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Abstract

The recent findings of hadronic molecules, such as X (3872) and Zj,, are a topic of great
current interest in the hadron physics. Hadronic molecules are deuteron-like loosely
bound states or resonances of hadrons, appearing near the thresholds. Therefore,
such states cannot be reached by the standard quark model (for mesons of ¢g and
baryons of gqq), and are new evidences of the exotic hadrons.

In the formation of the hadronic molecules, there are two important symmetries,
chiral symmetry and heavy quark symmetry. The pion as a Nambu-Goldstone bo-
son, exchanging between constituent hadrons, plays a significant role to generate a
strong attraction. Furthermore, the pion exchange interaction is enhanced by the
heavy quark symmetry. This symmetry manifests the mass degeneracy of a heavy
pseudoscalar meson (P) and a heavy vector meson (P*). Therefore, for molecules
containing the heavy mesons, the one pion exchange potential (OPEP) produced by
the PP*m and P*P*r verticies becomes important when the P and P* mesons are
degenerate.

Thanks to the presence of the attraction provided by the OPEP, we expect forma-
tion of new hadronic molecules, being meson-baryon states. The molecules formed by
a heavy meson (D (B) or D (B) meson) and a nucleon N are interesting. The DN
and BN are manifestly exotic states whose minimal quark content is Qqqqq, where Q
(q) is a heavy antiquark (light quark). These states have never been found in exper-
iment in the heavy flavor region. On the other hand, the DN (BN) states have the
non-exotic flavor structure, and are coupled to the ordinary heavy hadrons such as A,
and .. They are exotic baryon states in which the molecular component dominates
rather than the three-quark one. In addition, the attraction between a heavy meson
and a nucleon motivates us to explore not only two-body systems, but also few-body
systems as exotic nuclei with heavy quarks, such as DNN and BNN. Those systems
show us the interesting phenomena which cannot be seen in the normal nuclei.

In this thesis, the possible existence of the hadronic molecules, being DN (BN)
and DN (BN) for two-body systems, and DNN (BN N) for three-body systems, is
discussed. By solving the coupled-channel Schrodinger equations for PN and P*N,
we obtain many bound and resonant states near the thresholds both in the charm
and bottom sectors. For these states, the OPEP between the heavy meson and the
nucleon plays a crucial role to produce a strong attraction. In particular, the tensor
force mixing the PN and P*N channels with different angular momenta, e.g. L and
L + 2, is dominant not only in the PN states, but also in the PN N states.

We also discuss the PN and PN N states in the heavy quark limit. The sup-
pression of spin-dependent forces between quarks leads to the spin degeneracy of the
states with heavy quarks. The degeneracy has been discussed in the normal heavy
hadrons. However, it can be generalized to the multi-hadron systems, such as hadronic
molecules. We find that the spin degeneracy is also realized in the PN and PNN
states as multi-hadron states.






Acknowledgments

First of all, I would like to express my gratitude to Prof. Atsushi Hosaka (Research
Center for Nuclear Physics (RCNP), Osaka University) for his fruitful guidance and
helpful supports. I am very grateful to Dr. Shigehiro Yasui (Institute of Particle and
Nuclear Studies (IPNS), KEK) for stimulating discussions and providing me with in-
structive advices. They are not only educational supervisors, but also very important
collaborators. I would also like to appreciate Mr. Shunsuke Ohkoda (RCNP) for
discussing and and collaborating on the research. I would like to thank them again
for supporting me in my research life in Osaka.

I'm really grateful to Dr. Yuma Kikuchi (RCNP) for instructing in the numerical
method to solve three-body problems and for valuable advices and discussions.

I would like to appreciate Prof. Hiroyuki Noumi (RCNP), Prof. Tetsuo Hyodo
(Yukawa Institute for Theoretical Physics (YITP), Kyoto University) and Prof. Kazu-
taka Sudoh (Nishogakusha University) for fruitful discussions and helpful supports. 1
also wish to thank Prof. Hiroshi Toki (RCNP), Prof. Veljko Dmitrasinovic (Institute
of Physics, Belgrade University), Prof. Bing-song Zou (ITP, CAS), and Prof. Dmitri
Diakonov (Petersburg Nuclear Physics Institute) for useful discussions and valuable
advices.

I would like to acknowledge RCNP staffs, Prof. Kazuyuki Ogata, Prof. Hiroyuki
Kamano, Dr. Raquel Molina, Dr. Kazuhito Mizuyama, and Dr. Yoko Ogawa for
their kind hospitality and stimulating discussions on Physics. I am also very grateful
to secretaries of RCNP theory group, Ms. Machi Yamakami and Ms. Mika Tambara
for kind supports and hospitality. I wish to thank RCNP students, Hiromi Kaneko,
Takuya Shibata, Tokuro Fukui, Kim Sang-ho, Katsunori Sadato and Kazuki Yoshida
for warm friendship, interesting discussions and a lot of help.

This work is supported in part by Grant-in-Aid for “JSPS Fellows(24-3518)” from
Japan Society for the Promotion of Science.

iii






Contents

Abstract . . . . . .. i
Acknowledgments . . . . . .. ... iii
1 Introduction 1
1.1 Hadronic molecules . . . . . . . .. ... ... ... ... .. ..., 1
1.2 Heavy quark spin symmetry and one pion exchange potential 3
1.3 Spin degenerate states in the heavy quark limit . . . . . ... .. .. 4

2 Heavy quark symmetry and Effective Lagrangian for
heavy mesons. 7
2.1 Introduction . . . . . .. ..o 7
2.2 Heavy quark symmetry and heavy quark effective theory . . . . . . . 8
2.3 Heavy meson effective Lagrangian . . . . . . . .. .. ... ... ... 10
2.3.1 Heavy meson fields . . . . . . ... .. ... 11
2.3.2 Effective Lagrangian with light pseudoscalar mesons . . . . . . 11
2.3.3 Effective Lagrangian with light vector mesons . . . . . . . . .. 14

3 Exotic baryons formed by heavy meson and nucleon (2-
body system) 17
3.1 Introduction . . . . . .. ..o 17
3.2 Heavy meson-Nucleon Interactions . . . . .. ... ... ... .... 19
3.2.1 Interaction Lagrangians and Form factors . . . . . ... .. .. 19
3.2.2 Meson exchange potentials between a heavy meson and a nucleon 22
3.3 Numerical results of D®)N and B*) N (Exotic states) . . ... ... 24
3.3.1 Boundstates . . . .. ... ... o 24
3.3.2 Scattering states and Resonances . . . . . .. .. ... .. ... 27
3.3.2.1 Negative parity states . . . . . . . ... ... ... .. 27
3.3.2.2 Positive parity states . . . . ... ..o 30
3.3.3 Summary and Discussion for DN and B®N . . . . .. ... 34
3.4 Numerical results of D®)N and B®*)N (Non-Exotic states) . . . . . . 36
341 JP=1/2%and 3/2  for I =0 .. ... ... ... ....... 37
342 JP=3/2t 5/2%and 7/2  for I=0. ... ... ........ 41
3.4.3 Isospin triplet (I =1) . .. .. ... ... ... ... ...... 42
3.5 Summary and Discussion for DN and B®N . .. ... ... ... 42
4 Exotic dibaryons formed by P*) NN (3-body system) 45

4.1

Introduction . . . . . . . .. 45



vi Contents
4.2 Interactions . . . . . . . . . .. 46
4.3 Hamiltonian and Three-body wave functions . . . . . .. ... .. .. 47
4.4 Numerical Results of D®)NN and BONN . .. .. ... ... ... 48
4.5 Summary and Discussion for D) NN and BONN . . .. ... ... 51

5 Spin degeneracy of the hadronic molecules 53
5.1 Introduction . . . . . .. ..o 53
5.2 Heavy quark symmetry and Spin degeneracy . . . . . . . . ... ... 54
5.3 Hadronic molecules in the heavy quark limit . . . . . .. .. ... .. 55

5.3.1 Wave functions in the spin-complex-basis . . . . . .. ... .. 55
5.3.2 Hamiltonian in the spin-complex basis . . . . . ... ... ... 58
5.3.3 Fractions of the wave functions . . . . . . ... ... ... ... 61
5.4 Numerical results in the heavy quark limit . . . . . . .. .. .. ... 64
5.4.1 Numerical results of PgN states . . .. ... ... ... .... 64
5.4.2 Numerical results of PQNN states . . .. ... ... ... ... 66
5.5 Summary and Discussion . . . . . . .. .. ... 67

6 Summary 69

A Notations and Conventions 73
Al Relativistic notation . . . . . . . . ... ... L 73
A2 Vector derivatives . . . . . . . . ... oL 73

A.2.1 Cartesian coordinates . . . . . . . . ... .. ... .. ... .. 73
A.2.2 Spherical polar coordinates . . . . . . ... ... L. 74
A3 Pauli matrices . . . . . . ... Lo 74
A4 Dirac matrices . . . . . . . . ... 74
A5 Traces of y matrices. . . . . . . . . ... Lo 75

B Meson exchange potentials and Kinetic terms 7T
B.1 Matrix elements of the Heavy meson-Nucleon potentials . . . . . . . 7
B.2 Potentials and Kinetic terms in the systems of a heavy meson and a

nucleon . . . . ... 79

B.3 Nucleon-nucleon potentials . . . . . .. .. ... ... .. ... ... 88
B.3.1 Minnesota potential . . . . . . ... ... ... L. 89

B.3.2 Bonn potential . . . . . ... ..o oo 90

B.3.3 Agronne Potential . . . .. ... .. ... ... ... ... 100
B.3.3.1 Argonne vig potential (AV18) . . ... ... ... .. 100

B.3.3.2 Argonne vg potential . . . ... .. ... L. 103

C Transformation into the spin-complex basis 105
C.1 Wave functions of the PoN states . . . . ... ... ... . ...... 105
C.2 Hamiltonian of the PoN states . . . .. ... ... ... ....... 108

D Few-body problems and Gaussian expansion method 111
D.1 Variational Method . . . . . . . . .. .. ... ... ... 111
D.2 Matrix diagonalization . . . . . . . .. ... .o oL 112
D.3 Two-body systems . . . . . . ... L o 112



vii

D.4

F.1
F.2
F.3
F.4
F.5
F.6
F.7
F.8
F.9

G.1
G.2
G.3
G4
G.5
G.6
G.7

G.8
G.9

G.10

D.3.1 Gaussian expansion method . . . . . . . .. ... ... L. 112
Three-body problem . . . . . .. ... ... . oL 116
D.4.1 Jacobi coordinate . . . . . . . ... oL 116
D.4.2 Coordinate transformation (r, R — r’, R’) of wave function . . 118
D.4.3 Norm . ... . . . . . 120
D.4.4 Kinetic term . . . . . . ... Lo 122
Least squares method 123
Special Function 125
Gamma Function . . . . .. ... 0oL oo 125
Spherical Bessel Function . . . . . . . ... ... ... ......... 126
Neumann Function . . . . ... ... .. ... ... .. ........ 126
Modified Spherical Bessel Function (First Kind) . . . . . .. ... .. 127
Modified Spherical Bessel Function (Third Kind) . . . ... ... .. 128
Legendre function . . . . . . . . ... . L L o 128
Spherical Harmonics . . . . . . . . . . ... L 129
Confluent Hypergeometric Function . . . . . . . .. ... ... .. .. 130
Error Function . . . . . . . . .. .. 130
Integrals and useful formulas 133
Gaussian Integrals . . . . . . . . . ... 133
Useful Integrals . . . . . . . . . ... ... ... ... 134
Dirac delta function . . . . . . .. ... Lo oL o 134
Rayleigh Formula . . . . . . ... ... ... 0oL 135
Vector identities . . . . . . . . ... 135
Double factorial . . . . . . . . . ... .. 135
Clebsch-Gordan Coefficients . . . . . . .. .. .. ... ... ... .. 135
G.7.1 Explicit forms of the Clebsch-Gordan Coefficients . . . . . . . . 136
G.7.2 Special values . . . . . . . . ... 136
G.7.3 Symmetry properties . . . . . . ... 136
G.7.4 Two Particle with Arbitrary Spin . . . . .. . . ... ... ... 137
G.7.5 Unitary Racah coefficient . . . . . ... .. ... .. ... ... 137
Angular momentum recoupling . . . .. ... ..o 138
67 Symbol . . . .. 138
G.9.1 Relation between the Clebsch-Gordan coefficient and 65 symbol 138
G.9.2 Explicit forms of 65 symbols . . . . ... ... 138
G.9.3 Symmetry properties of the 65 symbols . . . . . ... ... .. 139
G.9.4 One of arguments is equal tozero. . . . . . . ... . ... ... 139
G.9.5 One of arguments is equal to the sum of two others. . . . . . . 139
95 Symbol . . . .. 140
G.10.1 Relation between the Clebsh-Gordan coefficients and 95 symbols 140
G.10.2 Explicit forms of 95 symbols . . . . . . ... ..o L 140
G.10.3 Relation between 95 symbols and 65 symbols . . . . . .. . .. 141
G.10.4 Symmetry properties of the 95 symbols . . . . . . .. ... .. 141

G.10.5 One of the arguments is equal tozero . . . . . . ... ... .. 142



viii

Contents

G.11
G.12
G.13
G.14

Wigner-Eckart theorem . . . . . . . .. ... o000 142
Reduced matrix element . . . . . ... .. oo 142
Tensor products . . . . . . . . ..o 143
Matrix Elements of Basic Tensor Operator . . . . . . .. . ... ... 143
G.14.1 Unit operator I. . 143
G.14.2 Spherical harmonics Y, . . . . . . ..o oo 144

Bibliography 145



Chapter 1

Introduction

Many quarkonium-like states called X,Y,Z in the heavy flavor sectors have been
observed in several accelerator facilities such as KEK-Belle and SLAC-BaBar [1-4].
They are attracted a great deal of interest in hadron and nuclear physics, because
these states have exotic quantum numbers which cannot be explained by the standard
quark model describing mesons as a quark-antiquark state (¢g) and baryons as a three-
quark state (qqq) [5]. Therefore, they are a new evidence of the exotic hadrons in
addition to candidates such as ag, fo and A(1405) in the strangeness sector [6-8].

As new aspects of structures of these exotic mesons, there have been discussions
about the possibility of (i) a hadronic molecule which is a loosely bound state formed
by a heavy meson and antimeson such as DD*, (ii) a tetraquark which is a tightly
bound four quark state, QQqgq, considering additional constituents, a light quark and
antiquark, and (iii) a quarkonium hybrid which has an additional gluonic constituent.
Here, @ and ¢ denote a heavy quark (¢,b) and a light quark (u,d,s), respectively.
The categories (i) and (ii) are classifies as multiquark states. Such states are also
expected to be seen in exotic baryon states as a hadronic molecule composed of a
meson and a baryon, and pentaquark which is a tightly five quark state. The study
of the exotic hadrons beyond the standard quark model provides us with information
to understand how the Quantum Chromodynamics (QCD) produces hadrons from
quarks and gluons.

1.1 Hadronic molecules

Recently, there have been progresses in the researches of hadronic molecules. In
experiment, the candidates of meson-antimeson molecules have been found, such
as X (3872) [9-13] and Z.(3900) [14-16] in the charm sector, and Z;,(10610) and
Zp(10650) [17] in the bottom sector. These quarkonium-like states locate near the
threshold, DD* threshold for X (3872) and Z.(3900), and BB* and B* B* thresholds
for Z,(10610) and Z,(10650), respectively. Hence, these states are expected to be
a DD* bound state for X (3872) and resonance for Z.(3900), and BB* and B*B*
resonances for Z,(10610) and Z;,(10650), respectively. In particular, charged states
Z:(3900), Z,(10610) and Z,(10650) should be multiquark states with non-zero isospin.

For the theoretical researches, meson-antimeson states with heavy quarks were first
discussed by M. B. Voloshin and L. B. Okun [18], and A. De Rujula, H. Georgi,
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and S. L. Glashow [19] in 1970s. They investigated the charmed meson-antimeson
molecules interacting via short-range forces. In 1994, N. A. Tornqvist investigated the
“deuson” systems [20], where the deuson is the deuteron-like meson-antimeson bound
states. The deuteron is a loosely bound state in which the one pion exchange potential
(OPEP) as a long-range force dominates. In the study, the author emphasized the
importance of the OPEP in the deuson as an analogue state of the deuteron. The
long-range force is easy to construct a loosely bound state with a small binding energy.
The state appearing near the threshold is necessary condition that the states can be
interpreted as hadronic molecules with keeping their identities as constituent hadrons.
The ideas of the hadronic molecules as a bound or resonant state of constituent
hadrons have been incorporated in the recent theoretical calculations of the observed
X, Y, Z states including X (3872), Z.(3900) and Z,’s, and other exotic states [21-32].

The hadronic molecular pictures being successfully applied to the meson-antimeson
states are also useful in the meson-baryon systems. Recently, a novel structure has
been suggested in manifestly exotic baryon states with a single heavy antiquark,
namely the DN and D*N (BN and B*N) states, whose minimal quark content is
uudde (uuddb) [33-41]. Therefore, they are genuinely exotic states whose bound states
are stable against a strong decay. Such states are analogue of the pentaquark ©T
composed of uudds in the strangeness sector [34,42-47]. Experimentally, the H1 col-
laboration reported the charmed pentaquark with the mass 3099 MeV at HERA [48],
which is about 150 MeV above the D*N threshold, while it has not been confirmed
yet. However, the charmed and bottom pentaquark states are expected to be found
near the thresholds as a hadronic molecule in analogy with exotic meson sectors.

The hadronic molecules as a bound or resonant states formed a D or D* meson (B
or B* meson) and a nucleon for non-exotic channels are also interesting [49-66]. Since
the DN and D*N (BN and B*N) molecules have ordinary flavor structures of three
quarks, they are intimately related to the ordinary heavy baryons [67], Ac, 3¢, X
and their excited states for the charm sector, and Ay, ¥, 2} and their excited states
for the bottom sector, while the DN and BN states are genuinely exotic states.
The excited states of the ordinary baryons have been studied in the quark model
extensively [68,69]. However, near the DN and D*N (BN and B*N) thresholds, it
is expected that the properties of such baryon states are strongly affected by DN and
D*N (BN and B*N) states. There would be even such states that are dominated by
the molecular components.

The attraction between a heavy meson (D or D (B or B)) and a nucleon motivates
us to explore the few-body problems in exotic nuclei with heavy quarks, because it
is naturally expected that the binding energy becomes larger as the baryon number
increases. In the light flavor sector, it has been studied that the hadron-nucleon
interaction gives us rich phenomena in few-body systems such as the impurity effects.
For instance, the modifications of the nuclear properties, such as size, shape, cluster
and shell structures, and collective motions, induced by bound hadrons as an impurity
can be investigated. The nuclear shrinking for hypernuclei, e.g. §He, { Li and ? Be, has
been studied [70-72]. In K nuclei, the attractive interaction between a K meson and
a nucleon causes high density states [73,74] which have never been realized in normal
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nuclei. In the heavy flavor sector, we can also expect such impurity effects caused by
heavy mesons. In addition, since D and D mesons (B and B mesons) contain a light
quark, the mass modification of the heavy mesons can be observed as discussed in the
systems of vector mesons, p, w and ¢, in the nuclear matter. This is related to partial
restoration of chiral symmetry breaking in the nuclear medium [75]. There have been
many works for heavy mesons in nuclear matter with infinite volume [76-87] and in
atomic nuclei such as 2C, 4°Ca and 2°®Pb with larger baryon numbers [81,83,88-91].
On the other hand, there have been a few studies for few-body systems of heavy
mesic nuclei so far in the literature [92,93]. In particular, the D and B nuclei are
manifestly exotic states whose bound states have no lower hadronic channel connected
by a strong decay. We emphasize that the counterpart of the K nuclei has not been
discussed due to the repulsive force between a K meson and a nucleon [94], while
the K nuclei for the non-exotic channel is a topic of great current interest in the
strangeness sector. Therefore, the D and B nuclei are unique as exotic meson-nucleus
systems.

1.2 Heavy quark spin symmetry and one pion

exchange potential

The hadronic molecules are expected to be a loosely bound or resonant states which
are spatially extended. Therefore, the one pion exchange potential (OPEP) as a long
range force is expected to be important. In particular, the tensor force of the OPEP
yields a strong attraction through mixing of L and L 42 waves, where L stands for an
orbital angular momentum. This mechanism is induced by the pseudoscalar nature
of the pion, and can be seen in the deuteron, where the tensor force mixing 35; and
3D channels generates a strong attraction [95,96]. In the heavy meson systems,
the OPEP is enhanced by a new symmetry which emerges in the heavy quark limit
(mg — 00). This is called the heavy quark spin symmetry.

In the heavy flavor sector, the chiral symmetry and the heavy quark spin symmetry
are essential to provide the OPEP in systems containing heavy mesons Qg (Qg). The
chiral symmetry is a symmetry for the light quarks whose masses are smaller than the
scale of a nonperturbative strong dynamics Aqcp. The spontaneous breaking of chiral
symmetry provides the pion as a Nambu-Goldstone boson [97,98]. In contrast, the
heavy quark spin symmetry appears when a quark mass is an infinite value [99-103].
This is applied approximately to a heavy quark whose mass is much larger than
Aqcep. In the heavy quark limit (mg — 00), a spin-dependent force between quarks
is suppressed because it is proportional to inverse of the quark masses. Therefore, the
heavy quark spin s¢ is decoupled from the total angular momentum j of the brown
muck. The brown muck is defined as everything other than the heavy quark in the
hadrons, e.g. light quarks and gluons. The spin decoupling leads to spin degeneracy
of the states. In a system with a single heavy quark, degenerate states with total
angular momentum and parity, (j — 1/2)F and (j + 1/2)F, emerge for j # 0, while
non-degenerate state emerges for j = 0 [103,104]. For the heavy mesons, therefore,
a heavy pseudoscalar meson P with J© = 0~ and a heavy vector meson P* with
JP = 17 are degenerate. Indeed, the mass splitting between D (B) and D* (B*)
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mesons is small, mp« — mp ~ 140 MeV and mpg+ — mp ~ 45 MeV. The small mass
splittings in the heavy flavor sectors should be compared with the large mass splittings
in the light flavor sectors, about 400 MeV for K and K* mesons and about 600 MeV
for p and ™ mesons.

Because the Yukawa vertices of PP*m and P*P*m generate the OPEP through
the PN — P*N mixings in the PN molecules, this interaction becomes important
especially when P and P* mesons are degenerate. Here, we note that only P meson
cannot generate the OPEP because the PP7 vertex is forbidden due to the parity
conservation. For the light meson systems, the mixing effect is much suppressed
because of large mass splittings between 7 and p, and K and K*. Therefore, the
OPEP plays a minor role in 7N and KN systems.

1.3 Spin degenerate states in the heavy quark limit

The heavy quark spin symmetry manifests the spin degeneracy of the states with
heavy (anti-)quarks as mentioned in the previous section. In the state with a sin-
gle heavy (anti-)quark, existence of doublet states with (j — 1/2)F and (j + 1/2)F
for j # 0 and singlet states for j = 0 is expected. The doublet and singlet states
have been discussed in the ordinary heavy hadrons, e.g. A. as the singlet state,
and D and D* mesons and Y. and Y} baryons with the small mass splittings as
the doublet states [69, 100, 101, 103, 105-108]. The degeneracy can be also general-
ized to multi-hadron systems such as the PN molecules and exotic nuclei with heavy
hadrons [104,109]. For such systems, the brown muck has a bit more complex struc-
ture composed not only of light quarks and gluons in the heavy hadrons, but also of
light hadrons, while the brown muck in the normal hadrons contains only the light de-
grees of freedom in the heavy hadrons. However, both in the normal and exotic heavy
hadrons, the brown muck is useful to classify the states with heavy quarks because
the total angular momentum j of the brown muck is conserved in the heavy quark
limit. This is expected to provide us with information to study the mass spectra,
decays and productions of the (non-)degenerate states in experiment.

In the thesis, the possible existences of the PN states, being DN (BN) for exotic
channels and DN (BN) for non-exotic channels, and the three-body PNN states,
being DNN (BN N) for the exotic channels, are investigated. Respecting the heavy
quark symmetry and chiral symmetry, the interaction Lagrangians for a heavy meson
with a light meson, 7, p and w, are constructed as shown in chapter 2. We consider
the one boson exchange potential produced by those Lagrangians. The tensor force of
the PN — P* N mixing component is expected to generate a strong attraction between
constituent hadrons. By solving the coupled-channel Schodinger equations for PN
and P*N channels, we obtain bound and resonant states numerically. The two-body
and three-body states are discussed in chapter 3 and in chapter 4, respectively.

For exotic channels, we emphasize that the DN (BN) and DNN (BNN) are
unique as genuinely exotic meson-baryon systems, because the counterparts of KN
and KNN in the strangeness sector do not exist due to the repulsive interaction
between a K meson and a nucleon.



1.3 Spin degenerate states in the heavy quark limit

For non-exotic channels, the DN and D*N (BN and B*N) channels only are
considered. In reality, however, such hadronic molecules do not necessarily correspond
to the observed states, because there should be couplings not only to three quark
states, A¢, X and 3} (Ap, Xy, and ), but also to other meson-baryon states such as
TAc, 73 and 7X7 (mAy, 7, and 7357 ). However, we may expect that such couplings
are small for DN and BN baryons near the thresholds. The reasons are that the wave
functions of hadronic molecules are spatially large as compared to the conventional
three quark states, and that the transitions, e.g. from DN (BN) to 73, (7¥y,), are
suppressed by a heavy quark exchange. From those points of view, in the present
discussion, we focus on the role of the DN and D*N (BN and B*N) sectors and
study the bound or resonant states generated by D) N and B*) N

Furthermore, we discuss the spin degeneracy of the exotic PN and PN N states in
the heavy quark limit in chapter 5. The brown muck is utilized to understand the
spin structures of the molecules states.

The final chapter is devoted to a summary of the thesis.






Chapter 2

Heavy quark symmetry and
Effective Lagrangian for
heavy mesons.

2.1 Introduction

The heavy quark symmetry can be used to describe the properties of the hadrons
containing the heavy quarks @ [99-103]. The symmetry arises in the effective La-
grangian of QCD in the heavy quark limit (mg — o0), which is called Heavy quark
effective theory (HQET) [101-103,110-112]. In the real world, this is applied to the
heavy quarks (Q = ¢, b and t) whose masses are much larger than the scale Aqcp,
while there are corrections, of order Aqcp/mg. The heavy quark symmetry implies
that (i) the dynamics is independent of the heavy quark flavors, and (ii) the dynamics
is independent of the spin-flip of the heavy quarks. Thus, the flavor-spin symmetry
gives relations between properties of heavy hadrons, for instance D and B mesons
which are pseudoscalar mesons with different heavy flavors, and D and D* mesons
which are charmed mesons with different spins.

The effective Lagrangian for heavy mesons with light mesons is constructed by
the chiral perturbation theory as satisfying the heavy quark symmetry and chiral
symmetry. The spin symmetry for the heavy quarks leads to remarkable feature
that both heave pseudoscalar meson P and heavy vector meson P* are considered
as fundamental degrees of freedom in the dynamics. Since the vertices of PP*m and
P*P*rm generate the OPEP, the spin symmetry enhances the OPEP in the heavy
meson systems.

In this chapter, we introduce the heavy quark symmetry in the HQET, and the
chiral lagrangian which is used in the construction of the meson exchange potentials
in the systems of a heavy meson and a nucleon, addressed in the thesis.
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Chapter 2 Heavy quark symmetry and Effective Lagrangian for heavy mesons.

2.2 Heavy quark symmetry and heavy quark

effective theory

Heavy quark symmetry is manifested by the HQET being good approximation to
QCD, when the quark mass is much larger than Aqcp. The HQET provides processes
where the heavy quark bound in a hadron interacts with light degrees of freedom by
exchanging the soft gluons.

Let us consider the heavy quark moving with the hadron at the velocity v, and
being almost on-shell. In the hadron, the heavy quark is surrounded by the brown
muck. The brown muck is defined as everything other than the heavy quark in the
hadron, i.e. light (anti-)quarks and gluons. The momentum of the heavy hadron is
given as

Pfl = MQU“, (2.1)

with the heavy hadron mass Mg. The four-velocity v¥ satisfies v = 1. The heavy
quark mass mg is expected to be nearly equal to the heavy hadron mass, namely
mg ~ Mg. The heavy quark also carries nearly all of momentum of the heavy
hadron, while the brown muck carries a small momentum ¢*. The momentum of the
heavy quark can be written as

P, = Py — ¢ = mqu" + k", (2.2)
where k is the residual momentum expressed by
k= (Mg —mq)v" —¢", (2.3)

which is of order Aqcp.
The heavy quark field Q(x) is separated into two components as

Q(z) = exp (—imqu - ) [hy(z) + Hy ()] , (2.4)
where h,(z) and H,(x) are upper and lower components of Q(x) defined as

hy(x) = exp (imgu - ) PLQ(x) ,
H,(x) =exp (imgv - ) P_Q(x) .

The phase factor is chosen to describe that the space-time dependence of the fields is
weak. P, and P_ are positive and negative energy projection operators:

_ 12y

Py 5

The projection operators satisfy

P} =P, PyP-=0. (2.8)
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h, annihilates a heavy quark with velocity v, and H, create a heavy antiquark with
velocity v. From Eq. (2.7), the fields h, and H, are transformed by

$hy = hy, ¢$H,=—H,. (2.9)

As for a hadron containing a heavy antiquark, the field is defined as

Q@) = exp (imov - ) [hy (@) + Hy (@)] | (2.10)
where

h, (x) = exp (—imgu - ) P_Q(x), (2.11)

H, (z) =exp (—imqu - )P+ Q(x) . (2.12)

The QCD Lagrangian for heavy quarks is written as

ﬁQCD = Q (Z@ — mQ) Q, (2.13)

where the covariant derivative is given by D,, = 9, +igA};T* with the gluon field A},
and the generators of SU(3), T. Inserting the field Q(x) in Eq. (2.4) into the QCD
Lagrangian, we obtain

Lqcp = hyiv - Dhy, — H(iv - D + 2mg)H, + hyilDy H, + HyilD 1 hy . (2.14)
The transverse part of the covariant derivative is written as
QJ_:’YM (guu_vuvl/)DV:ﬁ_W/(v'D)a (2'15)

which is orthogonal to the velocity v, namely v-I; = 0.
As the next step, the field H, is eliminated by using the equation of motion of QCD
as

(i —mq)Q =0
— (i) — mq) exp (—imqu - x) [hy(z) + Hy(x)] =0
— iDhy + (i) — 2mq)H, = 0. (2.16)

Premultiplying it by P_, we obtain

i) 1 hy — (iv-D+2mg)H, =0. (2.17)
This can be transformed into

H, = (iv- D +2mg —ic) YD h, . (2.18)

Substituting Eq. (2.18) into the QCD Lagrangian in Eq. (2.14) yields the effective
Lagrangian

Legt = hyiv - Dhy + hyilD ) (iv - D + 2mg —ie) ™ iDL hy . (2.19)
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The second term can be expanded in iD/mg. Using the identity
o . 9 L. v
P i, = (ZDL) + §ZQUQ5G“ , (2.20)

where [D¥, D¥] = igG*¥ is the gluon field strength tensor, we derive the effective
Lagrangian at tree level as

_ _ (1D )? _
Lo = hyiv - Dhy + Ty (22 L) hy + o

mQ mQ

o
W;LGM L O(1/m3). (2.21)

The leading term does not contain the dependence of heavy quark mass and spin.
Hence, in the heavy quark limit, the Lagrangian manifests spin and flavor symmetries,
namely heavy quark flavor and spin symmetries. The heavy flavor symmetry indicates
that dynamics is not changed under the exchange of heavy quark flavors. The heavy
quark spin symmetry indicates that dynamics is not changed by the spin flip of the
heavy quark. The second and third terms which are proportional to the inverse of
heavy quark mass mg violate the heavy quark symmetry in the finite heavy quark
mass. The second term is the heavy quark kinetic energy which breaks the flavor
symmetry. The third term describes the spin-dependent interaction between the heavy
quark and the gluon field. Hence, this term violates both flavor and spin symmetries.

The heavy quark spin symmetry shows us remarkable feature in the heavy hadron
systems. Because the heavy quark spin symmetry emerges due to the suppression
of the spin-dependent forces such as the third term in Eq. (2.21), it leads to the
separation of the heavy quark spin sg and the total angular momentum j of brown
muck. Thus, the spin symmetry induces the spin degeneracy of the heavy hadron.
For hadrons containing a single heavy quark (sq = 1/2), the states with total angular
momentum and parity (j —1/2) and (j+1/2)F for j # 0 are degenerate in the heavy
quark limit, while the non-degenerate states appear for 7 = 0. The spin degeneracy
has been discussed in the normal heavy hadrons as the observation of the small mass
splittings between the heavy hadrons with different spins in the charm and bottom
sectors. For the heavy mesons, the mass degeneracy of the heavy pseudoscalar and
vector mesons are present: the mass splitting of D and D* mesons for the charm
sector are about 140 MeV, and that of B and B* mesons for the bottom sector are
about 45 MeV. They can be compared with the splitting in the light quark sector:
m, —myx ~ 600 MeV and mg- —mg ~ 400 MeV. The small mass splittings are also
seen in the heavy hadrons with J¥ = 1/2% and 3/2% such as my: — mys, ~ 65 MeV
and myr — my, ~ 20 MeV for the charm and bottom baryons, respectively. The
heavy quark spin symmetry also manifests the spin degeneracy in the multi-hadron
states with heavy quarks, such as hadronic molecules and exotic nuclei [104,109]. The
spin degeneracy for the hadronic molecules will be discussed in Chapter 5.

2.3 Heavy meson effective Lagrangian

In this section, we describe the effective Lagrangian for the heavy meson interacting
with the pion and the vector mesons (p and w). For the hadronic molecules addressed
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in this study, the effective degrees of freedom are hadrons such as D and B mesons, and
nucleon. From the effective Lagrangian, the one boson exchange potentials between
constituent hadrons are constructed.

First of all, the field operators of the heavy pseudoscalar meson P and the heavy
vector meson P* are introduced in Sec. 2.3.1. Second, the chiral Lagrangian for the
heavy mesons with Nambu-Goldstone bosons is constructed in Sec. 2.3.2. Finally, in
Sec. 2.3.3, the effective Lagrangian for the heavy mesons with the light vector mesons
are obtained.

2.3.1 Heavy meson fields

The heavy mesons composed of Qq (Q7) with negative parity are represented by the
4 x 4 matrix H, [113-118] as

1+
Ho= 22 [Py — Py (2:22)

2
_ 3 1+
Ha = ’YOH;’YO = [Pa;tpyu + P(-1|-75] Tﬁ ) (223)
which are written as a linear combination of the P, and P; meson fields, where P,
(P7) is annihilation operator which destroys P (P*) mesons with the velocity v. The
pseudoscalar and vector meson fields are normalized as

(0| P| P(py)) = v/p°, (2.24)
(O] B [P (9 V) = eV V20 (2.25)

where £()),, is the polarization vector of P* with polarization A. The positive energy
projection operator (14 #)/2 chooses the upper component of the heavy quark. The
subscript a is for light flavors (u, d, s).

Under the Lorenz transformation,

H, — D(AH,D(A)™", (2.26)

where D(A) is the Lorenz transformation matrix for spinors. Under the heavy quark
spin transformation,

H, = SH,, (2.27)

where S belongs to SU(2), and satisfies [¢, S] = 0.

2.3.2 Effective Lagrangian with light pseudoscalar mesons

Let us show the effective Lagrangian for the heavy meson with the Nambu-Goldstone
(NG) bosons. The Lagrangian is described by the chiral perturbation theory [119-
123], where is consistent with the symmetries, namely the heavy quark and chiral
symmetries, and expressed as the expansion in terms of powers of Q) /A, , with a small
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momentum or pion mass (), and chiral symmetry breaking scale A, ~ 1 GeV. The
NG bosons are expressed by

E=VY =exp(iM/fs), (2.28)

where f, = 132 MeV is the pion decay constant and

7T0 n
— 4 — Tt K+
V2 V6 .
M = T~ —% n % K© . (2.29)
_ 2
K- R Y e
3,’7

The NG boson ¥ builds up the chiral Lagrangian as
1
Lchiral = §f72rTr [auzauzw ) (230)

at the lowest order in the derivatives, and in the massless limit. The Lagrangian is
invariant under the transformation of SU(3),®SU(3)x,

Y = 939k (2.31)
Under this chiral transformations, £(z) and H, are

£(x) — gré(2)U' (z) = U(x)&(z)gh (2.32)
H, — H,U] . (2.33)

The matrix U(z) belongs to the SU(3), subgroup. The NG bosons interact with the
heavy mesons through the covariant derivative

D! = 6,40 + V| (2.34)
with the vector current

VH — % (tore + corel) | (2.35)
and through the axial current

Al = % (€tore —comel) . (2.36)
The V# and A* are transformed as

Vi S UVHUT + UOMUT, (2.37)

AP 5 UARUT . (2.38)
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At the leading order in the momentum expansion and in the 1/Mg expansion (Mg
is a mass of the heavy meson), the strong interactions of the heavy meson and NG
bosons [113-118] are described by

Lyspr = iTr [Hy, Dy Hy] +igTr [Hyy,vs AL Ha ) (2.39)

The vector current in the first term in Eq. (2.39) leads to a coupling of even numbers
of the NG bosons with the heavy meson, while the second term with the axial current
expresses a coupling of odd numbers of the NG bosons. Hence, the one pion exchange
potential is constructed by the second term as shown in Sec. 3.2.

The second term in Eq. (2.39) includes the interactions of heavy mesons (P, P*)
with a light pseudoscalar meson M, as vertices of PP*M,, and P*P*M,,:

Losppe = 2]%<PJP3;L + P2 PO My (2.40)
EpSP*P* = 2if£€yﬂa6UMP;;Pb*yaaMba . (24]‘)

The PP M), vertex is forbidden due to the parity conservation. The coupling constant
g for the pion (expressed by ¢,.) can be fixed by the observed width of the D* — Dx
decay. At the rest frame of the D* meson, the decay width I'(D* — D) is

x|

I'(D* — Dn) = |M|?, (2.42)
8Tmp=
where
m2. —m2 +m2\>
Pr = D D7) —m2. (2.43)
ZmD*

The scattering amplitude |M| is obtained by the Lagrangian in Eq. (2.40), and there-
fore we obtain the decay widths [103,118]

2
(D" — DOrt) = I7_1, 3 2.44
( ) = gl (2.49)
2
(D"t — D% = 71, 3. 2.4

From the experimental values, the D** decay width I' = 96 KeV, and the fractions
I'(D** — D% *)/T = 0.677 and I'(D** — D*x%)/T" = 0.307 [124], we obtain
lg=| = 0.59. The coupling of the D*Dr vertex (gp=p~) is also studied by other
approaches. The lattice QCD simulation in Ref [125] predicted gp«pr = 18.812.33:6
with systematic and statical errors. The definition is related to g, through gp«p, =
2\/mpmp-gr/ fr, and therefore they obtained a large value, g, = 0.67 £ 0.08’:8:8%.

In the heavy quark limit, we can use g, with the same value for Eqgs. (2.40) and
(2.41) from the heavy quark spin symmetry. For finite heavy quark masses, however,
the 1/M¢ corrections split the couplings for PP*m and P*P*m vertices as discussed
in Refs. [103,118,126-130].
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2.3.3 Effective Lagrangian with light vector mesons

The interaction Lagrangian for heavy mesons with light vector mesons is introduced
by the hidden gauge symmetry approach [131].
The pseudoscalar meson field ¥ is written as

> =LR'. (2.46)

The chiral Lagrangian in Eq. (2.30) is invariant under the transformation of
SU(3),®SU(3) r®SU(3) ,
L — giLh', (2.47)
R — grLh', (2.48)
where h € SU(3)y is a local gauge transformation [118,132]. When we chose the

gauge fixing L = R = &, this is the same as the Lagrangian in the previous section.
The vector and axial currents are then expressed as

VH = % (LTo"L + R'0*R) | (2.49)

AF = % (LTo"L — R'O*R) | (2.50)
which are transformed as

VH# — RVHRT 4+ ho'RT (2.51)

A* — hAPRT (2.52)

under the local group SU(3)y. The heavy meson field H, is transformed as
H, — Hyhl . (2.53)

The covariant derivative is give by D* = 0¥ +V*# with the vector current in Eq. (2.51).
The light vector mesons are introduced as the gauge bosons of the hidden local
symmetry. The vector meson field are defined as

.gv .
Pu = Zﬁpua (2.54)
0
p w + ot
£ > K
viiva ot
Pu = - P w %0 , (2.55)
SR K
o V2 V2
K*~ K0 10}

where gy = m,,/ fm is the gauge coupling constant of the hidden local symmetry [131].
The field p,, is transformed as the vector current,

pu — hp ht 4+ ho,hT. (2.56)
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The strong interactions of the heavy meson and the light vector meson [118,132]
are given

Lopn = —ifTr [Hyw"(pp)paHa] + iXTr [Hyo" Fu(p)paHa] (2.57)
where the field tensor F},, (p) is defined as

pr(p) = aupu - az/pu + [IO;M/)V] . (258)

This Lagrangian provides vPP, vPP* and vP*P* vertices as

Lopp = —V2B9y PyPlv - pra (2.59)
Loppe = —2V2Agyv,e" P (PI Py — PP, (Pa)ba (2.60)
Lopspr = V2Bgy Py P v - prq +i2V2Xgy Py P (0" (5" )ba — 0% (5" )ba) -

(2.61)

The coupling constant § = 0.9 is determined by the vector meson dominance as
discussed in Ref. [133]. Therefore, § can be related to the yp coupling. The coupling
constants A = 0.59 GeV~! are obtained by a form factor of a semileptonic decay of a
heavy meson [117,133].






Chapter 3

Exotic baryons formed by
heavy meson and nucleon
(2-body system)

3.1 Introduction

In this chapter, the possible existence of two-body hadronic molecules formed by a
heavy meson and a nucleon is discussed both in charm and bottom sectors. As for the
heavy meson, we consider both P(= D, B) meson and their antiparticles, P(= D, B)
meson® . The heavy meson and the nucleon N would compose of the PN molecule for
the exotic channel, and the PN molecule for non-exotic channel, drawn in Fig. 3.1.

A unique feature of the DN (BN) states is their genuinely exotic flavor structure
with the minimal quark content Qqqqq [33-41], where Q is a heavy antiquark and ¢’s
are light quarks. Therefore, the DN (BN) states have no lower channels coupled by
the strong decay and such molecules give us a new aspect of the pentaquark states
with a heavy antiquark. The counterpart, KN molecules, in the strangeness sector
doesn’t exist due to the repulsion between a K meson and a nucleon [94], while the
pentaquark state ©* has been investigated [34,42-47].

Fig.3.1 PN and PN molecules for the two-body systems.

¥ In this thesis, P (P) is defined as a meson Qq (Qg). (For clarity, the P will sometimes be
omitted.)
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The DN (BN) states with the non-exotic flavor structure are intimately related
to the ordinary heavy baryons such as A. and ¥. (A}, and Xy). Heavy baryons have
been studied as Qqq states by the standard quark model [68,69]. Recently, the excited
baryon states with a composite structure are discussed. The A.(2595) is studied as a
deeply quasi-bound state of DN in Ref. [49], which is analogous to the A(1405) as a
quasi-bound state of KN [8]. The DN interaction is expected to be stronger than the
DN interaction because the short-range forces, namely p and w exchanges, for DN
produce a strong attraction, while the p exchange is attraction but the w exchange
is repulsion for DN. This can be seen in the light flavor sector. The NN and KN
interactions are known to produce the strong attraction rather than the NN and KN
interactions. In the deeply bound systems for DN (and also for BN), the couplings
to the three-quark states are not negligible because the size of such composite states
is expected to be small, and constituent hadrons overlap each other. Near the DN
(BN) threshold, however, it is expected that the DN (BN) molecular components
dominate because the spatially size is extended.

In the systems of a heavy meson and a nucleon, the one pion exchange potential
(OPEP) is expected to play a dominant role to produce a strong attraction because
it is enhanced by the heavy quark spin symmetry. This symmetry manifests in mass
degeneracy of heavy pseudoscalar mesons P = D, B (P = D, B) and vector mesons
P* = D*, B* (P* = D*, B*) due to the suppression of the spin-dependent forces
between heavy quarks and light degrees of freedom in the heavy hadron [99, 100].
Indeed, the mass splitting between a D (B) meson and a D* (B*) meson is small;
140 MeV for D and D* mesons and 45 MeV for B and B* mesons. The small mass
splittings in the heavy flavor sectors should be compared with the large mass splittings,
~ 400 MeV for K and K* mesons, and ~ 600 MeV for 7 and p mesons, in the light
flavor sectors. Because of this, the heavy quark spin symmetry introduces the mixing
of PN and P*N states. Therefore, both P and P* mesons are considered on the
same footing as fundamental degrees of freedom in the dynamics. For convenience,
in the following, we introduce a notation P™) to stand for P or P*. Thanks to the
PN — P*N mixing, the OPEP between a P™*) meson and a nucleon N is supplied by
PP*m and P*P*r vertices [37,134-136].

The importance of the OPEP has been discussed in the nuclear physics. The pion
was introduced by H. Yukawa to explain the nuclear force [137]. The specific features
of the pion are the small mass and the pseudoscalar nature, coming from the fact
that it is a Nambu-Goldstone boson. The small mass of the pion provides the long-
range force, and the pseudoscalar nature leads to the presence of the tensor force
in the OPEP. The tensor force mixing the channels with different orbital angular
momenta is a driving force to produce the bound states of atomic nuclei. In the
deuteron, the tensor force inducing the 3S; —3 D; channel coupling generates a strong
attraction [95,96]. For the PN interaction, this mechanism also emerges through the
mixing of PN and P*N channels as shown in Fig. 3.2, and therefore we expect that
the OPEP plays an important role in the hadronic molecules including the heavy
meson. We note that the OPEP does not exist PN — PN only because the PP7
vertex is forbidden by the parity conservation. The PN — P*N mixing becomes
important as the mass splitting between P and P* mesons decreases. Therefore, the
OPEP is more essential in the heavy meson systems due to the heavy quark spin
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N N P N
----——-——-——- ® ----—-——-——- ®
2y 1y
N N P* N
----——-——-——- ® ----—-——-——- ®
s ™
N N P N

Fig.3.2 OPEP between two nucleons (left) and a heavy meson and a nucleon
(right). The tensor force emerges through the NN(*S;) — NN (°D;) mixing for
the deuteron, and the PN (*S;,2) — P*N(*D;») mixing for the PN state with
JP=1/2".

symmetry. In contrast, the mass splitting between K and K* mesons, and 7 and p
mesons are much larger than the heavy flavor sectors, mg+ — mg ~ 400 MeV, and
m, — my ~ 600 MeV. Hence, the nature of interactions is expected to be different
from the PN states, and KN (KN) and 7N states.

Those P*) N states can be classified by total angular momentum .J, parity P and
isospin I. In the present study, we investigate the states with J© = 1/2%, 3/2% 5/2%
7/2% and 9/2% for I = 0 and 1, as summarized in Table. 3.1. As mentioned above, the
channel couplings for PN and P*N become important in the P*) N states. Therefore,
it is necessary to solve coupled-channel equations for PN and P*N channels.

3.2 Heavy meson-Nucleon Interactions

3.2.1 Interaction Lagrangians and Form factors

In this section, we construct the one boson exchange potential between a P*) me-
son and a nucleon from the effective Lagrangian introduced in the previous chapter.
We employ the Lagrangians for a light meson (7, p, w) and heavy mesons, given in
Egs. (2.40)-(2.41) and (2.59)-(2.61), namely

Loppe = 2?—:(13;13;” + P2 Py b (3.1)

Lppspe = 2i?—:5”“aﬁv“P;ng‘yﬁafrba ) (3.2)
for the pion and

Lopp = —V2Bgv PoPiv - pra (3-3)

Lopps = —2v2Agyv,e"*?(PI P}y — PiPy)0, (pa)ba - (3.4)

Lopepe = V2B9v By PEv - pra +12V2Agy PE P (0 (5 Yo — 07 (9Y0a) - (3.5)
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Table.3.1 Various coupled channels for a given quantum number J? in PN
systems. The channels for the J” state are specified by orbital angular momen-
tum L and total spin S as 1L ;.

Jr channels | # of channels
1/27 | PN(2S1/2) P*N(*Si/2, *D1)2) 3
1/2% | PN(*Pyj3) P*N(*Pyjg, *Py2)
3/27 | PN(*D3y3) P*N(*Ss/2, >Dsj2, *Ds/3)
3/2% | PN(*Py2) P*N(*P3)3, “Pyjo, *F3)5)
5/27 | PN(*Ds;3) P*N (*Ds;3, D52, G5)2)
(
(
(
(
(

5/27 | PN(2F53) P*N (*Ps g, 2Fs/3,% Fs3)
7/27 | PN(*Gy/3) P*N (*D7/2, >G7)2,* G7/2)
7/2% | PN(*F7)3) P*N (*Fy9, *F7)2,"* Hy /)
9/2= | PN(?
9/2+ | PN

P*N (2G9/274G9/27419/2)
P*N (*Fy)5, 2Hy /2, Hy5)

=k e e e e e e W

for the vector mesons, where the scrips m and v are for the pion and vector meson
(p and w), respectively. For pion vertices, there is no mPP vertex due to parity
conservation. The pion and vector meson fields are

0
T+ o
o | V2 o | ==, (3.6)
_ ™ V2
7'(' —_——
2
0 UJO
p__|__ /)+ S o
= | V2 V2 = L P 3.7
Pp = 0 0 = . ()
- P Y V2

P V2 V2

Here, 7 are isospin matrices represented by Pauli matrices. Spherical components
(7%,7%) in Eq. (3.6) are related to cartesian components (7, T, 73) as

+ 7T1:|:i7T2 0

7 , T =T3. (3.8)

From the heavy quark spin symmetry, we use the coupling constants with same
value for Egs. (3.1)-(3.2) for g, and for Egs. (3.3)-(3.5) for 8 and 7. The couplings are
employed both in charm and bottom sectors due to the heavy quark flavor symmetry.
The values are summarized in Table 3.2.

™
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Table.3.2 Masses and coupling constants of mesons a(= m,p,w) for DN and
BN systems [37,134-136]. For DN and BN, the signs of g, 5 and X for vertices
of m and w are reversed due to G-parity transformation.

Meson mq [MeV] g B A[GeV7l ¢g2yn/4m K

7T 137.27 0.59 — — 13.6 —
p 769.9 — 09 0.56 0.84 6.1
w 781.94 — 0.9 0.56 20.0 0.0

Table.3.3 Cutoff parameter Ax and low energy properties of the NN system,
namely binding energy Ep, mixing ratio of 3D; channel Pp, relative distance
<r2>l/ 2, scattering length a and effective range r.. Results for m potential and
mpw potential are compared.

Potential Ay [MeV] Ep [MeV] Pp (%] (r2)"° [fm] a [fm] 7. [fm]
T 837 2.22 5.4 3.7 5.27 1.50
TP W 846 2.22 5.3 3.7 5.23 1.49

The interaction Lagrangians for nucleons and a light meson are given by Bonn
model [138,139] as

LonN = V2igannNy#N = igannNYs7N - 7, (3.9)
_ K —
Lonn = V2gunn [NvupN + WNUW@"[’WN , (3.10)
N

where N = (p,n)? is nucleon field and my = 940 MeV is the mass of nucleon. The

coupling constants are determined by NN scattering data phenomenologically [139]
and summarized also in Table 3.2.
To parametrize internal structure of hadrons, we introduce dipole-type form factor

A2 _ 2 A2 o 2
— 2N T Mo AP~ Mo (3.11)

FaA»i— — —
4.9 A+ 1712 AL + 1712

with cutoff parameters A = Ay, Ap, where m, and ¢ are the mass and three mo-
mentum of the incoming meson o = 7, p, w, respectively. These cutoffs are fixed as
follows. First, the cutoff Ay for the nucleon vertex is determined to reproduce the
properties of the deuteron, the binding energy, scattering length and effective range,
when we solve the nucleon-nucleon system for 7 exchange potential and 7pw exchange
potentials. The NN potential is also constructed by Egs. (3.9) and (3.10), and form
factor F(An,q) = (A% —m2)/(A% + |7|*))?. Then, we obtain Ay = 837 MeV for
potential, and Ay = 846 MeV for mpw potential summarized in Table 3.3. We find
that these cutoffs can reproduce the low energy properties of the deuteron and NN
scattering as shown in Table 3.3.
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Second, we fix cutoff parameter Ap for the heavy meson vertex. We assume the
relation Ap/An = ry/rp, where ry (rp) is the matter radius of the nucleon (heavy
meson). From quark model estimation [37], we use Ap = 1.35Ay for D*) (D™)
meson, Ap = 1.29Ayx for B®) (B™), where ry = 0.58 fm, rp = 0.43 fm and
rg = 0.45 fm.

We would like to give a comment on the meson exchange interaction in our model.
In the present study, we doesn’t consider the o exchange potential explicitly to sim-
plify our model calculation, while this plays non-negligible role in the realistic NN
potential model. In particular, the o exchange potential cancels out the contribution
of vector meson (w) exchange potential. However, we assume that the effect of the o
exchange potential is in the small value of the cutoff A in Table 3.3. In fact the cutoff
AN is smaller than in Bonn potential (over 1 GeV) [138,139], and close to the masses
of vector mesons, 769.9 MeV for p meson and 781.94 MeV for w meson. Therefore, in
our model, the contribution of vector meson exchange potential is suppressed by the
small cutoff Ay effectively (See Eq.(3.11)). In fact, our NN potential can reproduce
the properties of the deuteron without the o exchange potential as seen in Table 3.3.

3.2.2 Meson exchange potentials between a heavy meson and

a nucleon

The meson exchange potentials between a heavy meson and a nucleon are obtained
by the second-order Feynman diagrams shown in Fig. 3.3. In the c.m system, the
Feynman amplitude for an a meson exchange is calculated as

oY o — (6% Pa
—iVa(p',p) = FPUN(—P')FNUN(—p)—qz e

(3.12)

where wuy is the Dirac spinor for the nucleon, p (p’) is a four-momentum in the initial

(final) state and Fga) is a vertex obtained by interaction Lagrangians and the form
factor. P, is a numerator in the meson propagator; P, = i for a pseudo-meson and
P, = —ig,, for a vector meson. g is defined as ¢ = p’ — p. Dirac spinors are given by

Ey,+my 1
_ B (- N 3.13
un(p, s) m((0~@/(Ep+mN)>X )
) E,+myn o-p 10
an(p,s) = ul(p,s)7’ = \/%X1 (1 M) ( 0 -1 )
p
2mpy s Ep +m

) , (3.14)
N
with E, = y/m% + p? and a Pauli spinor xs. The Dirac spinors are normalized as
un(p)un(p) = 1.

The potentials in the coordinate space are obtained from Eq. (3.12) by performing
the Fourier transformation. As a consequence, we obtain meson exchange potentials

for PN — PN, PN — P*N and P*N — P*N scatterings. Here we consider the static
approximation v# = (1,0) in the potentials.
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P (p) N(=p)

P(*)(p) N(-p)

Fig.3.3 Feynman diagrams of one boson exchange potentials. Solid (dashed)
line denotes the P*) mesons and nucleons N (the exchanged bosons).

The one pion exchange potentials (OPEP) are given by L,pp+, Lyp+p= and LrnnN

as
TIT 1 — —
Vinpen(r) = =N S [ G0 ma) + ST (ryme)] Ty, (319)
Ty 1 - -
VE nepen (1) = \gfiz zjf [s FC(r; my) +SST(r;mW)} o T, (3.16)

where S is the spin-one operator of P*, defined by Si,, = ig* (. )T€§€ ), and S: (Sg)
is the tensor operator So () = 3(0 - #)(G - #) — O - & with # = 7/r and r = || for
O = £ (5), where 7 is the relative position vector between P*) and N. & are Pauli
matrices acting on nucleon spin. 7p (7y) are isospin operators for P*) (N). The
central and tensor forces, C(r) and T'(r), are written by

>q m? iq7 o
C(T;m):/<2ﬂ_)3 §2+m26q F(A,q) (3.17)
m? AY, —m? AL —m?
— —mnr — T — T .1
dar [6 TR Tat TR At | (3.18)

P*q  —q? i .
= / @72 mr 0@ (A9 (3.19)
= So(F) 473T3 [(3 + 3mr + m2r?)e "™ + fv X‘; (34 3Apr + AZr)e A7
+j§3 T; (3 4+ 3AnT 4+ A% r?)e AT (3.20)
respectively.

The vector meson exchange potentials (p and w) are also obtained by L, pp, Lypp+,
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Lop=p~ and L,yN as

_ BgvgunN

Ven_pn(r) = Wc(r;mv)ﬁ? TN, (3.21)
»NNA(L 1 o L
Vin_pey(r) = 20K U+r)] [—28- GC(r;my) + ST (r;my)] Tp - TN,
\/§mN 3
(3.22)
v Bgvgsnn L
Veen—p-n(r) = Wc(r;mv)m ‘TN

—

25 -dC(r;my) — SsT(T;mv)] Tp - TN.
(3.23)

ngvNNA<1 + /{) 1
+ —
V2my 3

The explicit forms of the meson exchange potentials for each J¥ are summarized
in Appendix B.2.

3.3 Numerical results of D®) N and B® N (Exotic

states)

Let us discuss exotic channels for the PN — P*N system. To obtain bound and
resonant states, we solve the coupled-channel Schrédinger equations numerically for
PN and P*N channels. The total Hamiltonian H;» = K r + V;r for each J¥ is
given by the kinetic term K ;r summarized in the Appendix B.2 and the potentials
V;r between a P*) meson and a nucleon, introduced in the previous section. As for
a method to solve second order differential equations with the channel-couplings, we
apply the renormalized Numerov method developed by B. R. Johnson in Refs. [140—
142]. This method is also applied to PN systems for the non-exotic channels in
Sec.3.4.

Two potentials are employed in our calculations, the m potential and 7p w potential,
and we discuss the importance of the OPEP in the hadronic molecules.

We present the results for the bound states in Sec. 3.3.1 and the resonances in
Sec. 3.3.2. The obtained energies are summarized in Tables 3.4 and 3.8, and also in
Fig. 3.8.

3.3.1 Bound states

In the present section, we discuss the bound states for the P*) N systems. We find
bound states in the (I, J) = (0,1/27) both for D*)N and B*)N. We emphasize
that they are stable against the strong decay, because there is no lower hadronic state.
The binding energies Fp and relative distance between constituent hadrons <r2>1/2
are summarized in Table. 3.4. We find that the results of m potential is almost same
as those of mpw potential. In Table. 3.4, the bound state of D*) N has the small
binding energy, about 2 MeV, which is close to DN threshold, and large relative

distance, over 3 fm. Hence, the D) N states form a loosely bound state like the
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deuteron. For the bottom sector, the B(*) N states have large binding energy, about
20 MeV. The corresponding relative distance, over 1 fm, is slightly large compared to
twice of typical hadron size, namely 1 fm.

Table.3.4 Binding energy Ep and relative distance <r2>1/2 for DN and B® N
bound states. Results for m and wpw potentials are compared.

D®N(r) DWN(rpw) BYWN(r) BYN(mpw)
Ep [MeV] 1.6 2.1 195 23.0
()Y [fm] 35 3.2 1.3 1.2

The wave functions of the D) N and B*)N are displayed in Fig. 3.4. We depict
only the results for the mpw potential because the difference between results for the
7w and mpw potentials are small. In Fig. 3.4, the wave function of the DN(251/2) has
a long tail which is not negligible even at a distance of 10 fm. Both in the charm and
bottom sectors, the PN (25, /2) channel is most dominant component in the bound
states, while the P* N channels are suppressed due to the excess of mass of about 140
MeV for the charm sector and about 45 MeV for the bottom sector. From the wave
functions, we obtain the mixing ratios of PN (2S},2), P*N(*S1/2) and P*N(*Dy 5)
channels listed in Table 3.5. The mixing ratios of the P* N channels are very small in
comparison with ratio of the PN (25, /2) channel. However, the P*N (“D, /2) channel
plays an important role to form the bound state as will be shown later.

0.6 0.8 | —

0.5 0.6 _

0.4

03 _ 0.4 N
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0.2 § 0.2 i

01 0 o “._.-.---.-.. ............
0 Lo

o1 0.2 15 & BNCDyp) 1

-0.2 0.4 L

| | | | | | | |
01 2 3 4 5 6 7 8 9 10
r [fm]

Fig.3.4 Wave functions of the DN and B™ N bound states for the (I, J7) =
(0,1/27) state when the mpw potential is used [39].

To investigate how the bound states are formed, we estimate the energy expecta-
tion values of interaction matrix elements. The expectation values of the 7w, p and
w exchange potentials, sandwiched by the obtained wave functions, are shown in Ta-
bles. 3.6 and 3.7. We find that the (PN (S)|V | P*N (D)) component of the 7 exchange
potential plays a dominant role both in the D™ N and B®) N states. This component
of the OPEP has the tensor force corresponding to the second term in Eq. (3.15) (see
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Table.3.5 Mixing ratios of each channel in the D® N and B® N bound states
when mpw potential is used.

N(®S1/2) P*N(*Si;3) P*N(*Dys)
D®N 9576 % 1.56 % 2.68 %
BHN 79.02 % 10.82 % 10.16 %

Table.3.6 Energy expectation values of the DN(1/27) potentials in the bound
states. Each component of 7, p and w potentials is listed. All values are in units

of MeV.
Components % ve Ve
DN(S)|V|DN(S)) 0.0 —-27 36
DN(S)|V|D*N(S)) -24 —-52 1.0

<DN(S)VD*N(D)> -352 34 —06
(D*N(S)‘ V|D*N(S > 04 07 01

Z:)*N(S) V D*N > —5.0 0.6 —-0.1
D*N(D) |V|D*N > 3.7 -09 04
Total —38.5 —4.1 4.4

Table.3.7 Energy expectation values of the BN (1/27) potentials in the bound
states. The same convention is used as Table. 3.6.

Component VT Ve Ve
(BN(S)|V |BN(S5)) 0 —5.4 7.0
(BN(S)|V |B*N(S)) —8.2 —164 3.1
(BN(S)|V |B*N(D))  —902 83 ~15
(B*N(S)|V |B*N(S)) 2.0 3.2 0.6
(B*N(S)|V |B*N(D)) -223 21 —0.4x102
(B*N(D)|V |B*N (D)) 13.2 —3.2 1.4
Total —105.5 —-114 10.6

also Eq. (B.16)). The tensor force causing the PN — P* N mixing of different angular
momenta by AL = 2 generates the strong attraction in the bound states. Although
the mixing ratio of the P*N(*D; /2) channel is very small, the channel-coupling of
PN (%251 /2) and P*N(*D;5) is essential to form the bound states. This mechanism
is similar with the deuteron in which the tensor force causing the 3S; —3 D; mixing
produces a strong attraction [95,96]. The ratio of the 3D; channel in the deuteron is
also no more than 5 %.

When the results of the DN and B®*) N are compared, the B®) N state is more
bound than the D N. It is understood as follows. The tensor force mixing PN and
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P*N is enhanced , where P and P* mesons degenerate in the heavy quark sector.
Furthermore, the large reduced mass suppresses the kinetic term.
Finally, we find no bound state in the other J¥ states and isotriplet states.

3.3.2 Scattering states and Resonances

Let us now move to the scattering state above the PN thresholds. We find several
resonances in the isosinglet channel (I = 0).

In the present study, we determine the resonance energy and decay width by ana-
lyzing the phase shift. When a decay width is relatively smaller than corresponding
resonance energy from the threshold, we identify the resonance at the position where
the phase shift crosses 7/2. However, it will turn out that the decay widths are not
necessarily small. Hence, we define the resonance position E.. by an inflection point
of the phase shift as discussed in Ref. [143].

3.3.2.1 Negative parity states

First, the results of scattering states with negative parity are shown. In Fig. 3.5, we
present the phase shifts 0 of PN(QSl/g), P*N(QSl/g) and P*N(4D1/2) channels in
the (I,JP) = (0,1/27) when the mpw potential is used. Each phase shift is plotted
as a function of the scattering energy F in the center of mass system. The PN(251/2)
phase shift starts at 6 = 7 because of the presence of the bound state shown in the
previous section. Otherwise the energy dependence of all the phase shifts is rather
smooth.

We show the total cross sections of D)N and BN scatterings for the mpw
potential in Fig. 3.6. They start from the maximum value at the threshold and
decrease monotonically. For shallower bound state (for the D*) N system), the peak
value at the threshold is larger, due to the presence of the bound state near the
threshold. In the limit the binding energy EFp — 0, the peak diverges as explained
by the zero-energy resonance.
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Fig.3.5 Phase shift of the DN and B*) N scattering states for the (I, J¥) =
(0,1/27) when mpw potential is used [39].
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Fig.3.6 Total cross section of the DN (>S;,2) and BN (S ,2) scattering states
for (I,J7) = (0,1/27) when the mpw potential is used [39].
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Fig.3.7 Phase shift of the DN and BN scattering states for the (7, JP) =
(0,3/27) when mpw potential is used [39]. The D*N and B*N phase shifts
(shown in the right side) start from the D*N and B*N thresholds, respectively.
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Table.3.8 Properties of resonances of D™ N and B*) N systems for I = 0. The
energies F are complex as Fre —il'/2 where E,. is the resonance energy and I' /2 is
the half-width. The resonance energies are measured from the lowest thresholds

(DN and BN).
DN BN
P .
J Potential E [MeV] E [MeV]
3/2- m 113.5 —i9.7 8.4 —148.0 x 1072
TPW 113.2 —i8.6 6.9 —i4.7 x 1072
1/2+ T 26.1 — 162.6 5.8 —12.9
TP w 26.8 —165.7 5.8 —13.0
3/2+ T 148.2 — 5.0 32.3 —114.5
TP W 148.2 — 5.0 31.8 —1714.4
5/2+ T 177.1 —492.3 58.5 —126.1
TP W 176.0 — i87.4 58.4 —124.8
B E
176.0-i174.8/25/2+
JE I = By
(2949 MeV) 113.2-1:17.7/23/2_
26.8-i131.3/2 31.8—i28.7£2 3/9+
I e 2O oty stz o
-_—1/2
(2807 MeV) 21 (6219 MeV)  ———— -
pP=- P=+ pP=— P=+

Fig.3.8 Exotic states with negative parity (P = —) and positive parity (P = +)
for I = 0. The energies are measured from the lowest thresholds (DN and BN).
The binding energy is given as a real negative value, and the resonance energy
E.. and decay width I" are given as E,. — iI'/2, in units of MeV. The values are
given when the mpw potential is used [40].

In the (I,J7) = (0,3/27) states, we obtain resonances above the PN thresholds.
The phase shifts of PN channels shown in Fig. 3.7 indicate the existence of a resonance
at the scattering energy E,. = 113.2 MeV for DN and at F.. = 6.9 MeV for BN
when the mpw potential is used. The corresponding half decay widths are 8.6 MeV
for DN and 4.7 x10=2 MeV for BN. The results are also tabulated in Table 3.8 and
displayed in Fig. 3.8. The mechanism of the resonance can be understood by looking
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at the phase shifts in other channels; in particular, we find that those of P*N (%S5 /2)
start from 0 = 7, indicating the presence of a bound state in these channels. Indeed,
we checked that, when the PN (?Dj/5) channel is ignored and only the P*N(*S32),
P*N(*Ds s2) and P*N (2Ds /2) channels are considered, there are bound states at
Ep =11.5 MeV for D*N and at Eg = 21.7 MeV for B*N, measured from D*N and
B*N thresholds. Therefore, these resonances are the Feshbach resonances.

We plot the cross section in the (I,JF) = (0,3/27) states shown in Fig. 3.9.
Because there is a resonant state at E,. ~ 113 MeV in the DN scattering and at
E,.. ~ 7 MeV in the BN scattering, the cross section becomes maximum at each
resonance energy.
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Fig.3.9 Total cross section of the DN and BN scattering states for (I,.J¥) =
(0,3/27) when the mpw potential is used [39].

Finally, we note that there is no resonance in J* = 1/27, 5/27, 7/2~ and 9/2~
for negative parity states.

3.3.2.2 Positive parity states

Now, let us discuss the results of (I, J¥) = (0,1/2%), (0,3/2%) and (0,5/27). In the
(I,JP) = (0,1/2%) channel, we find resonances in both D*)N and B*)N systems.
The phase shifts §’s of PN(2Py/5), P*N(*Py/2) and P*N(*P; /3) channels obtained
for the mpw potential are shown in Fig. 3.10. The vertical dashed lines in the figures
represent the positions of D* N and B* N thresholds. The sharp increase of the phase
shift of the PN (2P1 /2) channel indicates the existence of a resonance. A similar
behavior is obtained also when the 7 exchange potential is employed. The resonance
energies and half decay widths are summarized in Table 3.8 and in Fig. 3.8. We obtain
the resonance energy at 26.8 MeV for D*)N and at 5.8 MeV for B*) N, with the
half decay widths 65.7 MeV and 3.0 MeV, respectively, for the mpw potential. The
difference between two results by the 7 potential and the mpw potential is very small
and therefore the vector meson exchange interactions play a minor role as seen in the
negative parity states. The attractive force forming the resonance is mainly provided
by the m exchange potential in the PN — P* N mixing component. As a consequence,
the mixing effect yields the so-called shape resonance in the PN (2P, /2) channel with

20
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the p-wave centrifugal barrier. Finally, the total cross sections for the D®*) N and
B™ N scatterings when the mpw potential is used are shown in Figs. 3.11 and 3.12,
respectively. The peaks are found at around each resonance energy, 26.8 MeV and
5.8 MeV, for D) N and B™ N, respectively.
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Fig.3.10 Phase shift of the D®N and B® N scattering states for (I,J7) =
(0,1/2%) when the mpw potential is used [40].

In the (I,J7) = (0,3/2%) state, we find a resonance for each D*)N and B® N
state. However, the structures of the resonances are different. For the D*) N state,
The phase shifts 6’s of DN(*Ps;5), D*N(®Ps)5), D*N(*P;,5) and D*N(*F3/5) are
shown in Fig. 3.13. In the phase shift of DN (P; /2), there is a small peak structure
at the D*N threshold, which is interpreted as a cusp. Indeed we have checked nu-
merically that the location of the peak is precisely at the D*N threshold. On the
other hand, the phase shift of D* N (*P; /2) which rises sharply indicates the presence
of a resonance above the D* N threshold in this channel. The resonance energies and
decay widths are summarized in Table 3.8 and in Fig. 3.8. When the DN — D* N mix-
ing is ignored, there still exists a resonance at the resonance energy 145.5 MeV with
the decay width 6.1 MeV, which are close to the original values in the full channel-
couplings. Therefore, the obtained resonance is a shape resonance generated mainly
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Fig.3.11 Total cross section of the
D™N scattering states for (I,JF) =
(0,1/27) when the mpw potential is
used [40].
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Fig.3.12 Total cross section of the
BY N scattering states for (I,J7) =
(0,1/27) when the mpw potential is
used [40].

by the p-wave centrifugal barrier in the D*N(* P /2) states. In the resonance, the
DN — D* N mixing effect is not significant. We show the cross section for DN (*Ps5)
for the mpw potential in Fig. 3.15, in which the peak appears at the resonance energy.
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Fig.3.13 Phase shifts of the D) N scattering states with (I, J7) = (0,3/2%)

when the mpw potential is used [40].

For the BN state with (Z,J7) = (0,3/2%), the phase shifts §’s of BN(*Ps5),
B*N(2P3/2), B*N(4P3/2) and B*N(4F3/2) are plotted in Fig. 3.14. The sharp in-
crease of the phase shift passing through 7/2 in BN (?Ps s2) as an indication of a
resonance. We also find that the phase shift in B*N(*P;/5) starts from m. There-
fore, we conclude that the resonance in the BN state with (I, J¥) = (0,3/2%) is a
Feshbach resonance. Indeed, when we switch off the BN (2P /2) channel, we obtain
a bound state of B*/N which energy is close to the original resonance position. The
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resonance energy is 31.8 MeV and the decay width is 28.7 MeV as summarized in
Table 3.8 and in Fig. 3.8. The resonance locates below the B* N threshold, while the
DU N resonance in the (I, J7) = (0,3/2%) is above the D*N threshold. The total
cross section plotted in Fig. 3.16 also show a peak at around the resonance energy.
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Fig.3.14 Phase shifts of the B*)N scattering states with (I, J) = (0,3/2%)

when the mpw potential is used [40].
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Fig.3.15 Total cross section of the

D*N(*P3/5) scattering when the mpw
potential is used [40].

In the (I,J7) =

300

4 T T T T

3 -
=
E 2F
o

1 -

O | | 1 |

0 20 40 60 80 100

E [MeV]

Fig.3.16 Total cross section of the
BN(*Py,5) scattering state  with
(I,J%) = (0,3/2%) when the mpw

potential is used [40].

, state, we find a resonance for eac D (* an
0,5/2% find f h D®N and

B™N above the P*N threshold. The phase shifts 0’s of PN(*Fy,2), P*N(*Ps5/2),
P*N(*F5/2) and P*N(*Fy/5) are shown in Fig. 3.17. Small peak structures in the
phase shifts of DN(2F5/2) and BN(*F;/5) are interpreted as cusps. Above the
P*N threshold, the phase shifts of D*N(4P5/2) and B*N(4P5/2) rise up and these

structures indicate the presence of resonances.

The resonance energies are 176.0
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MeV for D*N and 58.4 MeV for B*N, and the decay widths are 174.8 MeV and
We summarize the results in Table 3.8 and in Fig 3.8.

49.6 MeV, respectively. a
When the PN — P*N mixing is ignored, the resonant states in the D*N(*P;5) and

B*N(*P; /2) channels still exist at the resonance energies close to the values from
Therefore, these resonant states are shape resonances

the full channel-couplings.
generated mainly by the p-wave centrifugal barrier in the P*N(1Ps /2) channel.
In the resonance, the PN — P*N mixing effect plays a minor role. Finally, The
cross sections for D*N(4P5/2) and B*N(4P5/2) are plotted in Figs. 3.18 and 3.19,

respectively. They also have a peak structure around the resonance energies.
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Fig.3.17 Phase shifts of the D) N and B™ N scattering states with (I, J©) =

(0,5/2%) when the mpw potential is used [40].

3.3.3 Summary and Discussion for D® N and B® N

Brief summary for results of D) N and B*)N is given in this section. The exotic
states, being D) N and B® N, have been investigated. They have genuinely exotic
flavor structure whose minimal quark content is Qqqqq. We employ the 7, p and
w exchange potentials as an interaction between a heavy meson and a nucleon, and
the m and mpw potentials are compared. We have found the bound states in the
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Fig.3.18 Total cross section of the Fig.3.19 Total cross section of the
D*N(*Ps/5) scattering when the mpw B*N(*Ps;3) scattering when the mpw
potential is used [40]. potential is used [40].

(I,J¥) = (0,1/27) and the resonances in (I, J*) = (0,1/2%), (0,3/2%) and (0,5/2%)
both for D) N and B*N.

In each (I, JT) state, we verify that the results of the m potential is similar to those
of the mpw potential. It means that both D®*)N and B*) N systems are dominated
almost by the long range force due to the m exchange.

The mixing between PN and P*N channels is enhanced due to the heavy quark spin
symmetry and becomes important in the P*) N states (except for the states above
the P*N threshold). The effect of the mixing which induces the tensor force becomes
more significant for the bottom sector where the mass difference between PN and
P*N is smaller. This causes differences in results in the charm and bottom sectors.
For the (I,J7) = (0,1/27), the tensor force in the PN (25} /2) — P*N(*D; /2) mixing
component plays an important role in the P*) N bound states. The P*) N resonances
with (I,JF) = (0,1/2%) are generated with the p-wave centrifugal barrier in the PN
channel by the attraction induced from the PN — P*N mixing. The mixing effect
is also significant for the Feshbach resonances in the P*) N with (I,J7) = (0,3/27)
and the BN with (I, JF) = (0,3/2%). Above the P*N threshold, however, the DN
resonance with (I,JF) = (0,3/2%) and the PN resonances with (I, J¥) = (0,5/27)
are generated with the p-wave centrifugal barrier in the P* N channel mainly by the
P*N interaction, in which the PN — P*N mixing effect plays a minor role. For the
resonances in the PU) N states, the combination of the centrifugal barrier in higher
partial wave and the attraction caused by the PN — P* N mixing yields more variety
of resonance structures. The mechanisms of the resonance structure are summarized
in Table 3.9.

To compare the result of the negative parity states with the result of the positive
parity states, energy levels for the exotic P(*) N states , shown in Fig. 3.8, are useful.
We find that the bound states exist in the negative parity states, while no bound
state exists in the positive parity states. This is because the lowest state PN (2P, /2)
in J© = 1/2% has a p-wave orbital angular momentum L = 1, while PN (25} 5) in
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J¥ =1/27 has an s-wave orbital angular momentum L = 0. In the same way, we see
that the resonance energies of the positive parity states tend to be higher than those
of the negative parity states.

Finally, let us discuss the isospin triplet channel. We find no bound and resonant
states in the isospin triplet state (I = 1), while many states are found in the isospin
singlet state (I = 0). The reason can be understood by the isospin factor 7p - Tn of
the meson exchange potentials. The isospin factor for I = 0 is 7p - Tv = —3, while
the absolute value of the isospin factor for I = 1 is small, 7p - 75 = 1. Due to the
small isospin factor, the attraction from isotriplet meson exchanges becomes weak.
In particular, the m exchange potential in which the off-diagonal terms play a crucial
role is sensitive to this factor. Therefore, the isospin triplet state cannot obtain the
strong attraction from the 7 exchange potential which dominates in the P(*) N states.

Table.3.9 The mechanism to form the resonances in the D N and B®*) N states
with (I,J7) = (0,1/2%), (0,3/2%) and (0,5/2%). All the shape resonances in
PN (P*N) with the positive parity are induced by the p-wave centrifugal barrier
in the PN (P*N) channel.

(1,J7) | DN states | BN states

( ) Feshbach resonance
(0,1/27) shape resonance in PN
( )

( )

shape resonance in P*NN | Feshbach resonance
shape resonance in P*N

3.4 Numerical results of DN and B®N
(Non-Exotic states)

In this section, we consider non-exotic states for the PN — P*N systems, where P*)
denotes D™ or B™) meson composed of Q. The P*) mesons are the antiparticle of
P discussed in Sec. 3.3. The P*) N molecule should couple not only to three quark
states (Qgq) but also to other meson-baryon states such as Ay, 7%, and 7%}, where
h = ¢, b. However, it is expected that such couplings are small for D) N and B® N
baryons near the thresholds. For the couplings to the three quark states, the wave
functions of P*) N molecules are spatially large as compared to the conventional Qgq
states. For the couplings to other meson-baryon states, the transitions, e.g. from PN
to mXy, are suppressed by a heavy quark exchange. From those points of view, in
the present section, we do not consider the channel couplings to other states such as
Qqq and 7Yy, as long as the relative distance between the P meson and the nucleon
is large. We study the bound and resonant states generated by the D) N and B® N
states.

The meson exchange potentials employed in the PU)N states are the same as
those in the PN states, except for the signs of coupling constants of 7 and w in
Table 3.2, which are reversed due to G-parity transformation between D) (B())
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and D™ (B(™)). To obtain the bound states and resonances, the coupled-channel
Schrédinger equations are solved by using the same method for the P®) N states as
discussed in Sec. 3.3. In the non-exotic channel, we also compare results for the 7
potential with those for the mpw potentials.

First, the results for the isosinglet state (I = 0) are presented. We discuss the
states with J¥ = 1/2% and 3/2~ in Sec. 3.4.1, and then those with JZ = 3/2%, 5/2%
and 7/2% in Sec. 3.4.2. In fact, it will turn out that the results in those two categories
have different behaviors. The energies of bound and resonant states are summarized
in Table 3.10 and also presented in Figs. 3.20 and 3.21. The results are shown for the
m and mpw potentials, and the corresponding energy levels are connected by arrows
in Figs. 3.20 and 3.21. The numerical values are measured from the DN and BN
thresholds, respectively.

Second, we present the results for the isotriplet state (I = 1) in Sec. 3.4.3. The
energies are shown in Table 3.10 and Fig. 3.22.

34.1 JP =1/2*and 3/2- for I =0

For (I,J7) = (0,1/27), we find bound states in both of D*)N and B*)N. For
D™ N | the binding energies are —14.4 MeV for the 7 potential and —82.5 MeV for
the mpw potential. The relative radii are 1.51 fm and 0.86 fm, respectively. As
expected, for a larger binding energy, the system becomes smaller. The tensor force
from the 7 exchange which is the main driving force of the DN-D* N mixing plays an
important role to form the bound states. In fact, we have verified that neither bound
nor resonant state exists when the tensor force from the 7 exchange is switched off
and the DN-D*N mixing is small. For J¥ = 1/27, the results in the 7= and Tpw
potentials are very different as indicated in Figs. 3.20 and 3.21. Since both the p and
w exchanges are attractive for the D) N (B*) N) system, the vector meson exchanges
contribute to form the deeply bound state of the binding energy around 80 MeV. This
contrasts with the result for the D) N and B® N systems of truly exotic channels
in Sec. 3.3, where the p and w exchanges play a minor role due to the cancellation of
these two potentials.

We estimate the mixing ratio of various channels in the bound states as summa-
rized in Table 3.11. We observe that, for JP = 1/27 states, the most dominant
component is DN (25, /2) with the fraction 71.8 %. The second dominant component
is D*N(*D; /2) with the fraction 20.4 %. Therefore, the tensor force which mixes
the S-wave in DN (%5} 5) and the D-wave in D*N(*D; ) is important to provide a
strong attraction.

For B® N of (I, JF) = (0,1/27), we also obtain bound states. The binding energies
are —H7.8 MeV for the m potential and —145.9 MeV for the mpw potential, and the
relative radii are 0.99 fm and 0.76 fm, respectively. Again the results of the two
potentials are very different with the same reason for the D) N system. As compared
to the D™ N system, the binding energy in the B*) N system is much larger, because
heavier particles suppress kinetic energy. For the mixing ratios, we also find a similar
tendency as we discussed for the D) N system; 56.1 % for BN(QSl/Q), 13.3 % for
B*N(2S1/2) and 30.6 % for B*N(*D ).
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Table.3.10 Properties of bound and resonant states of DN and B® N sys-
tems. The energies F are either pure real for bound states or complex for resonant
states. The complex energies for resonances are written as Fye —il'/2 where F,e
is the resonance energy and I'/2 is the half-width. The binding and resonance en-
ergies are measured from the lowest threshold (DN and BN). Relative distances
are shown only for bound states.

[(J7) Potential 1y o (V2 [fm]  E [MeV] BN<7»2>1/2 [fm]
I I v R R
o2ty 1':12.'2'2 0.85 :18835?0 8??
03/27) 7T7pT W 63El_?).i77'9 0.89 _ 1328%; 8:22
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Table.3.11 Mixing ratio of each channel in the bound D™ N and BN states
for J¥ =1/2% and 3/2% with I = 0 when the mpw potential is employed.

1/2- | PN(2S15) P'N(S15) P'N('D;) —
DN 71.8% 7.8% 20.4% —
BN 56.1% 13.3% 30.6% —
3/27 | PN(*Dsjy) P*N(*S35) P*N(*Dsj) P*N(*Ds)y)
DN 19.8% 62.8% 14.2% 3.2%
BN 14.6% 64.7% 16.7% 4.0%
1/27 | PN(P,;;) P°N(P3) P N(*P ) —
DN | 388% 6.0% 55.2% =
BN 28.4% 7.7% 63.9% —
3/2F | PN(®Py0) P N(2Py5) P'N(Py5) P N('Fy)
DN = = —
BN 71.2% 6.7% 7.5% 14.6%
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Fig.3.20 Energies of bound and resonant states of D) N for I = 0 with positive
parity (P = +) and negative parity (P = —), quoted from Ref. [136]. The ener-
gies are measured from the DN threshold. The results for 7 and mpw potentials
are shown, where corresponding states are connected by arrows. The binding en-
ergies are given as real negative value, and the resonance energies F\e and decay
widths I' are given as Fye — i['/2.

Let us move to (I, J¥) = (0,1/2F) state. For D*) N, we find one resonance near
the DN threshold when the 7 potential is used. The resonance energy is 1.4 MeV
and the half decay width is 0.2 MeV as shown in Table 3.10. When the mpw potential
is used, however, we find a bound state with a binding energy —81.5 MeV and with
a relative radius 0.85 fm. Therefore, we also find large difference between the results
for the m and mpw potentials. Interestingly, in the mixing ratio of the bound state
shown in Table 3.11, the ratio of D*N (4P, /2) channel is largest in the DN states for
(I,J¥) = (0,1/2%), although the mass of D*N is heavier than the mass of DN. This
is because the attraction of tensor force is the strongest for the D*N (4P, /2) channel,
and hence this channel dominates in the state.

For B®)N of (I,J¥) = (0,1/2%), we also find bound states for both cases when
the m and mpw potentials are used. The binding energies are large, —83.8 MeV for
the 7 potential and —185.0 MeV for the wpw potential, and the relative radii are 0.92
fm and 0.75 fm, respectively. In this case again, B* N (*P; /2) is the most dominant
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Fig.3.21 Energies of bound and resonant states of B™) N for I = 0 with positive

parity (P = +) and negative parity (P = —), quoted from Ref. [136]. The
energies are measured from the BN threshold. The same convention is used as
Fig. 3.20.

component regardless of its heavy mass.

The behavior of the (I, J7) = (0,3/27) states is also the same as the (0,1/27) and
(0,1/27) states. We find a resonant DN state for the m potential with the resonance
energy 63.5 MeV and the half decay width 7.9 MeV as shown in Table 3.10. In
contrast, for the mpw potential, we find a bound DN state with the binding energy
—13.7 MeV and the relative radius 0.89 fm. For the bound state, the mixing ratios
are 19.8 % for DN (*Ds5), 62.8 % for D*N (*S3/2), 14.2 % for D*N(*D3/5) and 3.2
% for D*N (*Ds5). Thus, D*N(*S5/5) is the dominant channel although its mass is
heavier than the mass of DN (2D5 /2); once again a large attraction due to the tensor
force is provided.

For B*) N state of (I, J) = (0,3/27), we obtain bound states for both cases the
and 7pw potentials are used. We also find the difference between the binding energies
for the 7 and mpw potentials, —38.7 MeV for the m potential and —127.8 MeV for the
mpw potential. The mixing ratios displayed in Table 3.11 indicates the dominance of
the B*N(S3/5) channel as seen in the DN state of (I, JF) = (0,3/27).



3.4 Numerical results of DN and B*) N (Non-Exotic states)

41

3.42 JP =3/2% 5/2%t and 7/27 for I =0

For (I,J%) = (0,3/2%), we find resonant states above the PN threshold. For D*) N,
the resonance energies are 23.8 MeV for the m potential and 26.0 MeV for the mpw
potential. The half decay widths are 118.1 MeV and 44.2 MeV, respectively. As
compared to the cases of 1/2% and 3/27, the results of the 7 and 7mpw potentials
are not very much different, as indicated in Fig. 3.20. Since the wave functions are
extended due to larger orbital angular momenta of P-wave (L = 1) and F-wave
(L = 3) for J¥ = 3/2%, the long range potential of the m exchange dominates, while
the short range potentials from p and w exchanges are suppressed. For B*) N, when
the 7 potential is used, we find a resonant state whose resonance energy is 12.9 MeV
and half decay width is 15.5 MeV, while when the mpw potential is used, we find a
loosely bound state of a binding energy —2.6 MeV and a relative radius 1.81 fm. In the
mixing ratios in Table 3.11, we see that the most dominant component is BN (?P; /2)s
71.2 %, and the second dominant one is B*N(*F3/5), 14.6 %. This indicates that
the tensor force in the BN(2P3/2) — B*N(4F3/2) component in Eq. (B.19) plays an
important role to form the B*) N bound state.

For (I,JF) = (0,5/27), we obtain resonant states for both cases when the 7 and
mpw potentials are used. For D*) N, the resonance energies are 153.6 MeV for the 7
potential and 160.0 MeV for the wpw potential, which are above the D* N threshold.
The corresponding half decay widths are 671.9 MeV and 375.4 MeV, respectively. The
difference between the results of the m and mpw potentials is once again small, due to
the same reason as before with large angular momenta. For B*) N state, we also find
resonant states above the B*N threshold. The resonance positions are 63.7 MeV for
the 7 potential and 71.3 MeV for the mpw potential. The corresponding half decay
widths are 177.6 MeV and 102.8 MeV, respectively. We observe from Table 3.10 that
the widths of the 5/2~ states of both DN and BN are very large. The reason is that
there is only very weak attraction in these channels. Because of the very large widths
of order 1 GeV, it is not easy to interpret physically them as particle states.

For (I,J¥) = (0,5/2%), we find resonant states with narrow widths for both cases
when the 7 and 7mpw potentials are used. For D*) N, when the 7 potential is used,
the resonance energy is 160.8 MeV and the half decay width I'/2 = 3.1 MeV. When
the mpw potential is used, the resonance energy is 137.0 MeV and the half decay
width I'/2 = 7.6 MeV. For B*)N, we also find resonances whose energies are 46.0
MeV for the 7 potential and 20.0 MeV for the mpw potential, with the corresponding
half decay widths 1.1 MeV and 0.2 MeV, respectively. Again, the results for the 7
and mpw potentials are similar.

For (I,JF) = (0,7/27), we obtain resonances above the D* N and B*N thresholds.
For D) N, there exist resonances at 217.7 MeV for the 7 potential and at 220.8 MeV
for the mpw potential, with half decay widths 182.4 MeV and 109.1 MeV, respectively.
For B™*) N, there also exist resonances whose energies are 85.6 MeV for the 7 potential
and 87.5 MeV for the mpw potential, with half decay widths 74.5 MeV and 46.7 MeV,
respectively.
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3.4.3 Isospin triplet (I = 1)

Let us move to the states of isospin triplet (I = 1). We summarize the results for
D™ N and for B®) N in Table 3.10 and show the energy levels in Fig. 3.22. As a result,
we find resonant states only for J¥ = 1/2~ when the 7pw potential is employed. For
D™ N, the resonance energy is 147.2 MeV and the half decay width is 105.5 MeV.
For B® N state, we obtain the resonance whose energy is 50.7 MeV and half width
75.5 MeV. The reason that there are not many states in isospin triplet channel can be
understood as follows; as compared to the isosinglet channel, the attractive force in
the isotriplet channel is weak due to small isospin factor; 7p - Ty = —3 for isosinglet
and Tp - Ty = 1 for isotriplet.

E E
147.2 —4105.5
T
D¥N [T
(2949 MeV)
50.7 — i75.5 _
B*N ,_,,é,l/,? ,,,,,,,,,,,,,,,,,,,,
(6265 MeV)
722 271
(2807 MeV) (6219 MeV)
P=— P =+ P=— P=+

Fig.3.22 Energies of bound and resonant states of DN and B® N for I =1
when the mpw potential is used [136]. The same convention is used as Fig. 3.20.

3.5 Summary and Discussion for D®N and B® N

A brief summary for results of D) N and B*)N is given in this section. Non-exotic
baryon states with ordinary quantum number have been investigated. The 7, p and
w exchange potentials between a P meson and a nucleon were employed, while we
did not consider the channel couplings to other hadronic channels such as A.(Ayp)
and 7. (7%},). By solving coupled channel Schrédinger equations for PN and P*N
channels, we have found many bound and resonant states with 1/2%, 3/2%, 5/2% and
7/27 for I = 0 and few resonances with 1/27 for I = 1. For these states, the tensor
force of the m exchange potential plays a significant role to produce them.

The 7 exchange potential becomes more important in the bottom sector than in
the charm sector. The small mass difference between B and B* mesons helps to yield
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the strong attraction because it induces the strong BN — B* N mixing with the tensor
force. Furthermore, the B*) N has heavier reduced mass and hence the kinetic term
is suppressed. For these reasons, the binding energies of B*) N states are larger than
these of DN states.

When we compare the results of the 7 potential and of the mpw potential, they
are quite different for J” = 1/2%, 3/2~ with I = 0, where the p and w exchange
potentials become important to produce an attraction. For D) N and B®) N states,
both p and w exchange potentials are attractive, and hence they increase the binding
energy significantly. On the other hand, for J© = 3/2%, 5/2% and 7/2~, the results
for the mpw potential are similar to those for the m potential. For large J states, the
7 exchange potential plays a dominant role to generate bound and resonant states,
while the p and w exchanges play only a minor one. This is attributed to the fact
that these states have large orbital angular momenta. If relevant channels include
large orbital angular momenta, the wave functions tend to extend spatially, and the
long range force, namely the 7 exchange potential, becomes important while the short
range force is suppressed.

In the present study, we discuss the molecular structure formed by the P*)N
bound and resonant states. However, the hadronic molecular picture is not applicable
to deeply bound states with small radii. For such states, the constituent hadrons,
namely the D(*) (B (*)) meson and the nucleon, overlap each other, and therefore we
have to consider short range effects such as an internal structure of hadrons, channel
couplings to conventional three quark states, etc. As a naive criterion for the hadronic
molecule, we have shown the relative radii of the bound states as discussed in Ref. [24].
If the size of the bound state is larger than twice of typical hadron size (namely 1
fm), the state could be well described by a molecular structure. For resonant states,
we identify the states as the hadronic molecule. According to the criterion, for the
mpw potential, only the bound state for J© = 3/2% of B*)N constructs a hadronic
molecule, where the relative radius is 1.81 fm. Contrary to this, the bound states for
J¥ =1/2% and 3/2~ with I = 0 which have a small radius and a large binding energy
are not described as simple molecules. For such states, we need to consider the short
range effects including various channel couplings to do more realistic discussions.






Chapter 4

Exotic dibaryons formed by
PHENN (3-body system)

4.1 Introduction

In section 3.3, we investigated the exotic D*) N and B*) N states and saw that the
attraction coming from the OPEP was important to yield the bound and resonant
states. This attractive force between a heavy meson and a nucleon motivates us to
explore the few- and many-body problems in mesic nuclei with a heavy antiquark,
namely D (B) nuclei. It is naturally expected that the binding energy increases as the
baryon number increases. In fact, in the hyperon-nucleon systems in the strangeness
sector, several A hypernuclei have been found in experiments [71], while the AN two-
body bound/resonant states are not observed. A unique feature of the D (B) nuclei
is their genuinely exotic flavor structure. Therefore, their bound states have no lower
channels coupled by a strong interaction.

In the many-nucleon systems with heavy mesons as impurity, we can explore rich
phenomena which are not seen in the normal nuclei, as follows:

e The heavy meson plays a glue-like role, providing a strong attraction leading
to a more shrinking in nucleus as discussed in the hypernuclei [70-72] and the
K nuclei [73,74] in the strangeness sector.

e We expect the changes of the properties of the heavy meson, such as mass
modifications [77,84,85], which is related to the problems of the chiral symmetry
restoration.

Furthermore, we would extract the information about the interaction between a heavy
meson and a nucleon. In particular, we can study the few-body force, such as a three-
body PN N force, in the mesic nuclei as a few-body system.

There have been several works for the D*)(B®*)) mesons in nuclear matter with
infinite volume [76-87] and the atomic nuclei with large nucleon number such as 2C,
40Ca and 2°°Pb [81,83,88-91], while few-body D*)(B*)) nuclei have not been stud-
ied in the literature so far. However, the OPEP enhanced by the heavy quark spin
symmetry appears in the D(B) nuclei as seen in the D®) N(B®*)N) states. There-
fore, it is expected the existence of bound states and/or resonances of the few-body
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D™ (B™) nuclei.

In this chapter, we discuss the possible existence of exotic dibaryons with a heavy
antiquark, being realized three-body systems, D® NN and B® NN as shown in
Fig. 4.1. We emphasize that in the strangeness sector, such exotic systems, i.e. K
nuclei, do not appear because of the repulsion between a kaon and a nucleon. We
introduce the OPEP between a P*)(= D®*) B®*)) meson and a nucleon. In this
study, we do not consider the vector meson exchange potential yet. However, we
expect that the results for the 7 exchange potential is valid because the long-range
force dominates in the loosely bound states whose size is sufficiently large. Indeed, we
saw the dominance of the OPEP in the exotic P*) N states in the previous chapter.

P

/\N

Fig.4.1 Three-body systems of PNN.

This chapter is organized as follows. In Sec. 4.2, we briefly summarize the in-
teractions of DN (B®N) and NN. In Sec. 4.3, we show the method to solve
the DY NN and B®) NN systems with appropriate three-body wave functions. In
Sec. 4.4, the numerical results are shown. we investigate bound and resonant states
both of D) NN and B®) NN states with quantum numbers J = 0~ and 1~, and
I =1/2. In Sec. 4.5, we summarize this chapter and give the discussions.

4.2 Interactions

Let us introduce the interactions of the P*) NN systems. In this study, We employ
only the OPEPs for PN — P*N and P*N — P*N, given in Egs. (3.15) and (3.16).
As we have emphasized in the previous section for the P*) N two-body systems, the
OPERP is the basic ingredient to yield the strong attraction, thanks to the heavy quark
spin symmetry inducing the mass splitting between a P and P* mesons.

We could also consider the short-range interaction such as the vector meson ex-
changes [38,53,54, 144] and the quark exchange model [41,145,146]. Tt is discussed
that the short-range interaction plays an important role for systems of a pseudscalar
meson and a baryon in the strangeness sector, e.g. a KN system [94], where the
7w exchange causing the KN — K*N mixing is not significant because of the large
mass difference of K and K* mesons. However, the short-range interaction would not
be as important as long-range interaction for loosely bound states, where the spatial
distance between constituent hadrons becomes large. In fact, we have found that
the dominant force in the two-body P™ N systems is the OPEP rather than the p
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and w exchange potentials in the previous section. This situation is analogous to the
deuteron which is the loosely bound state of the proton and neutron [96, 147].

For the nucleon-nucleon interaction, we employ the Argonne v§ (AV8') potential
which is the realistic NN potential developed by the Argonne group [148]. This
potential is written by the 7 exchange part, and the short- and intermediate-range
parts:

vi(r) =v™(r) + Z vl (r)O” (4.1)

P=138
with eight operators,

OF=18 =1, Gy - G, 71 - To, G1 - G2 T - 7o,

Sio, S1a7 7o, L-S, L-S7 - 7. (4.2)

The functions v™(r) and v, (1) are summarized in Appendix B.3.3. The AV8' potential
is simpler than the more elaborated one of the Argonne v15 (AV18) potential [149],
which is the reason that we employ the former in the present study. The AV
is realistic because it reproduces NN phase shifts and deuteron properties. When
applied to three or more nucleon systems, however, the AV8 provides slightly more
attraction than the AV18 potential [150,151]. In the D™ NN systems, however, there
are only two nucleons with the binding energy similar to that of the deuteron, and
therefore, the AV®’ gives essentially the same results as the AV18.

4.3 Hamiltonian and Three-body wave functions

The total Hamiltonian is given by
H=T+Vpewy+Vnn, (4.3)

where T is the kinetic term, and Vpe)n (V) is the interaction potential between a
P™) meson and a nucleon (between two nucleons) as introduced above. We investigate
D®NN and B® NN with J” =0~ and 1~ and I = 1/2 (total angular momentum
J, parity P and total isospin I).

The three-body wave function is described as a sum of the rearrange channel am-
plitudes (¢ = 1,2) as functions of the Jacobi coordinates shown in Fig. 4.2:

2
\IIJM :Z Z Z CfLCl)l,ng,L,Slgs,Ilng{ |:|:¢7(’Lcl)1m1 (Fc)l'b](\(/fggmg( C)]L

c=1nly,Nls,L s125,112

% [DeoiXealons Xeag| o (mmmn )} - (4.4)

A is the anti-symmetrization operator for exchange between two nucleons. [; and
l5 stand for the relative orbital angular momenta associated with the coordinates 7.
and Ec, respectively. L is the total orbital angular momentum of the three-body
system. xs, (n7,) with ¢ = 1,2, 3 is the spin (isospin) function of the particle with the
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spin s; (isospin I;). s12 ([12) is the spin (isospin) of two particles combined by the
relative coordinate 7., and S is the total spin of the three-body system. The functions

Gniym, () and Y i,m, (R ) are expressed by the Gaussian expansion method [152-154]
as

9 l1 2
¢nl1m1 (7?) == \/m (é) €exp (_;?>n1m1 (72)7 (45)

Prama () = \/ g (y) o (o )Y 09

The Gaussian ranges b,, and By are given by the form of geometric series as

by =bia" ', By=DB AV, (4.7)

For the sum of Eq. (4.4), we consider all possible coupled channels to obtain so-
lutions with sufficiently good accuracy. For instance, we include orbital angular mo-
mentum space of l1,ls < 2. Furthermore, we consider two independent isospin states
to form the total isospin I = 1/2, the NN subsystems of I = 0 and 1 which are
combined with the D meson of I = 1/2 for the total I = 1/2.

By diagonalizing the total Hamiltonian by using the three-body bases introduced
above, we obtain eigenenergies and coefficient 07(;2 Nla.L.s15S.0,1- We also calculate the

poles for resonances as complex eigenvalues by using the complex scaling method [155-
159].

4.4 Numerical Results of D NN and B® NN

Let us present the results of D NN and B®NN for J¥ = 0~. We obtain bound
states both of D) NN and B®) NN. The energy levels are shown in Fig. 4.3. The
bound state of D*) NN with the binding energy —5.2 MeV, locates below the thresh-
old of DN(1/27)4N. Here DN(1/27) is the bound state of D*) and N with binding
energy —1.6 MeV for J¥ =1/2~ and I = 0 as discussed in Sec. 3.3 (See also Table 3.4
and Fig. 3.8). Therefore, the D*) NN three-body state is more deeply bound than

1 P& 2 P®™

—

RA™ R

N N N T2

Fig.4.2 Jacobi coordinates (¢ = 1,2) of the P*) NN systems.
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4.4
\
| D'NN
| Dr4d
= DN(3/27)+N
$ [11.2 —'%9.3
= po
2 0% =~ B*NN
o N ST
g B*+d
=
BN(3/2°)+N
DNN 6.8— 0.2 1” BNN
V) g N S
—5.2 \DN(@1/27)+N +
_ T _BN(1/27)+N
D+d
—26.2 -
c b

Fig.4.3 Energy levels of D' NN, B®Y NN with I = 1/2 and J© = 0~ and

17 (solid lines) from Re

as E,. —il'/2, where E,

f. [93]. The complex energies for resonances are given
e is a resonance energy and I'/2 is a half decay width.

Thresholds (subthresholds) are denoted by dashed (dashed-dotted) lines.

Table.4.1 Expectation values of central, tensor and LS forces of the DYN
(B®)N) and NN potentials in the bound state of D NN (B® NN). All values

are in units of MeV.

DYNN <VDN—D*N> <VD*N—D*N> <VNN>
Central -2.3 -0.1 -9.5
Tensor —47.1 0.7 —-0.2

LS — — —0.03

BYNN | (Ven_p~n) (Ve-np-N) (Van)
Central —6.5 0.3 —11.6
Tensor —92.0 —2.7 —1.0

LS — — —-0.1

the DN two-body state,

as naturally expected. We also find the B®) NN state

with the binding energy —26.2 MeV. The B®) NN state is more deeply bound than

the D) NN state, because

the mixing effect between PN N and P*N N is enhanced,

when P and P* mesons become more degenerate.
Let us investigate how the bound states are formed. For this purpose, we analyze

various components of inte

raction matrix elements. In Table 4.1, we summarize the

expectation values of the potenti%ls, Ven_p+N, Vpsn_p+n and Vi, sandwiched by
the obtained wave functions. In D*) NN, we find that the tensor force of Vixn_p-y
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mixing DNN and D*NN is the dominant contribution. In contrast, Vp. y_p«y is
very small. Thus, the tensor force of Vi _p-x is a driving force giving bound states
in D) NN. We note that the strong tensor force also provides a dominant attraction
in the two-body D®) N systems as discussed in Sec. 3.3. The same result holds also
to BF)NN.

For Vy N, one may expect that the tensor force causing the 3S; —3D; mixing could
be the most dominant one, because it is a driving force giving a deuteron d. However,
the tensor force in Vi is almost irrelevant in the present systems. In fact, it is
shown in Table 4.1 that the tensor force is suppressed, while the central force is
rather dominant. This is reasonable because d does not exist in the main component
of DNN channel with JP = 0~ due to limited combinations of quantum numbers,
which means that the combinations of 0~ (D) and 1+ (d) cannot compose the quantum
number J© = 0~. It may exist in the D* NN component, but the amplitude of the
D*NN is small due to the excess of mass of about 140 MeV (~ mp. —mp). Thus, the
NN interaction provides only a weak attraction. Therefore, the tensor force mixing
DN and D*N gives the most dominant term of attraction in the D™ NN state. The
same behavior is also found in the B*) NN state as shown in Table 4.1.

The quantum number 0~ of the D*) NN state may be investigated in experiments
through two particle correlations. The D) NN state can decay into K + 7 (or 7m) +
N + N by the weak decay of a D meson. The absence of d in the final NN state
will be an important signal suggesting 0~. In contrast, if d might be observed, the
quantum number would be 17. It will be also the case for B®) NN.

In scattering states, we find resonances for J© = 1= and I = 1/2 as shown in
Fig. 4.3. The resonance energy for D) NN is 111.2 MeV measured from the threshold
of DNN. The decay width is 18.6 MeV. We note that there are open channels of
the DNN and D + d scattering states below the resonance, and of the D* + d and
DN (3/27) + N scattering states above the resonance. Here DN (3/27) is a Feshbach
resonance of D) and N with J¥ = 3/27 and I = 0, which was found in Sec. 3.3.
We obtain a resonance also for B®) NN with much smaller resonance energy and
decay width, 6.8 MeV and 0.4 MeV, respectively. The mechanism of formation of
the resonances is interesting. When we ignore the DN N channel and consider only
the D* NN channel, we obtain a bound state of D* NN. Hence, the D* NN channel
predominates. Therefore, the obtained resonance is a Feshbach resonance for the
three-body system, as in the case of the two-body DN (3/27) system. These features
also hold for B NN.

From the above analysis, we see that the many features of the two-body PN
system survive in the three-body P*) NN system, because the P™*) N interaction is
the dominant force which determines the main properties of the system rather than
the NN interaction.
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4.5 Summary and Discussion for D® NN and
BXNN

Let us summarize this chapter. We have investigated the possible existence of gen-
uinely exotic dibaryons of D® NN and B®) NN for charm and bottom sectors. The
OPEP introduced by the heavy quark symmetry and chiral symmetry was employed
between a heavy meson and a nucleon. As for the NN interaction, the Argonne v§ po-
tential was used. By solving the coupled channel Schrodinger equations for PN N and
P*NN channels, we have obtained bound states with J© = 0~ and resonances with
JP =17 for I = 1/2 both in D® NN and B®*) NN. We found that the resonances
was the Feshbach resonances in which the P*) NN components predominate. These
bound and resonant states are located below the subthresholds of DN (1/27)+ N and
DN (3/27) + N, respectively. Therefore, the binding and resonance energies of the
three-body P NN systems are lower than those of the two-body P*) N systems.

In these states, the OPEP of the P®*) N potential plays a dominant role to produce
a strong attraction. In particular, the role of the tensor force of the OPEP mixing
PN and P*N is essential. On the other hand, the contributions of the potential of
P*N — P*N components are small due to the excess of the mass.

For the contributions of the NN interaction in the bound states, the attraction from
the central force is stronger than that from the tensor force, while the tensor force is
the driving force giving the deuteron. However, the NN (17) subsystem corresponding
to the deuteron is suppressed due to the limited combinations of angular momentum
in the bound states with JX = 0~. In all, the P®) N interaction dominates rather
than the NN interaction in the three-body P*) NN systems.

In this study, we introduced the OPEP only as the interaction between the heavy
meson and the nucleon because the dominance of the long-range force was expected
in the loosely bound states as seen in the two-body systems discussed in chapter. 3.
However, we could consider the vector and scalar meson exchange potentials as short-
and middle-range forces. To obtain the more accurate results, we employ these inter-
action in the future works.

In addition, we can also consider the few-body forces in the PN N systems. It is
known that the predictions using the two-body forces only underestimate the experi-
mental data for the atomic nuclei [160-164]. The few-body forces become important
as the particle number increases and therefore this effect is not negligible in the nu-
clear matter with large nucleon numbers [165]. Moreover, the few-body forces are
also discussed in the hypernuclei with the strangeness degree of freedom [166].

The basic idea of the few-body force was proposed by J. Fujita and H. Miyazawa in
1957 [167]. The three-nucleon potential called Fujita-Miyazawa force was described
phenomenologically by a 27 exchange among three nucleons with a A excitation.
This idea has been employed in recent phenomenological models of the three-nucleon
force; the Urbana IX three-nucleon potentials [148,168], the Tucson-Melbourne 27-
exchange three-nucleon potential [169] and Illinois model [150]. The realistic NN
potentials combined with these three-nucleon force models are successfully reproduced
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the properties of the atomic nuclei. As for the different approaches to discuss the few-
body forces, there are several works by using the chiral effective field theory [170-173]
and the Lattice QCD simulation [174].

In the PN N systems, the 27 exchange among the three-particles can emerge via
the P* excitation as well as via the A excitation. Thanks to the small mass splitting
between P and P* mesons, namely mp. — mp ~ 140 MeV and mp- — mp ~ 45
MeV, the three-body forces from PN — P*N coupling effects are more important
than those from NN — NA coupling effects, where the mass difference between N
and A is about 300 MeV. The three-body force becomes more important as number
of particles increases. Therefore, the effects of the PN — P*N mixing are expected
to be unignorable in the P*) nuclei with large baryon numbers.



Chapter 5

Spin degeneracy of the
hadronic molecules

5.1 Introduction

For a hadron containing heavy quarks, the heavy quark symmetry appears due to
suppression of the spin-dependent interaction between quarks, caused by the large
heavy quark mass. Therefore, the heavy quark spin is decoupled from the light
degrees of freedom, called brown muck, in the heavy hadron. Brown muck is defined
as everything other than the heavy quark in the hadron [101], e.g. light quarks
and gluons. The spin decoupling leads to mass degeneracy of the states [103,104].
For instance, for hadrons with a single heavy quark, the states with total angular
momentum and parity, (j — 1/2)F and (j + 1/2) are degenerate for j # 0, where j
is the total angular momentum of the brown muck. For 5 = 0, non-degenerate states
emerge. In fact, the mass degenerate states are found as the doublet with small mass
splitting. For the heavy mesons, the small mass splitting between pseudoscalar and
vector mesons are found, such as mp+« — mp ~ 140 MeV and mp+ — mp ~ 45 MeV.
This values can be compared with the mass splittings of 7 and p, and K and K*
mesons, namely m, — m, ~ 600 MeV, and mg+ — mg ~ 400 MeV.

The degenerate multiplet has been also discussed for the normal heavy baryons
such as A¢ (Ap), Xc (Xp), and these excited states, from the heavy quark effective
theory [69,100,101,103,105-108]. We can also see the degeneracy in the heavy baryon
states. The mass difference between ¥¢(1/2%) (X5(1/2%)) and X%(3/27) (Z(3/27))
are small, namely about 65 (20) MeV, and hence they are considered to be doublet
states. On the other hand, A.(1/2%) (A,(1/2%)) is expected to be a non-degenerate
state.

The spin degeneracy is a general feature for heavy hadrons from the heavy quark
symmetry. This has been discussed not only for the normal heavy hadrons, but also
multi-hadron systems with heavy quarks [104,109]. For the multi-hadron states, the
brown muck has a more complicated structure because it could contain light hadrons.
For example, in the systems formed by a heavy meson and a light baryon, the brown
muck is a composite system constructed by the light components in the heavy meson
and the light baryon. These brown mucks are called spin-complex. It is a useful object
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to discuss the multi-hadron systems with heavy quarks such as hadronic molecules
and exotic nuclei.

The spin degeneracy is expected to be applied to the exotic PN and PN N systems
with a heavy antiquark, discussed in chapters. 3 and 4. We investigate the hadronic
molecules in the heavy quark limit.

This chapter is organized as follows. In Sec. 5.2, general discussions about the heavy
quark spin symmetry are present briefly. In Sec. 5.3, wave functions and Hamiltonians
of the PoN states are discussed from the point of view of the spin-complex. Here,

the P(E?*) meson is defined as a meson (Qq)spino(l) with an infinite heavy quark mass.
In Sec. 5.4, numerical results of the Po N and PoN N states in the heavy quark limit
are shown. Finally, we summarize this chapter in Sec. 5.5.

5.2 Heavy quark symmetry and Spin degeneracy

Let us discuss the spin degeneracy from the heavy quark spin symmetry in the heavy
quark effective theory (HQET). The HQET was discussed in Sec. 2.2. The effective
Lagrangian of HQET is given in Eq. (2.21). We saw that the leading term of the
Lagrangian does not depend on a heavy quark mass and spin. Hence, in the heavy
quark limit (m¢g — 00), the HQET Lagrangian manifests spin and flavor symmetries,
namely heavy quark flavor and spin symmetry.

The absence of the spin-dependent interactions in the HQET Lagrangian in the
heavy quark limit leads to separation of the heavy quark spin sg and total angular
momentum j of light degrees of freedom, namely brown muck. Then, the total angular
momentum of the system can be rewritten as

J=L+S=57+7. (5.1)

The total angular momentum J is conserved, and the heavy quark spin sg is also
conserved in the heavy quark limit. Therefore, the total angular momentum 5 of the
brown muck is also a conserved value. We can utilize sg and j to classify the heavy
hadron states.

Let us consider a hadron with a heavy quark @ or a heavy antiquark Q. The

hadron with single @ (Q) is written as a superposition of various components with
light quarks ¢, gqq pairs and gluons g;

|Hg) = |Qq"™) +|Qq"qq) +1Qq"g) + -, (5.2)
[Hg) = |Qd™) + |Q4™qa) + |Qa™g) + - , (5.3)

where n = 3B—1 and m = 3B+ 1 with baryon number B > 0. The light components,
q"+q"qq+q"g+ - (" +q"qq+q™g+ ), compose the brown muck whose total
angular momentum j is conserved. Due to the suppression of the spin-dependent
forces, the heavy quark spin sg = 1/2 is decoupled from the total angular momentum
7 of the light components.

This spin decoupling yields the degeneracy of the hadron Hg with total angular
momentum and parity, (j — 1/2)F, and their excited state Hy with (5 + 1/2)F for

j # 0. For the brown muck with j = 0, the singlet state Hg with 1/27 emerges. In
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this thesis, the degenerate states and singlet states are called the Heavy quark spin
(HQS) doublets and the HQS singlets, respectively.

For exotic hadrons, however, brown muck is composed not only of light quarks
and gluons, but also of light hadrons, and therefore the systems have a bit more
complicated structure than the normal heavy hadrons. For example, the brown muck
of the DN molecules is formed by the light degrees of freedom (light quarks and
gluons) in the D meson, and the nucleon N as a hadronic degree of freedom. The
brown muck having such complex structures, is called “light spin-complex” (or “spin-
complex” in short) in Refs. [104,109]. The spin-complex with conserved quantum
number ;7 is also decoupled from the heavy quark spin in the exotic states. Hence,
the HQS doublets for j # 0 and/or the HQS singlets can also emerge in the multi-
hadron systems with a single heavy (anti-)quark. The spin-complex is useful to classify
structures of the multi-hadron states such as hadronic molecules and exotic nuclei.

5.3 Hadronic molecules in the heavy quark limit

In this section, we discuss the degenerate states of the hadronic molecules as a concrete
example of the multi-hadron systems. The Pg/N and Py NN states formed by a heavy
meson and nucleons are heavy (di)baryons with a single heavy antiquark, where P is
defined as a heavy meson having an infinite heavy quark mass. The spin-complex has
composite structures containing a light quark ¢ in the heavy meson, and a nucleon
as a hadronic degree of freedom, denoted by [¢N]| ([¢/NN]) for PoN (PoNN). The
internal spin structures of the Po N (PoNN) molecules become clear by introducing
the spin-complex [¢N] ([¢NN]).

5.3.1 Wave functions in the spin-complex-basis

Let us consider the wave functions of the Py/N molecules in point of view of the

spin-complex. The wave functions in the Pg)N state with J¥ = 1/27 are written in
|PoN(*S1/2)) | PEN(S1/2))  [PSN(*D1j2)) (5.4)

from Table 5.1. The heavy quark spin symmetry manifests that the heavy quark
Q in the Pé;) meson is decoupled from the spin-complex, namely the light degrees

of freedom in the Pc(g*) meson and the nucleon N. Therefore, the wave functions
expressed by Pg and N (called particle basis) are expected to be rewritten as those
expressed by the heavy antiquark and spin-complex (called spin-complex basis).

In this study, we consider that the Pg and P}y mesons with the infinite heavy quark

mass are composed of P ~ (Qq)spino and P* ~ (Qq)spin1, respectively. The Pg)N

states are described as QqN, where the spin-complex is constructed by the constituent
light quark ¢ and the nucleon N. Here, we do not consider to include components

with more than one light quark, gluons, and hadrons in the Pc(g*)N system, such as
Qq---qN,Qq---qqgN Qq---qgN and Qq,--- ,qNHH, where H (H) is a hadron (an
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Table.5.1 Various coupled channels in the Pg)N systems with quantum number

J¥ written in the particle basis (PN) and the spin-complex basis (SC).

Jr basis channels
1/2= PN PQN( 51/2) N(? S1/2) P*N( D 2) —
sC | [Ng 1(0+>c2 [ NgYYQ  INgEPQ —
3/27 PN | PqN(*D3;3) P5N(*S32) PHN(2 D3/2) P5N(*Ds)s)
s¢ | NgvYQ  [NgPQ [ Ng$P'Q  [INgL”Q
5/2= PN | PqN(*Ds;3) P5N( D5/2) PoN(* D5/2) P5N(* G5/2)
sc | [Ng2P'Q [Nq]“ 2q [Nq]“ 2q [Nq]“ 99
7/2_ PN PQN( G7/2) P N( D7/2) P N( G7/2) P N( G7/2)
s¢ | g0 NgPQ  INgPQ  [Nglh Y0
1/27 PN [ PuN(*P1js) P5N(*Pijs)  PLN(*Piys) —
sc | [Nglih"Q [Nq] e [Nq]“ e
3/2% PN | PoN(*Py;5) P, N( P3s5) P N( Ps/5) N( F3/5)
sc | [ng""Q [Nq]“ i) [N $MPQ N ];1 e
5/2F PN [ PoN(*Fs2) PyN(*Psj2) PyN(PFyp2)  PAHN(Fypo)
sc | (Ng3Q  (NgTQ NG Q [NgPT 0
727 PN [ PgN(®F;p2) PyN(PFrp0) PyN(*Frp0) PLN( H7/2)
sc | [NgQ [Nq]“ e [Nq]“ Do INgMQ

antihadron). We introduce the notation of the spin-complex component,

sy, L
[NgGE) (5.5)
in the wave function. s; is the total spin of NV and q. L stands for the relative orbital
angular momentum between N and ¢. j and P are the total angular momentum and
the parity of the spin-complex. Then the wave function of the PoN states in the
spin-complex basis is written as

Va3 Q)

For the Pg)N state with J© = 1/27, the wave functions in the particle basis in
Eq. (5.4) are using the formulas of the angular momentum recoupling [175,176] as
transformed to those in the spin-complex basis by

(5.6)

(0,5) A
LZQ%E ?”B — Uy “ j“ ° Z;m (5.7)
Q 1/2 1/2 1/2- ) .
‘PQN D1/2)> ’[N ](1,D)Q>
1+ Lo
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where the unitary matrix U;r is given by

0
o |- (5.8)
~1

Uyjo- =

SN
Ol m|§

Because the states contain the two spin-complex components with j = J — 1/2 and
J +1/2 from Eq. (5.1), the wave functions for J = 1/27 in the spin-complex basis
have the channels with ;7 = 0% and 1. The component with 57 = 0% corresponds to
the HQS singlet, while the component with j7 = 17 forms the HQS doublet together
with the J¥ = 3/2~ state.

In a similar way, we obtain the wave functions in the spin-complex basis for other
JP states. For instance, we demonstrate the transformation for J* = 3/2~ for a
negative parity state, and J = 1/2% and 3/2% for a positive parity state. The wave
functions for JE = 3/27 is transformed to

.S
VgY@,
PQN(4D3/2)> [Ng ](1 D)Q>
N(4SS/2)> . U3/2— 3/27 (5'9)
‘PéN(QD?)/z) [Nq]éogD)Q> )
|P5N(2D3)2)) (1D) - 3/2
Nal”'Q),
with
0 V6 1 V6
4 2 4
1 0 0 0
o L. _¥ 1
2v2 2 2v2

The state for JP = 3/27 includes two spin-complex components with j© = 1% and
2+, In comparison with the state for J© = 1/27, both states in the spin-complex

basis have ‘[N q](1 20 > ~and ‘[ ](1 D)Q> . This result implies the appearance

of the spin degeneracy of the states with J© = 1/2~ and 3/2".
For the positive parity states, we obtain the

(LP) 5
‘PQN(QPI/Q)i ‘[ ](O P) >1/2+
PéN(zPuz) = U2+ ([Nq] - Q>1/2+ (5.11)
‘PQN( P1/2)> ‘[ ](1 P)Q>
1/2+
with
1 1 1
2 2\[ NG}
1 3 1
Uyptr=1| 283 ~ 2 /& (5.12)
2 0 —1
3 V3
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for 1/2%, and

[NQ]?Z’P)@ ot
3/2
PSN(2P3/2)> [Nq](l’P)Q>
EGNCPyp)) | _yy L e (5.13)
}PCBN(4P3/2)> T s [Nq]él,’P)Q> ’ '
|P5N(*Fs))) /32
[Nq]él—’F)Q>
3/2+
with
_1 1y
2 22 4
¥v3 1 1 /5
Usjot+ = 2 2v6 2V6 : (5.14)
Y
0 0 0 -1

for 3/2%. We obtain that the states with J¥ = 1/2% and 3/27" include the common

components with ;7 = 17, namely )[Nq]go,’P)Q>J+ and )[Nq]ngP)Q>J+.

The wave functions in the spin-complex basis are also summarized in Appendix C.1.

5.3.2 Hamiltonian in the spin-complex basis

The transformation discussed in the wave functions derives the Hamiltonian in the
spin-complex basis. In the heavy quark limit, the Hamiltonian in the J¥ = 1/2~ and
3/27 states in the particle basis are given from Egs. (3.16) and (3.16) as

Ko V3VE —V6Vf
Hipp-=| VBVG Ko-2V3  —V2Vf : (5.15)
—VBVE 2V Ky 4 VE —2VF

Ko V3VE  —BVE  \BVE
V3VE  Ko+VE  2Vf VE
H T c T T 1
e —VBVE W KakVE -VE | (5.16)
V3VE VE -V Ky —2VF
as summarized in Appendix B.2, where K is the kinetic term,
1 /02 20 1(l+1)
K=_— (2 4+ 22 1
: 2u (87“2 * r or r? ) ’ (5.17)

with the reduced mass p = my, and V4 (V) is the central (tensor) force of the
OPEP in Eq. (B.26). Here we suppress the vector meson exchange potentials for
simplicity’s sake. However, the discussions considering the OPEP only are essentially
same as those considering the 7, p and w exchanges.
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From unitary matrices in Egs. (5.8) and (5.10), the Hamiltonians in Egs. (5.15)
and (5.16) in the particle basis can be written as the Hamiltonians H f’/CQ_ and H??/CQ_
in the spin-complex basis:

Hls/cz— =U, H1/2*U1/27

1/2—
Ko—3VZ| 0 0
= 0 Ko+ V3 —2\2VF
0 —2V2VF Ko+ VE -2V}
SC(0™)
= o ‘ Sé)(ﬁ) , (5.18)
0 | H
and
H??/sz = Ugj/lg—Ha/szg/2f
Ko+ VZ 2V2VF 0 0
| 2V Ky +VE —2Vf 0 0
0 0 Koy —3VE 0
0 0 0 Ko+ VZ +2VF
sc(t)
= Hajo- Sg(2+) : (5.19)
0 Hy))

where the H SS(j ") denotes the component for spin-complex with J” of the Hamil-
J
tonian H5E. As seen in Eqgs. (5.18) and (5.19), the Hamiltonians HYf,  and H}S

1/2- 3/2-
+
are written as the block-diagonalizing forms, and we obtain the Hls/cg(} ) is consis-

tent with the H5C1")

30—  except for the sign of the off-diagonal terms. Therefore, the

18/02(,1 ) is also equal to the one of the the H g/(;(,ﬁ), and they yield

spin degenerate states, namely the HQS doublet, of J¥ =1/27 and 3/2~, containing

eigenenergy of the H

. . P 44 sc(2h) .
the spin-complex with j7 = 17. For the H, Jom s We expect the existence of the

partner with 57 = 2% in the J¥ = 5/2~ state. In fact, the H5S/CZ, is decomposed to

the H5S/CQ(_2+) and I—I5S/CQ(_3+)7 and the Hs/%(_ﬁ) coincides with the HSS/CQ(E’JF) as summa-

+
rized in Appendix C.2. On the other hand, the Hls/%(,o ) in Eq. (5.18) does not have
the corresponding partner because this component contains the spin-complex with

JP =07F. Thus, the H18/02(£J+) forms the HQS single.
For the J¥ = 1/2% and 3/2% states in the heavy quark limit, the Hamiltonian in

the particle basis can be written as
K V3VE —V6VE

Hijpr = | V3VZ Ky —2VE —V2VF (5.20)
—V6VE 2V K 4 VE—2VF
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and
3 3
K, V3VE VP —3\/;1/;5
1
V3VE Ky —2VE —VF —\/3VE
o — Vb

3/2+ B 3 s 1 ™ ™ 8 ™ 6 ™
3 s 6 s T 8 T
=3y V7 —\/3VE =VF K3+ V& - V7

(5.21)
These Hamiltonians are rewritten by using unitary matrices in Eqgs. (5.12) and (5.14):

Hyjoe = Upn Hijor U jor

Ky + VZE —4VF | 0 0
= 0 K, —-3VZ 0
0 0 K, + V5 +2V]
SC(07)
_ (i ‘ Sco(l) (5.22)
0 ‘ H1/2+
and
H3h = U3;12+H3/2+U3/2+
K, -3VZ 0 0 0
0 K, +VZ+2V] 0 0
- 0 0 ‘ Ky +VE - 2V 6oy
0 0 G R e
SC(17)
_ [ Hapr ‘ Sg@_) (5.23)
0 ‘ Hy ot
As a consequence, we find that the HSchz(l_) and H?E?gﬁ(l_) form the HQS doublet.
The HSSJB(O_) belongs to the HQS singlet, and the H§§§2(2_) forms the HQS doublet

with the HS5)* ).

From the analysis above, we expect that in the PN states, the HQS doublet of
J¥ =(j—1/2)F and (j + 1/2)F, having the common spin complex with j* emerges
as

SC(”) . gSCU”)

Hi1y2yr = Hjgi e (5.24)
where ~ stands for equality of the eigenenergies. The HQS singlet appears when the
spin-complex takes 7 = 0. We emphasize that the formation of degenerate states or
singlet state depends on whether the interaction generates a strong attraction enough
to yield bound states and/or resonances.
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5.3.3 Fractions of the wave functions

The wave functions of the J¥ state have two components with j = (J — 1/2)~% and
(J +1/2)~F as discussed above. For the J = 1/2~ state, there are two components
07), )5 and [17), , corresponding to the states with j7 = 0 and 1%, respectively.
The HQS singlet state ]O+)1/2_ is written as

10+>1/27=‘[ ay:7Q) (5.25)

1/2-

The state with j7 = 1% is obtained by superpositions of [N q](1 9 and [N q](1 D),
namely

+ — (1,5) (1,D)
[17), ), =sinf|[Ng){" Q>1 _ +cosf|[Ngt Q>1/2 . (5.26)
These states are mixed by the mixing angle #. The angle 6 is not determined by the

heavy quark symmetry, while depends on the dynamics.
For J¥ = 3/27, the states with j7 = 1% and 2% are obtained by

[17), . =sino ‘[Nq](l S)Q>3 | +cosf ‘[Nq](lD)Q>3/2 , (5.27)

—51119’[Nq](0 D)Q>3 . +Cos€)[Nq (0 D)Q> : (5.28)

2%) "

3/2-

The states [0%), 5, [1F); 5— and [17), ,_ can be expressed by the wave functions
in the particle basis. From Eq. (5.7), the wave functions in the spin-complex basis,

[Ng)(% S)Q> gy S)Q> y ‘[ Nglh D)Q> , for the JP” = 1/2 state are
written as
[Ngl\ S)Q> - —% |PoN(2S12)) + @ |P5AN(2S)5)) (5.29)
[Nglt S)Q> = ? [PoN (*S1/2)) + !PQ 2S1/2)) (5.30)
[Ng)'!; D)Q>1/2_ —|PoN(*Dyy2)) - (5.31)
In a similar way, the states with 57 = 1% for the J© = 3/2~ can be expressed by
([ Ngllh S)Q> = |P5N(*S32)) (5.32)
([ Ngtt D>Q> = ? |PoN(*D3)2)) + % |PON(*Dsj0)) + g |PEN(PDsys))

(5.33)



62 Chapter 5 Spin degeneracy of the hadronic molecules

from Eq. (5.9). Therefore, the states |0+>1/2,, |1+)1/2, and |1+>3/2, are described
by

3
‘O+>1/2— = ‘PQN S12)) + & |PQ 51/2)> (5.34)

for the HQS singlet, and

|1+>1/2, =siné (‘f |PoN (251 /2) >+ | PHN( 51/2)>) —cosO |PAN (YD j2))

(5.35)
|1+>3/2, =sin 6 | PN (*S5/2))
+ cos 6 (? |PoN(*D30)) + % |PGN(*Dy)0)) + g \P5N(2D3/z)>> :
(5.36)

for the HQS doublet.
The results in Eqgs. (5.34)-(5.36) are related to the fractions of wave functions in
the particle basis. For the HQS singlet state, the fractions are given by Eq. (5.34) as

F(PQN(?S12)) : f(PSN(?S1/2)) =1:3. (5.37)

If we obtain the bound state with J© = 1/27 corresponding to the HQS singlet by
solving the eigenvalue problem, the mixing ratio of the eigenfunctions in the particle
basis is expected to be the fractions. For the HQS doublet with j¥ = 17, the fractions
of the wave functions are obtained from Egs. (5.35) and (5.36):

f(PQN(251/2)) : f(P&SN(Qsl/z)) =3:1, (5.38)
for JP =1/27, and
f(PQN( D3/2)) f(PQN( D3/2)) f(PQN(2D3/2)) =3:4:1, (5.39)

for JP = 3/27. Interestingly, these fractions are obtained by the heavy quark sym-
metry directly, and independent of the dynamics. However, the mixing angle 6 is
dependent on the dynamics, and hence, for J© = 1/27, the ratio of PN(251/2)
(P*N(2S1/2)) to P*N(*D; 2) is not determined by the symmetry.

We also obtain the fractions in the positive parity states. The states [07), o+ and
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[17)1 2+ 39+ are expressed by

7)1 72e = 5 IPQNC2) 4 5 2 [PENCR) + /2 PN P
(5.40)

{1_>1/2+ = sin 6 (% |PQN(2P1/2)> - ? ‘P(:SN(QPU?»)

1 1 1
+ cos 6 (ﬁ |PoN(Py)0)) + 7 |PEN(Py ) — 7 P5N(4P1/2)>)( : |
5.41

[17)55+ =sind (—% |PoN(®Py)5)) + ? \Pg;N(2P3/2)>>

+ cosf (% |PoN(?Py5)) + % |PEN(PPy0)) — \/§|P5N(4P3/2)>> :
(5.42)

For the [07), 5. state, we obtain
F(P@N(*Pyj2)) : (PGNP Pija)) : f(PON(*Pyjp)) =3:1:8. (5.43)

For the |17), o+ 3/2+ States, the upper and lower components of the Hamiltonian

HE/CQ(J};)/% in Eqgs. (5.22) and (5.23) are not coupled. Hence, for [17), ». states, the
we obtain two states with fractions

f(PQN( Piss)) - f(PQN(2P1/2)) =1:3 (5.44)

and
f(PoN(*Pyj2)) : fF(PGN(Pyy2)) : f(PAN(*Pyyp)) =3:1:2 (5.45)
for first and second terms in Eq (5.41), respectively. For [17); ». states, we find

f(PQN( Ps3/5)) : f(PQN(2P3/2)) =1:3 (5.46)

and
F(PoN(2Py)2)) : f(P5N(2Pyya)) : f(P5N(1Pyy)) =351 :20 (5.47)

for first and second terms in Eq (5.42), respectively.
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5.4 Numerical results in the heavy quark limit

5.4.1 Numerical results of PoIN states

Let us show the numerical results of the PoN states in the heavy quark limit. By
solving coupled-channel Schrodinger equations, we study the existence of the spin

degeneracy in the Pg)N molecular states. We investigate the states with J¥ = 1/ 2+

and 3/2% for I = 0. As for the interaction between the P(*) meson and the nucleon
N, we employ two potentials, the m potential and mpw potential. These results are
compared. The meson exchange potentials are given in Egs. (3.15) and (3.16) for the
7 exchange, and Eqs. (3.21)-(3.23) for the vector meson exchanges, where we use the
cutoff Ap = 1.12Ay for the Pg) meson with Ay = 837 MeV (846 MeV) for the =
(mpw) potential [93].

First, the results of the negative parity states are shown. We obtain the degenerate
bound states of JF = 1/27 and 3/2~ with same binging energy —34.1 MeV for the 7
potential and —37.4 MeV for the mpw potential, displayed in Table 5.2. The results
of the 7 potential is almost same as those of the mpw potential as seen in the P*) N
states in the chapter 3. The degenerate states are considered as the HQS doublet
containing the spin-complex with ;7 = 1*. We also find that the equivalent relative
distances of the PgN bound states with J© = 1/27 and 3/27, 1.2 fm for the 7
potential and 1.1 fm for mpw potential.

For the positive parity states with J© = 1/2% and 3/27F, we also fine the degenerate
states with binding energy —11.8 MeV for the 7 potential and —12.8 MeV for the mpw
potential, shown in Table 5.2. The degenerate bound states are considered to belong
to the HQS doublet containing the spin-complex with 7 = 1. The corresponding
relative radius is found, 1.6 fm for the m and wpw potentials.

We estimate mixing ratios of the obtained bound states with J¥ = 1/2% and 3/2%,
summarized in Table 5.3. In the results, we show the ratios for the 7 potential and
mpw potential. For the J = 1/27 state, we obtain the ratios, 63.6 % (64.0 %) for
PoN(3S1)2), 21.2 % (21.3 %) for PN (*S12) and 15.2 % (14.7 %) for P5N(*Dy2)
when the 7 (mpw) potential is used. For the results of PoN(?S}/2) and P4N (351 3),
we find that the fractions satisfy the ratio in Eq. (5.38), i.e. f(PoN(®S1/2)) :
f(P5N(*S1y2)) = 3 : 1. This indicates that the degenerate bound states do not

Table.5.2 Binding energy Ep and relative distance <'r2)1/ ? for degenerate bound
states with J© =1/27,3/27 (P = —)and J* =1/27,3/27 (P = 4) in the Po N
systems. Results for the m and mpw potentials are compared.

P=—(r) P=—-(rmpw) | P=+4 (7r) P=+ (mpw)
Ep MeV] | —34.1 —37.4 ~11.8 “12.8
(r2)"? [fm] 1.2 1.1 1.6 1.6
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happen by accident but form as the HQS doublet with ;7 = 1*. The difference
between results of the m and mpw potentials are due to the mixing angle § which is
dependent on the dynamics.

For the J¥ = 3/27 state, we find that the fractions of PoN(*D3/3), P5N(*Ds)2)
and P4N(*Ds/y) channels consist with the fractions in Eq. (5.39), namely
f(PgN(*D35)) : f(PéN(‘lD;/Q)) : f(PGN(*Dsj2)) = 3 : 4 : 1 Therefore, we
emphasize again that the bound states of the J¥ = 1/2~ and 3/2~ belong to the
HQS doublet with j7 = 1+.

We calculate the mixing ratios of the positive parity states, shown in Table 5.3.
For JP = 1/2%, the fractions are obtained as f(PoN(*Pyj2)) : f(PGN(*Pyy2))
f(P(:SN(‘LPl/Q)) = 3 : 1 : 2 which corresponds to Eq. (5.45). We also obtain the
fractions for J” = 3/2% as f(PoN(*Ps)3)) : f(P4GN(*Ps)2)) : f(PGN(*Psy2)) = 3 :
1: 20 corresponding to Eq. (5.47). The results indicate that the degenerate states for
JP =1/2% and 3/2% belong to the HQS doublet with j© =1-.

We note that there is no bound state corresponding to the HQS singlet from the

HSC(0+) d HSC(O—) For th h . I
1/2- = an 1/2+ components. For these states, the attraction 1s not enough to
form the bound and resonant states. In addition, we find no state for the isotriplet

channel.

Table.5.3 Mixing ratio of each channel in the bound states with J* = 1/2% and
3/ 2% for I = 0. The results of the 7 and Tpw potentials are compared.

1/27 PN(2S1 2) P*N(251 2) P*N(4D1 2) —

s 63.6 % 21.2 % 15.2 % —

TP W 64.0 % 21.3 % 14.7 % —
3/ | PNCDya) PN(Sys) PN(Di) PNCDi)

s 5.7 % 84.4 % 7.6 % 1.9 %
TPW 5.5 % 85.3 % 7.4 % 1.8 %
1/2% | PN(®Pijy) P*N(*Pyjs) P*N("Pyy) —

s 50.0 % 16.7 % 33.3 % —
TPW 50.0 % 16.7 % 33.3 % —
3/2t | PN(*P3j5) P*N(*P3j2) P*N(*Py;5) P*N(“Fyp)

s 125 % 4.2 % 83.3 % 0.0 %
TP W 12.5 % 4.2 % 83.3 % 0.0 %

Finally, let us compare the results in the heavy quark limit with those in the
charm and bottom sectors. Whereas the energy differences between the degenerate
bound states with J© = 1/2% and 3/2% are exactly zero, the differences between the
states with JP = 1/2% and 3/2% in the charm and bottom sectors are finite due to
the breaking of the heavy quark symmetry. For negative parity states, the energy
splitting of the bound states with J¥ = 1/27 and the resonances with J* = 3/2~
is 115.3 MeV for DN, and 29.9 MeV for BN as seen in Fig. 3.8 Therefore, we see
that the energy difference decreases as the heavy quark mass increases. The degrees
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of the energy splitting are comparable with the mass splittings of the P = D, B and
P* = D*, B* mesons. For the positive parity states, we also find the same behavior
as the negative parity states. The difference between the resonances with J = 1/2+
and 3/2% is 121.4 MeV for DN, and 26.0 MeV for BN.

The breaking of the heavy quark symmetry is also characterized by the mixing
ratio of the component with 5 = 0. In the heavy quark limit, the degenerate bound
states with the spin-complex with 7 = 1 do not contain the components with 7 = 0
because the angular momentum j of the spin-complex is conserved. For the DN and
BN states, however, the heavy quark symmetry is broken and therefore the spin-
complex components with 7 = 0 would be mixed. By using the wave functions in the
spin-complex basis for JE = 1/27 in Eq. (5.7), the mixing ratios of the bound states
with JE = 1/2~ for DN and BN in Table 3.5 can be transformed into the ratios of
the wave functions in the spin-complex basis. As a results, for the DN bound state
when the 7pw potential is used, we obtain the ratios, 83.3 % for j = 1 and 16.7 % for
J = 0, which are summarized in Table 5.4. For the BN states for the mpw potential,
we obtain the ratios, 97.3 % for j = 1 and 2.7 % for j = 0. Comparing the results of
DN and BN, the ratio of the components with j = 1 for BN is almost 100 %, while
the mixing ratio of the components with j = 0 for the DN is not small. Therefore,
we expect that the effects of the breaking of heavy quark symmetry is non-negligible
for the charmed hadrons.

Table.5.4 Mixing ratios of the states for (I, J©) = (0,1/27) in the spin-complex
basis. The ratios of the spin-complex components with j = 1 and j7 = 0 are
compared.

DN BN  PoN
j=1 833% 973% 100%
j=0 167% 27% 0%

5.4.2 Numerical results of PoINN states

Let us present the numerical results of the three-body Po /NN states. The states with
J¥ =07 and 1~ with I = 1/2 in the heavy quark limit are investigated. As for the
interaction, the OPEP between a heavy meson and a nucleon, and AV8’ potential
between two nucleons are employed.

By solving the Schrodinger equations, where P and P, are exactly degenerate
in mass, we find the bound states both for J© = 0~ and 1~ with the same binding
energy —38.5 MeV measured from Pg/NN threshold. Those numerical results indicate
that degenerate states are realized in the Po NN systems. This HQS doublet state
having J¥ = 0~ and 1~ contain the spin-complex component with 7 = 1/2% and
I = 1/2. As seen in the analysis of the two-body systems, the energy splitting
between the states with J© = 0~ and 1~ decrease as the mass of the heavy quark
increase, namely 116.4 MeV for DN N, 33.0 MeV for BNN and 0.0 MeV for PogNN
in the heavy quark limit. The energy splittings are expected to be characterized by
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the breaking of the heavy quark symmetry, namely the mass of the heavy quark, as
discussed in the two-body PgN states.

In the three-body PoNN states, we find no singlet state. We saw that the HQS
singlet was absent in the two-body PgN states because of the small attraction in
these channels. For the PgINN states, however, the situation is different. The HQS
singlet is corresponding to the eigenstate with the spin-complex with j = 0. Whereas
the Hamiltonian of the PN states with J¥ = 1/2% contains these components as
seen in Eqgs (5.18) and (5.22), the Po NN states do not have the corresponding one
because the spin-complex [¢NN];» cannot take j = 0. In general, Py nuclei with
even baryon numbers, e.g. PQNN, PNNNN, PNNNNNN, ---, do not contain
the spin-complex with j = 0, and therefore no HQS singlet state is found.

5.5 Summary and Discussion

We have considered the PN and PoNNN systems in the heavy quark limit. The
heavy quark symmetry manifests the spin degeneracy with total angular momentum
and parity (j—1/2)¥ and (j+1/2)F in heavy hadron states containing a single heavy
quark. This is the universal phenomenon which appears not only in normal hadrons,
but also in multi-hadron states in the heavy quark limit.

Thanks to the suppression of the spin-dependent force in the heavy quark limit,
the spin configurations of these systems are separated into a heavy anitquark spin
and remaining light degrees of freedom. The light degrees of freedom, namely the
spin-complex, are composed of a light quark ¢ in the heavy meson and nucleons N
in the systems. Then, the wave functions of the PoN states in the particle basis
can be transformed into those in the spin-complex basis. We saw that by using the
wave functions in the spin-complex basis, the Hamiltonians are rewritten as block-
diagonalizing forms with two components for j = J —1/2 and j = J + 1/2.

By solving the coupled channel Schrodinger equations numerically, we have found
the degenerate bound states both in the Pg/N and Po NN states. In the two-body
PN states, the doublet states with J© =1/27 and 3/27, and J© = 1/27 and 3/27F
for I = 0 have been obtained. The lowest bound states found for J© = 1/27 and
3/27, containing the spin complex with j7 = 17 and I = 0. The degenerate states
with J¥ = 1/2% and 3/2% contained the spin-complex with ;7 = 1~ and I = 0. For
these bound states, the obtained mixing ratios also indicated they belonged the HQS
doublet. On the other hand, we found no HQS singlet because of the small attraction
in the corresponding channels.

By comparing the states for DN , BN and PgoN in the heavy quark limit, we
discussed the breaking of the heavy quark symmetry in the charm and bottom sectors.
We saw that the energy splittings of the degenerate states increase as the heavy quark
mass decreases. For the charm sector, the effects of the breaking of the heavy quark
symmetry were expected to be non negligible.

For the Po NN states, the degenerate bound states have been present in the J P =
0~ and 1~ states with I = 1/2. The doublet contained the spin-complex with j* =
1/27 and I = 1/2. We have not obtained a HQS singlet state. For the few-baryon
systems with a D or B meson, the states with even baryon numbers cannot contain
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the spin-complex with j = 0 due to the limited combinations of angular momenta.
For instance, in the Po NN states, the total angular momentum of the spin-complex
[¢NN] should be half-integer and therefore not be zero.
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Summary

In this thesis, the possible existence of the two-body PN and three-body PN N states
for charm and bottom sectors, and in the heavy quark limit has been explored.

In chapter 3, the DN and BN molecules for exotic channels, and the DN and BN
molecules for non-exotic channels have been investigated. As interactions between
a heavy meson and a nucleon, the one pion and vector exchange potentials are in-
troduced by the chiral and heavy quark symmetries. In the PN systems, the tensor
force of the OPEP mixing the PN and P*N channels was expected to play an im-
portant role to generate a strong attraction as discussed in the deuteron. Therefore,
the coupled-channel Schrodinger equations for PN and P*N with different angular
momentum states L and L + 2 have been solved numerically.

The DN and BN states were genuinely exotic states whose minimal quark content
was Qqqqq, called a pentaquark state. Therefore, their bound states were stable
against a strong decay. We have obtained the loosely bound states and resonances
near the DN and D*N (BN and B*N) thresholds for the isosinglet states. For the
(I,JF) = (0,1/27) channel, the small binding energy and large relative distance of
the DN state indicate that this forms the loosely bound states. We found that the
tensor force of the OPEP was important to yield the bound states. In particular,
the PN — P* N mixing components produced the strongest attraction in the systems.
The tensor force was also essential to produce the resonances above the PN threshold.
Comparing the results of the m and mpw potentials, we found the OPEP dominance
in the PN molecules. Because the p exchange is attractive but the w exchange
is repulsive, they are canceled out. In addition, the OPEP as a long-range force
becomes dominant in such loosely bound states which are expanded spatially. We
obtained that these features also held for the BN states. Comparing the charm and
bottom sectors, the BN states were more deeply bound that the DN states. This
was caused not only by the large reduced mass, but also by the small mass splitting
between B and B* mesons. The tensor force mixing the PN and P*N channels
became important when P and P* mesons degenerated. Finally, we found no state
in the isotriplet channel. The attraction was not enough to form a bound or resonant
state due to the small isospin factor 7p - T .

The DN and BN states had an ordinary flavor structure. We have investigated
the PN and P*N channels, but the couplings to three-quark states and other meson-
baryon states such as mA., 7%, and 73} (7Ay,, 72y, and 73) have not considered
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in the calculations. We expected the suppression of the transitions to there states
near the P*)N thresholds because the heavy quark exchanges were needed. As a
consequence, we have obtained many bound and resonant states. The w exchange
potential became an attractive force due to the G-parity transformation in the non-
exotic states, and therefore the attractions from the vector meson exchanges were
stronger than those in the exotic states. We have obtained the different behaviors in
the states with small and large orbital angular momenta. For the J¥ = 1/2% and
3/2~ for I =0, they formed deeply bound states. In particular, the binding energies
of JP = 1/2% states are over 80 MeV for DN, and over 100 MeV for BN. The large
difference between the results of the m and mpw potential indicated that the vector
meson exchange potentials produced the strong attraction. For these bound states,
the relative distances between the P meson and the nucleon were small less than 1
fm and hence it was difficult to identify them as hadronic molecules. On the other
hand, the states with J = 3/2%, 5/2% and 7/2~ emerged near the thresholds. For
these states, the difference between the results of the 7 and mp w potentials were small
compared to deeply bound states. The OPEP played a dominant role in the states
with large orbital angular momenta.

In chapter 4, we have discussed the possible existence of the exotic dibaryons with
heavy antiquark, being realized three-body systems, DNN and BNN. The PNN
states were unique as few-body systems. The counterparts of K NN in the strangeness
sector have not found due to the repulsive force between the K meson and the nucleon.
In the states, we have considered the OPEP between the heavy meson and the nucleon.
As for the NN interaction, the Argonne v§ has been employed. For I = 1/2, we have
found the bound states with J© = 0~ and the Feshbach resonances with J* = 1~
both in the DNN and BNN. The obtained energies of these states were larger than
those of the two-body DN and BN states. The energy expectation values of the
bound states showed that the tensor force of the PN — P*N mixing components
provided the strong attraction. This force dominated in the PN N systems as seen
in the two-body PN states. For the nucleon-nucleon interaction, the tensor force
which was important in the deuteron played a minor role, while the central force was
major. Therefore, the NN subsystem with J = 0% dominated in the bound states.
The resonances with J© = 1~ formed the Feshbach resonances in which the P* NN
channels predominated. We found that the many features of the two-body systems
survived in the three-body systems, because the OPEP between the P meson and
the nucleon played a dominant force to determine the properties of the bound and
resonant states.

In chapter 5, the exotic PoN and PoNN states in the heavy quark limit have
been discussed. The heavy quark symmetry manifests the spin degeneracy of the
states with (j —1/2)F and (j+1/2)F with a single heavy (anti-)quark, because of the
suppression of the spin-dependent forces. This is a universal phenomena which emerge
not only in the normal heavy hadrons, but also in the multi-hadron systems such as
hadronic molecules and exotic nuclei. In order to see the spin degenerate states in the
PgN and PoNN states, we have introduced the spin-complex which was the brown
muck containing not only light quarks and gluons in the heavy meson, but also the
light hadrons, namely the nucleons. The wave functions of the Po N states expressed
by the particle basis were able to be transformed into those in the spin-complex basis.
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The spin-complex was useful object because the states and Hamiltonian were classified
by the total angular momentum of the spin-complex, which was the conserved value
in the heavy quark limit. For the PoN states, we have found the degenerate bound
states with J =1/27 and 3/27, and J¥ = 1/2% and 3/2% in the heavy quark limit,
while we have found no singlet state. These results indicated that the bound and
resonant states obtained in the charm and bottom sectors had common origins which
were degenerate in the heavy quark limit.

By comparing the states for DN , BN and PgN in the heavy quark limit, the
breaking of the heavy quark symmetry in the charm and bottom sectors was discussed.
Whereas, in the heavy quark limit, the spin complex only with 5 = 1 was contained in
the degenerate bound states, the components with j = 0 existed in the DN and BN.
In particular, the mixing ratios of the spin-complex with 7 = 0 was not small in the
DN bound states and hence the effects of the breaking of the heavy quark symmetry
were expected to be non negligible in the charm sector.

The degenerate bound states have been also found in the Po NN state. The nature
of the three-body systems were similar to behavior of the two-body systems.

Finally, the hadronic molecular states discussed in the thesis, the two-body systems
as DN (BN) and DN (BN), and the three-body systems as DNN (BNN) can be
searched in experiments in hadron colliders. The understanding of production reac-
tions is important issue in the feature. The productions of the exotic hadrons will
be studied in relativistic heavy ion collisions in RHIC and LHC [177,178]. Further-
more, the search for the charmed states would be also carried out in J-PARC and
GSI-FAIR.






Appendix A

Notations and Conventions

A.1 Relativistic notation

Space-time four-vector is denoted by z# (1 = 0,1,2,3) with time component 20 = ¢
and space component z° (i = 1,2,3). The covvariant vector z, = (2, —z) is defined
from the contravariant vector z* as x,, = g, 2", where the metric tensor g, is defined
by

1 0 0 0

0 -1 0 0
— MV

0 0 0 -1

The derivative operators are written by
0 0 0 0
= —_— = —_ M = — = -
I ( at,v) O ( o v) . (A.2)

A.2 Vector derivatives

A.2.1 Cartesian coordinates

dr = dzxdydz (A.3)
0A, 0A. 0A.

VA= e + ay + 5,7 (A.4)

V. A 04, 04, O0A, (A5)

ox * oy + 0z

> [(0A, 0Ay\ . 0A, 0A,\ . 04, 0A;) .
VXA_((?y 8z>x+(8z 8x>y+<3x 3y>z (4.6)
024 N 0%2A N 0%2A
C0x? 0 oy? o 022

V2A
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A.2.2 Spherical polar coordinates

dr =12 sin 0drdods (A.8)
VA —aa—ArJr%aa—‘géJrﬁ%A (A.9)
v 5_7«12 887“( A rsinﬁ@aﬁ(SlneAe) rsilnﬁ% (4.10)

v rsme [aﬁ (sin64s) - 88119} ’ % Lii@% B %(TA@ ‘
+ 1 ot - S 6 (A1)

A.3 Pauli matrices

Pauli matrices, &, are defined by

(00 )= (G )om ()0, 12

o provide the rising and lowering operators as

1 . 0 1 1 . 0 0
U+:§(U1+wz)=(0 0), 025(01—202):<1 O>’ (A.14)

respectively. The Pauli matrices satisfy the formulas,

olod = 6% 4 ik gk (A.15)
(G-3)G-b)=a-b+id-(@xb). (A.16)

A.4 Dirac matrices

In the Dirac-Pauli representation, v matrices are given by

0 __ 1 O i O O'i

where o are Pauli matrices. The matrices satisfy the anticommutation relations

{4} = 29" (A.18)



A.5 Traces of v matrices

The Hermitian conjugates and squares of v matrices are summarized as follows.

(7)T = 409440,

(") =42,

(V) =—" (i=1,2,3),
()2 =1,

(v)*=-1

A commutator of v matrices is often expressed by tensor o*" as
1% ? 1% . 1% 1%
o =gt =iy = g™
In this representation, 5 matrix is written by

0 1
& 270717273—<1 0)-

The 75 matrix has the properties,

()t =+",
(") =1,
{+*,7*} =0.

(A.25)

(A.26)
(A.27)
(A.28)

Finally, the alternative expression for the v matrices, namely Weyl (Chiral) represen-

tation, are introduced,

0 ot -1 0
- 5
7‘(5# o)”‘(o 1)’

where
ot =01,0), o' =(1,-0o).

The 7’s also satisfy Eqgs. (A.18)-(A.23) and (A.26)-(A.28).

A.5 Traces of v matrices

Traces of v matrices in 4-dimensions are summarized as follows:

tr(any odd number of v's) =

tr(v#y")
tr(v*v"777)
tr(y°)
tr(yy"~°)
tr(y*y"y7~°)

g“”

4
4(g"" 9?7 — g"Pg" + g"°¢"")
0
0

eHvpo

(A.29)

(A.30)






Appendix B

Meson exchange potentials
and Kinetic terms

B.1 Matrix elements of the Heavy meson-Nucleon

potentials

In this section, the matrix elements of the Heavy meson-Nucleon potentials are sum-
marized. In the 7 and vector meson exchange potentials in Eqgs. (3.15)-(3.16) and
(3.21)-(3.23), there are four operators, £- & and S - @ for the central force, and S.
and Sg for the tensor force. The matrix elements can be calculated by using the
Wigner-Eckart theorem and several formulas for angular momentum.

For two-body systems, the matrix element of £- & for the central force is obtained
by

<[l17 [51; 32]S]J |(_\/§)[07 [57 0-]0]0‘ [l27 [Slp 5/2]5']J>

U S S S
= b1 {30 st salolls) (B.1)

For s =1, 8§ =0 and sy = s, =1/2, Eq. (B.1) can be reduced to

(02, [1.1/2.] [(-V3)[0. . alolol . 0.1/2)] ) = Gty Buwdunjo (—V3) -

(B.2)
In the similar way, the matrix element of S . & is calculated as
(11, [s1, 52051, 1(=V/3)[0, [S, ooo] [l2. [s1, s3]s/] ;)
= 51112555/(—1)5'1+82+8 { 2 i/j i } (s1]|S]|s7) (s2]|c||s5) (B.3)

For s = s} and sg = s, = 1/2, we obtain
(12, [1,1/2)s]) 1(=V3)[0, [S, aJoJo] [l2, [1,1/2] 5] ;)

) 1 1/2
:5l1l2583’(_1) +3/2.6{ 1/2 { i } (B.4)
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Let us move to the matrix elements of the tensor operators in the two-body systems.
We use So(7) = 3(0-7#)(-7) —O-& = V24w[Ya(7), [O, ol2]o for O =€, S. The matrix
element of S is given by

([l1, [s1, s2)s); [V24m[Ya, [e, 0]2]o] [l2, [sh, s5]s] ;)
= (1?30 (200 + 1)(25 + 1)(28 + 1) (s1[e]|sh) (s2]]o]|s5)

I s J S1 S92 S
><(11020|l20){ 31' L 2} s) sy sy (B.5)
1 1 2

For s; =1, s} =0 and sy = s4 = 1/2,
<[l17 [17 1/2]8]J ‘ v 247T[Y27 [57 0]2]0’ [l27 [07 1/2]8’]J>
= §gr1 o (— 1) 2065 /(2 + 1) (25 + 1)

><(11020|120){il, 182 ‘2]}{2 132 1}2}. (B.6)

The matrix elements of Sg is also obtained by
<[l17 [31; 52]S]J ‘ v 2477[Y27 [Sa 0.]2]0’ [l2’ [8/17 8/2]8’]J>
= (—1)*1 T304/ (20 4+ 1)(25 + 1)(25" + 1) (s1]]S][57) (s2][o|s5)

Los J oLos2 s
><(z1020|520){81, L 2} s) sh & (B.7)
1 1 2

For s1 = s] =1, sy = s, = 1/2, we obtain
<[l17 [17 1/2]8]J | v 24”[)/27 [Sv 0]2]0| [127 [17 1/2]5’]J>
= (—1)%atlFs+ L 6v/300/(20 +1)(25 4 1)(28' + 1)

L. g 1 1/2 s
><(11020|120){81, L 2} 1 1/2 & (B.8)

1 1 2

Finally, the matrix elements of these operators in the three-body systems are sum-
marized as follows:

—

<[[317 32]5127 83]5 |§ U| Hslla 8/2]3’12 ’ Sé} S/>

/
_ _ 1\2s5+3s12+2s3+1/2 5181 1
= 538/5msm5/63123/1268381/3( 1) { 8/2 S9 512 8 3\/57

(B.9)
<[[317 82]812’ 33]5 |§ 5:| “5,17 3/2]3’127 Sé] S/>

/
s sp 1
= 0g5/0. 1) O (—1 25+3s12+2s3+s1+s2 % 6
88" ¥ MMy Y8128 9 5353( ) 8/2 5o 1 ,

(B.10)
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<[[517 82]8127 83]3 ||[57 0]2|| [[8/17 5,2]8’12a Sg} s’>

= Gy (—1)7 9712 [5(25 4 1)(28' + 1) (2812 + 1)(284, + 1)

S13 5 s3 S1 82 S12
X { P } s) sh shy p X 3V2, (B.11)
1 1 2

([[s1: 52]s12 851, (118, 0121 [[51, 85lst, 53] )

= Gy (—1)F 04512 [5(25 4 1) (267 + 1) (2522 + 1)(2805 + 1)

s s s S1 82 S12
X { o 23 } sy sh sy p X6. (B.12)
5 %12 1 1 2

B.2 Potentials and Kinetic terms in the systems of

a heavy meson and a nucleon

Let us show the explicit forms of the meson exchange potentials for each J¥. The
potentials for the coupled channel systems are given in the matrix form of 3 x 3 for

JP =1/2%,
V11/12+ ‘/11/22+ ‘/11/32+
Vi /2 = V1§/12+ V1§/§2+ V1§/§2+ ) (B.13)
V1/2+ V1/2+ V1/2+

(B.14)
and 4 x 4 for the other J¥ states,
Vis Vi Vi Vi
Ve = Vi VE Vi Vi (B.15)

Vb VROV VR
Vie VR Vi Vi
in the basis given in Table 3.1 in the same ordering.

The 7 exchange potentials V7, for each J* are obtained by Egs. (3.15) and (3.16)
as

0 V3VE  —V6VF
17;2— - \/§Vg —2Va —\/5‘/:/71T ) (B.16)
—VOVE —V2VF VE - 2VF

0 V3VE  —V6VF
e = | VBVE 2VE —V2VF |, (B.17)
—VOVE  —V2VE VE - 2VF
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™ —
3/2+ =

T

5/2— —

U .
5/2+ =

V77;2* =

0 VBVF —VBVE VBV
V3VE  VE 2V VE
—BVE 2vF VR VR
v3VE VE =V 2VF

™ 3 ™

0 V3V =VF

1

V3VE —2VE —VF

C C \/g T
3 ™ 1 ™ ™ 8 ™
3 T T 6 T
—3\£VT —\/3V =VF
T 6 T
0 V3VE ZVF
2

V3VE —2VZ =VP

6. .. 2 10

\/;VT \/;VT 7

6 3 4
——=VF —2/ZVF  —VeVfE

N i
0 S V10V7 V3V
3 s ™ 2 s 6 o
g\/10VT VE = £VF V7
6
V3VE \/;V{f —2VZ
3 4 2
-2/ =VE  =VeVE «——VF~
\/; T 5\/_ T \/g T
3. i
0 3/ = V7 V3VE
3 s ™ 4 ™ 3 ™
Wevr Vo —2Vr WVT
3
V3VE —VF —2VE
C ﬁ T C
5. 6 ~

3 T
w3

—V3Vf

6
ZVBVr

5 T T 4 T

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)
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0 V3VE 174 —\/5VE
1 5
V3VE  —2VE ﬁv;J —\/;V{f
V7 = T 1 7r T 4 T 2 ug ’ (B23)
/2% VT EVT VC + gVT g\/gVT
T 5 T 2 s T 4 s
—VBVE - §VT g\/SVT VE — gVT
e 3 s 6 ™
0 V3V 2,/ﬁVT 3,/ﬁVT
2 2
V3VE —2V3 —=Vr =3/ =Vr
. V11 11 B.24
A 24/ Sy 2_yr VE + My 12\/51/” B
6 2 12 14
o e o _ = iy — 2 T T~ _ ™
3,/11VT 3,/11VT vaT VE - V7
0 VT V3VE  —V2VF
s s 2 s 2 T 4 ™
2VF2VE - VF EVT §\/§VT
n = - 2 T T 2 m ) (B25)
/2% \/§VC %VT _ZVC _\/;VT
T 4 e 2 T T 2 T
—V2V] 5\/§VT “\3Vr Vo+t3Vr
where
Ty ]- — — T Ty ]- — —

The coupling constants are tabulated in Table 3.2 and the functions C(r;m) and
T'(r;m) are given by Egs. (3.17) and (3.20).

The vector meson exchange potentials V}» (v = p, w) are also given by Egs. (3.21)-
(3.23),

vy 23V V6V
1v/2— = 2\/§V5 Ve —4vy \/§qu ) (B.27)
VEVE  VRVE VR 2V 42V

¢’ 2v/3V¢ ez
Yo+ = | 2V3VY VS — 4V V2V : (B.28)
V6V V2VE VA 2V + 2V
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v

3/2— —

v _
3/2+ =

v _
5/2+ =

vy
—\/3Vg
V3V
2V3VY

v/
VC

23V

3 ()
5VT

3 v
N

v/
VC

2V/3V

6 v
7VT

6

_ U

ﬁT

v/
VC

3
—5\/10VT” VE +2VE +

23V

3 v
Ne

—V3V} V3VE 2V/3V
VA +2VE =2V -V
B.29
—2VE VI 2V vy ’ (B.29)
-V vy V! — AV
3 3
23V —\/gV%’ 3\/;/:}’
1 3
VE! — 4V ——=V¥ —=Vi
c C \/5 T 5 T
1 v v v 8 v 6 v ’
_EVT VA +2VE — V7 —=Vr
3 v 6 v v v 8 v
EVT —Vz VA 4+ 2V8 + V7
(B.30)
6 6
23V —\ﬁvv — V¢
\/_ C 7 T \/7 T
V! —4AVY —\ﬁvv 2\/§vv
C C 7 T 7 T
2 10 4 ’
—\/;VT” VS + 2V = — Vi —?\/EVT”
4 10
2\@1/; VoV Va2V + VR
(B.31)
3\/_ v v 3 v
—zV10VE 2v/3V 24/ 5 Vr
2 v 6 v 4 v
6 v v v 2 v ’
—\/;VT VE! — AV EVT
4 2 2
—=VoVy N VS + 2V - SV

(B.32)
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v _
7/2- =

v _
7/2+ =

v _
9/2+ =

3 15
vy —3\Ev; 2V3V¢ —Vr
3 v v v 4 v 3 v 6 v
-3 ?VT VC'/ + 2VC + ?VT —WVT _?\/EVT
3 5 ’
2v/3V% — VY V! —4VY \ﬁvv
C \/7 T C C 7 T
15 6 5 4
) A3 G VR VR A 2VE — SV
7 7 7 7
(B.33)
vy 2V3V§ Vg VBV
1 5
2V/3VE  VE —4Vy —ﬁv;z \quﬂ’
]' v v v 4 v 2 v ?
—V2 —EVT Ve +2VE = SVr —5\/5VT
5 2 4
VBV V7 —5\/51/; Ve +2VE + o Vy
(B.34)
vy 23V —2,/31/“ 3,/£V”
v v v 2 v 2 v
2W3IVE  VE — 4V ﬁVT 3\/ﬁVT
3 2 14 12
_2 /v __Vv v/ 2 v - v I 2vv
\/HVT Nl VS + 2V + Vi 11‘FT
6 2 12 14
I V4% Z v —_Z\/2VvY v/ VY — VY
3,/11VT 3,/11VT 11\/_VT VS +2V8 - Vi
(B.35)
vy —2V2 2V/3V V2V
v v v 2 v 2 v 4 v
—2VE Ve 2VE+ SVr —%VT —5\/§VT
2 2
2V3V — -V VS — 4V \ﬁvv ’
C \/3 T C C 3 T
4 2 2
V2VE —gﬁv; \/;v;: VS 42V = SVr

(B.36)




84 Appendix B Meson exchange potentials and Kinetic terms

where V&', V4 and V! are defined as

9vguNN B L L
VS =222 Cr;my)Te - TN, B.37
Vam? (r;mo)Tp - TN (B.37)
gvgoNNA(1+ k) 1 L
VE = —C(r;my)Tp - TN , B.38
© \/§mN 3 ( ) P N ( )
gy guNNA(1 + k) 1 O,
Vi = =T(r;m,)Tp - TN - B.39
T o 51 )Tp TN (B.39)

For instance, the functional forms of potentials for J© =1/27 and 3/27, and I = 0
are shown in Fig. B.1-B.3. The dominance of the tensor force of the OPEP is seen
clearly in the potentials such as ‘/11/22, and V12/32,.

Finally, the kinetic terms for each J¥ are given by

1 1 1
K1/27 :dlag _fA())_ = AO _I_AmPP*,_ = AQ ‘I—AmPP* s
2mP 2mP* 2mp*
(B.40)
. 1 1 1
K1/2+ :dlag _~—A17_ = A1 +AmPP*,— = Al —FAmpp* ,
(B.41)
. 1 1 1
K3/2* :dlag _fA%_ = A0 ‘I‘AmPP*,— = AQ —|—Ampp* ,
2mp 2mP* 2mP*
1
—— Ny —|—Ampp*> , (B42)
2mp*
. 1 1 1
K39+ = diag | —s=—A01, —s—— A1 +Ampp, —5=— L1 +Ampps
1
— = Ag —|—AmPp*) N (B43)
2mp*
. 1 1 1
Ky~ =diag | —5=—202, —5=—— Do +Ampps, —5=—— Do +Ampp-
2mP QmP* mp=
1
57— L4 +Ampp*> ; (B.44)
Zmp*
. 1 1
K5/2+ =diag ( —s=—A3, — == N1 +Ampps, —— A3 +Ampp+ ,
1
AT -I-Ampp*) ; (B.45)
2mP*
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. N N . D D 4
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Fig.B.2 Various components of the mpw exchange potential for (I, J7) = (0,3/27).

1 1 1
K7/27 :dlag —fﬂgl,— = AQ —|—Ampp*,— = A4 —|—Ampp* y
2mp 2mp- 2mp+
1
—5=— L\ +AmPP*> ; (B.46)
Qmp*
. 1 1 1
K7/2+ =diag ( —z=—A3, — == Az +Ampps, —=—— Az +Ampp-
1
— A5 —|—AmPp*) N (B47)
2mp*
. 1 1
K9/2— = dlag —TAZL, — = A4 —|—Ampp*, —— A4 +Ampp* R
2mp 2m p~ 2m p~
1
——= AG —}—Ampp*) s (B48)
2mp*
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Fig.B.3 Continued from Fig. B.2.
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1 1 1
Kyjo+ =diag | —5=—A5, — 5= A3 +Ampp«, —— As +Ampp-
1
— = A5 —I—Ampp*) y (B49)
2mp*

where /\; = 8%/0r? + (2/r)0/0r — (1 +1) /12, Mpey = mympe /(MmN +mpe) ), and
Ampp« = mp~ —mp. The total Hamiltonian is then given by H;r = K r + V;r.

B.3 Nucleon-nucleon potentials

The nucleon-nucleon (NN) potential is one of the most basic interaction between two
hadrons. The long history of the NN interaction was started from the basic idea
by H. Yukawa in 1935 [137]. The pion predicted by Yukawa is the most essential
ingredient in the theory of nuclear forces. Based on his Meson Theory, the one
boson-exchange models have been developed, constructed from the NN scattering
data phenomenologically. Early models of the one boson-exchange potential (OBEP)
had been investigated by Hamada-Johnston [179,180], Reid [181], Bryan-Scott [182—
184], Minnesota group [185], etc. In addition, Y. Yamaguchi discussed the non-local
NN potential in 1954 [186,187]. These potentials can describe the properties of the
deuteron and the NN phase shifts in low energy region.

In 1990s, high precision potentials were developed. CD-Bonn [188], Argonne
v1g [149], and Nijmegen potentials (Nijm93, Nijm I, Nijm IT and Reid93) [189] are
able to reproduce the NN phase shifts with high accuracy, and called the realistic
NN potentials. They are utilized widely in the nuclear physics.

From the discovery of the Quantum chromodynamics (QCD), new approaches to
describe the NN interactions have been developed. S. Weinberg discussed that one
has to write down the general Lagrangian which is consistent with the assuming
symmetry, particularly the chiral symmetry of QCD [119]. The idea introduced the
effective field theory to the low-energy QCD. In this approach, the pion being the
Nambu-Goldstone boson also emerges as the effective degrees of freedom. The NN
forces based on the Chiral effective field theory (EFT) were discussed in Refs. [190—
194] and reviewed in Refs. [172,173,195]. These results reach success to obtain the
accurate NN phase shifts.

The NN interactions from QCD have been also studied by the Lattice QCD simu-
lations [196,197]. This approach succeeds in obtaining the central and tensor forces of
the NN interaction, while the calculations have not been done at the physical point
yet. However, the behaviors of the obtained potentials are essentially consistent with
those of the well-known realistic NN potentials.

The ideas of constructions of the NN interactions are utilized to study many-
nucleon forces [148,150,167-174], baryon-baryon interaction for the SU(3) flavor-octet
baryons [198-203], nucleon-antinucleon forces [204-214], etc.

In this appendix, the several phenomenological potential models are reviewed.
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B.3.1 Minnesota potential

The Minnesota potential was developed by the Minnesota group in Ref. [185]. Al-
though this potential has a simple form expressed by a sum of three Gaussian functions
and the coulomb term, it can describe the two-nucleon low-energy scattering data,
e.g. the scattering lengths and the effective ranges for 1.5y and 3S; channels, and the
properties of the deuteron, triton and « particle. The Minnesota potential is given
by

1 1 1 1
1 1 e?
where the potentials Vg, V; and V, are
Vi = Vore "7, V= Ve ™", V, = —Vyse F" | (B.51)

The parameters Vjy and k are summarized in Table B.1. The spin-, isospin- and
space-exchange operators are defined by

146 & 14+ 7 7
pr_ 101G o 14A R (B.52)
2 2
146 3)(1+7 -7
pr— _popr— 1+ "231( +T) (B.53)

The exchange-mixture parameter is chosen as v = 0.97. The last term in Eq. (B.50)
is the coulomb potential which survives only in the pp system with total isospin I = 1
as e2/r.

For the 'Sy, 35, ' P, and 3P, channels, we obtain

(15'0) . Vir) = VR+%+%(1+71Z)%(1+7'2Z)€T—2, (B.54)
(S1): V(r)=Va+Vi, (B.55)
tP): V(r)=Ve+V)(u—1), (B.56)
CP): V(r)=(Vr+Vi)(u—1)+ %(1 + le)%(l + Tzz)er—Q : (B.57)

Table.B.1 Parameters of the Minnesota potential, given in Ref. [185]

Vr Vi Vs
Vo [MeV] 2000 178.0 91.85
K [fm=2] 1.487 0.639 0.465




90

Appendix B Meson exchange potentials and Kinetic terms

B.3.2 Bonn potential

The Bonn potential is based on the meson exchanges [138,139,215]. Masses of the
mesons, coupling constants on the Lagrangians, and cutoff parameters on the form
factors are determined to fit the world NN data.

The interaction Lagrangians for a meson and nucleons are given by

LYy N = —gpsnn Nin® NoP) | (B.58)
PV _ YpsNN 55 5 s
Lpavn = 5 =Ny N 9,0®? (B.59)
N v f’U \7 v v v
Lonn = g NA*NG{ + 32 No' N (9,00 ~ 8,0() (B.60)
Livn = gsNN¢', (B.61)

for pseudoscalar (ps), vector (v) and scalar (s) mesons, respectively. N (¢) is the
nucleon (meson) field. The field ¢ is replaced by T - 5 for an isovector meson, where
7 are isospin matrices. For pseudoscalar mesons, two couplings can be considered,
pseudoscalar coupling ,CPPEN ~ and pseudovector coupling Eg;’N N

The lowest order interactions from Lagrangians in Eqgs. (B.58)-(B.61) are given by
second-order Feynman diagrams. In the c.m system, the Feynman amplitude for an
« meson exchange, depicted in Fig. B.4, is

e _ _ P
—iVa(p',p) = a1 (p")T w1 (p)ta(—p) SUQ(—p)qz_—mz ) (B.62)
«
where wu; (¢ = 1,2) is the Dirac spinor, p (p) is a four-momentum in the initial (final)
state and FEO‘) is a vertex obtained by interaction Lagrangians. P, is a numerator

in the meson propagator; P, = i for a (pseudo-)scalar meson and P, = —ig,, for a
N(p') N(=p')
T
N(p) N(-p)

Fig.B.4 Feynman diagrams of one boson exchange potentials. Solid (dashed)
line denotes nucleons (exchanged bosons).
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vector meson. ¢ is defined as ¢ = p’ — p. Dirac spinors are given by

Ep—i—mN 1
=/ = o s B.63
u(paS) N (U~ﬁ)/(Ep—|—mN) )X ( )
_ E,+mn g-p 1 0
) =t = [ (05 70) (o0 )
p
N 2 T RN A U
2my Xs E,+m

N) , (B.64)

with B, = y/m% + p? and a Pauli spinor x,. (In the following y, is omitted for
simplification.) The Dirac spinors are normalized as u(p)u(p) = 1.
The non-local one boson exchange potential (OBEP) is defined by

m m —
Vo(p,p') = ,/E—N,/E—]Y Va(p, 0 ) F2(p,p's A) . (B.65)
p p

In Eq. (B.65), a square root factor my/+/E,E, and form factor F,(p,p’; An) with a
cutoff parameter A, are included as customary. In the Bonn potential, the monopole
type form factor is employed:

A2 —m?

= S B.66
e (00

Fo(p,p'; )

(i—1) Pseudoscalar meson exchange potential (Pseudoscalar coupling)
PS

The interaction Lagrangian Eps v i Eq. (B.58) provides the one pseudoscalar meson
exchange potential, the Feynman amplitude is

= _ _ 7

—iV23(0,0) = goan N UL (07 ur (p) 2 (—p )7 uz(—p)

_ 2
q mps

9 Ep/—i—mNEp—{—mN B El-ﬁ/ 1 1
TINN T oy 2my \ By +my (61 - )/ (Ep + mx)

(oo ) (e niteyemn ) =
E, +my —(G2-0)/(Ep + mn) ) ¢> —m2,

—i (gpsm)z (Ey +my)(Ep + mx) (_ P, AP )
2mn q2 —ml%s Ey+my  E,+my
G2 - p’ Go - P
X — . B.67
(Ep/ +mN Ep+mN) ( )

From Egs. (B.65) and (B.67), the non-local potential is derived by

VI .p) = - (QPSNN>2 By )y y) (v 5D
Zmy g —mi, Ey+my = Ep+my

X( 62'5/ . 625 ) my

Ep’ +mpy Ep—i-mN \/m

F2(q,q's Aps) - (B.68)
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If the static approximation E, ~ E, ~ my is applied, the local potential is obtained,

2 — — — —
- JdpsNN 01-4q02-(q 2 /=
VPS(@)y=—- (22 F2(q: Aps B.69
pSs (Q) ( 2mN q»g +m12)5 ps(q p ) ( )

2 A
s 1 — . - =9 S —9 ~
_ (gp NN) 1 {01 029 I 12(9)q } FES(Q;Aps)

2my ) 3 | §*+m2,  qF+mZ,

2 = g 2 A\ =
_ (gpsNN> 1 [—51 -52 n 01 -O'Qmps . 512(Q)Q2

Fz?s ((j? ApS) Y

2mpy 3 (72 +m12;5 (.TQ +m1295
(B.70)
where Fpo(q5 Aps) = (A2, +m )/(A2 — @?). Si2 is the tensor operator defined by
S12(q) = 3(d1 - ¢)(d2 - q) — 01 - 05 and one uses
- S L, L o 1o, S S oo
(0’1 'CI)(O'Q'(T) = 50'1 -02q2+§ [3(01-®(02-§)—01-02q2}
1, . o 1 N\~
= 50'1 -02q2+5512(Q)q2. (B?].)

The potential in the coordinate space is given by performing the Fourier transfor-
mation [216,217] as

. d » i
VESE) = [ G ViR @8 (B.72)

When the form factor is not considered, Eq. (B.72) is written as

d’q (61 - F2)mys  S1a(DT* | igr
PS/=>\ __ - - DS iq-T
Vs (T) _Cps/ 2n)? [—al-aer Frme Pt e, (B.73)
where
gpsnn ) 1
(9 1 B.74
Cp ( 2mN > 3 ( )
The first term in Eq.(B.73) yields the ¢ function as
- o dgq ig-7 = o \5(3) /=
_Cps(a'l : 02) (271')36 = —Cps(O'l . 0’2)(5 (7’) (B75)
The second term in Eq.(B.73) is written as
00 = = 2
Cps (01 JQ)mps
d B.76
a4 e ] gemar. (570

This is obtained by the complex integral

f{ P (B.77)
C

22 4+ m2’
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The residue of the integrand is

' ) ) Zeizr e~ mr
a_1(im) = Zlgrolo(z —im) a2 g (B.78)

Therefore, one obtains

c o (G- d)mp, | L Mas
o || 4 = G e (BT
—00 DS

The third term in Eq.(B.73) is rewritten by using the Rayleigh formula and S12(¢) =

V247 [Y2(G), [o1, 02]2] as

. / d’q [ Si2(9)7” LiT T
PElo@r)3 | @+ m2g

:_Cps/(d g Si2(9)q* 47123.% qr)Yi"(q) - Ya(7)

2m)% ¢ +m2,
_ Sps g (") /ood L (qr)
- 27T 12 r 0 Qq2+ 2 j2 q
_ Cps N (3—( r)? )qs1nqr—3q reosqr
= 1r23 SlQ(T) /_OO dq —|—m2 (B.SO)

This is calculated by the complex integral as

]{ i [(3 — (Z’I“)Q) zet?T B 3q%retsr
c

q? +m? q? +m?

Therefore, the third term in Eq.(B.73) is obtained as

dgq Sl?(d)i2 iq-F Cps . o
Cps/ (277)3 |:_ q_‘2 + ml%s oa — MSlQ(T) (3 + 3mpsr + (mpsr) ) e psT
(B.82)

Finally, the pseudoscalar meson exchange potential without the form factor in the
coordinate space is

Cps . . e—mpsr .
VRO = |3 (m - 00)

+ S1a(7) (3 4 3mper + (mpsr)?) r;& } . (B.83)

In a customary way, however, the J function is omitted because the nucleons are kept
apart due to the short-range repulsion.
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The potential with the form factor can be calculated in a similar way. The potential

in the momentum space is
31 - 3 g 2
VPS(?;») _ ps/ d3q N - (0'1 . 0'2)ml273 512(q)q2 A1273 . m}Q)s eiq{F.
: A+
(B.84)

(2m)?

72 2 72 2
q= +myg q° +mypg

The first term in Eq. (B.84) is written as

2
S o d*q (A —my, iq-7 5 =2 \Cps a2 o yo€ P
— ¢ps(F -02)/ CE ( 2,4 32 el = —(&4 -O’Q)E(Aps — M) T
(B.85)
The second term in Eq. (B.84) is
2
c / d3q (01 ’ 0'2)77’112)3 A;%s - m}%s eiq“.f»‘
S — —
@R 2+ m, A2+ g7
(—» — )ml%s ( —MpsT —AysT r (AZ 2 ) —A r) (B 86)
= Cps\O1 02 e P —e TP — —m..)e P ) .
Pe 4rr 20, PT PR
where one uses
1 A% —m? B 1 1 (B.87)
q2_|_m2 A2+q2 _q2_|_m2 q2+A27 '
1 A% — m? B 1 1 A2 —m? (B.88)
q2 + m2 A2 + q2 - q2 + m2 q2 + A2 (q2 + A2)2 : '

The third term in Eq. (B.84) is

2
. / d3q {_ S12 (Cj)(fz ] Ags - m;%s ST
L@ L @2 +m2 |\ A2+ q?

- 429;3 512(72) [(3 + SmPST + (mpsT)Q) e el — (3 + 3Apsr + (Apsr)2) e_ApsT’

m2 o A2
+ % (14 Apsr) rQBApsT] (B.89)

Let us summarize the pseudoscalar meson exchange potential in the coordinate
space. This is given as

VS = B L s (Y () - D)+ 5200] . (B0
where
476G (7) (without form factor)
b(r) = (A2, — mgs)2 e (with form factor) ’ (B-91)

20,
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e (without form factor)
Y(r) = . A (A2 2 ’
e~ MpsT e ApsT ApS — mps) —Apur .
- A e (with form factor)
(B.92)
. —MpsT
(3 + 3mysr + (mysr)?) er—g (without form factor)
—MpsT —ApsT
Z(r) = (34 3mper + (mpsr)?) “—5— = (34 3Ap7 + (Apsr)?) ¢ =
mas — A7 LA e~ Mwer th form £
\ +T (14 Apsr) (with form factor)
(B.93)

The potential for isovector mesons is obtained by inserting the isospin factor 7 - 75.

(i—2) Pseudoscalar meson exchange potential (Pseudovector coupling)
The potential for the pseudovector coupling is also yielded in the same manner as the
pseudoscalar coupling. When the static approximation is applied, the local potential
is provided from Eq. (B.59) as

2
VPV (g) = i x (~1) (w) 1 ()75 ()3, P i (—p V7P i (— ) 5P

2mN

2
_ { 9psNN — N5 - INAB 1
= (W) ur(p')y v ua (p)qutiz(—p' )y uQ(—p)qqu—mgs'
(B.94)
In Eq. (B.94), the term with 1 = v = 0 is obtained by
9IpsNN ? 1
DS — N5 0 — "N5.0
(m) u1 ()7 ua (p)qotia(—p' )7y UQ(—P)QOW
_ (9w (FB GB (F B 5T i
2mn 2my 2my 1 2mn 2mn 1 g — mz%s
~ . (B.95)

The term with u =i and v = j (4,7 = 1,2, 3) is also calculated by

2
_ ‘ i} ‘ 1
) a1 (p")y°y ua (p)qitia (—p' )y ° v ua(—p) g —5—

9psNN
q> —my

QmN

2 — — — — — — — —
_ [ 9psNN _Ul'plaigl'p_o_i 4 _‘72‘27/03“72'19_03' 4 1
2mn 2my L 2my L) o2my 2 2my 2) g2 — m?2

2 — — = —
~ [9Y9psNN '\ O1°q02-¢
o 2mN .



96 Appendix B Meson exchange potentials and Kinetic terms

From Egs. (B.95) and (B.96), therefore, we obtain the local potential for pseudovector
coupling;;

2 o — — —
- 9psNN 1°902-4 -
V@) = (222 ) DI g, (B.97

2 — = 2 A\ 22
gpsnN\ 1| o L  0O1-02m S12(4)q 9,
= (L> 3|9 2+ - - R F2(q; Aps) -
Q2+m2, 72+ m,

(B.98)

As seen in Egs. (B.70) and (B.98), pseudoscalar and pseudovector couplings, £ESSN N
and EPP;/N ~>» yield same result on-shell, while chiral symmetry is held when the pseu-
dovector coupling is used. The V..V (r) is the same as V,2%(r) in Eq. (B.90).

(ii) Vector meson exchange potential
The local vector meson exchange potential is obtained by Eq. (B.60),

—iVy(q) = — (gUNNul(p’)v“ﬁul(p) 6+ fl;nﬂul(p')a“”ul@)ﬁ : %5(5’))

X (gUNNI_LQ(—p/)’}/a’?QUQ(—p) . Qgng) + J;)ﬂl_LQ(_p/)UaﬂUQ(_p)%é : aagg(ﬁv))
my
= — g2nnta ()Y Fun (p) - 6 P ia(—p )y Fouz(—p) - 6 )

= DNINN () - 3 )0 () 006

+ a1 (p) o ur (p)r - 0, an (—p )y Faus(—p) - 553”)

2
- (];;7];[11\\]]) 1 (p))o" ur (p) 7 - O tia (—p') o ua(—p) 7 - 8a¢(ﬁv)

— — _Z' — —
— gon w1 (P ur (p) o (—p" )y us(—p) 55— 71 - 2
qs —my
— —) = — — — —
2 01-po1-p 02:p02-p -t L 5
%NN<'+ @2my)? ( 2m)? )q2 my
- 92 — /) = — = —
—1 o1-p'oy- o 09 - oL
g_’2g'UN]\£ [1+ 1-p 12p+ 2P 2217} 7
q? +m? (2my) (2my)
;2 1.2 =2 ;
—'9yNN k q Loag (o) = =
- 1+ S~< xk> F, B.100
g2+ m?2 2m%  8m¥% * 2m?%; 1 e ( )
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where k = (5’ + 7)/2 and S = (&1 + &2 )/2, and one uses
=/ 7 —
pr=k JZQ/Q : (B.101)
p=k—q/2
G-pG-p=p prio-(p'xp) =k2—q%/4+io- (cfx E) , (B.102)
_ G-p'd-p
a(P N ulp) =14+ 5 —5- (B.103)

(QmN)2
With p =17 and a = j,
i0i

— gon N1 (P) Y ur (p) s (—p' )y uz(—p) qg_—m27'1 - Ty

v

—

.7'2

2 .
_ _9uNN TR i e i T L
_W<2k +Z(0’1Xq)><2k’ +Z(02Xq)>m7'1-7-2
2
_ ngN _‘2 .7 — — .7 — — — — — — 7 —
= amy)? [4k + 2ik - (51 X q) 2ik - (62 x @) — (F1 X §) (&2 X q)] m’ﬁ
. 92 ) .
72+ m2 m?\,—i—m?\, q 4m%\r01 029 +4m?\701 qo2-q| 71" T2,
(B.104)
where these formulas are uesd,
olpiot = pt +ied oty :pi+i(5xﬁ)i , (B.105)
ololp’ = p' +iekokpl = pt — i (5 x 7); s (B.106)
(31X @) (G2 X q)=01-5o@° —G1- 752, (B.107)
and
U up) =(——0c"+o = 1 (0 .
Py P 2mN 2mN ZmN 1 ’
a(=p' ) u(—p) = —5— (21@2 (3% q) ) . (B.109)
my
From Egs. (B.100) and (B.104), the first term in Eq. (B.99) is obtained by
—ig? 3k2  §? 3 - ﬁ 1
_)Zlng]\; 1+ - q2 i Z2S-<Jxk>— 251~52§2
qgc+mz 2my, 8my  2my, miy
+ o1 (752'(7} T1 T2
4m3;
. 92 2 -2
—1go NN 3k q 3 = <ﬁ ~> S Lo
= 1 — S - k) —
FZrm2 | 2mZ  8mZ | amz \d 2 71020
1
+———5S12() 7| 71 - T2 (B.110)
12m?\,
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Second term in Eq. (B.99) is given in a similar way. When y = =0 and o = 1,

guoNN foNN G1-p'01-D _ N0 i
JUNNJoNN g 71 F 71" F _ —n)as
2my K (2mpy)? >u2( PITyul-p)

27 / 0 ] 62 : ﬁlo_:z : ﬁ _i — —
+ ur (P v ua (p)(—ai) (1+ 2mn)? )] 2T

m3
igonNfonn [ T2 g (o= =
~ _ 5.( Xk) ¥y B.111
72+ m? [2m?v m3, ]Tl " (1
where
_(/)0i<) 5ﬁ/1+ 0P 1 "+ 2 (*xl?)z
u u = — g g e {0
Py ulp CT. T omy | ’
(B.112)
| 1 [, .
a(—p )Yy u(—p) = —— [ql +2i (6 X k:) } : (B.113)
2mN

When =i, a = j and § = [, the second term in Eq. (B.99) is written by

2kt +i (o x 7). : 2k + i (0% X )"
_ YoNNJoNN < +i(01 X q) gjlko_k(_iqj)_gjlko_k(iqj> +i (02 X ) )

2mpy 2my 2my
{1
q2 — m% T -T2
_ GuNN JuNN (2(51 + &) - (T % ;5) +2i(31 x 7) - (3 x @)) ;ﬁ 7
(2my)? g% +m2
igoNNJoNN [ 1 5 L 7 I L L9 o o 3\= =
g S . X k B J— . . . y
cj’Q—Fm% <m?\] (q )+ 2m?\f (01 029 01402 Q)) T1 T2
(B.114)
where one uses
a(p" Y'Y ulp) = —o'o? = =67 —igko", (B.115)
u(p') o u(p) = iu(p’) (v'+7 + 67) u(p) = % 0" . (B.116)

From Egs. (B.111) and (B.114), the second term in Eq. (B.99) is given by

—i P

= 2gUNNf2UNN [—q2+415' <q>< k:> —01‘02(]2—1—01'(]02'(]} T1 T2

qgc+mg  2my

_ =t GenNJovN g2 + 45 (7 125)—35 God? 4 LS| 7
7Z+m2  2m2 37t e 371 e
(B.117)

Finally, the third term in Eq. (B.99) is calculated. When y =i, v = j, o = [ and



B.3 Nucleon-nucleon potentials 99

q_‘2 _|_m2

= TN 3aq? 4y 45 )7
+m2 2N 102 1902 1

f'uNN 2| 5 o
7 +m2 <2mN 01 G24% + 512() T To. (B.118)

From Egs. (B.110), (B.117) and (B.118), the local vector meson exchange potential
is obtained as

k2 2 1
Vi) ={ 2w 1 L (axR) - e+ L su®
(7) {ngN + 2"”?\[ 8m2, Qm?\, 01 029" + yry 12(4)q
GuNNJuNN | =2 | ,.& (ﬁ *) 2, L o 1 2
|- 4iS - (§x k) — =d1 - =S
+ omZ, [ q- +4 q 301029 + 3 12(4)q
vaN ? 2_, - 52 1 A\ =2 —1 - o
——01 - =S —_—T1 B.119
<2mN 301024 + 3 12(9)q 7%+ m?2 7172 ( )

The potential in the coordinate space is given by the Fourier transformation as seen
in the pseudoscalar meson exchange potential. One obtains

2 1 1 1
Vu(r) = %27%%] [— (1 + 56’1 -Eg) D(r) + (Qm?\] +m2 + gm?ﬁl -Eg) Y (r)

BE- 570~ (Y () + V0V~ 570

6
v v 1 2., 2 I
+ g N]jh{-' NN 2m?v |:— (1 —+ 50'1 . O'2> D(?") + (mg + gmg(fl . 0'2> Y(?“)
L 1
—4L - SZl(T) — gSlg(f)Z(T’)‘|
2 1 2 2 1
oNN S A
+ Ty [—501 0o D(r) + gm 281 -8Y(r) — 55’12(7‘)2(7“)} ,
(B.120)
where
(1+ mvr)% (without form factor)
Z1(7“) = e—%vr A2 —m2
(I +myr)—5— — (1 + Ay + %7‘2) e ™" (with form factor)
r

(B.121)
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(iii) Scalar meson exchange potential
The amplitude of local scalar meson exchange potential is calculated by Eq. (B.61),

V@) = g s (s )

—m?
g_92<1_51'ﬁ152'ﬁ_52'ﬁ/52'ﬁ> i
§ (2mp)? (2mp)? g% —m?
) 7.2 2 .
195 k q Tz (_, -»)
= — — — S - x k . B.122
72+ m? 2m3; + 8m%  2m3% 9 ( )

Therefore, the local scalar meson exchange potential is

Vs(cj):—i _F + o §~(@x/2) . (B.123)
q? + m? 2m%  8m%  2m¥

The potential in the coordinate space is

Vi(r) = —fl’—; [(1 - i (::N) ) Y(r) + 4771%% (VY (r) + Y (r)V?)

+—5L- 57 (r)} (B.124)

B.3.3 Agronne Potential

In this section, the Argonne v1s and v§ potentials are reviewed. The Argonne vig
potential (AV18) is high-quality nucleon-nucleon potential developed by the Argonne
group in 1995 [149]. This potential is constructed by one pion exchange part and
short range force with 18 operators; 14 charge independent operators, additional
three charge dependent and one charge asymmetry operators. The AV18 includes 40
parameters which was fitted to the Nijmegen NN scattering data for pp and np in
the range 0 — 350 MeV.

The Argonne v§ potential (AV8') is fairly realistic NN potential which is the sim-
plified version of AV18. The AV’ is formed by a sum of 8 operators and hence it can
avoid to have large static errors rather than AV18. However, the AV®’ is a little more
attractive than the AV18 as discussed in Refs. [148,151].

For nuclear systems with nucleon numbers more than three, the AV8 is more
attractive than the AV18, while the AV®’ is able to reproduce the deuteron properties.
The difference between the AV8 and AV18 is about 0.15 MeV for triton (*H) and
about 1 MeV for “He [148,150).

B.3.3.1 Argonne v;g potential (AV18)
The AV18 contains (i) one pion exchange potential, (ii) a charge independent part as
discussed in the Argonne v14 potential [188], and (iii) a charge independence breaking
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part which involves three charge dependent and one charge asymmetry operators [149].
In this section, one pion exchange and charge independent parts are shown, while the
charge independence breaking part is skipped.

(i) One pion exchange potential
The pion exchange potential terms having a charge dependence structure are given
by

v (pp) = f,vx(mao) (B.125)
Uﬂ(np) = fppfnnvw(mﬂ'o) + (_1)T+12fc2v7r(m7ri) s (B'126)
VT (nn) = fa,vx(Mao), (B.127)

where T is the total isospin and

vﬂ(m):( mn ) 151 - GoYin(r) + S12Tin(r)] . (B.128)

M+ 3

The Yukawa function Y,, and tensor function 7,, are written by

—mnr

Y (1) = emr (1 - e—CTQ) , (B.129)
T, (r) = (1 + % + (m?;)3+) e;;: (1- e—cr2)2 (B.130)

with smooth Gaussian cutoffs that make them vanish at » = 0, The cutoff parameter
2

is taken to ¢ = 2.1 fm~2. The (1 —e~°") in the T}, provides the effect of p meson
exchange which is not included explicitly in the model [188]. The coupling constant f
is chosen to be charge independent; f = f,, = — fn,, with the recommended value f? =
0.075 in the Nijmegen potential (Nijm93) [189]. This is in good agreement with the
7NN coupling constant obtained by the Goldberger-Treiman relation [218-220] which
is derived from the low energy theorem associated with the spontaneous breaking of
chiral symmetry.

(ii) The charge independent part

The charge independent short- and intermediate-range parts are formed by central,
L?, tensor, spin-orbit (LS) and quadratic spin-orbit ((LS)?) parts as labeled by i = ¢,
12, t, ls, Is2, respectively. The potentials in different total spin S and total isospin T’
states are given by

v§r(NN) =vsr Ny (T) + U?T,NN(T)LZ + UtST,NN(T)Sm

+ U?T,NN<T)L 5+ U?T,NN(T)(L - 5)?, (B.131)
where

UéT,NN(T) = IE‘T,NNT;%(T) + [Pg’T,NN + M'f’QfsT,NN + (MT)QR?S‘T,NN] W(r).
(B.132)
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The parameters gT7 NN P§T7 NN Q%T N and ngﬂ yn are determined by NN scat-
tering data given in Ref. [188]. The Woods-Saxon function W (r) produced the short
range core is given as

W(r) = [1 + e“—m)/a} B (B.133)

with 7 = 0.5 fm and a = 0.2 fm.
These potentials in Eq. (B.131) can be projected as 14 operators:

Vij = Z Up(rij)orf;; (B134)

p=1,14
where the operators OP=114 are expressed by

Of =1, 7 - 7, 330 35, (65 65) (i - 7). Sig, Sig(F - 7), L- S, L- 87 7,

which are denoted by ¢, 7, o, o1, t, tr, ls, lsT, 12, 127, [20, 207, [s2 and [s2T,
respectively.
Let us consider to construct the potentials of ¢, 7, 0 and o7 parts from the potential
vr ny in Eq. (B.131). The charge independent potential v$, is introduced as
vg’l = § (vg'l,pp + Ug’l,nn + Ugl,np) ) U%O = U%’O,np : (B136)

By using the relation

Vo =ve + 2T(T + 1) — 3Jvr + [25(S + 1) — 3|v,
+[25(S+1) = 3]2T(T + 1) — 3Jvsr, (B.137)

Ve, Ur, Vs and v,, potentials are calculated as

v = 1—16 (905, + 305y + 30y + vEy) | (B.138)
vy = 1i6 (3vf; — 3viy + V51 — vgg) s (B.139)
Vo = % (3vf; + viy — 3vg, — V5o) (B.140)
Vor = 1_16 (vi1 — vio — V61 + Vgo) - (B.141)

In a similar way, the potentials v;2, vj2,, V125 and v, can be obtained by the the
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L? part in Eq. (B.131):

g = 1_16 (9vl121 + 30l + 3v8; + v(l)%) , (B.142)

Vigr = 1_16 (3vl121 — 3vl2 + v — v(l)%) : (B.143)

Vige = % (3013 +vlf — 303 —vlp) (B.144)

Unr = 1 (v — ol — ol} + o) (B.145)
where

v = % (Uls21,pp + vgl,nn + Ul521,np) , vho = UZSQO,np . (B.146)

The remaining S, L-S and (L-S)? terms in Eq. (B.131) are rewritten as

(3v; +viy) (B.147)

Vye =

] =
—_

Vpr = Z_L (Uigl - ULIEO) ) (.I‘ = t? lSa lS?) (B148)
by the projection

vip = v + 2T(T + 1) — 3|vgr . (B.149)

B.3.3.2 Argonne v} potential

The Argonne v} potential has more simply form than the Argonne v;g potential. This
potential is written by a sum of the 7 exchange term given in Egs. (B.125)-(B.127)
and remaining terms having 8 operators:

vg(r) = v™(r) + Z v (r)OF (B.150)
P=1,8
where
OP:1’8: [1,31'52,;5’12,5'5]@[1,?1'?2], (B151)

which are denoted by ¢, 7, o, o7, t, t7, ls and [s7. The function v»(r) is determined
such that it is equal to the AV18 in the all S- and P- waves, and 3D;, namely 'Sy,
381, 3Dy, 1Py, 3Py, 3P, and 3P, channels, and the 3S; —3 D; mixing term. Then we
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obtain the eight equations:

(*So): v+, =30, — 3. =v.+ v, — vy — 3Vgs

(351) vl —3v. + vl —3v.. =v. — 3v; + v, — 3Vr
(38, =3 D1): v, —3v,_ =wv; — 3vsr,

(3D1) Ué - 31}; + v?r - BUrIJT - 21]1/5 + 6U1/ET - 3vl/s + 9vl/s7' )

= Ve — 3U; + Vg — 3Vgr — 20; + 6V — 3U1s + Ui

(B.152)
(B.153)
(B.154)

+ 6vo — 18vj9, + 6v125 — 1826+ + YUis2 — 2TVi501 (B.155)

(P : v, —30 — 30, + 9,

= Ve — 30r — 305 + g7 + 2012 — 6vi2; — O6VI26 + 18VI267

CRy): v+ 40, + ), — 4] — 40), — 20], — 2],
= Ve + Uy + Vo + Vor — 40y — 407 — 2015 — 20147
+ 2vj2 + 20127 + 20120 + 201207 + 42 + dUis27
CPu): o+ v 4 v+ vg, + 200 + 20, — v — U,
= Ve + U7 + Vs + Vor + 20t + 2047 — Vs — Utsr
+ 2u12 + 2012 + 20126 + 2V1267 + Vis2 + Vis2r

/ / / /
U — gV + Uis + Visr

CPo): v+ v, + vy, - =

5
=V +Vr + V5 +Vor — gvt - SUtT + Vs + Visr
+ 2vl2 + 2vl27' + 2vl2a + 2fUl20'7' + Vis2 + Visor -

By solving the simultaneous equations, we obtain the function v5(r) as

By B B9 B3
Vo = V¢ 4vl2 4vl27' 4'Ul2a 4vl20'7' 4'Uls2 4vls27' )
SRS S 3 3 11
UV, = Vr 4Ul2 4vl27' 4'Ul20 4Ul20'7' 4Ul32 4'Ul327' ’
, ETE 3, 11
V., =" —U —U —v — = —v —v
o o 4 2 4 12T 4 120 4 20T 4 1s2 4 1s27
, 1 1 Lo 5 RIS
v =7 —Ul9 — =0 — = —U —U —U
oT oT 4 12 4 127 4 120 4 20T 12 1s2 12 ls2T1
, 5 5
Vy, = Vg — — Vg2 — — Vg7
t t 16 [s2 16 1s2
v, = 0 v > v
tr — Utr 48 1s2 48 1s2T
V.= 111 +3v 11) —1—31) 91} +15v
ls — Uls 2 12 2 12T 9 120 2 1207 8 1s2 ] 1821 »
, 3 1 3 5 19
Vigr = Ulst T ZVi2 — ZVi2r + ZVi20 — V207 + U2 — 5 Vis2r -

2 2 2 2 8 8

(B.156)

(B.157)

(B.158)

(B.159)

(B.160)
(B.161)
(B.162)
(B.163)
(B.164)
(B.165)
(B.166)

(B.167)
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C.1 Wave functions of the PyN states
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The wave functions in the particle basis can be transformed into those in the spin-

complex as

(

PN(*S12))
P*N(*Sy)2)) ) = Uy a- ‘[NQ]§&S)Q>1/2 )
P*N(4D1/2)>

S) A
NaTQ)
PN(24D3/2)> [Nq](l,D) 7>
P*N(453/2)> — Uy 1+ 3/2-
PND) Nasoa),
P*N(*Ds5)) ) - 3/2
[Ndl,: Q>3/2_
o 6 1 V6
1 2 1
1 0 0 0
o EEE
0 L _vB _1_
22 2 22
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7D o
Nas”'Q),
PN(2£)5/2)> N ](1,D)Q>
P*N(*Ds /) _U 2+ 5/2- (C.5)
P N(4D ) — Y5/27 (1,D) ~ ) .
* 4 5/2 [NQ]3+ Q -~
P*N(*G5/2)) o - 5/2
[NQ]:J,—&-’ Q>5/2_
3 1 7
Uspm = | 2 33 % , (C.6)
7 2
0 5 =%
0 0 0 -1
1,D) 7
[NQ];(g+ )Q>7/2_
2
PN(Grpa)) v ]<1,G>Q>
P*N(*D7s2)) | _ U 3t 7/2- .7
P*N(2Grp9)) | — 7/2- (0,G) A 5 .
I /2 [Nql;+ 7@ B
P N( G7/2)> (1.6 ~ 7/2
[NQ]4+’ Q>7/2
0o I 1 V5
4 2 4
1 0 0 0
e N N L e
035 0 8
‘[NCJ](I_’P)Q
PN(*Py5)) ?0 . >1/2+
P*N(iP1/2)> = Uyja+ ’[N i~ Q>1/2+ : (C.9)
P*N( P1/2)> ’[Nq](l P)Q>
1 1/2+
1 1 1
2 2
1 V3 f
U1/2+ = 2V/3 2 6 ) (C.IO)
2 0 _1
3 V3
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0,P) A
[Ng)t® )Q>3/2+
PN(?P _
AEION NQ)
P*N(*P3p5)) | _ U 3/2+ C11
P*N(4P3/2)§ - [Nq]éljp)@> 7 (G11)
P*N(*F35) - 3/2+
Nalg="@)
o
Vi o1 1[5
Ugjor = | 2 2 ‘ 2 16 , (C.12)
Y .
0 0 0 —1
7P A
[Nq]él_ )Q>5/2+
PN(?F, _
ANy NgQ)
P N(2P5/2)§ _ U5/2+ 5/2+ (0'13)
P*N(4F5/2) [NQ]E,)O_’F)Q> ’
P*N(*Fs)5)) . 5/2+
[Nqly- Q>5/2+
R AREEE
1 0 0 0
Usjo+ = 0 B 3 ) , (C.14)
6 T2 3
0o 2 0o ¥
and
0,F) ~
[Ngl$ )Q>7/2+
PN(?F _
AESON NgDQ)
P N(4F7/2)> = Up o 7/2+ (C.15)
PN(E) Nty |
P*N(*H7/2)) - 7/2+
[Ndl,- Q>7/2+
_1 V3 3
4 4
Vi1 VB 0
Uzjo+ = 2 Y (C.16)
0 ¥ -1 0
0 0 0 -1

The U, is given by U’ 5.
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C.2 Hamiltonian of the PgN states

In the heavy quark limit, the Hamiltonians of the PoN states in the spin-complex
basis are given as follows. For the negative parity states, the Hamiltonians are

H1S/C2* =U 5 Hijo-Ujo-

1/2—
Ko+ C'—3C | 0 0
= 0 Koy+C' +C —24/2T
0 —2/2T Ko+ C'+C 2T
_ (e ‘ ’ (C.17)
= SC(1h) ’ :
0 | u
ffg;;f = lfg}é-ffs/z-(fg/z—
Koy+C' +C 2¢/2T 0 0
B 2v/2T Ky +C'+C-2T 0 0
B 0 0 Ky +C"—-3C 0
0 0 0 Ky +C+2T
— H??CZ(*PL) ‘ 0 (C 18)
- sc(2™) ’ :
0 | Y
Hg/%f = U5_/12_H5/2—U5/2—
Ky +C' —3C 0 0 0
B 0 K5+CW+C+2T‘ 0 0
B 0 0 Ky+C'+C— 13T 23T
0 0 23T Ky+C'+C—-2T
Y i ‘ : (C.19)
= SC(3h) ’ :
0o | e
}{?}%7 = (7%}2-f{7/2—-lf7/2—
4 12
Ky+C'+C— 14T 2./3T 0 0
_ 2./3T Ks+C'+C-2T 0 0
0 0 K,+C" —3C 0
0 0 0 Ky, +C' +C+2T
= 0 ‘ E[SC(4+)

7/2-
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The kinetic term K is defined as

K — 1(32+22_l(l+1)>’ (C.21)

_; orz ' ror r2

with the reduced mass y© = my. The potentials C’, C and T are written by

' =VE+ VY, (C.22)
C=VZ+2VE+VE), (C.23)
T=VF—(VE+ V&), (C.24)

where V7, VI, V&', V& and V} (v = p,w) are given in Egs. (B.26) and (B.37)-(B.39).
We obtain that the Hls/cz(?ﬂ belongs to the HQS singlet. The HQS doublet states
with j7 = 117,21, 3% are expected to emerge as

I ~ B (C.25)

HP ~ HEC, (C.26)
SC(3%T) _ £rSC(3h)

YD ~ HE. (C.27)

For positive parity states, the Hamiltonians in the spin-complex basis in the heavy
quark limit are given as

HYGy = Uy g Hijor Uy o

Ki+C'+C—4T | 0 0
= 0 K, +C" -3C 0
0 0 Ki+C'+C+2T
SC(07)
H 0
1/2+
= — C.28)
SC(1 ’ (
0 ‘H1/2(+ )
HBS/02+ = U?)_/12+H3/2+U3/2+
Ki+C' —-3C 0 0 0
B 0 Ki+C' +C+2T 0 0
B 0 0 Ki+C'+C—2T SVer
0 0 SVer Ky+C'+C—3T
SC(1~
= H32(+)‘ O, (C.29)
0 ‘HSC(Q ) ’

3/2+
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H3joe = Uy ny Hr ot Us ot
Ki+C'+C-2T 560 0
5V6r K3+ C'+C—-2T0 0
0 0 K3+ C"—3C 0
0 0 0 K3+ C'+C+2T
SC(27) |
H 0
5/2+
= — C.30)
SC(37) ’ (
0 ‘ H5/2+
H7S/Cg+ = U7_/12+H7/2+ Uz )2+
K3+ C' —3C 0 0 0
B 0 K3+ C'+C+2T 0 0
B 0 0 Ky +C' +C— 2T 35T
0 0 3VBT Ks+C' +C—3T
sSC(37)
= Hajos ‘ SC(‘)(4) (C.31)
0 ‘ 3
sSCc(07)

As analysis above, the eigen state of the H /o~ component is the HQS singlet state,
while the HQS doublet states with j7 = 17,27,3~ are formed as

SC(17) _ £4SC(17)
Y ~ HY (C.32)
SC(27) _ £75C(27)
Hy ) ~ HSLE (C.33)
mSoeT) & gSee) (C.34)

5/2+ 7/2+



Appendix D

Few-body problems and

Gaussian expansion method

D.1 Variational Method

The variational method is one of the dominant tool to solve the quantum few-body

problems. Let us consider the eigenfunction

Huy, = Eyuy,

(D.1)

where integer k£ (> 0) is a set of several quantum numbers. The state with £ = 0
corresponds to the grand state in the system. When an arbitrary function v can be

expanded in terms of wuy,
¢ = Z Ckuk )
k

the energy expectation value of H is obtained by

ZEMCHQ

(¥]) > ICk[?

k

Since the energy FEj is greater than or equal to the grand states Fjy,

S BIGE BY G
=k — > k — =
>_ICx pe

k k
Therefore, the energy of the grand state Ey satisfies

Ep < WlHY) (Ritz Theorem) .

(@)

(H)

(D.2)

(D.3)

(D.4)

111
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D.2 Matrix diagonalization

To obtain the eigenenergies in the few-body problems we often perform diagonaliza-
tion of the matrix equation

HC = ENC, (D.6)
where,
52
Hij = (¢i] — % A+V o), (D.7)
Nij = (¢i| d5) (D.8)

S(F) =D cithi(). (D.9)

i=1

Because the ¢(7) is a non-orthogonal function, we diagonalize both H and N due to
the norm N;; # ;5. The norm N is diagonalized by unitary matrix y as

Ny = uy, (D.10)

where p is the eigenvalue. Then, we define the diagonal matrix B;
1/\/p1 Vi
B: '._ y B_1 = '-. (D.ll)
N/ Vi
From Egs.(D.10) and (D.11), Eq.(D.6) can be written by

(y 'Hyy ' —Ey 'Nyy ') C=0

— (By 'HyBB 'y ' —EBpy ') C=0

— (By 'HyBB 'y ' —EB 'y ') C =0. (D.12)
Therefore, by diagonalizing the matrix By ~'Hy B, we obtain the eigenenergy E and

the eigenvector B~y ~1C. The coefficient C is also gained from the eigenvector as
yBB~ly~1C =C.

D.3 Two-body systems

D.3.1 (Gaussian expansion method

When diagonalizing the matrix equation in Eq (D.6) is performed, the wave function
expanded in terms of gaussian functions is useful. A set of the gaussian basis can
describe both short-range and long-range regions of wave functions accurately. More-
over, the gaussian makes the calculation of matrix elements easy because the gaussian
integrations can be solved analytically.
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In the Gaussian expansion method [154], a wave function of the spatial part in the
two-body systems is expressed by

Vi (T) = Z@@lm(ﬂ’ (D.13)
! 2

From Eq.(D.14), the matrix elements are obtained as follows. Here, we consider
only a radial part for simplicity. The radial part of the wave function is expressed by

2 plitl r?
rRa(r) = F(l+3/2)b3( i )exp“@)- (D-15)

(i) Norm

Let us show the matrix element of the norm in the two-body systems. It is easily
obtained by

(rRu,|rR 2 rlhlet r? b} + b3
rivg, |7 9 —— .
nirBis) N5 TG +8/2) o 3202032 70 \ 72

(D.16)

Since l; + Iy is even number, we define n = (I3 + [2)/2 + 1 and then Eq (D.16) is
written by,

2 1 S 2 sz + b2
(rRiy, |rRji,) = LT3/20 +3/2/ drr™ exp —T—T
VIl +3/2)T (2 + 3/2) i /%12 0 2 b2

2n+1

1 1 D(n+ 1) 202b2 2
= n+ )| ==
VI +3/2)T (12 + 3/2) b§1+3/2b§2+3/2 27\ b2 4?2
l1+1lo+3

2b;b; ’
b7 + b

T((l +12)/2 4 3/2) (b_>
\/F(h +3/2)['(I2 + 3/2)
(D.17)

For | = 1; =I5, Eq. (D.17) is simplified by

1+3/2
o, \
(rRalrRji) = | 13 : (D.18)
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(ii) Kinetic term
The matrix element of kinetic energy is obtained by

9% I(l+1
(rRal 2By = (Rl oy — " D Ry

2 r2

By using

0? 2 1 1

the first term of Eq.(D.19) is given by

82
(rRal 5 Ir i)
B 2 1
— T(1+3/2) (bsb;)i+3/2

F20141)

x/o dr{l(l+1)r2l—(2l+3) o+

TH—I N
2
bi

TH_?’

bt

(D.19)

} exp <_

(D.20)

r2 b7 + b3

e

272
2 b2

(D.21)

In Eq.(D.21), the first term cancels out the centrifugal barrier term in Eq.(D.19). The
integrations of the second and third terms of Eq.(D.21) are calculated by using the

Gaussian integrals;

2 1

F2(1+1)

T 1 3/2) (bib; )+ / ar {‘@l T

T T(143/2) (bib;)t3/2 2 2204 (1 4 1))
[ 11 262

2 1 J7 {20+ 1)}!)'(% 3 <

__+_—
2 41,2 2
b2 264 b7 + b2

+3/2
_20+3 20707 / "
 (biby)t3/2 \ b2 4 b2 b7 + b7

J
1+3/2
2043 2biby
AR '

)

26707
b7 + b3

2 2
7“2bi +b]>

T T 1272
2 bibj

(D.22)

Hence, we obtain the matrix element of the kinetic energy in the two-body systems

as

or+3 (o \
al ARy = — o] .
<7’Rl| |7'le> b?—kb? (b?—kb?)

(D.23)

T2

27

).
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(iii) Potentials

In the section, the matrix elements of several potentials are shown. For a gaussian
potential, the matrix element can be obtained in the same way as seen in norm.

2
(rRi, le™ " |rRj,)

> —(l1+l2—|—3)/2

D +1)/2+3/2) (bi>”2‘“”2 b b
VT +3/2)T (5 + 3/2) \b; 20;0;
(D.24)
For [ =1, = ls, Eq. D.24 can be written simply as
b2 + b2 (e

) : :

(rRule " |rRj) = | == + bibj« : (D.25)
2b;b;

A matrix element of a Coulomb potential (1/r) is given by
1
<TRil1 |; |Tle2>

- li+1l2) /241
D((Iy +13)/2 +1) <bi>(zz w/2 4 ( il >< 2)/

VT 3720 +3/2) \b; iy \ b2+ 02
(D.26)
P+ 1 [ 2mb \
+ ibj
- l=0L=1). D.27
L(l+3/2) \/bib; <b§+b§> (l=1l=1) ( )
For a potential which is proportional to ™ (m is integer.),
(rRip, |r™|rRj1,)
li+l2+m+3)/2
T((l 41l +m+3)/2) (b 2)/? o {200, (li+lo+m+3)/
B b (bib;) 72 P2 ;
VI +3/2)(I2 +3/2) \b; E
(D.28)

Lt 8)/) ( 2b;b; (=L =h). (D29)

I4(m+3)/2
T(l+3/2) b2 + b§>

When we choose m = 2 in Eqs.(D.28) and (D.31), the matrix element of the harmonic
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oscillator potential is obtained,
<TRill ‘72 ‘TRJ'Z2>
L((h+12+5)/2) <bi > e ( 2b;b;
— (]

) (li+12+5)/2

/Ty +3/2)T(ly + 3/2) \b; b? + b?
(D.30)
(1 +5/2) obib;, \
+ .h-
—~ bib; | 2 I=1=1). D.31
r(i+3/2) " (b§+b§> (l=h=1h) (D.31)

D.4 Three-body problem

D.4.1 Jacobi coordinate
The Jacobi coordinates in the three-body systems for the particles Ny, Ny and Nj
are given in Fig. D.1.

W N @ N, ® Ny

Ng- -Nz N3- T2 N, N3 N

Fig.D.1 Jacobi coordinates in the three-body system

The coordinates (1), (2) and (3) are written by the single-particle coordinates z;

and the mass m; as follows.

(1)
=Ty — 71
B L MuT1 + MmaeXa
1 =3 — ———
mi +ma_ . (D.32)
= = mi1T1 + MoXo + M3Tsy
Gi=G=
mi + mo +mg
7?]_ —1 1 O fl fl
5] mi ma — _ —
R = T mas 1 To =U; To (D.33)
= mq mo ms - g
Gl mi23 mi23 mi23 xg :L’3
= _m2 __ M3 . -
o e mmo V[ o A
7, — 1 M3 — -
— i) = P TZMZS 1 @1 = Ul @1 (D34)
7 12
L3 0 mi23 Gi G
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where mis..;, = mqy +ms + -+ m;.

(2)

(D.35)

Ry =41 —
= = M1xT1 + MoZs + M3x3
Gy =G =
mi1 + mo +mg
7 ~1 1 0 7 #
) _ _m2 M3 = — =
RQ == a3 Mos 1 i) = Ug o (D36)
= m o ms3 mq o bvg
G2 mi23 mi23 mi23 X3 L3
— mao3 hong g
1 9n 2 7;2 ) 7:2
— T2 = Thas 123 1 fEQ = U2 }EQ (D37)
g mo mi
3 mas3 mi23 1 G Go
(3)
r3 =T1 — T3
R» N mi1T1 + Mm3xs
mi +ms_ . (D.38)
= = M1 + MoZo + M3xs
Gy =G =
mi1 + mo +mg
) _ _ms _ mi = - =
R3 == mis M1z 1 i) = U3 o (D39)
= ms3 m1 mo o bog
G3 mi23 mi23 mi23 X3 X3
= ms3 __m2 7 =
L1 mis3 M1 1 1 L "1
— T2 = 0 T1as 1 R, = U3 Ry (D40)
7 M2 5 ~
3 mi3 mi23 1 Gy G1

The coordinates transformations form (r

Ui7
T .’fl
— = 1
Ri = Uz i) = UZUJ
Gi €3

,R) to (r',R’) are related to the matrix

(D.41)

b;.dlk?l

QA
<.
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118
For instance, the transformation from (71, R1) to (r2, R2) is obtained by
71 T ro
— N 1 —
Rl = U1 i) = U1U2 R2
Gy T3 Gy
— ma23 =
we P B
_ _ 1 _ 2 _ 3 _ 1
o mi2 mi2 1 m23 mi23 1 RiQ
mq mo ms3 mo _ mq 1 G
mi123 mi123 mi123 ma3 mi123 2
_ms3 -1 0 79
ma3 —
— MmaMmizz _ My R, (D.42)
m23mi2 mi2 , ’
0 0 1 Go
Therefore,
1=———T2 — Ry
m23
3 maimia3 _, my 5
R]_ - — 2 — R2 (D43)
mi2Mm23 mi2

D.4.2 Coordinate transformation (r, R — r’, R") of wave func-

tion
) [yh (7) ® yzQ(R’)} . (D.44)

1 1
——a1r? — Zay R?

gzﬁ(F,ﬁ):Nexp( 5 5

N — 2(1[11+3/2 2@%[24—3/2 (D 45)
VTl +3/2)\ Tl +3/2) '
Transformation
r= a117_‘” + algﬁ/ (D 46)
R = CL217?/ + GQQR/ '
1 1
— §a1r2 - §a2R2
= — [(alafl + a2a§1)7'/2 + (alafz + a2a§2)R'2 + 2(a1a11a12 + a2a21a22)??/ . EI
(D.47)

2
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REE (r) € 3@(3)} .
i (20 + 211 - 2l’ +1)! (215 +1)! 212 — 21’ +1)!

v “yli 7 ® yll_lll(ﬁ/)} o ® [yzé(F/) ® yzg—l;(é/)] ZQmJ .

B ZZ ZZ (20 + 1)! A7 (215 + 1)!
QU + 1 @20 — 20, + 1\ (21 + D12y — 21, + 1)

1 =01,=0

’ / /
> (a117° )l1 <a12R/)ll_l1 (a21’l°/)l2 (a22R/)l2—l2

x{hgm®nﬁmﬁﬂl ®hum®nraﬁﬂl] (D.48)
1mi 2m2 | 1 0
where
L m(2L +1)! B
Vim (T + @2) Z 2l—|— DL — 20 + 1) Vi(@1) @ Voi(T2)] 15 (D-49)
=
and
[vi ) i <R'>L o [¥i ) 0 ¥iy ()]
1mi 2M2 LM
¥ QU+ 1)(2(1; — 1) + 1)(201 + 1)(2L + 1)(2(1s — 1) + 1)(2l5 + 1)

2
Q1Q2 (47T)

1 ly
< (1, 01,00Q10)(I1—1,01—1500Q20)¢ Li—1U, la—1, Q
I I, L

< |Yo, () © Yo, ()] . (D.50)

Therefore, the coordinate transformation from (r, R) to (’, R’) is obtained as

RAGENR]INS

=@h+1)Q2L+1) > /o, Coy 21,Cory (15015 01Q1 0)(h =11 01y — 15 0]Q2 0)
llll/QQlQQ

x (a11)" (a12)" 1 (a1)2 (ag2) 2 12 (¢ 2 (R 2~ ()

Lo o A
L=l bl O [YQl(f’)®YQ2(R’)] . (D.51)
L

ll l2 LM
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D.4.3 Norm

Nij = (¢ild;) (D.52)

If the Jacobi coordinate of ¢;(r’, R’) is different from that of ¢,(r, R), we should carry
out the coordinate transformation ¢;(r’, R') — ¢:(r, R).

N;; = /d3r/d3R 1 RV2 exp (—fB11r? — BoR: + 47 - ﬁ)

A ACE A ACE NI (D.53)

From Rayleigh formula

exp (i’ B) = 4m » _i*ju(kr)Y3 (7) - Ya(R) (D.54)
A=0
exp (Y7 R) = 4m Z i*ja(—iyrR)Y; () - Y (R) (D.55)

,/27 ZIM/Q ArR)Y5(7) - Ya(R) (D.56)

where j; is the spherical bessel function, and I;,;/, is the modified spherical bessel
function of the first kind.

N;; = / dr/ dRr"" 2R+ 2 exp (=112 — BoR?)dr, | 2L ZIZ+1/2(7TR)
0 0 YR —0

((meve@®| |viE n@d||[va@enm] o 0s7)

The angular part is calculated as

(Pumevu®] |vie) v meend] )

i o L . ;
R A B W A NGBS

(D.58)

-1 L' +15+1
=L OMM (S i SIS
47T l4 l3 /\

X (2A + 1)/ (203 +1)(2L4 +1) (130 X 011 0)(14 0 XA 0]i2 0). (D.59)
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For The spatial part, first, one integrates over R:

Z \ %/ dr/ dRr”1+3/2R”2+3/26_5”26_52R21A+1/2(7TR)
>\ 0 0

T ( 1/2—|—2)\—|—3 ) ,.y)\

— Z ﬁ/ dr r1tAT2e=Ar?
X 0 2D (N + 3/2) 4/ By T3

vo+A+3 3 (yr)?
XlFl( ,)\—|—2, 452 (DGO)

Since the confluent hypergeometric function 1 F; is written as

(0 S0 e (W2>)1F1 (M.H%._(wz))

2 2" 40, 453, 2 7727 4B
_ (A =12)/2)n () \"
_eXp( 45, )z:: A+ 3/2)n nl (_ 45, )
(D.61)

where (), = a(a+1)---(a+n — 1), the gaussian integral is applied to the integral
over r.

RSOV G ) AR SN (L) TR WA A
(D'GO)_Z\:\/_Q/\HF(A%—?)/?)\/W; A+3/2), n!( 452)

o0
x/ dp prrHAT2n+2 exp( B1r? —1-7 ! >
0

402
I () 1 (2E242059) (3 — 1)),

U7 (-
AZ_B n! T(\+3/2) (A+3/2)n

A+2n 1
x #> - D.62
(x/m (8" B, -

where 8] = 81 —v?/4f2. Then, I functions in (D.62) is rewritten as

(A +3/2)2D(A +3/2) = (A +n + 3/2), (D.63)

T(A+n+3/2) = (Z(A;ﬁl)j D (D.64)

(1 + A +2n+ 1)
I'((ri +A+2n+3)/2) = IR s myors: VT, (D.65)

(2 + A+ 1)
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and one obtain

D62) =32 (=)™ (2 + A+ Dy + A+ 20+ 1)! ()\ _ Vz)

2 nl @0\ +n) + DI >
A+2n .
Y
* <\/25;252> (28]) (1 +3)/2(23,) (2 13)/2 (D.67)
_Z V2+)‘+1)”(V1+)\+2n+1) (1 — A)/2)!
2nl (2(A +n) + D! ((v2 — A)/2 = n)!
A+2n .
Y
. (Mzg;%) (2B)) 1 +3)/2(28,) (2 +3)/2 ° (D.68)

From the spatial part (D.68) and the angular part (D.59), the norm is described as

B 7l (we+ A+ +A+2n+ 1)1 (12 — A)/2)!
Nij_zim 2\ +n) + 1! ((v2 — X)/2 —n)!

’

A+2n
X i 1
V281202 (267) (1 F3)/2(20,) (v t3)/2

(_1>L’+ls+l2 Ii Iy L
X5LL’5MM’—47T L ls A

< (2N + 1)/l + 1) (2l + 1) (130 A 011 0)(1a 0 A Ol 0). (D.69)

The summation of A is restricted by the Clebsch-Gordan coefficients as |I; — 3| < A <
li +l3and |lo — Iy <A <ls+14.

D.4.4 Kinetic term

The kinetic term is calculated as

1 . 9% l(l+1) 1 R
V2rlexp <—§ar2>Yl(T) = <3r2 — ) riexp (—Ear2>Yl(7‘)

r2

= [a*r? — a(20 + 3)] r' T exp (—%arz) Y (7). (D.70)

Therefore, it is calculated in the same manner as the norm.



Appendix E

Least squares method

The least squares method is useful when one expresses an obtained function, having a
complicated shape generally, as a sum of well-known functions. In this appendix, let
us show that the obtained function v(r) given by n set of (r;,v(r;)) (i =1,2,--- ,n)
fits in a sum of the Gaussian functions V' (r) as

V(r)= are P 4 age P 4 e Pt (E.1)
The parameter 5; (m =1,2,--- ,m) in Eq. (E.1) is given by geometric series as
1 i—1
Bi=gp bi=biy", (E.2)

where b, and ~ are the initial value and the geometric ratio, respectively. The coef-
ficients a; are determined to minimize the sum of square of difference between v(r;)
and V(r;):

S = Z (v(ri) — V(r:))? . (E.3)

Since the function S is a quadratic function of a;; (1 < j < m),
G = 22 (0lr) = Vi) e 7 =0 (B.4)

— |:U(7“i) - <ozle_’8“"? +-- 4 ozje_ﬂj”2 + - ame_ﬁmr?)} e~ Piri =0
n 9 n 9 n 5

— 041 Z 6_(/31+5j)ri + . Oé] Z 6_253'7‘7; _|_ ... _|_ am Z 6_(Bj+6m)7’i <E5)
=1 i=1 =1

= 2:1}(73)64””2 . (E.6)
i=1

For a; - - - auy,, one obtains the simultaneous linear equations of «;,

123
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squares method

n

E €—2B17“i2

=1

n
Z o~ (Bi+B2)r?
=1

n

Z 6*(51 +Bm)r

=1

n
1=

1

v(ri)e*BmTi

n
Z o~ (B2+B1)T}
i=1

n
§ 8—2,327’1-2
1=1

n

12 Z e*(52+5m)7“i2

i=1

2

n
Z o~ (Bm+B1)r?
=1

n
Z o~ (Bm+B2)r?
=1

n

2
§ : 672,8m7"i

=1

a1
(8%

Om

(E.7)

By solving this equations, the coefficients «; are obtained, and hence the function
v(r) is transformed into a sum of the Gaussian functions.



Appendix F

Special Function

F.1 Gamma Function

Definition

Forn=20,1,2,---,

['(—n) = +o0
I'n+1) =n!
r (n+ 1) B (Qn)!ﬁ

2/  22np)

f(ora) =T

Recurrence formula

125
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F.2 Spherical Bessel Function

Definition
. o 1d\"sinz
Jn(2) =z (_;E) . (F.9)
. sin z
Jo(z) = p (F.10)
i1(2) = sin z —22 COS 2 (F.11)
z
— 42) & _
ja(2) = (3—=2 )SlI;j 3zcosz (F.12)
ja(2) = (15 — 62?) sin 2 —4z(15 —2%) cos z (F.13)
z
jalz) = (105 — 4522 + 2%) sin 25— 2(105 — 1022) cos 2 (F.14)
z
. 945 — 42022 + 152%) sin z — 2(945 — 10522 + 2%) cos 2
js(z) = ( ) e ( ) (F.15)
Recurrence formula
. ) 2n+1 .
Jn1(2) () = 2 2) (F.16)
F.3 Neumann Function
Definition
" 1d\" cosz
nn(z) = —2 (—;%) . (F.17)
no(z) = — 2% (F.18)
z
cosz + zsinz
ni(z) = ——— (F.19)
3 —22)cosz + 3zsinz
no(z) = ! ) 3 (F.20)
15— 622)cosz + z(15 — 22)sin 2z
n3(z) = ! ) o ( ) (F.21)
105 — 4522 + z%) cos z + 2(105 — 1022) sin 2
ng(z) = ! ) . ( ) (F.22)
ns(2) = — (945 — 42022 + 152%) cos z + 2(945 — 10522 + 2%) sin 2 (F.23)

26



F.4 Modified Spherical Bessel Function (First Kind) 127
Recurrence formula
2n+1
Np—1(2) + npy1(z) = nz nn(2) (F.24)
F.4 Modified Spherical Bessel Function (First
Kind)
Definition
_ 1 z . (_1)r(n+T)' _1\n+1l_—=z - (n—i—r)'
Turjalz) = V212 [e ; rl(n —r)l(2z)" (=) ; rl(n —r)l(22)"
(F.25)
— 1 z - (_1)T(n+7ﬂ)‘ _1\n,—= (n+7“)'
Fon-1y2() = V22 [e = rli(n—r)!(22)" (=1) ; ri(n —r)l(2z)"
(F.26)
I ()—y/i'h (F.27)
1/2 Z) = T sin z .
I ()—\/1 h —l'h (F.28)
3/2(2) =/ — | coshz — —sinh 2 :
2 [ 3\ . 3
I52(2) = — _(1 + 2—2) sinh z — 2 cosh z] (F.29)
2 [ 6 15\ . 15
I7/2(2) = i (; + ;) sinh z + (1 + 2_2) cosh z] (F.30)
2 45 105\ . 10 105
[9/2(2) = E -(1 + Z_2 + Z_4> sinh z — (? + Z—g) cosh Z:| (F31)
2 15 420 945\ . 105 945
111/2(2): a |:— (?—f—?—f—?) SlIth+ (1‘{’7‘}‘2—4) COShZ:|
(F.32)
Another representation
i1(2) = 4 5ol 2(2) = (=0)5u(i2) (F.33)
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Recurrence formula

I 1(2) = Lya(2) = 27”5(2) (F.34)

F.5 Modified Spherical Bessel Function (Third

Kind)
Definition
Kpi10(2) = K (2) = | —e~* Zn: (n+r): (F.35)
nt1/21%) = Benm1/235) Ao, = ri(n —r)l(2z)" '
Kijo(2) = ) —e* (F.36)
1/2(2) =4/ o~ :
T 1
K =/ —(1+=)e* F.
3/2(2) o ( + )¢ (F.37)
T 3 3
K == (14245 ) e F.
5/2(2’) B ( +Z+Z2)e ( 38)
| 6 15 15
K =4/— 14+ -4+ =4+ =] 7 F.
7/2(2’) o ( + -+ ) + 23) € ( 39)
T 10 45 105 105
= —(1+ = 2L T T ) e F.4
KQ/Z(Z) 25 ( + + 52 + 3 + 4 )6 ( O)
[ 15 105 420 945 945\ __
Ki1/9(2) = §(1+?+ = + 3 + o + = )e (F.41)
Recurrence formula
2v
Kyo1(2) = Ky (2) = ==K, (2) (F.42)
F.6 Legendre function
Definition
1 d 1—x

Pi(z) = g0 (@ —1)! = Fi(=L, 1+ 1,1 ) (1=0,1,2,---)  (F.43)

Pi(x) is a solution of differential equation

(1 - xz)dd—; — Qx% +1(I+1))P(z) =0. (F.44)
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Orthogonality relation

2041 !
T+ dxP,(x) Py (z) = Su (F.45)
-1

Recurrence formula

IP(x) = (20 = 2Py (x) — (I — 1)P_a(2) (F.46)

F.7 Spherical Harmonics

Definition

Yim(6.6) = \/ 2ha Eﬁ - Zil (—1)™ P (cos )™ (F.47)

Vim(0,6) = ¥ (0,0) = | 225,00 (.48)

Solid spherical harmonics Yy (7) is often used.

Vi (7) =Y (7) (F.49)
Orthogonality relation
™ 27
/ d0sin 0 / 4 Y. (6, 6)Yim (0, 6) = S S (F.50)
0 0

Useful formulas

(Yi(71) Z Vi (F1) - Y (72) = (=1)'V20 + 1[(Yy(F1) @ Yi(72))]gg
m (F.51)
i) © Yol ay = CA L)Y it (7, (F.52)

where

o L) = \/(2141‘(12)221 1+) Yeororo) (F.53)
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Y (1) @ Y (72)] 0 @ [Yig (1) © Yig ()] |

Z (207 + 1)(2l, + 1)(2L" + 1)(21f + 1)(21 + 1)(2L" 4+ 1)

(4m)?
Lo

l1l2

L' L L

x (15017 0[1y 0)(15 0I5 O]l 0){ l Iyl }[Yll(ﬁ)@)ng( 2l

(2L + 1 R .
Vi (T + %) Z\/ o)L 2)l+1)! Vi(Z1) © Vi 1(T2)l Ly

F.8 Confluent Hypergeometric Function

Definition

I\

L & alat ) (atn—1) 2t X (a),
1F1(04’%2>—7;) (7+1)...(7+n—1)m:2 n!

n=0

1F1(a;v;2) = €* 1 F1(y — a;7y;—2) (7 is not negative value)

F.9 Error Function

Definition

erf(z / 2 a2
I'
\/_ n=0

erfc(z) =1 — erf(z) = (:’/;x (1 n Zl 1- 3(_2;227)1n— 1))

2" x2n+1
1-3---(2n+1)

MS

(F.54)

(F.55)

(F.56)

(F.57)
(F.58)
(F.59)

(F.60)

(F.61)

(F.62)
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- 2 [T({t—x)" _p
n = — —_— dt F.
i"erfc(x) ﬁ/g: e (F.63)

— Z (-1)*a* (F.64)
£ 2 FEIT (1 + (n — k) /2) '
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Appendix G

Integrals and useful formulas

G.1 Gaussian Integrals

8

1

[ eta=gys (G.1)
/000 22 dy = % . % % (G.2)
[tete=g g (63
/OOO p2re—az’ o _ % %; 2n2— 1 /GQZH _ % . ;zgzll' /a2:+1 (G4

8
—
—

2n+1 _—ax? _ —
x e dx—§~n!an+1—§-F(n+1)

—ax’+br+c b2 ™
e dr =exp | — +c|4/— (G.7)
4a a

. 2 .
¢ielle=a)"+6-2)7) g — oxp <ZC(“ —b) ) i (G.8)

8

—
8

\
8

) 2 non
giel@i—a)* (w2 —a) +0—an) b g g — exp ic(a —b) inm
(n+1)c"

(G.9)

—
g 8
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G.2 Useful Integrals

/ dx T
———— = arcsin —
‘/CLQ—:L’Q a
dx
| e e V)
dx 1 T
5 = — arctan —
e+ a a a

dx 1 T

/ @t AR ra
xdx 1

/ @2+ a2 V2t a?

2

F( pu+rv+1

)b”

/ e_“xQx”IV(bx)dx =
0

G.3 Dirac delta function
_ 3k ik
|- a = @

V- (12) = 463 (7)

r

3

V2L - rs®) ()

T
V2O 2 e ()
r r
/ d(cx) f(x)dr = f|(?)
oo c

When the function g(z) has roots ai, as, - -

" T — a
5(9(:6)):;W

g1, Lyt I(v+

Y ana

(G.10)
(G.11)
(G.12)
(G.13)

(G.14)

(G.16)
(G.17)
(G.18)
(G.19)

(G.20)

(G.21)

(G.22)
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G.4 Rayleigh Formula

Z (21 + 1)i'5;(kr) Py(cos 6)
1=0

= ﬂ'ZZ Ji(kr)Y, ) - Yi(Q0)

G.5 Vector identities

Cross product with e¥*

(/T X B)Z = EijkAjBk
Triple Products
A.
Ax (B

G.6 Double factorial

Cn+1)l=2n+1)-(2n—-1)---3-1=

Cn)ll=2n-2n—2)---4-2=2"n!

G.7 Clebsch-Gordan Coefficients

The Clebsch-Gordan Coefficients ( j; mq j2 ma|j m ) satisfies

1j1 — Jo| < J < j1+jo
and

mi+meo =m.

(the triangular conditions),

(G.23)

(G.24)

(G.25)

(G.30)

(G.31)
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G.7.1 Explicit forms of the Clebsch-Gordan Coefficients

(aabpflecy)

= 0,,.a45A(abe) [(a+ a)l(a — a)l(b+ B)Ib — B)!(c +7)!(c —7)!(2c + 1)/

(=1~

XZZ:,2'!(a+l)—c—z)!(a—Oz—z)!(b—l—ﬁ—z)!(c—ZH—(:H—Z)!(C—LL—B%—z)!7
(G.32)
where

a —c)l(a— c)l(—a )1 Y?

Aabe) = {( +b )('C(Hbl:jw)rv(l)! +b+c)! (@.33)

Because factorial of negative values diverges, the summation of z becomes restricted.
The minimum of z is 0, b — b — a or a + 8 — ¢ and the maximum of z is a + b — c,
a—aorb+ .

G.7.2 Special values

0, ifa+b+c=29+1,
(a0b0[c0) = (—1)9¢\/2cFTg! [(29—2a)!(29—2b)!(29—26)!

1/2
] , ifa+b+4c=2g,

(g—a)!(g—b)!(g—c)! (29+1)!
(G.34)
where ¢ is positive integer.
0apda. —
(aabBl00) = (-1)%&% (G.35)
(CLO[OO|C’y) = 5ac(5a'y (G36)
a2 (a+b+a+B)(a+b—a—pB)

(aabfla+ba+f)= \/(2a et a)a—a)brae_pgr &30

G.7.3 Symmetry properties

(aabBler) = (1) °(b faaley) = <—1>H§<aac VT

= (-1 *F(eva —alp = f) = (-1 =(c —vbpla —a)

> SO O

= ()" 2(b —Berlan) = (-1 (a —ab — fle —7)
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G.7.4 Two Particle with Arbitrary Spin

51, 2 jm) = 22(3'1 ma jz majm)|jy mu)|jo ms) (G.39)
|71 ma) 2 mz>m=mZ(jl my jz ma|jm)l|[j1, j2ljm) (G.40)
| (152 715 93] yar) ]= > Ui i JioJos) |, 2, ds) g ) sas) (G.41)
[ [1d2) 51z G3) yar) = fl)“fﬂwr [[G251) 715 33 ar) (G.42)

G.7.5 Unitary Racah coefficient

A unitary Racah coefficient is given by the overlap of two basis states as

U(j1g2J 335 Ji2J23) = ([J1, (2, J3) s e | [ 191, J2)gie s J)oar) (G.43)
= (_1)j1+j2+J+j3 \/(2J12 + 1)(2J23 + 1) ].1 J2 J12
Jjz J Ja3
(G.44)
= Z (71 mq j2 malJia Mi2)(Jia Mig j3 ms|J M)
mimaomazMya Moz
X (j2 ma j3 ms|Jogz Moz )(j1 my Jag Mas|J M) .
(G.45)

When Ji5 or Jos is equal to zero,

2J12 +1
(271 +1)(252 + 1)
(G.46)

U(j17j27j17j2; JIQO) - U(jljljzjg; 0J12> = (_1)j1+j2—J12\/
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G.8 Angular momentum recoupling

rd2(J12), dss IM) =Y " U(jrjadjs; JioJas) |1, jaja(J2s); JM) (G.47)
J23
l1s d2ds(Jas): TM) =Y " U(jrjad js: JiaJos) |jrja(J1z), jss JM) (G.48)
J12
7152(12), g3 TM) = (=1)" 2702 a1 (J1a), sy TM) (G.49)
= (=1)toNe Z U(jojiJg3; Ji2J13) |2, j1Js(J13); J M)
J13
(G.50)
= Z(—l)j1+J_J12_J13U(j2j1Jj3; J12J13) [J173(J13), j2; JM)
J13
(G.51)

G.9 67 Symbol

G.9.1 Relation between the Clebsch-Gordan coefficient and 65
symbol

Z (ji2 mi2 g3 ma|j m)(j1 m1 j2 maljiz mi2)

mi,Mm2,1M3,1M12,7M23

X (j1 ma jag maslj’ m')(j2 ma js ms|jaz mas)

:5jj’5mm’(—1)j1+j2+j3+j\/(2j12—|—1)(2j23—|—1){ :;.1 JJZ ;12 } (G.52)
3 23

The 65 symbol satisfies

l71 — j2| < j12 < j1+ Jo, 172 — 73] < jas < jJ2 + Js,
lji2 — 3] < J < ji2 +Js3, lj1 — J23] < J < g1+ Jos. (G.53)

G.9.2 Explicit forms of 67 symbols

{ Z Z ; } = A(abc)A(cde) A(aef)A(bdf) > CD =+ 1) (G.54)

— F(abedef;z)
where

F(abcdef;z) =(z—a—-b—c)(z—c—d—e)l(z—a—e— fl(z—b—d— f)!

X(a+b+d+e—z2)(a+c+d+ f—2)l(b+c+e+ f—2).
(G.55)
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G.9.3 Symmetry properties of the 67 symbols

The 67 symbol is invariant under any permutation of its columns or under interchange
of the upper and lower arguments in each of any two columns.

Ju g1z Jis | ) Jun gz Jiz | ) Ji2 o Jun s

Jo1 Jo2  J23 Jo1 J23  J22 Jo2  Jo1 Jo3
_ S gz | _J Jis o Jie (G.56)

Jo2 Jo3  J21 J23  Jo1 J22

_ g2 Je2 s | ) Jin Je2 Jes
Ji1 Ji2 Jo3 Jo1 Ji2 Jis

G.9.4 One of arguments is equal to zero

{ 2 b ; }: (—1)prerd \/(zb_ibi(;e(;eﬂ)’ (G.57)
{ 0 Z JC” }: (=1 V(@b fubg()gz;cqtn’ (G5
{ y 2 ; }: (—1)mrere /(2a iai(;c(gd+1)’ (659
{ 70 f }: e ia%my 00
{ ‘ I; ;)C }: (_1)otets VT ja;‘;cz;dﬂ), (G.61)
EhT) R i e

G.9.5 One of arguments is equal to the sum of two others

a b a+b satrap (2a)!(20)!
{ a b a+b }:(_1) +b(2a—|—2b+1)!’ (G.63)
a b a+b | “ (2a)!(20)!
{ a b f }_ (=1)° +2b(a+b—f)!(a+b+f+1)!’ (G-64)
{ a b a+b }: (—1)2a+2b (2a)!(20)!
b a f V(2a— H2a+ f+a)(2b— 26+ fF+ 1)
(G.65)
a b a+bd 2atrap (2a)!(2b)!
{ a b a+b-1 }:(_1) +b(2a+2b)!’ (G.66)
{ . Z ZJ_FZ }:( 1)2“+2b2a1+1 (G.67)
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G.10 937 Symbol

G.10.1 Relation between the Clebsh-Gordan coefficients and
97 symbols

Z (j1 m1 j2 maljiz miz2 )(J3 ma ja maljsa maa )(Jiz mi2 jza maalj m)
mMiMyg

X (71 m1 j3 ms|jiz mag)(j2 ma ja maljoa mag )(J13 mag Joa moglj’ m’)
o J1 o J2 Ji2
= 05/ 0mm J1213J24d34 ¢ J3 Ja J3a (G.68)
J13 Joa ]
The 95 symbol satisfies

l71 —d2l <12 <jg1+Jo, |js—Jal <Jsa <js+ja, |ji3—joal <Jj <ji3+ jou,
71 —dsl <jdis <g1+7Js, |j2—Ja|l <Jgoa <jo+ja, |j12—Jsal <j<jiz+Jsa.

(G.69)
G.10.2 Explicit forms of 97 symbols
00| AAMen)Aber)A(gh]) (a+d = g)(c+ £ = g +h++ 1)
g h i N A(adg)A(cfj) (a+d+g+1)

1
“la—br o —atbrold——ct Ni—dtet )b—cth)(—bteth)
(20 — y)!(2d — 2)!(2e — t)!
xly!lzlt!

o (2a — x)
x Z(_l)a cte—g+jtaxty+z+t

wyzt
(—a+b+c+a)(-b+e+h+yl(—d+e+ f+2)!
(a+b—c—a)l(b+e—h—ylld+e—f—2)!
b—e+g—j+1t)!
b+e—g+j—t)Wa+d—g—az—2)(e—b+h+y—t)(-d+e+f+2z—1)!
" (—a—e+fH+g+ax+t)(c—d+e+j+2z—1)
b—e+g—j—y+t)i(—a+c—e+g—j+ax+1)!
1
% (—a+c—d+f+g+j+1+x+2)!

X

(G.70)
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G.10.3 Relation between 95 symbols and 65 symbols
97 symbols can be expressed by 65 symbols:
a boc a b c d e f h j
_ _1)\2z
d e f —Z(l)(2z+1){sz}{bzh}{ ad}
g h 1 z
(G.71)
The summation of z is restricted by the conditions of 65 symbols.
G.10.4 Symmetry properties of the 97 symbols
Jii Jiz Jis Jii  Jik  Ju
Jo1 Jo2 J23 p = Joi  Jok Jau ¢ (G.72)
Ja1 J32  J33 J3i  J3k  J3i
Jin Ji2 Ji3 Jit  Ji2  Ji3
J21 Jo2 J23 p = Jkl Jk2  Jk3 (G.73)
Ja1 J32  J33 Jin Jiz i3
Jin Jiz Jis Ji1 J2r Jst
Jo1 Jo2 J23 p = Ji2 J22 J32 (G.74)
Ja1  J32  J33 J13 J23  J33
where
- 1 for cyclic permutation
€= { (—=1)f  for non-cyclic permutation (G.75)
3
R = ik (G.76)
i k=1
Even permutations of columns or rows;
Jin Jiz Ji3 Jo1 Jo2  J23 J3a1 J32  J33
Jo1 Je2 J23 = J31 J32 J33 p =1 Ji1 Ji2 Ji3
J3a1 J32  J33 Jin Jiz J13 J21 J22  J23
Jiz Ji3 Ju Jiz Jiun Ji2
= Jo2 J23 J21 p =1 J23 Jo1 22 (G.77)
J32  J33 J31 J3z  J31 J32
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G.10.5 One of the arguments is equal to zero

O~ O

B (_1)b+c+d+g a b c
}5cfégh¢<2c+1><2g+1>{ Lo o

_ 6ad6be(5cf
}  V/(@2a+1)(2b+1)(2¢ + 1) (G.79)

O Q9 L Qe
o0 o0 0 o
SO~ O

G.11 Wigner-Eckart theorem
(J Mk ulJ M")

V2J' +1

The matrix element for the orbital angular momentum and spin coupled with wave
function is reduced by

(J M| Oy | TM) = (J'1Ox[17) (G.80)

(U (rrsyam | V(|7 — 7i|) (Ox(space) - Ox(spin)) [ ¥ 1.5y 70 )
U(LkJS"; L'S)

= (=1~ NTESCEESY (L"|V (|7 — 7| )Ox(space) || L) (S"[| O (spin) || S)
(G.81)
:(_1)L+2H+J+S/{ é/ ; I‘;}
x (L'|V (|7 — 7i| )Ox(space) | L) (S| O (spin) || S) (G.82)
G.12 Reduced matrix element
) N s
(Grgel Nkaka)[515)7 ) = JRJ' 3t g5 I ¢ CGallkalldh) (ol k2l ]55)
ki ke Kk
(G.83)
(ml [Pas Q4. ['m)
_(j’m’C'y|jm) ] oy
BT (gml| [Pa, Qpl ., l17'm") (G.84)
_ (j'm" cv|jm) )it~ /A a b c . y
= U BT G Ul )

(G.85)



G.13 Tensor products 143

([i1: 72l Oaa(1) [[1, 2] 5)

./ . ./ -/ -/
= 0,5, (=1) Tt /25 4+ 1(5 m aalj m) { ‘7j1 2

-/

7 b anoaw
(G.86)
(1,721, 104 (DI i, 38,
R e N TRV T S Al T[NP
(G.87)

(i1, 421, 110 ()] 151, d2] )

= 6, (—1) e [0 ) (25 + 1){ ?.% jg " }<j2|\oa(2)ujg>
(G.88)
G.13 Tensor products
[Oky» Ok lkm = Y _ (k1 my ky molk m)Okym, Orymy (G.89)
A-B=—3[A,Bloo G.90)
(A x B), = —iv2[A, By, (G.91)

G.14 Matrix Elements of Basic Tensor Operator
G.14.1 Unit operator I

(NIIX) = (AIX) = dan (G.92)
(UM = V20 +1 (G.93)

(I's' J|I)|IsT) = /2T + 1616 (G.94)
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G.14.2 Spherical harmonics Y

Vel = (12 [ REEDCE LD g g

_ (_1)2l\/(2l'+1i7(r2k+1)(l, 0k 0l10)

_ (_1)1’\/(% i 1315?[' Yook o)

(Y () @ Vi (R)]1 | [V (7) @ Vi (R)] ¢ [ 1% (7) @ Yy (B)]1)
= (=1)at /(2K +1)(2L + 1)(2L' + 1)(2ky + 1)(2ks + 1)

li, o L
X C(lllll,k‘l)C(lQllz,kg) lll Z/Q L
ki ke K

(G.95)
(G.96)

(G.97)

(G.98)

(_1)l’1+l’2

- V@K +1)(2L + 1)L +1)(2L + 1)(2z + (214 + 1)(2 + 1)

47

lh lo L
ki ke K

(G.99)
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