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Exotic heavy meson molecules
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Exotic hadrons are of special interest in hadron physics. Exotic heavy meson moleculs
are strong candidates of new forms of matter as exotic hadrons. In this thesis, we have
studied the properties of these states from various point of view. The properties of
twin resonances, Z,(10610) and Z;,(10650), are well explained by the hadronic molecule
picture. We find that heavy quark symmetry plays an important role in the system of

heavy meson molecules.
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Chapter 1

Introduction

1.1 Exotic hadrons

Exotic hadrons are of special interest in hadron physics. It is well known that the
ordinary hadrons are well described by the quark model, which explains mesons as
quark-antiquark states and baryons as three quark states [B, @, B, O]. Exotic hadrons
are also composed of quarks and gluons, but which do not fit into the usual scheme
of hadrons. Although they will be bound by strong interaction, which is described by
quantum chromodynamics (QCD) in principle, they are not predicted by conventional
quark model. The study of exotic hadrons is expected to shed light on the understanding
of low-energy dynamics in QCD.

There have been many analyses which imply that they are multi-quark systems or
hadronic molecules. In strangeness sector, there are several candidates of exotic hadrons,
such as £5(980), a9(980), A(1405) and so on. The scalar mesons f,(980) and ap(980) may
be regarded as tetra-quark systems or KK molecules [0, II]. A(1405) is considered
to be generated dynamically by KN and 7% [[@]. In charm and bottom sectors, re-
cently many candidates of exotic hadrons have been reported in experiments and also
actively discussed in theoretical studies [B, I3, [@, I3, [@]. Ds(2317) and Ds(2460) may
be tetra-quarks or KD molecules. X(3872), Y(4260), Z(4050)*, Z(4250)*, 7Z(4430)*
and so on are also candidates of exotics states. Especially Z(4050)%, Z(4250)* and
7.(4430)* cannot be simple charmonia (c¢) because they are electrically charged. There

are also exotic hadrons in bottom flavors. Yy, is the first candidate of exotic bottom
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hadrons. More recently, Zy,(10610)* and Z;,(10650)* with isospin one have been re-
ported by Belle [, [7]. They also cannot be simple bottomonia (bb) because they are
electrically charged. Z.(3900) is also not simple charmonia (c¢), which is considered as

flavor partner of Z,(10610) in some studies.

1.2 Heavy meson molecules

As a candidate of a form of the matter, we focus on the heavy meson molecules in this
study. Meson molecules are described as bound states of more than two hadrons. The
hadrons as constituents of molecules are still retained as colorless objects, hence they
can interact each other via inter hadron interactions, for example, meson (mainly light
mesons) exchanges. They are expected to loosely bound states compared with ordinary
hadrons and can have exotic quantum numbers. In particular, we expect the appearance

of hadron molecules in the heavy quark region because of the following two reasons.

One is that kinetic term of Hamiltonian is suppressed. The Hamiltonian for the heavy
meson molecule is generally given as
P2
H=_—+V(r), 1.1
3 V) (1)
where P is the momentum and V'(r) is the potential and p is the reduced mass of heavy
meson molecules. For reference, we present the reduced masses u of two body systems

as follows

punn  ~ 470MeV (1.2)
ppps ~ 970MeV (1.3)
uBB* ~ 2650MeV . (1.4)

We can see that the upp~ is five times as large as the uyy. Hence, the kinetic terms,
which always work as repulsive, are suppressed in the heavy meson molecule systems

due to the large reduced mass.

The second reason is that the heavy psudo scalar and vector mesons, D(B) and D*(B*),

are degenerate thanks to heavy quark symmetry. In fact, the mass splittings of them
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are decreasing with increasing the heavy meson masses as follows:

mg+ —mpg ~ 400MeV (1.5)
mp+ —mp ~ 140MeV (1.6)
mp= —mp ~ 45MeV. (1.7)

Therefore, both pseudo scalar and vector mesons are considered as fundamental degree
of freedom in the system of heavy meson molecules. As a result, the effects of channel

couplings becomes larger in heavy quark regions.

Thus the existing of heavy meson molecules are naturally expected around the heavy me-
son thresholds. We study the spectrum of heavy meson molecules by using the potential
based on heavy quark symmetry in Chapter B. This study will provide an opportunities

to understand the properties of exotic hadrons.

1.3 Z,(10610) and Z,(10650)

As good candidates of exotic hadrons, Z; is mainly studied in this thesis. Belle Collab-
oration observed two charged bottomonium-like resonances, Z,(10610) and Z,(10650),
under the processes, Y(55) — Zym — Y(nS)rn(n = 1,2,3) and Y(55) — Zym —
hy(mP)rm(m = 1,2) in 2011 [@, [d]. Z,’s have some remarkable properties, which is
discussed in detail in Chapter B. Their analyzed quantum numbers are 17(17), which
clearly indicates that Zy’s are not simple bottomonium but exotic mesons containing at
least four quarks as constituents. Their masses and widths are given as M (Z(10610)) =
10607.2 + 2.0 MeV, I'(Zp(10610)) = 18.4 £ 2.4 MeV and M(Z,(10650)) = 10652.2 £ 1.5
MeV, I'(Z5(10650)) = 11.5 £+ 2.2 MeV. Their masses are slightly above the respective
thresholds, BB* and B* B* and widths are relatively narrow compared with the typical
excited bottomonia above the open flavor thresholds. Z3’s decays are also exotic. In gen-
eral, a decay processes Y (5S) — hpmm should be suppressed in heavy quark mass limit,
because these processes require a heavy quark spin flip. Nevertheless, the decay rates
of Y(55) — Zym — hy(mP)rm are comparable to those of Y(55) — Zymr — Y (nS)nr.
These facts strongly suggest that Z,’s have molecular type of structure [I3].

We study the Z;’s with a potential model from the point of view of heavy meson molecule

picture.
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This thesis is organized as follows. Because heavy quark symmetry and effective heavy
hadron theory are effectively important to study the dynamics of heavy meson molecules,
we introduce the concept of heavy quark symmetry and how to use the effective heavy
hadron theory in the low energy dynamics in Chapter B. Chapter B provide the overview
of the experimental results regarding Z;. In Chapter B, we mainly study the spectroscopy
of heavy meson molecules, PP and PP, with the potential model (P(P) stands for heavy
meson). The masses of Z;,(10610) and Z,(10650) will be explained as B®*) B*) states with
IG(JP) = 1*(1%). In addition to the study of PP states, we also analyze the PP states,
whose constituents are apparently exotic states such as \bbﬁc@. In Chapter B, we study
the decay and production properties of Z; and other BB molecules. We will introduce
the heavy quark spin selection rules in that chapter, which is germane to the decay and
production properties of heavy meson molecules. Chapter B, considering Z; as heavy
meson molecules, we investigate the decay of Zb(/)jE — YT (nS)r* in terms of the heavy
meson effective theory. We also predict the decay width of ZF — J/Un* and ¥(25)r*,
where Z. is a charmonium-like resonance recently reported in experiments [[d, EO].
Finally, we study the spin degeneracy of the heavy meson molecules in Chapter @. It is
known that the suppression of spin-spin interaction in heavy quark limit cause the mass
degeneracy of heavy hadrons. The properties of heavy meson molecules in heavy quark
limit will even provide the useful information heavy meson molecules with finite heavy

quark mass. Chapter B is devoted for summary.



Chapter 2

Heavy quark symmetry and

effective heavy hadron theory

When masses of heavy quarks are sufficiently heavy compared with the scale of nonper-
turbative strong dinamics, it is good approximation to take the heavy quark mass limit
mg — oo of QCD. In this limit QCD has spin-flavor heavy quark symmetry (HQS).
HQS is a good tool to describe and undestand the properties of hadrons containing
heavy quarks. In this chapter, we briefly introduce heavy quark symmetry. We also dis-
cuss the heavy hadron effective theory, which reflect on HQS, to describe the interaction

of heavy mesons.

2.1 Heavy quark symmetry

The QCD Lagrangian describes the strong interaction of quarks and gluons. Although
QCD is simple and elegant in its formulation, the difficulty arises to predict the var-
ious phenomena of hadrons with this because of long distance QCD effects that are
essentially non perturbative. The employing approximate symmetries is useful tool to
understand the low energy hadron physics, which is hard to directly access from the
QCD Lagrangian. In particular, chiral symmetry, which appears in the m, — 0 limit
of QCD, has succeessed to predict some properties of hadrons containing light quarks.
Here, we consider the dynamimcs of hadrons containing a heavy quark, which is heavy
with respect to the hadronic scale of QCD. In the limit of infinite masses, mg — oo, the

heavy quark symmetry appears.
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Heavy quark symmetry is classified as two charactrized symmetries.

In the heavy quark mass limit mg — oo, the strong interactions of the heavy quark do
not change its velocity vg. Hence, the heavy quark in the meson can be labeled by a
velocity four vector vg. The heavy quark in the meson behaves like a static spectator
particle which transforms as a color triplet. This fact indicates that the interaction of
the heavy meson can be regarded as that of the light degree of freedom with this color
sorce. It is clear that the infinite mass of heavy quark plays no role in its interaction
with the light sector, so that all heavy quarks interact in the same way within heavy
mesons. In other words, the dynamics is unchanged under the exchange of heavy quark
flavors, U(Ny) (for Ny heavy flavors). This is first symmetry and called heavy quark

flavor symmetry.

The second symmetry is a result to the decoupling of the gluon from the quark spin.
A heavy quark can only interact with gluons in QCD, as there are no quark-quark
interaction in its Lagrangian. In the mg — oo, the static heavy quark can only interact
with gluons via its chromoelectric charge. This interaction is spin independent. It
conclude that the dynanmics is unchanged under the arbitrary transformations on the

spin of the heavy quark, SU(2). This is heavy quark spin symmetry.

Therefore, the effective Lagrangian to describe the interaction of a heavy quark must
involve a U(Ny) flavor and a SU(2) spin symmetries in the Mg — oo limit, which
symmetries can be embedded into a larger SU(2Ny) spin-flavor symmetry. We will see
in next section that the effective Lagrangian can be written in a way that makes this
symmetry manifest. The effective theory to describe the dynamics of hadrons containing
a single heavy quark is nowadays known as Heavy Quark Effective Theory (HQET) [E1,
£2, 23, 04, P4, 24|

2.2 Heavy quark effective thoery

As mentioned in the previous section, the Lagrangian to describe the dynamics of a heavy
quark or hadrons containing it has to involve the heavy quark spin-flavor symmetry. The
QCD Lagrangian does not have heavy quark spin-flavor symmetry as mg — oo in the
obvious manner. It is convenient to constract the effective theory for QCD in which

heavy quark symmetry is manifest in the mg — oo.
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To begin with, we consider a heavy quark with the velocity v interacting with the
external fields such as gluon fields. On the on-shell quark, the velocity v is defined by
pg = mqu, where pg is a mometum of the heavy quark. Because the mass of a heavy
quark is sufficiently heavy compared with Agcp, we can regard an off-shell heavy quark
as an almost on-shell heavy quark and its momentum pg can be written, introducing a

residual momentum & of the order of Agcp, as
pQ = mqgu + k (2.1)

The usual dirac propagator of a heavy quark simplifies to

]5+mQ _; mQyé—FmQ—i-k L 1+¢

= , 2.2
sz—mQQJrie 2mqu - k + k? + ie "2k +ic (22)
in the heavy quark limit. A projection operator which is depend on the velocity,
1
; 4 (2.3)

appears in the propagator. In the rest frame of the heavy quark this projection operator
becomes (1 +17°)/2, which projects onto the particle components of the Dirac spinor. It
is useful to formulate the effective Lagragian with the velocity-dependent fields @Q,(z),
Using Q,(x), we can decompose the original heavy quark field into the positive energy

Q. () and the negative energy heavy quark fields Q,(x) as
Q(z) = e [Qy(x) + Qu(x)), (2.4)

where

1

Qu(z) = emev s 1 P o) Q) = emavel P gy, (2.5)

2

The exponential prefactor subtracts mgv# from the heavy quark momentum. At the
leading order, The @, field only appears in the effective Lagrangian, whereas the Q,
field is suppressed by powers of 1/mg. Neglecting Q, and substituting Eq .24 into the
part of QCD Lagrangian involving the heavy quark field, Q(i[) — mq)Q, we obtain the

effective Lagrangian at lowest order as

L = Qu(iv- D)Qu, (2.6)
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where D), = 9, + igAjT* is the SU(3) color covariant derivative. This is clearly heavy

quark flavor and spin independent expression.

The HQET Lagrangian including 1/mg corrections can be derived from the QCD La-
grangian by substituging @, for @Q(z) in the original QCD Lagrangain as follows [E1]:

L=Qu(iv-D)Qy — Qu(iv- D +2m)Qy + Quil) Qy + Quil)Qy, +O(1/mg)  (2.7)

using ¥Q, = @, and ¥Q, = —Q,. We can eliminate Q, with the perpendicular compo-
nent of D defiened by D} = D* — Dv - v and obtain

G;” Qu+ O(1/m3), (2.8)

iD|)? _ o
( J—) Qv - ngv i
2mq 4m

EZQUU'iDQU+Qv

where G* = [D*, D] /igs. This is the heavy quark effective Lagrangians in the 1/mg
expansion. Thus, the spin-spin interaction between a quark and a gluon is suppressed

by 1/mg order.

2.3 The effective Lagrangians for heavy mesons

HQS, which is approximate symmety of QCD in the infinite heavy quark (Q = ¢,b), and
Chiral symmetry, which appears in the chiral limit for the light quarks (m; — 0, ¢ =
u,d, s), can be used to together to built and effective Lagrangians for heavy and light

meson to describe strong interactions among effective meson fields.

2.3.1 Heavy meson fields

In the following section we consider the couplings of the open flavor heavy mesons P
and a light meson such as m and K. Here we consider strong interactions of mesons Hy
containing a single heavy quark @), which is described in the framework of the HQET.
Our whole discussions are valid under the heavy quark mass limit mg — in QCD. Thus

the heavy mesons P should be reflected on heavy quark symmetry.

Heavy meson fields implies a degenerate doublet of states, such as B and B* To consider
the strong interactions of heavy mesons and a light mesons, it is convenient to define a
heavy meson field which can be treated as a single object that transforms linearly under

the heavy quark symmetries.
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We represent the ground-state ()¢ mesons with the orbital angular momentum L = 0
as a field H, that annihilates the mesons. This field can be represented by a 4 x 4
Dirac-type matrix, with one spinor index for the heavy quark and the other for the light

degrees of freedom. Such fields transform under a Lorentz transformation A as
H, — D(A)H,D(A)™ 1, (2.9)

where D(A) is the usual 4 x 4 representation of the Lorentz group. Under a heavy quark

spin transformation S belonging to SU(2) as
H, — SH,, (2.10)

where S satisfies [#,.S] = 0 to preserve the constraint y H, = H. The field H, is a linear
combination of the pseudoscalar field P,(x) and the vector field Pj, that the annihilate
the S; = 1/2 meson multiplet. Vector particles have a polarization vector e,, with
e-e=—1land v-e=0. A simpe way to express the two fields into a single field with

the desired properties is to define

1+¢ .,
H, = 2?” [Py A" — Pyys) - (2.11)

This equation is consistent with P, transforming as a pseudoscalar, and P} as a vector.
The (1 + ¢)/2 is a projection operator, which retains only the particle components of

the heavy quark Q. The conjugate field is defined as

_ " 1 +
H, =yHv0 = [Pj," + Pyys) 27& (2.12)

2.3.2 A chiral Lagrangian for heavy meson

The effective Lagrangian for the strong interactions of heavy mesons and a light pseudo
scalar meson must satisfy Lorentz and C, P, T invariance. In addition to them, at the
leading order in the 1/Mp expansion, and in the massless quark limit, ae require flavor
and spin symmetry in the heavy mesons sector, and chiral SU(3); ® SU(3)g invariance

in the light one. The most general Lagrangian is given as

L = iTr[Hbv“owﬁa]—|—igTr[Hb’y#’y5A§aHa]

2
+g5 0 Lapdu Sl (2.13)
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where D,, = 0, + V,, and Tr[-- -] means trace over the 4 x 4 matrices. The first term
in the Lagrangian contains the kinetic terms for the heavy mesons giving the P and P*

propagators,

(2.14)

and

i(g" — vtv”)
BT — (2.15)

respectively. The first term also have the interactions among the heavy mesons P*) and
an even number of pions coming from the expansion of the vector current V,,. The second
term in the Lagrangian describe the strong interactions between the heavy mesons P®*)

and odd number of the light pseudoscalar mesons:
Lr = igTr[Hyy,ysAL Ho, (2.16)
where the axial current A, is
Lot t
A, = 5(5 0u€ —£0,¢). (2.17)

&(x) is the field of the light pseudoscalar mesons and given as {(z) = exp(iM(z)/f)
with f =132 MeV. M is a 3 x 3 hermitian, traceless matrix:

\/gﬂ'o + \/%77 7t Kt

M = . —Ji i K| (2.18)
K~ KO — %77
The first term in the expansion of the axial current gives
A~ %au/\/t T (2.19)

which reproduce the three point interactions. Thanks to the heavy quark symmetry,
the interactions which the Lagrangian £; contains are related only with one parameter

g. As an example, this allows to relate the D®) D™ 7 couplings, defined thruogh the
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matrix elements

(D" (p+q,6)|D°(P)77(q)) = gpD*n(e-q) (2:20)
(D" (p+q,9)|D°(p, )7 (q)) = igp+pre*™ pacsqun’; (2.21)

to the coupling g:

9pD*r = 2\/mDmD*% (2.22)

9pDx = —2§ (2.23)

The interaction term D D7 is forbidden by parity. Here we neglect corrections due to
the finite mass of the charm quark. The most common way to determine the coupling
g is given from the D* — D7 decay. Using the matrix elements 20, we obtain the

partial widths:

2

+ o+y — 9 =3
2
I(D** - D*a% = I(D* — D7) = 12~er2 |5 ? (2.25)

The decay D** — D+~ is forbidden by the phase space. The direct B* — B transition
is also not allowed because of lack of phase space. In experiments, the total width of
D*T is given as T (D*T) = 96+ 22 keV [E5]. In contrast, there is an exprimental upper
bound on the total D** width: Ty (D*) < 2.1 MeV. The branching fractions of D*
mesons are summarized in Table. El. By means of the measured branching raitos of

D**, we obtain the coupling g = 0.59.

TABLE 2.1: Experimental D* branching ratio (%)

Decay mode  fraction (I';/T") p(MeV)

D*0 — DOg0 61.9+2.9 43
D*0 — DO~ 38.1+2.9 137
D*t — DOt 67.7+0.5 39
D*t — D70 30.7+0.5 38

D*t — Dty 1.6+04 136
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2.3.3 Couplings of pairs of heavy-light mesons to heavy quarkonium

states

Here, we consider the interactions of pairs of heavy-light mesons to heavy quarkonium
states in terms of heavy quark effective theory. For heavy quarkonia QQ, degeneracy is
expected under ratation of the two heavy quark spins. This allows us to build up heavy
meson multiplets for each value of the relative angular momentum L For L = 0 one has
a doublet of a pseudscalar and a vector mesons, 7. and J/1 in case of charmonium, 7,
and T in case of bottomonium. The corresponding heavy quarkonium field is defined

as 9]

RN _ <142F7”> Ly, — L) <1;7”> 7 (2.26)

which is the form of 4 x 4 matrix with the annihilation operator for pseudoscala meson
L and vector meson A*, L* = Y and A = 1, in the case of bb. The annhilation operators

L and L* are normalized as follows:

(OILIQQ(07)) = /Mgq (2.27)
(O[LMQQ(17)) = €"\/Myq- (2.28)

For L = 1, four states can be built which are degenerate in the heavy quark limit. The

corresponding spin multiplet reads

. 1+ ¢ N 1. 1 1—9¢
M(QlQ?)N‘ o <2 ) |: g Yo + Eey‘ IBWUO&’Y@Xl’Y + %(7/—’4 _ 'UN)XO + h/f’y5:| <2>(229)

where & = &po, &1 = &1 and &y = &g corresond the spin triplet whereas the spin singlet
is hi = hp in the case of bb . These fields also contain a factor v/m with m the meson

mass. We again write the field of heavy-light mesons as follows

o = (50) (P - P (2.30)
Hu = 1Pt - Ponl (157, (231

where the quark content of Hi, is Q1G1 and Hog is ¢,@Q. The meson multipltes transforms

under the independent heavy quark spin rotations S; € SU(2)q, and Sy € SU(2)q, as
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follows:
Hla — SlHla Hla — EIQSI (232)
Hga — Hgasg HQQ — SQHQa (233)
M@Q2)n _, g pp(@iQep)  pp(@iQap) _, M(Q1Qzu)g; (2.34)
R(@Q2) _, SlR(Q1Q2) R(Q1Q2)Sg (2.35)

To require the invariance under the independent heavy quark spin rotations, the inter-
actions with the heavy-light vector and pserudoscalar mesons proceed in P-wave and

can be desicribed by a Lagrangian containing a derivative term:

Ly — %ﬁ [R(Q1Q2)g2a7gla +He +(Qr « Zs). (2.36)

The action of the derivative produces a factor of the residual momentum k. This quantity
is defined as the difference of the hadron and heavy quark momentum, Mgv, = mqgu, +
k,, and k is finite in the heavy quarak limit. As an example, we derive the couplings of
B®™ mesons to T from Eq. E238:

(B(p1)B(p2)|Y(P,€)) = gppr(e-q)
(B*(p1,€1)B(p2)|Y(P,€)) = gpp-ricapmv®e’e}"'q” (2.37)

(B*(p1,€1)B™(p2, €2)|T(Py€)) = gp=peri(e-€)(e1 - q) — (e-q)(€1 - &) + (e e1) (&3 - )],

where ¢ is the diffrence in the residual momenta of the two B™*) mesons, ¢ = ki — k.
Since p1 = mqu + k1 and pa = mqu + k2, ¢ is equivalent to the difference of the two B*

mesons, ¢ = p; — p2. The three couplings in Eq. EZ37 are related to the single parameter

g2:
gBBY = 2g1/mrmp
gBB*Y = 2g1v/mympmp-
gB*B*Y = —2g1/mymp-. (2.38)

The Lagrangian describing the coupling to two heavy-light mesons Q1g, and ¢,Q» and

heavy quarkonium QQ2 with L = 1 can be written as follows:

Lo = z'g2—2Tr[M(Q1Q2)“FIQa%H1a] FHC. + (Q1 — Q), (2.39)
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This Lagrangian satisfies chiral and heavy quark spin symmetries. From Eq. EZ39, we

can obtain the matrix elements describing the couplings of B*) mesons and hy:

(B*(p1,€1)B(p2)|ho(p, €)) = gBBen, (€1 - €) (2.40)

Bertesv (2.41)

(B*(p1,€1)B*(p2, €2)|ho(p, €)) = igB*Brh,€apup e €

where the couplings are given as

9BB*h, = —2g2/Mn,mpmp (2.42)

2
Mmoo«
9B*B*h, = 292\175- (2.43)
b

In the same way, we obtain the couplings of B*) mesons and & as follows:

(B(p1)B(p2)Ix00(P)) = —9BBxwo (2.44)
<B*(p1’€1)B*(p2a62)’Xb0(p)> = _gB*B*Xbo(ET'€§)7 (245)
with
9BBxyy —Qﬁgz\/mgbOmB (2.46)
2

gB*B*XbO

\/392\/ mxbomB*' (247)

It is hard to determine the couplings g1 and go directly from the experiments. Here we
estimate them invoking vector meson dominance (VMD) argumnents. By this, we can
obtain g; in terms of the Y leptonic constant fy, defined by (0|bv,b|Y (p,€)) = frmrye™.
From the VMD result

m
9BBY = (2.48)
fr

one gets

VT (2.49)

- 2mpfr

g1

The constant fy is determined by the leptonic decay of Y. The hadronic electromagnetic

current is given in terms of the vector currents of ¢ and b quarks as follows:

2 1-
Jim = gévuc — gbvub, (2.50)
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where ¢(z) and b(z) refer to the quark fields. This current can be rewritten identically

as

em 2 J 1 T
JEm = ngL ) — s (2.51)

where we have introduced combination directly reflect the quark compositions corre-

sponding vector mesons:

JI = eyue (2.52)
Ji = byub (2.53)

The decay of a given heavy quarkonia V = J/¥, T into an ete™ pair described by the
matrix element (0|J5™|V) connecting a vector meson with the QCD vacuum. Thus the

leptonic decay constant fy are determined by the eTe™ decay widths

2
drapm Tr(ns

L(T(nS) —efe™) = (2.54)

27 mT(ns) ’

where agy = 137.036 is the fine-structure constant. The experimental results for the

leptonic decay widths of the T (n.S) states are [E25]

I(Y(1S) — eTe™) = 1.340 + 0.018keV (2.55)
T(Y(25) — eTe™) = 0.612 + 0.011keV (2.56)
I'(Y(3S) — ete™) = 0.443 + 0.008keV. (2.57)

Then the decay constants are fy(;5) = 715 MeV, T(25) = 497.5 MeV and Y (3S5) = 430.2
MeV. Finally, we obtain the couplings g1 as g;r(15) = 1.3 X 1072, gires) = 1.9 % 107°
and giy(zs) = 2.2 X 10~°. In the same way, we can obtain the couplings g1 for QQ = cé.
Adopting the same argument, we can also obtain gs in terms of the constant fg,  that

parametrizes the matrix element

<0‘Bb|XbO(Q)> = fxoMx00 (2.58)

which implies the relation

mpm
IBBxo = 2f—5b0, (2.59)
Xb0
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a relation which determines g2 once f,,, is known:
m 1
92 = — Xb0 (260)

3 beo'



Chapter 3
Overview of 7,

In 2011, Belle Collaboration at KEK B factory observed two charged bottomonium-
like resonances, Z,(10610) and Z,(10650), that are produced in the Y(5S) — ZfnT
transitions and that decay to Y(nS)n*(n = 1,2,3) and hy(mP)7*(m = 1,2) channels.
The masses of Z, states are very close to the respective thresholds, BB* and B*B*.
Their favored quantum numbers are I¢(J¥) = 17(1F). Hence, these states are charged,
which indicate that their quark content is explicit exotic such as |bbud). We review

status and interpretations on the Z; states.

3.1 Historical background

First signal to discover Z, appeared in the processes, T(55) — Y(nS)rn(n = 1,2, 3).
The Belle Collaboration reported the observation of anomalously high rates for T(55) —
Y(nS)rtr~(n = 1,2,3) [B0]. The results are based on a data sample of 21.7 fb~1
collected with the Belle detector at the KEKB ete™ collider. Attributing the signals to

the T(55) resonance, the partial widths are obtained as

L(Y(5S) — Y(1S)nT7™) = 0.59 & 0.04(stat) 4 0.09(syst) MeV, (3.1)
L(Y(55) — Y(2S)rT77) = 0.8540.07 % 0.16MeV, (3.2)
D(Y(55) — Y(3S)rtr™) = 0.520%2 +0.10MeV, (3.3)

17
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from the observed cross sections. The decay widths and branching fractions from Y (5.5)
are summarized in Table. Bl. The branching fraction ratios of these channels are unex-
pected high probabilities. The measured partial widths, of order 0.6 —0.8 MeV, are more
than 2 orders of magnitude lager compared to all other known transitions among Y (n.S)
states. The partial widths for T(2S), T(35) and Y(4S) — Y(1S)7 7~ transitions are
all at the keV level (see Table B3).

Belle also reported the observation of anomalously high rates for T(55) — hy(mP)rt 7~ (m =
1,2) [M. In general, the processes T(5S5) — hy(mP)rt 7~ will be suppressed by the
heavy quark spin selection rule because these processes require a heavy quark spin-flip.
Nevertheless, these processes are found to have rates that are comparable to those for
the heavy quark spin conserving transitions T(55) — YT(nS)rTw~. The hy(1P) and
hy(2P) are produced via ete™ — hy(mP)r 7~ in the T(5S) region. A 121.4 fb~! data
sample is collected near the peak of Y(55) resonance (y/s ~ 10.865 GeV). Belle observe
the hy(nP) states in the 777~ missing masses spectrum of hadronic events. The 7+ 7~
missing mass is defined as M2, = (P’I‘(5S)_P7r+ﬂ_ )2, where Py(55) is the 4-momentum
of the T(55) determined from beam momenta and P,+,- is the 4-momentum of the
77~ system. The measured masses of hy(1P) and hy(2P) are M = (9898.2115 T19)
MeV/c? and M = (10259.8 & 0.6715) MeV/c?, respectively. The M,;ss spectrum after
subtraction of the background contributions is shown with the fitted signal functions in
Fig .B [M]. The ratio of cross section for ete™ — Y(55) — hy(mP)nt7~ to that for

ete”™ — T (55) — YT (25)n 7~ are also measured. The ratio of cross section are

R — %m = 0.45 £ 0.087097 (3.4)
o atn— :
R =2nChn ) — 0774008703 (3:5)

Hence, Y(55) — hy(mP)rtn~ and T(5S) — Y(2S)ntn~ proceed at similar rates,
despite the fact that the production of hy(mP) requires a spin flip of a b quark.

These observations differ from naive theoretical expectations and strongly suggest that

exotic mechanism are contributing to Y(5S5) decays.
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Events / 5 MeV/c’

TABLE 3.1: The first uncertainty is statistical and the second is systematic. This data

40000

30000 [

20000

10000

is from [BO].

Process B (%) I' (MeV)
Y(1S)rT7~ 0.53+0.03£0.05 0.59 % 0.04 % 0.09
T(2S)ntr~ 0.78+£0.06£0.11 0.8540.07 + 0.16
T3S)rtn~ 048018 +0.07 0527020 £0.10

TABLE 3.2: Most values are from (B3, BO.

Process Tior | I Cyasyrtn—
T(25) - Y(1S)rTx~ 0.032 MeV  0.612 keV  0.0060 MeV
T(35) — Y(1S)7Tw~ 0.020 MeV  0.443 keV  0.0009 MeV
T(4S) - Y(AS)rTx~ 205 MeV  0.272 keV  0.0019 MeV
T(55) = Y(1S)rTx~ 110 MeV  0.31 keV 0.59 MeV

T(28)

—
w
=
L
w
I
—
=

T(1S)

T(38)—1(1S)

M,iss (GeV/C?)

FIGURE 3.1: The inclusive M,,;ss spectrum with the combinatoric background and K g
contribution subtracted and signal component of the fit function overlaid [m].

19
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3.2 Observation of 7, states in the Y (nS)r* 7~ and hy(mP)rn~

states

Belle observed the resonant structure in the T(55) — YT(nS)rtn~ and hy(mP)rt 7™
decays n = 1,2,3;m = 1,2 in 2011 [[2] and reported with more higher statistics in
2012 [@]. The Y (nS) states are reconstructed in the u* = channel and the hy(mP) states
are observed inclusively using missing mass of the 777~ pairs. Invariant mass spectra
of the Y(nS)r* and hy(mP)r* combinations are shown in Fig B2. Each distribution
shows two peaks. The results of the angular analysis indicate that the both states have
the same spin-parity J© = 1% [[d]. Since they are charged states, these states should

be isovector states, I = 1.

Table B33 shows the masses and widths of the two peaks determined from each channels,
which are consistent with different channels. The parameters averaged over the five

decay channels are

M, = (10607.4 + 2.0)MeV /c?, My = (10652.2 + 1.5)MeV /c?, (3.6)
Iy = (18.4 4 2.4)MeV/c?, Iy = (11.5+2.2)MeV. (3.7)

The peaks are identified as signals of two new states, named Z,(10610) and Z;(10650).
Thus these decays occur via Z, resonances, namely T(55) — ZinT — Y(nS)rtnT
and Y(55) — Zbiﬁ — hy(mP)rt7rT. The results of the amplitude analyses is that
the phase between the Z;,(10610) and Z,(10650) amplitudes is zero for the Y (nS)r 7~

channels, and 180° for the hy(mP)r 7~ channels.

Zy, resonances have remarkable properties. The masses of the Z,(10610) and Z;(10650)
states are very close to the BB* and B*B* thresholds, respectively. This fact natu-
rally suggest that Z; states have a molecular type structure. As stated in the previous
section, the decay to the hy(mP)7T is not suppressed relative to the Y(nS)n®. This
behavior is also explained by molecular interpretation. Considering the heavy-quark
spin structure of the B®*) B* molecular states with I¢(J”) = 11 (1%), we can see that Z,
states contain heavy quark singlet and triplet components I8, BX]. The weight of these
components would be equal, and therefore the hy(mP)r® decays are not suppressed
(See also Section B.). The Z;,(10610) and Z;,(10650) differ by the sign between heavy
quark singlet and triplet components, this explains what the Z;,(10610) and Z;(10650)

amplitudes appear with the sign plus for Y(nS)7™ 7~ channels and with negative sign
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FIGURE 3.2: Invariant mass spectra of the (a) T(15)7*, (b)Y (29)7*, (c) Y(39)r™*,
(d)hy(1P)7E, (e)hy(2P)7* combinations [d].

for hy(mP)r 7~ channels. The widths of Z, states are about 10 — 20 MeV, which is

narrower compared with the usual expectations of a typical excited bottomonium.

3.3 Observation of the Z,(10610) — BB* and Z,(10650) —

B*B* decays and branching fractions of Z, states.

Since Z; states are slightly above the corresponding thresholds, it is natural to expect
that the rate of decays Z,(10610) — BB* and Z,(10650) — B*B* are dominant in Z,
decays from the point of view of molecular picture. To search these transitions, Belle
studied the Y(55) — [B™B*|*nF decays including an observation of the YT(55) —
ZF(10610)7F — [BB* + c.c.]*nF and T(55) — Z;7(10650)7F — [B*B*|*7F decays
as intermediate channels [B]. The distribution of the missing mass of the Br* pairs
shows clear signals of the Y(55) — [BB* +c.c.]®nT and Y(55) — [B*B*]*nT as shown
in Fig. B3 (a). These branching ratios are (2.83 £ 0.29 £+ 0.46) % and 1.41 £ 0.19 +
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Z,(10610) Z,(10650)
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FIGURE 3.3: Green vertical lines indicate the BB* and B* B* thresholds [d].

0.24 %, respectively. The distributions in the BB* and B*B* invariant mass for the
Y(5S) — [BB* + c.c.]®nT and Y(55) — [B*B*|*7T regions, which is estimated by the
missing mass analysis with the charged pions in Fig. B4 (b) and (c), indicate the sharp
peak slightly above the respective threshold. These peaks around the thresholds can be
interpreted as the signals for the Z,(10610) — BB* and Z,(10650) — B*B* decays, with
significance of 8¢ and 6.80, respectively. The significant signal of the Z,(10650) — BB*
decay is not found. It may implies that the main component of Z,(10650) is B* B*.

Assuming that the Z; decays are saturated by the channels so far observed, Belle cal-
culated relative branching fractions of Zj, states (See Table B3.). The B*)B* channel
is dominant and accounts for about 80 % in total decay widths, which seems consis-
tent with the expectations of the molecular picture. The Z,(10650) — BB* channel
is not included in the table because its significance will be marginal, although this de-
cay channel should exist based on potential model (See chapter ??). We can see that
Zy, — hy(mP)7m* decays are not suppressed compared with the Z, — Y (nS)r* decays,
as already discussed. This fact is related to the spin structure of Z;, and discussed in

detail in Chapter B. Another unique feature is that the decay ratios are not simply
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FIGURE 3.4: Missing mass of the pairs formed from the reconstructed B candidate and
charged pion (a) and missing mass of the charged pion for the Bm combinations for (b)
T(55) — BB*r and (c) Y(5S5) — B*B*r candidate events [B].

TABLE 3.3: Branching ratios (Br) of various decay channels from Z;,(10610) and

Z}(10650).
channel Br of Z, Br of Z,
T(1S)r+ 0.324+0.09 | 0.24 +0.07
T(29)rt 4.384+1.21 | 2.40+0.63
T(3S)r+ 2.1540.56 | 1.64 4 0.40
hy(1P)7 ™ 2.81+1.10 | 7.434+2.70
hy(2P)mt 2.15+0.56 | 14.8 4+ 6.22
BT*B*0 4+ B*tB% | 86.0+3.6 —
B*tB*0 - 73.44+7.0

proportional to the magnitudes of the phase space. Chapter B focuses on the mechanism

of the Z, — Y(nS)m* decays and this exotic behaviors will be explained.

3.4 Evidence for neutral isotriplet partner Z(10610)

Both Z,(10610) and Z,(10650) are isotriplets and only observed the charged components
originally. Belle searched for their neutral components using the Y(55) — Y(1,25)7%7°
decays [A]. The decays are observed and the measured branching fractions, B[Y(55) —
T(19)7%7%) = (2.25 £0.11 £ 0.22) x 1073 and B[Y(55) — T(29)7°7%] = (3.66 +0.22 +
0.48) x 1073, are approximately half size of that for T(55) — Y(15,28)n"7~, which is

consistent with isospin relations.

Belle performed the Dalitz plot analyses of the Y(55) — YT(15,2S)m7% transitions and
results are summarized in Fig. B3. The Z,(10610) signal is found in the T (25)7" with
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FIGURE 3.5: The projections of the Dalitz plot fit for the Y(15)7°7° (top row) and
T (29)7%7° (bottom row) channels on the YT (nS)m® (left column) and %7 invariant
mass [@].

the significance of 4.9¢ including systematics. The mass of 28(10610) are measured as
(1060918 + 6)MeV /c?, which is consistent with the mass of charged ch(10610) states.
At this stage, the ZP(10650) signal is not significant in either Y (18)7%7% or Y (25)7%7°
and Z{(10610) in the Y(15)7° channel is also insignificant. It should be noted that
the Belle data do not contradict the presence of the Z(10610) — YT(15)7" and the

ZP(10650). The available statistics are not enough for the observation of these states.



Chapter 4

Heavy meson molecules with the

potential model

We study heavy hadron spectroscopy near open bottom thresholds. We employ B and B*
mesons as effective degrees of freedom near the thresholds, and consider meson exchange
potentials between them. All possible composite states which can be constructed from
the B and B* mesons are studied up to the total angular momentum J < 2. We consider,
as exotic states, isosinglet states with exotic J¢ quantum numbers and isotriplet states.
We solve numerically the Schrédinger equation with channel-couplings for each state.
The masses of twin resonances Zy,(10610) and Z;,(10650) found by Belle are reproduced.
We predict several possible bound and/or resonant states in other channels, which will

be observable in the future experiments.

4.1 PP molecules

4.1.1 Introduction for PP molecules

As discussed before, Z,(10610)* and Zy,(10650)* are strong candidates of exotic heavy
meson molecular states. The reported masses and widths of the two resonances are
M (Z1,(10610)) = 10607.2+2.0 MeV, T'(Z,(10610)) = 18.4+2.4 MeV and M (Z,(10650)) =
10652.2 + 1.5 MeV, T'(Z,(10650)) = (11.5 + 2.2) MeV [B, 7). They cannot be simple
bottomonia (bb) because they are electrically charged. Hence, it is useful to study the

spectrum of exotic heavy meson molecules.

25
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Well below the thresholds in the heavy quark systems, quarkonia are described by heavy
quark degrees of freedom, Q and Q (Q = b, c¢). Above the thresholds, however, it is a
non-trivial problem whether the resonant states are still explained by the quarkonium
picture. Clearly, a pair of heavy quark and anti-quark (QQ) are not sufficient effective
degrees of freedom to form the resonances, because they are affected by the scattering
states of the two open heavy mesons. Indeed, many resonant states are found around the
thresholds in experiments. However they do not fit into the ordinary classification scheme
of hadrons, such as the quark model calculation. Properties for masses, decay widths,
branching ratios, and so forth, are not predicted by the simple quarkonium picture [[H].
Therefore it is necessary to introduce components other than QQ as effective degrees of

freedom around the thresholds.

Instead of the dynamics of QQ, in the present discussion, we study the dynamics de-
scribed by a pair of a pseudoscalar meson P ~ (Qq)spino or a vector meson P* ~ (Qq)spin1
(q = u, d) and their anti-mesons P or P*, which are relevant hadronic degrees of free-
dom around the thresholds. In the following, we introduce the notation P*) for P or P*
for simplicity. We discuss the possible existence of the P®P®) bound and /or resonant
states near the thresholds. An interesting feature is that the pseudoscalar P meson and
the vector P* meson become degenerate in mass in the heavy quark limit (Mq — 00).
The mass degeneracy originates from the suppression of the Pauli term in the magnetic
gluon sector in QCD, which is the quantity of order O(1/Mq) with heavy quark mass
Mq |22, B2]. Therefore, the effective degrees of freedom at the threshold are given,
not only by PP, but also by combinations, such as P*P, PP* and P*P*. Because P*)
includes a heavy anti-quark Q and a light quark q, the Lagrangian of P and P* meson
systems is given with respecting the heavy quark symmetry (spin symmetry) and chiral
symmetry 22, B3, B4, B3, B0, B2, B3, B4, £0].

A new degree of freedom which does not exist in the QQ systems but does only in
the P®P®™) gystems is an isospin. Then, there appears one pion exchange potential
(OPEP) between P(*) and P*) mesons at long distances of order 1/m, with pion mass
my. What is interesting in the OPEP between P*) and P®™) is that it causes a mixing
between states of different angular momentum, such as L and L + 2, through its tensor
component. Therefore, it is expected that the P®)P*) systems behave differently from
the quarkonium systems. In reality in addition to the one pion exchange dominated at
long distances, there are multiple pion (7, 77w, etc.) exchange, heavy meson (p, w, o,

etc.) exchange at short distances as well. With these potentials, we solve the two-body
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Schrodinger equation with channel-couplings and discuss the existence of bound and/or

resonant states of PP

In this section, we study PP systems, with exotic quantum numbers which cannot
be accessed by quarkonia. The first group is for isosinglet states with I = 0. We recall
that the possible JF¢ of quarkonia are JPC = 0=+ (i), 07T (x0) for J = 0, J~~
(1), Jt= (hy), J*F (xp1) for odd J > 1, and J~—, J~F, JtT (xp2) for even J > 2,
where examples of bottomonia are shown in the parentheses. However, there cannot be
JPC =07 and 07—, J=+ with odd J > 1, and J*~ with even J > 2 in the quarkonia.

JPC and it has been discussed that they are

These quantum numbers are called exotic
the signals for exotics including the P®)P®) systems and glueballs. The second group is
for isospin triplet states with I = 1. It is obvious that the quarkonia themselves cannot
be isotriplet. To have a finite isospin, there must be additional light quark degrees of
freedom [ET]. In this regard, P®™) and P® mesons have isospin half, and therefore the
PHP® composite systems can be isospin triplet. We observe that, near the thresholds,
the PH)PX) systems can access to more various quantum numbers than the QQ systems.
In this section, we focus on the bottom sector (P = B and P* = B*), because the heavy

quark symmetry works better than the charm sector.

In the previous works, Ericson and Karl estimated the OPEP in hadronic molecules
within strangeness sector and indicated the importance of tensor interaction in this
system [I2]. Toérnqvist analyzed one pion exchange force between two mesons for many
possible quantum numbers in [E3, B4]. Inspired by the discovery of X(3872), the hadronic
molecular model has been developed by many authors [, [[H, B3, 03, @7, A8, 4. For
Zy’s many works have already been done since the Belle’s discovery. As candidates
of exotic states, molecular structure has been studied [B0, B1, B2, B3, B4, B3, Bd], and
also tetraquark structure |54, B3, B9, B0, 61, 6J]. The existence of Zy’s has also been
investigated in the decays of Y(55) [E3, B4, B3, B0]. Our study based on the molecular
picture of P®P® differs from the previous works in that we completely take into ac-
count the degeneracy of pseudoscalar meson B and a vector meson B* due to the heavy
quark symmetry, and fully consider channel-couplings of B®) and B®*). In the previous
publications, the low lying molecular states around Zj’s which can be produced from
the decay of YT (55) were studied systematically and qualitatively [[3, B4]. Our present

work covers them also.

This section is organized as followings. In -T2, we introduce (i) the 7 exchange potential

and (i) the mpw potential between B*) and B®*) mesons. To obtain the potentials, we
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respect the heavy quark symmetry for the B®B® 7z, B®B®) p and B®B®w vertices.
In section I3, we classify all the possible states composed by a pair of B*) and B®*)
mesons with exotic quantum numbers [ G(J P C) with isospin I, G-parity, total angular
momentum J, parity P and charge conjugation C. (C in I = 1 is defined only for
states of I, = 0.) In section BT, we solve numerically the Schrodinger equations with
channel-couplings and discuss the bound and/or resonant states of the BHB®) gystems.
We employ the hadronic molecular picture and only consider the B®B®) states. In
practice, there are bottomonium and light meson states which couple to these states. The
effect of these couplings as quantum corrections is estimated in section EI3. In ETW,

we discuss the possible decay modes of these states. E171 is devoted to summary.

4.1.2 Interactions with heavy quark symmetry

B™) mesons have a heavy anti-quark b and a light quark q = u, d. The dynamics of the
B®B®) systems is given by the two symmetries: the heavy quark symmetry for heavy
quarks and chiral symmetry for light quarks. These two symmetries provide the vertices

of m meson and of vector meson (v = p, w) with open heavy flavor (bottom) mesons P
and P* (P for B and P* for B¥)

Legn = gtrH.Hyy, AL, (4.1)
LogHE = —iﬁtrﬁaHbv“(pu)ba+i/\trfIaHbaWFW(p)ba, (4.2)

where the multiplet field H containing P and P* is defined by

_ 1+

H,
2

[P A" = Pavys) (4.3)

with the four velocity v, of the heavy mesons [BJ]. The conjugate field is defined by
H, = fnglyo, and the index a denotes up and down flavors. The axial current is given

by A, ~ fiﬂaﬂfr with the pion field

a0 ot
a= V2 ], (4.4)
T V2

where fr = 135 MeV is the pion decay constant. The coupling constant |g| = 0.59 for
wPP* is determined with reference to the observed decay width I' = 96 keV for D* — Dn

[63], assuming that the charm quark is sufficiently heavy. The coupling constant g for
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7BB* would be different from the one for 7tDD* because of 1/mgq corrections with the
heavy quark mass mq [E9]. However the lattice simulation in the heavy quark limit
suggests a similar value as adopted above [[], allowing us to use the common value for
D and B. The coupling of wP*P*, which is difficult to access from experiments, is also
fixed thanks to the heavy quark symmetry. Note that the coupling of 7 PP does not
exist due to the parity conservation. The coupling constants # and )\ are determined
by the radiative decays of D* meson and semileptonic decays of B meson with vector
meson dominance as # = 0.9 and A = 0.56 GeV~! by following Ref. [1]. The vector (p
and w) meson field is defined by

.gv
P Zﬁpu ) (4.5)
with
ﬁ + +
= 2 v f 4.6
Pu = _ 0 w ) (4.6)
roTwta /),
and its field tensor by
F/w(p) = 8;LPV - aupu + [,0,“ pu] ) (4'7)
where gy = 5.8 is the coupling constant for p — w7 decay.
From Eq. (E), we obtain the 7 PP* and 7w P*P* vertices
Loppe = 2fi(Png‘# + PrIP)0 g, (4.8)
s
_ . g afuv * T % ~
ETK’P*P* = 2276 UaPaBPbuaVﬂ-ab . (49)
™

The 7PP* and 7P*P* vertices are obtained by changing the sign of the 7PP* and
wP* P* vertices in Egs. (E3) and (E9). Similarly, from Eq. (E2) we derive the vPP,
vPP* and vP*P* vertices (v = p, w) as

Lopp = —\/iﬁgVPbP;U * Pha » (4‘10)
Loppe = —2V2Agyue™®? (PIPys = PISR) 0u(pa)ba (4.11)
Lopepr = V2Bgv Py poa

+i2V2\ gy P ,jpg,,(au(mba — 0" (P")pa) - (4.12)
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Due to the G-parity, the signs of vertices for vPP, vPP* and vP*P* are opposite to
those of vPP, vPP* and vP*P*, respectively, for v = w, while they are the same for

v =p.

It is important that the scatterings P*)P*) — P& P include not only diagonal
components PP* — P*P and P*P* — P*P* but also off-diagonal components PP —
P*P* and PP* — P*P*. The OPEPs for PP* — P*P and P*P* — P*P* are given
from the vertices (A8) and (E9) in the heavy quark limit as

2
g\ 1. o L .
P P;—PiPy = _<\/§f7r> g[51'€2C(T;mw)+55;,52T(T;mw)] 172, (4.13)
2
9\ 1= 5 .-
VI;}FQ*_)Pl*P; = —<\/§f7r> g[Tl'TQC(T;mﬂ)+ST17T2T(T;mﬂ)} T1°T2, (414)

and the OPEPs for PP — P*P* and PP* — P*P* are given as

2
Tr N p— I
VP1152—>P1*152* = _(\/ifﬁ) 5[61*'82 C(r;mw)—i-Ssal«,g;T(r;mw)] T1-Ta, (4.15)
2
I\ 15 S
;1152*_)131*132* = <\/§f7r) 5[af-TzC(r;mw)—i—Sﬁ,TQT(r;mﬂ)} T1-To.  (4.16)

Here three polarizations are possible for P* as defined by &) = (:Fl /N2, %i/V/2, 0)
and £ =(0,0,1), and the spin-one operator T is defined by T}, = isijkeg-/\/ﬁsé’\). As
a convention, we assign &™) for an incoming vector particle and &N* for an outgoing
vector particle. Here 71 and 75 are isospin operators for Pl(*) and PQ(*). We define the

tensor operators

Serey = 3(EMR)(ER).7) — g)x.g02)) (4.17)
St = 3(T1#)(To-7) — Tr-To, (4.18)
Sepey = BEMT)(ECp) - gGie g (4.19)
Sepmy = 3(EVR)(Tyo7) — PV T (4.20)
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The p meson exchange potentials are derived by using the same notation of the OPEPs
and the vertices in Eqgs. (10)-(E132),

Bav \* 1 Lo
£1P2—>P1P2 = <2mv gc(r;mv)ﬁ'Tz, (4.21)
Bav \* 1 Lo
ngpgqplpg - <2my gc(r;mv)Tl'T% (4.22)
| R o
IEIP,;HP;PQ = (2)‘9V)2§ [2¢7 5 C(r;my) — Sex e T(r;my)| 717, (4.23)
1 a al - =
V}%*PQ*HP;P; = (2)\9V)2 3 {QTl Ty C(T;mv)—STl,T2 T(T;mv)} T1-To
Bav\* 1 L
+<27‘3LVU 30 (rmy) 77, (4.24)
1
2 o+ o -
VJ%PQ—»PI*PQ* = (2Agv) 3 287 &5 C(r; My) —Sex o1 T(rymy)] 717, (4.25)
1. = oL
ﬁlﬁ;ﬁpl*ﬁg = _(QAQV)Qg [251'T20(T3mv)_55’1‘,T2 T(r;mv)} T1-Ta, (4.26)

for v = p. The w exchange potentials are obtained by changing the overall sign from the

above equations with v = w and by removing the isospin factor 7 -75.

To estimate the size effect of mesons, we introduce a form factor (A% —m2)/(A?+§?) in
the momentum space at vertices of hPP, hPP* and hP*P* (h = m, p and w). Here ¢ and
my, are momentum and mass of the exchanged meson, and A is the cut-off parameter.
Then, C(r;my) and T'(r;mp,) are defined as

d*q  mj, i§T
Clrsma) :/ (2m)3 q? +hm,% e F(g mp), (4.27)
T(r;mp,)S12(7) / K S12(Q) T (G my,) (4.28)
MR )012 = - 12 yMhp), .
2m)3 G2 +m;

with S12(2) = 3(61 - £)(F2- %) — G152, and F(G;myp) = (A2—m2)?/(A?+§?)% The
cut-off A is determined from the size of B*) based on the quark model as discussed in
Refs. [, [@3]. There, the cut-off parameter is A = 1070 MeV when the 7 exchange
potential is employed, while A = 1091 MeV when the mpw potential is employed.

As a brief summary, we emphasize again that, according to the heavy quark symmetry,
not only the BB* — B*B and B*B* — B*B* transitions but also the BB — B*B* and
BB* — B*B* transitions become important as channel-couplings. In the next section,
we will see that the latter two transitions supply the strong tensor force, through the

channel mixing B and B* as well as different angular momentum, such as L and L + 2.
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4.1.3 Classification of the B®B® states

TABLE 4.1: The exotic quantum numbers which cannot be assigned to bottomonia bb
are indicated by y/. The 07~ state cannot be neither bottomonium nor B®)B®*) states.

Jre components exoticness
I=0|I=1
0t- — Vv
0*+ BB(ls ), B*B*('Sp), B*B*(*Do) xoo |V
(O (BB* +DB*B ) (P) vV
0= NG (BB* “B) (°Py), B*B*(*Py) b v
1+ % (BB* — B*B) (351), % (BB B*B) (3Dy), B*B*(3S;), B*B*(®Dy) hy, vV
1++ % (BB* + B*]_B) (351), = (BB* + B* B) (®Dy), B*B*(°Dy) Xb1 v
1= BB('P)), % (BB* + B* B) (3P), B*B*(*Py), B*B*(°P,), B*B*(°Fy) T Vv
1=+ % (BB* B* B) (3P, B'B*(*P) vV Vv
2t~ % (BB* B~ B) (3Dy), B*B*(3Dy) vV Vv
2+ | BB('Dy), % (BB* + B*B) (3Ds), B*B*(! Dy), B*B*(°S), B*B*(°Ds), B*B*(°G2) | b2 vV
2=+ % (BB* B*B) (BPR), % (BB* B*B) (F,), B*B*(®*R,), B'B*(*F) Mb2 Vv
2=~ 7 (BB* + B* B) (PR), 7 (BB* + B* B) (*F), B*B*(°PR,), B'B*(° ) Vb2 v

We classify all the possible quantum numbers I¢(JFP) with isospin I, G-parity, total
angular momentum J, parity P and charge conjugation C' for the states which can be
composed by a pair of B®) and B®) mesons. The charge conjugation C' is defined for
I =0or I, = 0 components for I = 1, and is related to the G-parity by G = (=1)/C. In
the present discussion, we restrict upper limit of the total angular momentum as J < 2,
because too higher angular momentum will be disfavored to form bound or resonant
states. The B®B®™ components in the wave functions for various J¥C are listed in
Table E3. We use the notation 2*1L; to denote the total spin S and relative angular
momentum L of the two body states of B®*) and B*) mesons. We note that there are
not only BB and B*B* components but also BB* + BB* components. The JF¢ = 0+~
state cannot be generated by a combination of B*) and B® mesons ®. For I = 0,
there are many BB states whose quantum number JP¢ are the same as those of

the quarkonia as shown in the third row of I = 0. In the present study, however, we do

IThe JPY = 0%~ state cannot be given also in the quarkonium picture.
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not consider these states, because we have not yet included mixing terms between the
quarkonia and the B®B®) states. This problem will be left as future works. Therefore,
for I = 0, we consider only the exotic quantum numbers JF¢ = 07—, 1=t and 27~.
The states of I =1 are clearly not accessible by quarkonia. We investigate all possible
JPC states listed in Table EZ3.

From Egs. (I003)-(E0M) and (E232)- (A1), we obtain the potentials with channel-couplings
for each quantum number I¢(JFC). For each state, the Hamiltonian is given as a sum
of the kinetic energy and the potential with channel-couplings in a form of a matrix.
Breaking of the heavy quark symmetry is taken into account by mass difference be-
tween B and B* mesons in the kinetic term. The explicit forms of the Hamiltonian for
each I G(J L C) are presented in Appendix @. For example, the J¢ = 17~ state has four
components, —= (BB* — B*B) (351), s (BB* — B*B) (*D1), B*B*(351), B*B*(*D1) and

V2
hence it gives a potential in the form of 4 x 4 matrix as Egs. (E@), (AE58) and (E=2H).

4.1.4 Numerical results

To obtain the solutions of the B®B(™) states, we solve numerically the Schrodinger equa-
tions which are second-order differential equations with channel-couplings. As numerics,
the renormalized Numerov method developed in Ref. [] is adopted. The resonant states
are found from the phase shift § as a function of the scattering energy E. The resonance
position E, is defined by an inflection point of the phase shift §(F) and the resonance
width by I'y = 2/(dd/dE)g—g, following Ref. [[3]. To check consistency of our method
with others, we also use the complex scaling method (CSM). We obtain an agreement

in results between the renormalized Nemerov method and the CSM.

In Table B2, we summarize the result of the obtained bound and resonant states, and
their possible decay modes to quarkonium and light flavor meson. For decay modes, the
p meson can be either real or virtual depending on the mass of the decaying particle,
depending on the resonance energy which is either sufficient or not to emit the real state
of p or w meson. p*(w*) indicates that it is a virtual state in radiative decays assuming

the vector meson dominance. We show the mass spectrum of these states in Fig EI.

Let us see the states of isospin I = 1. Interestingly, having the present potential we find
the twin states in the I¢(JP¢) = 17(177) near the BB* and B*B* thresholds; a bound
state slightly below the BB* threshold, and a resonant state slightly above the B*B*
threshold. The binding energy is 8.5 MeV, and the resonance energy and decay width
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are 50.4 MeV and 15.1 MeV, respectively, from the BB* threshold. The twin states
are obtained when the mpw potential is used. We interpret them as the Zy,(10610) and
Z1,(10650) observed in the Belle experiment [B, [d]. It should be emphasized that the
interaction in the present study has been determined in the previous works without

knowing the experimental data of Zy’s 2, [3].

Several comments are in order. First, the bound state of lower energy has been obtained
in the coupled channel method of BB* and B*B* channels. In reality, however, they
also couple to other lower channels such as why, 7Y and so on as shown in Table E3.
Once these decay channels are included, the bound state will be a resonant state with
a finite width. A qualitative discussion will be given in Section 5. Second, when the
m exchange potential is used, only the lower bound state is obtained but the resonant
state is not. However, we have verified that a small change in the 7 exchange potential
generates, as well as the bound state, the corresponding resonant state also. Therefore,
the pion dominance is working for the BB* and B*B* systems. (See also the discussion
in Appendix [.) Third, it would provide a direct evidence of these states to be BB* and
B*B* molecules if the BB* and B*B* decays are observed in experiments. Whether the
energies are below or above the thresholds is also checked by the observation of these

decays.

In other channels, we further predict the B®B®) bound and resonant states. The
IG(JPC) = 17(0F*) state is a bound state with binding energy 6.5 MeV from the BB
threshold for the 7 exchange potential, while no structure for the mpw potential. The
existence of this state depends on the details of the potential, while the states in the
other quantum numbers are rather robust. Let us see the results for the latter states
from the mpw potentials. For 17(0~) and 1~ (17"), we find bound states with binding
energy 9.8 MeV and 1.9 MeV from the BB* threshold, respectively. These bound states
appear also for the m exchange potential, though the binding energy of the 1= (171)
state becomes larger. The 17 (271) state is a resonant state with the resonance energy
62.7 MeV and the decay width 8.4 MeV. The 11 (17 7) states are twin resonances with
the resonance energy 7.1 MeV and the decay width 37.4 MeV for the first resonance,
and the resonance energy 58.6 MeV and the decay width 27.7 MeV for the second. The
resonance energies are measured from the BB threshold. The 11 (277) states also form
twin resonances with the resonance energy 2.0 MeV and the decay width 3.9 MeV for
the first resonance and the resonance energy 44.1 MeV and the decay width 2.8 MeV for

the second, where the resonance energies have are measured from the BB* threshold.
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Next we discuss the result for the states of isospin I = 0. In general, the interaction
in these states are either repulsive or only weakly attractive as compared to the cases
of I = 1. The fact that there are less channel-couplings explains less attraction partly.
Because of this, we find only one resonant state with 1¢(JF¢) = 0% (177), as shown
in Fig 0 and in Table E3. The 07 (1~ 1) state is a resonant state with the resonance
energy 17.8 MeV and the decay width 30.1 MeV for the mpw potential.

In the present study, all the states appear in the threshold regions and therefore are
all weakly bound or resonant states. The present results are consequences of unique
features of the bottom quark sector; the large reduced mass of the B®B® systems and
the strong tensor force induced by the mixing of B and B* with small mass splitting. In
fact, in the charm sector, our model does not predict any bound or resonant states in
the region where we research numerically. Because the reduced mass is smaller and the

mass splitting between D and D* is larger.

TABLE 4.2:

The energies F can be either pure real for bound states or complex for

resonances. The real parts are measured from the thresholds as indicated in the second
column. The imaginary parts are half of the decay widths of the resonances, I'/2. In
the last two columns, decay channels of a quarkonium and a light flavor meson are
indicated. Asterisk of p* indicates that the decay occurs only with a virtual p while

subsequently transit to a real photon via vector meson dominance.

IG(JPC) | threshold E [MeV] decay channels
m-potential | mpw-potential s-wave p-wave
(077) — — — — hy, + 7, Xbo,1,2+p
(0**) BB —6.5 no m+m, T+p hy+p*, xp1+7
(0—) BB~ —9.9 -9.8 Xb1+p* m+p, T+m
(0=1) BB* no no hy+p, xpo+7 T+p
_ —8.5
+— * — *
(1) BB 7.7 50.4 — i15.1/2 T+ hy+7, xp1+p
(1+1) BB* —16.7 -1.9 YT+p hy+p*, Xbo1+7
__ = 7.0—1437.9/2 | 7.1 —1i37.4/2 N
771 BB g s i30.0/2 | 58.6 —iar.7/2 | Mo Xeor2Hp" | ke, Tw
(1) BB* no no hy+p, xp1+7 mpt+m, T+p
(2+_) BP)_* no no — hy,+7, xvo,1,2+p
“(27F) | BB | 635 i8.3/2 | 62.7 —i8A4/2 Tip [ ———
(2771) BB* no no hy+p YT+p
_ . 2.0 —i41/2 | 2.0-i3.9/2 .
(277)| BB 442 —i2.5/2 | 44.1 —i2.8/2 Xp1+p mtp, Xm
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TABLE 4.3:

(Same convention as Table II.)

I1¢(JP¢) | threshold E [MeV] decay channels
m-potential | mpw-potential s-wave p-wave
0-(077) BB* no no Xb1+w m+w, T+n
0F(1-+) | BB* | 28.6—1491.6/2 | 17.8 —i30.1/2 | hy+w*, xo1+1 |  mo+m, THw
0= (277) BB* no no — hy, -+, Xbo,1,2+w
10655
B*B* oo S 10649 .
10621 10622
10617 e— —
Z,(10608)
T LA 10602 C
BB
(10604) 10594
10596
10566
5
(10559)
I6JPC) 107 1+(1+) 1-(1*) 1*1~) 12 127 0+(1™)

FIGURE 4.1: The dots with error bars denote the position of the experimentally ob-

served Zy’s where M (Zy(10610)) = 10607.2 MeV and M(Z,(10650)) = 10652.2 MeV.

Solid lines are for our predictions for the energies of the bound and resonant states
when the mpw potential is employed. Mass values are shown in units of MeV.

4.1.5 Effects of the coupling to decay channels

We have employed the hadronic molecular picture and only considered the B®B®™) states

so far. In reality, however, the B®)B®*) states couple to a bottomonium and a light meson

state which is predominantly a pion, as Z;’s were discovered in the decay channels of
YT(nS)r (n =1,2,3) and hy,(mP)r (m = 1,2) [B, [@]. In this section, we estimate the

effects of such channel coupling to the B®B®) states. We give a qualitative estimation
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for the lowest B®)B™ state in 17(1*7) corresponding to Zy,(10610)*. Similar effects

are expected for other states.

To this purpose, we employ the method of Pennington and Wilson [[3]. They calculated
charmonium mass-shifts for including the effect of open and nearby closed channels and
we apply their calculation procedure for Zy, mass-shift. The bare bound state propagator
i/[s—md], where mg is the mass of the bare state, is dressed by the contribution of hadron
loops T1(s). Therefore, the full propagator can be written as

Gu(s)= —— = (4.29)

s — M?2(s) s —m2 —II(s)
i
s —=mg — 3 g Mn(s)

where s is the square of the momentum carried by the propagator. M(s) is the complex
mass function and the real part of this give the “renormalized” mass. Since the Zj, has
five decay channels, the hadron loops II(s) is a sum of each decay channel n (Fig.B3).
Each hadron loop II,(s) (Fig.E3) is obtained by using the dispersion relation in terms
of its imaginary part. All hadronic channels contribute to its mass at least in principle.
Because the dispersion integral diverges, we have to subtract the square of mass function
M(sp) at suitable point sg from M(s). We shall discuss the choice of sy shortly. Now,

we can write the loop function in a once subtracted form as

(s — s0) /OO , ImIL,(s)
AIL, (s, =1II,(s) = II, = . 4.
(8 80) (8) (80) T . ds (S/ — 8)(8/ — 80) ( 30)
Then we arrive at the mass-shift M as
Z AlL, (s, s0) = M?(s) —m3 = SM?(s). (4.31)
n=1

Since an imaginary part of a loop function is proportional to the two-body phase space,

we take Imll,, in the form for s > s, as

2o\ 21 72
ImIL,(s) = —g> ( \;;) exp (— XZL> , (4.32)

where g, is the coupling of Z}, to a decay channel n (a bottomonium and a pion), L is the

orbital angular momentum between a bottomonium and a pion. ¢, is the magnitude
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of the three momentum of a pion in the center of mass frame and is related to gem,, by

2
s+m2 — M2
Gem = <27\r/§ bb) —m?. (4.33)

In eq (E332), following [[@], we have introduced the Gaussian-type form factor with a
cut-off parameter A which is related to the interaction range R. We set A = 1000 MeV
as a typical hadron scale; this value corresponds to R ~ 0.5 fm by using the relation
R~ 6 /A, which correspond the size of B meson. Coupling g, is determined from the
partial decay width T, by ', (s) = —Imll,(s)/+/s. Then partial decay widths for each

decay channel are given from the experimental data (See Table B).

The subtraction point sy determines the renormalization point where the loop correction
vanishes. In Ref. [[[@], the subtraction point was chosen at the mass of J/1. Since J/v is
a deeply bound state of a cc¢ pair where the charmonium description works well without
a DD loop. Now in our situation, there is no such a physical bottomonium like state
decaying into a pion and a bottomonium. However, as in the case of J/¢ we expect
that the renormalization point of the vanishing loop is located at an energy which is
significantly below the thresholds of the particle in the loop. We adopt such an energy
at y/so = 9000 MeV, 600 MeV below the 7Y (15), which is similar to the mass difference
of J/1 and DD.

The resulting mass-shift 0M due to each coupling is given in Table BA. The Y(15)w
coupling only contributes the mass correction as repulsive. This cause is the wide
large phase space for this channel, but the contribution of this channel is very small,
My (1) = 0.026. Therefore, the mass correction of the Y(15)m coupling is approxi-
mately negligible. The other couplings work as attractive,0 M < 0. The mass correction
due to hy(2P)7 coupling is largest in the five decay channels, however this is still less
than 1 MeV. The total mass-shift is M = —1.5 MeV, which is slightly attractive. This
means that the Y(nS)m and hy(mP)7 couplings will attract the mass of BB* bound
state with 17(17) into their thresholds. But the value of the total mass correction is
quite small compared with the dependence of other considerable ambiguity in the present
model such as the cutoff parameter and coupling constants for each vertex. Then this

effect will be a minor role.

To summarize this section, we have estimated loop contributions to the mass of the
B®B® molecules. We find small attractive corrections, which will be negligible in the

presence model. It is unthinkable that the loop contributions are direct cause of making
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the bound state to the resonance state as observed Z; state. Thus, what makes Z; as a

resonance state is still open question and needs further consideration.

Y(nS), h (mP)

FIGURE 4.2: The diagram corresponding to a loop function II,,(s) of channel n.

TABLE 4.4: The first and the second row show the threshold masses and the coupling
strengths of channel n. My, and dM are given in units of MeV.

‘ T(1S)r YT2S)r Y(3S)m hy(1P)r h,(2P)m total
My, | 9600 10163 10495 10038 10399 —
In 99.1 338 334 2041 4716 —
oM | 0.026 -0.074 -0.28 -0.23 -0.97 -1.5

4.1.6 Search for heavy meson molecules in decays from T(55)

As twin Zy’s were observed from Y(5S) decay, T(5S) decay is a useful source to search
the exotic states around the B®B®) energy region. Y(5S) can decay to a I¢(JFC) =
17 (177) state by a single pion emission in s-wave, and a 17(0~7), 17(177) or 17(277)
state by a single pion emission in p-wave. We recall that the twin Zy’s with I¢(JF¢) =
17(177) were observed in the s-wave channel [B, 7). In the present study, we further
predict the bound state in I¢(JPY) = 17(077), and another twin resonant states in
IG(JP¢) = 1*(177) and 11(277) as summarized in Table EZ. As for the exotic J'¢
states in isosinglet, the resonant state in I¢(JF¢) = 0*(17F) can be observed from

T(5S5) by w emission in p-wave as shown in Table E3.

The radiative decay of Y(5S5) is also an interesting channel as discussed in Ref. [E2]. In
radiative decay, Y(5S) decays to the I¢(JF¢) = 17(0%F), 17(1*F) and 1~ (2+7) states
with a photon emission in s-wave. These channels can be also produced in hadronic

transitions with emission of p meson from higher Y-like bottomonim states. In the
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present study, we predict the bound states in I¢(J7¢) = 17(0*+) and 1-(1**) and a

resonant states in 17(27") as summarized in Table E3.

As a consequence, we will be able to study the B®B® bound and resonant states with
positive G-parity in a pion emission from Y (55) and with negative G-parity in a photon
emission from Y(55). It will be an interesting subject for experiments to search these

states in T (5S5) decays.

4.1.7 Summary

In this section, we have systematically studied the possibility of the B®B®) bound and
resonant states having exotic quantum numbers I¢(JP¢). These states are consisted
of at least four quarks, because their quantum numbers cannot be assigned by the
quarkonium picture and hence they are genuinely exotic states. We have constructed
the potential of the B®)B®) states using the effective Lagrangian respecting the heavy
quark symmetry. Because of the degeneracy in masses of B and B* mesons, the channel
mixing, such as BB*-B*B, B*B*-B*B*, BB-B*B* and BB*-B*B*, plays an important
role to form the B®B®*) bound and/or resonant states. We have numerically solved the
Schrédinger equation with the channel-couplings for the B®B®) states with T G(JPC)
for J < 2.

As a result, in I = 1, we have found that the I¢(JF¢) = 1*(177) states have a bound
state with binding energy 8.5 MeV, and a resonant state with the resonance energy 50.4
MeV and the decay width 15.1 MeV. We have successfully reproduced the positions of
Z1,(10610) and Zy,(10650) observed by Belle. Therefore, the twin resonances of Zy’s can
be interpreted as the B®)B®) molecular type states. It should be noted that the BB*-
B*B, BB*-B*B* and B*B-B*B* mixing effects are important, because many structures
disappear without the mixing effects. We have obtained the other possible B*)B®)
states in I = 1. We have found one bound state in each 17(0~~) and 17 (1), one
resonant state in 17(27") and twin resonant states in each 17(177) and 17(277). It
is remarkable that another two twin resonances can exist in addition to the Zy’s. We
have also studied the B®B®) states in I = 0 and found one resonant state in 07 (1~F).
We have checked the differences between the results from the 7 exchange potential and
those from the mpw potential, and found that the difference is small. Therefore, the one
pion exchange potential dominates as the interaction in the B®B®™) bound and resonant

states.
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We have estimated the effects of the coupling to decay channels by means of dispersion
relations. Total mass-shift is M = —0.97 MeV, which is slightly attractive. This value
is negligible under the degree of accuracy on the current model. Therefore, we conclude
that the molecular picture of B®B®) will be a good approximation for the first step.

More systematic analyses will be left for future works.

For experimental studies, the Y (55) decay is a useful tool to search the B®B®) states.
T (55) can decay to the B®WB® states with 11(0~7), 11(17~) and 17 (27 ) by a single
pion emission in p-wave and the state with 017 (17") by w emission in p-wave. Y(59)
can also decay to the B®B®) states with 17 (07+), 17(1*F) and 17(27*) by radiative
decays. In the future, various exotic states would be observed around the thresholds
from Y (55) decays in accelerator facilities such as Belle and also would be searched in
the relativistic heavy ion collisions in RHIC and LHC [I[2, [[3]. If these states are fit in

our predictions, they will be good candidates of the B®B®) molecular states.

4.2 PP molecules

In this section, we study exotic mesons with double charm and bottom flavor (|C| =
|B| = 2), whose quark configurations are QQgg or QQqq. These states are genuinely
exotic states because these quark configurations have no annihilation process of quark
and antiquark. We take a hadronic picture by considering the molecular states composed
of a pair of heavy mesons, such as DD, DD* and D*D* for charm flavor, and BB, BB*
and B*B* for bottom flavor. The interactions between heavy mesons are derived from
the heavy quark effective theory. All molecular states are classified by I(J?) quantum
numbers, and are systematically studied up to the total angular momentum J < 2. By
solving the coupled channel Schrédinger equations, due to the strong tensor force of one

pion exchanging, we find bound and/or resonant states of various quantum numbers.

4.2.1 Introduction for PP molecules

As candidates of flavor exotics, a new hadron state Tqq, whose quark content is QQqg,
has been discussed theoretically [E4, [, B0, BN, B2, B3, B4, B3, B0, B2, Y, E4, 00, O,
02, 93, 63, 03, 08, 07, 68, 09, 000, 000, [0, M3, M4, M4, 8], Tqq is a system

containing two heavy quarks and it is genuinely a flavor exotic which cannot be assigned
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by a normal hadron. Here, we discuss the energy spectrum of the possible bound and/or

resonant states of Tqq.

In phenomenological studies, there exist two approaches to Tqq state. In one approach,
Tqq is considered as a tetraquark state, in which the effective degrees of freedom are
constituent quarks [[9, B0, BN, B2, B3, B4, B3, O, 7, B, §4, 00, 00, 02, 03, 04, 83, 09,
02, 08, 09, [0, [0, M2, [M3]. It is shown that Tqq may be a stable object due to
the strong attraction in qq which may form a stable scalar diquark [[I2, IO, [MJ]. As
a result, Tqq may be a deeply bound state, which does not decay through the strong
interaction [B4, B3, B@]. If the diquark developed, the study of Tqq is also useful to
understand the color superconductivity in high density quark matter 10, [T, T3]
The tetraquark states such as T.., T) and T}, states with I(J) = 0(1") as well as

cec? C

TY, with I(J”) = 0(0") have been discussed also as stable objects [OH, HA|.

Another approach is the hadronic molecule picture. When four quarks (QQqq) are
present, they may form hadronic clusters (Qq) which may alternatively become relevant
degrees of freedom instead of diquarks [E4, [OA, 03, [OG]. The hadronic molecule
picture is applied to the energy region close to the thresholds. In the Tqq system, two
mesons composed by Qq, the pseudoscalar meson P ~ (Qq)spmo and the vector meson
P* ~ (Qq)spinl, can become effective degrees of freedom as constituents. In the heavy
quark limit, the pseudoscalar meson P and the vector meson P* become degenerate
in mass, and hence both of them should be considered. Hereafter we introduce the
notation P™*) for P and P*. Indeed, we will show that the mass degeneracy of the P and
P* activates the one-pion exchange potential between two P*)’s, and the bound and /or

resonant PHP®) states are formed.

The tetraquark picture and the hadronic molecule picture are quite different. The
tetraquark picture is applied to the deeply bound state. To apply this picture to the
shallow bound states or resonant states, slightly below or above thresholds respectively,
is not appropriate, because the continuous P™ states above thresholds are not taken
into account. On the other hand, the hadronic molecule picture can be applied to the
shallow and resonant states, while it cannot be applied to the deeply bound states.
Though there have been several studies for bound states of P®P®) in the hadronic
molecule picture, resonant states of P®)P®) have not been studied yet. Moreover, the
quantum numbers I(J?) which have been discussed are limited only J < 1. To be
more problematic, several channels in coupled channel problem have been neglected.

The last point is very important in the heavy quark systems. In the heavy quark limit,
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we need to consider the mass degeneracy of P and P* which provides more number of
channels than discussed in the literature. In the present work, we discuss both bound
and resonant states of PG)P(*) systematically for various quantum numbers I(.J) up
to J < 2 by considering the fully coupled channel problem. The systematic analysis
of the energy spectrum for various quantum numbers is important to investigate the
dynamics governing the systems. Indeed, it will be shown that there are several new
shallow bound and/or resonant states, which were not found in other studies, thanks to
the strong attraction induced from the channel couplings even for larger J or angular

momentum.

This section is organized as follows. In EZZ3, we give the interaction between two P(*)
mesons with respecting the heavy quark symmetry and chiral symmetry. We introduce
the two types of potentials, the m exchange potential and mpw exchange potential. In
section 23, we classify all the PP systems up to J = 2, and search the bound
and /or resonant states by applying the potentials and solving the Schrédinger equations
numerically. In section =24, we compare our results from the hadronic molecule picture
with the previous results from the tetraquark picture. We summarize our discussions in

the final section.

4.2.2 Interaction with two mesons with doubly heavy flavor

The dynamics of the hadronic molecule of P®P® respects two important symmetries;
the heavy quark symmetry and chiral symmetry. The heavy quark symmetry induces
the mass degeneracy of P and P* in the heavy quark limit. Because of this, we have to
consider the channels of degenerate pairs, such as PP, PP*, P*P and P*P*, leading to
the mixing of them; PP*-P*P, P*P*-P*P*, PP-P*P*, PP*-P*P*.

As for the meson-exchange interaction between two P™)’s, the one pion exchange po-
tential (OPEP) exists at long distances. The existence of a pion is a robust consequence
of spontaneous breaking of chiral symmetry [[I3]. The OPEP is provided by the PP*r
and P*P*r vertices whose coupling strengths are equally weighted thanks to the heavy
quark symmetry. We note that there is no PP7 vertex because of the parity conserva-
tion. It should be noted that the existence of both PP*r and P*P*r vertices thanks to
the heavy quark symmetry provide the channel mixing in PP, PP* P*P and P*P* at
long distance in the following discussions. At short distances, heavier mesons exchange

potential, which provide similar channel mixing, should also be considered.
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To derive the P®P™) potential, we employ the effective Lagrangians based on the
heavy quark symmetry and chiral symmetry [Z2, B3, B4, B3, BY, []. The interaction
Lagrangians are given in the same way as PP molecules. The only difference appears

at the sign of couplings.

The OPEPs are derived by the interaction Lagrangians (E28) and (E) as follows:
7\
Vglpgﬁpfpg = (\/i) [5f'52 C(TS mw)+Ss’{,52 T(T;mw)} T1-T2, (434)

2
lr- = oL
ngpgﬂpfpg = (ﬁf) - |:T1'T2 C(r;mﬁ)+ST17T2 T(T,mﬁ)} T1°T2, (435)
s

w

2
g\ 1 ., o -
VFZPQHPfP; = (\/ifﬂ—> g [51 D) C(T;mﬂ)—i_SET’E; T(T,mw)] T1°72, (436)

2

L. 5 . -

Vlglpgﬂpikpik = — (\/i]g) g [61 'T2 C(T;mw)‘i‘SE{’TQ T(T,mﬂ—):| T1°72, (437)
s

where m, is the pion mass. Here three polarizations are introduced for P* as defined
by &) = (¢1/\/§, —i/V/?2, 0) and £ =(0,0,1), and the spin-one operator T is defined
by Tf\/ = ic k5§AI)T5,gA). As a convention, we assign £ for an incoming vector particle
and £M* for an outgoing vector particle. Here 7 and 7 are isospin operators for Pg*)
and ng); 71-To = —3 and 1 for the I = 0 and I = 1 channels, respectively. We define

the tensor operators

Setey = 3EW7)(ER) f) — gO)x. 202, (4.38)
Stm, = 3(Ty-#)(To-7) - Th-Th, (4.39)
Seres = 3EVIT)(EPI* ) — gR)x gO2)x (4.40)
Se, = 3(ENR)(Tyef) — eX* T, (4.41)

where 7 = 7/r is a unit vector between the two mesons.



Chapter 4. Heavy meson molecules with the potential model 45

The p meson exchange potentials are similarly obtained from the interaction Lagrangians
(ETm)- (12),

2
1
Vb prripy = (Qmp> gC M) T1 T2, (4.42)
Bav \* 1
Vﬁlpgaplpg - (2mp gCT’ mp) 7172, (4.43)
1
2 R
V£1P2*—>P1*P2 = (2A\gv) g =185 O(rymy) = Sex o, T(r3my,)| 7172, (4.44)
1 7 7 =
Viirs—prpy = (Pv)’3 [2T1'T2 C(rsmy) =S,z T(rim,)| 717
Bav\* 1 L.
+ <2mp 3C(rimy) 717, (4.45)
1 ok % =
Vipprpy = (2Agv)? 3 (287 -85 C(r;my)—Ser 3 T(r;my,)| 7175, (4.46)
1. = oL
VlgngﬂPl*Pg = _(2AgV)2§[251'TQC(T;mP)_SEI,TQT(T;mp):| T To.  (4.47)

The w meson exchange potentials are obtained by replacing the mass of p meson with
the one of w meson and by removing the isospin factor 7 -7. The OPEP’s of PGP®)
differ from the ones of P®P®) in that the overall signs are changed due to G-parity.
The situation is the same with w meson exchange potentials, while p meson exchange

potentials of PGP are not changed because the G-parity is even [].

In the above equations, C'(r;myp) and T'(r;my) are defined as

d3(j m2 g =
C(T;mh)_/wmezqu(q; mh), (448)
d?’q_' _52

T(r;mn)S12(7) :/ 2(4)e'TF (g my,), (4.49)

1 g
3 = 2
(277) q 24 my,
with S12(2) =3(51-%)(02-T) — d1-02. We introduce the monopole type form factor at each
vertex to take into account of the size effect of P*) mesons. Then the function reflected

form factors is defined as

A2 _m2 2
F@?;mh=<P f") : 4.50
(@)= 3372 (450)

where mj, and ¢ are the mass and three-momentum of the exchanged meson h (= 7, p, w)
and Ap is the cut-off parameter. The cut-off parameter Ap are determined from the size
of P estimated from the constituent quark model as discussed in Refs. (B, 2, 3, [T4].
The cut-off parameters are Ap = 1121 MeV and Ag = 1070 MeV when the 7 exchange
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potential is employed, while Ap = 1142 MeV and Ag = 1091 MeV when the mpw is
employed.

Up to now we have given the meson-exchange potentials between two P*) mesons. We
should note that the potentials contain spin operators and tensor operators, hence that
the potentials for each quantum number are different. In the next section, we classify all

the PGP™) states up to J = 2 and give the corresponding potentials in matrix forms.

4.2.3 Bound and resonant states

Let us classify all the possible quantum numbers of the P®)P*) systems with isospin
I, total angular momentum J (J < 2), and parity P. We need also principal quantum
number n = 0, 1, ..., if there exist several bound states for a given I(JF). We show
the quantum numbers I(J%) and the channels in the wave functions in Table E3. It is
noted that the wave functions must be symmetric under the exchange of the two P®)
mesons. We use the notation 2°t1L; to indicate the states with the internal spins S and
angular momentum L. For example, the I(J”) = 0(1%) state is a superposition of four
channels; o= (PP* — P*P) (351), % (PP* — P*P) (3Dy), P*P*(3S;) and P*P*(®D;). All
the possible channels should be mixed for a given the quantum number. In the previous
studies, the channel mixing were not fully considered B4, [F, MG]. Here we pay an
attention to that the approximate mass degeneracy of P and P* plays a crucial role to
mix the channels. Otherwise the attraction from the mixing effect becomes suppressed.
We note that the tensor force is also important to mix the channels with different angular
momenta, L and L+2. As a result, we obtain the Hamiltonian in a matrix form with the
basis of those coupled channels. The explicit forms of the Hamiltonian for each I(.J*)

are summarized in Appendix Al

Now we are ready to solve the coupled channel Schrodinger equations for each quantum
number. The renormalized Numerov method [[] is adopted to numerically solve the
coupled second-order differential equations. The resonant states are identified by the
behavior of the phase shift § as a function of the scattering energy E. The resonance
position E, is defined by an inflection point of the phase shift §(F) and the resonance
width by I', = 2/(dd/dFE)g—g, following Refs. [B, 3, [@]. To check the consistency of
our numerical calculations, we also adopt the complex scaling method (CSM), in which
the resonant state is defined as a pole in the complex energy plane [[[3]. We obtain an

agreement in the results of the renormalized Nemerov method and the CSM.
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We summarize our numerical results for D) D®) bound/resonant states in Table I3
and Fig 3. In D®D®) states, we find several bound and /or resonant states in [ = 0,
while there is no bound state in I = 1. In general, the attractive force of pion exchange
in I =1 is three times weaker than in I = 0 due to the isospin factor. As a numerical

result, D®)D® bound states in I = 1 are not obtained but only resonant states are.

Let us look at our results one by one for each quantum number in detail. In the following
text, most of the numerical values are those for the case of the mpw potential, because
the results from the mpw potential are generally not so different from those from the
7 potential, except for the 0(27) state. The energies are measured from the threshold,
which is defined to be the lowest mass among the channels for a given quantum number
as tabulated in Table 3. For example, we adopt the DD* mass as threshold for I(J?) =
0(07), while, the DD mass for I(J¥) = 0(17).

0(0~) This state has only one channel of DD* (see Table .IH) and the pion exchange
potential is attractive as shown in Eq. (BZ53d). As a result, the very deep bound
state of DD* is generated with binding energy 132.1 MeV measured from the DD*
threshold.

0(1%) The pion exchange potential is repulsive for diagonal components as shown in
Eq. (BE58). However this state has four components and the mixing of the S- and
D-waves causes the strong tensor attraction from the off-diagonal components of
the potential. Consequently, there is a deeply bound state of mostly DD* with
binding energy 62.3 MeV measured from the DD* threshold.

0(17) There are twin shape resonances of DD with the resonance energy 17.8 MeV and
the decay width 41.6 MeV for the first resonance, and the resonance energy 152.8
MeV and the decay width 10.6 MeV for the second. The resonance energies are
measured from the DD threshold. Those resonances are formed by the centrifugal

barrier in the P-wave.

0(2") This state contains only D-wave components of DD* and D*D*. The potential
is weakly attractive. Nevertheless, due to the centrifugal barrier in the D-wave,
there is a shape resonance of DD* scattering at the energy 33.7 MeV from the DD*
threshold, but the decay width 196.3 MeV is very wide.

0(27) When the OPEP is employed, there are twin resonant states with the resonance
energy 0.1 MeV and the decay width 0.02 MeV for the first resonance, and the
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resonance energy 118.0 MeV and the decay width 23.4 MeV for the second from
the DD* threshold. When the effects of p and w meson exchange are included, the
first resonance becomes a weakly bound state with the binding energy 4.3 MeV,
because the p meson exchange enhances the central force attraction of the pion
exchange. The w meson exchange plays a minor role due to the isospin factor,
although this contribution suppresses the attractive central force. The second
resonant state with the resonance energy 112.1 MeV and the decay width 26.6
MeV is not affected very much. From the analysis of wave function components
of the two bound states, we have verified that the lower and higher states are

dominated by DD* and D*D*, respectively.

1(07) This is the only I = 1 state in D®JD®). The interaction in I = 1 are either
repulsive or only weakly attractive as already discussed. Nevertheless, due to the
P-wave centrifugal barrier, we find twin shape resonances; the resonance energy
2.3 MeV and the decay width 37.4 MeV for the first resonance, and the resonance
energy 144.2 MeV and the decay width 34.4 MeV for the second, from the DD*
threshold.

Here several comments are in order. First, we have obtained several bound and/or
resonant state even for J = 2. Here the long range force by the OPEP becomes effective
for the extended objects with large angular momenta. It is also interesting to have “twin
states” for several quantum numbers, 0(17), 0(27) and 1(0~). We have to note that the
channel couplings by D and D* are important to produce the obtained energy spectrum.
Indeed, if we cut the channel coupling, we confirm that many of the states disappear.
Thus, we consider that the pattern of the energy spectrum is reflected by the dynamics

of the fully coupled channels.

Second, the present formalism of the hadronic molecule picture cannot be applied to
compact objects. When the two P*) mesons overlap spatially, we need to consider
the internal structure of P®*), which is not included in the present hadronic picture.
Therefore we shall adopt 1 fm or larger for the size of the bound state to be interpreted
as a molecular state. The size of 1 fm is twice of typical radius of P*) ~ 0.5 fm. For
instance, the I(J¥) = 0(27) bound state with the binding energy —4.3 Mev is identified
with a molecular state because it has the size 1.6 fm, while the I(J) = 0(0~) bound
state with —132.1 MeV is not because its size is 0.8 fm. We emphasize, however, that

this criterion is not definitive but gives only qualitative guide.
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Next we discuss the B®)B®™) states. We use the same coupling constants, and change
only the masses of heavy mesons with small difference of the cutoff parameters. The
results are summarized in Table B4 and Figs. B4 and B3. At first glance, we find
that the B®B®) states have many bound and resonant states in comparison with the
D®D® states. There are two reasons. First, the kinetic term is suppressed in the
Hamiltonian because the reduced mass becomes larger in the bottom sector. Second,
the effect of channel-couplings becomes more important, because a pseudoscalar meson
B and a vector meson B* become more degenerate thanks to the heavy quark symmetry;
similar discussion has been done in Refs. [B, [, [[3]. We note that, as a consequence of
the strong attraction, several new states appear in the B®B®) states in isospin triplet;
I(JP) = 1(0%), 1(17), 1(2%) and 1(27). The corresponding states are not obtained in
the DH)D™) states.

As noted in the charm sector, the deeply bound states will not be within the scope of the
hadronic molecule picture. In the bottom sector, due to more attraction, more bound
states are generated. For example, we have three states (n =0, 1, 2) in the 0(0™) state.
However, the n = 0, 1 states are too compact (0.5 fm and 0.9 fm, respectively) to be
considered as hadronic molecules. The n = 2 state is an extended object (2.5 fm), and
hence can be considered as the hadronic molecule. Similarly, it would not be conclusive
yet to consider hadronic molecules for the following states with radii less than 1 fm; the
n = 0 state in 0(11), the n = 0, 1 states in 0(17), the n = 0 state in 0(2"), the n = 0,
1 states in 0(27) and the n = 0 state in 1(0%).

4.2.4 Hadronic molecules and tetraquarks

In the present study, we have considered Tqq as a hadronic molecule composed by
P®P® in which one pion exchange potential induces a dominant attraction. On the
other hand, as mentioned in the introduction, Tqq can also be considered as a tetraquark
QQqq in which a diquark qq provides a strong binding energy. The different features
between the hadronic molecule and tetraquark pictures are seen in their sizes. For
hadronic molecules to be valid, hadron constituents are sufficiently far apart such that
their identities as hadrons must be maintained. They can not be too close to overlap each
other. Therefore, masses of hadronic molecules should appear around their threshold
regions. In contrast, tetraquarks may be strongly bound and become compact objects
as genuine quark objects. Thus, their natures are differentiated in the masses, small

binding energy of order ten MeV or less, or larger one. Although it is tempting to seek
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TABLE 4.5: Possible channels of PG)P®) (251 ;) for a set of quantum numbers I and

JE for J < 2.
I|Jr components
0~ T(PP* + P*P)(3P0)
1+ 75 (PP* = P*P) (*S1), =5 (PP *P) ®Dy), P*P*(3S1), P*P*(*Dy)
01~ PP('Py), f (PP* + P* Y(BP), P*P*(1Py), P*P*(°Py), P*P*(°F)
2t ﬁ (PP* — P*P) (3Ds), P*P*(3Ds)
2~ 7 (PP* 4+ P*P) (3 P), % (PP* + P*P) PF), P*P*(°R,), P*P*(° )

0t PP(1Sy), P*P*(1Sy), P*P*(°Dy)

0~ 75 (PP — P*P) (CRy), P*P*(3Py)
1|1t 75 (PP* + P*P) (351) 75 (PP* + P*P) (*Dy), P*P*(°Dy)
- 73 (PP* = P*P) (°11), P'P*(°Py)
2t | PP('Dy), 5 (PP* +P*P )(3D2) P*P*(1Dy), P*P*(5S2), P*P*(°Dy), P*P*(°G,)
2- 75 (PP* = P*P) °Py), =5 (PP* — P*P) (°Fy), P*P* (1), P*'P*(° 1)

TABLE 4.6: The energies £ can be either pure real for bound states or complex for

resonances. The real parts are measured from the thresholds as indicated in the third

columns. The imaginary parts are half of the decay widths of the resonances, I'/2. The

values in the parentheses for the bound states are matter radii (relative distance of the
two constituents) in units of fm.

I'| JP | threshold E [MeV]
m-potential | m, p, w-potential
0~ DD* —50.2 (1.0) —132.1 (0.8)
17 DD* —45.7 (0.9) —62.3 (0.8)
;374 ;106
0 1- DD 175.4 —i=5= 152.8 —i=>

194—% 178—4T
27 | DD* [345— il 337—
118.0 —¢Z2 | 1121 —i%°

2= DD*
0.1 — %92 03 —4.3 (1.6)
0+ DD no no
_ B 143.8 — 144.2 — ;3442

0 DD 3.7 — ? 23— Z
1] 1F DD* no no

1~ DD* no no

27 DD 289.4 — 1% no

2- DD* no no
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TABLE 4.7: The energies of B®B(*) states with I(JF) with J < 2. (Same convention

as Table 03.)
I | J7 | threshold E —iT'/2 [MeV]
m-potential | m, p, w-potential
—3.3 (25
0~ BB* —32.0 (1.2) —77.5 (0.9)
—178.0 (0.6) | —305.9 (0.5)
. —25.7 (1.2) =336 (L.1)
") BB | 767 05) | 2015 (0.5)
0 52.8 — (128 35.0 — L8
1~ | BB 19— i3 —3.1 (1.6)
2
—39.1 (0.8) —98.9 (0.6)
—125.5 (0.6) | —164.4 (0.5)
n . 5.5 — 27 5.7 — 132
2 BB 512 (08) |  —60.6 (028)
26.9 — 292
~ . 26.9 — 292 7.6 — zé
2 BB 76— ik 0.5 —i&3
—68.7 (0.8) —84.1 (0.7)
—147.5 (0.6 —196.5 (0.6)
0F BB —18.1 (0.9), —33.9 (0.5)
. 46.7 —iL?
o- | BB 0.7—i%) 38.5 — 40
—50.5 (0.8) —5.9 (1.4)
1[I BB~ —38.1 (0.8) 1o
1- BB* no 11.7 — 52
2" BB 23.0 —i% 62.4 — >3
_ . 63.7 — i LY
’ BB 2.0 — z% 2.3 — 4T

for a framework to cover both scales, such a problem is out of scope of the present study.
Instead, we compare the results from the two pictures and just clarify the differences

between them.

In the hadronic molecule picture by P®P®) as presented in the previous section, we
obtain, not only the bound states, but also the resonant states in many I(J P ) quantum
numbers. Both in charm and bottom sectors, it is remarkable that there are even the

twin states in several quantum numbers, 0(17), 0(27) and 1(07).

In the tetraquark picture including a diquark model [E3, B3, B9, [, in contrast, only
two bound states in I(J) = 0(1%) and 1(27) have been predicted until now, as discussed
for an example in Refs. [E9, [0, M| as recent works. For 0(11), the predicted binding
energy can be around 70 MeV from the DD* threshold. For 1(27), the predicted binding
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DD e 4020-i3472
(4017) 3988-i27/2
3909-i196/2
.. SN 371 38781372
(3876)
3813
—_— 3752-i42/2

DD
(3734)

IJ%)  0(0) 0(1%) 0(1°) 0(2%) 0(2) 1(0)

FIGURE 4.3: Solid lines are for our predictions with numerical values as denoted above

the lines, and the values in parentheses below the lines denote the decay width I' of

the resonances when the mpw potential is employed. Mass values are given in units of

MeV. Compact objects which can not be regarded as molecular states are shown with
grey lines.

energy can be around 27 MeV. The mass of the 0(17) states in the tetraquark picture
is accidentally close to our value 62 MeV in the hadronic molecule picture. However,
this comparison should be considered more carefully. Because the size of the 0(17) state
is 0.8 fm from Table @, the D and D* mesons composing the 0(17) state would be
overlapped spatially if the size of each D and D* meson is a scale of about 1 fm. In
such a compact object, the quark degrees of freedom may become active to contribute to
the dynamics like the tetraquark picture. However, such an effect is out of the scope of
the present hadronic molecule picture. The 1(27) state cannot be found in our present

study.

In any cases, the feature in the energy spectrum in the D®D®) molecule picture is
that there are many shallow bound states and resonances in 0(17), 0(27), 0(27) and
1(07), which are not found in the tetraquark picture. Thus, we observe that the energy
spectrum of the hadronic molecule picture by P®P®) is qualitatively different from that

of the tetraquark picture.
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FI1GURE 4.4: Compact objects which can not be regarded as molecular states are shown
below the wavy line, but their location do not reflect correct energy scale. (Same

convention as Fig. B3.)
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FIGURE 4.5:

The B®B® bound and resonant states around the thresholds with
I(JF) in I = 1. (Same convention as Fig. I3.)
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4.2.5 Summary

We have discussed exotic mesons with double charm and bottom flavor whose quark
content QQqq is genuinely exotic. We have taken the hadronic picture, and considered
molecular states of two heavy mesons Pt)g (a pseudoscalar meson P = D, B, and a
vector meson P* = D* B*). With respecting the heavy quark and chiral symmetries, we
have constructed the 7 exchange potential and the mpw exchange potential between the
two heavy mesons. To investigate the bound and/or resonant states, we have numerically
solved the coupled channel Schrédinger equations for the PP states with I (JF) for
J < 2.

As results, we have found many bound and/or resonant states in both charm and bottom
sectors. The D®D®™) bound and resonant states have moderate energies and decay
widths around the thresholds in several channels with quantum numbers; 0(07), 0(17),
0(17), 0(2%), 0(27) and 1(07). The B®B® states have more bound and resonant
states with various quantum numbers. Several new states appear in the B®B®) states
in isotriplet states, such as 1(07), 1(17), 1(2%) and 1(27), which cannot be found in the
charm sector. By contrast to the D®)D®) states, some B®)B®*) states are very compact
objects with a large binding energy much below the thresholds. Perhaps, these states
cannot survive as hadronic molecules and more consideration of quark dynamics such

as tetraquarks is required.

The energy spectrum for quantum numbers I(JF) will help us to study the structure of
the exotic states with QQqq. In the present hadronic molecule picture, many shallow
bound states and resonant states appear around the thresholds in several quantum
numbers. Indeed, they were not found in the tetraquark picture. It is interesting to
note that, around the thresholds for 0(17), 0(2*), 0(27) and 1(0~), the shape of energy
spectrum in those states in the charm sector seems to that in he bottom sector. It may

indicate a universal behavior of the energy spectrum around the thresholds.

Experimental studies of those exotic hadrons should be performed in the coming future.
The double charm production in accelerator facilities will help us to search them [ITH].
Recently it has been discussed that the quark-gluon plasma in the relativistic heavy ion
collisions could produce much abundance of exotic hadrons including the exotic mesons
with double charm |74, 8]. Those experimental studies will shed a light on the nature
of the exotic mesons with double charm and bottom flavor, and provide important hints

to the fundamental questions of the strong interaction in hadron physics.



Chapter 5

Spin selection rules for decays
and productions of 7} resonances

and other BB molecules

We discuss decays and productions of possible molecular states formed by bottom mesons
B (B*) and B (B*). The twin resonances, Zf’0(10610) and Z;E(10650), are such can-
didates. The spin wave functions of the molecular states are rearranged into those of
heavy and light spin degrees of freedom by using the re-coupling formula of angular mo-
mentum. By applying the heavy quark symmetry we derive model independent relations

among various decay and production rates, which can be tested in experiments.

5.1 Introduction

We have seen in the previous chapter that the two Z, states are a good candidates
of the B® B* molecule from the point of view of potential model. In addition, the
potential model predicts undiscovered exotic hadrons around the B®*)B®) thresholds,
which appear as B*) B* molecules. To verify whether these theoretically expected states

exist or not in experiments, it is useful to study their production and decay properties.

Zy's were found under the processes, T(55) — Zym — ZX(nS)mmw(n = 1,2,3) and
Y(5S) — Zymr — Zpyhy(mP)rm(m = 1,2). It is well known that Y (5S5) decays via Z,

resonances are exotic in terms of heavy quark spin selection rules. We assume that Y(5.5)

55
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and Y (nS) are spin triplet states of QQ, whereas hy(mP) are spin singlet states. At first
glance, one may expect that spin flip processes, Z, — hy(mP)7, should be suppressed
compared with non-spin flip processes, Z, — Y (nS)m, because of the large mass of b
quark. Nevertheless, two kinds of decays occur with comparable rate [[, B] This puzzle

is related to the spin structure of Zj .[I8, B1], which will be discussed in this chapter.

In this chapter, we derive relative rates of vaious transition when we consider that
B™ B™) molecular states obey the heavy quark symmetry. The heavy quark symmetry
allows only the processes where heavy quark spin is conserved, leading to selection rules
among certain classes of transitions. To derive them, we consider the spin structure of the
mesons by means of spin re-coupling formula which is equivalent to Fierz rearrangement.
By rearranging the two heavy quarks in B®*) and B®) mesons of a molecular state, we
can separate the heavy quark spin and the spin of light degrees of freedom in heavy

quark limit.

This chapter is organized as follows. First we define the conserved quantities in heavy
quark limit, namely the spin of heavy quarks and that of light degrees of freedom in
Section BA. In Section B3, We show the examples of spin selection rules for the bot-
tomonium decays, and discuss some symmetry breaking case for bottomonium decays.
We analyze the spin structures of Z; resonances, and study the decay properties of Z;
in Section BA. After that, we also analyze the spin structures of the predicted B*) B*)

molecules to give the decay properties of them in Section B3.

5.2 Heavy quark spin symmetry

5.2.1 Heavy quark spin symmetry

In the heavy effective theory, the effective Lagrangian for heavy quark field @, is given

as

D 2 B G
Q= )o@ B+ O ). ()

_ , _ o
»CHQET = Quv - iDQy + Qu ZV
mQ

where D = Dt —vtv-D,G* = [DFD"]/igs, and o = i[y*,~4"]/2. Here, the covariant
derivative is defined as D), = 9, + igsAjt* with the gluon field Aj, the gauge coupling
gs, and t, = A\,;/2 with the Gell-Mann matrices A\y(a = 1,---,8). ¢(u) is the Wilson
coefficient with the typical QCD parameter p. This is the effective Lagrangian in the
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heavy quark effective theory (HQET). In the heavy quark mass limit mg — oo, only
the first term survives, whereas the other terms including the spin-flip terms o, G*”
are suppressed by 1/mg. This implies that the spin of a heavy quark is a conserved

quantity in heavy quark limit, which is called heavy quark spin symmetry.

As a consequence, we can define the new conserved quantity, namely the spin of light
degrees freedom (light spin for short). In general, the total angular momentum J of a
hadron is a conserved quantity. The spin of heavy quark Sy is also conserved in the

limit of heavy quark mass, mg — oo. Then the light spin S; defiened by
S, =J-Sy, (5.2)

is also conserved. Generally speaking, the light spin has complex structure. For instance,
a Q¢ meson includes an anti-quark ¢, gluons, an arbitrary number of ¢q pairs and
angular momentum L as the light degrees of freedom. Although they are not conserved
separately, the sum of them is conserved in the heavy quark limit. This quantity is
referred to simply as “light spin” because it includes all degrees of freedom except
for the heavy quark spin. Therefore, we can describe the spin structure of a hadron
containing heavy quarks in terms of the good quantum numbers Sy and S;. Thus the
wavefunction of a heavy meson as hadron is described by Sy ® S;, which we call heavy
quark spin (HQS) basis. It should be noted that this expression is clearly written with

the conserved quantities unlike the ordinal expressions such as Qq(”“L J)-

5.2.2 Spin structures for open flavor heavy mesons

Here, we consider the spin structures of ordinary heavy mesons which is described as Q¢
, QQ (¢ = u,d). THe heavy meson containing a heavy quark is the examplest example
of the heavy quark spin doublet. For HQS basis, the notation is (Sy ® S;)s, where S
is the light spin degrees of freedom. The ground states are composed of a heavy quark

Sy =1/2% and the light-spin S; = 1/27, which makes a heavy quark spin doublet as,

(5.3)

These states are degenerate in the heavy quark mass limit mg — oo because of the

suppression of spin-spin interaction between a heavy quark and a light spin. For particle
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basis, the notation is |Qg(>*1 L)), where L is orbital angular momentum, S is the total
spin of the pair of quarks and J is total angular momentum. Then P stands for a pseudo
scalar meson |P) = |Qg('Sp)) and P* for a vector meson |P*) = |Qg(3S1)). P and P*
correspond to D and D* if Q is a charm quark and B and B* if Q is a bottom quark.
The first excited states have an orbital angular momentum L = 1 between a heavy quark
and a light antiquark. These states make two kinds of doublets, since L = 1 and the

spin of a constituent antiquark s; can give light-spin 1/2% and 3/2". They are
(5.4)

For Py and Py, the HQS basis corresponds to the particle basis one for one as |(%E ® %;r)o> =

|Qg(3Py)) and \(%; ® %?)2) = |QG(®P,)). In contrast, P; and P; are mixture states of
Qq(*Py) and QG(3Py), because the spin-spin interaction among @ and § is suppressed in
the heavy quark limit. For the purpose to see this relation, it is instructive to consider
the spin recouplings. In general, the HQS basis are deconstruct to the particle basis

with standard spin recoupling formula. This decomposition is written as

L S j
) = 3" iseL8S 0 sq sq QI L)), (5.5)
s L S J

where we use the 9-j symbol and S = 25+1. In terms of Eq. B3, we derive the

relations

1+ 1+
212 %9,
1t 3+
§H®§z

( h) = —\}ngQ(lPl)H\/gIQcI(gPO% (5.6)

( h) = \/EIQQ(IPQH\%IQCI(?’PO% (5.7)

In reality, however, (%; ® %j)l and (%; ® %;r)l will be separated, and it is good ap-
proximation that |P;) ~ ](%E ® %;L)ﬁ and \(%E ® %;F)Q as far as we consider the decay

properties (see also the next section).

We summarize the properties of the lowest-mass mesons containing a heavy quark in
Tables. BT and B2. Actually, since spin-spin interaction between spin of a heavy quark
and light-spin doesn’t vanish because of finite mass of a heavy quark, the masses of

doublet mesons are slightly separated. But we can see that HQS is a good approximation
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in charm and bottom sector from the tables. Spin structures make clear understanding

regarding the mass spectrum of heavy hadrons.

TABLE 5.1: The lowest-mass mesons containing a ¢ quark

Mass HQS basis  particle basis
Meson JP (MeV) (SE®SP); Qq(**1Ly)

Dt 0 1869.62 (L @10  cd('So)
D* 17 201029 (3, @4 0 cd(®S1)
D' 0 186486 (1, @170 ca(*So)
D 17 200699 (A, el cul®S)
Df 00 196850 (L@l es('So)
Dt 10 21123 (L @b es(S)
p; ot 2318 (Alelfy  qlR)
" + o1+ _
Dr 1t (3503 1 calP)
Dy 1t 2424 (Aledh ()
Dy 2 2461 (Llw3l) PRy

5.2.3 Heavy quarkonium

Next, we consider the spin structure of heavy quarkonium (QQ). Because spin-spin
interaction between two heavy quarks is suppressed in heavy quark limit mg — oo,

SSC = 0~" and 17~ states generally degenerate as

05" ® SFC)
5~ ©SFC)

(5.8)

where P is the parity and C charge parity. This is general consequence and the degen-
erate is hold at any 5; taken. The lowest case is seen when SZP ¢ = 0l++ is taken. It

makes the doublet as follows,

1QQ("S0)) =10 ®0; o)
QRES)) =11y ®0 )
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TABLE 5.2: The lowest-mass mesons containing a b quark

Mass HQS basis  particle basis

Meson JP (MeV) (SE®SP); Qq(**1Ly)
B° 0~ 5271958 (L @l)e  bd(*So)
B 17 53252 (L, @i bd(351)
B~ 0 521926 (L@l bua('Sy)
B~ 17 53252 (3@ 0 ba(Sy)
BY 0 5366.77 (1, ®1 ) b5(1Sp)
B0 17 54154 (5,10 b5(351)
?(’; 0t (%Ii{ ® %1)0 bq(*Po)
Bik 1t (%H ® %l )1 b‘(3P1)
B 1t 57235 (@3 bg(1Py)
By 2t 5143 (AL @3 bR

This doublet corresponds 7. — J/W¥ for @ = ¢ and n, — Y for Q = b. We can see that
the doublet is a special case on a heavy quarkonium. The light spin SlP ¢ equals the
quantum number of the relative angular momentum between two quarks in a heavy
quarkonium case. Thus, when the light spin S; = 0 is taken, the positive parity P and
charge conjugation C' should be positive. In general, when the arbitrary natural number

is taken as light-spin S; = j(j # 0), a heavy quarkonium forms quartet as follows

1QQ(™F)) = (05" ® jF9);)

_ (5.10)
RQRUI™F) =10 @5 )s)

where the total angular momentum is J = j — 1,4, j 4+ 1. The three states |QQ(J~F~))
also degenerate in heavy quark mass limit, because spin dependent interactions between
the heavy quark spins and the light-spin are also suppressed. As an example, we consider

the quartet for S; = 1; as follows,

QQUPY)) = (0" @1, ))

i (5.11)
QQCPy)) =1y @1, 7))
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The QQ('Py) state corresponds h, for charm quark @ = ¢ and h; for bottom quark
Q = b, whereas QQ(3Pj) states can be regarded as yps(J = 0,1,2) for Q = ¢ and X3
for Q = b. The properties of heavy quarkonia are summarized in Tables .B3 and B3.

The spin structures of excited heavy quarkonia are basically the same as of the ground
state ones. Around the thresholds, however, they can couple to other states such as open
flavor channels. As a result of the mixing states, the simple assign of the spin structures

will break down. This example will be discussed later.

TABLE 5.3: The lowest-mass charmonia

Mass HQS basis particle basis
Meson JP¢ (MeV) (SEC® SFC);  ce(**1L))
n.  0°F 2983.7 (05" ®0/ ) ce(1Sp)
J/U 177 3096.92 (15 ®0/1) ce(3S1)

he 17~ 352538 (0, ®1; ) ce(1Py)
Xeo 0Tt 341475 (17" ®1; 7)o ce(*Py)
Xa 1T 351066 (17~ ®1; ) ce(*Py)
Xe2 2Tt 3556.20 (17" ®1; 7)o ce(>Py)

TABLE 5.4: The lowest-mass bottomonia

Mass HQS basis particle basis
Meson JPC¢ (MeV) (SEC® SFC);  bb(35+1L))
m  0°F  9398.0 (05" ®0/ ) bb(1So)
T 177 9460.30 (15 ®0; ) bb(3S1)

hy 177 9899.3 (05T ®@1, 7N bb(1Py)
xeo 0Tt 9859.44 (17~ ®1; 7)o bb(3Py)
xp1  1TT 989278 (17 ®1; ) bb(3Py)
X2 27T 991221 (17" ®1; ), bb(3Py)

5.3 Relation of the spin structure and decays

We consider decays of a heavy meson in terms of heavy quark spin symmetry. The spin
structures provide useful information about not only the mass spectrum but decays of

a heavy meson. We show some examples in this section.
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5.3.1 Strong decays of heavy-light mesons

In many cases, excited heavy mesons containing a heavy quark decay into a ground
state doublet, P — P*, with a single pion emission. In generall, the strong decays are
restricted by parity, angular momentum conservation and kinematics. In addition to
them, the heavy quark spin selection rule becomes important in heavy quark limit. Now
we consider the four kinds of decays, (D1, D5) — (D,D*) + w. It is an instructive
exercise to derive these symmetry relations [Z4]. The spin structures of excited doublet,

(D1, D3), are given as follows,

1t 3+

D) = (5, @5, 1) (5.12)
1+ 3t

D5) = Iz, ®3 )2, (5.13)

from Table B

parity, so the pion must be in an even partial wave with L = 0,2 by parity and quantum

These two multiplets have opposite parity and the pion has negative

numbers conservation. D5 — D + m and D5 — D* + m must occur through the L = 2
partial wave, while D1 — D* 4+ 7 seems to be able to decay with both L =0 and L =2
partial wave. But L = 0 for D; — D* + 7 decay is forbidden due to the heavy quark

spin selection rule. The wave function of D* 4+ 7(L = 0) is uniquely given as

1t 1*

D R(L=0) =15, ® 5,

)1) - (5.14)

Since the light-spin of D; is S; = 3/2;, D1 — D* + 7 is forbidden inspite of allowing by
kinematics and quantum number conservation. This is the first example of the heavy

quark spin selection rule.

Next, we consider the decays with L = 2 partial wave. The transition amplitude for

Dy — D™ 4 7 can be written by

M[D; — DW 7] = (DWx(L =2)|H.;4|D1), (5.15)

where D can be replaced by D3 for D5 — D™ 4+ 7. Here H, rf is the effective strong
interaction Hamiltonian, which conserves the spin of the heavy quark and light-spin
separately. From the point of view of heavy quark symmetry, H.;s should be replaced

by the common coupling constant g.rs when we postulate that these decays occur with
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contact interaction. Thus the amplitude is given as
M[D; — DY 4 7] = gy (DWn(L = 2)|Dy), (5.16)

then the transition amplitude depend only on the overlap of the wavefunctions between

the initial and final states. Thus the decay width is given as follows
I'(Dy — D™ + 1) ~ 92511 (DWn(L =2)[Dy) |, (5.17)

Because the wavefunction of the outgoing pion with L = 2 is given as (O}FI ® 2; )2,
the wavefunction of |Dm(L = 2)) is calculated by means of spin-recoupling formula as

follows,

1t 1-
Dr(L=2)) = (= - T ®2°
Dr(L=2)) = (;, ©®5 Jo®(0f©2)

~ Yiels
Sy

2 /1t 3* 3 /1T 5T
= /2 (z ®°2 Sz w2 ), 5.18
5<2H®2l>2+ 5(2H®21>2 (5.18)
where we abbreviate |(S, ® S7) ;) to (S ® SF);. We derive the spin structures of

|D*r(L = 2)) in the same way,

= O Nl
»n

NN O
—_——

1+ 3+
D*n(L =2 = (: ®2 1
D= = (3,05 ) (5.19)

3 /1% 3% \/5 1t 5t
D*r(L =2 = —| = — —| = — . 5.20
ID*r(L = 2),, \/;(2H®21)2+ (3,05, ), ™

These spin structures imply that the ratio of the L = 2 decay rates are given by

I'(Dy - Dm) : I'(Dy — D*rm) : I'(Dj — Dm) : I'(D5— D*m)
0 : 1 : % : %,
(5.21)

where I'(Dy — D) is forbidden by angular momentum and parity conservation. The
relation Eq. BZ20 holds in the exact heavy quark limit. It is important to take into
account the difference of the phase spaces to compare the experimental values. The

decay rates are proportional to the final state three-momentum |p,|?**! for small p,
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then |p;|° for L = 2. In the m, — oo limit, the Dy, D} are degenerate and the D and
D* are also degenerate. Hence the effect of the difference of phase spaces does not affect
the ratios. For the physical value of m,, the D*-D mass splitting is ~ 145 MeV, which

is not negligible. Including the |p|?, the relative decay rates are given as

I'Dy — Dmx) : I'(Dy — D*x) : I'(D5— Dm) : I'(D5— D*m)
0 : 1 : 2.3 : 093

As a consequence, we obtain the ratio Br(Dj — Dn)/Br(D; — D*r) = 2.5, which is
consistent with the experimental value 2.4 for D;O decay. In contrast, the ratio 1.9 for

D;i decay is not so far from the theoretical prediction.

This argument can apply the By and B3 decays in the same way. The only difference
is the pion three momentum |p,|°. Including the |p,|?, the relative decay rates for By

and B decays are

I'By — Br) : I'(By— B*r) : I'(By - Bm) : I'(B; — B*m)
0 : 1 : 0.91 : 0.78

The phase space effect can’t be effective in the relative ratios compared with the charm
mesons, because the heavy quark symmetry is the good approximation at the bottom
quark mass and the B* — B mass splitting is small, ~ 45 MeV. We obtain the prediction
for the ratio Br(B; — Bm)/Br(B; — B*m) = 1.2, which is unobserved in experiments

and will be testable in the future.

Next we argue the Dj and D7. Phenomenologically, the decay is suppressed by the
phase space factor ~ (|p;|/A)?*+1, for the partial wave L. The A is the scale parameter
of typical hadron interactions. The fact that the scale A ~ 1 GeV makes possible to
understand why the doublet D§ and D7 is difficult to observe. They can decay into
the ground state doublet D and D* with a single pion emission in partial wave L = 0
because of the conservation of light spin S; = 1/2;. Thus the decay widths should be
wider than the D; and D3 decay widths by roughly (A/|px|)* ~ 20 — 40. Because the
Dy and D} widths are I'(DY) = 27.4 MeV and I'(D3%) = 49.0 MeV, D{ and Dj should
be broad, with widths greater than 300 MeV, which makes it difficult to observe them.
The measured width of the D] = 384 MeV.
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5.3.2 Heavy quarkonium decay

The heavy quark spin selection rules bring out the properties of heavy quarkonia QQ.
As a simple example, the heavy quark spin of heavy quarkonia implies that heavy quark
triplet states, YT, xps for Q = b, are forbidden to decay into heavy quark singlet states,
my, hy for QQ = b. The excited Y’s can decay into both Y7 and npmm from the point of
view of quantum number conservation law, however spin selection rule only allows the

decay T — Y.

In many cases excited heavy quarkonia QQ decay to the open flavor channels such as
PP, PP* and P*P* if their masses are above the thresholds. Here, we estimate the decay
ratio of Y(55) — BB, BB*,B*B*. The Y(55) should be assigned as 1;; ® 0} states,
whose quantum numbers are 17~. Because T (55) with mass of approximately 10.87
GeV is well above the thresholds for non-strange B®*) mesons, so that spin symmetry
breaking due to the mixing with the open flavor channels should not be large. This state
is of a special interest due to a large reproduction rate in the ete™ annihilation. In this
channel, there are four different P-wave states of pair of B mesons with J©¢ = 17
BB('P), %(BB* +B*B)(®Py), B*B*(* P) and B*B*(°P}). The states B*B*(*P;) and
B*B*(°Py) correspond to two possible values of the total spin S of the B*IB* mason

pair. It is convenient to write the four possible combinations as follows:

Y0 = |1 ®0f) (5.22)
v = 1y o), (5.23)
Y2 = |17 @2, (5.24)
Yoo = [0t ®@17). (5.25)

The first three of these combinations involve the heavy quark triplet states with three
kinds of light spin, whereas the forth combination is a heavy quark singlet state with

the light spin uniquely assigned S; = 1. Using spin recoupling formula, we decompose
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the wave functions in Eqs. BZ2-b23 to heavy and light spin:

BB('P) = \[%Z)lo 7l111 + f\[?/)n + 5%o1 (5.26)

T(BB* +B*B)(*P) = —\}51#10 + *1#11 + 2\\//531#12 (5.27)
B*B*('P) = —é%o + 2\[1/111 - \/glﬁlz + \f%l (5.28)

B*B*(°P)) = \ggwm + 2\\;%1 + Tﬂlz (5.29)

Since Y(5S5) corresponds the structure 1~ ® Ol++, in the limit of exact heavy quark
spin conservation the relative amplitudes for production of the four states from Y(55)

are given by the coefficients of 119 in Eqs. BEZG-529

1 V5

A(Y(58) — BB) : A(Y(58) — BB*) : A(Y(55) — (B*B*)s—0) : A(Y(5S) — (B*B*)g_2)

(5.30)

where BB* stands for .= (BB* 4+ B*B). This relation was found in Ref. [[I8, [Tq].

V2
These ratios give the decay ratios for each channel as
r(r(S)— BB) : I'(Y(5S)— BB*) : TI'(Y(5S)— (B*B*)s=) : I'(Y(5S) — (B*B*)s—2)
1 . 4 . 1 . 20 ’
: : 3 : 3
(5.31)

where we neglect the phase space factor p' 3, which is the three-momentum of outgoing
particle. If the states of the vector meson pairs, B*B*(1P;) and B*B*(°P;) are not
resolved and only the total yield of the meson is measured, the ratio for the decay

widths is given by

r(Y(58) — BB) : T(Y(5S) — BB*) : I'(Y(5S)— B*B*)

, 5.32
1 : 4 : 7 ( )

This relation, which is pointed out long ago [[IJ], is a direct consequence of the heavy
quark symmetry. This result can be tested in experiments and enables to discuss the

structure of hadrons.
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The available data give the branching fractions of decay

Leap(T(5S) — BB) Lezp(Y(55) — BB*) : Leap(T(5S) — B*B*)

, 5.33
1 : 2.5 : 7 ( )

which is not so far from the result in Eq. (B332).

5.4 The Z, decay property

Now we consider Z;,(10610) and Z;,(10650). We assume that the main component of
the wave function of Z,(10610) is %(BB* — B*B)(3S1) and that of the Z,(10650) is
B*B*(351). Because these masses are close to BB* and B*B* thresholds respectively,
and the rate of D-wave mixing is not large as the previous study indicates that the
probability of %(BB* — B*B)(3Dy) is about 9% and that of B*B*(3D;) is about 6% in
the total wave function of Z;,(10610) [H]. Let us now employ the spin re-coupling formula
with 9-j symbols to analyze the spin structure of %(BB* — B*B)(351) and B*B*(3S,).

This standard formula is written as

i s1 51
([, 517t lla, 821217 =D 12 LS la 52 jo ¢ [l 1] ", 51, 52)%)7 (5.34)
L.5 L S J

where [j1, j2]” means that the angular momenta j; and j are coupled to the total angular
momentum .J, and J = v/2J + 1. By using this, the heavy and light spins of BB*(3S;)
and B*B(3S;) are re-coupled as

IBB*(*S1)) = [[ba)°,[bg]']!
1/2 1/2 0
= Y 0iHIS1/2 1/2 1 ﬁ%WJ@H1
Hil H 1| 1
1= roqq1 1 1ol L orpm ool
= 5 (00" [aa']" — 5 [168]", [aa]”] " + —= [[08]", [ad]']
= S0EE1) - 31 E0) + (e 1), (5.:35)
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[B*B(°S1)) = [[bq]', [bg)°]"

1, 1.1,
= —§(OH®1Z)+§(1H®Oz)+\ﬁ(11{®1l>’ (5.36)

which give the spin structure of %(BB* — B*B)(3S1). For B*B*(3S), we have

S

B*BCS)) = [l bg)']"

1/2 1/2 1 X
= Y 1iHI{1/2 1/2 1 [[bE]Hv[fiQ]l}
Hi H 1 1
1

= [ [7g] + \2 (1681, [74]°]"
= 059 1)+ (1500, (5.37)

>

If the structure of Z,’s is dominated by B (*)B*(SSl), their spin configurations are given
from (B233)-(E23D) as

1Z,(10610)) = \}5(0;1 917) - ;5(1;{ ©07), (5.38)
12,(10650)) = \}E(OH ®17) + \}i(lH ©07). (5.39)

It is important to note that Z;’s have the same fraction of a heavy quark spin singlet
component and a triplet component. A usual bottomonium cannot have two kinds of
heavy quark spin states. For instance, T(nS) is a spin-triplet bottomonium (|Y(nS)) =
15 ®0) and hy(kP) is a spin-singlet bottomonium (|hy(kP)) = 05 ® 1;7). Naively, it
is expected that Y — hymm decay is suppressed because this process needs spin flip of
a heavy quark. However, the experimental data shows that Y (55) — hy(kP)mm decays
have almost same probabilities as Y(55) — Y (nS)nx [M]. This can be explained by the
wave function of (E38) and (EZ31). In fact, if a two pion emission process from Y(55)
occurs through Z;, the first term of (E238) or (B=39) allows the decay into hy(kP)nm
while the second term into Y (nS)wm. These arguments have been already made by Fierz
transformation in [[8, G1]. Here we have shown the same results in terms of the spin
re-coupling formula (B234), which is also applied to other processes in a straightforward

manner.

Next we consider the neutral resonance Z{(10610) recently observed in the processes
T (5S5) — 7797 (1S,2S) by Belle group [@]. It is possible for ZP(10610) to decay into
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Y70, hyw®, myy(p®) and xpsy (J = 1,2,3) from the viewpoint of the conservation of
quantum numbers and kinematics. In general, the decay Y(55) — 7,79y (p%) should be
suppressed because this process requires heavy quark spin flip. However, going through

Zy, the decay into the singlet bottomonium state is allowed.

ZP(10610) can decay into xps (J = 1,2,3) by a photon emission. The radiative transition
into a bottomonium is a new decay pattern for Z;, which cannot be seen in charged Zf.
It can be used to investigate the structure and interaction of Z;. Here, we estimate
the ratio of decays Z,? — xpJ7- To do this, we derive the spin structure of ;7.
Since Z(10610) has I(JFY) = 1(1*7) as a possible isospin partner of Zbi(10610), the
orbital angular momentum, for instance, between x39 and photon must be L = 1, which
corresponds to an M1 multipole transition. Therefore, the spin structure of the photon
can be written as |y(M1)) = 05,®1;". The spin structure of xp is |xp0) = (17 ®1; )] =0
Applying the re-coupling formula to the spin of y39 and photon, we find

IXeoy(M1)) = (15 ©1;)]s=0 @ (0f; ® 1)

L(11} ® 1, )|s=1+ ﬁ(lg ® 2 )|j=1. (5.40)

307 ©00) - = é

3
The same consideration is applied to the decay Zl? (10610) — xp17y, where M1 and E2
transitions are possible. Assuming |y(E2)) = OE ®2; , the spin structures of these decay

channels are given by

1 _ 1 _ 15, _ _
‘Xbl'Y(Ml» = _%(11{@01)"‘5(11{@11)|J=1+€(1H®2l)|J=1, (5-41)
1. V3.
Xev(BD) = -3 @1)lm+ 51 @)l (5.42)

The decay Z£(10610) — Xp27y can also occur in M1 and E2 transitions and the spin

structures of these states are given by

Ixp2y(M1)) = \f(lH ®0;) + \/6175(11{ ® 1 )|j=1+ é(lﬁ ®2, )|s=1, (5.43)
Ixp2V(E2)) = \f(lH ®1;)|j=1+ %(13 ®2;)]j=2- (5.44)
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Because Z(10610) has the structure (E38), its radiative decay is possible only through
M1 transitions, and (B20)-(624) imply that the decay ratio is given as

D(Z) = xe0y) @ D(Z) = xmy) : T(Z) — x027)

. 5.45
1 : 3 : 5 ( )

Note that the differences of the phase spaces are not included here, and furthermore
overlaps of the meson wave functions are assumed to be the same, which is the case when
the spatial wave functions of x;; have the same node quantum number. Considering
the phase space factors proportional to the cube of the photon energy w?}, we find the
relation for Zp(10610) — xp(1P)

L(Z) = xw(1P)y) : T(Z) = xan(1P)y) : T(Z) — xp2(1P)y)

: (5.46)
1.0 : 2.6 : 4.1
and for Z{(10610) — xps(2P)
F(Zl? — xp0(2P)7y) F(Zl? — xp1(2P)7y) F(ZZ()) — xp2(2P)7) (5.47)

1.0 : 2.5 : 3.8

which can be compared with experimental data. This decay is also studied with NREFT
by Cleven’s model [[T9], which obtains the ratios 1:2.5:3.7 for the x;;(1P) states and
1:2.1:2.9 for the xps(2P) states. It appears that their analysis lends support to our
predictions. So far we have assumed that Z;(10610) wave function is dominated by 35
of L. (BB*—B*B). It should be noted that a >D; component exists with a small fraction

V2
in the %(BB* — B*B) molecular state [B]. The spin structure of %(BB* —B*B)(3Dy)
is %(0;@ 1)+ %(1;@2;) | 7=1, which modifies slightly the relations (628) and (E237).
Moreover, it implies that E2 transition in the processes Z,? — XpJyy must occur mediated
by the D-wave component. This is also an interesting point to be studied in experiments

with higher statistics.
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TABLE 5.5: Various properties of Wb‘fﬁ' states. Masses are taken from the predicted
values from [B].

wWhe  19(JF9) Main component Mass [MeV]
Wit 17(0t) BB('S)) -
Wé(—]&-—i— 17(0++) Bi*B*(ISQ) B
Wit 1Tty (BB + B*B)(35) 10602
Wit 17 (2t B*B*(S5) 10621

5.5 Other heavy meson molecules

5.5.1 Heavy meson molecules with negative G-parity

In this section, we discuss the decay properties of the predicted B (*) B®) meson molecules,
which can be accessed by T(55) decays. We introduce the notations WbI}C for the low-
est state and Wélj C for the first excited state. First, we consider the isotriplet B*) B(*)
molecules having G-parity: Wb+0+7 W,;ar + Wb'ﬁ and Wl;5+. Their decay and production
properties are first studied by Voloshin [E4d]. These states can be produced by the radia-
tive transitions from Y (55). We summarize the W;T properties in Table B3: quantum
numbers, the main component and the mass. The masses are estimated values from the
potential model [A]. Actually, potential model does not reproduce any bound and reso-
nance states in 1¢(JP%) = 17(0**). Some studies, however, argue the presence of the

VVng+ and WZ;SF *. According their claim, we postulate them, whose main components
are BB(15y) for Wi and B*B*(1S)) for Wi ", in this section.

Using the spin-recoupling formula, we can obtain the spin structures for beﬁ:

V3
Wy 50 @07) + 7(12 ® 1) =0 (5.48)
V3, 1
Wi " o 5 (05 ®07) = 51 @ 1) =0 (5.49)
Wit (1 ® 1) (5.50)
Wit o (g ®1)|= (5.51)

At first glance, Wﬁ+ and Wb'g“L are pure heavy quark spin triplet states. This fact
suggests that these states cannot decay into the channels of spin singlet bottomonia

such as em, hyy. In contrast, W;{ﬁ and Wéar * will decay to mym in a S-wave. The
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relative decay ratio is expected from the spin structures:

TWit =)« T(Wid ™ — mem)

) 5.52
1 : 3 ( )

when we neglect the difference of the phase space. Because this decay occurs in S-wave,
this factor will be negligible. Assuming that the masses are M (BB) = 10599 MeV for
M (Wys+) and M(B*B*)10650 MeV for M (Wp++) although our potential model does

not predict these states, we derive the decay ratio taking into account the phase space:

LWyt —mr) « T(WET — )

, 5.53
1.0 : 3.2 (5:53)

which shows that the phase space factor hardly contributes this decay ratio.
All of W't can decay to Tp in a S-wave via the (1}; ® 0;") component. The relative

decay ratio of them are given as

(Wit —=Yp) « TW it —Tp) + TW, " —=Tp) : T(WLt — Tp) (5.54)

1 : 1

=~

1
4

Since these decays occur in a S-wave, the effect of the phase space will be small as the

result on e,m decays.

The wavefunctions of Wb'fﬁ also make it possible to estimate the production properties.
The Wb'ffr can be accessed from Y(5S5) radiative decay as predicted in . The spin
structure of T(55) will be (1; ® 0,) as denoted . To see the production properties, we
need to know the wave functions of (W;",*7) =1 in HQS basis. Because T(55) radiative
decay to WbT]Jr corresponds to E1 transition, the wavefunction of the « is regarded as

OE ® 1;7. Thus the spin structures of W;T’y is given as

WA (BD) = 3058 1) + 5= ©00) 315 8 1wt + (15 © 2o
Wi D) = S0 0 1) - 05 800) + =15 © 1)lam — (1582
Wit (B) =~ ©00) + 30 ® 1)l + 215 920l

Wi y(EL) = \f(lH@Ol)+2‘\//5§(1H®11)J:1+é(11{®2l)\JZQ (5.55)
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TABLE 5.6: Various properties of W, ;™ states found in [G].

WL I9(JFC) Main component Mass [MeV]

Wy~ 17(077) \%(BB* + B*B)(*Py) 10594
Wy T 1t(1) %(BB* + B*B)(3P)) 10617
Wy~ 1t(177) BB('P1) 10566
Wy, = 17(277) B*B*(°PR) 10649
Wy~ 17(27) %(BB* + B*B)(3P) 10606

Since the Y(55) is 1; ® OZJr state, these productions must occur through the 1 ® 0l+

component. Hence, the relative production rate of T(55) — bffW is obtained as

FWo™) = fWa ™) = f(WTy) = F(W57)

3.3 . 1,.3 . 3
W5 : JWy : 3wy

, (5.56)
5w

where w12 are the photon energies in the corresponding transitions: Wy ~ 305 MeV,
Wi ~ 260 MeV and Wy ~ 215 MeV. Taking account the kinematical factors w3, we
estimate the ratio of the rates approximately as 8.5:1:21:20, which will be proper rather
than the result one ignores the kinematical effect. In both cases, heavy quark spin

suggests that Wé; T is suppressed compared with Wb'ng.

5.5.2 Heavy meson molecules with positive G-parity

Now, we consider production and decay properties of recently predicted isotriplet B () B
molecular states having positive G-parity [H]. These states can be produced by one pion
emission in P-wave from Y (5S5). We summarize various properties including the quan-
tum numbers, the main components of wave functions and the masses of W, ;™ in Ta-
ble EB. We note that, in principle, B*B*(*P;) and B*B*(°Py) in I¢(JFC) = 1+(177)
states can be mixed. As a result of the previous study, however, it has been shown
that ;™ and Wb’;* are close to each threshold of BB and BB*, and so B*B* compo-
nents are suppressed. There could be also coupled channels %(BB* + B*B)(3F) and
B*B*(°Fy) components in 11 (277) states. However, we expect that the probabilities of

these components are small due to high angular momentum. Hence, the main compo-

nents of W, ;~ are those given in Table b@. The corresponding spin structures of W~
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states are given as

Wy o (Ag@1)l=o, (5.57)
Wi —\}3(1;, ® 0;") + %(1;{ ® 1) |7=1 + 2\\//53(1;1 ® 2|21, (5.58)
Wi ¢ 30581 + 5 =0 ©0) 515 8 1+ (15 © 24559
Wi L0501 e+ (15 92 e, (5.60)
Wa & 25 91+ L1 023, (5.61)

Remarkably, the heavy quark spin singlet state exists only in W,;”. Therefore decays
of W,;~ into a heavy quark spin singlet state of bottomonium and light hadrons are
forbidden except for W;; ™, although their quantum numbers and kinematics allow them.
Only W,;~ can decay into hym or myp(7y). In contrast, all W, ;~ can decay into a heavy

quark spin triplet state, e.g. Y7 in P-wave (|Y) = (15 ®1;")|7=01,2). The decay

P-wave

ratio of the processes W, ;= — T is obtained as

P(Wy~ —Ym) « TWy,; - —=Tn) : T(W,;” = Ym) : T(Wy;~ —Tm) : T(Wy,~ —Trw

4 : 1 : 1 : 3

The decay processes Y(55) — W, ;" m — Y (nS)mm are not yet observed, though they are
similar to Y(55) — Zym — Y(nS)mw. However we expect that the production rates of
W, is small compared with that of Z, since the W, ;™ transition is mediated by a pion
emission in P-wave. High statistics and refined analysis of experiments will establish
the presence or absence of W, ;™ and their production and decay properties. Finally, the

production ratio of W~ from Y(5S5) is obtained as

fWy™m) = fWy™m) « fWym) = f(Wy, ) o f(W )

, (5.63)
2 : 9 : 4.5 : 9 : 12

where we find the production rate of W, is favored, while the production of Wy~ is
suppressed. Considering the phase space factors proportional to the cube of the pion

momentum ¢y, the relation for the production ratio (E33) is modified as

FWym) = fWymm) 2 f(Wymm) o f(Wag ) 2 f(Wi )

(5.64)
20 6.3 .64 3.5 . 100

1

)(5.62)
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This result shows that the phase space corrections will not drastically change the re-
sult (E13) except for W), ~m. The production ratio of Wy, ~ is most affected, because
the mass of Wy, ~ is close to T(55) and hence the phase space is reduced in comparison

with those of other states.

5.6 Summary

In summary, we have derived the model independent relations among various decay and
production rates for possible B® B®*) molecular states under the heavy quark symmetry.
Part of decay properties of Z;,(10610) and Z,(10650) are well explained and the possible
decay patterns for neutral ZJ(10610) are discussed in the present framework. We have
shown that the W, = decay into a spin singlet bottomonium is forbidden except for
W,;~. We have also predicted the production rate of various W, ;~ through the one pion
emission of Y(55). All of them can be tested experimentally and will provide important

information to further understand the exotic structure of the new particles.



Chapter 6

Decays of Z; — T via triangle
diagrams in heavy meson

molecules

Bottomonium-like resonances Z;(10610) and Z;(10650) are good candidates of hadronic
molecules composed of BB* (or B*B) and B*B*, respectively. Considering ZIE/) as
heavy meson molecules, we investigate the decays of Zé'H — YT(nS)n" in terms of the
heavy meson effective theory. We find that the intermediate B®) and B™) meson loops
and the form factors play a significant role to reproduce the experimental values of the
decay widths. We also predict the decay widths of Z — J/¢r™ and (2S)7* for a

charmoniume-like resonance Z. which has been reported recently in experiments.

6.1 Introduction

Two charged bottomonium-like resonances Z;(10610) and Z;(10650) were reported in
the processes T(5S5) — T(nS)rTn~ (n=1,2,3) and T(55) — hpy(mP)rT7~ (m =1,2)
[@, 7). Their quantum numbers are I¢(J7) = 17 (17), which indicates that the quark
)

content of ZISI must be four quarks as minimal constituents such as |bbud). The reported
masses and decay widths of the two resonances are M (Z;,(10610)) = 10607.4 £ 2.0 MeV,
I'(Z,(10610)) = 18.4£2.4 MeV and M (Z,(10650)) = 10652.2+1.5 MeV, I'(Z,(10650)) =

11.5 4 2.2 MeV, showing that the masses are very close to the BB* (or B*B) and B*B*

76
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thresholds, respectively. In view of these facts, Z;, and Z} are likely molecular states of
two B®*) and B®) mesons [B, I3, .

More recently, Belle reported the branching fractions of each channel in three-body
decays from Y(5S5) [B], the results of which are summarized in Table. E. They show
a remarkable feature of ZEE/). One is that the dominant decay processes are channels to
open flavor mesons, Br(Z;" — BTB**+B**B’) = 0.860 and Br(Z," — B**B*?) = 0.734.
This is consistent with the naive consideration from the molecular picture. Another point
is in the ratios of the decay widths to a bottomonium and a pion, where it is important
to notice the following two facts. Firstly, hy(mP)m" decays are not suppressed in spite of
their spin-flip processes of heavy quarks from Y (5S). In general, the spin-nonconserved
decay in the strong interaction should be suppressed due to a large mass of b quark.
Nevertheless, the spin-conserved decay Zlng — Y (nS)7™ and spin-nonconserved one
ZIE/)JF — hy(mP)7t occur in comparable ratios. The previous studies suggest that
molecular picture explains well this behavior [I8, BI: if the Zé/) is a molecular state,
the wave function is a mixture state of heavy quark spin singlet and triplet. Then,
ZIE/) is possible to decay into both channels. Secondly, the decay ratios are not simply
proportional to the magnitudes of the phase space. In particular, the branching fraction
of ZIS/H — T(nS)7t is only approximately ten percents of the one of Zé'H — T(2S)rt
although the phase space of Y(15)r™ is larger than the one of YT(25)r*. In fact,
F(Zém— — T(3S)n™) is approximately half a size of F(Zém— — T(2S)7), which is
still wider than the P(ZIS/)Jr — Y(1S)7"). The mechanism of this behavior is not still
elucidated completely and needs detailed considerations. In this paper, we focus on the
strong decays ZZEI)JF — T(nS)nt and analyze their decay widths as hadronic molecules.
This study will also provide a perspective for the internal structure of ZIEI). Our approach

also applies to the decays of Z.(3900), which is charged charmonium-like resonance
reported both by the BESIIT Collaboration [[d] and by the Belle collaboration [E0].

6.2 Formalism

To start the discussion, we assume that the main components of Z, and Z; are molecular
states of %(BB* — B*B)(3S1) and B*B*(3S1), namely,

Z) = \BB* — B*B) , (6.1)

Sl -

|Zy) =

E

*B*) . (6.2)
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TABLE 6.1:

FIGURE 6.1: Feynman diagrams for Z;' — T(nS)nT.

T(p=P—Fker)
————

¥ Bt (¢—P+k)

(a)iM

FIGURE 6.2: Feynman diagrams for Z;,© — Y(nS)7*.

Z}(10650).
channel Br of Z, Br of Z,
T(lS)w+ 0.324+0.09 | 0.24 £+ 0.07
’f(25’)7ﬁr 4.38+1.21 | 2.40 £+ 0.63
T(3S)7r+ 2.154+0.56 | 1.64 £ 0.40
hb(lP)7rJr 2.814+1.10 | 7.43 £2.70
hb(2P)7r+ 2.154+0.56 | 14.8 £6.22
BtB*0 + B**B% | 86.0+ 3.6 -
B*tB*0 — 73.4+7.0
YT(p=P—k,er)
————
¥ Bt (¢— P +k)

Branching ratios (Br) of various decay channels from Z;,(10610) and

T(p=P—ker)

YT(p=P—k,ex)

(D)Mo
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Such a simple molecular picture will give a good description, because those masses are
close to the BB* (or B*B) and B*B* thresholds, respectively, and the ratio of D-wave
mixing is not large. In fact, the explicit calculations based on the hadronic model in our
previous study indicate that the probability of the %(BB* — B*B)(3D1) component is
approximately 9 % and the B*B*(3D1) component is approximately 6 % in the total
wave function of Z, [B]. In the hadronic molecular picture, the diagrams contributing to
the decay ZIS/H — YT(nS)7t are described with the intermediate B*) and B®*) meson
loops at lowest order [IT9, [Z| as shown in Figs. EI and E2. Since BT and BY are
interchangeable, the total transition amplitudes are given by the twice of the sum of

each channel as follows,

Mz, = 2ME) 4 mE) o M)y, (6.3)
Mg = 2M7 + M), (6.4)

To calculate the transition amplitudes, we need the couplings from the effective La-
grangians. We adopt the phenomenological Lagrangians at vertices of Z,S/) and B™)

mesons, which are

Lzpp = gzpp-M.Z"(BB;' + B:B'), (6.5)
£Z’B*B* = igz/B*B*Euya’@OMZ{,B;BZT, (66)

where the coupling constants gzgp+ and gz p+p- are determined from the experimen-
tally observed decay widths for the process to open heavy flavor channels from ZIE/).
The experimental results are I'(Z,” — BTB*0 + B*FB%) = 15.82MeV and I'(Z;* —
B*TB*%) = 8.44MeV. The decay widths are given with the effective Lagrangians E3
and G4 as follows,

2
Iz — BB +B*B") = gzﬁf* Gem| (6.7)
F(Z{f - B*+B*0) — gZ’f*B* ol 5 (6.8)

s

where gen, is the final state three-momentum of the B(B*) meson, ge, = 118 MeV and
gem = 98 MeV are for I'(Z, — BTB* + B*TB) and I'(Z,* — B*TB*?), respectively.
We obtain ggp+z, = 1.30 and gp-p- 7, = 1.04 to reproduce the observed values. For

the other vertices, we employ the effective Lagrangians reflecting both heavy quark
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symmetry and chiral symmetry [[Z1],

£BB*7T = —igBB*W(Biﬁuij;f*” - B;Hauﬂ'ijB]T) y (69)
1 praf px o B
Lppn = 5985 By, 0 oBjg0ymij (6.10)
Lppr = igpprY.(0"BB' — Bo'BT), (6.11)
Lppr = —gpp-1e"*’0,Y,(0.B5B + BE)QB;T), (6.12)
Lppr = —igp per {T“(&MB*”B;jT — B*9,B;") + (8,Y,B* — Y,8,B*")B*"
+ BTV, B — 8HT”B*T”)} , (6.13)

where B®) = (B(*)O,B(*)+). The two coupling constants gpp+r and gp+p+x are ex-

pressed by a single parameter g thanks to heavy quark symmetry as follows:

2g 9BB*n
9BB*r = 7/ MpBmpx, 9B*B*r = — ——, 6.14
fr V/MBMpB* (6.14)

where fr; = 132 MeV is a pion decay constant. Since the decay B* — Bm is kine-
matically forbidden, it is impossible to determine the coupling g from experiments.
Therefore, using the experimental information in the charm sector and the heavy quark
symmetry, we adopt approximately g = 0.59 when the observed decay width I' = 96
keV for D* — D is used. The coupling ggpy(ns) of T(nS) and B is estimated on
the assumption of vector meson dominance (VMD) [[2ZZ]. VMD gives the coupling con-
stant gppr(ns) = Mr(ns)/ frms), where fy(,g) is a leptonic decay constant defined by
(01by"b| Y (nS)(p,€)) = Irms)Mryns)e. Here fy(,g) is determined from the leptonic

decays T (nS) — ete™ as

2
47ra%M f'r(ns)

L(T(nS) —efe™) = 27 Mrs)
n

(6.15)

where agy = 137.036 is the fine-structure constant. In terms of this relation, the decay
constants are given as fy(15) = 715 MeV, fy@pg) =497.5 MeV and fry3g) = 430.2 MeV,
where the masses and decay widths are taken from Particle Data Group (PDG) [E3].
Finally, we obtain gppy(1s) = 13.2, gppr(2s) = 20.1 and gppy@3s) = 24.7. The other

couplings gpp+r(ns) and gp+p«y(ns) are related with ggpr(ns) as

9BBY(nS) _ 9BB*Y(nS) _  9B*B*Y(nS)

= = 6.16

All the above arguments are valid in the heavy quark mass limit. We neglect 1/mg
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corrections assuming that the mass of the bottom quark is sufficiently heavy. The next
higher order is determined by the ratio Agcp/my = O(0.1) and the expected corrections
should be at the level of approximately 10 %.

In terms of the effective Lagrangians, we derive explicitly the transition amplitudes for
ZIE/) — T(nS) + 7t as follows:

(6.17)

(6.18)

. ) d*q ..
’LM%BE);* = (1)3/ (27t ligzBpMzez - 61][QBBT(nS) (ev - (29 — p))|[9BB*x (€1 - k)]
1 1 1 S
X F(q%k?),
@ g (P—aP —mp - pP iy )
s o [ diq o
ZMSBBBB = (2)3/ (2734 ligzBB~Mzéez - €1][9BB*1(nS)i€apr6V egeg@q - p)‘s]
X [i€abeagpBen Mp-v*eykCe]]
1 1 1 R
X F(q% k?),
@ (P . g p — . 4 oK)
(B 3 [ d'q .
iMp.p = (4) / (2r)? ligzBB~Mzez - €1][gB+r(€2 - k)]
X [9B-r1(ns) {(e - €2) (1 (2¢ — p)) + (ex - 1) (e2 - (2¢ — p)) — (€1 - €2) (ex - (2¢ — p))}]
X o : @R,

(0)? = mp. (P —q)? —=mE (¢ — p)* — mp.

(6.19)

(6.20

yB) s [ d'q va B
IMBg. = (4) /W[%QZ'B*B*EuuaﬂP%zﬁlfQ]
< ligpeper(ns)€srosv €x €l (2a — p)°][gBBer (€2 - )]
1 1 1 -
SO N M AU
z‘/\/l%ﬁ}* = (Z')S/(;ij;q)ll[igZ/B*B*eumgP“eZe?eg][igB*B*W6079¢MB*e§kGEQ]
X [9BBrns) {(ex - €1) (e3- (2 — p)) + (ev - €3) (€1 - (2 — p)) — (€1 - €3) (ex - (20 — p))}]
X g : PR,

(@) —m%. (P —q)? —m%. (¢ —p)? —mi,.

where P (p, k) is the momentum of ZIS,) (Y (nS), m meson), and ¢ is the momentum
in the loop integrals. We use the polarization vectors €z and ey for ZIE/) and T as well
as €123 for the propagating B* and B* mesons in the loops. To calculate the square
of the absolute value of the transition amplitudes, we use the approximation for the
polarization vector of the B* meson as 6?3* ~ () and use the sum over the polarizations A

as .y €ge€he = 0M (p,v =1,2,3) and 0 for other p and v, because the absolute value

(6.21)
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of three-momentum ¢ is assumed to be much smaller than the mass of B®*) meson in

heavy quark limit [[Z3].

In the above loop calculations, in order to reflect the finite range of the interaction, we

use the form factor F(q2,k2) as follows,

B AQZ A2 A2
_§2+A2ZE2+A2E2+A2'

F(G2% k%) (6.22)

The introduction of the form factor is important. At the initial vertex of Z, BB*(B*B),
the amplitude is expressed by the Fourier transform of the bound state amplitude which
is dictated by the interaction range. In the other vertices, the amplitudes are expressed as
Fourier transforms of the wave function for the internal structure of B and B* mesons at
the momentum carried by the outgoing T and 7. In both cases, the Fourier components
are functions of the relevant momentum, and are suppressed for higher momentum. The

form factor of Eq. (E23) takes into account those effects.

6.3 Numerical method

To calculate the decay widths with given amplitudes, we need to introduce some nu-
merical methods. Here, we demonstrate the two methods: standard numerical formula

picking up the residues of the poles and the formula of Passarino-Veltman integrals.

6.3.1 Numerical formula picking up poles

The outline of this numerical procedure is as follows: we integrate the amplitudes with

)

q° analytically and pick up poles in the propagators. Since the masses of Zé/ are located
above the BB* (or B*B) and B* B* thresholds, respectively, the integrals have singular
points. To treat them properly, we divide the integrals into real and imaginary parts
by using the principle value of the integral. In the end, it becomes possible to integrate
with three-momentum ¢ numerically. Here, we discuss this procedure in detail. To begin

with, let us consider a simple example, a one-loop integral with three propagators as

J_/ d*q 1 1 1 (6.23)
) @m)re—mi4ie(q— P+ k)2 —md+ie(P—q)?—m3+ie '
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where we neglect the coupling constants and the components of the numerator on the
propagators and note that Total four momentum is P = (1/s,0) in the center of mass

frame and P = q + k to conserve the momentum. On-shell energies of the internal B*)

mesons are difined as E;(q) = \/M; + g?>. The pion energies are Er(k) = \/m2 + k2.
The poles locate at

Z{ = £E1(q) Fie, Zy =+/s — Ex(k)+ Ea2(q+k) Fie, Zi =+/s+ E3(q) H6e24)

Closing the integration contour downward, we pick up the residues of poles in the lower

half-plane: 7", Z; and Z; . After this procedure, J is obtained as

;o 2mi [ dPq { 1 1 1
= 2n ) @n3 \2Ei(q) (Br(a) — v5 + ho)? — (Bala + k)2 (Bx(q) — Vo) — (Bs())?
1 1 1
s — ot Ba(q + B)? — (B1(2))2 2B2(q 1+ k) (—ho + Ba(g + k)2 — (Ba(q))?
1 1 1
VT B @ — @) (o 7 Bal@) — (Bala + B 25a(0) } ’ (6.25)

where J = J(v/s, q, k, m1, ma, m3) For the sake of simplisity, we write the J as

. d?
J = Z/(ngjl(\/quak7mlam23m3)+J2(\/§7qvkamlam2,m3)+J3(\/§7qak7mlam25m3)>

27)
(6.26)
where
J1(Vs,q,k _ 1 1
1(vVs,q,k,m1,mg, m3) = 2F1(q) (E1(q) — /5 + Ex(k))?2 — (F2(q + k))?2
1
- (Er(q) — /5)? — (E3(q))?’ (6.27)
1 1
el mzsna) = (Vs — Ex(k) + Ea2(q + k))* — (E1(q))? 2E2(q + k)
1
“(CE.(k) + Ba(q + k)2 — (Bs(q))2’ (6.28)
1 1 1

BV @ kmmama) = e (@) (B (k) + Es(@))? — (Bala + ) 2E5(q)

(6.29)
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It should be noted that the first term of J only has a pole on the real axis in the ¢*

plane, which is given as

2 (V5. — T 2 27;3(5@2 SR O R L

where Z;, is a function of /s, m; and mg, and irrelevant with the mgo, which is the
internal B®) meson between the T and the pion. Because the presence of the pole
Zj, is releated with the phase space of ZIS/) — B*B™ decays, the pole appears when
the condition /s > mj + mg. Since Zél) are resonance states, the poles are on the
real axis at Zj, (Mz,mp,mp+) = 119 MeV and Z;, (Mz, mp-,mp-) = 98 MeV, which
correspond the final state momenta of the B(B*) mesons for the Z,- — BTB*’ + B** BY
and Z{f — B**B*Y respectively. It is useful to divide J; into real and imagiranly parts.

Using

1
lim —— =PV

. o (x — 6.31
e—+0x —a * 1€ x—a$m (v~ a) ( )

where P.V. stands for the principle value of the integral. Then we can calculate J

numerically.

6.3.2 Passarino-Veltman integral

Here, we introduce the calculation method by means of Passarino-Veltman formula.
Passarino-Veltman integral formalism is a useful tool to calculate one loop Feynman
integrals. Here we briefly introduce this scheme for the case of triangle diagrams and
more general case is discussed in Appendix B. We can write the general one-loop tensor

integral which appers in a triangle diagram as

4—d B o142 Jolt P
Hip2pp (271-#) ddkk )
03 - i7T2 / DOD1D2 ’ (63 )

where we follow for the momenta the conventions of Fig. B33, with

D; = (k+1)? —m? + e, (6.33)
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FIGURE 6.3: The diagram of general one-loop integrals with three vertices.

and the momenta r; are related with the external momenta (all taking to be incoming)

through the relations,

1 =Dp1 (6.34)

ro =p1+pero = p1+p2+p3=0, (6.35)

where the last one is a consequence of momentum conservation.

Here we deifine the notation for scalar integral of a triangle loop diagram as

2
27 )€ 1
Co (129,72, 750, M3, m3,m3) = ( ; /ddk: 6.36
O( 100 7125 7205 7405 17015 2) i2 E) [(k‘ + ri)2 — m?]v ( )
where rgj = (r; — ;). Since rg = 0 on our conventions, 72 = r2. For simplicity, in this

expressions the ie part of the denominator factors are suppressed. We can also write the
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general on-loop tensor integral as follows:

2
(2mp)*d / d 1
ct = ——— [ dkkH 6.37
im? il_!) [(k +ri)2 — m?] (6.37)
2
(2mp)*~ / y 1
cw = ——~— [ d°kk"k¥ 6.38
in? U= (059
2
(2mp)* 4 / d 1
ctr = —~%— [ d°kkFEVEP : 6.39
im? 111) [(k +ri)2 — m?] (6.39)
These integrals can be decomposed in terms of reduced functions as follows:
cr = Tlfcl + 7“502 (6.40)
2
cr o= g"Cop + Z ri i Cij (6.41)
i=1
2 2
cHve = Z(g“”rf—i—g”prf—l—gp”ri”)c'ooz-—i- Z iy Ciji (6.42)
i=1 ig,k=1

These reduced functions are easily calculated numerically in terms of Dimensional regu-

ralization scheme with Feynman paramters (see also Appendix B).

Using this scheme, we can discribe the amplitudes in a concise way:

(i)

. i a
iMBl = WMZQZBB*QBBTRSQBB*W[(GZ - k) (€7 (2Cq + paCo))]
6
. * 1 a a
ZM(BBBE = ) MzMpgzpp-9pB-198-B7[(2Cka + Cop“ka)(€z - €x — €y - k)]
(4m)?
M(B*) _ (1)4 M 200, C a k
My = (pyaM29285- 985795 B x(n5) [(€2a(2C" + Cop?))(ex - k)
+ (€7 - €7)(2C%, + Cop?ky) — (€7 - k) (exq(2C* + Cop®))]
6
. 1 a a a a
ZMEBB*)B* _ 92'B*B*9BB*Y(nS)9BB*x Mz [(€7/ - €1)(2C" + Cop®)ka — €24(2C" + Cop®)(ex - k)
(4m)?
20V "
+ ((ez - ex) — (ez - p)(ex - k)) (Co + iV )|
T
6
. * 1/
zMsgB*B)* = (5173)2gZ’B*B*gB*B*T(nS)gB*B*TrMZ’mB*

X [(e€z - €1)(2C% 4+ Cop®)ka + €24(2C* + Cop®)(ex - k)]
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where ¢ = 1,2,3 and C* and Cj are the notation which are used in the Passarino-
Veltman integrals formalism. We calculate these amplitudes and confirm that Passalino-

Veltman integral scheme is consistent with our numerical formula explained in .

6.4 Numerical results

We obtain the decay widths from the given amplitudes in Egs. (E3) and (E2). Numerical

procedure has beed discussed before section.

Tables B2 and B33 present the numerical results for the partial decay widths of ZIE/).
When the form factors are ignored, the decay widths are solely proportional to |E|5,
namely F(Zé,) — Y(nS)rt) o |k|>. This is much inconsistent with the experimental
fact, because the loop integrals without form factors include the high-momentum con-
tributions which are not acceptable in the low energy hadron dynamics. In contrast,
given the form factor, our calculations are qualitatively consistent with the experimen-
tal results: (i) the decay to T(1S)n™ is strongly suppressed, (ii) the decay to Y(25)nr™
occurs with the highest probability and (iii) the branching fraction of the decay to
Y (3S)7t is smaller than the one of T(25)n™ but is still larger than the one of Y(15)7t,
f(287T) > f(3S7mT) > f(1S7T). We determine the cutoff parameters Az = 1000 MeV
and A = 600 MeV to reproduce the experimental values. To see the cutoff dependence,
we change Az as Az = 1000, 1050, 1100 and 1150 MeV and verified that the results do
not change much. The main reason for the suppression of the T(15)7t decay is in the
form factor depending on the final state momentum k (7). The final state momentum
of T(1S)n™ is k ~ 1100MeV, which is large compared with the one of other channels,
k ~ 600MeV for T(28)n" and k ~ 300 MeV for T(3S)w". In contrast, this effect is
minor for Y (359)nt decay due to the small final state momentum. The cutoff Az does
not influence the relative decay ratio between the Y (nS)nt decays, because this factor

only regularize the internal momenta ¢, which is irrelevant to the final state momenta.

We find that counting rule with a heavy quark mass is valid when the form factor is
introduced. Recall that the loop integral J = J(\/s, q, k, m1, m2, m3) is decomposed to
the three parts, Ji, Jo, J3. Now consider the power counting scheme in the Z, — Y(nS)x
decays . The mass of Z, and Mg count as ng and mg. Because the form factor
suppress the high momentum contributions either the internal momentum q and the

outgoing momentum k, they can be neglected, k,q < mg. Then Ep.) and E; count
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TABLE 6.2: A = 600 MeV is fixed. The left column shows the results without the form
factors.

=

z - 1000 1050 1100 1150 Exp.
Y(A1S)xt 963 0.074 0.079 0.083 0.087 | 0.059 & 0.017
T(2S)rt 200 047 050 052 055 | 0.81+0.22
T(3S)r+ 0.498 0.4 014 0.15 0.15 | 0.40+0.10

™

TABLE 6.3: The partial decay widths of Z,(10650)". A = 600 MeV is fixed. The unit
is MeV.

Az - 1000 1050 1100 1150 Exp.
T(1S)x+t 71.3 0.044 0.046 0.049 0.051 | 0.028 & 0.008
T(2S)xt 176 031 033 034 0.36 0.28 £0.07
T(3S)x+t 0.858 0.18 0.19 020 0.21 0.19£0.05

as mg and ~ 0. Using this rule we can count the each component as follows:

1
Ji(My0), @, k,mpe), mpe, Mpe) ~ — (6.48)
mQ
1
Jo(Mzoy, @, k, mpey, mpe, Mpe) ~ —5 (6.49)
mq
1
J3(My),q, k, mpe), Mpe), Mpe))  ~ o (6.50)
Q

Thus, Jo and J3 are strongly suppressed, whereas J; is dominant in the loop integral J.

This counting rule holds as far as k, ¢ < mg.

6.5 Decays of Z.(3900)

Finally, we briefly discuss the decays of Z.(3900) in the similar formalism, which has been
recently observed in the J/¢7™" invariant mass spectrum of Y (4260) — J/y7 "7~ decay
by the BESIII Collaboration [[d]. The reported mass and decay width are M(Z.) =
3899.0+3.6+4.9 MeV and I'(Z,.) = 4610420 MeV. Belle collaboration also has reported
Z(3900) with mass M (Z.) = 3894.5+£6.6+4.5 MeV and decay width I'(Z,) = 63+£24+26
MeV [EO]. Since Z. has the decay properties and the mass spectrum both of which
are similar to the Z; case, it is expected that Z. would be the heavy-flavor partner

of Zy. Thus, our model can apply to the analysis of the decays Z. — J/un* and
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TABLE 6.4: The partial decay widths of Z}. A =600 MeV is fixed. The unit is MeV.
Az - 1000 1050 1100 1150 | Exp.
J/prt 39.0 066 0.69 0.71 0.73 -
$(28)7t 0.305 0.18 0.17 0.17 0.18 -

¥(2S)7T. In the present situation in experiments, branching fractions of Z. have not
still been observed. Besides, the decay Z. — (25), which is allowed kinematically, is
unconfirmed. For these reasons, the numerical predictions are of benefit to the future

experiments.

We apply the triangle diagram to the decays of Z.(3900). We assume that Z. is a
superposition state of DD* and D*D, namely

1Z.) = — DDy . (6.51)

L as
7 |DD
The main difference between Z; — ¥ (nS)nt and Z; — Y(nS)nT is the coupling
constants for each vertex and masses of the hadrons. As numerical inputs for Z., we
use the averaged masses and decay widths reported by BESIII and Belle. Considering
that the branching fraction of Z;7 — BTB*0 + B*TB is known to be 86.0 %, we
assume the one of Z+ — DT D* 4 D*T DV is also approximately 86 % from the view
of the heavy-flavor symmetry. Then, we have the coupling gz pp+~ = 2.23 for Z.DD*
vertex. The couplings gppj/y = 7.43 and gppy(2s) = 12.4 are employed with VMD.
Table B2 shows the numerical results for the partial decay widths of Z.. The width
of ZF — (28)n™" is narrower than the one of Z — J/y7 ™, owing to the small final
state momentum. The predicted branching fractions are f(Z} — J/ynT) =1.2—-1.3 %
and f(ZF — ¢(25)7) = 0.31 — 0.33 %, which will be testable for future experiments.
Although f(Z} — ¢(29)7 %) and f(Z,” — YT(1S))r" are almost same probabilities in
our calculations, the main factors are different: the former is the narrow final phase

space, the latter is the suppression due to the form factor.

6.6 Summary

In summary, we have studied the Zé')+ — Y(nS)rt decays in a picture of the heavy
meson molecule. Assuming that Z,S/) is the B*B™) molecular state, we have considered
the transition amplitudes given by the triangle diagrams with B®) and B®*) meson loops

at lowest order based on the heavy meson effective theory. The couplings of gzpp+ and
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gzrg+p+ are fixed to reproduce correctly the observed decay widths from ZIE/) to the
open flavor channels. To treat the effect of the finite range of the hadron interactions
and regularize the loop integrals in the transition amplitudes suitably, we introduce the
phenomenological form factors with the cutoff parameters Az and A. The numerical
result with A, = 1000 MeV and A = 600 MeV is qualitatively consistent with the
experimental data. Our results suggest that, if Zé/) have molecular type structures,
the form factor should play a crucial role in the transition amplitudes. Our model
also applies the decays, Z1 — J/¢r™ 1(2S)mT. We roughly estimate the branching
fractions as f(ZF — J/yYnT) ~ 1.3 % and f(ZS — ¥(29)7") ~ 0.32 %, which is
testable for the future experiments in high energy accelerator facilities, such as KEK-
Belle, BES and so on. In the foreseeable future, our formulation will apply to the other
exotic decays, such as ZIE’H — mp™, Z,SI)O — 7y and so on, which can be also studied

in future experiments.



Chapter 7

Spin degeneracy of the heavy

meson molecules

We study the properties of heavy meson molecules, which contain two heavy quarks, in
exact heavy quark mass limit. Spin multiplet structure of them are elucidated in terms
of heavy quark symmetry. Using potential model, we analyze the spectrum and decay
properties of them. The properties of some exotic hadrons are also discussed in the point

of view of heavy quark spin symmetry.

7.1 Introduction

The heavy quark spin symmetry is the one of the important aspects of heavy quark
symmetry. This is the fundamental property of the heavy hadrons, which plays a crucial

role to understand the mass spectrum of the heavy hadrons.

As we have already discussed in Chapter B, the heavy quark spin symmetry cause the
mass degeneracy of heavy hadrons. As an example, B and B* mesons degenerate in
heavy quark limit due to the suppression of the spin-spin interactions between heavy
and light quarks. As an another important aspect in heavy hadrons, there are spin
selection rules. This rule, which is a result of heavy quark symmetry, provides the
information of the decay and production properties of heavy hadrons as discussed in

Chapter B.

91
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In principle, it is expected that the heavy quark spin symmetry also cause the mass
degeneracy in any multi-hadron systems with heavy quarks, because this symmetry also
holds in multi hadron systems [[Z4]. However, the properties of heavy meson molecules in
heavy quark limit are not still elucidated and spin partners of them are not understood.
This chapter focuses on heavy meson molecules containing two heavy quarks in heavy

quark limit in terms of heavy quark spin symmetry and discuss their various properties.

To begin with, we reconsider the heavy quarkonia QQ in heavy quark limit. The wave-
functions of heavy hadrons are expressed with conserved quantities, the heavy quark
spin Sg and the light spin S;, as [Sy ® S;), which we call “HQS basis” expressions. The
lowest states of heavy quarkonia are QQ(1Sy) and QQ(S1) in the particle basis. They
degenerate in heavy quark limit and their wave functions are given with HQS basis as

follows:

1QQ(*S0)) = (05~ ® 0/ )o)

’ (7.1)
1QQCSY)) = (15 ©0;)1)

They are doublet and correspond 7-J /W for @ = ¢ and 7,-T for Q = b. It should be noted
that their decay and production properties are opposite although their masses are same.
Because the heavy quark spin must be conserved in the strong decays, [(0;; ® OZ++)0>
state decays only to heavy quark singlet states and |(1;~ ® 0] ")1) state can decay to

heavy quark triplet states. We call such degenerate states the spin doublet of “type a”.

S; = 0 is a special case and now we consider the the heavy hadrons, whose light spin is
taken as the arbitrary natural number S; = j(j # 0). The (15 ®7;)s state, where J = j—
1,7,7+ 1, degenerate in the heavy quark mass limit, because spin dependent interaction
between the heavy quark spins and light-spin are suppressed. The important thing is
that the differences of their decay properties are mostly depend on their kinematics and
total angular momenta, because these three states can equally decay into heavy quark
triplet states. We call such degenerate states the spin triplet of “type 3. In the QQ
case, the (1g ® j;)5 state also degenerates with the (0 ® j;); state, which is classified
as type a.

This classification will be also valid in heavy meson molecules containing two heavy
quarks, however the degeneracy of them are more complicated problems. The wave
functions of them can be mixture state of heavy quark singlet and triplet states as seen

in the spin structure of Z in Section B. Thus the spin structure of the bound states
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depend on dynamics. To consider the spectrum of heavy meson molecules, we need
some model to describe the dynamics. Here, we employ the OPEP model and discuss

the mass spectra of the heavy meson molecules.

This chapter is organized as follows. First we show the expressions of the wave function
of the heavy meson molecules in HQS basis in Section 3. The spin multiplets of heavy
meson molecules are shown in Chapter [Z3. We consider the specific candidates of heavy
meson molecules in terms of heavy quark spin symmetry and also discuss the effects of

this symmetry breaking in Section 4.

7.2 The expressions in HQS basis

We discuss the spin structures of heavy meson molecules, QQgq and QQqq. We assume
that the heavy meson molecules are composed by two heavy mesons P ~ (Qq)s=o(P ~
(Qq)s—o) and P* ~ (Q7)s=1(P* ~ (@)q)s=1. The heavy meson molecules, P*)P(*)
and P®)P®) are classified with the quantum numbers: total angular momentum .J,
parity P, (charge parity C') and isospin I = 0,1. The relevant corresponding channels
for PP states given quantum numbers J”¢ up to J = 2 are summarized in Table [0,
where charge parity C is defined for Iz = 0 components for I = 0. In the same way, we
summarize the channels for PP states given quantum numbers I(JF) up to J = 2 in
Table [[A. The wave functions of the heavy meson molecules can be decomposed to the
heavy quark spin and light degrees of freedom ( light spin in short) as already discussed
in Chapter B. In this section, we show the transformation of the particle basis to HQS

basis in the case of the heavy meson molecule.

7.2.1 PP states

Here, we discuss the spin structure of PP states. As an example, let us consider the
transformation to HQS basis for P®)P™) states with J¥¢ = 17~ and I = 0. From
Table [, there are four channels in this states as follows:
1 1
V2 V2

In general, heavy quark spin symmetry guarantee that the wave functions with particle

(PP* — P*P)(*S)), —=(PP* — P*P)(*Dy), P*P*(3S1), P"P(*Dy).  (7.2)

basis are decoupled to the heavy quark spin and the light spin. Then the wave functions
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TABLE 7.1: Relevant coupled channels for P*) P(*) states for given quantum numbers

Jre.
JFPC components
0t -
o+ PP(1Sy), P*P*(1Sy), P*P*(°Dy)
0 75 (PP* +P*P) (*Py)
0—+ £ (PP* —P*P) PRy, P*P*(*Ry)
1+ 3 (PP* —P*P) (351) L (PP —P*P) 3Dy), P*P*(3S1), P*P*(3Dy)
1+ 7 (PP* +P*P) (351) - (PP*+P*P) (°Dy), P*P*(°Dy)
1~ PP('Py), 25 (PP* +P*P) (* P1>, PP (1 Py), PP*(*Py), P*P*(*Fy)
-+ 75 (PP = P*P) (CPy), PP ()
. L (PP* — P*P) (D), P*P*(*Dy)
24+ | PP('Dy), (PP* +P*P) (*Dy), P*P*(' Dy), P*P*(°S,), P*P*(°Dy), P*P*(°Ga)
2+ L (PP* — P*P) °Py), &5 (PP* — P*P) (°Fy), P*P*(*P), P*P*(°Fy)
2~ L (PP* +-P*P) (°Py), L (PP + P'P) (°Fy), P'P*(°Ry), P'P*(°Fy)

TABLE 7.2: Possible channels of PC)P™)(25F1L ;) for a set of quantum numbers T
and JT for J < 2.

I|Jr components
0~ 7(PP* +P*P)Ry)
1+ %(PP* —P*P) (391), ( *P) (3Dy), P*P*(3S1), P*P*(3Dy)
0| 1° PP('P)), f (PP* + P* P)(3P), P*P*(lPl), P*P*(°Py), P*P*(° )
2+ 75 (PP = P*P) (*Da), P*P*(*Dy)
2- 7 (PP* + P*P) (3 P), % (PP* + P*P) 3F), P*P*(°R,), P*P*(°Fy)

0t PP(1Sy), P*P*(1Sy), P*P*(°Dy)

0~ % (PP* — P*P) (CRy), P*P*(3Py)
1| 1F 7 (PP* 4+ P*P) (351), (PP* +P*P) (3Dy), P*P*(°Dy)
1- %(PP* *P) (3P, P*P*(3P))
2t | PP(1Dy), f (PP* + P*P )(3D2) P*P*(1Ds), P*P*(5Ss), P*P*(5Dy), P*P*(°Gs)
2- 7 (PP* — P*P) (3P), (PP* P*P) CF), P*P*(3P), P*P*(3Fy)
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for HQS basis are described with the product of heavy quark spin and light spin, (Sg ®
S1)s, where J is total angular momentum. In the heavy meson molecule case, the
light spin is given as S; = S, + L, where S is total spin of light quarks and L is the
orbital angular momentum. To specify the light spin structures, we use the notation
|Sq,Sq, L, Sp; J) for HQS basis. It should be noted that Sg, S; and J are conserved
quantities, whereas S, and L are not good quantum numbers. Using the notation
|Sq, Sq, L, Si; J), we write the explicit wave functions for P®PH) states with 11~ and
I=0as

|OH7 1q7 OL7 1l; 1> ’ |OH7 1qv 2L7 1l; 1> 5 ‘1Ha Oqa OLa Ol; 1> ) |1H7017 2L7 21; 1> . (73)

We find three kind of independent components in this channel. The particle basis is
transformed to HQS basis with spin recoupling formula. We write the transformation

with unitary matrix U rc as

| 5(PP* — P*P)(*51)) 1081, 14,01, 15 1)
L(ppr— 3D 0m, 14,27, 1551
| 75( "P)CD)) | _ v, |10 Le 2, ) | (7.4)
‘P*P*(?’Sl» |1H70Q70L70l;1>
|P*P*(3Dy)) 11#,01, 21,255 1)
where the explicit form is given by
1 1
5 0 -5 0
0 L 0 _ 1
U = |, V2 V2 (7.5)
5 0 5 0
1 1
0% V%

In the same way, we show the transformation from particle basis to HQS basis for other

states as follows:

|PP(1S0)) 10£7,04,07, 043 0)
\P*P*(1S0)) | = Up++ | 11m,14,0L,150) |, (7.6)
|P*P*(°Dy)) 11m,14,21,130)
g
Upt+ = @ -1 0 |, (7.7)
0 0 1
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for JPC =0t .
PP =P P)CR) - _ (1081412, 0:0) (7.9
|P*P*(*Ry)) 111,0q, 11,15 0)
1 1
Uv()fwL == \{§ I/i ) (79)
VZoV2
for 0°F,
1 _ _
|E(PP*—|—P*P)(3PO)> = Uy |1y, 14 11,1;0) , (7.10)
Uo—— — 1, (711)
for 07—,
| 5(PP* — P*P)(*51)) [ PRUNTY
L (ppr — 3D 0m, 14,20, 151
| 75 ( "P)CD) | _ Uyse 08,145 22, 1151) (7.12)
\P*P*(:”Sl)) 11, 0g, 0,055 1)
|P*P*(*Dy)) 11#,01,21,2;51)
1 1
7 0 ~7 0
0 L 0 _ 1
Uy = I V2 (7.13)
7 0 7 0
1 1
0 7 0 7
for 177,
|7(PP* + P*P)(*S1)) 117,14,01, 135 1)
‘T(PP*—FP*P)( D1)> = Up++ ‘1H71q72L71l;1> (714)
‘P*P*(E—)Dl)) |]-H7 1q72L72l§ 1>
1 0 0
U+ = 0o -1 @ ) (7.15)
0 V3 1
2 2
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for 1T+
L (pp*— P*P)(3P 0g,1,,17, 1551
’\/ﬁ( - )( 1)> — U1—+ ‘ Hy1tqgy 1L, L1l > (716)
|P*P*(3P1)) |1p,0q, 17, 1;51)
1 1
U+ = Vli lﬁ , (7.17)
V2 V2
for 17,
|[PP('P1)) 11p,14,11,0551)
|5 (PP* + P*P)(*P)) 017,04, 17,135 1)
|P*P*(1Py)) = Up— | 1y, 14 12,1551) (7.18)
|P*P*(°Py)) 1m,1q,10,2551)
|P*P*(5Fy)) 11m, 11,3, 25;1)
TR B
23 2 2 2
5
_ 1 0 1 \/7; 0
V3 2 2
U, — V3 NG , 7.19
! 5 % 55 %0 (7.19)
5
3 1
o0 é g O
0 0 0 0
for 177,
L(pp*— P*P)(3D Op.1,,27.2,:2
‘ﬂ( ] )( 2)> _ U2+7 |H7 qs 4Ls 4l > (720)
|P*P*(3D3)) 115,04, 21,215 2)
1 1
Up = | V2 V2, (7.21)
V2 V2
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for 27—,
|PP('Ds)) |1ar, 14,01, 155 2)
| 5(PP*+ P*P)(*Dy)) 1ar, 14521, 115 2)
P*P*('D 0p7,04,21, 2132
PP D2)) = Oy |0 0020 22) (7.22)
|P*P*(°S2)) 11a,1q, 21,215 2)
‘P*p*(5D2)> |1H71qa2L73l§2>
|P*P*(5Gy)) 11r,1g,4L,3152)
o Vi1 1 i
2 2 2 2
3 1 7
0 =55 0 33 Vo
0 -1 ¥3 1 _ i
Us++ = 245 2 24/3 2 (7.23)
1 0 0 0 0
0 ﬁ 0 ﬁ 1
2 2 V15
0 0 0 0 0
for 271,
| 5(PP* = P*P)(*P)) [1er, 0g, 11, 152)
L (pp* - 3R Om,1q,11, 2132
PP =P RICE) [ el |
’P*P*(?)P?» ’OHalqagLa2l§2>
|P*P*(*Fy)) 112,04, 3, 31; 2)
1 1
v 00
o o L L
Uy i = L, P (7.25)
i o 00
1 1
00 % %
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for 271,
| 5(PP* + P*P)(*P)) |Lar, 1g, 11, 15 2)
1 D* * DY (3

—=(PP* + P*P)(°F: 1p,14,11,2;;2
(BEPHPRICR) | e L 22) (7.26)

|P*P*(°Py)) 14,1q,3L,2:2)

|P*P*(°Fy)) 11h, 14,31, 3152)

G40

0 0 1 \/5
Uy = Vs VL (7.27)

’ Bl 0

2 1

0 O 3
for 277. The decomposition for higher J states will be given similarly. This relation is

independent the interaction between two heavy mesons and holds as far as we consider

the heavy quark symmetry.

7.2.2 PP states

In the same way of the transformation for PP states, we can expand the wave function

for PP states with HQS basis. The explicit expressions are summarized in Appendix 0.

7.3 Spin multiplets of heavy meson molecules with poten-

tial model

Now we discuss the dynamics of PP states in heavy quark limit and analysis their eigen
values. We consider the one pion exchange potential (OPEP) as a long range force.
Because we see that pion force is dominant in the heavy meson molecules in chapter B,

this is a good approximation for a first step.

7.3.1 The properties of P*P® states for J°¢ = 17~ in heavy quark

limit

To begin with, we consider the P*) P*) with JP¢ = 17~ The following argument are

also valid in other molecules. The Hamiltonian for this state is given from Eqs. B8 and
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as
Ko+ C —\2T7 —2C —\2T
2T Ko+CH+T —2T 20+ T
H1+, = \f 2 \/> ﬁ ' 7—57 (728)
—2C —2T  Ko+C —\2T7
2T  2C+T —V2T Ky+C+T
where 7 and 7 are isospin of P®). Then 71 -7 = —3 for I = 0 states and 71 - 75 = 1 for
I =1 states. K] is kinetic term and defined as
1 /02 20 I1+1)
K=_— (2 4+ 29 7.29
! 2 <07“2 o 72 ’ (7.29)

for angular momentum [ with reduced mass 1 = mpeMp) /(Mpe) + Mpe)) — 00 in

the heavy quark limit. C and T are center and tensor force for OPEP, respectively.

They are
C= (\@g)Qcér), (7.30)
T= (x/ijfﬁ)QT;). (7.31)

The function C(r) and T'(r) are

35 m2
0 = [ 8 o -
37 —_Q RN
ST = [ G ST @), (733

with ¢ = ¢/|q], where F(q) is the dipole-type form factor from Eqs. (I227) and (E=23).
Recall that the mixing terms between BB* and B*B* appear as a result of HQS. As
a rule, tensor force is stronger than center force with typical cut-off parameter. By its
very nature, the attraction force on heavy meson molecules is mainly controlled by the

tensor force.
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Now we rewrite the Hamiltonian H;+- in the HQS basis with the unitary matrix U;+-

as
HI® = U H-Upse
Ky—C —2V2T 0 0
22T Ky —C+2T| 0 0
- VT Ko - (7.34)
0 0 Ko+3C| 0
0 0 0 | Ko+3C
0,1
2 o 0
= o |HY o |A-B (7.35)
0 0o |HL?Y

where Hf_lg means the Hamiltonian described by HQS basis. We define the Hamilto-

nian Hgi}é’sl), where Sp and S; are heavy quark and the light spin, respectively. The

(0,1)
+_

Hamiltonian H 11{2 is given as the block-diagonal forms, because the Hamiltonians H;

)

H &9) and H ff) cannot interact each other in the heavy quark limit.

Since the kinetic term is always repulsive and suppressed due to the infinite reduced mass,
u — 00, whether the states are bound or not is depend on the potential. Therefore, it
is useful to see the potential part of Hamiltonian. First, we consider the I = 1 state,
which corresponds 71 - 7 = 1. The potential of Hf}r’g) and Hﬁz) are 3C, which is
clearly repulsive. In contrast, the diagonalized potential of Hﬂ’p has both attractive
and repulsive channels. This eigenvalues are approximately ¥ = K + 3C + 671 and
E = K + 3C — 671 under the condition, Ky ~ K5 =~ K, which is given by the infinite
reduced mass. As a result, we can conclude that P*) P*) state in I(J¢) = 1(177) have
only one bound state in the Hl((i’p channel with eigenvalue £ ~ K + 3C' — 67". Next,
consider the I = 1 state. In this case, the coefficient is 77 - 7 = —3, which is three times
larger than the case of I = 0. As is clear from the Hamiltonian (D=31), the potentials of
H ﬁ’g) and H 1(2) are attractive and the eigenvalues of them are given as £ = Ky — 9C
W
as £ = 3C — 127 and E = 3C + 67". Thus the deepest bound state is in H(?L’P with

1
eigenvalue £ = 3C — 127

and E = Ky — 9C, respectively. The eigen values of H are approximately given

The spin degenerate states must exist as a consequence of HQS. As an example, we

)

consider the spin partners for Hl(ig . This state do not have the spin partner as a type

3 because of Sy = 0~ . We can identify the spin partners as a type a by replacing
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Sg =07 to 17~. The spin partners should be Hé}r’}r), Hﬁi) and Hé}ri) To confirm

this argument, we also rewrite the Hamiltonians, Hy++, H1++ and Ha++, as follows:

H(fff = U(;1+H0++Ug++
Ko+3C| 0 0
= 0 |Ko—C  —2V2T 17 (7.36)
0 22T K,—C+2T
1
- ( Hy | 0 ) A7, (7.37)
0 | HgY
Hfﬁ = U17+1+H1++U1++
Ky—-C —2V2T 0
= —2V2T Ko —C +2T 0 GRET (7.38)
0 0 | Ky —C 2T
1,1
_ ( iy | o0 ) 77 (7.39)
0 |HY
H;ﬁ = U2_+1+ Hor+ Ugt+
Ko—-C —24/2T 0 0 0
22T K,—-C+2T 0 0 0 0
B 0 0 Ky +3C 0 0 0
a 0 0 0 Ky —C — 2T 0 0
0 0 0 0 Ky~ C+2iT7 1243
0 0 0 —25p gy -4 07
XT] - T (7.40)
€Y o 0 0
0,2
_ 8 Hz(g+) H(?’Q) 8 AR (7.41)
2++
0 0 0 | HLY

From the above Eqs. (IDZ24)- (), we can confirm that the Hamiltonians Héi’i) . H f}r’}r),
Hé}ri) and H{g’}) are equivalent in the heavy quark limit. Thus they degenerate to

forthlets.

It is important to consider the decay properties of the P*)P(*) states. Hf?r’p states is

possible to decay into the the heavy quark singlet with a light meson such as e,p(7)

and hy7. In contrast, H(l’l), HYY and H(l’l), which are degenerate with H(O’P as spin
0t++ 1+t o+ 1+
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partner type «, decay into the heavy quark triplet with a light meson, such as Tp and
xpJ7. Their decay ratios will be assigned by means of the heavy quark spin selection

rule.

7.3.2 The P®P® states

Here, we show the complete results of the mass degeneracy of the P PH) states up
to J < 2. As shown in the previous section, their spin partners are divided into two
types: type a and type 8. The spin partner of type « is caused from the suppression of
spin-spin interaction between heavy quarks. The direct cause of the presence of type
spin partners is the suppression of the spin dependent interaction between heavy quark
and light spins. As a result, the doublets appear when the S; = 0 as type «, whereas
the P*) P() with S; # 0 are forthlets states involving type o and .

Tabs. I3 and A show the spin multiplets of P*) P*) molecules. The explicit Hamilto-
nians are summarized in Appendix . The first left column shows the quantum numbers
of PP molecules. The second column write the Hamiltonians for each states with the
notation Hﬁfé’sl). Third column denotes the potential, but take care that the 2 x 2
matrix potential is diagonalized. The spin partner for each Hamiltonians are shown in
the forth and fifth column from left. The rightmost column denotes that the potential
of Hamiltonian is attractive or not with which check mark written in the case of the
attractive channel. For example, consider the PP with JP¢ = 0t for I = 1 states.
This state has two kind of Hamiltonians, H(()E]L’B) and Héi’i). The potential of Héﬂ’ﬂ) is
3C', thus this channel is not attractive. Since the light spin 5; of Hég’f) is zero, it has
only spin partner type «, Hﬁ’g). The diagonalized potentials of Ho(lgi) are —C — 2T
and —C' 44T, thus it has one attractive channel, which denotes with check mark in the
rightmost column. For this Hamiltonian, the spin partner type « is H f‘ll) and type (3

are H fii) and Hz(}ri)

The multiplets are classified as two classes. The doublets appear when the light spin of
Hamiltonian is zero, because they do not have the partner, type 8. In the case of s; # 0,

since the Hamiltonians have the spin partners as type G, they degenerate as forthlets.

For I = 0 states in Table 3, there are two kind of attractive potentials: —9C and
3C' — 12T'. Because the central potential is weak compared with tensor force, whether

the attractive potential —9C forms the bound state is sensitive problem. The potential
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TABLE 7.3: Spin multiplets of PP molecules for I = 0 states.
JPC | H ﬁ%’sl) Potential type a Spin partner type A attractive
e | HY —9C H]Ei?) ;
HYD | 3C +6T,3C — 12T HY gy, mliY J
o Y 3C — 12T Hil_@ WV
H"Y —9C Y gty gty N
0~ Hé(l)i; 3C + 12T - Hgg . gD gty
B HH’B) 3C + 6T, 3C — 127 | H{}), H%g’ Vo WV
A o s o /
H1+L -9C H2+7+ H2+L ’ H3+L \/
L+ H%g 3C + 67,3C — 12T H%: H(li%) ,H%i;) v
Hl(ﬁ) 3C + 6T - H%l’b - a2 L2
[+ H% ; 3C + 6T Hy By Hy e
b —9C ! g J
H%g) 3C — 12T 1 Hé‘li? 1 Vv
I HH’I) —9C HMY, H]E_;), HbY v
aLY 3C + 6T Y HWD gt
Hilf) 3C + 6T,3C — 12T HE%) Hgl@, H? v
o g0? 3C + 6T HY, Hégz? HLY
HY —9C mil? gl? ml? N
gD | 30 +67,3C - 12T q9Y gl aly WV
o+ | HYD —9C g 72 il Vv
#l? 30 + 67 0 #0212
HYY | 3C+6T, 3C — 12T HEE@ B HGY qLY J
g —9C gD gy, gty v
2| gl | 3c+er3c—12r | HMY, @ Y Vi
HY —9C Hf?@ v
H%(l’l) 3C + 6T H]EO’P H({LP D
27~ H{? 3C + 6T,3C — 12T g% H%I’Q), H?) V
HY 3C + 6T 7Y 2 g

3C' — 12T forms the deeply bound state.

H(()}r’i), g%y Hl(i’i) and Héi’i) as a forthlet.

1+

The most deeply bound states appear in

For I =1 states in Table 3, the potential —C' — 27" is the only attractive channel. The

most deeply bound

states exist in Héﬂ), g0 Hl(ii) and H.

a similar result of I = 0 states.

1+—> 2

1,1
(++) as

a forthlet, which is
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TABLE 7.4: Spin multiplets of PP molecules for I = 1 states

PC (S#.51) . Spin partner .
J Hpt Potential type a type 3 attractive
| B 00 3C HY
0 01 1 OI 1,1 1,1
Hég’ 5; —C — 2T, —C + 4T H% fo; JI V
a° —C 44T a0
0—+ 0-+
Al e A HOD | gD
0—— H(l’l) _C _ 2T H(O’Jlr) H(Ll) H(l’l) \/
0—- 1- 1-— o
g9Y | —c—-2r, —C+ar | 5D, 50D, 5L Y
1+ H@O) > H%gg)
- 0
mt? 3 H? B, B
| B | —c—or 04T 2D HOD HLD V
1 11.2) 10.2) 12) ,(1.2)
Hl((ﬂ) - T HQ(H) T Hyvis Hye v
.| H® —C—or gD gl g W
1= %J) 0 %0 y 2
, 1 (L) (1)
Y 3C HO! MY, HM
HO —C +4T HY
R YO0 e HOD, gD gy
7LD O H0D CRERY y
L1 ° LU gt
a0 | o or,—cqar 10 a2 [ J
2+ H(%? e Hl(ﬁ)’ H((‘!(};)’Héﬁ) 1,2) (1,2 v
L i it Hyo
at —C —2T,—C + 4T qOT a0 g
0.5) 12) 12) 1(1,2) o v
ot+ H ++ 3C H1+— ) H. +— 7H3+—
H{? c-ar 0 U2, B v
2 43,
1,3 0,3 1,3 1,3) (1,3
H% ; 5 —C — 2T, —C + 4T H%li H:)EH)(,l g&ﬁ({?ﬁ v
HT 3C HO! D, B
2+ ng’?g Coor—Car | g g2 02 N
HY 3C H?)
J2 —C 2T gD gD gD v
>~ | H | T —Cear 10 P v
A _C_or 1 A, gl J
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7.3.3 The P®P® states

The degenerates of the P*) P*) states are studied in the same way of the analysis of
the P®) P®) states. The results are summarized in Tabs. 3 and A. The the P*) P*)

states are classified with the quantum numbers, I(J7).

The main difference from the PP is that PP states do not have spin partner of type a.
Because, if the heavy quark spin Sg = 0 is replaced Sg = 1 in the wave function, the
isospin should be also switched over to retain the wave functions in symmetric. As a
result, the multiplets are classified as two classes. One is the singlet, which appears in
the case of S; = 0. When the light spin in the Hamiltonian is not zero, this Hamiltonian

forms triplet as type 3.

Table 3 shows the properties of PP states for I = 0 in the heavy quark limit. The
attractive potential is only —3C — 671" and the other potential, 9C' and —3C' — 127,
are repulsive. We can see the bound states in every channels with respective quantum
numbers. The most deeply bound state exists in Hé(()ii)), which is a singlet. In the 0(27)

channel, there are three bound states with similar eigenvalues in the heavy quark limit.

The various properties of PP states for I = 1 are shown in Table 3. Although the
potentials with —3C' are attractive, the Hamiltonians with this potential will not form
the bound states in the real situation because of the weakness of the center force. The

most deeply bound states are triplets in H ﬁ(’)lﬁ), H ﬁli)) and H 1(32142)

7.4 Specific candidates of heavy meson molecules

So far, we have only considered P*) P(*) molecules in heavy quark mass limit. Some
P® Pt molecules would correspond to the observed exotic hadrons such as X (3872),
X (3940) and Zp. In reality, however, the masses of the heavy quarks are finite: M, =
1.275 GeV and M, = 4.18 GeV. Hence, the heavy mesons are finite, which imply that
the heavy meson molecules appear with heavy quark symmetry breaking to a certain

extent. In other words, there should be a gap between our model and real situations.

In this chapter, we discuss the relation between specific candidates of heavy meson
molecules and our model expectations. We also perform the numerical calculations to

consider the The heavy quark symmetry breaking effect.
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TABLE 7.5: Spin multiplets of PP molecules for I = 0 states

1) Hf(fllff)l Potential vpe Spin Pagrll)zrﬁ Attractive

0(07) Hééal_)) —3C — 6T _ Hééil-)), Héél_)) 7
HYGD) | -3¢ —6T,-3C + 121 | 7 N

0 Hyi) 9C - -
it - — | Hop? Ho
Hé}’o-)) —3C + 12T — —

0(17) Hé((]il—)) 9C - -
e I i N Y
Héti) so—er,—3C+12r7 | — | HID HED |y

0,
0(2+) Z?f% _3095 6T — | ew e v
oy 0(1+)770(3+)
HY Z3C— 6T —THOD, U \/

027 | ui | -3¢ —6r,—3C +121 | — | B B, Y

Hys) —3C — 6T B R |y
TABLE 7.6: Spin multiplets of PP molecules for I =1 states

I(JP) Hfff’]f)l Potential type « P pa:;?;l"ﬁ attractive

1(0™) H,(o)) -3¢ — — w,
Hﬁfﬁ)) C+2T,C—4T | — Hl(tlg)’ Hﬁé?) y

H07) Hligg)) o B (1,1) R (1,1) v
a0 ¢ — i) Hyoo) Vv

1(11) Hﬁi?) C+2T,C—4AT — Hﬁ(ﬁ))’ Hl(élJr)) y,
Hﬁﬁ)) C+2T - Hﬂfﬁ), Hﬁ;ﬁ))

1(17) Hli((iig) C+2T . o
- -3C _ HED B, y
Hﬁﬁ) C+2T,C—4T | — Hﬁ()lﬁ), Hﬁff) 7

124) | Hy), -3¢ . - ,
M | Cr2r — | H2) 00,15
Hﬁﬁ) C+2T,C—4T | — Hf@))} Hﬂff) y
Hfégl—)) -3C - Hl(z(’)lf))v Hl%lf)) 7

) Hl((()ﬁ)) C+2T,C —4T | — - y
mid | s | | oEpe |
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7.4.1  Z,(10610) and Z,(10650)

As already discussed in @, Z,’s are strong candidates of B*) B*) states. Their masses are
well explained as the B B®) states with 1¢(JF) = 11 (1) by means of the potential

model. Now we consider this states in the heavy quark limit.

From Table 4, we can see that there are three sub-Hamiltonians in 1*(17), Hfg’i),

Hﬁ’g) and Hflﬁ) But only Hﬁ’l) has attractive channel with diagonalized potential
—C — 2T. This fact is astonished for the following reasons. Since Hﬁ’})

bound state, the potential model cannot reproduce the twin states as Z,’s. Moreover,

)

has only one
the heavy quark spin of H }ii indicate that the bound state of this state is impossible
to decay into Y7 and be also produced from Y. This result also run counter to the
experimentally observed channels, Y(55) — Zym — Y(nS)nw. These discrepancies may
be related to the heavy quark symmetry breaking and we will consider this problem later.
This state degenerates with the bound states belonging Héﬂ), HS&) and Hz(i’i). For
the P P states with 1¢(JF) = 17(11), they are spin partners as type . Therefore,

the decay properties of them are different.

To see the detail of this state, we define the wave function for Z; with particle basis as

1 R* * D 1
12) = al =(BB"-B B)(351)>+b|ﬁ

(BB* — B*B)(®Dy)) + ¢|B*B*(3S)) + d|B*B*(*D1))

= CL, |OH7 1q> OL> 1l; 1> + b/ |0H7 1(17 2L7 1l; 1> + C/ |1H>Oq70L70L§ 1> + d/ |1H7011 2La 2[; 1> ) (742)

where a), b, ) and d") are coeflicients of wave functions and they are normalized as
a? + 0?2+ +d?=a?+ V% +?+d? = 1. The coefficients are related with the unitary

matrix Uy+- as follows:

a = %a + %c
V=-Lb+ L1d
21 21 (7.43)
!
C —ﬁa—{— old
/ 1 1
(' =—J5b+ J5d.

The bound state should belong to the Hl(‘i’}), hence ¢ = d’ = 0. This implies the

relations of the coefficients in the particle basis: a = ¢ and b = d. The coefficients a and

b are depend on the dynamics.
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To see the validity of this argument, we perform the numerical calculation with the
potential model. We numerically solve the Hamiltonian, H{+- in I = 0, where we
adopt the values of the coupling constants and cutoff parameter used in B. We input
mp = mp+ = 5 x 1020 GeV as the effectively infinite masses of B and B’ mesons. As
a result, the bound state in obtained with the binding energy E, = —121 MeV. The
coefficients in particle basis are given as a = ¢ = v0.35 and b = d = v/0.15. Thus
the coefficients in HQS basis are obtained as a’ = 0.7, ¥’ = v0.3 and ¢ = d' = 0.
This result is consistent with the expectations from heavy quark symmetry and we can

confirm that the |Z;) state belongs to the Hf‘i{).

Next, we numerically solve the total Hamiltonian of this state with inputs of the finite
mass of B*) mesons to see the effects of the heavy quark symmetry braking. As shown
in Chapter O, the one bound states are obtained with £ = —7.7 MeV. The coefficients
in particle basis are obtained as a = v0.76, b = V0.1, ¢ = V0.1 and d = /0.04.
Thus the coefficients in HQS basis are given as o’ = +/0.71, ¥ = v/0.13, ¢ = —/0.15
and d = —/0.01. This result indicates that the bound state of B®B®*) states in
IG(JP) = 1%(17F) breaks the heavy quark symmetry with the rate ~ 15 %. This
breaking effect will make possible to produce the Z; state from Y(55).

7.5 Summary

We have discussed the decoupling for the heavy quark and the total spin of light com-
ponents in the multi-hadorns composed of the two heavy mesons in the heavy quark
mass limit mg — oo. In this limit, these spins are conserved quantities. In the heavy
meson molecule systems, the heavy quark symmetry plays an important role for the

classification of the spectrum and the structure of the heavy hadrons.

Heavy quark symmetry cause the mass degeneracy of heavy hadorns. The degeneracy
of heavy meson molecules are classified into two classes. One is the degeneracy of them
due to the suppression of spin-spin interactions of two heavy quarks, which is called as
the degeneracy of type a. The spin partners belonging the type a show the opposite
decay properties. Second is that the degeneracy occurs due to the suppression of the

spin-spin interactions between heavy quark and light spins.

We have found that the degeneracy of P*) P*) molecules are doublets or forthlets. The
doublets exist as type «, whereas the forthlets occur involving type a and type 5. The
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most deeply bound states are in H(S#-5),pc — Héi’i),Hl(g’P,Hl(i’P and Héi}r) as a
forthlet. In contrast, the degeneracy of P®) P*) occur only triplet as type 8. There is

no degeneracy as type a and some states belong the singlets.

We have also studied the relation of this analysis and Z; as candidates of heavy meson
molecules. In heavy quark limit, we have found only one bound state as P*) P®*) states
in I¢(JP) = 1t(1%). This state belongs Hl((j’}) and has spin partners in Héi’}r), HS’P
and Héii) We have studied the heavy quark symmetry breaking in this state with
numerical calculations. Our results suggest that the effects of heavy quark symmetry

breaking makes possible to produce the Z, state from Y (5S5) and decay from Z, to Y.

From the above results, we conclude that the heavy quark symmetry is a useful guiding

principle to study the structure of the multi-hadron systems.



Chapter 8

Summary

In this thesis, we have studied the properties of heavy meson molecules from various

point of view. They are strong candidates of new forms of hadrons.

In chapter B, we overview the status of the twin resonances Z,(10610) and Z;,(10650)
observed in Belle. Their masses are located slightly above the respective thresholds, BB*
and B*B*. Their quantum numbers, I(JF) = 17(1%), indicate that the constituents
of Zp’s must be not two quarks but at least four quarks. Their branching fractions of
decays also show the exotic behaviors, which indicate that Z;’s cannot explained by the

conventional quark models.

In chapter B, we study the heavy hadron spectroscopy near the two heavy meson thresh-
olds. We have employed B(D) and B*(D*) mesons as effective degrees of freedom near
the thresholds, and systematically considered the possibility of B®*) B*) bound and res-
onance states having exotic quantum numbers up to J < 2. The potential of them
are constructed by using the effective Lagrangians respecting the heavy quark symme-
try and the Schrodinger equation for the B®) B®) states with J < 2 are numerically
solved. As a result, we have found the bound state with binding energy 8.5 MeV and
resonance state with the resonance energy 50.4 MeV and the decay width 15.1 MeV
in the I19(JP) = 17(1%) channel. These states correspond the masses of Z,(10610)
and Z3,(10650), respectively. Therefore, the twin resonances, Z;’s can be interpreted
as the B®) B®) molecular type states. It should be noted that the mixing effects of
pseudo scalar B and vector B* mesons, which is consequence of heavy quark symmetry,
play a crucial role to form the bound and resonance states. In addition to the states

corresponding Z;’s, the potential model predicts other possible B® B®) states in I = 1.
111



Chapter 8. Summary 112

We have also discussed exotic mesons with double charm and bottom flavor, whose
quark content QQqq is genuinely exotic. As a result, we have found many bound and/or
resonance states in both charm and bottom sectors. The D®*) D®) bound and resonance
states have moderate binding energies and decay widths around the thresholds in several
channels with quantum numbers, 0(07), 0(1%), 0(17),0(2%),0(27) and 1(0~). The
B® B®) gtates have more bound and resonance states with various quantum numbers
Some B™*) B(*) states are very compact objects with a large binding energies much below
the thresholds. Perhaps, these states cannot survive as hadronic molecules and more

needs further considerations of quark dynamics such as tetraquark.

In Chapter B, we have derived the model independent relations among various decay and
production rates for possible B®) B®*) molecular states under the heavy quark symmetry.
Part of decay properties of Z,(10610) and Z,(10650) are well explained and the possible
decay patterns for neutral ZJ(10610) are discussed in the present framework. We have
shown that the W, = decay into a spin singlet bottomonium is forbidden except for
Wy, ™. We have also predicted the production rate of various W, ;™ through the one pion
emission of Y(55). All of them can be tested experimentally and will provide important

information to further understand the exotic structure of the new particles.

In Chapter B,we have studied the ZZE/)JF — T(nS)nt decays in a picture of the heavy
meson molecule. Assuming that ZZS/) is the B*B™ molecular state, we have considered
the transition amplitudes given by the triangle diagrams with B®*) and B*) meson loops
at lowest order based on the heavy meson effective theory. The couplings of gzpp+ and
gz g+p+ are fixed to reproduce correctly the observed decay widths from ZIE/) to the
open flavor channels. To treat the effect of the finite range of the hadron interactions
and regularize the loop integrals in the transition amplitudes suitably, we introduce the
phenomenological form factors with the cutoff parameters Az and A. The numerical
result with A, = 1000 MeV and A = 600 MeV is qualitatively consistent with the
9

experimental data. Our results suggest that, if Zb/ have molecular type structures, the
form factor should play a crucial role in the transition amplitudes. Our model also applies
the decays, ZF — J/ym™ 1(2S)7T. We roughly estimate the branching fractions as
f(ZF — J/Yrt) ~ 1.3 % and f(Z] — (2S)7+) ~ 0.32 %, which is testable for the
future experiments in high energy accelerator facilities, such as KEK-Belle, BES and so
on. In the foreseeable future, our formulation will apply to the other exotic decays, such

as ZZE/H — nppT, ZIE/) o My and so on, which can be also studied in future experiments.
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In chapter @, we have discussed the decoupling for the heavy quark and the total spin of
light components in the multi-hadorns composed of the two heavy mesons in the heavy
quark mass limit mg — oo. In this limit, these spins are conserved quantities. Tn
the heavy meson molecule systems, the heavy quark symmetry plays an important role
for the classification of the spectrum and the structure of the heavy hadrons. Heavy
quark symmetry cause the mass degeneracy of heavy hadorns. The degeneracy of heavy
meson molecules are classified into two classes. One is the degeneracy of them due to
the suppression of spin-spin interactions of two heavy quarks, which is called as the
degeneracy of type a. The spin partners belonging the type o show the opposite decay
properties. Second is that the degeneracy occurs due to the suppression of the spin-spin

interactions between heavy quark and light spins.

We have found that the degeneracy of P*) P*) molecules are doublets or forthlets. The
doublets exist as type «, whereas the forthlets occur involving type a and type 5. The
most deeply bound states are in H(S#-5),pc — Héi’i),Hl(g’}),Hl(i’P and Héi}r) as a
forthlet. In contrast, the degeneracy of P*)P*) occur only triplet as type 8. There
is no degeneracy as type a and some states belong the singlets. We have also studied
the relation of this analysis and Z; as candidates of heavy meson molecules. In heavy
quark limit, we have found only one bound state as P®*) P(*) states in 1¢(JF) = 17(11).
This state belongs Hl(‘i’}) and has spin partners in Hé}r’}r), Hf}r}r) and Héi}r) We have
studied the heavy quark symmetry breaking in this state with numerical calculations.
Our results suggest that the effects of heavy quark symmetry breaking makes possible
to produce the Zj, state from Y(55) and decay from Zj, to Y. From the above results,

we conclude that the heavy quark symmetry is a useful guiding principle to study the

structure of the multi-hadron systems.

A key issue in this thesis is the study of the heavy meson molecules as exotic hadrons.
They are strong candidates of new forms of matter. Around the thresholds, the heavy
mesons arises as effective degrees of freedom, hence it is naturally expected that the
molecules in the regions. The problem, however, is that the properties of heavy meson
molecules are understood completely. This study have revealed the various properties
of them such as the masses, production and decay properties. Our analysis of heavy
meson molecules have predicted some candidates of exotic hadrons, which will be tested
in future experiments. We hope that our study shed light on the understanding of exotic

hadrons and fundamental dynamics of QCD.



Appendix A

Hamiltonian for heavy meson

molecules

A.1 Hamiltonian for PP meson molecules

Here, we show the hamiltonians for exotic heavy mesons with hidden heavy quarks such

as BB and DD. The hamiltonian is a sum of the kinetic term and potential term as,
Hjpc = K jprc + erpc, (A.1)
for the m exchage potential only, and

Hjrc = Kjpc + Z V}PC) (A.2)

1=T,p,w

for the mpw potential.
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The kinetic terms with including the explicit breaking of the heavy quark symmetry by

the mass difference mp+ — mp are

1
Kort = diag | —==——00, — == + 2Ampps, ————— o + 2Ampp- |,  (A.3)
2mpB 2mpp+ 2mpp+
1
Ko— =di — A A4
oo = ding (o). (A1)
. 1 1
Ky—+ =diag | —=— A1, —z——A01 + Ampg- |, (A.5)
2mBB* 2mB*B*
. 1 1 1 1
K1+— :dlag — Ao,— = 2, "= Ao-}-AmBB*,— — AQ"‘ATTLBB* N
2mpR« 2mpR- 2mpp+ 2mp+B+
(A.6)
: 1 1 1
Ko = ding (— Ao A — - Ayt Ampge )| (A7)
2’mBB* 2mBB* 2mB*B*
1 1
K- =diag | ————A0, —z=——A1 + Amgp-,
2mpB 2mpp+
1 1
—— AN+ 2AmBB*, —— ANy + 2AmBB*, —— Ag + 2Am]3]3* ,
2mB*B* 2mB*B* 2mB*B*
(A.8)
1
K-+ =diag | —5=——A01, —5=——401 + Ampp- |, (A.9)
2mpB- 2mp+p=
1
Ky = diag (| —c——A2, — = Do+ Ampp- |, (A.10)
2mpp- 2mp+p=
Koty =diag (| ——— g, ———/o + Ampps, — — Ao + 2Ampps,
2mpB 2mpp+ 2mp+B+
1 1
—— AQ + QAmBB*, —— AQ + QAmBB*, —— A4 + QAmBB*) ,
2Mmp+R* MRB*B* 2mp=p*
(A.11)
. 1 1 1 1
Ky + =diag | ——— A1, —— A3, ————/\1 + Ampp+, —— A3+ Ampp- |,
2mpp« 2mpp- 2mp=p+ 2mpp*
(A.12)
. 1 1 1 1
Ky—— =diag | —— A, —— Ng, —— A1+ Ampps, ——— Az 4+ Ampp+ |,
2mpp- 2mpp- 2mp+B* 2mp+p=
(A.13)
where /\; = g—:z + %% — l(l:;D with integer [ > 0, 1/mpp = 1/mp + 1/mp, 1/mpp~ =

1/mB + 1/mB*, 1/T~nB*B* = 1/mB* + 1/mB* and Ampp+ = mp — mp.
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The 7 exchange potentials for each JC states are

0 V3Va -6V
07;__;_ = V3Ve 2Ve V2V s (A.14)
—V6Vr  V2Vr  —Vo +2Vrp
Vi = (Ve -—2Vp), (A.15)
Vo +2Vp  —2Vo 42V
Voﬂ;+ c+ T c+ T , (A16)
—2Ve + 2Vip Vo + 2Vp
Ve —V2Vrp —2Vc -2V
- —V2Vp Ve + Vr —V2Vp  —2Vg + Vip
. : (A.17)
—2Ve —V2Vp Ve —V2Vp
—2Vr  —2Vo+Vr  —2Vp Ve + Vr
*VC \/§VT \/6VT
TH+ Veve Ve -Vr V3V (A.18)
V6Vp V3V Ve +Vr
0 0 V3Ve 2,/2vp —34/2Vp
0 Vo + Vi 0 3\/§VT 3\/%‘/T
v V3Ve 0 2Ve VA Svr ; (A.19)
2\/§VT 3\/%‘/’1‘ 7%‘/0 *VC + %VT *@VT
-3/2va 3/2ve (S —Bvr Vot i
Vo—Vo  —2Ve -V
v, (¢] T C T, (A.20)
2o -V  Vo-Vp
- -2V — Vi
Vi Vo -V c—Vr ) (A.21)
—2Ve — Vp Vo —Vr
0 0 VBe  —/8vr 2Bvn —6/Ewr
0 Vot+Ve 0 -3/2vw v 22V
2 _2 6
Vit \/?::;/C 03 2;/C \/;VT \/1?4VT \/%VT » (A22)
A I W GV G /Ly 0
3 3 2 14 3 12
24/%Vr =Vr —FVr sVt Ve-sVr v A4y
—64/ 2V \}%VT \/%VT 0 —%VT Ve + 2V
Vc+%VT *%V’r *2VC+%VT *%VT
— oy, Vo + 3Vr -3y 2o+ dvr
Vom+ ° 1 3\/60 ’ 1 3v6 ’ (A.23)
—2Ve + 5Vr - Vr Vo + s Vr -V
-30vr —aVotive 20V Vot v
Vo-tve MR My ey
3v6 4 3v2 6v2
v Ve “Ve—3hr -5 5V (A.24)
: e A 5 P L
v oy g e+in
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The p and w potentials are

vy 2v/3V% VBVR
v = 2vBVY 4avy+ vy —V2VE ; (A.25)
VBVE V2V 2V -2V + VY
Voo = (—2V8 + 2V + V'), (A.26)
o VRV —avy -y (Aom)
o=t —AVY —2VE 2V 22U+ VY )
V8 + VY V2V —4Vy V2VE
v V2VE 2V VR VY V2VR —4VE -V (A.28)
e —4Vg V2V VY + VY V2V ’ '
V2VR e\ V2VE O 2Vy — VR + VY
2V + VY V2V —V6VR
ht = —V2VE Vg4 VR —V3V¢ ; (A-29)
—V6VE —V3VE 2V - VR + VY
vy 0 2v3VY ~2,/3vg 32V
0 2V — VR 4 VY 0 73\@\/; 3\/§VT1’
B I Wi 7 0 Ay + VY — vy Az ,
—2fBve 32w —AVY vy - TR VY By
VL NV Ve LV 2V~ SV v
(A.30)
po [ VERVERVY AV W (A.31)
=t —AVEHVE Vg VE VY )
o _ [ VEHVEHVY AV W -
2 —AVE+VE VS VE+ VY )] '
6 3 3
vy 0 2v/3VY NGz ~2,/3vy 6/ 2V
0 VY — V4 VY 0 3/2v2 -2 -Jz vy
R VR 7 0 Wy -\ Eve 2vp — AV
S Sy —3,/2v SR —avg vy iy 0
5T 5T 5T C C 5 T
3 3 2 14 3 12
—2\/;‘/%’ —AVT VT Ve Ve VE A VY VALY
6/ V2 A A VR 0 AL AT ] A
(A.33)
WG — LV + VY 2oV —avy - v oV
Ve L — 2oV VY — Vi + VY 2oy —AVy = SV A3d
2—+ = _4qyv — Ly Mvu 2V — lvv N Vsl Mvu ’ ( -3 )
?f 5'T 5 'T C \Sf T C i T
3vV6 4 3vV6
= Vr —AVE =5V VT V8 -5V + Ve
SRV VAV — eV 2oV oV
S — 20V —2VE + SR 4 VY 22V o2V
2PV 2LV —2VE + TR+ VY sv
—evy G Vi —2VE = VR + VY

(A.35)
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where the central and tensor potentials are defined as,
. g\’1 ..
V& = \/§f— §C(r;mﬂ)7'1'72, (A.36)
. g\’1 L.
Vi = \@7 gT(T;mw)ﬁ'E, (A.37)
1
VE = —(2\v)? SC(rimp) i, (A.38)
1
VE = (2gv)’ C(rma), (A.39)
1
VE = —(2\v)? ST(rsmp)7i-7, (A.40)
1
Vi = (2xgv)* T(rm.), (A.41)
Bgv\* 1 R
Vé)/ = <27np 30(7’7 mp)Tl ‘T2, (A42)
Bav \* 1
W = .
Ve = <2mw 3C(r, My) - (A.43)
A.2 Hamiltonian for PP meson molecules
The Hamiltonian is a sum of the kinetic term and potential term as,
Hygry = Kpey + Viiry, (A.44)
for the m exchange potential only, and
Hyry = Kigm+ 2 Vigry (A.45)

i:ﬂ-vpvw

for the mpw potential.
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The kinetic terms with including the explicit breaking of the heavy quark symmetry by

the mass difference Ampp+ = mp+ — mp are

. 1
KO(O—) = dlag (— 2mPP* Al) N (A46)
. 1 1 1 1
K0(1+) = dlag — == Ao, — == AQ, — == A() + Ampp*, — == AQ + Ampp* y
2mpp+ 2mpp+ 2Mmp+p~ 2mpsp+
(A.47)
. 1 1
KO(l*) = dlag — AQ, — = Al + Ampp*,
2mpp 2mpp+
1 1 1
—== A1+ 2Ampps, ——— A1 + 2Amppx, — == Ag + 2Ampp+ |,
2mP*P* 2mP*P* 2mP*P*
(A.48)
. 1 1
Kog+y =diag | —5=——LD2, — = Ao + Ampp |, (A.49)
2mpp+ 2mp=p=
. 1 1 1 1
Kooy =diag | —s=—L1, — 5= 3, — 5= A1+ Ampps, —-— A3+ Ampp- |,
2mpp+ 2mpp+ 2mp«px 2mpsp+
(A.50)
. 1 1 1
Kl(O*) =diag | —5= Do, — == Ao + 2Ampps, ——— N + 2Ampp+ |, (A51)
2mpp 2mpp+ 2mpp«
1 1
K-y = di — A1, — A A x A .52
1(0-) iag < e 1 ST 1+ Ampp > ) ( )
. 1 1 1
K1(1+) = dlag —— Ao, —— AQ, —— AQ + Ampp* , (A53)
2mpp+ 2mpp+ 2mp«p=
1
K-y =di — Ay, — AN A x A.54
1(1-) lag< om0 T oy 1 + Ampp > ; (A.54)
1 1
Ko+ =diag | —-=—L2, —5=——L2 + Ampp+, — = Ao + 2Ampp+,
2mpp 2mpp= 2mpsp=
1
—== Ao + 2Amppx, — = Ao+ 2Ampp+, — = Ay + 2AmPP*> :
QmP*P* QmP*P* QmP*P*
(A.55)
. 1 1 1 1
Kio-y=diag | —s=—L1, — 5= 3, — 5= A1+ Ampps, —-— A3+ Ampp+ |,
2mpp+ 2mpp+ 2Mmp«px 2mpxp+
(A.56)

where /\; = g—; + %% — l(l;” with integer [ > 0, 1/mpp = 1/mp + 1/mp, 1/mpp+ =

1/mp + 1/mp*, 1/7’~np*p* = 1/mp* + 1/mp*.
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The 7 exchange potentials for each I(J¥) states are
VOTO ) (Vér + 2V"17“r) s (A.57)
-Vz V2VE 2VE V2VE
. V2VE  —VE-VE V2VE 2VE - VE (A58)
o+ 2V VVE  —VE VRVF ’
V2VE  2VE VI V2VE —VE - VE
0 0 —vavg -2\ /ive afRup
0 VI -V 0 -3/3vy  -3\/2vF
Vo) —V3Vg —2VE Zvr —J/evr |, (A.59)
-2/3vz —3fV" va-Ivi  PvE
32vE  -3\/2vE f\/7V" Lyx vz - g
- ~VEHVE 2VE+VF (A.60)
0en) WEHVE -VE+VE )
VE+ive  -fvp 3Eyr o8y
Ve SEvE vpidy Wiy Sy (oD
e dip v oviily o §y '
B G S IR R G
0 —V3VE  VEVE
TloH) —VBVE  —2vE —V2vE | (A.62)
VBVE  —V2VE VI —2VF
—VE —2VE  2VZ —2VF
T C T C T
Vl(o ) VT _ 9y VT oy > ’ (A'G?’)
C T C T
VE —V2VE  —VeVE
Vit —V2VE VE+VE  —V3VE (A.64)
—VBVE  —VBVE VE -V
- —VE+VE 2V - VI (A.65)
1a7) —2VE —VE  -VE4VE )
0 0 -vavg v -2\ vi 6/3vE
0 VI - VE 0 3/2ve  —Zvp  -Jdzur
2 2 6
v —V3VE 0 —2VE *\/gv%r VT VAL (A.66)
1(2+) \/Evﬂ 3\/3‘/7\' _\/Evrr v &vﬂ, 0 .
5°T 5T 5°T 5 T
—2/fvy -Zvi  Zur Yy vz+dvg  Azvp
3 12 6 12 10
£ AL v AL AL 0 “EVE VE-FVE
Vg -lvp o 3yr o avp - lur eyn
3 4 3 4
v Tf‘” —VE —5VF ?IV” 2VE - 3V (A.67)
127) 2VE - tvf 3\/5V7f vz - lyr eyn ’ '
%VTW 2vg — 4 %\/Tﬁ —VZ - tvr
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The p and w potentials are
Voo-y = = (v -2vg+VY), (A.68)
—2Vy + VY —V2VE Avy —V2VE
o —V2V2 —2VE+VE+VY V2R 4VE + VR
o(1t) — AV \/EV'U AV sl \/§V’U ’ (A69)
c —V2Vp —2Ve Ve —V2Vr
-2V 4VE + Vi —V2VE 2V 4+ VE 4+ VY
vy 0 ~2v3VY 2,/2vy -3,/2v
0 VY + V2 + VY 0 3,/2v -3y/2VR
Voo = | —2vav 0 —AVE 4 VY ~ 2V NOz , (A.70)
2,/2vy 3/2va Zvp o g+ Ivpe vy — Loy
-3/2ve -3/2wp \fvv — oy VY + BV + VY
—2Vy — Vg 4+ VY AVE — VY
o“<z+>=< e v e ) (A1)
AVE — VY —2VE — V4 VY
V8 — vy 4 vy oy — 3By 6By
3V6 _3 6v2
o vy - AWy iy ENL N
LRI I SsPye - Tpave -y
oy SV “tvp VG + BV VY
vy —2v3VY V6V
ity =| —2v3Vy -4V + vy V2vE ; (A.73)
NGz V2vy VY + 2V + VY
—2VE 4+ 2VE + VY AVE + 2V
Vi = CCRAC ¢+ 2V ) (A.74)
S 4V + 2V —2VE +2VE + VY
2VE 4+ VY V2V VeV
Vias) = V2VE VY - VE+ VY V3V ; (A.75)
VBVE V3VE 2V + Vi + VY
—2VE — Vi 4+ VY —4VE + Vi
Vlv(l ):< y 'UT+'UC v C—t} " v/ )’ (A.76)
—4VE 4V —2VE — VE 4V
vy 0 23V -/t 2,/2vz Sy
C C 5T 77T 35T
0 aavpevwy o -3/iv vad v
2 2 6
o 23V 0 —vE vy 2w —Z vy LV
e Az 3\/8ve VEE v vy Ly 0
3 3 2 14
2,/2vz v -2 vy Uyv vy - 3ve+vy —Avp
2VR AL S=VE 0 VR 2y + RVE + vy
(A.77)
—2VE + LV + VY — &y g+ v — &6y
v 3fvv —2Vy + dve + vy 3fvv vy + vy
e AVE + Vi — vy —2VE LV VY ~ vy
—HoVR VS + VR ~ vy —2VE + GV + VY

(A.78)
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where the central and tensor potentials are defined as,
g\’1
Ve <\/§f> §C(7“;m7r)7?1'?2, (A.79)
g\’1
Vi (ﬁf> gT(T;mw)ﬁ'?z, (A.80)
1 L o
Ve (2Agv)? gC(T; Mp)T1-T2, (A.81)
1
Ve (2Agv)? 3C(rma), (A.82)
1
VE = (2Agv)" S T(rmy)7i 7, (A.83)
1
Vi = (2xgv)* T(rm.), (A.84)
Bav\* 1
Vé?/ <2mp gC(r;mp)ﬁ T2, (A.85)
Bav \* 1
w! - .
1% <2mw 30(7’, M) (A.86)



Appendix B

Passarino-Veltman Integrals

In this chapter, we present the Passarino-Veltman formalism, which is a useful tool to

calculate the one loop integrals.

B.1 The general definition

We write the general forms of one-loop tensor intergral as

4—d K1 et
EW/ddk MR (B.1)

Tﬂl“'ﬂp
" 2772 DoDlDQ s Dn—l ’

where d = 4 — € is the space-time dimension shifted by €. D; comes from the momenta

of propagators following the conventions of Fig. Bl and given as
D; = (k+1)*—m? +ie, (B.2)
and the momenta r; are related with the external momenta through the relations,
J
rpo= Y pisj=1-,n-1
i=1

n
ro = Zplzo. (B.3)
i=1

From all those integrals in Eq. (Bd), the scalar integrals are paticularly important, then

we define the notations for them. It can be shown that there are only four independent

123



Appendix B. Passarino-Veltman Integrals

124

P b Pn

Pn-1

FIGURE B.1: The diagram of general one-loop integrals.

such integrals with (4 — d = €) as follows:

2mp)€ 1
Ao(m2) = / Ak B.4
O(mO) im2 k2 — mo ) ( )
1
2mp)* 1
Bo(r2 m2.m2) — ( / d (B.
0(ri0, Mg, m7) in2 d kg) [(k + 152 — ng]\B 5)
2
(2mp)© 1
CO(T%O’T%2aTSO7m(2)am%’m%) = G2 ddkﬂ) [(k + ,,ni)2 _ mg](BG)
29 2 92 9 9 9 9 2 2rp) [ 4 ’ 1 (
Do(r10, 712723, 7305 720, 13- Mp> -+ s M3) = im2 d kH [(k+7r;)? — mz]\B-7)
i=0 t i
where
riy=(ri—r)* 5 Vij=(0,n—1) (B.8)

Note that with our conventions ry = 0 and 7“220 = 7“12. For sake of simplicity, the ie part

of the denomiantor factors is suppressed in all these expressions. The general one-loop

tensor integrals are not independent, hence their decomposition is not unique. Following
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the conventions used in [[ZH], we write the tensor integrals as follows:
(2mp)* :
Bt = 4 — [ dkk" B.9
im? / zl_Il k+ Tz m?] ( )
1
(2mp)*- / d 1
B = ~—F— [ d°kkFE" B.10
i? H L G =) (B0
cr = (2 / ddkk“ﬁ (B.11)
N 1= 0 m?] '
2
(2mp)° [a 1
S d°kk*EY B.12
¢ i 1_10 &+ 77— (12
2
2 [ 1
crr = d°kkFEY P B.13
in? H (ot r0)? — ] (B.13)
pr = o / ddkk“ﬁ (B.14)
T am? o [+ ri)? —m?] .
3
(2mp)© / d 1
DW= d°kk*EY B.15
im? H o [(k+mri)?— m?] ( )
3
(2mp)° / d 1
DHr = d°kkFEY kP B.16
im2 Zl_[ [(k +7:)2 — m?] ( )
3
(2mp)° I 1
DHvre = d°kkFEY EPEC . B.17
im? H [(k+7r;)2 —m? ( )

1=0
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B.2 The tensor integrals decompostion

These integrals can be decomposed in terms of reducible functions as follows:

Bt = ri'B (B.18)
B = g" Boo +r{r{ B (B.19)
cr = ’uC1 + 7’502 (B.20)
cHo= g C’00+Zr riCyj (B.21)
2 2
CHP = N (gl 4+ gl + g ) Cooi + Y riririCu (B.22)
i=1 i,g,k=1
3
Dt = S, (B-23)
i=1
DW= g D00+Zr ¥ D;; (B.24)
3 2
DWP = Z(g“”rf + g"Prt + g""r?) Doo; + Z iy Diji (B.25)
i=1 i,,k=1
3
DHvP = (g,w/gpa + 9up9vo + gp,agl/p)DOUOO + Z (g/U/Tff](? + QV'OT?T}T + gupr;'jrj
,j=1
+g s + gl + g )Doo” + Z e rlrf Cijm. (B.26)
i,5,k,l=1
All correspondig scalar functions such as B, Cj; , ---, are totally symmetric in their

indices and can be explicilty calculated.

B.3 The reduced relations

The scalar functions, such as By, B, Cp, Coo and C1o, can be explicitly calculated, how-
ever they satisfy the useful relations. Note also that By, B1, and Cyg are divergent. By

contracting C* with external momenta p/' or p, we obtain

2 2

1 1 1
Curlt = 5 Bo(rd,m,md) — S Bol(r1 — r2),m,m3) — S[r3 — m? + m3]CofB.27)

1 1 1
O#rg = iBO(r%7m(2)a m%) - §BO((T1 - 1"2)2,1’)’1%,7%%) — 5[]9% — mg + mg]C(](BQS)
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Similarly, we obtain addtional relations by contradicting C*” with two external momenta

as follows:
dCoo + C11p3 + 2C12(p1 - p2) + Caops = Bo((ra — r2)?,m3,m3) + miCy (B.29)
1 1
Coo 4+ C11p% + Cra(py - p2) = 531((7“2 —r1)%,mi,m3) + 530((7“2 — 1), mi, m3
1
—5[]9% —mi +mg|Ch (B.30)
1 1
Ciap? + Coa(p1 -p2) = 531(7”%77”(2),”&%) - 531((7“2 —r1)%,m? m3)
1
—5[]9% —m} 4+ mg]Cy (B.31)
1 1
Ci(p1 - p2) + Ciop3 = 531(7“%,7”(2),”1%) + 531((7“2 —r1)%,mi, m3)
1 1
+§((7“2 — 1), mi, m3) — 5[733 —m3 + mg|C
(B.32)
1 1
Coo + Cra(ry - 13) + Coord = —531((73 —7r1)%,mi, m3) — 5[17% — mj + m{(Bx33)

where we can omit the tensor function of C.

B.4 Explicit expression scalar integrals

B.4.1 Explicit expression for A,

This integral is trivial. There is no Feynman parameter and the integral can be deduced

by dimensional regularization scheme. We obtain

2
Ag(m?) = m? (Ae +1-In Zg) : (B.34)

where p is the mass scale peculiar in the dimensional regualrization and we have intro-

duced the notation
2
A, = - —ylndm, (B.35)
€

for a combination that will appear in all expressions. This is the divergent part in the

integrals.
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B.4.2 Explicit expressions for the B functions

The loop function By (p?, m%, mg) can be calculated with Feynman parameters and di-

mensional regularization scheme as

1 —x(1 — 2 2 1— 2
Bo(pQ,mg,m%):Ae—/ dmln[ z(1 = 2)p +z;”1+( ””mo]. (B.36)
0

In the same way, we obtain the explicit expression of B as

1 1 (] — )2 24 (1 _ 2
Bi(p?,m3,m?) = —§A€ —I—/ drxIn [ v(L=2)p —i—x;nl + a:)mo] . (B.37)
0 K
It should be noted that Bj is not a symmetric function of the masses,
By(p*, m, m}) # Bi(p?, mi, mg). (B.38)
B.4.3 Explicit expressions for the C' functions
The explicit expressions of C' functions are given as follows
1 1 1—x1 1
Co(r3, 12,75, m2, m3,m3) = —F(3)/ dml/ dro— (B.39)
2 Jo 0 C
1 1 11—z x;
Ci(r?,r19, 73, m3, m¥ m3) = F(S)/ dazl/ dxro— (B.40)
2 Jo 0 C
2 1 1—x1
Cia(r?, 119,75, m3, m3 m3) = —F(S)/ da:l/ d:vg@, (B.41)
with
C = afri +a3rd + 213 (rf + 13 — riy) + z1mi + zam3

+(1 — 21 — 29)mi — x173 — w013 (B.42)



Appendix C

Interactions of exchanged mesons

C.1

Interactions of exchanged mesons

We consider the signs of meson-exchange contributions, 7, p and w in NN, NN potential.

P®PH) and PP states are also discussed, where P stands for heavy mesons, QqQ =

¢, b).

The potential for each mesons can be classified as three parts, namely spin-

dependent part V{,, center force Vo and tensor force Vp, where we use the notation

from the previous section.

NN potential

We consider the NN interaction by a nonrelativestic potential [[28]. Table T
shows the signs of meson exchange contributions for VN potential. In I = 0
case, pion is attractive. For the p meson interaction, spin-dependent part VC'O/ is
attractive, but this contributions is small due to the weak coupling. The center
force with the p meson, V(’; enhances the center force attraction of pion, whereas
the p meson tensor force qu depresses the pion tensor force. For the w meson
exchange, spin-dependent part V&’ is repulsive, which is stronger than the one of
p meson, V¥, due to the strong coupling. Meanwhile, the coupling for V& and
Vi is small and their interactions contribute oppositely to the p mesons. It is well

known that NN with I = 0, so called deuteron, is weakly bound state.

In I = 1 case, since the w meson is iso-scalar particle, the interactions are un-

changed. In contrast, the pion and p mesons are iso-vector states, hence the sign
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of interactions in I = 1 are opposite to the one in I = 0. As a result, most of

channels are repulsive. Thus, the NN with I = 1 is an unbound state.

NN potential
Next, the sign of meson exchange contributions for NN potential are considered,
which are summarized in Table 2. The NN potential of medium and long range
can be deduced from the corresponding NN potential by the G-parity rule, which

states that contributions of mesons of odd G-parity change sign.

This modification is essentially important for considering the NN interaction. The
w exchange, which is repulsive for the NN state, becomes attractive for NN. In
addition to this, the V(gl and V(ff for p exchange are still repulsive, because of even
G-parity for p. Thus, the central potential V- is deeper for NN than for NN. In
the case of NN interaction, all meson exchanges give a contributions of the same
sign to the I = 0 potential. As a result, tensor force is enhanced compared with
the case of NN in I = 0, hence we can see that the NN I = 0 tensor potential is

by far the most important.

P® P potential
Now we consider the potentials for the heavy meson molecules, P*) P®*)_ Tt should
be noted that the couplings are different to the NN and NN potentials. In
particular, the coupling constants of p and w are equivalent, hence the difference
of their interactions are mainly sign and isospin factor. In the case of I = 0, the
center and tensor force of pion, V2 and V] are repulsive, whereas p and w mesons
enhance each other because of same sign of potential. This implies that the vector
meson exchanges sometimes deduce the strong attraction in P®) P*) [ = 0, which

are ineligible compared with pion exchange.

In the case of I = 1, the sign of pion and p exchanges become opposite because
of the isospin factor. Recall that the couplings of p and w meson interactions are
equivalent, we can see that their contributions compensate. Thus, we can expect

that pion potential is dominant in the case of P®) P®) with I = 1.

P® P potential
The P®) P®) potential can be deduced from the corresponding P*) P*) potential
by the G-parity rule in the same way of obtaining the NN potential, which states
that the sign of potentials of odd G-parity mesons are changed. In the case of
I = 0, the pion potentials, V5 and V], are attractive. The center force of p

exchange, V[ enhances the one of pion exchange, whereas the tensor force of is
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weaken the one of pion exchange. The sign of w potentials are opposite to the one
of p. These sign relations are equivalent to the NN in I = 0 state, however it
should be noted that V" is not stronger than Vc’f' unlike the case of NN potentials.

Hence, the vector meson contributions from V% and V% are still attractive.

The isospin factor changes the sign of contributions of pion and p meson exchanges.

In this case, most of channels are repulsive.

TABLE C.1: Signs of meson exchange contributions to Vi, Vo and Vi for NN poten-

tials.
I1=0 I=1
Meson | V& Vo Vp | V4 Ve Vp
™ o - —-10 + +
p - - 4+ |+ + -
w + + +  +

TABLE C.2: Signs of meson exchange contributions to V{,, Vi and Vp for NN poten-

tials.
I1=0 I=
Meson | VL Ve Vp | VL Ve Vp
™ o + +]10 - -
p - - + ]+ + -
w - - + |- - +

TABLE C.3: Signs of meson exchange contributions to V4, Ve and Vp for P p+)

potentials.
I1=0 I=1
Meson | V& Vo Vp | VL Ve o Vp
™ o + +70 — =
P - - + ]+ + -
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TABLE C.4:

Signs of meson exchange contributions to V{, Vo and Vi for PO P

potentials.
I1=0 =
Meson | V& Vo Vp | V4 Ve Vp
™ o - —-10 + +
P -  + |+ + -
w + + -]+ + -



Appendix D

The properties of heavy meson

molecules in heavy quark limit

D.1 The expressions in HQS basis for PP states

Here, we show the expressions in HQS basis for PP states. They are transformed by

unitari matrix Uy ;py from the paritcle basis.

The transformations for the I(J) = 0(07) state:

1
|—

\/i(PP* +PP)*R)) = Upo-) |1a,1q,11,15;0) (D.1)

UO(Of) — ]. (D2)

The transformations for the 0(11) state:

IT(PP*— P)(*51) 1087, 14,01, 135 1)
—PP*— P)3D O,1q,21, 151
|P*P*(*S1)) 115, 0g, 01,05 1)
|P*P*(3Dy)) [1a,01,2L, 255 1)
1 1
%5 0 -5 0
0 L 0 _ 1
Uoa+y = 1 V2 1 V2 (D.4)

%5 0 5 0

1 1

0 5 0 5

133



Appendix D. Heavy meson molecules in heavy quark limit 134
The transformations for the 0(17) state:
[PP("Py)) 1m,1g, 17,051
| 5 (PP* + P*P)(*P1)) 1081, 0g, 12, 145 1)
|P*P*(' Pr)) = Uoa-) | Nu,lg1r,1551) (D.5)
|P*P*( 1)> |1H71q71L72l;1>
|P*P*(5FY)) I1m, 11,32, 25;1)
a1 1 V3 0
23 2 2 2
-1 9 1 ﬁ 0
V3 2 2
Upi-y = 1 V3 _1 V5 D.6
0(1-) ~1 B 2\7@ —V5 g (D.6)
5
V5 3 1
¥ 0 5 5 0
0 0 0 0
The transformations for the 0(27) state:
1 D* * D\ (3
1 (pp*— P*P)(3D 0, 10,25, 21 2
PP = PPICDN (100 10,21,22 o)
| P*P*(3Dy)) |11, 0q,21,2152)
1 1
Uoe+y = *{5 1‘/5 (D.8)
VzooV2
The transformations for the 0(27) state:
| 5(PP*+ P*P)(*P)) 1ar, 1g5 12, 115 2)
—PP*—i—P* 3E 1g,1q,17,2552
|P*P*(°Py)) [1r,1q, 31, 215 2)
|P*P*(°F3)) [1a, 14,31, 3152)
o o0 -1 \/i
Unouy = V3 V3 (D.10)
e Bl o
2 1
0 0 37
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The transformations for the 1(0") state:
|PP(1SO)> IOHaOQaOLaOZ;O>
\P*P*(*So)) | = Uio+) | 1a,14,02,1550) | (D.11)
|P*P*(5Dy)) 11, 1¢: 21, 115 0)
3
;%0
Uwory = | £ -1 0 (D.12)
0 0 1
The transformations for the 1(07) state:
JL(PP*— P*P)(3P, 0r, 14,112,050
|\/§( - )( U)> _ U1(07) ‘ H» q» L, Yl, > 7 (D13)
|P*P*(3Ry)) |1#,04, 11,155 0)
1 1
Uio-y = veoov2 (D.14)
V2 V2
The transformations for the 1(17) state:
| 5 (PP* + P*P)(*51)) 11m,1q,0L, 115 1)
| (PP +P*P)CDy)) | = Uiaw) | [1g,1g:22,151) (D.15)
|P*P*(5D1)> |]-H7 1q>2L>2l; 1>
1 0 0
U1(1+) = 0 —% @ (D.16)
3
03 3
The transformations for the 1(17) state:
L (PP* - P*P)(3P O, 1g, 12,1551
<|ﬂ< ~PRICAD (0t -
|P*P*(*P1)) 157, 0g, 11, 113 1)
1 1
— V2 V2
Uiq-y = ooy (D.18)
V2 V2
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The transformations for the 1(27) state:

|PP('Dy)) 111,14,01,1552)
| 5(PP* + P*P)(*Dy)) 11m,1q,21,1;52)
P*P*(1D 0rr,0q, 21,2152
| 7(5 2)) . 057, 0q, 21, 215 2) (D.19)
|P*P*(°S2)) 1m,14,21,2552)
|P*P*(5Dy)) 1, 14,21, 3152)
|P*P*(5Gy)) Lr, 1g,4L,3152)
3 7
A 3 . A
0 % 3 -3 5 0
3 1 7
O 7 Y oas Vi !
7
_1  ¥3 1 _Vis
Uiy = 0 =355 2 23 7 U |, (D20
1 0 0 0 0 0
7 T
0 > 0 é 7= 0
0O 0 0 0 0 1
The transformations for the 1(27) state:
| 5 (PP* = P*P)(*Py)) |1ar,0g, 11, 15.2)
1 * 3
L(pP F. O, 1g, 11,252
| 75( "P)CR)) | _ Uio) 0r, Lg: 125 262) | (D.21)
!P*P*(3P2)> 087, 14,31, 215 2)
|P*P*(*Fy)) 11#,0q, 31,315 2)
1 1
v 00
o o L -L
Ui~y = L, 2V (D.22)
i o 00
1 1
00 B

D.2 The expressions of Hamiltonians with OPEP in heavy

quark limit

Here we consider the Hamiltonians of P*) P(*) states in heavy quark limit. We use the

notations, K;,C' and T given in Chapter . The hamiltonians in HQS basis, H fp%, are
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transformed as,
pr% = UJ_PICHJPCUJPC’. (D.23)

As a consequence of heavy quark symmetry, we obtain the OPEP’s as the block-diagonal

forms with the HQS basis. The Hamiltonians with the block-diagonal forms for various

quantum numbers are derived as follows:

Hﬁ? = UO_+1+H0++U0++
Ko+3C| 0 0
= 0 Ky—C —24/2T i TR
0 22T K,—-C+2T

1,0
H(§++)‘ 0 Lo
- rn |
o |H!

'Y = UD__1+H07+ Up-+

<K1—C+4T 0 )q B
= T1 - T9
0 | K1 +30

(.
H'® = U7 Hy Uy
= (K1 —C=-21)71 73
= HVA -7,

(D.24)

(D.25)

(D.26)

(D.27)

(D.28)
(D.29)
(D.30)
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H? = UG H-Upee
Ko—C —21/2T 0 0
_ —2V2T Ky —C +2T 0 0 A a (D31)
0 0 Ko+3C| 0
0 0 0 Ky +3C
HYY | o 0
= o |[HYY] o |A% (D.32)
0 0o |#HL?
Hfﬁ = U1_+1+H1++ U+
Ko—C  —2V2T 0
= —22T Ko —C+2T 0 i T2 (D.33)
0 0 Ky—C —2T
_ ( i |0 )ﬁ s (D.34)
0 [HY
H'Y = UL H, U
( Ki—C-2T| 0 ) L
= -T2 (D.35)
0 | K1 +3C
_ ( m | o )ﬁ 7, (D.36)
o B
Y = Ut H-U--
Ki—C+4T| 0 0 0 0
0 K, +3C 0 0 0
= 0 0 K, —C —2T 0 0
0 0 0 Ki—C+21 -8
0 0 0 8o Ky O 8T
X7 - T (D.37)

HY | o 0 0
o [HOY| o 0 o
= - 73, (D.38)
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H? Uyl Hyr Uy
Ky—C-2T| 0 o
T -T2 (D39)
0 | K2 +3C
(0.2)
HY | 0 L
( 2t ‘ (172) ) T " T2, (D40)
o |AH
Hﬁ? U2_+1+ Hy++Ust+
Ky, -C —2V2T 0 0 0
22T K,—-C+2T 0 0 0
0 0 Ky 4 3C 0 0 0
0 0 0 Ko—C —2T 0 0
0 0 0 Ky—CH AT 1243
0 0 0 ~2Sp gy - o4 7
X7 - T (D.41)
2V 0 0 0
0.2)
0 |H 0 0 ~
20T ) 77, (D.42)
0 o |HEY] 0
1,3
0 0 o | HYY
Hy'4 Uy Hy-+Up—+
K +3C 0 0
0 Ky—C+ 2T 66 p
v 5 7i - 73 (D.43)
0 — &6 Ki—C+3T
0 0 0K3 + 3C
1,1
BV 0 0
o |HYY] o |A-B (D.44)
0 o |mlY
e Uyt Hy Uy -
K, —C—-2T 0 0
0 Ky—C+21 -8
3 6\/;‘ 5 5 . ﬁ . 7:é (D.45)
0 6 Ky - C+ 8T
0 0 0 K3 —C —2T
gtv oo 0
5ot
o |HM] o |AB (D.46)
0 o |mY
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D.3 The wave functions of heavy meson molecules

The wave functions of heavy meson molecules |[PP(JFY)) are expanded by both nor-
malized particle basis 17 and HQS basis /7% as

|PP(JTC)) = Y P (D.47)
=1
= > dul? (D.48)

=1

S D) SIS (D.49)

i=1 j=1
where n is a number of basis and Ujrc is a unitary matrix, which relate the two basis.

Here, we show this transormations for each states and discuss the properties of wave

functions expected in the heavy quark limit mg — oc.

0,0 1,1
o JPC =0tt ) Hé++),H(()++)

In this channel, the wavefunction are expanded as

|P]5(O++)> = |P]5(150)> + ¢ |P*]3*(ISO)> + c3 |P*P*(5D0)> (D.50)
= ¢ |0p,04,01,0;50) + c2 |15, 14,01, 1550) + ¢3|1m, 1g, 21, 155 0)
(D.51)

where we use the same notation for the expression of the wave functions for the particle

and HQS bases. The cofficients, ¢; and ¢, are related as follows:
A= %cl + @@
ch = §61 — 1c9 (D.52)

The bound states for both I =0 and I = 1 of this channel belongs to Héiﬁ), hence the

component ¢}, which belongs to Héf’;ﬂ) should take zero in heavy quark limit. Then the
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fractions of components in particle basis are expected as
fler |[PP(1S0))) + fle2|P*P*(1S0))) (D.53)
\/§ : —1.
The wave functions are given as
D 1 D* * D * *
[PP(0™)) c1 ‘E(PP — P*P)(*Ry)) + 2| P*P*(* Py)) (D.54)
Cll ‘OHv 1q7 1L7 Ol; 0> + CIQ ‘1H7 07 q, 1L7 11; 0> 3 (D55)
The cofficients, ¢; and ¢ are related as follows:
f_ 1 1
AT BT B (D.56)
¢y =501+ 56
« JPC—0—; MY
The wave functions are given as
_ 1 . L -
|PP(07)) = e \E(PP +P*P)(*Ry)) (D.57)
= ¢ lm, 14,11, 1150) . (D.58)

one.

o JPC —1t- ; Hfﬂﬁ),Hfi@,H(l’z)

1+-

In this channel, there is only one basis, hence two bases are trivially correspond one-on-
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The wave functions are given as

|PP(117)) BB* — B*B)(3S1)) (BB* — B*B)(®*Dy))

c ]i( +c |i
NG V)
+e3 |B*B*(381)) + ca |B*B*(*Dy))

= Cll ’OHa 1qa0La ll; 1> + 0/2 ’OHa 1qa 2L7 ll; 1> + Cg ‘1H70q70La0L; 1> + Cﬁ; HH?Ola 2L7 2[; 1> )
(D.59)

The cofficients, ¢; and ¢ are related as follows:

A= %cl + %03
= %02 + %04
ch = —%cl + %63
\cﬁl = —%CQ + %04.

(D.60)

1,1 1,2
o JPC —1++. H§++),Hf++)

The wave functions are given as

_ 1 _ _ 1 _ _ _
|PP(1TF)) = ¢ |—=(PP* + P*P)(>S1)) + c2|—=(PP* + P*P)(*D1)) + c3 |P*P*(°Dy))
V2 V2
(D.61)
= Cll ’1H, 1q, OL, 11; 1> + 0/2 ’1H, 1q, 2L7 11; 1> + Cg ‘1H7 1q, 2L7 2[; 1> . (D62)
The cofficients, ¢; and ¢ are related as follows:
d=ac
dhy=—3%co+ §03 (D.63)

/I /3 1
€3 =321 3G
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The wave functions are given as

1 — 1 % * * Y%
|PP1™F) = clyﬁ(PP — P*P)(3P))) c2 |P*P*(3Py)) (D.64)
= Cll ’0H7 1,1, 1L7 11; 1> + CI2 HH?Oq, 1L7 11; 1> . (D65)

The cofficients, ¢; and ¢ are related as follows:

1
€= 54 + f (D.66)
Cy = —ﬁq + ﬁCQ

— 1 . g0 O O 12)
o JPC =177 H T H ’ H>' H>"

The wave functions are given as

|PP(177)) = ¢ |PP(IP))) (PP*+P*P)(3P1)>+03|P*]3*(1P1)>

+co|—
7%
+cy |P*P*( P1)> + cs5 |P*P*( F1)> (D.67)
= ¢ 1y, 1g,10,0551) + 5 |05,0g, 11,155 1) + ¢ |1, 1g, 11, 15 1)

+CZL ’1H7 1(17 1L7 2[7 1> + C/5 ’1H7 117 3L7 217 1> . (D68)
The cofficients, ¢; and ¢ are related as follows:

/ 1 1 1 V5

=735~ 5% §%3 + 54
/ 1 3
ber+ ey

C2 ==

dy=—3%ciier + ﬁcﬁf + %Q (D.69)
cy = 2§C1 + 2&@ - iC3 + 6

k= cs

o JPC —2t= g% [\
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The wave functions are given as
_ 1 _ _ _
|PP(2T7)) = «a |E(PP* — P*P)(®Dy)) + 2| P*P*(*Dy)) (D.70)
= C,l |0H, 1q, 21,2 2> + 6,2 |1H7 Oq, 21,2 2> . (D.71)
The cofficients, ¢; and ¢ are related as follows:
g =t +
et (D.72)
= —ﬁcl + ﬁCQ
0,2 1,2 1,3
o JPC =21t Hé++),H2(++),H2(++),H§++)
The wave functions are given as
|[PP(2™)) = ¢ |PP(*Dy)) + ¢z ]\[(PP* + P*P)(*Dy)) + ¢3 | P*P*(' Dy))
+c4 |P*P*(5Sy)) + ¢5 |P*P*(°Dy)) + c6 |P*P*(°Ga)) (D.73)
= ¢ 1y, 14,00, 1;52) + &y |1h, 1g, 21, 115 2) + ¢4 [0, 0g, 21, 213 2)
+c4 11, 145205205 2) + ¢ 1, 14,21, 3152) + 6 |1, 1g, 41,315 2) -
(D.74)
The cofficients, ¢; and ¢ are related as follows:
4
A =cy
P 3. 3 . 1 VT
Coy = 2\/561 2\/502 2\/563+2\/E—)C5
dy=1c + §03 (D.75)
Cﬁl = —lcl + #CQ + 27\1/503 + %05
ok = 2‘&01 L 15C2 — 2‘\2—503 + \/%—505
cp = Co

o JPO — o=t gty g0 pltd)
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The wave functions are given as

_ 1 _ _ 1 _ _ .
PP2 M) = ¢|—=(PP* — P*P)(®PR)) + ¢y |— (PP* — P*P)(*F:
|[PP(27T)) 1\\/5( )(°P2)) 2!\/5( )(°F2))
+c3 |[P*P*(*Py)) + ¢4 | P*P* (P ) (D.76)
= Cll‘1H70q;1L;1l;2>+C,2‘0H71q;1L;2l;2>
+Cg‘OHalqagLa21;2>+Ca‘1Ha0qa3La31;2> (D77)

The cofficients, ¢; and ¢ are related as follows:

¢l = — 501+ 563

S T N

=T e (D.78)
= %62 + %04

! 1 1
Cy = ——=C2+ —=C
(4 V22T at

o JPC =2 gD g2 HbY

The wave functions are given as

1

PPRT) = el (PP + P'RICR) + o (PP + PP)C )
+c3 |P*P*(5Py)) + ¢4 |P*P*(°F,)) (D.79)
= |1y, 1g10,152) + b 1m, 14, 10,215 2)
+ca |1, 14,30, 2052) + ¢4 [1m, 1g, 31, 3152) (D.80)

The cofficients, ¢; and ¢, are related as follows:

? (3
| V3
€] = —35C1+ 5¢3

(D.81)
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