J/ψ. Since J/ψ is

a deeply bound state of a cc̄ pair where the charmonium description works well without

a DD̄ loop. Now in our situation, there is no such a physical bottomonium like state

decaying into a pion and a bottomonium. However, as in the case of J/ψ we expect

that the renormalization point of the vanishing loop is located at an energy which is

significantly below the thresholds of the particle in the loop. We adopt such an energy

at
√
s0 = 9000 MeV, 600 MeV below the πΥ(1S), which is similar to the mass difference

of J/ψ and DD̄.

The resulting mass-shift δM due to each coupling is given in Table 4.4. The Υ(1S)π

coupling only contributes the mass correction as repulsive. This cause is the wide

large phase space for this channel, but the contribution of this channel is very small,

δMΥ(1S)π = 0.026. Therefore, the mass correction of the Υ(1S)π coupling is approxi-

mately negligible. The other couplings work as attractive,δM < 0. The mass correction

due to hb(2P )π coupling is largest in the five decay channels, however this is still less

than 1 MeV. The total mass-shift is δM = −1.5 MeV, which is slightly attractive. This

means that the Υ(nS)π and hb(mP )π couplings will attract the mass of BB̄∗ bound

state with 1+(1+) into their thresholds. But the value of the total mass correction is

quite small compared with the dependence of other considerable ambiguity in the present

model such as the cutoff parameter and coupling constants for each vertex. Then this

effect will be a minor role.

To summarize this section, we have estimated loop contributions to the mass of the

B(∗)B̄(∗) molecules. We find small attractive corrections, which will be negligible in the

presence model. It is unthinkable that the loop contributions are direct cause of making



Chapter 4. Heavy meson molecules with the potential model 39

the bound state to the resonance state as observed Zb state. Thus, what makes Zb as a

resonance state is still open question and needs further consideration.

Z
bZ

b

b
(mP) 

Figure 4.2: The diagram corresponding to a loop function Πn(s) of channel n.

Table 4.4: The first and the second row show the threshold masses and the coupling
strengths of channel n. Mth and δM are given in units of MeV.

Υ(1S)π Υ(2S)π Υ(3S)π hb(1P )π hb(2P )π total
Mth 9600 10163 10495 10038 10399 —
gn 99.1 338 334 2041 4716 —
δM 0.026 -0.074 -0.28 -0.23 -0.97 -1.5

4.1.6 Search for heavy meson molecules in decays from Υ(5S)

As twin Zb’s were observed from Υ(5S) decay, Υ(5S) decay is a useful source to search

the exotic states around the B(∗)B̄(∗) energy region. Υ(5S) can decay to a IG(JPC) =

1+(1+−) state by a single pion emission in s-wave, and a 1+(0−−), 1+(1−−) or 1+(2−−)

state by a single pion emission in p-wave. We recall that the twin Zb’s with IG(JPC) =

1+(1+−) were observed in the s-wave channel [2, 17]. In the present study, we further

predict the bound state in IG(JPC) = 1+(0−−), and another twin resonant states in

IG(JPC) = 1+(1−−) and 1+(2−−) as summarized in Table 4.2. As for the exotic JPC

states in isosinglet, the resonant state in IG(JPC) = 0+(1−+) can be observed from

Υ(5S) by ω emission in p-wave as shown in Table 4.3.

The radiative decay of Υ(5S) is also an interesting channel as discussed in Ref. [67]. In

radiative decay, Υ(5S) decays to the IG(JPC) = 1−(0++), 1−(1++) and 1−(2++) states

with a photon emission in s-wave. These channels can be also produced in hadronic

transitions with emission of ρ meson from higher Υ-like bottomonim states. In the
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present study, we predict the bound states in IG(JPC) = 1−(0++) and 1−(1++) and a

resonant states in 1−(2++) as summarized in Table 4.2.

As a consequence, we will be able to study the B(∗)B̄(∗) bound and resonant states with

positive G-parity in a pion emission from Υ(5S) and with negative G-parity in a photon

emission from Υ(5S). It will be an interesting subject for experiments to search these

states in Υ(5S) decays.

4.1.7 Summary

In this section, we have systematically studied the possibility of the B(∗)B̄(∗) bound and

resonant states having exotic quantum numbers IG(JPC). These states are consisted

of at least four quarks, because their quantum numbers cannot be assigned by the

quarkonium picture and hence they are genuinely exotic states. We have constructed

the potential of the B(∗)B̄(∗) states using the effective Lagrangian respecting the heavy

quark symmetry. Because of the degeneracy in masses of B and B∗ mesons, the channel

mixing, such as BB̄∗-B∗B̄, B∗B̄∗-B∗B̄∗, BB̄-B∗B̄∗ and BB̄∗-B∗B̄∗, plays an important

role to form the B(∗)B̄(∗) bound and/or resonant states. We have numerically solved the

Schrödinger equation with the channel-couplings for the B(∗)B̄(∗) states with IG(JPC)

for J ≤ 2.

As a result, in I = 1, we have found that the IG(JPC) = 1+(1+−) states have a bound

state with binding energy 8.5 MeV, and a resonant state with the resonance energy 50.4

MeV and the decay width 15.1 MeV. We have successfully reproduced the positions of

Zb(10610) and Zb(10650) observed by Belle. Therefore, the twin resonances of Zb’s can

be interpreted as the B(∗)B̄(∗) molecular type states. It should be noted that the BB̄∗-

B∗B̄, BB̄∗-B∗B̄∗ and B∗B̄-B∗B̄∗ mixing effects are important, because many structures

disappear without the mixing effects. We have obtained the other possible B(∗)B̄(∗)

states in I = 1. We have found one bound state in each 1+(0−−) and 1−(1++), one

resonant state in 1−(2++) and twin resonant states in each 1+(1−−) and 1+(2−−). It

is remarkable that another two twin resonances can exist in addition to the Zb’s. We

have also studied the B(∗)B̄(∗) states in I = 0 and found one resonant state in 0+(1−+).

We have checked the differences between the results from the π exchange potential and

those from the πρω potential, and found that the difference is small. Therefore, the one

pion exchange potential dominates as the interaction in the B(∗)B̄(∗) bound and resonant

states.
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We have estimated the effects of the coupling to decay channels by means of dispersion

relations. Total mass-shift is δM = −0.97 MeV, which is slightly attractive. This value

is negligible under the degree of accuracy on the current model. Therefore, we conclude

that the molecular picture of B(∗)B̄(∗) will be a good approximation for the first step.

More systematic analyses will be left for future works.

For experimental studies, the Υ(5S) decay is a useful tool to search the B(∗)B̄(∗) states.

Υ(5S) can decay to the B(∗)B̄(∗) states with 1+(0−−), 1+(1−−) and 1+(2−−) by a single

pion emission in p-wave and the state with 0+(1−+) by ω emission in p-wave. Υ(5S)

can also decay to the B(∗)B̄(∗) states with 1−(0++), 1−(1++) and 1−(2++) by radiative

decays. In the future, various exotic states would be observed around the thresholds

from Υ(5S) decays in accelerator facilities such as Belle and also would be searched in

the relativistic heavy ion collisions in RHIC and LHC [77, 78]. If these states are fit in

our predictions, they will be good candidates of the B(∗)B̄(∗) molecular states.

4.2 PP molecules

In this section, we study exotic mesons with double charm and bottom flavor (|C| =

|B| = 2), whose quark configurations are QQq̄q̄ or Q̄Q̄qq. These states are genuinely

exotic states because these quark configurations have no annihilation process of quark

and antiquark. We take a hadronic picture by considering the molecular states composed

of a pair of heavy mesons, such as DD, DD∗ and D∗D∗ for charm flavor, and BB, BB∗

and B∗B∗ for bottom flavor. The interactions between heavy mesons are derived from

the heavy quark effective theory. All molecular states are classified by I(JP ) quantum

numbers, and are systematically studied up to the total angular momentum J ≤ 2. By

solving the coupled channel Schrödinger equations, due to the strong tensor force of one

pion exchanging, we find bound and/or resonant states of various quantum numbers.

4.2.1 Introduction for PP molecules

As candidates of flavor exotics, a new hadron state TQQ, whose quark content is QQq̄q̄,

has been discussed theoretically [44, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91,

92, 93, 94, 95, 96, 97, 98, 99, 100, 101, 102, 103, 104, 105, 106]. TQQ is a system

containing two heavy quarks and it is genuinely a flavor exotic which cannot be assigned
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by a normal hadron. Here, we discuss the energy spectrum of the possible bound and/or

resonant states of TQQ.

In phenomenological studies, there exist two approaches to TQQ state. In one approach,

TQQ is considered as a tetraquark state, in which the effective degrees of freedom are

constituent quarks [79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96,

97, 98, 99, 100, 101, 102, 103]. It is shown that TQQ may be a stable object due to

the strong attraction in qq which may form a stable scalar diquark [107, 108, 109]. As

a result, TQQ may be a deeply bound state, which does not decay through the strong

interaction [94, 95, 96]. If the diquark developed, the study of TQQ is also useful to

understand the color superconductivity in high density quark matter [110, 111, 112].

The tetraquark states such as T1
cc, T1

cb and T1
bb states with I(JP ) = 0(1+) as well as

T0
cb with I(JP ) = 0(0+) have been discussed also as stable objects [95, 96].

Another approach is the hadronic molecule picture. When four quarks (Q̄Q̄qq) are

present, they may form hadronic clusters (Q̄q) which may alternatively become relevant

degrees of freedom instead of diquarks [44, 104, 105, 106]. The hadronic molecule

picture is applied to the energy region close to the thresholds. In the TQQ system, two

mesons composed by Q̄q, the pseudoscalar meson P ∼ (Q̄q)spin 0 and the vector meson

P∗ ∼ (Q̄q)spin 1, can become effective degrees of freedom as constituents. In the heavy

quark limit, the pseudoscalar meson P and the vector meson P∗ become degenerate

in mass, and hence both of them should be considered. Hereafter we introduce the

notation P(∗) for P and P∗. Indeed, we will show that the mass degeneracy of the P and

P∗ activates the one-pion exchange potential between two P(∗)’s, and the bound and/or

resonant P(∗)P(∗) states are formed.

The tetraquark picture and the hadronic molecule picture are quite different. The

tetraquark picture is applied to the deeply bound state. To apply this picture to the

shallow bound states or resonant states, slightly below or above thresholds respectively,

is not appropriate, because the continuous P(∗) states above thresholds are not taken

into account. On the other hand, the hadronic molecule picture can be applied to the

shallow and resonant states, while it cannot be applied to the deeply bound states.

Though there have been several studies for bound states of P(∗)P(∗) in the hadronic

molecule picture, resonant states of P(∗)P(∗) have not been studied yet. Moreover, the

quantum numbers I(JP ) which have been discussed are limited only J ≤ 1. To be

more problematic, several channels in coupled channel problem have been neglected.

The last point is very important in the heavy quark systems. In the heavy quark limit,
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we need to consider the mass degeneracy of P and P∗ which provides more number of

channels than discussed in the literature. In the present work, we discuss both bound

and resonant states of P(∗)P(∗) systematically for various quantum numbers I(JP ) up

to J ≤ 2 by considering the fully coupled channel problem. The systematic analysis

of the energy spectrum for various quantum numbers is important to investigate the

dynamics governing the systems. Indeed, it will be shown that there are several new

shallow bound and/or resonant states, which were not found in other studies, thanks to

the strong attraction induced from the channel couplings even for larger J or angular

momentum.

This section is organized as follows. In 4.2.2, we give the interaction between two P(∗)

mesons with respecting the heavy quark symmetry and chiral symmetry. We introduce

the two types of potentials, the π exchange potential and πρω exchange potential. In

section 4.2.3, we classify all the P(∗)P(∗) systems up to J = 2, and search the bound

and/or resonant states by applying the potentials and solving the Schrödinger equations

numerically. In section 4.2.4, we compare our results from the hadronic molecule picture

with the previous results from the tetraquark picture. We summarize our discussions in

the final section.

4.2.2 Interaction with two mesons with doubly heavy flavor

The dynamics of the hadronic molecule of P(∗)P(∗) respects two important symmetries;

the heavy quark symmetry and chiral symmetry. The heavy quark symmetry induces

the mass degeneracy of P and P∗ in the heavy quark limit. Because of this, we have to

consider the channels of degenerate pairs, such as PP, PP∗, P∗P and P∗P∗, leading to

the mixing of them; PP∗-P∗P, P∗P∗-P∗P∗, PP-P∗P∗, PP∗-P∗P∗.

As for the meson-exchange interaction between two P(∗)’s, the one pion exchange po-

tential (OPEP) exists at long distances. The existence of a pion is a robust consequence

of spontaneous breaking of chiral symmetry [113]. The OPEP is provided by the PP∗π

and P∗P∗π vertices whose coupling strengths are equally weighted thanks to the heavy

quark symmetry. We note that there is no PPπ vertex because of the parity conserva-

tion. It should be noted that the existence of both PP∗π and P∗P∗π vertices thanks to

the heavy quark symmetry provide the channel mixing in PP, PP∗, P∗P and P∗P∗ at

long distance in the following discussions. At short distances, heavier mesons exchange

potential, which provide similar channel mixing, should also be considered.
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To derive the P(∗)P(∗) potential, we employ the effective Lagrangians based on the

heavy quark symmetry and chiral symmetry [27, 33, 34, 35, 38, 71]. The interaction

Lagrangians are given in the same way as PP̄ molecules. The only difference appears

at the sign of couplings.

The OPEPs are derived by the interaction Lagrangians (4.8) and (4.9) as follows:

V π
P1P ∗

2 →P ∗
1 P2

=
(√

2
g

fπ

)2 1
3
[
~ε ∗1 ·~ε2C(r;mπ)+Sε∗1,ε2 T (r;mπ)

]
~τ1 ·~τ2, (4.34)

V π
P ∗

1 P
∗
2 →P ∗

1 P
∗
2

=
(√

2
g

fπ

)2 1
3

[
~T1 · ~T2C(r;mπ)+ST1,T2 T (r;mπ)

]
~τ1 ·~τ2, (4.35)

V π
P1P2→P ∗

1 P
∗
2

=
(√

2
g

fπ

)2 1
3
[
~ε ∗1 ·~ε ∗2 C(r;mπ)+Sε∗1,ε∗2 T (r;mπ)

]
~τ1 ·~τ2, (4.36)

V π
P1P ∗

2 →P ∗
1 P

∗
2

= −
(√

2
g

fπ

)2 1
3

[
~ε ∗1 · ~T2C(r;mπ)+Sε∗1,T2 T (r;mπ)

]
~τ1 ·~τ2, (4.37)

where mπ is the pion mass. Here three polarizations are introduced for P∗ as defined

by ~ε (±) =
(
∓1/
√

2,−i/
√

2, 0
)

and ~ε (0) =(0, 0, 1), and the spin-one operator ~T is defined

by T iλ′λ = iεijkε
(λ′)†
j ε

(λ)
k . As a convention, we assign ~ε (λ) for an incoming vector particle

and ~ε (λ)∗ for an outgoing vector particle. Here ~τ1 and ~τ2 are isospin operators for P(∗)
1

and P(∗)
2 ; ~τ1 ·~τ2 = −3 and 1 for the I = 0 and I = 1 channels, respectively. We define

the tensor operators

Sε∗1,ε2 = 3(~ε (λ1)∗ ·r̂)(~ε (λ2) ·r̂)− ~ε (λ1)∗ ·~ε (λ2), (4.38)

ST1,T2 = 3(~T1 ·r̂)(~T2 ·r̂)− ~T1 · ~T2, (4.39)

Sε∗1,ε∗2 = 3(~ε (λ1)∗ ·r̂)(~ε (λ2)∗ ·r̂)− ~ε (λ1)∗ ·~ε (λ2)∗, (4.40)

Sε∗1,T2 = 3(~ε (λ1)∗ ·r̂)(~T2 ·r̂)− ~ε (λ1)∗ · ~T2, (4.41)

where r̂ = ~r/r is a unit vector between the two mesons.
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The ρmeson exchange potentials are similarly obtained from the interaction Lagrangians

(4.10)-(4.12),

V ρ
P1P2→P1P2

=
(
βgV
2mρ

)2 1
3
C(r;mρ)~τ1 ·~τ2, (4.42)

V ρ
P1P ∗

2 →P1P ∗
2

=
(
βgV
2mρ

)2 1
3
C(r;mρ)~τ1 ·~τ2, (4.43)

V ρ
P1P ∗

2 →P ∗
1 P2

= (2λgV )2
1
3
[
2~ε ∗1 ·~ε2C(r;mρ)−Sε∗1,ε2 T (r;mρ)

]
~τ1 ·~τ2, (4.44)

V ρ
P ∗

1 P
∗
2 →P ∗

1 P
∗
2

= (2λgV )2
1
3

[
2~T1 · ~T2C(r;mρ)−ST1,T2 T (r;mρ)

]
~τ1 ·~τ2

+
(
βgV
2mρ

)2 1
3
C(r;mρ)~τ1 ·~τ2, (4.45)

V ρ
P1P2→P ∗

1 P
∗
2

= (2λgV )2
1
3
[
2~ε ∗1 ·~ε ∗2 C(r;mρ)−Sε∗1,ε∗2 T (r;mρ)

]
~τ1 ·~τ2, (4.46)

V ρ
P1P ∗

2 →P ∗
1 P

∗
2

= − (2λgV )2
1
3

[
2~ε ∗1 · ~T2C(r;mρ)−Sε∗1,T2 T (r;mρ)

]
~τ1 ·~τ2. (4.47)

The ω meson exchange potentials are obtained by replacing the mass of ρ meson with

the one of ω meson and by removing the isospin factor ~τ1 ·~τ2. The OPEP’s of P(∗)P(∗)

differ from the ones of P(∗)P̄(∗) in that the overall signs are changed due to G-parity.

The situation is the same with ω meson exchange potentials, while ρ meson exchange

potentials of P(∗)P̄(∗) are not changed because the G-parity is even [5].

In the above equations, C(r;mh) and T (r;mh) are defined as

C(r;mh)=
∫

d3~q

(2π)3
m2
h

~q 2 +m2
h

ei~q·~r F (~q;mh), (4.48)

T (r;mh)S12(r̂)=
∫

d3~q

(2π)3
−~q 2

~q 2 +m2
h

S12(q̂)ei~q·~rF (~q;mh), (4.49)

with S12(x̂)=3(~σ1·x̂)(~σ2·x̂)−~σ1·~σ2. We introduce the monopole type form factor at each

vertex to take into account of the size effect of P(∗) mesons. Then the function reflected

form factors is defined as

F (~q;mh)=
(

Λ2
P−m2

h

Λ2
P+~q 2

)2

, (4.50)

where mh and ~q are the mass and three-momentum of the exchanged meson h (= π, ρ, ω)

and ΛP is the cut-off parameter. The cut-off parameter ΛP are determined from the size

of P estimated from the constituent quark model as discussed in Refs. [5, 72, 73, 114].

The cut-off parameters are ΛD = 1121 MeV and ΛB = 1070 MeV when the π exchange
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potential is employed, while ΛD = 1142 MeV and ΛB = 1091 MeV when the πρω is

employed.

Up to now we have given the meson-exchange potentials between two P(∗) mesons. We

should note that the potentials contain spin operators and tensor operators, hence that

the potentials for each quantum number are different. In the next section, we classify all

the P(∗)P(∗) states up to J = 2 and give the corresponding potentials in matrix forms.

4.2.3 Bound and resonant states

Let us classify all the possible quantum numbers of the P(∗)P(∗) systems with isospin

I, total angular momentum J (J ≤ 2), and parity P . We need also principal quantum

number n = 0, 1, . . . , if there exist several bound states for a given I(JP ). We show

the quantum numbers I(JP ) and the channels in the wave functions in Table 4.5. It is

noted that the wave functions must be symmetric under the exchange of the two P(∗)

mesons. We use the notation 2S+1LJ to indicate the states with the internal spins S and

angular momentum L. For example, the I(JP ) = 0(1+) state is a superposition of four

channels; 1√
2
(PP∗ − P∗P) (3S1), 1√

2
(PP∗ − P∗P) (3D1), P∗P∗(3S1) and P∗P∗(3D1). All

the possible channels should be mixed for a given the quantum number. In the previous

studies, the channel mixing were not fully considered [44, 105, 106]. Here we pay an

attention to that the approximate mass degeneracy of P and P∗ plays a crucial role to

mix the channels. Otherwise the attraction from the mixing effect becomes suppressed.

We note that the tensor force is also important to mix the channels with different angular

momenta, L and L±2. As a result, we obtain the Hamiltonian in a matrix form with the

basis of those coupled channels. The explicit forms of the Hamiltonian for each I(JP )

are summarized in Appendix A.

Now we are ready to solve the coupled channel Schrödinger equations for each quantum

number. The renormalized Numerov method [74] is adopted to numerically solve the

coupled second-order differential equations. The resonant states are identified by the

behavior of the phase shift δ as a function of the scattering energy E. The resonance

position Er is defined by an inflection point of the phase shift δ(E) and the resonance

width by Γr = 2/(dδ/dE)E=Er following Refs. [5, 73, 75]. To check the consistency of

our numerical calculations, we also adopt the complex scaling method (CSM), in which

the resonant state is defined as a pole in the complex energy plane [75]. We obtain an

agreement in the results of the renormalized Nemerov method and the CSM.
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We summarize our numerical results for D(∗)D(∗) bound/resonant states in Table 4.6

and Fig 4.3. In D(∗)D(∗) states, we find several bound and/or resonant states in I = 0,

while there is no bound state in I = 1. In general, the attractive force of pion exchange

in I = 1 is three times weaker than in I = 0 due to the isospin factor. As a numerical

result, D(∗)D(∗) bound states in I = 1 are not obtained but only resonant states are.

Let us look at our results one by one for each quantum number in detail. In the following

text, most of the numerical values are those for the case of the πρω potential, because

the results from the πρω potential are generally not so different from those from the

π potential, except for the 0(2−) state. The energies are measured from the threshold,

which is defined to be the lowest mass among the channels for a given quantum number

as tabulated in Table 4.5. For example, we adopt the DD∗ mass as threshold for I(JP ) =

0(0−), while, the DD mass for I(JP ) = 0(1−).

0(0−) This state has only one channel of DD∗ (see Table .4.5) and the pion exchange

potential is attractive as shown in Eq. (A.57). As a result, the very deep bound

state of DD∗ is generated with binding energy 132.1 MeV measured from the DD∗

threshold.

0(1+) The pion exchange potential is repulsive for diagonal components as shown in

Eq. (A.58). However this state has four components and the mixing of the S- and

D-waves causes the strong tensor attraction from the off-diagonal components of

the potential. Consequently, there is a deeply bound state of mostly DD∗ with

binding energy 62.3 MeV measured from the DD∗ threshold.

0(1−) There are twin shape resonances of DD with the resonance energy 17.8 MeV and

the decay width 41.6 MeV for the first resonance, and the resonance energy 152.8

MeV and the decay width 10.6 MeV for the second. The resonance energies are

measured from the DD threshold. Those resonances are formed by the centrifugal

barrier in the P -wave.

0(2+) This state contains only D-wave components of DD∗ and D∗D∗. The potential

is weakly attractive. Nevertheless, due to the centrifugal barrier in the D-wave,

there is a shape resonance of DD∗ scattering at the energy 33.7 MeV from the DD∗

threshold, but the decay width 196.3 MeV is very wide.

0(2−) When the OPEP is employed, there are twin resonant states with the resonance

energy 0.1 MeV and the decay width 0.02 MeV for the first resonance, and the
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resonance energy 118.0 MeV and the decay width 23.4 MeV for the second from

the DD∗ threshold. When the effects of ρ and ω meson exchange are included, the

first resonance becomes a weakly bound state with the binding energy 4.3 MeV,

because the ρ meson exchange enhances the central force attraction of the pion

exchange. The ω meson exchange plays a minor role due to the isospin factor,

although this contribution suppresses the attractive central force. The second

resonant state with the resonance energy 112.1 MeV and the decay width 26.6

MeV is not affected very much. From the analysis of wave function components

of the two bound states, we have verified that the lower and higher states are

dominated by DD∗ and D∗D∗, respectively.

1(0−) This is the only I = 1 state in D(∗)D(∗). The interaction in I = 1 are either

repulsive or only weakly attractive as already discussed. Nevertheless, due to the

P -wave centrifugal barrier, we find twin shape resonances; the resonance energy

2.3 MeV and the decay width 37.4 MeV for the first resonance, and the resonance

energy 144.2 MeV and the decay width 34.4 MeV for the second, from the DD∗

threshold.

Here several comments are in order. First, we have obtained several bound and/or

resonant state even for J = 2. Here the long range force by the OPEP becomes effective

for the extended objects with large angular momenta. It is also interesting to have “twin

states” for several quantum numbers, 0(1−), 0(2−) and 1(0−). We have to note that the

channel couplings by D and D∗ are important to produce the obtained energy spectrum.

Indeed, if we cut the channel coupling, we confirm that many of the states disappear.

Thus, we consider that the pattern of the energy spectrum is reflected by the dynamics

of the fully coupled channels.

Second, the present formalism of the hadronic molecule picture cannot be applied to

compact objects. When the two P(∗) mesons overlap spatially, we need to consider

the internal structure of P(∗), which is not included in the present hadronic picture.

Therefore we shall adopt 1 fm or larger for the size of the bound state to be interpreted

as a molecular state. The size of 1 fm is twice of typical radius of P(∗) ∼ 0.5 fm. For

instance, the I(JP ) = 0(2−) bound state with the binding energy −4.3 Mev is identified

with a molecular state because it has the size 1.6 fm, while the I(JP ) = 0(0−) bound

state with −132.1 MeV is not because its size is 0.8 fm. We emphasize, however, that

this criterion is not definitive but gives only qualitative guide.
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Next we discuss the B(∗)B(∗) states. We use the same coupling constants, and change

only the masses of heavy mesons with small difference of the cutoff parameters. The

results are summarized in Table 4.7 and Figs. 4.4 and 4.5. At first glance, we find

that the B(∗)B(∗) states have many bound and resonant states in comparison with the

D(∗)D(∗) states. There are two reasons. First, the kinetic term is suppressed in the

Hamiltonian because the reduced mass becomes larger in the bottom sector. Second,

the effect of channel-couplings becomes more important, because a pseudoscalar meson

B and a vector meson B∗ become more degenerate thanks to the heavy quark symmetry;

similar discussion has been done in Refs. [5, 72, 73]. We note that, as a consequence of

the strong attraction, several new states appear in the B(∗)B(∗) states in isospin triplet;

I(JP ) = 1(0+), 1(1−), 1(2+) and 1(2−). The corresponding states are not obtained in

the D(∗)D(∗) states.

As noted in the charm sector, the deeply bound states will not be within the scope of the

hadronic molecule picture. In the bottom sector, due to more attraction, more bound

states are generated. For example, we have three states (n = 0, 1, 2) in the 0(0−) state.

However, the n = 0, 1 states are too compact (0.5 fm and 0.9 fm, respectively) to be

considered as hadronic molecules. The n = 2 state is an extended object (2.5 fm), and

hence can be considered as the hadronic molecule. Similarly, it would not be conclusive

yet to consider hadronic molecules for the following states with radii less than 1 fm; the

n = 0 state in 0(1+), the n = 0, 1 states in 0(1−), the n = 0 state in 0(2+), the n = 0,

1 states in 0(2−) and the n = 0 state in 1(0+).

4.2.4 Hadronic molecules and tetraquarks

In the present study, we have considered TQQ as a hadronic molecule composed by

P(∗)P(∗) in which one pion exchange potential induces a dominant attraction. On the

other hand, as mentioned in the introduction, TQQ can also be considered as a tetraquark

Q̄Q̄qq in which a diquark qq provides a strong binding energy. The different features

between the hadronic molecule and tetraquark pictures are seen in their sizes. For

hadronic molecules to be valid, hadron constituents are sufficiently far apart such that

their identities as hadrons must be maintained. They can not be too close to overlap each

other. Therefore, masses of hadronic molecules should appear around their threshold

regions. In contrast, tetraquarks may be strongly bound and become compact objects

as genuine quark objects. Thus, their natures are differentiated in the masses, small

binding energy of order ten MeV or less, or larger one. Although it is tempting to seek
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Table 4.5: Possible channels of P(∗)P(∗)(2S+1LJ ) for a set of quantum numbers I and
JP for J ≤ 2.

I JP components

0− 1√
2
(PP∗ + P∗P)(3P0)

1+ 1√
2
(PP∗ − P∗P) (3S1), 1√

2
(PP∗ − P∗P) (3D1), P∗P∗(3S1), P∗P∗(3D1)

0 1− PP(1P1), 1√
2
(PP∗ + P∗P) (3P1), P∗P∗(1P1), P∗P∗(5P1), P∗P∗(5F1)

2+ 1√
2
(PP∗ − P∗P) (3D2), P∗P∗(3D2)

2− 1√
2
(PP∗ + P∗P) (3P2), 1√

2
(PP∗ + P∗P) (3F2), P∗P∗(5P2), P∗P∗(5F2)

0+ PP(1S0), P∗P∗(1S0), P∗P∗(5D0)

0− 1√
2
(PP∗ − P∗P) (3P0), P∗P∗(3P0)

1 1+ 1√
2
(PP∗ + P∗P) (3S1), 1√

2
(PP∗ + P∗P) (3D1), P∗P∗(5D1)

1− 1√
2
(PP∗ − P∗P) (3P1), P∗P∗(3P1)

2+ PP(1D2), 1√
2
(PP∗ + P∗P) (3D2), P∗P∗(1D2), P∗P∗(5S2), P∗P∗(5D2), P∗P∗(5G2)

2− 1√
2
(PP∗ − P∗P) (3P2), 1√

2
(PP∗ − P∗P) (3F2), P∗P∗(3P2), P∗P∗(3F2)

Table 4.6: The energies E can be either pure real for bound states or complex for
resonances. The real parts are measured from the thresholds as indicated in the third
columns. The imaginary parts are half of the decay widths of the resonances, Γ/2. The
values in the parentheses for the bound states are matter radii (relative distance of the

two constituents) in units of fm.

I JP threshold E [MeV]
π-potential π, ρ, ω-potential

0− DD∗ −50.2 (1.0) −132.1 (0.8)
1+ DD∗ −45.7 (0.9) −62.3 (0.8)

0 1− DD 175.4− i37.4
2 152.8− i10.6

2
19.4− i63.0

2 17.8− i41.6
2

2+ DD∗ 34.5− i183.1
2 33.7− i196.3

2

2− DD∗ 118.0− i23.4
2 112.1− i26.6

2
0.1− i0.02

2 −4.3 (1.6)
0+ DD no no

0− DD∗ 143.8− i40.0
2 144.2− i34.4

2
3.7− i27.7

2 2.3− i37.4
2

1 1+ DD∗ no no
1− DD∗ no no
2+ DD 289.4− i10.9

2 no
2− DD∗ no no
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Table 4.7: The energies of B(∗)B(∗) states with I(JP ) with J ≤ 2. (Same convention
as Table 4.6.)

I JP threshold E − iΓ/2 [MeV]
π-potential π, ρ, ω-potential

0− BB∗
−3.3 (2.5)

−32.0 (1.2) −77.5 (0.9)
−178.0 (0.6) −305.9 (0.5)

1+ BB∗ −25.7 (1.2) −33.6 (1.1)
−179.7 (0.5) −201.5 (0.5)

0
1− BB

52.8− i12.8
2 35.0− i11.8

2
1.9− i3.32 −3.1 (1.6)
−39.1 (0.8) −98.9 (0.6)
−125.5 (0.6) −164.4 (0.5)

2+ BB∗ 5.5− i5.92 5.7− i13.2
2

−51.2 (0.8) −60.6 (0.8)

2− BB∗

26.9− i20.2
2

26.9− i20.2
2 7.6− i4.32

7.6− i4.32 0.5− i8.52
−68.7 (0.8) −84.1 (0.7)
−147.5 (0.6) −196.5 (0.6)

0+ BB −18.1 (0.9), −33.9 (0.5)

0− BB∗ 46.7− i1.92
0.7− i3.02 38.5− i4.62
−50.5 (0.8) −5.9 (1.4)

1 1+ BB∗ −38.1 (0.8) no
1− BB∗ no 11.7− i11.0

2
2+ BB 23.0− i4.42 62.4− i52.5

2

2− BB∗ 63.7− i7.62
2.0− i3.32 2.3− i4.72

for a framework to cover both scales, such a problem is out of scope of the present study.

Instead, we compare the results from the two pictures and just clarify the differences

between them.

In the hadronic molecule picture by P(∗)P(∗), as presented in the previous section, we

obtain, not only the bound states, but also the resonant states in many I(JP ) quantum

numbers. Both in charm and bottom sectors, it is remarkable that there are even the

twin states in several quantum numbers, 0(1−), 0(2−) and 1(0−).

In the tetraquark picture including a diquark model [95, 96, 99, 101], in contrast, only

two bound states in I(JP ) = 0(1+) and 1(2−) have been predicted until now, as discussed

for an example in Refs. [99, 100, 101] as recent works. For 0(1+), the predicted binding

energy can be around 70 MeV from the DD∗ threshold. For 1(2−), the predicted binding
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Figure 4.3: Solid lines are for our predictions with numerical values as denoted above
the lines, and the values in parentheses below the lines denote the decay width Γ of
the resonances when the πρω potential is employed. Mass values are given in units of
MeV. Compact objects which can not be regarded as molecular states are shown with

grey lines.

energy can be around 27 MeV. The mass of the 0(1+) states in the tetraquark picture

is accidentally close to our value 62 MeV in the hadronic molecule picture. However,

this comparison should be considered more carefully. Because the size of the 0(1+) state

is 0.8 fm from Table 4.6, the D and D∗ mesons composing the 0(1+) state would be

overlapped spatially if the size of each D and D∗ meson is a scale of about 1 fm. In

such a compact object, the quark degrees of freedom may become active to contribute to

the dynamics like the tetraquark picture. However, such an effect is out of the scope of

the present hadronic molecule picture. The 1(2−) state cannot be found in our present

study.

In any cases, the feature in the energy spectrum in the D(∗)D(∗) molecule picture is

that there are many shallow bound states and resonances in 0(1−), 0(2+), 0(2−) and

1(0−), which are not found in the tetraquark picture. Thus, we observe that the energy

spectrum of the hadronic molecule picture by P(∗)P(∗) is qualitatively different from that

of the tetraquark picture.
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Figure 4.4: Compact objects which can not be regarded as molecular states are shown
below the wavy line, but their location do not reflect correct energy scale. (Same

convention as Fig. 4.3.)

Figure 4.5: The B(∗)B(∗) bound and resonant states around the thresholds with
I(JP ) in I = 1. (Same convention as Fig. 4.3.)



Chapter 4. Heavy meson molecules with the potential model 54

4.2.5 Summary

We have discussed exotic mesons with double charm and bottom flavor whose quark

content Q̄Q̄qq is genuinely exotic. We have taken the hadronic picture, and considered

molecular states of two heavy mesons P(∗)’s (a pseudoscalar meson P = D, B, and a

vector meson P∗ = D∗, B∗). With respecting the heavy quark and chiral symmetries, we

have constructed the π exchange potential and the πρω exchange potential between the

two heavy mesons. To investigate the bound and/or resonant states, we have numerically

solved the coupled channel Schrödinger equations for the P(∗)P(∗) states with I(JP ) for

J ≤ 2.

As results, we have found many bound and/or resonant states in both charm and bottom

sectors. The D(∗)D(∗) bound and resonant states have moderate energies and decay

widths around the thresholds in several channels with quantum numbers; 0(0−), 0(1+),

0(1−), 0(2+), 0(2−) and 1(0−). The B(∗)B(∗) states have more bound and resonant

states with various quantum numbers. Several new states appear in the B(∗)B(∗) states

in isotriplet states, such as 1(0+), 1(1−), 1(2+) and 1(2−), which cannot be found in the

charm sector. By contrast to the D(∗)D(∗) states, some B(∗)B(∗) states are very compact

objects with a large binding energy much below the thresholds. Perhaps, these states

cannot survive as hadronic molecules and more consideration of quark dynamics such

as tetraquarks is required.

The energy spectrum for quantum numbers I(JP ) will help us to study the structure of

the exotic states with Q̄Q̄qq. In the present hadronic molecule picture, many shallow

bound states and resonant states appear around the thresholds in several quantum

numbers. Indeed, they were not found in the tetraquark picture. It is interesting to

note that, around the thresholds for 0(1−), 0(2+), 0(2−) and 1(0−), the shape of energy

spectrum in those states in the charm sector seems to that in he bottom sector. It may

indicate a universal behavior of the energy spectrum around the thresholds.

Experimental studies of those exotic hadrons should be performed in the coming future.

The double charm production in accelerator facilities will help us to search them [115].

Recently it has been discussed that the quark-gluon plasma in the relativistic heavy ion

collisions could produce much abundance of exotic hadrons including the exotic mesons

with double charm [77, 78]. Those experimental studies will shed a light on the nature

of the exotic mesons with double charm and bottom flavor, and provide important hints

to the fundamental questions of the strong interaction in hadron physics.



Chapter 5

Spin selection rules for decays

and productions of Zb resonances

and other BB̄ molecules

We discuss decays and productions of possible molecular states formed by bottom mesons

B (B∗) and B̄ (B̄∗). The twin resonances, Z±,0
b (10610) and Z±

b (10650), are such can-

didates. The spin wave functions of the molecular states are rearranged into those of

heavy and light spin degrees of freedom by using the re-coupling formula of angular mo-

mentum. By applying the heavy quark symmetry we derive model independent relations

among various decay and production rates, which can be tested in experiments.

5.1 Introduction

We have seen in the previous chapter that the two Zb states are a good candidates

of the B(∗)B̄∗ molecule from the point of view of potential model. In addition, the

potential model predicts undiscovered exotic hadrons around the B(∗)B̄(∗) thresholds,

which appear as B(∗)B̄∗ molecules. To verify whether these theoretically expected states

exist or not in experiments, it is useful to study their production and decay properties.

Zb’s were found under the processes, Υ(5S) → Zbπ → ZbΥ(nS)ππ(n = 1, 2, 3) and

Υ(5S) → Zbπ → Zbhb(mP )ππ(m = 1, 2). It is well known that Υ(5S) decays via Zb

resonances are exotic in terms of heavy quark spin selection rules. We assume that Υ(5S)

55
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and Υ(nS) are spin triplet states of QQ̄, whereas hb(mP ) are spin singlet states. At first

glance, one may expect that spin flip processes, Zb → hb(mP )π, should be suppressed

compared with non-spin flip processes, Zb → Υ(nS)π, because of the large mass of b

quark. Nevertheless, two kinds of decays occur with comparable rate [1, 2] This puzzle

is related to the spin structure of Zb .[18, 31], which will be discussed in this chapter.

In this chapter, we derive relative rates of vaious transition when we consider that

B(∗)B̄(∗) molecular states obey the heavy quark symmetry. The heavy quark symmetry

allows only the processes where heavy quark spin is conserved, leading to selection rules

among certain classes of transitions. To derive them, we consider the spin structure of the

mesons by means of spin re-coupling formula which is equivalent to Fierz rearrangement.

By rearranging the two heavy quarks in B(∗) and B̄(∗) mesons of a molecular state, we

can separate the heavy quark spin and the spin of light degrees of freedom in heavy

quark limit.

This chapter is organized as follows. First we define the conserved quantities in heavy

quark limit, namely the spin of heavy quarks and that of light degrees of freedom in

Section 5.2. In Section 5.3, We show the examples of spin selection rules for the bot-

tomonium decays, and discuss some symmetry breaking case for bottomonium decays.

We analyze the spin structures of Zb resonances, and study the decay properties of Zb
in Section 5.4. After that, we also analyze the spin structures of the predicted B(∗)B̄(∗)

molecules to give the decay properties of them in Section 5.5.

5.2 Heavy quark spin symmetry

5.2.1 Heavy quark spin symmetry

In the heavy effective theory, the effective Lagrangian for heavy quark field Qv is given

as

LHQET = Q̄vv · iDQv + Q̄v
(iD⊥)2

2mQ
Qv − c(µ)gsQ̄v

σµνG
µν

4mQ
Qv +O(1/m2

Q), (5.1)

where Dµ
⊥ = Dµ−vµv ·D,Gµν = [DµDν ]/igs, and σµν = i[γµ, γν ]/2. Here, the covariant

derivative is defined as Dµ = ∂µ + igsA
a
µt
a with the gluon field Aaµ, the gauge coupling

gs, and ta = λa/2 with the Gell-Mann matrices λa(a = 1, · · · , 8). c(µ) is the Wilson

coefficient with the typical QCD parameter µ. This is the effective Lagrangian in the
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heavy quark effective theory (HQET). In the heavy quark mass limit mQ → ∞, only

the first term survives, whereas the other terms including the spin-flip terms σµνGµν

are suppressed by 1/mQ. This implies that the spin of a heavy quark is a conserved

quantity in heavy quark limit, which is called heavy quark spin symmetry.

As a consequence, we can define the new conserved quantity, namely the spin of light

degrees freedom (light spin for short). In general, the total angular momentum J of a

hadron is a conserved quantity. The spin of heavy quark SH is also conserved in the

limit of heavy quark mass, mQ →∞. Then the light spin Sl defiened by

Sl ≡ J− SH , (5.2)

is also conserved. Generally speaking, the light spin has complex structure. For instance,

a Qq̄ meson includes an anti-quark q̄, gluons, an arbitrary number of qq̄ pairs and

angular momentum L as the light degrees of freedom. Although they are not conserved

separately, the sum of them is conserved in the heavy quark limit. This quantity is

referred to simply as “light spin” because it includes all degrees of freedom except

for the heavy quark spin. Therefore, we can describe the spin structure of a hadron

containing heavy quarks in terms of the good quantum numbers SH and Sl. Thus the

wavefunction of a heavy meson as hadron is described by SH ⊗ Sl, which we call heavy

quark spin (HQS) basis. It should be noted that this expression is clearly written with

the conserved quantities unlike the ordinal expressions such as Qq̄(2S+1LJ).

5.2.2 Spin structures for open flavor heavy mesons

Here, we consider the spin structures of ordinary heavy mesons which is described as Qq̄

, QQ̄ (q = u, d). THe heavy meson containing a heavy quark is the examplest example

of the heavy quark spin doublet. For HQS basis, the notation is (SH ⊗ Sl)J , where Sl
is the light spin degrees of freedom. The ground states are composed of a heavy quark

SH = 1/2+ and the light-spin Sl = 1/2−, which makes a heavy quark spin doublet as,|P 〉 = |(1
2

+

H
⊗ 1

2

−
l
)0〉

|P ∗〉 = |(1
2

+

H
⊗ 1

2

−
l
)1〉

. (5.3)

These states are degenerate in the heavy quark mass limit mQ → ∞ because of the

suppression of spin-spin interaction between a heavy quark and a light spin. For particle
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basis, the notation is |Qq̄(2S+1LJ)〉, where L is orbital angular momentum, S is the total

spin of the pair of quarks and J is total angular momentum. Then P stands for a pseudo

scalar meson |P 〉 = |Qq̄(1S0)〉 and P ∗ for a vector meson |P ∗〉 = |Qq̄(3S1)〉. P and P ∗

correspond to D and D∗ if Q is a charm quark and B̄ and B̄∗ if Q is a bottom quark.

The first excited states have an orbital angular momentum L = 1 between a heavy quark

and a light antiquark. These states make two kinds of doublets, since L = 1 and the

spin of a constituent antiquark sl can give light-spin 1/2+ and 3/2+. They are|P ∗
0 〉 = |(1

2

+

H
⊗ 1

2

+

l
)0〉

|P ∗
1 〉 = |(1

2

+

H
⊗ 1

2

+

l
)1〉

,

|P1〉 = |(1
2

+

H
⊗ 3

2

+

l
)1〉

|P ∗
2 〉 = |(1

2

+

H
⊗ 3

2

+

l
)2〉

. (5.4)

For P ∗
0 and P ∗

2 , the HQS basis corresponds to the particle basis one for one as |(1
2

+

H
⊗ 1

2

+

l
)0〉 =

|Qq̄(3P0)〉 and |(1
2

+

H
⊗ 3

2

+

l
)2〉 = |Qq̄(3P2)〉. In contrast, P1 and P ∗

1 are mixture states of

Qq̄(1P1) and Qq̄(3P1), because the spin-spin interaction among Q and q̄ is suppressed in

the heavy quark limit. For the purpose to see this relation, it is instructive to consider

the spin recouplings. In general, the HQS basis are deconstruct to the particle basis

with standard spin recoupling formula. This decomposition is written as

|[α](sl,L)

jP 〉 =
∑
S

ĵŝQL̂Ŝ


L sl j

0 sQ sQ

L S J

 |Qq̄(2S+1LJ)〉 , (5.5)

where we use the 9-j symbol and Ŝ =
√

2S + 1. In terms of Eq. 5.5, we derive the

relations　

|(1
2

+

H
⊗ 1

2

+

l
)1〉 = − 1√

3
|Qq̄(1P1)〉+

√
2
3
|Qq̄(3P1)〉 , (5.6)

|(1
2

+

H
⊗ 3

2

+

l
)1〉 =

√
2
3
|Qq̄(1P1)〉+

1√
3
|Qq̄(3P1)〉 , (5.7)

In reality, however, (1
2

+

H
⊗ 1

2

+

l
)1 and (1

2

+

H
⊗ 3

2

+

l
)1 will be separated, and it is good ap-

proximation that |P ∗
1 〉 ∼ |(1

2

+

H
⊗ 1

2

+

l
)1〉 and |(1

2

+

H
⊗ 3

2

+

l
)1〉 as far as we consider the decay

properties (see also the next section).

We summarize the properties of the lowest-mass mesons containing a heavy quark in

Tables. 5.1 and 5.2. Actually, since spin-spin interaction between spin of a heavy quark

and light-spin doesn’t vanish because of finite mass of a heavy quark, the masses of

doublet mesons are slightly separated. But we can see that HQS is a good approximation
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in charm and bottom sector from the tables. Spin structures make clear understanding

regarding the mass spectrum of heavy hadrons.

Table 5.1: The lowest-mass mesons containing a c quark

Mass HQS basis particle basis
Meson JP (MeV) (SPH ⊗ SPl )J Qq̄(2S+1LJ)
D+ 0− 1869.62 (1

2

+

H
⊗ 1

2

−
l
)0 cd̄(1S0)

D∗+ 1− 2010.29 (1
2

+

H
⊗ 1

2

−
l
)1 cd̄(3S1)

D0 0− 1864.86 (1
2

+

H
⊗ 1

2

−
l
)0 cū(1S0)

D∗0 1− 2006.99 (1
2

+

H
⊗ 1

2

−
l
)1 cū(3S1)

D+
s 0− 1968.50 (1

2

+

H
⊗ 1

2

−
l
)0 cs̄(1S0)

D∗+
s 1− 2112.3 (1

2

+

H
⊗ 1

2

−
l
)1 cs̄(3S1)

D∗
0 0+ 2318 (1

2

+

H
⊗ 1

2

+

l
)0 cq̄(3P0)

D∗
1 1+ (1

2

+

H
⊗ 1

2

+

l
)1 cq̄(3P1)

D1 1+ 2424 (1
2

+

H
⊗ 3

2

+

l
)1 cq̄(1P1)

D∗
2 2+ 2461 (1

2

+

H
⊗ 3

2

+

l
)2 cq̄(3P2)

5.2.3 Heavy quarkonium

Next, we consider the spin structure of heavy quarkonium (Q̄Q). Because spin-spin

interaction between two heavy quarks is suppressed in heavy quark limit mQ → ∞,

SPCQ = 0−+ and 1−− states generally degenerate as

|0
−+
H ⊗ SPCl 〉

|1−−
H ⊗ SPCl 〉

, (5.8)

where P is the parity and C charge parity. This is general consequence and the degen-

erate is hold at any Sl taken. The lowest case is seen when SPCl = 0++
l is taken. It

makes the doublet as follows,|QQ̄(1S0)〉 = |(0−−
H ⊗ 0++

l )0〉

|QQ̄(3S1)〉 = |(1−−
H ⊗ 0++

l )1〉
. (5.9)
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Table 5.2: The lowest-mass mesons containing a b quark

Mass HQS basis particle basis
Meson JP (MeV) (SPH ⊗ SPl )J Qq̄(2S+1LJ)
B̄0 0− 5279.58 (1

2

+

H
⊗ 1

2

−
l
)0 bd̄(1S0)

B̄∗0 1− 5325.2 (1
2

+

H
⊗ 1

2

−
l
)1 bd̄(3S1)

B̄− 0− 5279.26 (1
2

+

H
⊗ 1

2

−
l
)0 bū(1S0)

B̄∗− 1− 5325.2 (1
2

+

H
⊗ 1

2

−
l
)1 bū(3S1)

B̄0
s 0− 5366.77 (1

2

+

H
⊗ 1

2

−
l
)0 bs̄(1S0)

B̄∗0
s 1− 5415.4 (1

2

+

H
⊗ 1

2

−
l
)1 bs̄(3S1)

B̄∗
0 0+ (1

2

+

H
⊗ 1

2

+

l
)0 bq̄(3P0)

B̄∗
1 1+ (1

2

+

H
⊗ 1

2

+

l
)1 bq̄(3P1)

B̄1 1+ 5723.5 (1
2

+

H
⊗ 3

2

+

l
)1 bq̄(1P1)

B̄∗
2 2+ 5743 (1

2

+

H
⊗ 3

2

+

l
)2 bq̄(3P2)

This doublet corresponds ηc − J/Ψ for Q = c and ηb − Υ for Q = b. We can see that

the doublet is a special case on a heavy quarkonium. The light spin SPCl equals the

quantum number of the relative angular momentum between two quarks in a heavy

quarkonium case. Thus, when the light spin Sl = 0 is taken, the positive parity P and

charge conjugation C should be positive. In general, when the arbitrary natural number

is taken as light-spin Sl = j(j 6= 0), a heavy quarkonium forms quartet as follows|QQ̄(j−PC)〉 = |(0−+
H ⊗ jPCl )j〉

|QQ̄(J−P−C)〉 = |(1−−
H ⊗ jPCl )J〉

, (5.10)

where the total angular momentum is J = j− 1, j, j+1. The three states |QQ̄(J−P−C)〉
also degenerate in heavy quark mass limit, because spin dependent interactions between

the heavy quark spins and the light-spin are also suppressed. As an example, we consider

the quartet for Sl = 1l as follows,|QQ̄(1P1)〉 = |(0−+
H ⊗ 1−−

l )1〉

|QQ̄(3PJ)〉 = |(1−−
H ⊗ 1−−

l )J〉
. (5.11)
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The QQ̄(1P1) state corresponds hc for charm quark Q = c and hb for bottom quark

Q = b, whereas QQ̄(3PJ) states can be regarded as χbJ(J = 0, 1, 2) for Q = c and χbJ

for Q = b. The properties of heavy quarkonia are summarized in Tables .5.3 and 5.4.

The spin structures of excited heavy quarkonia are basically the same as of the ground

state ones. Around the thresholds, however, they can couple to other states such as open

flavor channels. As a result of the mixing states, the simple assign of the spin structures

will break down. This example will be discussed later.

Table 5.3: The lowest-mass charmonia

Mass HQS basis particle basis
Meson JPC (MeV) (SPCH ⊗ SPCl )J cc̄(2S+1LJ)
ηc 0−+ 2983.7 (0−+

H ⊗ 0++
l )0 cc̄(1S0)

J/Ψ 1−− 3096.92 (1−−
H ⊗ 0++

l )1 cc̄(3S1)

hc 1+− 3525.38 (0−+
H ⊗ 1−−

l )1 cc̄(1P1)
χc0 0++ 3414.75 (1−− ⊗ 1−−

l )0 cc̄(3P0)
χc1 1++ 3510.66 (1−− ⊗ 1−−

l )1 cc̄(3P1)
χc2 2++ 3556.20 (1−− ⊗ 1−−

l )2 cc̄(3P2)

Table 5.4: The lowest-mass bottomonia

Mass HQS basis particle basis
Meson JPC (MeV) (SPCH ⊗ SPCl )J bb̄(2S+1LJ)
ηb 0−+ 9398.0 (0−+

H ⊗ 0++
l )0 bb̄(1S0)

Υ 1−− 9460.30 (1−−
H ⊗ 0++

l )1 bb̄(3S1)

hb 1+− 9899.3 (0−+
H ⊗ 1−−

l )1 bb̄(1P1)
χb0 0++ 9859.44 (1−− ⊗ 1−−

l )0 bb̄(3P0)
χb1 1++ 9892.78 (1−− ⊗ 1−−

l )1 bb̄(3P1)
χb2 2++ 9912.21 (1−− ⊗ 1−−

l )2 bb̄(3P2)

5.3 Relation of the spin structure and decays

We consider decays of a heavy meson in terms of heavy quark spin symmetry. The spin

structures provide useful information about not only the mass spectrum but decays of

a heavy meson. We show some examples in this section.
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5.3.1 Strong decays of heavy-light mesons

In many cases, excited heavy mesons containing a heavy quark decay into a ground

state doublet, P − P ∗, with a single pion emission. In generall, the strong decays are

restricted by parity, angular momentum conservation and kinematics. In addition to

them, the heavy quark spin selection rule becomes important in heavy quark limit. Now

we consider the four kinds of decays, (D1, D
∗
2) → (D,D∗) + π. It is an instructive

exercise to derive these symmetry relations [27]. The spin structures of excited doublet,

(D1, D
∗
2), are given as follows,

|D1〉 = |(1
2

+

H
⊗ 3

2

+

l
)1〉 , (5.12)

|D∗
2〉 = |(1

2

+

H
⊗ 3

2

+

l
)2〉 , (5.13)

from Table 5.1. These two multiplets have opposite parity and the pion has negative

parity, so the pion must be in an even partial wave with L = 0, 2 by parity and quantum

numbers conservation. D∗
2 → D + π and D∗

2 → D∗ + π must occur through the L = 2

partial wave, while D1 → D∗ + π seems to be able to decay with both L = 0 and L = 2

partial wave. But L = 0 for D1 → D∗ + π decay is forbidden due to the heavy quark

spin selection rule. The wave function of D∗ + π(L = 0) is uniquely given as

|D∗π(L = 0)〉 = |(1
2

+

H
⊗ 1

2

+

l
)1〉 . (5.14)

Since the light-spin of D1 is Sl = 3/2l, D1 → D∗ + π is forbidden inspite of allowing by

kinematics and quantum number conservation. This is the first example of the heavy

quark spin selection rule.

Next, we consider the decays with L = 2 partial wave. The transition amplitude for

D1 → D(∗) + π can be written by

M[D1 → D(∗) + π] = 〈D(∗)π(L = 2)|Heff |D1〉 , (5.15)

where D1 can be replaced by D∗
2 for D∗

2 → D(∗) + π. Here Heff is the effective strong

interaction Hamiltonian, which conserves the spin of the heavy quark and light-spin

separately. From the point of view of heavy quark symmetry, Heff should be replaced

by the common coupling constant geff when we postulate that these decays occur with
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contact interaction. Thus the amplitude is given as

M[D1 → D(∗) + π] = geff 〈D(∗)π(L = 2)|D1〉 , (5.16)

then the transition amplitude depend only on the overlap of the wavefunctions between

the initial and final states. Thus the decay width is given as follows

Γ(D1 → D(∗) + π) ∼ g2
eff | 〈D(∗)π(L = 2)|D1〉 |2, (5.17)

Because the wavefunction of the outgoing pion with L = 2 is given as (0+
H ⊗ 2−l )2,

the wavefunction of |Dπ(L = 2)〉 is calculated by means of spin-recoupling formula as

follows,

|Dπ(L = 2)〉 = (
1
2

+

H
⊗ 1

2

−

l
)0 ⊗ (0+

H ⊗ 2−l )2

=
∑
Sl

0̂2̂
1̂
2
Ŝl


1
2

1
2 0

0 2 2
1
2 Sl 2


= −

√
2
5

(
1
2

+

H
⊗ 3

2

+

l

)
2

+

√
3
5

(
1
2

+

H
⊗ 5

2

+

l

)
2

, (5.18)

where we abbreviate |(SPH ⊗ SPl )J〉 to (SPH ⊗ SPl )J . We derive the spin structures of

|D∗π(L = 2)〉 in the same way,

|D∗π(L = 2)〉J=1 =
(

1
2

+

H
⊗ 3

2

+

l

)
1

, (5.19)

|D∗π(L = 2)〉J=2 =

√
3
5

(
1
2

+

H
⊗ 3

2

+

l

)
2

+

√
2
5

(
1
2

+

H
⊗ 5

2

+

l

)
2

. (5.20)

These spin structures imply that the ratio of the L = 2 decay rates are given by

Γ(D1 → Dπ) : Γ(D1 → D∗π) : Γ(D∗
2 → Dπ) : Γ(D∗

2 → D∗π)

0 : 1 : 2
5 : 3

5 ,

(5.21)

where Γ(D1 → Dπ) is forbidden by angular momentum and parity conservation. The

relation Eq. 5.21 holds in the exact heavy quark limit. It is important to take into

account the difference of the phase spaces to compare the experimental values. The

decay rates are proportional to the final state three-momentum |pπ|2L+1 for small pπ,
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then |pπ|5 for L = 2. In the mc → ∞ limit, the D1, D∗
2 are degenerate and the D and

D∗ are also degenerate. Hence the effect of the difference of phase spaces does not affect

the ratios. For the physical value of mc, the D∗-D mass splitting is ∼ 145 MeV, which

is not negligible. Including the |pπ|5, the relative decay rates are given as

Γ(D1 → Dπ) : Γ(D1 → D∗π) : Γ(D∗
2 → Dπ) : Γ(D∗

2 → D∗π)

0 : 1 : 2.3 : 0.93
.

As a consequence, we obtain the ratio Br(D∗
2 → Dπ)/Br(D∗

2 → D∗π) ∼= 2.5, which is

consistent with the experimental value 2.4 for D∗0
2 decay. In contrast, the ratio 1.9 for

D∗±
2 decay is not so far from the theoretical prediction.

This argument can apply the B1 and B∗
2 decays in the same way. The only difference

is the pion three momentum |pπ|5. Including the |pπ|5, the relative decay rates for B1

and B∗
2 decays are

Γ(B1 → Bπ) : Γ(B1 → B∗π) : Γ(B∗
2 → Bπ) : Γ(B∗

2 → B∗π)

0 : 1 : 0.91 : 0.78
.

The phase space effect can’t be effective in the relative ratios compared with the charm

mesons, because the heavy quark symmetry is the good approximation at the bottom

quark mass and the B∗−B mass splitting is small, ∼ 45 MeV. We obtain the prediction

for the ratio Br(B∗
2 → Bπ)/Br(B∗

2 → B∗π) ∼= 1.2, which is unobserved in experiments

and will be testable in the future.

Next we argue the D∗
0 and D∗

1. Phenomenologically, the decay is suppressed by the

phase space factor ∼ (|pπ|/Λ)2L+1, for the partial wave L. The Λ is the scale parameter

of typical hadron interactions. The fact that the scale Λ ∼ 1 GeV makes possible to

understand why the doublet D∗
0 and D∗

1 is difficult to observe. They can decay into

the ground state doublet D and D∗ with a single pion emission in partial wave L = 0

because of the conservation of light spin Sl = 1/2l. Thus the decay widths should be

wider than the D1 and D∗
2 decay widths by roughly (Λ/|pπ|)4 ∼ 20 − 40. Because the

D1 and D∗
2 widths are Γ(D0

1) = 27.4 MeV and Γ(D∗0
2 ) = 49.0 MeV, D∗

0 and D∗
1 should

be broad, with widths greater than 300 MeV, which makes it difficult to observe them.

The measured width of the D∗
1 = 384 MeV.
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5.3.2 Heavy quarkonium decay

The heavy quark spin selection rules bring out the properties of heavy quarkonia QQ̄.

As a simple example, the heavy quark spin of heavy quarkonia implies that heavy quark

triplet states, Υ, χbJ for Q = b, are forbidden to decay into heavy quark singlet states,

ηb, hb for Q = b. The excited Υ’s can decay into both Υππ and ηbππ from the point of

view of quantum number conservation law, however spin selection rule only allows the

decay Υ→ Υππ.

In many cases excited heavy quarkonia QQ̄ decay to the open flavor channels such as

PP̄ , P P̄ ∗ and P ∗P̄ ∗ if their masses are above the thresholds. Here, we estimate the decay

ratio of Υ(5S) → BB̄,BB̄∗, B∗B̄∗. The Υ(5S) should be assigned as 1−H ⊗ 0+
l states,

whose quantum numbers are 1−−. Because Υ(5S) with mass of approximately 10.87

GeV is well above the thresholds for non-strange B(∗) mesons, so that spin symmetry

breaking due to the mixing with the open flavor channels should not be large. This state

is of a special interest due to a large reproduction rate in the e+e− annihilation. In this

channel, there are four different P -wave states of pair of B mesons with JPC = 1−−:

BB̄(1P1), 1√
2
(BB̄∗+B∗B̄)(3P1), B∗B̄∗(1P1) and B∗B̄∗(5P1). The states B∗B̄∗(1P1) and

B∗B̄∗(5P1) correspond to two possible values of the total spin S of the B∗|B̄∗ mason

pair. It is convenient to write the four possible combinations as follows:

ψ10 =
∣∣1−−
H ⊗ 0++

l

〉
(5.22)

ψ11 =
∣∣1−−
H ⊗ 1++

l

〉
J=1

(5.23)

ψ12 =
∣∣1−−
H ⊗ 2++

l

〉
J=1

(5.24)

ψ01 =
∣∣0−+
H ⊗ 1+−

l

〉
. (5.25)

The first three of these combinations involve the heavy quark triplet states with three

kinds of light spin, whereas the forth combination is a heavy quark singlet state with

the light spin uniquely assigned Sl = 1. Using spin recoupling formula, we decompose
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the wave functions in Eqs. 5.22-5.25 to heavy and light spin:

BB̄(1P1) =
1

2
√

3
ψ10 −

1
2
ψ11 +

√
5

2
√

3
ψ12 +

1
2
ψ01 (5.26)

1√
2
(BB̄∗ +B∗B̄)(3P1) = − 1√

3
ψ10 +

1
2
ψ11 +

√
5

2
√

3
ψ12 (5.27)

B∗B̄∗(1P1) = −1
6
ψ10 +

1
2
√

3
ψ11 −

√
5

6
ψ12 +

√
3

2
ψ01 (5.28)

B∗B̄∗(5P1) =
√

5
3
ψ10 +

√
5

2
√

3
ψ11 +

1
6
ψ12. (5.29)

Since Υ(5S) corresponds the structure 1−−
H ⊗ 0++

l , in the limit of exact heavy quark

spin conservation the relative amplitudes for production of the four states from Υ(5S)

are given by the coefficients of ψ10 in Eqs. 5.26-5.29

A(Υ(5S)→ BB̄) : A(Υ(5S)→ BB̄∗) : A(Υ(5S)→ (B∗B̄∗)S=0) : A(Υ(5S)→ (B∗B̄∗)S=2)
1

2
√

3
: − 1√

3
: −1

6 :
√

5
3 ,

(5.30)

where BB̄∗ stands for 1√
2
(BB̄∗ + B∗B̄). This relation was found in Ref. [116, 117].

These ratios give the decay ratios for each channel as

Γ(Υ(5S)→ BB̄) : Γ(Υ(5S)→ BB̄∗) : Γ(Υ(5S)→ (B∗B̄∗)S=0) : Γ(Υ(5S)→ (B∗B̄∗)S=2)

1 : 4 : 1
3 : 20

3

,

(5.31)

where we neglect the phase space factor ~p 3, which is the three-momentum of outgoing

particle. If the states of the vector meson pairs, B∗B̄∗(1P1) and B∗B̄∗(5P1) are not

resolved and only the total yield of the meson is measured, the ratio for the decay

widths is given by

Γ(Υ(5S)→ BB̄) : Γ(Υ(5S)→ BB̄∗) : Γ(Υ(5S)→ B∗B̄∗)

1 : 4 : 7
, (5.32)

This relation, which is pointed out long ago [118], is a direct consequence of the heavy

quark symmetry. This result can be tested in experiments and enables to discuss the

structure of hadrons.
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The available data give the branching fractions of decay

Γexp(Υ(5S)→ BB̄) : Γexp(Υ(5S)→ BB̄∗) : Γexp(Υ(5S)→ B∗B̄∗)

1 : 2.5 : 7
, (5.33)

which is not so far from the result in Eq. (5.32).

5.4 The Zb decay property

Now we consider Zb(10610) and Zb(10650). We assume that the main component of

the wave function of Zb(10610) is 1√
2
(BB̄∗ − B∗B̄)(3S1) and that of the Zb(10650) is

B∗B̄∗(3S1). Because these masses are close to BB̄∗ and B∗B̄∗ thresholds respectively,

and the rate of D-wave mixing is not large as the previous study indicates that the

probability of 1√
2
(BB̄∗−B∗B̄)(3D1) is about 9% and that of B∗B̄∗(3D1) is about 6% in

the total wave function of Zb(10610) [5]. Let us now employ the spin re-coupling formula

with 9-j symbols to analyze the spin structure of 1√
2
(BB̄∗−B∗B̄)(3S1) and B∗B̄∗(3S1).

This standard formula is written as

[[l1, s1]j1 , [l2, s2]j2 ]J =
∑
L,S

ĵ1ĵ2L̂Ŝ


l1 s1 j1

l2 s2 j2

L S J

 [[l1, l2]L, [s1, s2]S ]J , (5.34)

where [j1, j2]J means that the angular momenta j1 and j2 are coupled to the total angular

momentum J , and Ĵ =
√

2J + 1. By using this, the heavy and light spins of BB̄∗(3S1)

and B∗B̄(3S1) are re-coupled as

|BB̄∗(3S1)〉 = [[bq̄]0, [b̄q]1]1

=
∑
H,l

0̂1̂Ĥl̂


1/2 1/2 0

1/2 1/2 1

H l 1


[
[bb̄]H , [q̄q]l

]1

=
1
2
[
[bb̄]0, [q̄q]1

]1 − 1
2
[
[bb̄]1, [q̄q]0

]1 +
1√
2

[
[bb̄]1, [q̄q]1

]1
=

1
2
(0−H ⊗ 1−l )− 1

2
(1−H ⊗ 0−l ) +

1√
2
(1−H ⊗ 1−l ) , (5.35)
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|B∗B̄(3S1)〉 = [[bq̄]1, [b̄q]0]1

= −1
2
(0−H ⊗ 1−l ) +

1
2
(1−H ⊗ 0−l ) +

1√
2
(1−H ⊗ 1−l ) , (5.36)

which give the spin structure of 1√
2
(BB̄∗ −B∗B̄)(3S1). For B∗B̄∗(3S1), we have

|B∗B̄∗(3S1)〉 =
[
[bq̄]1, [b̄q]1

]1
=

∑
H,l

1̂1̂Ĥl̂


1/2 1/2 1

1/2 1/2 1

H l 1


[
[bb̄]H , [q̄q]l

]1

=
1√
2

[
[bb̄]0, [q̄q]1

]1 +
1√
2

[
[bb̄]1, [q̄q]0

]1
=

1√
2
(0−H ⊗ 1−l ) +

1√
2
(1−H ⊗ 0−l ) . (5.37)

If the structure of Zb’s is dominated by B(∗)B̄∗(3S1), their spin configurations are given

from (5.35)-(5.37) as

|Zb(10610)〉 =
1√
2
(0−H ⊗ 1−l )− 1√

2
(1−H ⊗ 0−l ) , (5.38)

|Zb(10650)〉 =
1√
2
(0−H ⊗ 1−l ) +

1√
2
(1−H ⊗ 0−l ) . (5.39)

It is important to note that Zb’s have the same fraction of a heavy quark spin singlet

component and a triplet component. A usual bottomonium cannot have two kinds of

heavy quark spin states. For instance, Υ(nS) is a spin-triplet bottomonium (|Υ(nS)〉 =

1−H ⊗ 0+
l ) and hb(kP ) is a spin-singlet bottomonium (|hb(kP )〉 = 0−H ⊗ 1−l ). Naively, it

is expected that Υ → hbππ decay is suppressed because this process needs spin flip of

a heavy quark. However, the experimental data shows that Υ(5S)→ hb(kP )ππ decays

have almost same probabilities as Υ(5S)→ Υ(nS)ππ [1]. This can be explained by the

wave function of (5.38) and (5.39). In fact, if a two pion emission process from Υ(5S)

occurs through Zb, the first term of (5.38) or (5.39) allows the decay into hb(kP )ππ

while the second term into Υ(nS)ππ. These arguments have been already made by Fierz

transformation in [18, 67]. Here we have shown the same results in terms of the spin

re-coupling formula (5.34), which is also applied to other processes in a straightforward

manner.

Next we consider the neutral resonance Z0
b (10610) recently observed in the processes

Υ(5S) → π0π0Υ(1S, 2S) by Belle group [4]. It is possible for Z0
b (10610) to decay into
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Υπ0, hbπ0, ηbγ(ρ0) and χbJγ (J = 1, 2, 3) from the viewpoint of the conservation of

quantum numbers and kinematics. In general, the decay Υ(5S)→ ηbπ
0γ(ρ0) should be

suppressed because this process requires heavy quark spin flip. However, going through

Zb, the decay into the singlet bottomonium state is allowed.

Z0
b (10610) can decay into χbJ (J = 1, 2, 3) by a photon emission. The radiative transition

into a bottomonium is a new decay pattern for Zb, which cannot be seen in charged Z±
b .

It can be used to investigate the structure and interaction of Zb. Here, we estimate

the ratio of decays Z0
b → χbJγ. To do this, we derive the spin structure of χbJγ.

Since Z0
b (10610) has I(JPC) = 1(1+−) as a possible isospin partner of Z±

b (10610), the

orbital angular momentum, for instance, between χb0 and photon must be L = 1, which

corresponds to an M1 multipole transition. Therefore, the spin structure of the photon

can be written as |γ(M1)〉 = 0+
H⊗1+

l . The spin structure of χb0 is |χb0〉 = (1−H⊗1−l )|J=0.

Applying the re-coupling formula to the spin of χb0 and photon, we find

|χb0γ(M1)〉 = (1−H ⊗ 1−l )|J=0 ⊗ (0+
H ⊗ 1+

l )

=
1
3
(1−H ⊗ 0−l )− 1√

3
(1−H ⊗ 1−l )|J=1 +

√
5

3
(1−H ⊗ 2−l )|J=1 . (5.40)

The same consideration is applied to the decay Z0
b (10610) → χb1γ, where M1 and E2

transitions are possible. Assuming |γ(E2)〉 = 0+
H⊗2−l , the spin structures of these decay

channels are given by

|χb1γ(M1)〉 = − 1√
3
(1−H ⊗ 0−l ) +

1
2
(1−H ⊗ 1−l )|J=1 +

15
6

(1−H ⊗ 2−l )|J=1 , (5.41)

|χb1γ(E2)〉 = −1
2
(1−H ⊗ 1−l )|J=1 +

√
3

2
(1−H ⊗ 2−l )|J=1 . (5.42)

The decay Z0
b (10610) → χb2γ can also occur in M1 and E2 transitions and the spin

structures of these states are given by

|χb2γ(M1)〉 =
√

5
3

(1−H ⊗ 0−l ) +
√

15
6

(1−H ⊗ 1−l )|J=1 +
1
6
(1−H ⊗ 2−l )|J=1 , (5.43)

|χb2γ(E2)〉 =
√

3
2

(1−H ⊗ 1−l )|J=1 +
1
2
(1−H ⊗ 2−l )|J=2 . (5.44)
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Because Z0
b (10610) has the structure (5.38), its radiative decay is possible only through

M1 transitions, and (5.40)-(5.44) imply that the decay ratio is given as

Γ(Z0
b → χb0γ) : Γ(Z0

b → χb1γ) : Γ(Z0
b → χb2γ)

1 : 3 : 5
. (5.45)

Note that the differences of the phase spaces are not included here, and furthermore

overlaps of the meson wave functions are assumed to be the same, which is the case when

the spatial wave functions of χbJ have the same node quantum number. Considering

the phase space factors proportional to the cube of the photon energy ω3
J , we find the

relation for Z0
b (10610)→ χbJ(1P )

Γ(Z0
b → χb0(1P )γ) : Γ(Z0

b → χb1(1P )γ) : Γ(Z0
b → χb2(1P )γ)

1.0 : 2.6 : 4.1
, (5.46)

and for Z0
b (10610)→ χbJ(2P )

Γ(Z0
b → χb0(2P )γ) : Γ(Z0

b → χb1(2P )γ) : Γ(Z0
b → χb2(2P )γ)

1.0 : 2.5 : 3.8
, (5.47)

which can be compared with experimental data. This decay is also studied with NREFT

by Cleven’s model [119], which obtains the ratios 1:2.5:3.7 for the χbJ(1P ) states and

1:2.1:2.9 for the χbJ(2P ) states. It appears that their analysis lends support to our

predictions. So far we have assumed that Zb(10610) wave function is dominated by 3S1

of 1√
2
(BB̄∗−B∗B̄). It should be noted that a 3D1 component exists with a small fraction

in the 1√
2
(BB̄∗−B∗B̄) molecular state [5]. The spin structure of 1√

2
(BB̄∗−B∗B̄)(3D1)

is 1√
2
(0−H⊗1−l )+ 1√

2
(1−H⊗2−l )|J=1, which modifies slightly the relations (5.46) and (5.47).

Moreover, it implies that E2 transition in the processes Z0
b → χbJγ must occur mediated

by the D-wave component. This is also an interesting point to be studied in experiments

with higher statistics.
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Table 5.5: Various properties of W++
bJ states. Masses are taken from the predicted

values from [5].

WPC
bJ IG(JPC) Main component Mass [MeV]

W++
b0 1−(0++) BB̄(1S0) -

W ′++
b0 1−(0++) B∗B̄∗(1S0) -

W++
b1 1−(1++) 1√

2
(BB̄∗ +B∗B̄)(3S1) 10602

W++
b2 1−(2++) B∗B̄∗(5S2) 10621

5.5 Other heavy meson molecules

5.5.1 Heavy meson molecules with negative G-parity

In this section, we discuss the decay properties of the predictedB(∗)B̄(∗) meson molecules,

which can be accessed by Υ(5S) decays. We introduce the notations WPC
bJ for the low-

est state and W ′PC
bJ for the first excited state. First, we consider the isotriplet B(∗)B̄(∗)

molecules having G-parity: W++
b0 , W ′++

b0 , W++
b1 and W++

b2 . Their decay and production

properties are first studied by Voloshin [67]. These states can be produced by the radia-

tive transitions from Υ(5S). We summarize the W++
bJ properties in Table 5.5: quantum

numbers, the main component and the mass. The masses are estimated values from the

potential model [5]. Actually, potential model does not reproduce any bound and reso-

nance states in IG(JPC) = 1−(0++). Some studies, however, argue the presence of the

W++
b0 and W ′++

b0 . According their claim, we postulate them, whose main components

are BB̄(1S0) for W++
b0 and B∗B̄∗(1S0) for W ′++

b0 , in this section.

Using the spin-recoupling formula, we can obtain the spin structures for W++
bJ :

W++
b0 :

1
2
(0−H ⊗ 0−l ) +

√
3

2
(1+
H ⊗ 1+

l )|J=0 (5.48)

W ′++
b0 :

√
3

2
(0−H ⊗ 0−l )− 1

2
(1+
H ⊗ 1+

l )|J=0 (5.49)

W++
b1 : (1−H ⊗ 1+

l )|J=1 (5.50)

W++
b2 : (1−H ⊗ 1+

l )|J=2 (5.51)

At first glance, W++
b1 and W++

b2 are pure heavy quark spin triplet states. This fact

suggests that these states cannot decay into the channels of spin singlet bottomonia

such as εbπ, hbγ. In contrast, W++
b0 and W ′++

b0 will decay to ηbπ in a S-wave. The
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relative decay ratio is expected from the spin structures:

Γ(W++
b0 → ηbπ) : Γ(W ′++

b0 → ηbπ)

1 : 3
, (5.52)

when we neglect the difference of the phase space. Because this decay occurs in S-wave,

this factor will be negligible. Assuming that the masses are M(BB̄) = 10599 MeV for

M(Wb0++) and M(B∗B̄∗)10650 MeV for M(Wb0′++) although our potential model does

not predict these states, we derive the decay ratio taking into account the phase space:

Γ(W++
b0 → ηbπ) : Γ(W ′++

b0 → ηbπ)

1.0 : 3.2
, (5.53)

which shows that the phase space factor hardly contributes this decay ratio.

All of W++
bJ can decay to Υρ in a S-wave via the (1+

H ⊗ 0+
l ) component. The relative

decay ratio of them are given as

Γ(W++
b0 → Υρ) : Γ(W ′++

b0 → Υρ) : Γ(W++
b1 → Υρ) : Γ(W++

b2 → Υρ)
3
4 : 1

4 : 1 : 1
(5.54)

Since these decays occur in a S-wave, the effect of the phase space will be small as the

result on εbπ decays.

The wavefunctions of W++
bJ also make it possible to estimate the production properties.

The W++
bJ can be accessed from Υ(5S) radiative decay as predicted in . The spin

structure of Υ(5S) will be (1−H ⊗ 0+
l ) as denoted . To see the production properties, we

need to know the wave functions of (W++
bJ γ)J=1 in HQS basis. Because Υ(5S) radiative

decay to W++
bJ corresponds to E1 transition, the wavefunction of the γ is regarded as

0+
H ⊗ 1−l . Thus the spin structures of W++

bJ γ is given as

|W++
b0 γ(E1)〉 =

1
2
(0−H ⊗ 1−l ) +

1
2
√

3
(1−H ⊗ 0−l )− 1

2
(1−H ⊗ 1−l )|J=1 +

√
5

2
√

3
(1−H ⊗ 2−l )|J=1

|W ′++
b0 γ(E1)〉 =

√
3

2
(0−H ⊗ 1−l )− 1

6
(1−H ⊗ 0−l ) +

1
2
√

3
(1−H ⊗ 1−l )|J=1 −

√
5

6
(1−H ⊗ 2−l )|J=1

|W++
b1 γ(E1)〉 = − 1√

3
(1−H ⊗ 0−l ) +

1
2
(1−H ⊗ 1−l )|J=1 +

√
5

2
√

3
(1−H ⊗ 2−l )|J=1

|W++
b2 γ(E1)〉 =

√
5

3
(1−H ⊗ 0−l ) +

√
5

2
√

3
(1−H ⊗ 1−l )|J=1 +

1
6
(1−H ⊗ 2−l )|J=2 (5.55)
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Table 5.6: Various properties of W−−
bJ states found in [5].

WPC
bJ IG(JPC) Main component Mass [MeV]

W−−
b0 1+(0−−) 1√

2
(BB̄∗ +B∗B̄)(3P0) 10594

W ′−−
b1 1+(1−−) 1√

2
(BB̄∗ +B∗B̄)(3P1) 10617

W−−
b1 1+(1−−) BB̄(1P1) 10566

W ′−−
b2 1+(2−−) B∗B̄∗(5P2) 10649

W−−
b2 1+(2−−) 1√

2
(BB̄∗ +B∗B̄)(3P2) 10606

Since the Υ(5S) is 1−H ⊗ 0+
l state, these productions must occur through the 1−H ⊗ 0+

l

component. Hence, the relative production rate of Υ(5S)→W++
bJ γ is obtained as

f(W++
b0 γ) : f(W ′++

b0 γ) : f(W++
b1 γ) : f(W++

b2 γ)
3
4w

3
0 : 1

4w
3
2 : 3w3

1 : 5w3
2

, (5.56)

where w0,1,2 are the photon energies in the corresponding transitions: W0 ∼ 305 MeV,

W1 ∼ 260 MeV and W2 ∼ 215 MeV. Taking account the kinematical factors w3, we

estimate the ratio of the rates approximately as 8.5:1:21:20, which will be proper rather

than the result 5.56 one ignores the kinematical effect. In both cases, heavy quark spin

suggests that W ′++
b0 is suppressed compared with W++

b2 .

5.5.2 Heavy meson molecules with positive G-parity

Now, we consider production and decay properties of recently predicted isotripletB(∗)B̄(∗)

molecular states having positive G-parity [5]. These states can be produced by one pion

emission in P -wave from Υ(5S). We summarize various properties including the quan-

tum numbers, the main components of wave functions and the masses of W−−
bJ in Ta-

ble 5.6. We note that, in principle, B∗B̄∗(1P1) and B∗B̄∗(5P1) in IG(JPC) = 1+(1−−)

states can be mixed. As a result of the previous study, however, it has been shown

that W−−
b1 and W ′−−

b1 are close to each threshold of BB̄ and BB̄∗, and so B∗B̄∗ compo-

nents are suppressed. There could be also coupled channels 1√
2
(BB̄∗ + B∗B̄)(3F2) and

B∗B̄∗(5F2) components in 1+(2−−) states. However, we expect that the probabilities of

these components are small due to high angular momentum. Hence, the main compo-

nents of W−−
bJ are those given in Table 5.6. The corresponding spin structures of W−−

bJ
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states are given as

W−−
b0 : (1−H ⊗ 1+

l )|J=0 , (5.57)

W ′−−
b1 : − 1√

3
(1−H ⊗ 0+

l ) +
1
2
(1−H ⊗ 1+

l )|J=1 +
√

5
2
√

3
(1−H ⊗ 2+

l )|J=1 , (5.58)

W−−
b1 :

1
2
(0−H ⊗ 1+

l ) +
1

2
√

3
(1−H ⊗ 0+

l )− 1
2
(1−H ⊗ 1+

l )|J=1 +
√

5
2
√

3
(1−H ⊗ 2+

l )|J=1 ,(5.59)

W ′−−
b2 :

√
3

2
(1−H ⊗ 1+

l )|J=2 +
1
2
(1−H ⊗ 2+

l )|J=2 , (5.60)

W−−
b2 : −1

2
(1−H ⊗ 1+

l )|J=2 +
√

3
2

(1−H ⊗ 2+
l )|J=2 . (5.61)

Remarkably, the heavy quark spin singlet state exists only in W−−
b1 . Therefore decays

of W−−
bJ into a heavy quark spin singlet state of bottomonium and light hadrons are

forbidden except for W−−
b1 , although their quantum numbers and kinematics allow them.

Only W−−
b1 can decay into hbπ or ηbρ(γ). In contrast, all W−−

bJ can decay into a heavy

quark spin triplet state, e.g. Υπ in P -wave (|Υπ〉P -wave = (1−H ⊗1+
l )|J=0,1,2). The decay

ratio of the processes W−−
bJ → Υπ is obtained as

Γ(W−−
b0 → Υπ) : Γ(W ′−−

b1 → Υπ) : Γ(W−−
b1 → Υπ) : Γ(W ′−−

b2 → Υπ) : Γ(W−−
b2 → Υπ)

4 : 1 : 1 : 3 : 1
.(5.62)

The decay processes Υ(5S)→W−−
bJ π → Υ(nS)ππ are not yet observed, though they are

similar to Υ(5S) → Zbπ → Υ(nS)ππ. However we expect that the production rates of

W−−
bJ is small compared with that of Zb, since the W−−

bJ transition is mediated by a pion

emission in P -wave. High statistics and refined analysis of experiments will establish

the presence or absence of W−−
bJ and their production and decay properties. Finally, the

production ratio of W−−
bJ from Υ(5S) is obtained as

f(W−−
b0 π) : f(W ′−−

b1 π) : f(W−−
b1 π) : f(W ′−−

b2 π) : f(W−−
b2 π)

2 : 9 : 4.5 : 9 : 12
, (5.63)

where we find the production rate of W−−
b2 is favored, while the production of W−−

b0 is

suppressed. Considering the phase space factors proportional to the cube of the pion

momentum ~qπ, the relation for the production ratio (5.63) is modified as

f(W−−
b0 π) : f(W ′−−

b1 π) : f(W−−
b1 π) : f(W ′−−

b2 π) : f(W−−
b2 π)

2.0 : 6.3 : 6.4 : 3.5 : 10.0
. (5.64)
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This result shows that the phase space corrections will not drastically change the re-

sult (5.63) except for W ′−−
b2 π. The production ratio of W ′−−

b2 π is most affected, because

the mass of W ′−−
b2 is close to Υ(5S) and hence the phase space is reduced in comparison

with those of other states.

5.6 Summary

In summary, we have derived the model independent relations among various decay and

production rates for possible B(∗)B̄(∗) molecular states under the heavy quark symmetry.

Part of decay properties of Zb(10610) and Zb(10650) are well explained and the possible

decay patterns for neutral Z0
b (10610) are discussed in the present framework. We have

shown that the W−−
bJ decay into a spin singlet bottomonium is forbidden except for

W−−
b1 . We have also predicted the production rate of various W−−

bJ through the one pion

emission of Υ(5S). All of them can be tested experimentally and will provide important

information to further understand the exotic structure of the new particles.



Chapter 6

Decays of Zb→ Υπ via triangle

diagrams in heavy meson

molecules

Bottomonium-like resonances Zb(10610) and Z ′
b(10650) are good candidates of hadronic

molecules composed of BB̄∗ (or B∗B̄) and B∗B̄∗, respectively. Considering Z
(′)
b as

heavy meson molecules, we investigate the decays of Z(′)+
b → Υ(nS)π+ in terms of the

heavy meson effective theory. We find that the intermediate B(∗) and B̄(∗) meson loops

and the form factors play a significant role to reproduce the experimental values of the

decay widths. We also predict the decay widths of Z+
c → J/ψπ+ and ψ(2S)π+ for a

charmonium-like resonance Zc which has been reported recently in experiments.

6.1 Introduction

Two charged bottomonium-like resonances Zb(10610) and Z ′
b(10650) were reported in

the processes Υ(5S)→ Υ(nS)π+π− (n = 1, 2, 3) and Υ(5S)→ hb(mP )π+π− (m = 1, 2)

[2, 17]. Their quantum numbers are IG(JP ) = 1+(1+), which indicates that the quark

content of Z(′)
b must be four quarks as minimal constituents such as |bb̄ud̄〉. The reported

masses and decay widths of the two resonances are M(Zb(10610)) = 10607.4±2.0 MeV,

Γ(Zb(10610)) = 18.4±2.4 MeV and M(Zb(10650)) = 10652.2±1.5 MeV, Γ(Zb(10650)) =

11.5± 2.2 MeV, showing that the masses are very close to the BB̄∗ (or B∗B̄) and B∗B̄∗

76
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thresholds, respectively. In view of these facts, Zb and Z ′
b are likely molecular states of

two B(∗) and B̄(∗) mesons [5, 18, 31].

More recently, Belle reported the branching fractions of each channel in three-body

decays from Υ(5S) [3], the results of which are summarized in Table. 6.1. They show

a remarkable feature of Z(′)
b . One is that the dominant decay processes are channels to

open flavor mesons, Br(Z+
b → B+B̄∗0+B∗+B̄0) = 0.860 and Br(Z ′+

b → B∗+B̄∗0) = 0.734.

This is consistent with the naive consideration from the molecular picture. Another point

is in the ratios of the decay widths to a bottomonium and a pion, where it is important

to notice the following two facts. Firstly, hb(mP )π+ decays are not suppressed in spite of

their spin-flip processes of heavy quarks from Υ(5S). In general, the spin-nonconserved

decay in the strong interaction should be suppressed due to a large mass of b quark.

Nevertheless, the spin-conserved decay Z
(′)+
b → Υ(nS)π+ and spin-nonconserved one

Z
(′)+
b → hb(mP )π+ occur in comparable ratios. The previous studies suggest that

molecular picture explains well this behavior [18, 31]: if the Z(′)
b is a molecular state,

the wave function is a mixture state of heavy quark spin singlet and triplet. Then,

Z
(′)
b is possible to decay into both channels. Secondly, the decay ratios are not simply

proportional to the magnitudes of the phase space. In particular, the branching fraction

of Z(′)+
b → Υ(nS)π+ is only approximately ten percents of the one of Z(′)+

b → Υ(2S)π+

although the phase space of Υ(1S)π+ is larger than the one of Υ(2S)π+. In fact,

Γ(Z(′)+
b → Υ(3S)π+) is approximately half a size of Γ(Z(′)+

b → Υ(2S)π+), which is

still wider than the Γ(Z(′)+
b → Υ(1S)π+). The mechanism of this behavior is not still

elucidated completely and needs detailed considerations. In this paper, we focus on the

strong decays Z(′)+
b → Υ(nS)π+ and analyze their decay widths as hadronic molecules.

This study will also provide a perspective for the internal structure of Z(′)
b . Our approach

also applies to the decays of Zc(3900), which is charged charmonium-like resonance

reported both by the BESIII Collaboration [19] and by the Belle collaboration [20].

6.2 Formalism

To start the discussion, we assume that the main components of Zb and Z ′
b are molecular

states of 1√
2
(BB̄∗ −B∗B̄)(3S1) and B∗B̄∗(3S1), namely,

|Zb〉 =
1√
2
|BB̄∗ −B∗B̄〉 , (6.1)

|Z ′
b〉 = |B∗B̄∗〉 . (6.2)
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Table 6.1: Branching ratios (Br) of various decay channels from Zb(10610) and
Z ′

b(10650).

channel Br of Zb Br of Z ′
b,

Υ(1S)π+ 0.32± 0.09 0.24± 0.07
Υ(2S)π+ 4.38± 1.21 2.40± 0.63
Υ(3S)π+ 2.15± 0.56 1.64± 0.40
hb(1P )π+ 2.81± 1.10 7.43± 2.70
hb(2P )π+ 2.15± 0.56 14.8± 6.22

B+B̄∗0 +B∗+B̄0 86.0± 3.6 −
B∗+B̄∗0 − 73.4± 7.0

B+(q)

B̄∗0(P − q, ǫ1)

B+(q − P + k)
Zb(P, ǫZ)

Υ(p = P − k, ǫΥ)

π(k)

(a)iM
(B)

BB̄∗

B+(q)

B̄∗0(P − q, ǫ1)

Υ(p = P − k, ǫΥ)

π(k)

B∗+(q − P + k, ǫ2)

Zb(P, ǫZ)

(b)iM
(B∗)

BB̄∗

B∗+(q, ǫ1)

B̄0(P − q)

Zb(P, ǫZ)

Υ(p = P − k, ǫΥ)

π(k)

B∗+(q − P + k, ǫ2)

(c)iM
(B∗)

B∗B̄

Figure 6.1: Feynman diagrams for Z+
b → Υ(nS)π+.

Υ(p = P − k, ǫΥ)

π(k)

B∗+(q, ǫ1)

B̄∗0(P − q, ǫ2)

B+(q − P + k)
Z ′

b
(P, ǫz)

(a)iM
(B)

B∗B̄∗

B∗+(q − P + k, ǫ3)

Z ′

b
(P, ǫz)

B∗+(q, ǫ1)

B̄∗0(P − q, ǫ2)

Υ(p = P − k, ǫΥ)

π(k)

(b)iM
(B∗)

B∗B̄∗

Figure 6.2: Feynman diagrams for Z ′+
b → Υ(nS)π+.
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Such a simple molecular picture will give a good description, because those masses are

close to the BB̄∗ (or B∗B̄) and B∗B̄∗ thresholds, respectively, and the ratio of D-wave

mixing is not large. In fact, the explicit calculations based on the hadronic model in our

previous study indicate that the probability of the 1√
2
(BB̄∗ −B∗B̄)(3D1) component is

approximately 9 % and the B∗B̄∗(3D1) component is approximately 6 % in the total

wave function of Zb [5]. In the hadronic molecular picture, the diagrams contributing to

the decay Z(′)+
b → Υ(nS)π+ are described with the intermediate B(∗) and B̄(∗) meson

loops at lowest order [119, 120] as shown in Figs. 6.1 and 6.2. Since B+ and B̄0 are

interchangeable, the total transition amplitudes are given by the twice of the sum of

each channel as follows,

MZb
= 2(M(B)

BB̄∗ +M(B∗)

BB̄∗ +M(B∗)

B∗B̄
) , (6.3)

MZ′
b

= 2(M(B)

B∗B̄∗ +M(B∗)

B∗B̄∗) . (6.4)

To calculate the transition amplitudes, we need the couplings from the effective La-

grangians. We adopt the phenomenological Lagrangians at vertices of Z(′)
b and B(∗)

mesons, which are

LZBB∗ = gZBB∗MzZ
µ(BB∗†

µ +B∗
µB

†) , (6.5)

LZ′B∗B∗ = igZ′B∗B∗εµναβ∂µZ
′
νB

∗
αB

∗†
β , (6.6)

where the coupling constants gZBB∗ and gZ′B∗B∗ are determined from the experimen-

tally observed decay widths for the process to open heavy flavor channels from Z
(′)
b .

The experimental results are Γ(Z+
b → B+B̄∗0 + B∗+B̄0) = 15.82MeV and Γ(Z ′+

b →
B∗+B̄∗0) = 8.44MeV. The decay widths are given with the effective Lagrangians 6.5

and 6.6 as follows,

Γ(Z+
b → B+B̄∗0 +B∗+B̄0) =

g2
ZBB∗

4π
|~qcm| , (6.7)

Γ(Z ′+
b → B∗+B̄∗0) =

gZ′B∗B∗

4π
|~qcm| , (6.8)

where qcm is the final state three-momentum of the B(B∗) meson, qcm = 118 MeV and

qcm = 98 MeV are for Γ(Z+
b → B+B̄∗0 + B∗+B̄0) and Γ(Z ′+

b → B∗+B̄∗0), respectively.

We obtain gBB∗Zb
= 1.30 and gB∗B∗Z′

b
= 1.04 to reproduce the observed values. For

the other vertices, we employ the effective Lagrangians reflecting both heavy quark
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symmetry and chiral symmetry [121],

LBB∗π = −igBB∗π(Bi∂µπijB
†∗µ
j −B∗µ

i ∂µπijB
†
j ) , (6.9)

LB∗B∗π =
1
2
gB∗B∗πε

µναβB∗
iµ

←→
∂ αB̄

∗
jβ∂νπij , (6.10)

LBBΥ = igBBΥΥµ(∂µBB† −B∂µB†) , (6.11)

LBB∗Υ = −gBB∗Υε
µναβ∂µΥν(∂αB∗

βB
† +B∂αB

∗†
β ) , (6.12)

LB∗B∗Υ = −igB∗B∗Υ

{
Υµ(∂µB∗νB∗†

ν −B∗ν∂µB
∗†
ν ) + (∂µΥνB

∗ν −Υν∂µB
∗ν)B∗†ν

+B∗µ(Υν∂µB
∗†
ν − ∂µΥνB∗†ν)

}
, (6.13)

where B(∗) = (B(∗)0, B(∗)+). The two coupling constants gBB∗π and gB∗B∗π are ex-

pressed by a single parameter g thanks to heavy quark symmetry as follows:

gBB∗π =
2g
fπ

√
mBmB∗ , gB∗B∗π =

gBB∗π√
mBmB∗

, (6.14)

where fπ = 132 MeV is a pion decay constant. Since the decay B∗ → Bπ is kine-

matically forbidden, it is impossible to determine the coupling g from experiments.

Therefore, using the experimental information in the charm sector and the heavy quark

symmetry, we adopt approximately g = 0.59 when the observed decay width Γ = 96

keV for D∗ → Dπ is used. The coupling gBBΥ(nS) of Υ(nS) and B is estimated on

the assumption of vector meson dominance (VMD) [122]. VMD gives the coupling con-

stant gBBΥ(nS) = MΥ(nS)/fΥ(nS), where fΥ(nS) is a leptonic decay constant defined by

〈0|b̄γµb|Υ(nS)(p, ε)〉 = fΥ(nS)MΥ(nS)ε
µ. Here fΥ(nS) is determined from the leptonic

decays Υ(nS)→ e+e− as

Γ(Υ(nS)→ e+e−) =
4πα2

EM

27

f2
Υ(nS)

MΥ(nS)
(6.15)

where αEM = 137.036 is the fine-structure constant. In terms of this relation, the decay

constants are given as fΥ(1S) = 715 MeV, fΥ(2S) = 497.5 MeV and fΥ(3S) = 430.2 MeV,

where the masses and decay widths are taken from Particle Data Group (PDG) [28].

Finally, we obtain gBBΥ(1S) = 13.2, gBBΥ(2S) = 20.1 and gBBΥ(3S) = 24.7. The other

couplings gBB∗Υ(nS) and gB∗B∗Υ(nS) are related with gBBΥ(nS) as

gBBΥ(nS)

MB
=
gBB∗Υ(nS)√
MBMB∗

= −
gB∗B∗Υ(nS)

MB∗
. (6.16)

All the above arguments are valid in the heavy quark mass limit. We neglect 1/mQ
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corrections assuming that the mass of the bottom quark is sufficiently heavy. The next

higher order is determined by the ratio ΛQCD/mb = O(0.1) and the expected corrections

should be at the level of approximately 10 %.

In terms of the effective Lagrangians, we derive explicitly the transition amplitudes for

Z
(′)
b → Υ(nS) + π+ as follows:

iM(B)
BB∗ = (i)3

∫
d4q

(2π)4
[igZBB∗MZεZ · ε1][gBBΥ(nS) (εΥ · (2q − p))][gBB∗π(ε1 · k)]

× 1
(q)2 −m2

B

1
(P − q)2 −m2

B∗

1
(q − p)2 −m2

B

F(~q 2,~k 2) , (6.17)

iM(B∗)
BB∗ = (i)3

∫
d4q

(2π)4
[igZBB∗MZεZ · ε1][gBB∗Υ(nS)iεαβγδv

αεβΥε
γ
2(2q − p)δ]

× [iεabcdgB∗B∗πMB∗vaεb2k
cεd1]

× 1
(q)2 −m2

B

1
(P − q)2 −m2

B∗

1
(q − p)2 −m2

B∗
F(~q 2,~k 2) , (6.18)

iM(B∗)
B∗B = (i)3

∫
d4q

(2π)4
[igZBB∗MZεZ · ε1][gBB∗π(ε2 · k)]

×
[
gB∗B∗Υ(nS) {(εΥ · ε2) (ε1 · (2q − p)) + (εΥ · ε1) (ε2 · (2q − p))− (ε1 · ε2) (εΥ · (2q − p))}

]
× 1

(q)2 −m2
B∗

1
(P − q)2 −m2

B

1
(q − p)2 −m2

B∗
F(~q 2,~k 2) , (6.19)

iM(B)
B∗B∗ = (i)3

∫
d4q

(2π)4
[igZ′B∗B∗εµναβP

µενzε
α
1 ε
β
2 ]

× [igB∗B∗Υ(nS)εδτθφv
δετΥε

θ
1(2q − p)φ][gBB∗π(ε2 · k)]

× 1
(q)2 −m2

B∗

1
(P − q)2 −m2

B∗

1
(q − p)2 −m2

B

F(~q 2,~k 2) , (6.20)

iM(B∗)
B∗B∗ = (i)3

∫
d4q

(2π)4
[igZ′B∗B∗εµναβP

µενzε
α
1 ε
β
2 ][igB∗B∗πε0τθφMB∗ετ3k

θε2]

×
[
gB∗B∗Υ(nS) {(εΥ · ε1) (ε3 · (2q − p)) + (εΥ · ε3) (ε1 · (2q − p))− (ε1 · ε3) (εΥ · (2q − p))}

]
× 1

(q)2 −m2
B∗

1
(P − q)2 −m2

B∗

1
(q − p)2 −m2

B∗
F(~q 2,~k 2) , (6.21)

where P (p, k) is the momentum of Z(′)
b (Υ(nS), π meson), and q is the momentum

in the loop integrals. We use the polarization vectors εZ and εΥ for Z(′)
b and Υ as well

as ε1,2,3 for the propagating B∗ and B̄∗ mesons in the loops. To calculate the square

of the absolute value of the transition amplitudes, we use the approximation for the

polarization vector of the B∗ meson as ε0B∗ ' 0 and use the sum over the polarizations λ

as
∑

λ ε
µ
B∗ενB∗ = δµν (µ, ν = 1, 2, 3) and 0 for other µ and ν, because the absolute value
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of three-momentum ~q is assumed to be much smaller than the mass of B(∗) meson in

heavy quark limit [123].

In the above loop calculations, in order to reflect the finite range of the interaction, we

use the form factor F(~q 2,~k 2) as follows,

F(~q 2,~k 2) =
Λ2
Z

~q 2 + Λ2
Z

Λ2

~k 2 + Λ2

Λ2

~k 2 + Λ2
. (6.22)

The introduction of the form factor is important. At the initial vertex of ZbBB̄∗(B∗B̄),

the amplitude is expressed by the Fourier transform of the bound state amplitude which

is dictated by the interaction range. In the other vertices, the amplitudes are expressed as

Fourier transforms of the wave function for the internal structure of B and B̄∗ mesons at

the momentum carried by the outgoing Υ and π. In both cases, the Fourier components

are functions of the relevant momentum, and are suppressed for higher momentum. The

form factor of Eq. (6.22) takes into account those effects.

6.3 Numerical method

To calculate the decay widths with given amplitudes, we need to introduce some nu-

merical methods. Here, we demonstrate the two methods: standard numerical formula

picking up the residues of the poles and the formula of Passarino-Veltman integrals.

6.3.1 Numerical formula picking up poles

The outline of this numerical procedure is as follows: we integrate the amplitudes with

q0 analytically and pick up poles in the propagators. Since the masses of Z(′)
b are located

above the BB̄∗ (or B∗B̄) and B∗B̄∗ thresholds, respectively, the integrals have singular

points. To treat them properly, we divide the integrals into real and imaginary parts

by using the principle value of the integral. In the end, it becomes possible to integrate

with three-momentum ~q numerically. Here, we discuss this procedure in detail. To begin

with, let us consider a simple example, a one-loop integral with three propagators as

J ≡
∫

d4q

(2π)4
1

q2 −m2
1 + iε

1
(q − P + k)2 −m2

2 + iε

1
(P − q)2 −m2

3 + iε
(6.23)
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where we neglect the coupling constants and the components of the numerator on the

propagators and note that Total four momentum is P = (
√
s,0) in the center of mass

frame and P = q + k to conserve the momentum. On-shell energies of the internal B(∗)

mesons are difined as Ei(q) =
√
Mi + q2. The pion energies are Eπ(k) =

√
m2
π + k2.

The poles locate at

Z∓
1 = ±E1(q)∓ iε, Z∓

2 =
√
s− Eπ(k)± E2(q + k)∓ iε, Z∓

3 =
√
s± E3(q)∓ iε(6.24)

Closing the integration contour downward, we pick up the residues of poles in the lower

half-plane: Z−
1 , Z−

2 and Z−
3 . After this procedure, J is obtained as

J =
2πi
2π

∫
d3q

(2π)3

{
1

2E1(q)
1

(E1(q)−
√
s+ k0)2 − (E2(q + k))2

1
(E1(q)−

√
s)2 − (E3(q))2

+
1

(
√
s− k0 +E2(q + k))2 − (E1(q))2

1
2E2(q + k)

1
(−k0 + E2(q + k))2 − (E3(q))2

+
1

(
√
s+E3(q))2 − (E1(q))2

1
(k0 + E3(q))2 − (E2(q + k))2

1
2E2(q)

}
, (6.25)

where J ≡ J(
√
s, q,k,m1,m2,m3) For the sake of simplisity, we write the J as

J = i

∫
d3q

(2π)3
J1(
√
s, q,k,m1,m2,m3) + J2(

√
s, q,k,m1,m2,m3) + J3(

√
s, q,k,m1,m2,m3),

(6.26)

where

J1(
√
s, q,k,m1,m2,m3) =

1
2E1(q)

1
(E1(q)−

√
s+ Eπ(k))2 − (E2(q + k))2

× 1
(E1(q)−

√
s)2 − (E3(q))2

, (6.27)

J2(
√
s, q,k,m1,m2,m3) =

1
(
√
s− Eπ(k) + E2(q + k))2 − (E1(q))2

1
2E2(q + k)

× 1
(−Eπ(k) + E2(q + k))2 − (E3(q))2

, (6.28)

J3(
√
s, q,k,m1,m2,m3) =

1
(
√
s+ E3(q))2 − (E1(q))2

1
(Eπ(k) + E3(q))2 − (E2(q + k))2

1
2E2(q)

.

(6.29)
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It should be noted that the first term of J only has a pole on the real axis in the q3

plane, which is given as

ZJ1(
√
s,m1,m3) =

√
m4

1 − 2m2
1m

2
3 +m4

3 − 2m2
1(
√
s)2 − 2m2

3(
√
s)2 + (

√
s)4

2
√
s

, (6.30)

where ZJ1 is a function of
√
s, m1 and m3, and irrelevant with the m2, which is the

internal B(∗) meson between the Υ and the pion. Because the presence of the pole

ZJ1 is releated with the phase space of Z(′)
b → B∗B̄(∗) decays, the pole appears when

the condition
√
s > m1 + m3. Since Z(′)

b are resonance states, the poles are on the

real axis at ZJ1(MZ ,mB,mB∗) = 119 MeV and ZJ1(MZ′ ,mB∗ ,mB∗) = 98 MeV, which

correspond the final state momenta of the B(B∗) mesons for the Z+
b → B+B̄∗0 +B∗+B̄0

and Z ′+
b → B∗+B̄∗0, respectively. It is useful to divide J1 into real and imagiranly parts.

Using

lim
ε→+0

1
x− a± iε

= P.V.
1

x− a
∓ iπδ(x− a) (6.31)

where P.V. stands for the principle value of the integral. Then we can calculate J

numerically.

6.3.2 Passarino-Veltman integral

Here, we introduce the calculation method by means of Passarino-Veltman formula.

Passarino-Veltman integral formalism is a useful tool to calculate one loop Feynman

integrals. Here we briefly introduce this scheme for the case of triangle diagrams and

more general case is discussed in Appendix B. We can write the general one-loop tensor

integral which appers in a triangle diagram as

Cµ1µ2µP
3 ≡ (2πµ)4−d

iπ2

∫
ddk

kµ1kµ2kµP

D0D1D2
, (6.32)

where we follow for the momenta the conventions of Fig. 6.3, with

Di = (k + ri)2 −m2
i + iε, (6.33)
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Figure 6.3: The diagram of general one-loop integrals with three vertices.

and the momenta ri are related with the external momenta (all taking to be incoming)

through the relations,

r1 = p1 (6.34)

r2 = p1 + p2r0 = p1 + p2 + p3 = 0, (6.35)

where the last one is a consequence of momentum conservation.

Here we deifine the notation for scalar integral of a triangle loop diagram as

C0(r210, r
2
12, r

2
20,m

2
0,m

2
1,m

2
2) =

(2πµ)ε

iπ2

∫
ddk

2∏
i=0

1
[(k + ri)2 −m2

i ]
, (6.36)

where r2ij = (ri − rj). Since r0 = 0 on our conventions, r2i0 = r2i . For simplicity, in this

expressions the iε part of the denominator factors are suppressed. We can also write the
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general on-loop tensor integral as follows:

Cµ ≡ (2πµ)4−d

iπ2

∫
ddkkµ

2∏
i=0

1
[(k + ri)2 −m2

i ]
(6.37)

Cµν ≡ (2πµ)4−d

iπ2

∫
ddkkµkν

2∏
i=0

1
[(k + ri)2 −m2

i ]
(6.38)

Cµνρ ≡ (2πµ)4−d

iπ2

∫
ddkkµkνkρ

2∏
i=0

1
[(k + ri)2 −m2

i ]
. (6.39)

These integrals can be decomposed in terms of reduced functions as follows:

Cµ = rµ1C1 + rµ2C2 (6.40)

Cµν = gµνC00 +
2∑
i=1

rµi r
ν
jCij (6.41)

Cµνρ =
2∑
i=1

(gµνrρi + gνρrµi + gρµrνi )C00i +
2∑

i,j,k=1

rµi r
ν
j r
ρ
kCijk (6.42)

These reduced functions are easily calculated numerically in terms of Dimensional regu-

ralization scheme with Feynman paramters (see also Appendix B).

Using this scheme, we can discribe the amplitudes in a concise way:

iM(B)
BB∗ =

(i)4

(4π)2
MZgZBB∗gBBΥnS

gBB∗π[(εZ · k)(εaΥ(2Ca + paC0))] (6.43)

iM(B∗)
BB∗ =

(i)6

(4π)2
MZMBgZBB∗gBB∗ΥgB∗B∗π[(2Caka + C0p

aka)(εZ · εΥ − εΥ · k)] (6.44)

iM(B∗)
B∗B =

(i)4

(4π)2
MZgZBB∗gBB∗πgB∗B∗Υ(nS) [(εZa(2Ca + C0p

a))(εΥ · k)

+ (εZ · εΥ)(2Caka + C0p
aka)− (εZ · k)(εΥa(2Ca + C0p

a))] (6.45)

iM(B)
B∗B∗ =

(i)6

(4π)2
gZ′B∗B∗gBB∗Υ(nS)gBB∗πMZ′ [(εZ′ · εΥ)(2Ca + C0p

a)ka − εZa(2Ca + C0p
a)(εΥ · k)

+ ((εZ · εΥ)− (εZ · p)(εΥ · k)) (C0 +
2Cν→0

MΥ
)
]
, (6.46)

iM(B∗)
B∗B∗ =

(i)6

(4π)2
gZ′B∗B∗gB∗B∗Υ(nS)gB∗B∗πMZ′mB∗

× [(εZ′ · εΥ)(2Ca + C0p
a)ka + εZa(2Ca + C0p

a)(εΥ · k)] (6.47)
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where a = 1, 2, 3 and Ca and C0 are the notation which are used in the Passarino-

Veltman integrals formalism. We calculate these amplitudes and confirm that Passalino-

Veltman integral scheme is consistent with our numerical formula explained in .

6.4 Numerical results

We obtain the decay widths from the given amplitudes in Eqs. (6.3) and (6.4). Numerical

procedure has beed discussed before section.

Tables 6.2 and 6.3 present the numerical results for the partial decay widths of Z(′)
b .

When the form factors are ignored, the decay widths are solely proportional to |~k|5,
namely Γ(Z(′)

b → Υ(nS)π+) ∝ |~k|5. This is much inconsistent with the experimental

fact, because the loop integrals without form factors include the high-momentum con-

tributions which are not acceptable in the low energy hadron dynamics. In contrast,

given the form factor, our calculations are qualitatively consistent with the experimen-

tal results: (i) the decay to Υ(1S)π+ is strongly suppressed, (ii) the decay to Υ(2S)π+

occurs with the highest probability and (iii) the branching fraction of the decay to

Υ(3S)π+ is smaller than the one of Υ(2S)π+ but is still larger than the one of Υ(1S)π+,

f(2Sπ+) > f(3Sπ+)� f(1Sπ+). We determine the cutoff parameters ΛZ = 1000 MeV

and Λ = 600 MeV to reproduce the experimental values. To see the cutoff dependence,

we change ΛZ as ΛZ = 1000, 1050, 1100 and 1150 MeV and verified that the results do

not change much. The main reason for the suppression of the Υ(1S)π+ decay is in the

form factor depending on the final state momentum ~k (~p ). The final state momentum

of Υ(1S)π+ is ~k ∼ 1100MeV, which is large compared with the one of other channels,
~k ∼ 600MeV for Υ(2S)π+ and ~k ∼ 300 MeV for Υ(3S)π+. In contrast, this effect is

minor for Υ(3S)π+ decay due to the small final state momentum. The cutoff ΛZ does

not influence the relative decay ratio between the Υ(nS)π+ decays, because this factor

only regularize the internal momenta q, which is irrelevant to the final state momenta.

We find that counting rule with a heavy quark mass is valid when the form factor is

introduced. Recall that the loop integral J ≡ J(
√
s, q,k,m1,m2,m3) is decomposed to

the three parts, J1, J2, J3. Now consider the power counting scheme in the Zb → Υ(nS)π

decays . The mass of Zb and MB(∗) count as m2
Q and mQ. Because the form factor

suppress the high momentum contributions either the internal momentum q and the

outgoing momentum k, they can be neglected, k, q � mQ. Then EB(∗) and Eπ count
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Table 6.2: Λ = 600 MeV is fixed. The left column shows the results without the form
factors.

ΛZ - 1000 1050 1100 1150 Exp.
Υ(1S)π+ 96.3 0.074 0.079 0.083 0.087 0.059± 0.017
Υ(2S)π+ 20.0 0.47 0.50 0.52 0.55 0.81± 0.22
Υ(3S)π+ 0.498 0.14 0.14 0.15 0.15 0.40± 0.10

Table 6.3: The partial decay widths of Zb(10650)+. Λ = 600 MeV is fixed. The unit
is MeV.

ΛZ - 1000 1050 1100 1150 Exp.
Υ(1S)π+ 71.3 0.044 0.046 0.049 0.051 0.028± 0.008
Υ(2S)π+ 17.6 0.31 0.33 0.34 0.36 0.28± 0.07
Υ(3S)π+ 0.858 0.18 0.19 0.20 0.21 0.19± 0.05

as mQ and ∼ 0. Using this rule we can count the each component as follows:

J1(MZ(′) , q,k,mB(∗) ,mB(∗) ,mB(∗)) ∼
1
mQ

(6.48)

J2(MZ(′) , q,k,mB(∗) ,mB(∗) ,mB(∗)) ∼
1
m9
Q

(6.49)

J3(MZ(′) , q,k,mB(∗) ,mB(∗) ,mB(∗)) ∼
1
m9
Q

(6.50)

Thus, J2 and J3 are strongly suppressed, whereas J1 is dominant in the loop integral J .

This counting rule holds as far as k, q � mQ.

6.5 Decays of Zc(3900)

Finally, we briefly discuss the decays of Zc(3900) in the similar formalism, which has been

recently observed in the J/ψπ+ invariant mass spectrum of Y (4260)→ J/ψπ+π− decay

by the BESIII Collaboration [19]. The reported mass and decay width are M(Zc) =

3899.0±3.6±4.9 MeV and Γ(Zc) = 46±10±20 MeV. Belle collaboration also has reported

Zc(3900) with massM(Zc) = 3894.5±6.6±4.5 MeV and decay width Γ(Zc) = 63±24±26

MeV [20]. Since Zc has the decay properties and the mass spectrum both of which

are similar to the Zb case, it is expected that Zc would be the heavy-flavor partner

of Zb. Thus, our model can apply to the analysis of the decays Zc → J/ψπ+ and
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Table 6.4: The partial decay widths of Z+
c . Λ = 600 MeV is fixed. The unit is MeV.

ΛZ - 1000 1050 1100 1150 Exp.
J/ψπ+ 39.0 0.66 0.69 0.71 0.73 -
ψ(2S)π+ 0.305 0.18 0.17 0.17 0.18 -

ψ(2S)π+. In the present situation in experiments, branching fractions of Zc have not

still been observed. Besides, the decay Zc → ψ(2S), which is allowed kinematically, is

unconfirmed. For these reasons, the numerical predictions are of benefit to the future

experiments.

We apply the triangle diagram to the decays of Zc(3900). We assume that Zc is a

superposition state of DD̄∗ and D∗D̄, namely

|Zc〉 =
1√
2
|DD̄∗ −D∗D̄〉 . (6.51)

The main difference between Z+
c → ψ(nS)π+ and Z+

b → Υ(nS)π+ is the coupling

constants for each vertex and masses of the hadrons. As numerical inputs for Zc, we

use the averaged masses and decay widths reported by BESIII and Belle. Considering

that the branching fraction of Z+
b → B+B̄∗0 + B∗+B̄0 is known to be 86.0 %, we

assume the one of Z+
c → D+D̄∗0 + D∗+D̄0 is also approximately 86 % from the view

of the heavy-flavor symmetry. Then, we have the coupling gZcDD∗ = 2.23 for ZcDD∗

vertex. The couplings gDDJ/ψ = 7.43 and gDDψ(2S) = 12.4 are employed with VMD.

Table 6.4 shows the numerical results for the partial decay widths of Zc. The width

of Z+
c → ψ(2S)π+ is narrower than the one of Z+

c → J/ψπ+, owing to the small final

state momentum. The predicted branching fractions are f(Z+
c → J/ψπ+) = 1.2−1.3 %

and f(Z+
c → ψ(2S)π+) = 0.31− 0.33 %, which will be testable for future experiments.

Although f(Z+
c → ψ(2S)π+) and f(Z+

b → Υ(1S))π+ are almost same probabilities in

our calculations, the main factors are different: the former is the narrow final phase

space, the latter is the suppression due to the form factor.

6.6 Summary

In summary, we have studied the Z(′)+
b → Υ(nS)π+ decays in a picture of the heavy

meson molecule. Assuming that Z(′)
b is the B∗B̄(∗) molecular state, we have considered

the transition amplitudes given by the triangle diagrams with B(∗) and B̄(∗) meson loops

at lowest order based on the heavy meson effective theory. The couplings of gZBB∗ and
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gZ′B∗B∗ are fixed to reproduce correctly the observed decay widths from Z
(′)
b to the

open flavor channels. To treat the effect of the finite range of the hadron interactions

and regularize the loop integrals in the transition amplitudes suitably, we introduce the

phenomenological form factors with the cutoff parameters ΛZ and Λ. The numerical

result with Λz = 1000 MeV and Λ = 600 MeV is qualitatively consistent with the

experimental data. Our results suggest that, if Z(′)
b have molecular type structures,

the form factor should play a crucial role in the transition amplitudes. Our model

also applies the decays, Z+
c → J/ψπ+ , ψ(2S)π+. We roughly estimate the branching

fractions as f(Z+
c → J/ψπ+) ∼ 1.3 % and f(Z+

c → ψ(2S)π+) ∼ 0.32 %, which is

testable for the future experiments in high energy accelerator facilities, such as KEK-

Belle, BES and so on. In the foreseeable future, our formulation will apply to the other

exotic decays, such as Z(′)+
b → ηbρ

+, Z(′)0
b → ηbγ and so on, which can be also studied

in future experiments.



Chapter 7

Spin degeneracy of the heavy

meson molecules

We study the properties of heavy meson molecules, which contain two heavy quarks, in

exact heavy quark mass limit. Spin multiplet structure of them are elucidated in terms

of heavy quark symmetry. Using potential model, we analyze the spectrum and decay

properties of them. The properties of some exotic hadrons are also discussed in the point

of view of heavy quark spin symmetry.

7.1 Introduction

The heavy quark spin symmetry is the one of the important aspects of heavy quark

symmetry. This is the fundamental property of the heavy hadrons, which plays a crucial

role to understand the mass spectrum of the heavy hadrons.

As we have already discussed in Chapter 5, the heavy quark spin symmetry cause the

mass degeneracy of heavy hadrons. As an example, B and B∗ mesons degenerate in

heavy quark limit due to the suppression of the spin-spin interactions between heavy

and light quarks. As an another important aspect in heavy hadrons, there are spin

selection rules. This rule, which is a result of heavy quark symmetry, provides the

information of the decay and production properties of heavy hadrons as discussed in

Chapter 5.

91
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In principle, it is expected that the heavy quark spin symmetry also cause the mass

degeneracy in any multi-hadron systems with heavy quarks, because this symmetry also

holds in multi hadron systems [124]. However, the properties of heavy meson molecules in

heavy quark limit are not still elucidated and spin partners of them are not understood.

This chapter focuses on heavy meson molecules containing two heavy quarks in heavy

quark limit in terms of heavy quark spin symmetry and discuss their various properties.

To begin with, we reconsider the heavy quarkonia QQ̄ in heavy quark limit. The wave-

functions of heavy hadrons are expressed with conserved quantities, the heavy quark

spin SQ and the light spin Sl, as |SH ⊗ Sl〉, which we call “HQS basis” expressions. The

lowest states of heavy quarkonia are QQ̄(1S0) and QQ̄(3S1) in the particle basis. They

degenerate in heavy quark limit and their wave functions are given with HQS basis as

follows: |QQ̄(1S0)〉 = |(0−−
H ⊗ 0++

l )0〉

|QQ̄(3S1)〉 = |(1−−
H ⊗ 0++

l )1〉
. (7.1)

They are doublet and correspond η-J/Ψ forQ = c and ηb-Υ forQ = b. It should be noted

that their decay and production properties are opposite although their masses are same.

Because the heavy quark spin must be conserved in the strong decays, |(0−−
H ⊗ 0++

l )0〉
state decays only to heavy quark singlet states and |(1−−

H ⊗ 0++
l )1〉 state can decay to

heavy quark triplet states. We call such degenerate states the spin doublet of “type α”.

Sl = 0 is a special case and now we consider the the heavy hadrons, whose light spin is

taken as the arbitrary natural number Sl = j(j 6= 0). The (1H⊗jl)J state, where J = j−
1, j, j+1, degenerate in the heavy quark mass limit, because spin dependent interaction

between the heavy quark spins and light-spin are suppressed. The important thing is

that the differences of their decay properties are mostly depend on their kinematics and

total angular momenta, because these three states can equally decay into heavy quark

triplet states. We call such degenerate states the spin triplet of “type β”. In the QQ̄

case, the (1H ⊗ jl)J state also degenerates with the (0H ⊗ jl)j state, which is classified

as type α.

This classification will be also valid in heavy meson molecules containing two heavy

quarks, however the degeneracy of them are more complicated problems. The wave

functions of them can be mixture state of heavy quark singlet and triplet states as seen

in the spin structure of Zb in Section 5. Thus the spin structure of the bound states
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depend on dynamics. To consider the spectrum of heavy meson molecules, we need

some model to describe the dynamics. Here, we employ the OPEP model and discuss

the mass spectra of the heavy meson molecules.

This chapter is organized as follows. First we show the expressions of the wave function

of the heavy meson molecules in HQS basis in Section 7.2. The spin multiplets of heavy

meson molecules are shown in Chapter 7.3. We consider the specific candidates of heavy

meson molecules in terms of heavy quark spin symmetry and also discuss the effects of

this symmetry breaking in Section 7.4.

7.2 The expressions in HQS basis

We discuss the spin structures of heavy meson molecules, QQq̄q̄ and QQ̄qq̄. We assume

that the heavy meson molecules are composed by two heavy mesons P ∼ (Qq̄)S=0(P̄ ∼
(Q̄q)S=0) and P ∗ ∼ (Qq̄)S=1(P̄ ∗ ∼ (Q̄)q)S=1. The heavy meson molecules, P (∗)P̄ (∗)

and P (∗)P (∗), are classified with the quantum numbers: total angular momentum J ,

parity P , (charge parity C) and isospin I = 0, 1. The relevant corresponding channels

for PP̄ states given quantum numbers JPC up to J = 2 are summarized in Table 7.1,

where charge parity C is defined for IZ = 0 components for I = 0. In the same way, we

summarize the channels for PP states given quantum numbers I(JP ) up to J = 2 in

Table 7.2. The wave functions of the heavy meson molecules can be decomposed to the

heavy quark spin and light degrees of freedom ( light spin in short) as already discussed

in Chapter 5. In this section, we show the transformation of the particle basis to HQS

basis in the case of the heavy meson molecule.

7.2.1 PP̄ states

Here, we discuss the spin structure of PP̄ states. As an example, let us consider the

transformation to HQS basis for P (∗)P̄ (∗) states with JPC = 1+− and I = 0. From

Table 7.1, there are four channels in this states as follows:

1√
2
(PP̄ ∗ − P ∗P̄ )(3S1),

1√
2
(PP̄ ∗ − P ∗P̄ )(3D1), P ∗P̄ ∗(3S1), P ∗P̄ (3D1). (7.2)

In general, heavy quark spin symmetry guarantee that the wave functions with particle

basis are decoupled to the heavy quark spin and the light spin. Then the wave functions
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Table 7.1: Relevant coupled channels for P (∗)P̄ (∗) states for given quantum numbers
JPC .

JPC components

0+− ——

0++ PP̄(1S0), P∗P̄∗(1S0), P∗P̄∗(5D0)

0−− 1√
2

(
PP̄∗ + P∗P̄

)
(3P0)

0−+ 1√
2

(
PP̄∗ − P∗P̄

)
(3P0), P∗P̄∗(3P0)

1+− 1√
2

(
PP̄∗ − P∗P̄

)
(3S1), 1√

2

(
PP̄∗ − P∗P̄

)
(3D1), P∗P̄∗(3S1), P∗P̄∗(3D1)

1++ 1√
2

(
PP̄∗ + P∗P̄

)
(3S1), 1√

2

(
PP̄∗ + P∗P̄

)
(3D1), P∗P̄∗(5D1)

1−− PP̄(1P1), 1√
2

(
PP̄∗ + P∗P̄

)
(3P1), P∗P̄∗(1P1), P∗P̄∗(5P1), P∗P̄∗(5F1)

1−+ 1√
2

(
PP̄∗ − P∗P̄

)
(3P1), P∗P̄∗(3P1)

2+− 1√
2

(
PP̄∗ − P∗P̄

)
(3D2), P∗P̄∗(3D2)

2++ PP̄(1D2), 1√
2

(
PP̄∗ + P∗P̄

)
(3D2), P∗P̄∗(1D2), P∗P̄∗(5S2), P∗P̄∗(5D2), P∗P̄∗(5G2)

2−+ 1√
2

(
PP̄∗ − P∗P̄

)
(3P2), 1√

2

(
PP̄∗ − P∗P̄

)
(3F2), P∗P̄∗(3P2), P∗P̄∗(3F2)

2−− 1√
2

(
PP̄∗ + P∗P̄

)
(3P2), 1√

2

(
PP̄∗ + P∗P̄

)
(3F2), P∗P̄∗(5P2), P∗P̄∗(5F2)

Table 7.2: Possible channels of P(∗)P(∗)(2S+1LJ) for a set of quantum numbers I
and JP for J ≤ 2.

I JP components

0− 1√
2
(PP∗ + P∗P)(3P0)

1+ 1√
2
(PP∗ − P∗P) (3S1), 1√

2
(PP∗ − P∗P) (3D1), P∗P∗(3S1), P∗P∗(3D1)

0 1− PP(1P1), 1√
2
(PP∗ + P∗P) (3P1), P∗P∗(1P1), P∗P∗(5P1), P∗P∗(5F1)

2+ 1√
2
(PP∗ − P∗P) (3D2), P∗P∗(3D2)

2− 1√
2
(PP∗ + P∗P) (3P2), 1√

2
(PP∗ + P∗P) (3F2), P∗P∗(5P2), P∗P∗(5F2)

0+ PP(1S0), P∗P∗(1S0), P∗P∗(5D0)

0− 1√
2
(PP∗ − P∗P) (3P0), P∗P∗(3P0)

1 1+ 1√
2
(PP∗ + P∗P) (3S1), 1√

2
(PP∗ + P∗P) (3D1), P∗P∗(5D1)

1− 1√
2
(PP∗ − P∗P) (3P1), P∗P∗(3P1)

2+ PP(1D2), 1√
2
(PP∗ + P∗P) (3D2), P∗P∗(1D2), P∗P∗(5S2), P∗P∗(5D2), P∗P∗(5G2)

2− 1√
2
(PP∗ − P∗P) (3P2), 1√

2
(PP∗ − P∗P) (3F2), P∗P∗(3P2), P∗P∗(3F2)
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for HQS basis are described with the product of heavy quark spin and light spin, (SQ⊗
Sl)J , where J is total angular momentum. In the heavy meson molecule case, the

light spin is given as Sl = Sq + L, where Sq is total spin of light quarks and L is the

orbital angular momentum. To specify the light spin structures, we use the notation

|SQ, Sq, L, Sl; J〉 for HQS basis. It should be noted that SQ, Sl and J are conserved

quantities, whereas Sq and L are not good quantum numbers. Using the notation

|SQ, Sq, L, Sl; J〉, we write the explicit wave functions for P (∗)P̄ (∗) states with 1+− and

I = 0 as

|0H , 1q, 0L, 1l; 1〉 , |0H , 1q, 2L, 1l; 1〉 , |1H , 0q, 0L, 0l; 1〉 , |1H , 01, 2L, 2l; 1〉 . (7.3)

We find three kind of independent components in this channel. The particle basis is

transformed to HQS basis with spin recoupling formula. We write the transformation

with unitary matrix UJPC as
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3S1)〉

| 1√
2
(PP̄ ∗ − P ∗P̄ )(3D1)〉
|P ∗P̄ ∗(3S1)〉
|P ∗P̄ ∗(3D1)〉

 = U1+−


|0H , 1q, 0L, 1l; 1〉
|0H , 1q, 2L, 1l; 1〉
|1H , 0q, 0L, 0l; 1〉
|1H , 01, 2L, 2l; 1〉

 , (7.4)

where the explicit form is given by

U1+− =


1√
2

0 − 1√
2

0

0 1√
2

0 − 1√
2

1√
2

0 1√
2

0

0 1√
2

0 1√
2

 . (7.5)

In the same way, we show the transformation from particle basis to HQS basis for other

states as follows: 
|PP̄ (1S0)〉
|P ∗P̄ ∗(1S0)〉
|P ∗P̄ ∗(5D0)〉

 = U0++


|0H , 0q, 0L, 0l; 0〉
|1H , 1q, 0L, 1l; 0〉
|1H , 1q, 2L, 1l; 0〉

 , (7.6)

U0++ =


1
2

√
3

2 0
√

3
2 −1

2 0

0 0 1

 , (7.7)
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for JPC = 0++.(
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3P0)〉
|P ∗P̄ ∗(3P0)〉

)
= U0−+

(
|0H , 1q, 1L, 0l; 0〉
|1H , 0q, 1L, 1l; 0〉

)
, (7.8)

U0−+ =

 1√
2
− 1√

2
1√
2

1√
2

 , (7.9)

for 0−+,

| 1√
2
(PP̄ ∗ + P ∗P̄ )(3P0)〉 = U0−− |1H , 1q, 1L, 1l; 0〉 , (7.10)

U0−− = 1, (7.11)

for 0−−, 
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3S1)〉

| 1√
2
(PP̄ ∗ − P ∗P̄ )(3D1)〉
|P ∗P̄ ∗(3S1)〉
|P ∗P̄ ∗(3D1)〉

 = U1+−


|0H , 1q, 0L, 1l; 1〉
|0H , 1q, 2L, 1l; 1〉
|1H , 0q, 0L, 0l; 1〉
|1H , 01, 2L, 2l; 1〉

 (7.12)

U1+− =


1√
2

0 − 1√
2

0

0 1√
2

0 − 1√
2

1√
2

0 1√
2

0

0 1√
2

0 1√
2

 , (7.13)

for 1+−, 
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3S1)〉

| 1√
2
(PP̄ ∗ + P ∗P̄ )(3D1)〉
|P ∗P̄ ∗(5D1)〉

 = U1++


|1H , 1q, 0L, 1l; 1〉
|1H , 1q, 2L, 1l; 1〉
|1H , 1q, 2L, 2l; 1〉

 (7.14)

U1++ =


1 0 0

0 −1
2

√
3

2

0
√

3
2

1
2

 , (7.15)
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for 1++

(
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3P1)〉
|P ∗P̄ ∗(3P1)〉

)
= U1−+

(
|0H , 1q, 1L, 1l; 1〉
|1H , 0q, 1L, 1l; 1〉

)
(7.16)

U1−+ =

 1√
2
− 1√

2
1√
2

1√
2

 , (7.17)

for 1−+, 

|PP̄ (1P1)〉
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3P1)〉
|P ∗P̄ ∗(1P1)〉
|P ∗P̄ ∗(5P1)〉
|P ∗P̄ ∗(5F1)〉


= U1−−



|1H , 1q, 1L, 0l; 1〉
|0H , 0q, 1L, 1l; 1〉
|1H , 1q, 1L, 1l; 1〉
|1H , 1q, 1L, 2l; 1〉
|1H , 11, 3L, 2l; 1〉


(7.18)

U1−− =



1
2
√

3
1
2 −1

2

q

5
3

2 0

− 1√
3

0 1
2

q

5
3

2 0

−1
6

√
3

2
1

2
√

3
−

√
5

6 0
√

5
3 0

q

5
3

2
1
6 0

0 0 0 0 1


, (7.19)

for 1−−, (
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3D2)〉
|P ∗P̄ ∗(3D2)〉

)
= U2+−

(
|0H , 1q, 2L, 2l; 2〉
|1H , 0q, 2L, 2l; 2〉

)
(7.20)

U2+− =

 1√
2
− 1√

2
1√
2

1√
2

 , (7.21)
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for 2+−,

|PP̄ (1D2)〉
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3D2)〉
|P ∗P̄ ∗(1D2)〉
|P ∗P̄ ∗(5S2)〉
|P ∗P̄ ∗(5D2)〉
|P ∗P̄ ∗(5G2)〉


= U2++



|1H , 1q, 0L, 1l; 2〉
|1H , 1q, 2L, 1l; 2〉
|0H , 0q, 2L, 2l; 2〉
|1H , 1q, 2L, 2l; 2〉
|1H , 1q, 2L, 3l; 2〉
|1H , 1q, 4L, 3l; 2〉


(7.22)

U2++ =



0

q

3
5

2
1
2 −1

2

q

7
5

2 0

0 − 3
2
√

5
0 1

2
√

3

√
7
15 0

0 − 1
2
√

5

√
3

2
1

2
√

3
−
q

7
15

2 0

1 0 0 0 0 0

0

q

7
5

2 0

q

7
3

2
1√
15

0

0 0 0 0 0 1


(7.23)

for 2++, 
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3P2)〉

| 1√
2
(PP̄ ∗ − P ∗P̄ )(3F2)〉
|P ∗P̄ ∗(3P2)〉
|P ∗P̄ ∗(3F2)〉

 = U2−+


|1H , 0q, 1L, 1l; 2〉
|0H , 1q, 1L, 2l; 2〉
|0H , 1q, 3L, 2l; 2〉
|1H , 0q, 3L, 3l; 2〉

 , (7.24)

U2−+ =


− 1√

2
1√
2

0 0

0 0 1√
2
− 1√

2
1√
2

1√
2

0 0

0 0 1√
2

1√
2

 , (7.25)
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for 2−+, 
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3P2)〉

| 1√
2
(PP̄ ∗ + P ∗P̄ )(3F2)〉
|P ∗P̄ ∗(5P2)〉
|P ∗P̄ ∗(5F2)〉

 = U2−−


|1H , 1q, 1L, 1l; 2〉
|1H , 1q, 1L, 2l; 2〉
|1H , 1q, 3L, 2l; 2〉
|1H , 1q, 3L, 3l; 2〉

 , (7.26)

U2−− =


−1

2

√
3

2 0 0

0 0 − 1√
3

√
2
3√

3
2

1
2 0 0

0 0
√

2
3

1√
3

 , (7.27)

for 2−−. The decomposition for higher J states will be given similarly. This relation is

independent the interaction between two heavy mesons and holds as far as we consider

the heavy quark symmetry.

7.2.2 PP states

In the same way of the transformation for PP̄ states, we can expand the wave function

for PP states with HQS basis. The explicit expressions are summarized in Appendix D.

7.3 Spin multiplets of heavy meson molecules with poten-

tial model

Now we discuss the dynamics of PP̄ states in heavy quark limit and analysis their eigen

values. We consider the one pion exchange potential (OPEP) as a long range force.

Because we see that pion force is dominant in the heavy meson molecules in chapter 4,

this is a good approximation for a first step.

7.3.1 The properties of P (∗)P̄ (∗) states for JPC = 1+− in heavy quark

limit

To begin with, we consider the P (∗)P̄ (∗) with JPC = 1+−. The following argument are

also valid in other molecules. The Hamiltonian for this state is given from Eqs. A.6 and
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A.58 as

H1+− =


K0 + C −

√
2T −2C −

√
2T

−
√

2T K2 + C + T −
√

2T −2C + T

−2C −
√

2T K0 + C −
√

2T

−
√

2T −2C + T −
√

2T K2 + C + T

 ~τ1 · ~τ2, (7.28)

where τ1 and τ2 are isospin of P (∗). Then τ1 · τ2 = −3 for I = 0 states and τ1 · τ2 = 1 for

I = 1 states. Kl is kinetic term and defined as

Kl = − 1
2µ

(
∂2

∂r2
+

2
r

∂

∂r
− l(l + 1)

r2

)
, (7.29)

for angular momentum l with reduced mass µ = mP (∗)mP (∗)/(mP (∗) + mP (∗)) → ∞ in

the heavy quark limit. C and T are center and tensor force for OPEP, respectively.

They are

C = (
√

2
g

fπ
)2
C(r)

3
, (7.30)

T = (
√

2
g

fπ
)2
T (r)

3
. (7.31)

The function C(r) and T (r) are

C(r) =
∫

d3~q

(2π)3
m2
π

~q2 +m2
π

ei~q·~rF (~q), (7.32)

S12(r̂)T (r) =
∫

d3~q

(2π)3
−~q2

~q2 +m2
π

S12(q̂)ei~q·~rF (~q), (7.33)

with q̂ = ~q/|~q|, where F (~q) is the dipole-type form factor from Eqs. (4.27) and (4.28).

Recall that the mixing terms between BB̄∗ and B∗B̄∗ appear as a result of HQS. As

a rule, tensor force is stronger than center force with typical cut-off parameter. By its

very nature, the attraction force on heavy meson molecules is mainly controlled by the

tensor force.
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Now we rewrite the Hamiltonian H1+− in the HQS basis with the unitary matrix U1+−

as

HHQ
1+− = U−1

1+−H1+−U1+−

=


K0 − C −2

√
2T 0 0

−2
√

2T K2 − C + 2T 0 0

0 0 K0 + 3C 0

0 0 0 K2 + 3C

 ~τ1 · ~τ2 (7.34)

=


H

(0,1)
1+− 0 0

0 H
(1,0)
1+− 0

0 0 H
(1,2)
1+−

 ~τ1 · ~τ2, (7.35)

where HHQ
1+− means the Hamiltonian described by HQS basis. We define the Hamilto-

nian H
(SH ,Sl)

JPC , where SH and Sl are heavy quark and the light spin, respectively. The

HamiltonianHHQ
1+− is given as the block-diagonal forms, because the HamiltoniansH(0,1)

1+− ,

H
(1,0)
1+− and H(1,2)

1+− cannot interact each other in the heavy quark limit.

Since the kinetic term is always repulsive and suppressed due to the infinite reduced mass,

µ → ∞, whether the states are bound or not is depend on the potential. Therefore, it

is useful to see the potential part of Hamiltonian. First, we consider the I = 1 state,

which corresponds ~τ1 · ~τ2 = 1. The potential of H(1,0)
1+− and H

(1,2)
1+− are 3C, which is

clearly repulsive. In contrast, the diagonalized potential of H(0,1)
1+− has both attractive

and repulsive channels. This eigenvalues are approximately E = K + 3C + 6T and

E = K + 3C − 6T under the condition, K0 ≈ K2 ≈ K, which is given by the infinite

reduced mass. As a result, we can conclude that P (∗)P̄ (∗) state in I(JPC) = 1(1+−) have

only one bound state in the H(0,1)
1+− channel with eigenvalue E ∼ K + 3C − 6T . Next,

consider the I = 1 state. In this case, the coefficient is ~τ1 · ~τ2 = −3, which is three times

larger than the case of I = 0. As is clear from the Hamiltonian (D.31), the potentials of

H
(1,0)
1+− and H

(1,2)
1+− are attractive and the eigenvalues of them are given as E = K0 − 9C

and E = K2 − 9C, respectively. The eigen values of H(0,1)
1+− are approximately given

as E = 3C − 12T and E = 3C + 6T . Thus the deepest bound state is in H
(0,1)
1+− with

eigenvalue E = 3C − 12T .

The spin degenerate states must exist as a consequence of HQS. As an example, we

consider the spin partners for H(1,0)
1+− . This state do not have the spin partner as a type

β because of SH = 0−+. We can identify the spin partners as a type α by replacing
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SH = 0−+ to 1−−. The spin partners should be H(1,1)
0++ ,H

(1,1)
1++ and H

(1,1)
2++ . To confirm

this argument, we also rewrite the Hamiltonians, H0++ ,H1++ and H2++ , as follows:

HHQ
0++ = U−1

0++H0++U0++

=


K0 + 3C 0 0

0 K0 − C −2
√

2T

0 −2
√

2T K2 − C + 2T

 ~τ1 · ~τ2 (7.36)

=

(
H

(1,0)
0++ 0

0 H
(1,1)
0++

)
~τ1 · ~τ2, (7.37)

HHQ
1++ = U−1

1++H1++U1++

=


K0 − C −2

√
2T 0

−2
√

2T K2 − C + 2T 0

0 0 K2 − C − 2T

 ~τ1 · ~τ2 (7.38)

=

(
H

(1,1)
1++ 0

0 H
(1,2)
1++

)
~τ1 · ~τ2, (7.39)

HHQ
2++ = U−1

2++H2++U2++

=



K0 − C −2
√

2T 0 0 0 0

−2
√

2T K2 − C + 2T 0 0 0 0

0 0 K2 + 3C 0 0 0

0 0 0 K2 − C − 2T 0 0

0 0 0 0 K2 − C + 4
7T −12

√
3

7 T

0 0 0 0 −12
√

3
7 T K4 − C + 10

7 T


×~τ1 · ~τ2 (7.40)

=


H

(1,1)
2++ 0 0 0

0 H
(0,2)
2++ 0 0

0 0 H
(1,2)
2++ 0

0 0 0 H
(1,3)
2++

 ~τ1 · ~τ2. (7.41)

From the above Eqs. (D.24)-(7.41), we can confirm that the Hamiltonians H(1,1)
0++ , H(1,1)

1++ ,

H
(1,1)
2++ and H

(0,1)
1+− are equivalent in the heavy quark limit. Thus they degenerate to

forthlets.

It is important to consider the decay properties of the P (∗)P̄ (∗) states. H(0,1)
1+− states is

possible to decay into the the heavy quark singlet with a light meson such as εbρ(γ)

and hbπ. In contrast, H(1,1)
0++ , H(1,1)

1++ and H(1,1)
2++ , which are degenerate with H(0,1)

1+− as spin
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partner type α, decay into the heavy quark triplet with a light meson, such as Υρ and

χbJπ. Their decay ratios will be assigned by means of the heavy quark spin selection

rule.

7.3.2 The P (∗)P̄ (∗) states

Here, we show the complete results of the mass degeneracy of the P (∗)P̄ (∗) states up

to J < 2. As shown in the previous section, their spin partners are divided into two

types: type α and type β. The spin partner of type α is caused from the suppression of

spin-spin interaction between heavy quarks. The direct cause of the presence of type β

spin partners is the suppression of the spin dependent interaction between heavy quark

and light spins. As a result, the doublets appear when the Sl = 0 as type α, whereas

the P (∗)P̄ (∗) with Sl 6= 0 are forthlets states involving type α and β.

Tabs. 7.3 and 7.4 show the spin multiplets of P (∗)P̄ (∗) molecules. The explicit Hamilto-

nians are summarized in Appendix D. The first left column shows the quantum numbers

of PP̄ molecules. The second column write the Hamiltonians for each states with the

notation H
(SH ,Sl)

JPC . Third column denotes the potential, but take care that the 2 × 2

matrix potential is diagonalized. The spin partner for each Hamiltonians are shown in

the forth and fifth column from left. The rightmost column denotes that the potential

of Hamiltonian is attractive or not with which check mark written in the case of the

attractive channel. For example, consider the PP̄ with JPC = 0++ for I = 1 states.

This state has two kind of Hamiltonians, H(0,0)
0++ and H

(1,1)
0++ . The potential of H(0,0)

0++ is

3C, thus this channel is not attractive. Since the light spin Sl of H(0,0)
0++ is zero, it has

only spin partner type α, H(1,0)
1+− . The diagonalized potentials of H(1,1)

0++ are −C − 2T

and −C + 4T , thus it has one attractive channel, which denotes with check mark in the

rightmost column. For this Hamiltonian, the spin partner type α is H(0,1)
1+− and type β

are H(1,1)
1++ and H(1,1)

2++ .

The multiplets are classified as two classes. The doublets appear when the light spin of

Hamiltonian is zero, because they do not have the partner, type β. In the case of sl 6= 0,

since the Hamiltonians have the spin partners as type β, they degenerate as forthlets.

For I = 0 states in Table 7.3, there are two kind of attractive potentials: −9C and

3C − 12T . Because the central potential is weak compared with tensor force, whether

the attractive potential −9C forms the bound state is sensitive problem. The potential
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Table 7.3: Spin multiplets of PP̄ molecules for I = 0 states.

JPC H
(SH ,Sl)

JPC
Potential

Spin partner
attractive

type α type β

0++ H
(0,0)
0++ −9C H

(1,0)
1+−

√

H
(1,1)
0++ 3C + 6T, 3C − 12T H

(0,1)
1+− H

(1,1)
1++ , H

(1,1)
2++

√

0−+ H
(0,0)
0−+ 3C − 12T H

(1,0)
1−−

√

H
(1,1)
0−+ −9C H

(0,1)
1−− H

(1,1)
1−+ , H

(1,1)
2−+

√

0−− H
(1,1)
0−− 3C + 12T H

(0,1)
1−+ H

(1,1)
1−− , H

(1,1)
2−−

1+−
H

(0,1)
1+− 3C + 6T , 3C − 12T H

(1,1)
0++ , H(1,1)

1++ , H(1,1)
2++

√

H
(1,0)
1+− −9C H

(0,0)
0++

√

H
(1,2)
1+− −9C H

(0,2)
2++ H

(1,2)
2+− , H(1,2)

3+−
√

1++ H
(1,1)
1++ 3C + 6T, 3C − 12T H

(0,1)
1+− H

(1,1)
0++ ,H(1,1)

2++

√

H
(1,2)
1++ 3C + 6T H

(0,2)
2+− H

(1,2)
2++ , H(1,2)

3++

1−+ H
(0,1)
1−+ 3C + 6T H

(1,1)
0−− , H(1,1)

1−− , H(1,1)
2−−

H
(1,1)
1−+ −9C H

(0,1)
1−− H

(1,1)
0−+ , H(1,1)

2−+

√

1−−

H
(1,0)
1−− 3C − 12T H

(0,0)
0−+

√

H
(0,1)
1−− −9C H

(1,1)
0−+ , H(1,1)

1−+ , H(1,1)
2−+

√

H
(1,1)
1−− 3C + 6T H

(0,1)
1−+ H

(1,1)
0−− H

(1,1)
2−−

H
(1,2)
1−− 3C + 6T, 3C − 12T H

(0,2)
2−+ H

(1,2)
2−− , H(1,2)

3−−
√

2+− H
(0,2)
2+− 3C + 6T H

(1,2)
1++ , H(1,2)

2++ ,H(1,2)
3++

H
(1,2)
2+− −9C H

(1,2)
2++ H

(1,2)
1+− ,H(1,2)

3+−
√

2++

H
(1,1)
2++ 3C + 6T ,3C − 12T H

(0,1)
1+− H

(1,1)
0++ ,H(1,1)

1++

√

H
(0,2)
2++ −9C H

(1,2)
1+− , H(1,2)

2+− ,H(1,2)
3+−

√

H
(1,2)
2++ 3C + 6T H

(0,2)
2+− H

(1,2)
1++ , H(1,2)

3++

H
(1,3)
2++ 3C + 6T , 3C − 12T H

(0,3)
3+− H

(1,3)
3++ , H(1,3)

3++ ,H(1,3)
4++

√

2−+
H

(1,1)
2−+ −9C H

(0,1)
1−− H

(1,1)
0−+ , H(1,1)

1−+

√

H
(0,2)
2−+ 3C + 6T ,3C − 12T H

(1,2)
1−− , H(1,2)

2−− ,H(1,2)
3−−

√

H
(1,3)
2−+ −9C H

(0,3)
3−−

√

2−−
H

(1,1)
2−− 3C + 6T H

(0,1)
1−+ H

(1,1)
1−+ ,H(1,1)

1−−

H
(1,2)
2−− 3C + 6T ,3C − 12T H

(0,2)
2−+ H

(1,2)
1−− , H(1,2)

3−−
√

H
(1,3)
2−− 3C + 6T H

(0,3)
2−+ H

(1,3)
3−− , H(1,3)

4−−

3C − 12T forms the deeply bound state. The most deeply bound states appear in

H
(1,1)
0++ ,H

(0,1)
1+− ,H

(1,1)
1++ and H(1,1)

2++ as a forthlet.

For I = 1 states in Table 7.3, the potential −C− 2T is the only attractive channel. The

most deeply bound states exist in H(1,1)
0++ ,H

(0,1)
1+− ,H

(1,1)
1++ and H(1,1)

2++ as a forthlet, which is

a similar result of I = 0 states.
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Table 7.4: Spin multiplets of PP̄ molecules for I = 1 states

JPC H
(SH ,Sl)

JPC
Potential

Spin partner
attractive

type α type β

0++ H
(0,0)
0++ 3C H

(1,0)
1+−

H
(1,1)
0++ −C − 2T, −C + 4T H

(0,1)
1+− H

(1,1)
1++ , H

(1,1)
2++

√

0−+ H
(0,0)
0−+ −C + 4T H

(1,0)
1−−

H
(1,1)
0−+ 3C H

(0,1)
1−− H

(1,1)
1−+ , H

(1,1)
2−+

0−− H
(1,1)
0−− −C − 2T H

(0,1)
1−+ H

(1,1)
1−− , H

(1,1)
2−−

√

1+−
H

(0,1)
1+− −C − 2T , −C + 4T H

(1,1)
0++ , H(1,1)

1++ , H(1,1)
2++

√

H
(1,0)
1+− 3C H

(0,0)
0++

H
(1,2)
1+− 3C H

(0,2)
2++ H

(1,2)
2+− , H(1,2)

3+−

1++ H
(1,1)
1++ −C − 2T,−C + 4T H

(0,1)
1+− H

(1,1)
0++ ,H(1,1)

2++

√

H
(1,2)
1++ −C − 2T H

(0,2)
2+− H

(1,2)
2++ , H(1,2)

3++

√

1−+ H
(0,1)
1−+ −C − 2T H

(1,1)
0−− , H(1,1)

1−− , H(1,1)
2−−

√

H
(1,1)
1−+ 3C H

(0,1)
1−− H

(1,1)
0−+ , H(1,1)

2−+

1−−

H
(1,0)
1−− −C + 4T H

(0,0)
0−+

H
(0,1)
1−− 3C H

(1,1)
0−+ , H(1,1)

1−+ , H(1,1)
2−+

H
(1,1)
1−− −C − 2T H

(0,1)
1−+ H

(1,1)
0−− H

(1,1)
2−−

√

H
(1,2)
1−− −C − 2T,−C + 4T H

(0,2)
2−+ H

(1,2)
2−− , H(1,2)

3−−
√

2+− H
(0,2)
2+− −C − 2T H

(1,2)
1++ , H(1,2)

2++ ,H(1,2)
3++

√

H
(1,2)
2+− 3C H

(1,2)
2++ H

(1,2)
1+− ,H(1,2)

3+−

2++

H
(1,1)
2++ −C − 2T ,−C + 4T H

(0,1)
1+− H

(1,1)
0++ ,H(1,1)

1++

√

H
(0,2)
2++ 3C H

(1,2)
1+− , H(1,2)

2+− ,H(1,2)
3+−

H
(1,2)
2++ −C − 2T H

(0,2)
2+− H

(1,2)
1++ , H(1,2)

3++

√

H
(1,3)
2++ −C − 2T , −C + 4T H

(0,3)
3+− H

(1,3)
3++ , H(1,3)

3++ ,H(1,3)
4++

√

2−+
H

(1,1)
2−+ 3C H

(0,1)
1−− H

(1,1)
0−+ , H(1,1)

1−+

H
(0,2)
2−+ −C − 2T ,−C + 4T H

(1,2)
1−− , H(1,2)

2−− ,H(1,2)
3−−

√

H
(1,3)
2−+ 3C H

(0,3)
3−−

2−−
H

(1,1)
2−− −C − 2T H

(0,1)
1−+ H

(1,1)
1−+ ,H(1,1)

1−−
√

H
(1,2)
2−− −C − 2T ,−C + 4T H

(0,2)
2−+ H

(1,2)
1−− , H(1,2)

3−−
√

H
(1,3)
2−− −C − 2T H

(0,3)
2−+ H

(1,3)
3−− , H(1,3)

4−−
√
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7.3.3 The P (∗)P (∗) states

The degenerates of the P (∗)P (∗) states are studied in the same way of the analysis of

the P (∗)P̄ (∗) states. The results are summarized in Tabs. 7.5 and 7.6. The the P (∗)P̄ (∗)

states are classified with the quantum numbers, I(JP ).

The main difference from the PP̄ is that PP states do not have spin partner of type α.

Because, if the heavy quark spin SQ = 0 is replaced SQ = 1 in the wave function, the

isospin should be also switched over to retain the wave functions in symmetric. As a

result, the multiplets are classified as two classes. One is the singlet, which appears in

the case of Sl = 0. When the light spin in the Hamiltonian is not zero, this Hamiltonian

forms triplet as type β.

Table 7.5 shows the properties of PP states for I = 0 in the heavy quark limit. The

attractive potential is only −3C − 6T and the other potential, 9C and −3C − 12T ,

are repulsive. We can see the bound states in every channels with respective quantum

numbers. The most deeply bound state exists in H(0,1)
0(1+)

, which is a singlet. In the 0(2−)

channel, there are three bound states with similar eigenvalues in the heavy quark limit.

The various properties of PP states for I = 1 are shown in Table 7.6. Although the

potentials with −3C are attractive, the Hamiltonians with this potential will not form

the bound states in the real situation because of the weakness of the center force. The

most deeply bound states are triplets in H(1,1)
1(0+)

,H
(1,1)
1(1+)

and H(1,1)
1(2+)

.

7.4 Specific candidates of heavy meson molecules

So far, we have only considered P (∗)P̄ (∗) molecules in heavy quark mass limit. Some

P (∗)P̄ (∗) molecules would correspond to the observed exotic hadrons such as X(3872),

X(3940) and Zb. In reality, however, the masses of the heavy quarks are finite: Mc =

1.275 GeV and Mb = 4.18 GeV. Hence, the heavy mesons are finite, which imply that

the heavy meson molecules appear with heavy quark symmetry breaking to a certain

extent. In other words, there should be a gap between our model and real situations.

In this chapter, we discuss the relation between specific candidates of heavy meson

molecules and our model expectations. We also perform the numerical calculations to

consider the The heavy quark symmetry breaking effect.
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Table 7.5: Spin multiplets of PP molecules for I = 0 states

I(JP ) HSH ,Sl

I(JP ) Potential
Spin partner

attractive
type α type β

0(0−) H
(1,1)
0(0−)

−3C − 6T — H
(1,1)
0(1−)

,H(1,1)
0(2−)

√

0(1+)
H

(0,1)
0(1+)

−3C − 6T,−3C + 12T — —
√

H
(1,0)
0(1+)

9C — —

H
(1,2)
0(1+)

9C — H
(1,2)
0(2+)

,H
(1,2)
0(3+)

0(1−)

H
(1,0)
0(1−)

−3C + 12T — —

H
(0,1)
0(1−)

9C — —

H
(1,1)
0(1−)

−3C − 6T — H
(1,1)
0(0−)

,H(1,1)
0(2−)

√

H
(1,2)
0(1−)

−3C − 6T,−3C + 12T — H
(1,2)
0(2−)

,H
(1,2)
0(3−)

√

0(2+)
H

(0,2)
0(2+)

−3C − 6T — —
√

H
(1,2)
0(2+)

9C — H
(1,2)
0(1+)

,H(1,2)
0(3+)

0(2−)
H

(1,1)
0(2−)

−3C − 6T — H
(1,1)
0(0−)

, H(1,1)
0(1−)

√

H
(1,2)
0(2−)

−3C − 6T,−3C + 12T — H
(1,2)
0(1−)

,H
(1,2)
0(3−)

√

H
(1,3)
0(2−)

−3C − 6T — H
(1,3)
0(3−)

,H
(1,3)
0(4−)

√

Table 7.6: Spin multiplets of PP molecules for I = 1 states

I(JP ) HSH ,Sl

I(JP ) Potential
Spin partner

attractive
type α type β

1(0+)
H

(0,0)
1(0+)

−3C — —
√

H
(1,1)
1(0+)

C + 2T,C − 4T — H
(1,1)
1(1+)

,H
(1,1)
1(2+)

√

1(0−)
H

(0k0)
1(0−)

C − 4T — —
√

H
(1,1)
1(0−)

−3C — H
(1,1)
1(1−))

,H
(1,1)
1(2−)

√

1(1+)
H

(1,1)
1(1+)

C + 2T,C − 4T — H
(1,1)
1(0+)

, H(1,1)
1(2+)

√

H
(1,2)
1(1+)

C + 2T — H
(1,2)
1(2+)

,H(1,2)
1(3+)

1(1−)
H

(0,1)
1(1−)

C + 2T — —

H
(1,1)
1(1−)

−3C — H
(1,1)
1(0−)

, H(1,1)
1(2−)

√

1(2+)

H
(1,1)
1(2+)

C + 2T,C − 4T — H
(1,1)
1(0+)

, H(1,1)
1(1+)

√

H
(0,2)
1(2+)

−3C — —
√

H
(1,2)
1(2+)

C + 2T — H(1, 2)1(1+),H
(1,2)
1(3+)

H
(1,3)
1(2+)

C + 2T,C − 4T — H
(1,3)
1(3+)

,H
(1,3)
1(3+)

√

1(2−)
H

(1,1)
1(2−)

−3C — H
(1,1)
1(0−)

, H(1,1)
1(1−)

√

H
(0,2)
1(2−)

C + 2T,C − 4T — —
√

H
(1,3)
1(2−)

−3C — H
(1,3)
1(3−)

,H
(1,3)
1(4−)

√
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7.4.1 Zb(10610) and Zb(10650)

As already discussed in 4, Zb’s are strong candidates of B(∗)B̄(∗) states. Their masses are

well explained as the B(∗)B̄(∗) states with IG(JP ) = 1+(1+) by means of the potential

model. Now we consider this states in the heavy quark limit.

From Table 7.4, we can see that there are three sub-Hamiltonians in 1+(1+), H(0,1)
1+− ,

H
(1,0)
1+− and H

(1,2)
1+− . But only H

(0,1)
1+− has attractive channel with diagonalized potential

−C − 2T . This fact is astonished for the following reasons. Since H(0,1)
1+− has only one

bound state, the potential model cannot reproduce the twin states as Zb’s. Moreover,

the heavy quark spin of H(0,1)
1+− indicate that the bound state of this state is impossible

to decay into Υπ and be also produced from Υ. This result also run counter to the

experimentally observed channels, Υ(5S)→ Zbπ → Υ(nS)ππ. These discrepancies may

be related to the heavy quark symmetry breaking and we will consider this problem later.

This state degenerates with the bound states belonging H(1,1)
0++ , H(1,1)

1++ and H
(1,1)
2++ . For

the P (∗)P̄ (∗) states with IG(JP ) = 1+(1+), they are spin partners as type α. Therefore,

the decay properties of them are different.

To see the detail of this state, we define the wave function for Zb with particle basis as

|Zb〉 = a | 1√
2
(BB̄∗ −B∗B̄)(3S1)〉+ b | 1√

2
(BB̄∗ −B∗B̄)(3D1)〉+ c |B∗B̄∗(3S1)〉+ d |B∗B̄∗(3D1)〉

= a′ |0H , 1q, 0L, 1l; 1〉+ b′ |0H , 1q, 2L, 1l; 1〉+ c′ |1H , 0q, 0L, 0L; 1〉+ d′ |1H , 0l, 2L, 2l; 1〉 , (7.42)

where a(′), b(′), c(′) and d(′) are coefficients of wave functions and they are normalized as

a2 + b2 + c2 + d2 = a′2 + b′2 + c′2 + d′2 = 1. The coefficients are related with the unitary

matrix U1+− as follows: 

a′ = 1√
2
a+ 1√

2
c

b′ = 1√
2
b+ 1√

2
d

c′ = − 1√
2
a+ 1√

2
c

d′ = − 1√
2
b+ 1√

2
d.

(7.43)

The bound state should belong to the H
(0,1)
1+− , hence c′ = d′ = 0. This implies the

relations of the coefficients in the particle basis: a = c and b = d. The coefficients a and

b are depend on the dynamics.
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To see the validity of this argument, we perform the numerical calculation with the

potential model. We numerically solve the Hamiltonian, H1+− in I = 0, where we

adopt the values of the coupling constants and cutoff parameter used in 4. We input

mB = mB∗ = 5 × 1020 GeV as the effectively infinite masses of B and B′ mesons. As

a result, the bound state in obtained with the binding energy Ev = −121 MeV. The

coefficients in particle basis are given as a = c =
√

0.35 and b = d =
√

0.15. Thus

the coefficients in HQS basis are obtained as a′ =
√

0.7, b′ =
√

0.3 and c′ = d′ = 0.

This result is consistent with the expectations from heavy quark symmetry and we can

confirm that the |Zb〉 state belongs to the H(0,1)
1+− .

Next, we numerically solve the total Hamiltonian of this state with inputs of the finite

mass of B(∗) mesons to see the effects of the heavy quark symmetry braking. As shown

in Chapter 4, the one bound states are obtained with E = −7.7 MeV. The coefficients

in particle basis are obtained as a =
√

0.76, b =
√

0.1, c =
√

0.1 and d =
√

0.04.

Thus the coefficients in HQS basis are given as a′ =
√

0.71, b′ =
√

0.13, c′ = −
√

0.15

and d = −
√

0.01. This result indicates that the bound state of B(∗)B̄(∗) states in

IG(JP ) = 1+(1+) breaks the heavy quark symmetry with the rate ∼ 15 %. This

breaking effect will make possible to produce the Zb state from Υ(5S).

7.5 Summary

We have discussed the decoupling for the heavy quark and the total spin of light com-

ponents in the multi-hadorns composed of the two heavy mesons in the heavy quark

mass limit mQ → ∞. In this limit, these spins are conserved quantities. In the heavy

meson molecule systems, the heavy quark symmetry plays an important role for the

classification of the spectrum and the structure of the heavy hadrons.

Heavy quark symmetry cause the mass degeneracy of heavy hadorns. The degeneracy

of heavy meson molecules are classified into two classes. One is the degeneracy of them

due to the suppression of spin-spin interactions of two heavy quarks, which is called as

the degeneracy of type α. The spin partners belonging the type α show the opposite

decay properties. Second is that the degeneracy occurs due to the suppression of the

spin-spin interactions between heavy quark and light spins.

We have found that the degeneracy of P (∗)P̄ (∗) molecules are doublets or forthlets. The

doublets exist as type α, whereas the forthlets occur involving type α and type β. The
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most deeply bound states are in H(SH ,Sl)JPC = H
(1,1)
0++ ,H

(0,1)
1+− ,H

(1,1)
1++ and H

(1,1)
2++ as a

forthlet. In contrast, the degeneracy of P (∗)P̄ (∗) occur only triplet as type β. There is

no degeneracy as type α and some states belong the singlets.

We have also studied the relation of this analysis and Zb as candidates of heavy meson

molecules. In heavy quark limit, we have found only one bound state as P (∗)P̄ (∗) states

in IG(JP ) = 1+(1+). This state belongs H(0,1)
1+− and has spin partners in H

(1,1)
0++ ,H

(1,1)
1++

and H
(1,1)
2++ . We have studied the heavy quark symmetry breaking in this state with

numerical calculations. Our results suggest that the effects of heavy quark symmetry

breaking makes possible to produce the Zb state from Υ(5S) and decay from Zb to Υπ.

From the above results, we conclude that the heavy quark symmetry is a useful guiding

principle to study the structure of the multi-hadron systems.



Chapter 8

Summary

In this thesis, we have studied the properties of heavy meson molecules from various

point of view. They are strong candidates of new forms of hadrons.

In chapter 3, we overview the status of the twin resonances Zb(10610) and Zb(10650)

observed in Belle. Their masses are located slightly above the respective thresholds, BB̄∗

and B∗B̄∗. Their quantum numbers, IG(JP ) = 1+(1+), indicate that the constituents

of Zb’s must be not two quarks but at least four quarks. Their branching fractions of

decays also show the exotic behaviors, which indicate that Zb’s cannot explained by the

conventional quark models.

In chapter 4, we study the heavy hadron spectroscopy near the two heavy meson thresh-

olds. We have employed B(D) and B∗(D∗) mesons as effective degrees of freedom near

the thresholds, and systematically considered the possibility of B(∗)B̄(∗) bound and res-

onance states having exotic quantum numbers up to J < 2. The potential of them

are constructed by using the effective Lagrangians respecting the heavy quark symme-

try and the Schrödinger equation for the B(∗)B̄(∗) states with J < 2 are numerically

solved. As a result, we have found the bound state with binding energy 8.5 MeV and

resonance state with the resonance energy 50.4 MeV and the decay width 15.1 MeV

in the IG(JP ) = 1+(1+) channel. These states correspond the masses of Zb(10610)

and Zb(10650), respectively. Therefore, the twin resonances, Zb’s can be interpreted

as the B(∗)B̄(∗) molecular type states. It should be noted that the mixing effects of

pseudo scalar B and vector B∗ mesons, which is consequence of heavy quark symmetry,

play a crucial role to form the bound and resonance states. In addition to the states

corresponding Zb’s, the potential model predicts other possible B(∗)B̄(∗) states in I = 1.
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We have also discussed exotic mesons with double charm and bottom flavor, whose

quark content Q̄Q̄qq is genuinely exotic. As a result, we have found many bound and/or

resonance states in both charm and bottom sectors. The D(∗)D(∗) bound and resonance

states have moderate binding energies and decay widths around the thresholds in several

channels with quantum numbers, 0(0−), 0(1+), 0(1−), 0(2+), 0(2−) and 1(0−). The

B(∗)B̄(∗) states have more bound and resonance states with various quantum numbers

Some B(∗)B(∗) states are very compact objects with a large binding energies much below

the thresholds. Perhaps, these states cannot survive as hadronic molecules and more

needs further considerations of quark dynamics such as tetraquark.

In Chapter 5, we have derived the model independent relations among various decay and

production rates for possible B(∗)B̄(∗) molecular states under the heavy quark symmetry.

Part of decay properties of Zb(10610) and Zb(10650) are well explained and the possible

decay patterns for neutral Z0
b (10610) are discussed in the present framework. We have

shown that the W−−
bJ decay into a spin singlet bottomonium is forbidden except for

W−−
b1 . We have also predicted the production rate of various W−−

bJ through the one pion

emission of Υ(5S). All of them can be tested experimentally and will provide important

information to further understand the exotic structure of the new particles.

In Chapter 6,we have studied the Z(′)+
b → Υ(nS)π+ decays in a picture of the heavy

meson molecule. Assuming that Z(′)
b is the B∗B̄(∗) molecular state, we have considered

the transition amplitudes given by the triangle diagrams with B(∗) and B̄(∗) meson loops

at lowest order based on the heavy meson effective theory. The couplings of gZBB∗ and

gZ′B∗B∗ are fixed to reproduce correctly the observed decay widths from Z
(′)
b to the

open flavor channels. To treat the effect of the finite range of the hadron interactions

and regularize the loop integrals in the transition amplitudes suitably, we introduce the

phenomenological form factors with the cutoff parameters ΛZ and Λ. The numerical

result with Λz = 1000 MeV and Λ = 600 MeV is qualitatively consistent with the

experimental data. Our results suggest that, if Z(′)
b have molecular type structures, the

form factor should play a crucial role in the transition amplitudes. Our model also applies

the decays, Z+
c → J/ψπ+ , ψ(2S)π+. We roughly estimate the branching fractions as

f(Z+
c → J/ψπ+) ∼ 1.3 % and f(Z+

c → ψ(2S)π+) ∼ 0.32 %, which is testable for the

future experiments in high energy accelerator facilities, such as KEK-Belle, BES and so

on. In the foreseeable future, our formulation will apply to the other exotic decays, such

as Z(′)+
b → ηbρ

+, Z(′)0
b → ηbγ and so on, which can be also studied in future experiments.
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In chapter 7, we have discussed the decoupling for the heavy quark and the total spin of

light components in the multi-hadorns composed of the two heavy mesons in the heavy

quark mass limit mQ → ∞. In this limit, these spins are conserved quantities. Tn

the heavy meson molecule systems, the heavy quark symmetry plays an important role

for the classification of the spectrum and the structure of the heavy hadrons. Heavy

quark symmetry cause the mass degeneracy of heavy hadorns. The degeneracy of heavy

meson molecules are classified into two classes. One is the degeneracy of them due to

the suppression of spin-spin interactions of two heavy quarks, which is called as the

degeneracy of type α. The spin partners belonging the type α show the opposite decay

properties. Second is that the degeneracy occurs due to the suppression of the spin-spin

interactions between heavy quark and light spins.

We have found that the degeneracy of P (∗)P̄ (∗) molecules are doublets or forthlets. The

doublets exist as type α, whereas the forthlets occur involving type α and type β. The

most deeply bound states are in H(SH ,Sl)JPC = H
(1,1)
0++ ,H

(0,1)
1+− ,H

(1,1)
1++ and H

(1,1)
2++ as a

forthlet. In contrast, the degeneracy of P (∗)P̄ (∗) occur only triplet as type β. There

is no degeneracy as type α and some states belong the singlets. We have also studied

the relation of this analysis and Zb as candidates of heavy meson molecules. In heavy

quark limit, we have found only one bound state as P (∗)P̄ (∗) states in IG(JP ) = 1+(1+).

This state belongs H(0,1)
1+− and has spin partners in H

(1,1)
0++ ,H

(1,1)
1++ and H

(1,1)
2++ . We have

studied the heavy quark symmetry breaking in this state with numerical calculations.

Our results suggest that the effects of heavy quark symmetry breaking makes possible

to produce the Zb state from Υ(5S) and decay from Zb to Υπ. From the above results,

we conclude that the heavy quark symmetry is a useful guiding principle to study the

structure of the multi-hadron systems.

A key issue in this thesis is the study of the heavy meson molecules as exotic hadrons.

They are strong candidates of new forms of matter. Around the thresholds, the heavy

mesons arises as effective degrees of freedom, hence it is naturally expected that the

molecules in the regions. The problem, however, is that the properties of heavy meson

molecules are understood completely. This study have revealed the various properties

of them such as the masses, production and decay properties. Our analysis of heavy

meson molecules have predicted some candidates of exotic hadrons, which will be tested

in future experiments. We hope that our study shed light on the understanding of exotic

hadrons and fundamental dynamics of QCD.



Appendix A

Hamiltonian for heavy meson

molecules

A.1 Hamiltonian for PP̄ meson molecules

Here, we show the hamiltonians for exotic heavy mesons with hidden heavy quarks such

as BB̄ and DD̄. The hamiltonian is a sum of the kinetic term and potential term as,

HJPC = KJPC + V π
JPC , (A.1)

for the π exchage potential only, and

HJPC = KJPC +
∑

i=π,ρ,ω

V i
JPC , (A.2)

for the πρω potential.
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The kinetic terms with including the explicit breaking of the heavy quark symmetry by

the mass difference mB∗ −mB are

K0++ = diag
(
− 1

2m̃BB
40,−

1
2m̃BB∗

40 + 2∆mBB∗ ,− 1
2m̃BB∗

42 + 2∆mBB∗

)
, (A.3)

K0−− = diag
(
− 1

2m̃BB∗
41

)
, (A.4)

K0−+ = diag
(
− 1

2m̃BB∗
41,−

1
2m̃B∗B∗

41 + ∆mBB∗

)
, (A.5)

K1+− = diag
(
− 1

2m̃BB∗
40,−

1
2m̃BB∗

42,−
1

2m̃B∗B∗
40 + ∆mBB∗ ,− 1

2m̃B∗B∗
42 + ∆mBB∗

)
,

(A.6)

K1++ = diag
(
− 1

2m̃BB∗
40,−

1
2m̃BB∗

42,−
1

2m̃B∗B∗
42 + ∆mBB∗

)
, (A.7)

K1−− = diag
(
− 1

2m̃BB
40,−

1
2m̃BB∗

41 + ∆mBB∗ ,

− 1
2m̃B∗B∗

41 + 2∆mBB∗ ,− 1
2m̃B∗B∗

41 + 2∆mBB∗ ,− 1
2m̃B∗B∗

43 + 2∆mBB∗

)
,

(A.8)

K1−+ = diag
(
− 1

2m̃BB∗
41,−

1
2m̃B∗B∗

41 + ∆mBB∗

)
, (A.9)

K2+− = diag
(
− 1

2m̃BB∗
42,−

1
2m̃B∗B∗

42 + ∆mBB∗

)
, (A.10)

K2++ = diag
(
− 1

2m̃BB
42,−

1
2m̃BB∗

42 + ∆mBB∗ ,− 1
2m̃B∗B∗

42 + 2∆mBB∗ ,

− 1
2m̃B∗B∗

40 + 2∆mBB∗ ,− 1
2m̃B∗B∗

42 + 2∆mBB∗ ,− 1
2m̃B∗B∗

44 + 2∆mBB∗

)
,

(A.11)

K2−+ = diag
(
− 1

2m̃BB∗
41,−

1
2m̃BB∗

43,−
1

2m̃B∗B∗
41 + ∆mBB∗ ,− 1

2m̃B∗B∗
43 + ∆mBB∗

)
,

(A.12)

K2−− = diag
(
− 1

2m̃BB∗
41,−

1
2m̃BB∗

43,−
1

2m̃B∗B∗
41 + ∆mBB∗ ,− 1

2m̃B∗B∗
43 + ∆mBB∗

)
,

(A.13)

where 4l = ∂2

∂r2
+ 2

r
∂
∂r −

l(l+1)
r2

with integer l ≥ 0, 1/m̃BB = 1/mB + 1/mB, 1/m̃BB∗ =

1/mB + 1/mB∗ , 1/m̃B∗B∗ = 1/mB∗ + 1/mB∗ and ∆mBB∗ = mB∗ −mB.



Appendix A. Hamiltonian for heavy meson molecules 116

The π exchange potentials for each JPC states are

V π
0++ =

0

B

@

0
√

3VC −
√

6VT√
3VC 2VC

√
2VT

−
√

6VT

√
2VT −VC + 2VT

1

C

A

, (A.14)

V π
0−− = (−VC − 2VT) , (A.15)

V π
0−+ =

 

VC + 2VT −2VC + 2VT

−2VC + 2VT VC + 2VT

!

, (A.16)

V π
1+− =

0

B

B

B

B

@

VC −
√

2VT −2VC −
√

2VT

−
√

2VT VC + VT −
√

2VT −2VC + VT

−2VC −
√

2VT VC −
√

2VT

−
√

2VT −2VC + VT −
√

2VT VC + VT

1

C

C

C

C

A

, (A.17)

V π
1++ =

0

B

@

−VC

√
2VT

√
6VT√

2VT −VC − VT

√
3VT√

6VT

√
3VT −VC + VT

1

C

A

, (A.18)

V π
1−− =

0

B

B

B

B

B

B

B

B

B

@

0 0
√

3VC 2
q

3
5
VT −3

q

2
5
VT

0 −VC + VT 0 3
q

3
5
VT 3

q

2
5
VT

√
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5
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q
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5
VT

2
q

3
5
VT 3

q

2
5
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5
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√
6

5
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q

2
5
VT 3

q

2
5
VT

q

6
5
VT −

√
6

5
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5
VT

1

C

C

C

C

C

C

C

C

C

A

, (A.19)

V π
1−+ =

 

VC − VT −2VC − VT

−2VC − VT VC − VT

!

, (A.20)

V π
2+− =

 

VC − VT −2VC − VT

−2VC − VT VC − VT

!

, (A.21)

V π
2++ =

0

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0
√

3VC −
q

6
5
VT 2

q

3
7
VT −6

q

3
35
VT

0 −VC + VT 0 −3
q

2
5
VT

3√
7
VT

12√
35
VT

√
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q

2
5
VT − 2√

7
VT

6√
35
VT

−
q

6
5
VT −3

q

3
5
VT

q

2
5
VT −VC −

q

14
5
VT 0

2
q

3
7
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3√
7
VT − 2√

7
VT −

q

14
5
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7
VT − 12

7
√

5
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q

3
35
VT

12√
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VT

6√
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7
√

5
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C
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C
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A

, (A.22)

V π
2−+ =

0

B

B

B

B

@
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√
6

5
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5
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√
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− 3
√

6
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5
VT − 3

√
6
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√
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, (A.23)
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B
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The ρ and ω potentials are

V v
0++ =

0

B

@

V v′
C 2

√
3V v

C

√
6V v

T

2
√

3V v
C 4V v

C + V v′
C −

√
2V v

T√
6V v

T −
√

2V v
T −2V v

C − 2V v
T + V v′

C

1

C

A

, (A.25)

V v
0−− =

`

−2V v
C + 2V v

T + V v′
C

´

, (A.26)

V v
0−+ =

 

2V v
C − 2V v

T + V v′
C −4V v

C − 2V v
T

−4V v
C − 2V v

T 2V v
C − 2V v

T + V v′
C

!

, (A.27)
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where the central and tensor potentials are defined as,

V π
C =

(√
2
g

fπ

)2 1
3
C(r;mπ)~τ1 ·~τ2 , (A.36)

V π
T =

(√
2
g

fπ

)2 1
3
T (r;mπ)~τ1 ·~τ2 , (A.37)

V ρ
C = − (2λgV )2

1
3
C(r;mρ)~τ1 ·~τ2 , (A.38)

V ω
C = (2λgV )2

1
3
C(r;mω) , (A.39)

V ρ
T = − (2λgV )2

1
3
T (r;mρ)~τ1 ·~τ2 , (A.40)

V ω
T = (2λgV )2

1
3
T (r;mω) , (A.41)

V ρ′
C =

(
βgV
2mρ

)2 1
3
C(r;mρ)~τ1 ·~τ2 , (A.42)

V ω′
C = −

(
βgV
2mω

)2 1
3
C(r;mω) . (A.43)

A.2 Hamiltonian for PP meson molecules

The Hamiltonian is a sum of the kinetic term and potential term as,

HI(JP ) = KI(JP ) + V π
I(JP ), (A.44)

for the π exchange potential only, and

HI(JP ) = KI(JP ) +
∑

i=π,ρ,ω

V i
I(JP ), (A.45)

for the πρω potential.
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The kinetic terms with including the explicit breaking of the heavy quark symmetry by

the mass difference ∆mPP∗ = mP∗ −mP are

K0(0−) = diag
(
− 1

2m̃PP∗
41

)
, (A.46)

K0(1+) = diag
(
− 1

2m̃PP∗
40,−

1
2m̃PP∗

42,−
1

2m̃P∗P∗
40 + ∆mPP∗ ,− 1

2m̃P∗P∗
42 + ∆mPP∗

)
,

(A.47)

K0(1−) = diag
(
− 1

2m̃PP
40,−

1
2m̃PP∗

41 + ∆mPP∗ ,

− 1
2m̃P∗P∗

41 + 2∆mPP∗ ,− 1
2m̃P∗P∗

41 + 2∆mPP∗ ,− 1
2m̃P∗P∗

43 + 2∆mPP∗

)
,

(A.48)

K0(2+) = diag
(
− 1

2m̃PP∗
42,−

1
2m̃P∗P∗

42 + ∆mPP∗

)
, (A.49)

K0(2−) = diag
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1
2m̃PP∗

43,−
1

2m̃P∗P∗
41 + ∆mPP∗ ,− 1
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43 + ∆mPP∗

)
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(A.50)

K1(0+) = diag
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, (A.51)

K1(0−) = diag
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, (A.52)

K1(1+) = diag
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K1(1−) = diag
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(A.55)

K1(2−) = diag
(
− 1

2m̃PP∗
41,−

1
2m̃PP∗

43,−
1

2m̃P∗P∗
41 + ∆mPP∗ ,− 1

2m̃P∗P∗
43 + ∆mPP∗

)
,

(A.56)

where 4l = ∂2

∂r2
+ 2

r
∂
∂r −

l(l+1)
r2

with integer l ≥ 0, 1/m̃PP = 1/mP + 1/mP, 1/m̃PP∗ =

1/mP + 1/mP∗ , 1/m̃P∗P∗ = 1/mP∗ + 1/mP∗ .
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The π exchange potentials for each I(JP ) states are

V π
0(0−)

= (V π
C + 2V π

T ) , (A.57)
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V π
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=
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The ρ and ω potentials are
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where the central and tensor potentials are defined as,
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Appendix B

Passarino-Veltman Integrals

In this chapter, we present the Passarino-Veltman formalism, which is a useful tool to

calculate the one loop integrals.

B.1 The general definition

We write the general forms of one-loop tensor intergral as

T
µ1···µp
n ≡ (2πµ)4−d

iπ2

∫
ddk

kµ1 · · · kµp

D0D1D2 · · ·Dn−1
, (B.1)

where d = 4− ε is the space-time dimension shifted by ε. Di comes from the momenta

of propagators following the conventions of Fig. B.1 and given as

Di = (k + ri)2 −m2
i + iε , (B.2)

and the momenta ri are related with the external momenta through the relations,

rj =
j∑
i=1

pi ; j = 1, · · · , n− 1

r0 =
n∑
i=1

p1 = 0. (B.3)

From all those integrals in Eq. (B.1), the scalar integrals are paticularly important, then

we define the notations for them. It can be shown that there are only four independent

123
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Figure B.1: The diagram of general one-loop integrals.

such integrals with (4− d = ε) as follows:

A0(m2
0) =

(2πµ)ε

iπ2

∫
ddk

1
k2 −m0

, (B.4)
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i ]
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1
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i ]
,(B.7)

where

r2ij = (ri − rj)2 ; ∀i, j = (0, n− 1) (B.8)

Note that with our conventions r0 = 0 and r2i0 = r2i . For sake of simplicity, the iε part

of the denomiantor factors is suppressed in all these expressions. The general one-loop

tensor integrals are not independent, hence their decomposition is not unique. Following
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the conventions used in [125], we write the tensor integrals as follows:
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∫
ddkkµkν

3∏
i=0

1
[(k + ri)2 −m2

i ]
(B.15)

Dµνρ ≡ (2πµ)ε

iπ2

∫
ddkkµkνkρ

3∏
i=0

1
[(k + ri)2 −m2

i ]
(B.16)

Dµνρσ ≡ (2πµ)ε

iπ2

∫
ddkkµkνkρkσ

3∏
i=0

1
[(k + ri)2 −m2

i ]
. (B.17)
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B.2 The tensor integrals decompostion

These integrals can be decomposed in terms of reducible functions as follows:

Bµ = rµ1B1 (B.18)

Bµν = gµνB00 + rµ1 r
ν
1B11 (B.19)

Cµ = rµ1C1 + rµ2C2 (B.20)

Cµν = gµνC00 +
2∑
i=1

rµi r
ν
jCij (B.21)

Cµνρ =
2∑
i=1

(gµνrρi + gνρrµi + gρµrνi )C00i +
2∑

i,j,k=1

rµi r
ν
j r
ρ
kCijk (B.22)

Dµ =
3∑
i=1

rµi Di (B.23)

Dµν = gµνD00 +
3∑
i=1

rµi r
ν
jDij (B.24)

Dµνρ =
3∑
i=1

(gµνrρi + gνρrµi + gρµrνi )D00i +
2∑

i,j,k=1

rµi r
ν
j r
ρ
kDijk (B.25)

Dµνρσ = (gµνgρσ + gµρgνσ + gµσgνρ)D0000 +
3∑

i,j=1

(
gµνrρi f

σ
j + gνρrµi r

σ
j + gµρrνi r

σ
j

+gµσrνi r
ρ
j + gνσrµi r

ρ
j + gρσrµi r

ν
j

)
D00ij +

3∑
i,j,k,l=1

rµi r
ν
j r
ρ
kr
σ
l Cijkl. (B.26)

All correspondig scalar functions such as B1, Cij , · · · , are totally symmetric in their

indices and can be explicilty calculated.

B.3 The reduced relations

The scalar functions, such as B0, B1, C0, C00 and C12, can be explicitly calculated, how-

ever they satisfy the useful relations. Note also that B0, B1, and C00 are divergent. By

contracting Cµ with external momenta pµ1 or pµ2 , we obtain

Cµr
µ
1 =

1
2
B0(r22,m

2
0,m

2
2)−

1
2
B0((r1 − r2)2,m2

1,m
2
2)−

1
2
[r21 −m2

1 +m2
0]C0,(B.27)

Cµr
µ
2 =

1
2
B0(r21,m

2
0,m

2
2)−

1
2
B0((r1 − r2)2,m2

1,m
2
2)−

1
2
[p2

2 −m2
2 +m2

0]C0.(B.28)
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Similarly, we obtain addtional relations by contradicting Cµν with two external momenta

as follows:

dC00 + C11p
2
1 + 2C12(p1 · p2) + C22p

2
2 = B0((r2 − r2)2,m2

1,m
2
2) +m2

0C0 (B.29)

C00 + C11p
2
1 + C12(p1 · p2) =

1
2
B1((r2 − r1)2,m2

1,m
2
2) +

1
2
B0((r2 − r1)2,m2

1,m
2
2)

−1
2
[p2

1 −m2
1 +m2

0]C1 (B.30)

C12p
2
1 + C22(p1 · p2) =

1
2
B1(r22,m

2
0,m

2
2)−

1
2
B1((r2 − r1)2,m2

1,m
2
2)

−1
2
[p2

1 −m2
1 +m2

0]C2 (B.31)

C11(p1 · p2) + C12p
2
2 =

1
2
B1(r21,m

2
0,m

2
1) +

1
2
B1((r2 − r1)2,m2

1,m
2
2)

+
1
2
((r2 − r1)2,m2

1,m
2
2)−

1
2
[p2

2 −m2
2 +m2

0]C1

(B.32)

C00 + C12(r1 · r2) + C22r
2
2 = −1

2
B1((r2 − r1)2,m2

1,m
2
2)−

1
2
[p2

2 −m2
2 +m2

0]C2,(B.33)

where we can omit the tensor function of C.

B.4 Explicit expression scalar integrals

B.4.1 Explicit expression for A0

This integral is trivial. There is no Feynman parameter and the integral can be deduced

by dimensional regularization scheme. We obtain

A0(m2) = m2

(
∆ε + 1− ln

m2

µ2

)
, (B.34)

where µ is the mass scale peculiar in the dimensional regualrization and we have intro-

duced the notation

∆ε =
2
ε
− γ ln 4π, (B.35)

for a combination that will appear in all expressions. This is the divergent part in the

integrals.
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B.4.2 Explicit expressions for the B functions

The loop function B0(p2,m2
1,m

2
2) can be calculated with Feynman parameters and di-

mensional regularization scheme as

B0(p2,m2
0,m

2
1) = ∆ε −

∫ 1

0
dx ln

[
−x(1− x)p2 + xm2

1 + (1− x)m2
0

µ2

]
. (B.36)

In the same way, we obtain the explicit expression of B1 as

B1(p2,m2
0,m

2
1) = −1

2
∆ε +

∫ 1

0
dxx ln

[
−x(1− x)p2 + xm2

1 + (1− x)m2
0

µ2

]
. (B.37)

It should be noted that B1 is not a symmetric function of the masses,

B1(p2,m2
0,m

2
1) 6= B1(p2,m2

1,m
2
0). (B.38)

B.4.3 Explicit expressions for the C functions

The explicit expressions of C functions are given as follows

C0(r21, r12, r
2
2,m

2
0,m

2
1,m

2
2) = −Γ(3)

1
2

∫ 1

0
dx1

∫ 1−x1

0
dx2

1
C

(B.39)

Ci(r21, r12, r
2
2,m

2
0,m

2
1,m

2
2) = Γ(3)

1
2

∫ 1

0
dx1

∫ 1−x1

0
dx2

xi
C

(B.40)

C12(r21, r12, r
2
2,m

2
0,m

2
1,m

2
2) = −Γ(3)

2
4

∫ 1

0
dx1

∫ 1−x1

0
dx2

x1x2

C
, (B.41)

with

C = x2
1r

2
1 + x2

2r
2
2 + x1x

2
2(r

2
1 + r22 − r212) + x1m

2
1 + x2m

2
2

+(1− x1 − x2)m2
0 − x1r

2
1 − x2r

2
2. (B.42)



Appendix C

Interactions of exchanged mesons

C.1 Interactions of exchanged mesons

We consider the signs of meson-exchange contributions, π, ρ and ω inNN , NN̄ potential.

P (∗)P̄ (∗) and PP states are also discussed, where P stands for heavy mesons, Qq̄(Q =

c, b). The potential for each mesons can be classified as three parts, namely spin-

dependent part V ′
C , center force VC and tensor force VT , where we use the notation

from the previous section.

NN potential

We consider the NN interaction by a nonrelativestic potential [126]. Table C.1

shows the signs of meson exchange contributions for NN potential. In I = 0

case, pion is attractive. For the ρ meson interaction, spin-dependent part V ρ′
C is

attractive, but this contributions is small due to the weak coupling. The center

force with the ρ meson, V ρ
C enhances the center force attraction of pion, whereas

the ρ meson tensor force V ρ
T depresses the pion tensor force. For the ω meson

exchange, spin-dependent part V ω′
C is repulsive, which is stronger than the one of

ρ meson, V ρ′
C , due to the strong coupling. Meanwhile, the coupling for V ω

C and

V ω
T is small and their interactions contribute oppositely to the ρ mesons. It is well

known that NN with I = 0, so called deuteron, is weakly bound state.

In I = 1 case, since the ω meson is iso-scalar particle, the interactions are un-

changed. In contrast, the pion and ρ mesons are iso-vector states, hence the sign

129
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of interactions in I = 1 are opposite to the one in I = 0. As a result, most of

channels are repulsive. Thus, the NN with I = 1 is an unbound state.

NN̄ potential

Next, the sign of meson exchange contributions for NN̄ potential are considered,

which are summarized in Table C.2. The NN̄ potential of medium and long range

can be deduced from the corresponding NN potential by the G-parity rule, which

states that contributions of mesons of odd G-parity change sign.

This modification is essentially important for considering the NN̄ interaction. The

ω exchange, which is repulsive for the NN state, becomes attractive for NN̄ . In

addition to this, the V ρ′
C and V ρ

C for ρ exchange are still repulsive, because of even

G-parity for ρ. Thus, the central potential VC is deeper for NN̄ than for NN . In

the case of NN̄ interaction, all meson exchanges give a contributions of the same

sign to the I = 0 potential. As a result, tensor force is enhanced compared with

the case of NN in I = 0, hence we can see that the NN̄ I = 0 tensor potential is

by far the most important.

P (∗)P̄ (∗) potential

Now we consider the potentials for the heavy meson molecules, P (∗)P̄ (∗). It should

be noted that the couplings are different to the NN and NN̄ potentials. In

particular, the coupling constants of ρ and ω are equivalent, hence the difference

of their interactions are mainly sign and isospin factor. In the case of I = 0, the

center and tensor force of pion, V π
C and V π

T are repulsive, whereas ρ and ω mesons

enhance each other because of same sign of potential. This implies that the vector

meson exchanges sometimes deduce the strong attraction in P (∗)P̄ (∗) I = 0, which

are ineligible compared with pion exchange.

In the case of I = 1, the sign of pion and ρ exchanges become opposite because

of the isospin factor. Recall that the couplings of ρ and ω meson interactions are

equivalent, we can see that their contributions compensate. Thus, we can expect

that pion potential is dominant in the case of P (∗)P̄ (∗) with I = 1.

P (∗)P (∗) potential

The P (∗)P (∗) potential can be deduced from the corresponding P (∗)P̄ (∗) potential

by the G-parity rule in the same way of obtaining the NN̄ potential, which states

that the sign of potentials of odd G-parity mesons are changed. In the case of

I = 0, the pion potentials, V π
C and V π

T , are attractive. The center force of ρ

exchange, V ρ
C enhances the one of pion exchange, whereas the tensor force of is
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weaken the one of pion exchange. The sign of ω potentials are opposite to the one

of ρ. These sign relations are equivalent to the NN in I = 0 state, however it

should be noted that V ω′
C is not stronger than V ρ′

C unlike the case of NN potentials.

Hence, the vector meson contributions from V v′
C and V v

C are still attractive.

The isospin factor changes the sign of contributions of pion and ρmeson exchanges.

In this case, most of channels are repulsive.

Table C.1: Signs of meson exchange contributions to V ′
C , VC and VT for NN poten-

tials.

I = 0 I = 1
Meson V ′

C VC VT V ′
C VC VT

π 0 − − 0 + +
ρ − − + + + −
ω + + − + + −

Table C.2: Signs of meson exchange contributions to V ′
C , VC and VT for NN poten-

tials.

I = 0 I = 1
Meson V ′

C VC VT V ′
C VC VT

π 0 + + 0 − −
ρ − − + + + −
ω − − + − − +

Table C.3: Signs of meson exchange contributions to V ′
C , VC and VT for P (∗)P̄ (∗)

potentials.

I = 0 I = 1
Meson V ′

C VC VT V ′
C VC VT

π 0 + + 0 − −
ρ − − + + + −
ω − − + − − +
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Table C.4: Signs of meson exchange contributions to V ′
C , VC and VT for P (′)P (∗)

potentials.

I = 0 I = 1
Meson V ′

C VC VT V ′
C VC VT

π 0 − − 0 + +
ρ − − + + + −
ω + + − + + −



Appendix D

The properties of heavy meson

molecules in heavy quark limit

D.1 The expressions in HQS basis for PP states

Here, we show the expressions in HQS basis for PP states. They are transformed by

unitari matrix UI(JP ) from the paritcle basis.

The transformations for the I(JP ) = 0(0−) state:

| 1√
2
(PP̄ ∗ + P ∗P̄ )(3P0)〉 = U0(0−) |1H , 1q, 1L, 1l; 0〉 , (D.1)

U0(0−) = 1. (D.2)

The transformations for the 0(1+) state:
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3S1)〉

| 1√
2
(PP̄ ∗ − P ∗P̄ )(3D1)〉
|P ∗P̄ ∗(3S1)〉
|P ∗P̄ ∗(3D1)〉

 = U0(1+)


|0H , 1q, 0L, 1l; 1〉
|0H , 1q, 2L, 1l; 1〉
|1H , 0q, 0L, 0l; 1〉
|1H , 01, 2L, 2l; 1〉

 (D.3)

U0(1+) =


1√
2

0 − 1√
2

0

0 1√
2

0 − 1√
2

1√
2

0 1√
2

0

0 1√
2

0 1√
2

 . (D.4)
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The transformations for the 0(1−) state:



|PP̄ (1P1)〉
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3P1)〉
|P ∗P̄ ∗(1P1)〉
|P ∗P̄ ∗(5P1)〉
|P ∗P̄ ∗(5F1)〉


= U0(1−)



|1H , 1q, 1L, 0l; 1〉
|0H , 0q, 1L, 1l; 1〉
|1H , 1q, 1L, 1l; 1〉
|1H , 1q, 1L, 2l; 1〉
|1H , 11, 3L, 2l; 1〉


(D.5)

U0(1−) =



1
2
√

3
1
2 −1

2

q

5
3

2 0

− 1√
3

0 1
2

q

5
3

2 0

−1
6

√
3

2
1

2
√

3
−

√
5

6 0
√

5
3 0

q

5
3

2
1
6 0

0 0 0 0 1


. (D.6)

The transformations for the 0(2+) state:(
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3D2)〉
|P ∗P̄ ∗(3D2)〉

)
= U0(2+)

(
|0H , 1q, 2L, 2l; 2〉
|1H , 0q, 2L, 2l; 2〉

)
(D.7)

U0(2+) =

 1√
2
− 1√

2
1√
2

1√
2

 . (D.8)

The transformations for the 0(2−) state:
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3P2)〉

| 1√
2
(PP̄ ∗ + P ∗P̄ )(3F2)〉
|P ∗P̄ ∗(5P2)〉
|P ∗P̄ ∗(5F2)〉

 = U0(2−)


|1H , 1q, 1L, 1l; 2〉
|1H , 1q, 1L, 2l; 2〉
|1H , 1q, 3L, 2l; 2〉
|1H , 1q, 3L, 3l; 2〉

 , (D.9)

U0(2−) =


−1

2

√
3

2 0 0

0 0 − 1√
3

√
2
3√

3
2

1
2 0 0

0 0
√

2
3

1√
3

 . (D.10)
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The transformations for the 1(0+) state:
|PP̄ (1S0)〉
|P ∗P̄ ∗(1S0)〉
|P ∗P̄ ∗(5D0)〉

 = U1(0+)


|0H , 0q, 0L, 0l; 0〉
|1H , 1q, 0L, 1l; 0〉
|1H , 1q, 2L, 1l; 0〉

 , (D.11)

U1(0+) =


1
2

√
3

2 0
√

3
2 −1

2 0

0 0 1

 . (D.12)

The transformations for the 1(0−) state:(
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3P0)〉
|P ∗P̄ ∗(3P0)〉

)
= U1(0−)

(
|0H , 1q, 1L, 0l; 0〉
|1H , 0q, 1L, 1l; 0〉

)
, (D.13)

U1(0−) =

 1√
2
− 1√

2
1√
2

1√
2

 . (D.14)

The transformations for the 1(1+) state:
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3S1)〉

| 1√
2
(PP̄ ∗ + P ∗P̄ )(3D1)〉
|P ∗P̄ ∗(5D1)〉

 = U1(1+)


|1H , 1q, 0L, 1l; 1〉
|1H , 1q, 2L, 1l; 1〉
|1H , 1q, 2L, 2l; 1〉

 (D.15)

U1(1+) =


1 0 0

0 −1
2

√
3

2

0
√

3
2

1
2

 . (D.16)

The transformations for the 1(1−) state:(
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3P1)〉
|P ∗P̄ ∗(3P1)〉

)
= U1(1−)

(
|0H , 1q, 1L, 1l; 1〉
|1H , 0q, 1L, 1l; 1〉

)
(D.17)

U1(1−) =

 1√
2
− 1√

2
1√
2

1√
2

 . (D.18)
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The transformations for the 1(2+) state:

|PP̄ (1D2)〉
| 1√

2
(PP̄ ∗ + P ∗P̄ )(3D2)〉
|P ∗P̄ ∗(1D2)〉
|P ∗P̄ ∗(5S2)〉
|P ∗P̄ ∗(5D2)〉
|P ∗P̄ ∗(5G2)〉


= U1(2+)



|1H , 1q, 0L, 1l; 2〉
|1H , 1q, 2L, 1l; 2〉
|0H , 0q, 2L, 2l; 2〉
|1H , 1q, 2L, 2l; 2〉
|1H , 1q, 2L, 3l; 2〉
|1H , 1q, 4L, 3l; 2〉


(D.19)

U1(2+) =



0

q

3
5

2
1
2 −1

2

q

7
5

2 0

0 − 3
2
√

5
0 1

2
√

3

√
7
15 0

0 − 1
2
√

5

√
3

2
1

2
√

3
−
q

7
15

2 0

1 0 0 0 0 0

0

q

7
5

2 0

q

7
3

2
1√
15

0

0 0 0 0 0 1


. (D.20)

The transformations for the 1(2−) state:
| 1√

2
(PP̄ ∗ − P ∗P̄ )(3P2)〉

| 1√
2
(PP̄ ∗ − P ∗P̄ )(3F2)〉
|P ∗P̄ ∗(3P2)〉
|P ∗P̄ ∗(3F2)〉

 = U1(2−)


|1H , 0q, 1L, 1l; 2〉
|0H , 1q, 1L, 2l; 2〉
|0H , 1q, 3L, 2l; 2〉
|1H , 0q, 3L, 3l; 2〉

 , (D.21)

U1(2−) =


− 1√

2
1√
2

0 0

0 0 1√
2
− 1√

2
1√
2

1√
2

0 0

0 0 1√
2

1√
2

 . (D.22)

D.2 The expressions of Hamiltonians with OPEP in heavy

quark limit

Here we consider the Hamiltonians of P (∗)P̄ (∗) states in heavy quark limit. We use the

notations, Kl, C and T given in Chapter 7. The hamiltonians in HQS basis, HHQ
JPC , are
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transformed as,

HHQ
JPC = U−1

JPCHJPCUJPC . (D.23)

As a consequence of heavy quark symmetry, we obtain the OPEP’s as the block-diagonal

forms with the HQS basis. The Hamiltonians with the block-diagonal forms for various

quantum numbers are derived as follows:

HHQ
0++ = U−1

0++H0++U0++

=


K0 + 3C 0 0

0 K0 − C −2
√

2T

0 −2
√

2T K2 − C + 2T

 ~τ1 · ~τ2 (D.24)

=

(
H

(1,0)
0++ 0

0 H
(1,1)
0++

)
~τ1 · ~τ2, (D.25)

HHQ
0−+ = U−1

0−+H0−+U0−+

=

(
K1 − C + 4T 0

0 K1 + 3C

)
~τ1 · ~τ2 (D.26)

=

(
H0,0

0−+ 0

0 H
(1,1)
0−+

)
~τ1 · ~τ2, (D.27)

HHQ
0−− = U−1

0−−H0−−U0−−

= (K1 − C − 2T )~τ1 · ~τ2 (D.28)

= H
(1,1)
0−− ~τ1 · ~τ2, (D.29)

(D.30)
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HHQ
1+− = U−1

1+−H1+−U1+−

=


K0 − C −2

√
2T 0 0

−2
√

2T K2 − C + 2T 0 0

0 0 K0 + 3C 0

0 0 0 K2 + 3C

 ~τ1 · ~τ2 (D.31)

=


H

(0,1)
1+− 0 0

0 H
(1,0)
1+− 0

0 0 H
(1,2)
1+−

 ~τ1 · ~τ2, (D.32)

HHQ
1++ = U−1

1++H1++U1++

=


K0 − C −2

√
2T 0

−2
√

2T K2 − C + 2T 0

0 0 K2 − C − 2T

 ~τ1 · ~τ2 (D.33)

=

(
H

(1,1)
1++ 0

0 H
(1,2)
1++

)
~τ1 · ~τ2, (D.34)

HHQ
1−+ = U−1

1−+H1−+U1−+

=

(
K1 − C − 2T 0

0 K1 + 3C

)
~τ1 · ~τ2 (D.35)

=

(
H

(0,1)
1−+ 0

0 H
(1,1)
1−+

)
~τ1 · ~τ2, (D.36)

HHQ
1−− = U−1

1−−H1−−U1−−

=



K1 − C + 4T 0 0 0 0

0 K1 + 3C 0 0 0

0 0 K1 − C − 2T 0 0

0 0 0 K1 − C + 2
5T −6

√
6

5 T

0 0 0 −6
√

6
5 T K3 − C + 8

5T


×~τ1 · ~τ2 (D.37)

=


H

(1,0)
1−− 0 0 0

0 H
(0,1)
1−− 0 0

0 0 H
(1,1)
1−− 0

0 0 0 H
(1,2)
1−−

 ~τ1 · ~τ2, (D.38)
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HHQ
2+− = U−1

2+−H2+−U2+−

=

(
K2 − C − 2T 0

0 K2 + 3C

)
~τ1 · ~τ2 (D.39)

=

(
H

(0,2)
2+− 0

0 H
(1,2)
2+−

)
~τ1 · ~τ2, (D.40)

HHQ
2++ = U−1

2++H2++U2++

=



K2 − C −2
√

2T 0 0 0 0

−2
√

2T K2 − C + 2T 0 0 0 0

0 0 K2 + 3C 0 0 0

0 0 0 K0 − C − 2T 0 0

0 0 0 0 K2 − C + 4
7T −12

√
3

7 T

0 0 0 0 −12
√

3
7 T K4 − C + 10

7 T


×~τ1 · ~τ2 (D.41)

=


H

(1,1)
2++ 0 0 0

0 H
(0,2)
2++ 0 0

0 0 H
(1,2)
2++ 0

0 0 0 H
(1,3)
2++

 ~τ1 · ~τ2, (D.42)

HHQ
2−+ = U−1

2−+H2−+U2−+

=


K1 + 3C 0 0 0

0 K3 − C + 2
5T −6

√
6

5 T 0

0 −6
√

6
5 T K1 − C + 8

5T 0

0 0 0K3 + 3C

 ~τ1 · ~τ2 (D.43)

=


H

(1,1)
2−+ 0 0

0 H
(0,2)
2−+ 0

0 0 H
(1,3)
2−+

 ~τ1 · ~τ2, (D.44)

HHQ
2−− = U−1

2−−H2−−U2−−

=


K1 − C − 2T 0 0 0

0 K3 − C + 2
5T −6

√
6

5 T 0

0 −6
√

6
5 T K1 − C + 8

5T 0

0 0 0 K3 − C − 2T

 ~τ1 · ~τ2 (D.45)

=


H

(1,1)
2−− 0 0

0 H
(1,2)
2−− 0

0 0 H
(1,3)
2−−

 ~τ1 · ~τ2. (D.46)
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D.3 The wave functions of heavy meson molecules

The wave functions of heavy meson molecules |PP̄ (JPC)〉 are expanded by both nor-

malized particle basis ψPB and HQS basis ψHQ as

|PP̄ (JPC)〉 =
n∑
i=1

ciψ
PB
i (D.47)

=
n∑
i=1

c′iψ
HQ
i (D.48)

=
n∑
i=1

n∑
j=1

ci(UJPC )ijψ
HQ
j , (D.49)

where n is a number of basis and UJPC is a unitary matrix, which relate the two basis.

Here, we show this transormations for each states and discuss the properties of wave

functions expected in the heavy quark limit mQ →∞.

• JPC = 0++ ; H(0,0)
0++ ,H

(1,1)
0++

In this channel, the wavefunction are expanded as

|PP̄ (0++)〉 = c1 |PP̄ (1S0)〉+ c2 |P ∗P̄ ∗(1S0)〉+ c3 |P ∗P ∗(5D0)〉 (D.50)

= c′1 |0H , 0q, 0L, 0l; 0〉+ c2 |1H , 1q, 0L, 1l; 0〉+ c3 |1H , 1q, 2L, 1l; 0〉 ,

(D.51)

where we use the same notation for the expression of the wave functions for the particle

and HQS bases. The cofficients, ci and c′i are related as follows:


c′1 = 1

2c1 +
√

3
2 c2

c′2 =
√

3
2 c1 −

1
2c2

c′3 = c3

(D.52)

The bound states for both I = 0 and I = 1 of this channel belongs to H(1,1)
0++ , hence the

component c′1, which belongs to H(0,0)
0++ should take zero in heavy quark limit. Then the
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fractions of components in particle basis are expected as

f(c1 |PP̄ (1S0)〉) : f(c2 |P ∗P̄ ∗(1S0)〉)√
3 : −1.

(D.53)

• JPC = 0−+ ; H(0,0)
0−+ ,H

(1,1)
0−+

The wave functions are given as

|PP̄ (0−+)〉 = c1 |
1√
2
(PP̄ ∗ − P ∗P̄ )(3P0)〉+ c2 |P ∗P̄ ∗(3P0)〉 (D.54)

= c′1 |0H , 1q, 1L, 0l; 0〉+ c′2 |1H , 0, q, 1L, 1l; 0〉 , (D.55)

The cofficients, ci and c′i are related as follows:c′1 = 1√
2
c1 + 1√

2
c2

c′2 = − 1√
2
c1 + 1√

2
c2

(D.56)

• JPC = 0−− ; H(1,1)
0−−

The wave functions are given as

|PP̄ (0−−)〉 = c1 |
1√
2
(PP̄ ∗ + P ∗P̄ )(3P0)〉 (D.57)

= c′1 |1H , 1q, 1L, 1l; 0〉 . (D.58)

In this channel, there is only one basis, hence two bases are trivially correspond one-on-

one.

• JPC = 1+− ; H(0,1)
1+− ,H

(1,0)
1+− ,H

(1,2)
1+−
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The wave functions are given as

|PP̄ (1+−)〉 = c1 |
1√
2
(BB̄∗ −B∗B̄)(3S1)〉+ c2 |

1√
2
(BB̄∗ −B∗B̄)(3D1)〉

+c3 |B∗B̄∗(3S1)〉+ c4 |B∗B̄∗(3D1)〉

= c′1 |0H , 1q, 0L, 1l; 1〉+ c′2 |0H , 1q, 2L, 1l; 1〉+ c′3 |1H , 0q, 0L, 0L; 1〉+ c′4 |1H , 0l, 2L, 2l; 1〉 ,

(D.59)

The cofficients, ci and c′i are related as follows:

c′1 = 1√
2
c1 + 1√

2
c3

c′2 = 1√
2
c2 + 1√

2
c4

c′3 = − 1√
2
c1 + 1√

2
c3

c′4 = − 1√
2
c2 + 1√

2
c4.

(D.60)

• JPC = 1++ ; H(1,1)
1++ ,H

(1,2)
1++

The wave functions are given as

|PP̄ (1++)〉 = c1 |
1√
2
(PP̄ ∗ + P ∗P̄ )(3S1)〉+ c2 |

1√
2
(PP̄ ∗ + P ∗P̄ )(3D1)〉+ c3 |P ∗P̄ ∗(5D1)〉

(D.61)

= c′1 |1H , 1q, 0L, 1l; 1〉+ c′2 |1H , 1q, 2L, 1l; 1〉+ c′3 |1H , 1q, 2L, 2l; 1〉 . (D.62)

The cofficients, ci and c′i are related as follows:


c′1 = c1

c′2 = −1
2c2 +

√
3

2 c3

c′3 =
√

3
2 c2 + 1

2c3

(D.63)

• JPC = 1−+ ; H(0,1)
1−+ ,H

(1,1)
1−+
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The wave functions are given as

|PP̄1−+〉 = c1 |
1√
2
(PP̄ ∗ − P ∗P̄ )(3P1)〉 c2 |P ∗P̄ ∗(3P1)〉 (D.64)

= c′1 |0H , 1q, 1L, 1l; 1〉+ c′2 |1H , 0q, 1L, 1l; 1〉 . (D.65)

The cofficients, ci and c′i are related as follows:c′1 = 1√
2
c1 + 1√

2
c2

c′2 = − 1√
2
c1 + 1√

2
c2

(D.66)

• JPC = 1−− ; H(1,0)
1−− ,H

(0,1)
1−− ,H

(1,1)
1−− , H

(1,2)
1−−

The wave functions are given as

|PP̄ (1−−)〉 = c1 |PP̄ (1P1)〉+ c2 |
1√
2
(PP̄ ∗ + P ∗P̄ )(3P1)〉+ c3 |P ∗P̄ ∗(1P1)〉

+c4 |P ∗P̄ ∗(5P1)〉+ c5 |P ∗P̄ ∗(5F1)〉 (D.67)

= c′1 |1H , 1q, 1L, 0l; 1〉+ c′2 |0H , 0q, 1L, 1l; 1〉+ c′3 |1H , 1q, 1L, 1l; 1〉

+c′4 |1H , 1q, 1L, 2l; 1〉+ c′5 |1H , 11, 3L, 2l; 1〉 . (D.68)

The cofficients, ci and c′i are related as follows:

c′1 = 1
2
√

3
c1 − 1√

3
c2 − 1

6c3 +
√

5
3 c4

c′2 = 1
2c1 +

√
3

2 c3

c′3 = −1
2c1

1
2c2 + 1

2
√

3
c3 +

√
5

2
√

3
c4

c′4 =
√

5
2
√

3
c1 +

√
5

2
√

3
c2 −

√
5

6 c3 + 1
6

c′5 = c5

(D.69)

• JPC = 2+− ; H(0,2)
2+− ,H

(1,2)
2+−
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The wave functions are given as

|PP̄ (2+−)〉 = c1 |
1√
2
(PP̄ ∗ − P ∗P̄ )(3D2)〉+ c2 |P ∗P̄ ∗(3D2)〉 (D.70)

= c′1 |0H , 1q, 2L, 2l; 2〉+ c′2 |1H , 0q, 2L, 2l; 2〉 . (D.71)

The cofficients, ci and c′i are related as follows:c′1 = 1√
2
c1 + 1√

2
c2

c′2 = − 1√
2
c1 + 1√

2
c2.

(D.72)

• JPC = 2++ ; H(1,1)
2++ ,H

(0,2)
2++ ,H

(1,2)
2++ , H

(1,3)
2++

The wave functions are given as

|PP̄ (2++)〉 = c1 |PP̄ (1D2)〉+ c2 |
1√
2
(PP̄ ∗ + P ∗P̄ )(3D2)〉+ c3 |P ∗P̄ ∗(1D2)〉

+c4 |P ∗P̄ ∗(5S2)〉+ c5 |P ∗P̄ ∗(5D2)〉+ c6 |P ∗P̄ ∗(5G2)〉 (D.73)

= c′1 |1H , 1q, 0L, 1l; 2〉+ c′2 |1H , 1q, 2L, 1l; 2〉+ c′3 |0H , 0q, 2L, 2l; 2〉

+c′4 |1H , 1q, 2L, 2l; 2〉+ c′5 |1H , 1q, 2L, 3l; 2〉+ c′6 |1H , 1q, 4L, 3l; 2〉 .

(D.74)

The cofficients, ci and c′i are related as follows:

c′1 = c4

c′2 =
√

3
2
√

5
c1 − 3

2
√

5
c2 − 1

2
√

5
c3 +

√
7

2
√

5
c5

c′3 = 1
2c1 +

√
3

2 c3

c′4 = −1
2c1 + 1

2
√

3
c2 + 1

2
√

3
c3 +

√
7

2
√

3
c5

c′5 =
√

7
2
√

5
c1

√
7
15c2 −

√
7

2
√

15
c3 + 1√

15
c5

c′6 = c6

(D.75)

• JPC = 2−+ ; H(1,1)
2−+ ,H

(0,2)
2−+ ,H

(1,3)
2−+
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The wave functions are given as

|PP̄ (2−+)〉 = c1 |
1√
2
(PP̄ ∗ − P ∗P̄ )(3P2)〉+ c2 |

1√
2
(PP̄ ∗ − P ∗P̄ )(3F2)〉

+c3 |P ∗P̄ ∗(3P2)〉+ c4 |P ∗P̄ ∗(3F2)〉 (D.76)

= c′1 |1H , 0q, 1L, 1l; 2〉+ c′2 |0H , 1q, 1L, 2l; 2〉

+c′3 |0H , 1q, 3L, 2l; 2〉+ c′4 |1H , 0q, 3L, 3l; 2〉 (D.77)

The cofficients, ci and c′i are related as follows:

c′1 = − 1√
2
c1 + 1√

2
c3

c′2 = 1√
2
c1 + 1√

2
c3

c′3 = 1√
2
c2 + 1√

2
c4

c′4 = − 1√
2
c2 + 1√

2
c4

(D.78)

• JPC = 2−− ; H(1,1)
2−− ,H

(1,2)
2−− ,H

(1,3)
2−−

The wave functions are given as

|PP̄ (2−−)〉 = c1 |
1√
2
(PP̄ ∗ + P ∗P̄ )(3P2)〉+ c2 |

1√
2
(PP̄ ∗ + P ∗P̄ )(3F2)〉

+c3 |P ∗P̄ ∗(5P2)〉+ c4 |P ∗P̄ ∗(5F2)〉 (D.79)

= c′1 |1H , 1q, 1L, 1l; 2〉+ c′2 |1H , 1q, 1L, 2l; 2〉

+c′3 |1H , 1q, 3L, 2l; 2〉+ c′4 |1H , 1q, 3L, 3l; 2〉 (D.80)

The cofficients, ci and c′i are related as follows:

c′1 = −1
2c1 +

√
3

2 c3

c′2 =
√

3
2 c1 + 1

2c3

c′3 = − 1√
3
c2 +

√
2
3c4

c′4 =
√

2
3c2 + 1√

3
c4

(D.81)
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