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Abstract

We report on the analysis of a planetary microlensing event MOA-2008-BLG-379,
and the statistical analysis of the archival MOA-II data in 2007–2012.

MOA-2008-BLG-379 has a strong microlensing anomaly at its peak, due to a
massive planet with a mass ratio of q = 6.9×10−3. We have conducted a Bayesian
analysis based on a standard Galactic model to estimate the physical parameters
of the lens system. This yields a host star mass of ML = 0.56+0.24

−0.27 M⊙ orbited by
a planet of mass mP = 4.1+1.7

−1.9 MJup at an orbital separation of a = 3.3+1.7
−1.2 AU at

a distance of DL = 3.3+1.3
−1.2 kpc.

With use of the MOA-II data in 2007–2012, we construct a sample that consists
of 1471 single lens events with high signal-to-noise ratio. We found 21 planets
which include several new candidates discovered by a systematic modeling of all
the anomalous events. We estimate the detection efficiency of the planets in all of
our sample w/wo planets. We fit the planet frequency with a power law function
F = F0(mP/m0)α, where we find F0 = 10−0.67±0.10, α = −0.78 ± 0.12, and m0 =
95.2 M⊕. We integrate the planetary mass function and find that a star has on
average 0.15+0.04

−0.03 Jupiter like planets (0.3−10 MJup), 0.52+0.18
−0.15 Neptune like planets

(10 − 30 M⊕) within 0.5 < a < 10 AU. For the planets with mass from 5 M⊕ to
10 MJup, we find that a star has on average 1.6+0.52

−0.42 planets within 0.5 < a < 10 AU.



Chapter 1

Introduction

Almost two decades have passed and more than 1000 planets have been found
since the first discovery of an extrasolar planet orbiting an ordinary star in 1995
(Mayor & Queloz 1995). The discovered exoplanets are hardly similar to the
familiar planets in our solar system, i.e., hot Jupiters: gas giant planets with
shorter orbital periods than the Mercury’s, and eccentric planets: planets with
the high orbital eccentricity. Recently, the planetary systems with multiple Earth
size planets orbiting inside of the Mercury’s orbit have been found by Kepler team
(Lissauer et al. 2011), who searches for transits of the exoplanets by using Kepler
space telescope. Also, the Kepler ’s discoveries of circumbinary planets (Doyle et
al. 2011), where planets orbit two stars instead of one, confirmed a science-fiction
planets as a real world. Thus, the exoplanet discoveries have driven us to explain
how these planets formed and search for smaller planets with the goal of discovering
another Earth.

In order to explain how these planetary systems and our solar system formed,
planet formation theories have been developed. A major planet formation theory is
the core accretion model (Lissauer 1993, Pollack et al. 1996). In the core accretion
model, planetesimals grow through the coagulation process and reach the critical
mass of roughly 10 M⊕, which triggers the run away gas accretion on the planet
if a lot of gas remain in the proto planetary disk. This is more likely to happen
at the out side of the so-called snow line, beyond which the temperature is cold
enough for ices to condense, because the surface density on the proto planetary disk
increases by a factor of 3–4 beyond the snow line (Ida & Lin 2005, Lecar et al. 2006,
Kennedy et al. 2006, Kennedy & Kenyon 2008) . The enhancement of the surface
density facilitates the formation of large cores. The location of the snow line for
main sequence star is given by ∼ 2.7 AU (M/M⊙)2 (Ida & Lin 2004a). The scaling
coefficient with stellar mass depends on the stellar luminosity–mass relation, which
is a function of stellar age. In this thesis, we choose the coefficient such that the
snow line scales to the stellar luminosity at the time of planet formation, ∼ 106 yr.
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Thus, the snow line is given by ∼ 2.7 AU M/M⊙ (Kennedy & Kenyon 2008). If
the gas has already dissipated when the planets exceed the critical mass, they
can not get enough gas accretion. Then they become failed Jupiter cores like
Neptune or Super Earth (Kennedy & Kenyon 2008), and such planets have been
founded(Muraki et al. 2011).

Population synthesis simulations (Ida & Lin 2004a, Mordasini et al. 2009)
showed the predictions of planet distribution on an a-mP plane, where a and
mP are semi-major axis and planet mass, respectively, based on the core accretion
theory. Ida & Lin (2004a) expects a “planet desert” that is a deficit of planets with
M = 10 – 100 M⊕ and a = 0.2 – 3 AU. They also predict a higher frequency of low
mass planets compared to gas giants. Mordasini et al. (2009) also gives the similar
results, but they expect that the planet desert might be slightly smoothed. These
results are based on the general physical considerations, but also depend on a num-
ber of simplifications. Thus, these expectation should be tested by observational
data.

Most of the planets were discovered through the radial velocity (Butler et al.
2006, Bonfils et al. 2013) and transit (Borucki et al. 2011) methods, which are
the most sensitive to the planets orbiting close to their host stars. In contrast,
direct imaging is the most sensitive to young planets in orbits wider than that of
Saturn (Marois et al. 2008). The gravitational microlensing method (Bennett &
Rhie 1996) has unique sensitivity to the planets with masses down to Earth mass
orbiting just outside of the snow line (see Figure 1.1). Here, we briefly review the
detection methods for exoplanets.

• Radial Velocity

The first exoplanet (Mayor & Queloz 1995) and the most of the planets
known today were discovered by this method. The radial velocity (RV)
method, also called as Doppler method, measures the star’s line-of-sight
velocity by using high resolution spectroscopy. If a star has a planet, they
orbit about the center of mass. By analyzing the repeating patterns in the
time series of RV, the orbital period and minimum mass (mPsini, where mP

is the mass of the planet and i is the inclination, the angle between the
line of sight and the planet’s orbital axis) of the planet are characterized.
The massive planets with shorter orbital periods are easily detected. The
detection of the Jupiter, which orbits about 5 astronomical unit (AU, the
Earth-Sun distance), requires the precision of ∼ 10 m/s RV for the Sun. The
detection of the Earth requires ∼ 10 cm/s RV measurement, which has not
been achieved yet. The current best precision is ∼ 50 cm/s.

• Transit
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Figure 1.1: Location of the snow line and the region where microlensing has a sensitivity, with
different host star masses. The blue dashed line shows the snow line given by 2.7 AU (M/M⊙)2.
The blue solid line shows the snow line given by 2.7 AU M/M⊙ (Kennedy & Kenyon 2008). The
red line shows the typical size of the Einstein ring radius, where the microlensing has a peak
sensitivity for the planets (see Equation 2.6). The green line shows the approximate location of
the habitable zone (Kasting et al. 1993), where an ocean planet could exist.

If a planet has an inclination of i ≃ 90◦ (edge-on), an eclipse in the extrasolar
system can be seen. The probability of a random planetary orbit being along
the line-of-sight to a star is given by R/a, where R is the radius of the primary
star and a is the semi-major axis of the planet. This leads the probability of
transits for an Earth-like planet at 1 AU orbiting a Sun-like star, 0.465 %.
By analyzing the light curve of the transit, the radius of the planet can be
derived. A Jupiter-size planet occults a Sun-like star by the flux of ∼ 1%.
This level of the precision has been achieved with ground-based telescopes.
But, measuring the enough photometric precision for the detection of Earth-
size planets around Sun-like stars requires space telescopes, such as Kepler
mission (Borucki et al. 2011), which is one of the most successful survey for
exoplanets.

Transit method is widely applicable to derive the information of planetary
systems. In combination with an RV measurement of the star with a transit
planet, the average density of the planet can be derived, because the RV and
transit methods give the mass and radius of the planets, respectively. As of
today, the planet densities are measured in ∼ 200 planets (Howard 2013).
Also, measuring the RV during the transit can derive a stellar obliquity,
which is the angle between the stellar spin axis and a planet’s orbital axis
(Albrecht et al. 2012). This is possible because of the Rossiter-McLaughlin
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effect, where the planet alternatively occults the blue and red shift part of
RV caused by the stellar spin. If the planetary system has another planets
that might not occult the star, the additional planets perturb gravitationally
the transiting planet, affecting the mid time of the transit. Measuring the
residual from the mid time of the transit, transit timing variation (TTV), can
not only discover the another planets but also derive the mass of the planets
(Lissauer et al. 2011). Another remarkable aspect is that the difference in
the transit light curves in different wavelengths gives us the information on
the planet’s atmosphere (Narita et al. 2013, Fukui et al. 2013).

• Gravitational Microlensing

Gravitational microlensing method is very unique in that we need photons
from neither the host star nor orbiting planets. Although the close-in planets
are more detectable by the RV and transit methods, the microlensing method
can detect wide planets with masses down to the Earth mass orbiting at
a few AU, which is equivalent to a region just outside of the snow line.
These planets could be detectable by the RV method, but the long orbital
period requires the long time series observations. The probability of that any
microlensing event is occurring at any given time is ∼ 10−6 even toward the
Galactic bulge, where the surface density of stars is the highest. This low
probability requires a large number of stars to survey. Although the number
of detected planets is much less compared to the RV and transit (see Figure
1.2), the parameter space that microlensing can survey is complimentary to
the other method. Thus, to complete a planet distribution map, such as
Figure 1.2, the microlensing method is indispensable.

Unlike the other planet detection method, microlensing is able to detect
planets far away from our solar system, i.e., 1–8 kpc. With enough sample,
we can estimate the planet frequency as a function of distance from the
Sun. Although this is interesting, the distance to the planets can be derived
only for the special case (where both finite source and parallax effects can
be observed). So, we must wait for statistically large samples to know the
relation.

Microlensing is also unique in its sensitivity to planets orbiting stars that
are too faint to detect (Bennett 2008, Gaudi 2012). In fact, planetary mass
objects can be detected even in cases when there is no indication of a host
star (Sumi et al. 2011). These planetary mass objects, free-floating planets,
are thought of as ejected planets from the proto plaentary disks by planet-
planet scattering. Complete understanding of the planet formation requires
the number of not only orbiting planets but also ejected planets.

• Direct Imaging
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One of our ultimate dream is to observe another Earth directly. However,
exoplanets are too dim to observe directly and their host stars are relatively
too bright. But, by using a spatially high resolution imaging with a occulting
mask for the bright host star, it is possible to observe exoplanets directly for
the special case where the planets are bright enough due to their youth and
far enough from the host star. Currently, dozens of gas giant planets with
long semi-major axises have been found by the direct imaging (Rameau et
al. 2013).

Figure 1.2: Left: Mass versus semimajor axis for known planets. The blue dots show the planets
discovered by transit method. The gray squares are the planets discovered by RV method. The
magenta triangles are the planets discovered by direct imaging method. The planets discovered
by micolensing method are plotted in the red points. The alphabets show the planets in our
solar system. Right: Same with the left figure, but the masses are plotted as a function of the
semimajor axis normalized by the snow line, which is assumed to depend on the host star mass
as ∼ 2.7 AU M/M⊙ (Kennedy & Kenyon 2008).

The planets discovered to date are plotted in Figure 1.2. The number of planets
discovered by each detection method is large enough to discuss the statistics, i.e.,
how many exoplanets per star or how frequently the star harboring any planets,
depending on the planetary mass, orbital period, primary star mass, and metallic-
ity of the primary star. The RV observations have shown interesting results that
can put constraints on the planetary formation scenario:

• The probability of a star hosting a planet per logarithm of planet mass per
logarithm of orbital period, is increasing with a decrease of planetary masses
and with a logarithm of the orbital periods, dN = m−0.31±0.2

P P 0.26±0.1d lnmP d lnP
(Cumming et al. 2008).
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• Occurrence (the probability of a given star harboring any planets) of the
planet with mass of 3 < mPsini/M⊕ < 30 and orbital period P < 50 days is
30 ± 10% (Mayor et al. 2009).

• Occurrence of the planet with mass of 3 < mPsini/M⊕ < 30 and orbital
period P < 50 days is 15+5

−4% (Howard et al. 2010).

• About half of Sun-like stars have at least one planet with mass of mP
<∼ 30 M⊕

and orbital period of P < 100 days (Mayor et al. 2011).

• 14% of Sun-like stars have giant planets with mass of mP
>∼ 20 M⊕ and

orbital period of P < 10years (Mayor et al. 2011).

• Occurrence of the giant planets (with mP > 50 M⊕) is strongly depending
on the metallicity of the primary star, but not for the super Earth and
Neptune-mass planets (Mayor et al. 2011)

• Occurrence of the close-in giant planets (with 0.44 < mPsini/MJup < 1.12,
a < 2.5 AU), is increasing with both the primary star masses and the primary
star metallicity (Johnson et al. 2010b)

• The frequency of habitable planets with mass of 1 ≤ mPsini/M⊕ ≤ 10
orbiting M dwarfs, η⊕, is estimated as 0.41+0.54

−0.13 (Bonfils et al. 2013).

Both the HARPS survey (Mayor et al. 2009, 2011) and η-Earth survey (Howard
et al. 2010) have shown that the planets of mP

<∼ 30 M⊕ and P < 50 days (a <
0.3 AU) are abundant, while the population synthesis simulations based on the
core accretion model predict the planet desert on that parameter space (Ida & Lin
2004a, Mordasini et al. 2009). But the positive correlation of the occurrence of
the hot Jupiters to the primary star mass and metallicity (Johnson et al. 2010b)
supports the core accretion model (Ida & Lin 2004b, 2005).

Although transit method can derive only the radius of the planets (except for
the special case such as TTV), and the Kepler planets in the statistical analysis
are still planet candidates, the statistical study by using 1235 Kepler planets
demonstrates the powerfulness of Kepler survey (Howard et al. 2012):

• The planet occurrence is increasing with a decreasing planet radius down to
2 R⊕.

• Planets with orbital periods P < 2 days are very rare; the occurrence of such
planets with radius of Rp > 2 R⊕, is less than 0.1%.

• The “parking distance”, inside of which the close-in planet occurrence falls
off rapidly, moves outward with decreasing planet size.

6



• The occurrence of 2–4 R⊕ planets increases with decreasing the effective
temperature of the primary star, Teff ; seven times more common around cool
stars (3600–4100 K) than hottest stars in the sample (6600–7100 K).

The Kepler results are partly consistent with the RV result (Howard et al. 2010) in
terms of that smaller planets are more common. But the abundant small planets
are found in the desert predicted by the core accretion model. Also, the higher
occurrence of the planets with 2–4 R⊕ in the cooler stars, which are equivalent to
less massive primary stars, dose not agree with the positive correlation estimated
by Johnson et al. (2010b). This could be explained by the metallicity bias in
the Kepler stars, but further observational results are required to make clear this
discrepancy.

The comparison of the observational results by RV and transit with the planet
formation models has been tried for the close-in planets. For the planets with
wide orbital periods, the observational results by direct imaging method have been
compared to the planet formation models. Rameau et al. (2013) put the constraints
on the planet formation models by both core accretion and gravitational instability,
where a massive cold disk becomes unstable and leads to the clumps of gas and
dust becoming giant planets beyond 10 to 20 AU (Stamatellos & Whitworth 2009).
Although the constraints are not very strong, the direct imaging surveys suggest
that a break-up of the positive correlation of planet occurrence with orbital period
between the population of close-in planets and wide-orbit giant planets. This could
be probed by microlensing, which can detect planets with the intermediate orbital
periods.

Microlensing has indicated that cold planets orbiting a few times the distance
of the snow line are quite common (Sumi et al. 2010, Gould et al. 2010a, Cassan
et al. 2012). Relatively low-mass cold Neptunes or super-Earths are found to be
more common than gas giants, which is in rough agreement with the core accretion
theory expectation. Although the gas giants are relatively rare beyond the snow
line, ∼ 30% of the discovered planets by microlensing are thought of as gas giants.
Furthermore, typical mass of the host stars surveyed by microlensing is ∼ 0.5 M⊙.
Thus, the observational fact suggests that the gas giants orbiting around M or K
dwarfs beyond the snow line are not uncommon and this may be challenging for
the core accretion model.

In this thesis, we present the result of the analysis of a planetary microlensing
event MOA-2008-BLG-379, where another gas giant planet is discovered, and the
statistical analysis of the archival MOA-II data in 2007–2012. In Chapter 2, we de-
scribe the basics of gravitational microlensing and its application for the detection
of planets. The MOA project is introduced in Chapter 3. The analysis of MOA-
2008-BLG-379 is described in Chapter 4. In Chapter 5, we present the analysis
and result of the statistical study. Discussion and our conclusion are presented in
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Chapter 2

Gravitational Microlensing

2.1 Brief History

One of the distinctive characteristics of microlensing is that this method does not
measure the flux from a lens star, but measure the flux from a source star far
behind the lens objects. This leads the strength of that the microlensing is able
to detect dim objects, such as remnant stars, brown dwarfs and planets, even if
the planets have no host stars. In other words, these objects are hard to observe
directly, therefore the identification of the host star is the most difficult aspect for
the microlensing. But, the original difficulty of detecting microlensing events is a
rareness of the phenomena.

Originally, the idea of gravitational lensing, which is the deflection of light by
gravity, goes back to the era of Sir Isaac Newton. After two centuries, Lodge (1919)
and Eddington (1920) predicted an idea of the phenomena that the light rays from
the background star are deflected by a foreground star alined with the line of sight
to the background star and result in making the images around the foreground
star. Chwolson (1924) remarked that a ring-shaped image of the background star
will be produced if the alignment is perfect. Although it seems that Einstein had
such an idea in 1912 (Renn et al. 1997), he published a paper in which the lens
equation is derived and the amount of magnification is estimated(Einstein 1936).
In this paper, he noted that the alignment scarcely happens and the angle of
the images are too small to be observed. “Therefore, there is no great chance of
observing this phenomenon”, as Einstein concluded.

After three decades from the Einstein’s paper, Liebes (1964) and Refsdal (1964)
estimated the physical quantities of the gravitational lensing phenomena. Liebes
(1964) considered the case of that the lens is a star orbited by an Earth like planet,
and found there could be a small perturbation by the planet in the lens action of
the host star. Liebes (1964) also discussed the lensing effect caused by free-floating
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planets and concluded that these events are even more rare in the detectable events
and hard to be detected due to the shortness of the event timescale. The both
paper considered that the phenomena possibly happen but we can not expect
where and when they take place.

Two decades later, Bohdan Paczyński used the term “microlensing” for the first
time (Paczyński 1986a). He predicted that microlensing may detect the MAssive
Compact Halo Objects (MACHOs) in the Galactic halo, which is one of candidates
of the dark matter (Paczyński 1986b). Even before the first detection of the mi-
crolensing event and the first detection of the extrasolar planet, Mao & Paczyński
(1991) predicted that the extrasolar planets can be found by the microlensing.
These paper have driven many collaborations to search for the microlensing events
(MACHO collaboration; Alcock et al. 1993a, EROS collaboration; Aubourg et al.
1993, OGLE collaboration; Udalski et al. 1992, MOA collaboration; Bond et al.
2001).

At last, the first microlensing event was discovered towards the Large Mag-
ellanic Cloud (LMC) by the MACHO and EROS collaborations (Alcock et al.
1993b). The first detection of a microlensing event towards the Galactic Bulge
was reported by the OGLE collaboration (Udalski et al. 1993). For a while, no
planetary microlensing events were detected, but interesting upper limits were
placed on frequency of the Jupiter masses planets (Rhie et al. 2000, Gaudi et al.
2002). And the OGLE and MOA collaborations discovered the first planetary mi-
crolensing event, OGLE 2003-BLG-235 / MOA 2003-BLG-53 (Bond et al. 2004),
which triggered the enthusiastic observations searching for planetary microlensing
events.

2.2 Fundamental Theory

In this section, we review the basic equations for both single and binary lens
microlensing.

2.2.1 Single Lens

Gravitational microlensing occurs when a star with a certain mass is almost per-
fectly aligned with the line of sight to a far behind source star. Figure 2.1 shows a
schematic view of the microlensing. The light rays travelling from a source star at
a distance of DS are deflected by the lens, a star with a mass of ML at a distance
of DL. From the observer’s viewpoint, two images of the source star can be seen.
For the simplicity, we assume that the lens star is a point mass and the source
star is a point source. With the lens geometry shown in Figure 2.1, we can get a
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Figure 2.1: Schematic view of microlensing caused by a lens star with a mass of M at a distance
DL.

simple equation,
DSθ = (DS − DL)δ, (2.1)

where θ is the angle between the source star and one of images and δ is the
deflection angle, because the θ and δ are very small. The deflection angle for a
light ray passing a mass, M , with an impact parameter, r, is derived from General
Relativity as,

δ =
4GM

c2r
, (2.2)

where c is the light speed in the vacuum, G is the universal gravitational constant.
With a relation,

DLθ = ri, (2.3)

Equation (2.1) yields,

ri =
4GM

c2(ri − r0)
DSx(1 − x), x ≡ DL/DS . (2.4)

If the lens star is perfectly aligned (r0 = 0), the two images merge to form a ring
of radius,

RE ≡ DLθE ≡
√

4GM

c2
DSx(1 − x) (2.5)

≃ 2.6 AU

(
M

0.5 M⊙

)1/2 (
DS

8 kpc

)1/2 (
x(1 − x)

0.2

)1/2

(2.6)
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known as a Einstein radius (θE is an angular Einstein radius). Then, we can rewrite
the lens equation

ri =
R2

E

ri − r0
(2.7)

which has two solutions,

ri =
r0 ±

√
r2
0 − 4R2

E

2
. (2.8)

These images are difficult to be resolved because a typical angular Einstein radius
is

θE ≃ 391 µas

(
M

0.5 M⊙

)1/2 (
DS

8 kpc

)−1/2 (
(1 − x)/x

0.3

)1/2

. (2.9)

The lensed images are distorted and also magnified. Because surface brightness
is conserved, and the observed flux from an image is just the surface brightness
integrated over the image area, the observed magnification can be written by
differentiating Equation (2.8),

Ai =
∣∣∣
ri

r0

dri

dr0

∣∣∣ =
∣∣∣

r4
i

r4
i − R4

E

∣∣∣, i = 1, 2 . (2.10)

Then the total magnification is a sum of the each magnification as,

A = A1 + A2 =
u2 + 2

u
√

u2 + 4
, u ≡ r0

RE
=

β

θE
, (2.11)

where u is the normalized lens-source separation. So, the magnification is approx-
imately, A ≃ u−1 for u ≪ 1, and A ≃ 1 for u ≫ 1.

Actually, u depends on time, and so does A. Let’s assume that the source,
lens and observer are moving inertially. We can describe the time-dependent lens-
source separation as

u(t) =

√

u2
0 +

(
t − t0

tE

)2

, tE =
RE

v⊥
, (2.12)

where u0 is the minimum impact parameter, v⊥ is the transverse velocity, and tE is
the crossing time on the Einstein radius, also called the event timescale. Combining
this with Equation (2.11), the time-dependent magnification is described as,

A(t) =
y2 + u2

0 + 2√
y2 + u2

0

√
y2 + u2

0 + 4
, y ≡ t − t0

tE
. (2.13)

In Figure 2.2, we can see the A(t) for the various u0, and the lensed images for
u0 = 0.2. Therefore, microlensing experiment is the observation of a light curve,
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Figure 2.2: Theoretical microlensing light curve (left) and geometry of the lens plane seen from
the observer (right). The difference in the color indicates difference in the impact parameter, u0.
With smaller impact parameter, the magnification becomes higher. In the right figure, the black
dot and black dashed circle show the lens star and the Einstein ring, respectively. The positions
of the source star with u0 = 0.2 and created images are plotted in the gray circles and ellipses,
respectively. The images out side and in side of the Einstein ring are called as major and minor
images, respectively.

the time-dependent magnification of the source star. The typical event timescale
is

tE ≃ 22 days

(
M

0.5 M⊙

)1/2 (
DS

8 kpc

)1/2 (
x(1 − x)

0.2

)1/2 (
v⊥

200 km s−1

)−1

. (2.14)

Note that tE is proportional to the square root of M , and the lens mass, distance
to the lens, and the transverse velocity degenerate in tE, assuming the source is at
the Galactic center.

2.2.2 Binary Lens

In the Galaxy, about half of the stars are binary stars. And the star with a planet
is thought of as a binary system with a small mass ratio. We can have a lens
equation for the binary system along with the basis in Section 2.2.1. Let’s assume
the each lens is a point mass and the source is a point source. In the case of binary
lens, the lens system may have a width along with the line of sight to the source
star, but this can be negligible compared to DL and DS. Here, we introduce a
dimensionless vector for the source position u ≡ β/θE, and for the image positions
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y ≡ θ/θE. The lens equation is derived as,

u = y −
2∑

i=1

ϵi

y − ym,i

|y − ym,i|2
, ϵ ≡ mi∑2

i=1 mi

, (2.15)

where mi and ym,i are the mass and position of ith lens, respectively. This lens
equation (2.15) can be thought of as the mapping from the source position to the
image position, u → y. Then, the magnification of jth image is written as the
inverse of the Jacobian,

Aj =
1

det J
, J =

(
δu

δyj

)
. (2.16)

The number of images for the binary lens is 3 or 5 depending on the each lens
position and source position. Actually, Equation (2.15) can be expanded into a
fifth order polynomial equation in y, which can be solved numerically, and this
equation has 3 or 5 real solutions (Witt 1990, Rhie 1997).

As we know from Equation (2.16), the magnification can be infinity if det J =
0. Although, it dose not become infinity because the source has a finite size in
practice. The source position at which the magnification would be infinity is called
caustic. The set of locations where the caustics are mapped in the lens plane by
the lens equation is called critical curve. For the case of single lens, the caustic
is the location of u = 0, and the critical curve corresponds to the Einstein ring.
The caustics are important locations because not only the magnification of a point
source diverge to infinity, but also the caustics on a magnification map, which
shows the source magnification of each location on the sky , help us to understand
the complex light curve for the binary lens.

Figure 2.3 shows the examples of magnification maps and caustics for the binary
lenses with source trajectories, and corresponding light curves. The caustics are
characterized by a cusp, which has a convex shape, and a fold, which has a concave
curve. The size, shape and location of the caustics are determined by a mass ratio
q = M2/M1, where M1 is the primary star mass and M2 is the companion’s mass,
and a separation s between the lens components in units of the angular Einstein
ring radius. We can see one to three sets of caustic depending on q and s. If
s < 1, there are three sets of caustic (The top panel in Figure 2.3). A caustic
close to the center of the lens mass, which is at (x, y) = (0, 0), is called a central
caustic, and the other two are called planetary caustics, which are located on the
opposite side of the center of mass from the companion. If s > 1, there are two
sets of caustic (The bottom panel in Figure 2.3). The one is a central caustic
and the other is a planetary caustic, which is located on the same side with the
companion. If s ≃ 1, the central caustic and planetary caustics marge to form a
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Figure 2.3: Magnification maps and light curves of binary microlensing with a mass ratio of
q = 10−1, and various separations s. The separations are 0.7, 1.1 and 1.75 from the top to
bottom. Left panels show the magnification map where the magnification is drawn in gray scale,
the caustics are plotted in red, and the source trajectories and directions are plotted in the blue
lines and arrows. The x, y coordinates are scaled by the angular Einstein radius, and the origin
is the barycenter. The magenta light curves in the right panels are corresponding to the cross-
section along with the source trajectories of the left figures. The black light curves indicate the
magnification for the single lens model with same tE as that in the binary model at the position
of primary. The bottom insets in each right panel show the residuals of the two light curves.
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large resonant caustic. In general, the size of the central caustics is ∝ q, and the
size of the planetary caustics is ∝ √

q (Chung et al. 2005, Han 2006). And the size
of the caustics shrinks if |s − 1| becomes larger. Therefore, the smaller planets or
the planets located away from the Einstein ring radius generate smaller caustics.
The boundaries between the resonant caustic and the planetary caustics on an s -
q plane are plotted in Figure 2.4 (Cassan 2008).

The cross-section of the trajectory on the magnification map corresponds to
a light curve for the binary lens as drawn in Figure 2.3. When a point source
approaches to the cusps, the magnification increases sharply. But, for the fold
caustics, the magnification pattern is similar to that of the single lens when the
source is out side of the caustics. And, the magnification increases suddenly just
when the source goes into the fold caustics. This is because the number of images
is three outside of the caustics, but five images emerge inside the caustics.

Whenever the number of the lens is more than two, caustics should exist.
Therefore, if we could see the caustic crossing or approaching feature in the ob-
served light curve, this promises that the lens consists of two or more mass points.
This is what we are looking for to discover planets by microlensing. Phenomenol-
ogy for the caustics and light curves for the planetary companion is explained in
Section 2.3.

Figure 2.4: Caustic shapes depending on s and q. The close and wide boundaries are plotted
with s8 = (1 + q)2(1 − s4)3/27q and s2 = (1 + q1/3)3/(1 + q), respectively (Cassan 2008).

2.2.3 Optical Depth and Event Rate

Microlensing is a accidental phenomenon where a lens star is aligned to the line of
sight to the behind source star. If the surface density of the source star and the
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density of the lens star are higher, we can expect the probability of the alignment
will be higher. So, the density of the lens star can be estimated from the microlensig
observation. Here, we define the optical depth τ , the probability that any given
star is being lensed at any given time by a foreground lens object. In general,
a given source star is defined to be lensed when it is located within the angular
Einstein ring radius, where A ≥ 1.34. Then the optical depth is the number of
lens stars within the microlesing tube that is a tube with a radius of the Einstein
ring RE. The number of stars in a volume of πR2

E × dDL is nπR2
EdDL, where n is

the number density of lenses. Integrating this yields,

τ =

∫ DS

0

nπR2
EdDL (2.17)

=
4πGD2

S

c2

∫ 1

0

ρ(x)x(1 − x)dx, ρ = n/M, (2.18)

where ρ is the mass density along the line of sight, and we used the relation
x = DL/DS. Because n ∝ M−1 and R2

E ∝ M , the optical depth depends only on
the mass density along the line of sight and not on the mass function of lenses.
Many theoretical (Kiraga & Paczyński 1994, Han & Gould 1995) and observational
(Popowski et al. 2005, Sumi et al. 2006) works estimated τ towards the Galactic
bulge. The latest observational result Sumi et al. (2013) gives τ ∼ 4 × 10−6.
Although this result is factor ∼ 10 larger than the first prediction of τ ∼ 5× 10−7

with the symmetric bulge by Paczyński (1991) and Griest et al. (1991), the revised
estimate with the bar structure (Han & Gould 2003, Wood & Mao 2005, Kerins
et al. 2009) are consistent with Sumi et al. (2013).

The probability of that a given source star is magnified by a foreground lens
star is defined as an event rate, Γ. If we assume that a lens star has a proper
motion vrel relative to a source star, the Einstein ring sweeps an area of 2REvreldt
in a time dt. So, the probability of the given source star being microlensed by
the lenses within DL ∼ DL + dDL in a time dt is n2REvreldtdDL. Integrating this
yields,

Γdt =
2

π

dt

tE

∫ DS

0

nπR2
EdDL, (2.19)

where we used vrel = RE/tE. Therefore, the event rate is written as,

Γ =
2

π

τ

tE
. (2.20)

If we assume that the optical depth is τ ∼ 1 × 10−6, the event rate is Γ ∼ 1 ×
10−5 yr−1 because the typical event timescale tE for the Galactic Bulge is ∼ 20 days.
So we can expect 500 microlensing events yr−1 toward the Galactic Bulge if we
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observe tens of millions of stars. Actually, MOA-II (Bond et al. 2001, Sumi et al.
2003) observes such number of stars and finds 500 ∼ 600 microlensing events every
year. Sumi et al. (2013) found that the event rate around the Galactic coordinate
(l, b) = (0◦.97,−2◦.26) is Γ = 4.57+0.51

−0.46 × 10−5 yr−1, which is higher than the even
rate at l ≈ 0◦ for the same Galactic latitude.

2.3 Planetary Microlensing

A planetary microlensing is thought of as the binary lens with an extreme small
mass ratio. As we see Section 2.2.2, if the lens is a planetary system, the caustics
should exist on the sky. We can see the deviation from the light curve of a single
lens, if the source trajectory crosses or passes close to the caustics. This deviation,
an anomaly in the light curve, occurs in shorter time and has smaller amplitude
compared to the anomaly arisen from the stellar binary lenses, because the size of
the caustics for a smaller mass ratio is smaller. The smaller caustics take a short
time for the source star to cross them. Also, the actual source star has a finite
source size, so the deviation by the caustics in the light curve could be washed
out, or negligible for a large size of the source star.

Figure 2.5 shows magnification maps and the light curves for the planetary
microlensing with a mass ratio of q = 10−3 and various separations s, and finite
source sizes ρ = θ∗/θE, where θ∗ is an angular source star radius. Figure 2.6 shows
similar figures, but with a mass ratio of q = 10−5. Compared to the stellar binary
mass ratio q = 10−1 in Figure 2.3, we can see the size of caustics and perturbations
in the light curve are smaller. The timescale for the perturbation is a few days,
even if the source trajectories hit the caustics with a favorable angle. Also, due
to the small size of caustics, the finite source size strongly affect the perturbation.
For the giant source star with ρ = 0.03, the sharp anomaly are smoothed out. On
the other hand, the large size of source star can sweep large area, so it has much
chance of hitting the caustics. But if the lens has a mass ratio of q = 10−5, which
is 1 M⊕ if the primary mass is 0.3 M⊙, the caustic sizes are too small to detect the
perturbation with the large source star (See Figure 2.6). Especially, for the close
configuration, s < 1, the perturbation is canceled out by the positive and negative
magnifications. Therefore, to detect the anomaly by an Earth size planet, a main
sequence star is preferred as a source star.

As described in Section 2.2.2, the central caustic shrinks with ∝ q, and the
plenary caustics shrink with ∝ √

q. So the central caustic size is much smaller
for the planetary microlensing. The shape of the central caustic is same for s−1

and s (Chung et al. 2005, Han 2006). This is called close-wide degeneracy. Due
to this degeneracy, we could not determine the separation uniquely, except for the
special case (Shin et al. 2013). Nevertheless, the central caustic is always located
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at the center of mass, and this yields a big chance of hitting the central caustic for
the source trajectories close to the center of mass, a high-magnification event. So
time of the anomaly can be predicted prior and easy to coordinate the intensive
observation. Contrary, although we can not predict when the planetary caustic
event occur, the event rate is higher due to the relatively large caustics. Thus,
high cadence continuous survey is optimal for finding small planets. The detail
properties of the central and planetary caustics are discussed in Chung et al. (2005)
and Han (2006), and the discussion about the detection limit of small planets with
various finite source size is written in Bennett (2008).

2.4 High Order Effects

The observable information on the lens system in the majority of microlensing
events is only an event timescale, tE. As shown in Equation (2.14), the lens mass,
M , the distance to the lens, DL, and the relative transverse velocity, vrel degenerate
in tE. These parameters could not be determined uniquely unless both finite source
and parallax effect are detected in the light curve.

We define the finite size of the source star in unit of the angular Einstein ring
radius as,

ρ = θ∗/θE, (2.21)

where θ∗ is the angular source star radius. This effect is observed in the light
curve, where the source star crosses the caustics or approaches the cusp closely,
as seen in Figure 2.5 and 2.6. Even in the single lens event, the peak of the light
curve is well perturbed by this effect if the source size is larger than the impact
parameter, ρ ≥ u0, where the lens transits the source star (Choi et al. 2012). The
angular source star radius θ∗ can be empirically estimated from the source star
color and magnitude (Kervella et al. 2004, Kervella and Fouqué 2008). Therefore,
the detection of the finite source effect leads to θE, although we can not know RE

without the distance to the lens DL.
In Equation (2.12), we assumed that the source, lens and observer are moving

inertially, but actually the Earth is orbiting about the Sun. If the event timescale
tE is longer, this orbital motion of the Earth can be seen in the light curve as a de-
viation. This is called miclolensing parallax. The parallax effect is also detectable
if the Einstein ring radius projected on the observer plane r̃E is comparable to the
Earth’s orbital size, 1 AU (Gould 2000).

As shown in Figure 2.7, we can have a relation

δ =
4GM

REc2
=

r̃E

DL
. (2.22)
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Figure 2.5: Magnification maps and light curves of planetary microlensing with a mass ratio
of q = 10−3, and various separations s and source sizes ρ in unit of the angular Einstein radius.
The separations are 0.83, 0.98 and 1.2 from the top to bottom. Each left panel shows the
magnification map where the magnification is drawn in gray scale, the caustics are plotted in
red, and the source trajectories and directions are plotted in the blue lines and arrows. The blue
circles show the source star sizes, ρ = 0.03 and 0.001 (The circles for ρ = 0.001 is too small to
see). The light curves in the right panels are corresponding to the cross-section along with the
source trajectories. The black and magenta lines indicate the large and small ρ, respectively.
The bottom insets in each right panel show the residuals of the two light curves.
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Figure 2.6: Same as Figure 2.5, but for a mass ratio of q = 10−5, which is 1 M⊕ if the primary
mass is 0.3 M⊙.
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Figure 2.7: Schematic view of the projected Einstein ring on the observer plane.

This can be written as,
r̃E = DrelθE, (2.23)

where D−1
rel = D−1

L −D−1
S . From the light curve fitting, we can derive the parallax

vector as,

πE = πrel/θE, πrel =
AU

Drel
, (2.24)

where πE has a direction of the lens-source proper motion. Then we can get a
relation, πE = AU/r̃E. Therefore, if both finite source and microlensing parallax
effect are detected, the observables, θE and πE yield a lens mass as,

M =
1

κ

θE

πE
M⊙, κ ≡ 4GM⊙

c2AU
= 8.14 mas. (2.25)

With an assumption of the distance to the source star, the distance to the lens
DL and the transverse velocity v⊥ are also determined uniquely. Note that this
method can derive the mass of the lens system directly without the mass-luminosity
relation.

Even if the projected Einstein ring radius on the observer plane is too large,
we can detect the parallax effect with the long baseline, i.e., the ground based
observation combined with the observation from the space craft. Actually, the
observation from a space craft, EPOXI was conducted to detect the parallax effect
for the planetary event MOA-2009-BLG-266 (Muraki et al. 2011). Although the
very special case, the observations from distant telescopes on the different continent
could detect the parallax effect (Gould et al. 2009). Unless the secure parallax
effect is detected, we use a Bayesian analysis with the constraints from upper limit
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of the parallax effect or flux from the lens star to estimate the physical property
of the lens system.

2.5 Practical Application

As mentioned before, microlensing events are rare, and the planetary signals are
observed as a short term anomaly in light curves. Thus, the microlensing method
requires the monitoring many stars with high cadence of ten or more times per
night. To overcome the difficulties in the detections of planetary signals, Gould
& Loeb (1992) proposed a observational strategy that consists of two stages. In
the first stage, the survey telescopes with wide field of view (FOV) camera search
for mirolensing events and alert the candidates before the peak of magnification.
Then, as the second stage, the follow-up telescopes with small FOV monitor the
alerted candidates with high cadency. This strategy was adopted due to the limited
number of telescopes. Actually, this strategy is successful especially for high-
magnification events, where the peak magnification reaches Amax

>∼ 100, and it is
still being undertaken nowadays. In the high-magnification events, if a planet exists
around the Einstein ring radius, the light curve could be perturbed by the central
caustic around the peak because the source trajectory passes very close to the
primary star (u ≃ 1/Amax

<∼ 1/100). Because the time of the peak magnification
is expected before the peak by fitting the light curve, monitoring only the peak of
the events can yield the detection of the anomaly. Also, the highly magnified source
star is good for the small aperture telescopes. Thus, this survey plus follow-up
strategy (first generation microlensing survey) is used for the limited telescopes.

If the survey telescopes with wide FOV are able to detect a number of mi-
crolensing events with high cadence, the planetary signal will be discovered by the
survey telescopes alone. In this strategy, second generation of survey only mode,
the planets will be discovered mainly through the low-magnification channel. In
the low magnification events, we can not expect when the planetary anomaly hap-
pens. Therefore, round-the-clock observations with the large telescopes located
at different longitude are required for the second generation survey. Such a high
cadence survey started for the first time with the MOA collaboration by using the
dedicated 1.8 m MOA-II telescope with 2.2 deg2 FOV in New Zealand (Sako et
al. 2008). The OGLE collaboration started the high cadence survey with their
upgraded 1.3 m telescope with 1.4 deg2 FOV in Chile. In addition to these tele-
scopes, the Wise microlensing survey has started high cadence observations using
1.0 deg2 CCD mosaic camera on the 1.0 m Wise telescope in Israel (Shvartzvald
& Maoz 2012). Finally, the Korean Microlensing Telescope Network (KMTNet)
(Kim et al. 2010) is funded to increase the longitude coverage of microlensing sur-
vey telescopes. Their plan is to construct three 1.6 m telescopes with 4.0 deg2
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FOV cameras in South Africa, South America and Australia. The second gener-
ation microlensing survey will be perfectly achieved, and the microlensing planet
discovery rate will dramatically increase when their telescopes come online.

Although the second generation microlensing survey with ground-based tele-
scopes will demonstrate the great improvement in the planet discoveries, the ul-
timate microlensing survey is the observation from space-based telescope. The
space-based microlensing survey has a lot of advantages in many ways (Bennett
& Rhie 2002). Actually, the Wide-Field InfraRed Survey Telescope (Green et al.
2012:WFIRST) has been proposed and selected as the top priority for a large space
mission in the 2010 Astronomy and Astrophysics Decadal Survey. Such a survey
has a sensitivity for all the planets analogous to our solar system except for the
Mercury. Combining the transit survey results from Kepler , which is sensitive
to close-in planets, the space-based microlensing survey will complete the planet
distribution map on the separation-mass plane.

24



Chapter 3

The MOA Project

Gravitational microlensing method needs to survey observations toward the dense
field with high cadence imaging because the microlensing phenomena is very rare
and the planetary signal occurs within short term. Nowadays, microlensing events
are detected by the two main survey groups, the Microlensing Observations in
Astrophysics (MOA; Bond et al. 2001, Sumi et al. 2003), and the Optical Grav-
itational Lensing Experiment (OGLE; Udalski 2003). In this Chapter, we focus
on the MOA collaboration and introduce the instruments and survey observation.
Finally, we summarize the discovery of the planetary microlensing events so far,
to which the MOA collaboration contributes.

3.1 The MOA collaboration

Originally, MOA has started in 1995 (Muraki et al. 1999) as a Japan and New
Zealand collaboration to search for microlensing events caused by massive com-
pact halo objects (MACHOs) in the halo of our galaxy. At that time, the MOA
collaboration used a 61 cm Boller & Chivens telescope to observe the LMC, SMC
and GB at Mt. John University Observatory (MJUO) in New Zealand (Figure
3.1). MJUO is located at latitude 43◦ 59′.2 south, longitude 170◦ 27′.9 east, which
is the southernmost observatory except for Antarctic. This makes it possible to
observe the GB longer through a year and the LMC and SMC a whole year. After
the first detection of a planetary microlensing events (Bond et al. 2004), the survey
target has been shifted from searching for MACHOs to hunting exoplanets. To
investigate the MACHOs fraction to the dark matter further and discover more
planets efficiently, a new telescope equipped with a wide field-of-view CCD camera
were constructed in 2004, with which a new generation of microlensing survey has
started.
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Figure 3.1: Mt. John University Observatory.

3.2 Instruments

Currently, the MOA survey uses the 1.8 m MOA-II telescope with 2.2 deg2 field-
of-view (FOV) CCD camera, MOA-cam3 at (Sako et al. 2008). The MOA-cam3
mounted on the focal plane consists of ten E2V CCD4482 chips. Each chip has
2 k × 4 k pixels and the pixel size is 15 µm, yielding 0.58 arcsec pixel−1. Figure
3.2 and Figure 3.3 show the MOA-II telescope and MOA-cam3, respectively.

The main sequence stars in the Galactic Bulge, which is the observational fields
to search for planets, receive the extinction from the interstellar dust. These stars
are our major targets, therefore the custom wide-band MOA-Red filter, which is
roughly the sum of the Cousins R- and I -bands, is prepared for an effective mi-
crolensing survey. Bessell V , I filters are also prepared. Microleisng phenomenon
does not depend on the wavelength, so observing the light curve with different fil-
ter is one of methods to discriminate a microlesing event from other variable stars.
Also, the angular radius of the source star could be estimated with the color of the
source star. The angular Einstein radius, which is a key physical value of the lens
object, is estimated from the angular radius if the finite source effect is detected,
the light curve with different color is important. But, the mechanism that change
the filters automatically has a problem and a manual change of the filters takes
a few dozen minutes, which lose the observing time. As a result, the most of the
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Figure 3.2: MOA-II telescope.

Figure 3.3: MOA-cam3.
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survey data are taken with MOA-Red and the color information of stars is prone
to rely on the data from other telescopes. Figure 3.4 shows the transmittance of
these filters.

Figure 3.4: Transmittance of MOA-Red, Bessell V and Bessell I .

3.3 Observations

MOA-II observes the Galactic Bulge with very wide FOV to search for microlensing
events. The frequency of the imaging is high to detect a short time anomaly in the
light curve of microlensing. Figure 3.5 and Table 3.1 show the observation fields
and the coordinates of the each field. The observation area that consists of 22
fields covers about 42 deg2 between −5◦ < l < 10◦ and −7◦ < b < 1◦. Until 2008,
gb5 and gb9 were observed once per 10 minutes, and the other fields are observed
once per 1 hr. After optimization of the observation strategy, since 2009, gb3, gb4,
gb5, gb9 and gb10 are observed once per 15 minutes, gb1, gb2, gb8, gb13, gb17
and gb18 are observed once per 47 minutes, and the other fields are observed once
per 95 minutes, except for gb6 and gb22 which are observed once per night. The
observation frequency is assigned such that even MOA-II data alone can detect
the anomaly caused by an Earth mass planet, Neptune mass planet and Jupiter
mass planet in the field observed once per 15 minutes, 47 minutes and 95minutes,
respectively.
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Figure 3.5: Observation fields by MOA-II.
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Table 3.1: Equatorial Coordinate for MOA-II Observation Fields

Field R.A.(J2000) Decl.(J2000)

gb1 17 47 30.0 -34 15 00
gb2 17 54 00.0 -34 30 00
gb3 17 54 00.0 -32 45 00
gb4 17 54 00.0 -31 00 00
gb5 17 54 00.0 -29 15 00
gb6 17 54 00.0 -27 30 00
gb7 18 00 00.0 -32 45 00
gb8 18 00 00.0 -31 00 00
gb9 18 00 00.0 -29 15 00
gb10 18 00 00.0 -27 30 00
gb11 18 06 00.0 -32 45 00
gb12 18 06 00.0 -31 00 00
gb13 18 06 00.0 -29 15 00
gb14 18 06 00.0 -27 30 00
gb15 18 06 00.0 -25 45 00
gb16 18 12 00.0 -29 15 00
gb17 18 12 00.0 -27 30 00
gb18 18 12 00.0 -25 45 00
gb19 18 18 00.0 -25 30 00
gb20 18 18 00.0 -23 45 00
gb21 18 18 00.0 -22 00 00
gb22 18 36 24.0 -23 54 00
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3.4 Alert System

Once a microlensing event is found, the event is alerted by email and uploaded
to the MOA alert pages (https://it019909.massey.ac.nz/moa/), which is updated
almost real time. The follow-up groups check the alert and decide which events
they should observe depending on their criteria. Table 3.2 shows the number of
the alerted events by MOA. The fluctuation of the number of the alerted events
could be partially explained by the Poisson probability, but the trend of increase
can be explained by the improvement of the detection criteria and skill of the
observer. The criteria for detecting and alerting the microlensing events is not
same level all the time because the procedure is not automatic perfectly. Actually,
the MOA observers check a lot of candidate events for microlensing in real time.
The skill and technique for selecting microlesning events from the thousand of the
candidates have been improved. The candidates including many types of variable
objects are picked up by the developed software, where the criteria is optimized
before every winter season in the Southern Hemisphere starts. Nevertheless, there
could be events which fail to be found and alerted by the criteria and observer.
But these events should be found in the off line analysis (Sumi et al. 2011, Bennett
et al. 2012).

The alerted microlensing events are a little contaminated by the other type of
variable objects such as cataclysmic variable stars (CV), periodic variable stars
and asteroids, which mimic the light curve of microlensing events. The systematic
variation of the brightness caused by the different refraction of atmosphere or the
change of seeing could mimic the microlensing light curve. These objects are hard
to reject when the events are alerted, because the alert should be issued earlier
to inform the follow-up groups of the possible anomaly in the microlensing light
curve. Also, in order to detect a short time event that is a candidate of a free-
floating planet event (Sumi et al. 2011), an earlier alert is necessary. However,
these false events can be classified later by the investigation of the light curve with
more data points in the baseline.

3.5 Systematic Modeling

Some planetary events were identified in a systematic modeling of all the anoma-
lous events (i.e. those not well fit by a point source, single lens model without
microlensing parallax) from the MOA alert pages from the 2007–2012 seasons. A
similar analysis of OGLE-III binary events was conducted by Jaroszyński et al.
(2010). The light curve calculations for this systematic analysis were done using
the image centered ray-shooting method (Bennett & Rhie 1996, Bennett 2010).
All the events that have anomalous deviation from a point source, single lens
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Table 3.2: The Number of the Alerted Microlensing Events by MOA

Year Number of Alerted Events

2006 168
2007 488
2008 477
2009 563
2010 607
2011 485
2012 680
2013 668

model were fitted with the binary lens model according to the following proce-
dure. Binary lens models have three parameters that are in common with single
lens models. These parameters are the time of the closest approach to the lens
system center of mass t0, the Einstein radius crossing time, tE, and the impact
parameter u0, in units of the angular Einstein radius θE. Binary lens models also
require three additional parameters. These are the lens system planet-star mass
ratio, q, the planet-star separation, s, projected into the plane perpendicular to
the line-of-sight, and the angle of the source trajectory relative to the binary lens
axis α. Another parameter, the source radius crossing time, t∗ is also included in
the binary lens model because this parameter is important for most of planetary
microlensing light curves. We carefully searched to find the best fit binary lens
model over a wide range of values of microlensing parameters using a variation of
the Markov Chain Monte Carlo (MCMC) algorithm (Verde et al. 2003). Because
the shape of anomaly features in the light curve well depends on q, s and α, these
three parameters are fixed in the first search. Next, we searched χ2 minima of the
100 models in order of χ2 in the first search with each parameter free and found
the best fit model.
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Chapter 4

MOA-2008-BLG-379Lb: A
Massive Planet Orbiting a Late
Type Star beyond the Snow Line

A microlensing event, MOA-2008-BLG-379 was found to be a candidate of a plan-
etary microlensing event for the first time after the systematic modeling of all
the anomalous events. The detail analysis with re-reduced dataset yields that
the lens system consists of a host star with mass of ML = 0.56 M⊙ orbited by a
planet with mass of mP = 4.1 MJup at an orbital separation of a = 3.3 AU. In
this Chapter, the data reduction, light curve analysis, and Bayesian analysis for
MOA-2008-BLG-379 will be discribed.

4.1 Observations and Data Reduction

4.1.1 Discovery of MOA-2008-BLG-379 / OGLE-2008-BLG-
570

Prior to 2009, the MOA-II observing strategy called for the observations of the
two fields with the highest lensing rate every 10 minutes and observations of the
remaining 20 fields every hour using the custom wide-band MOA-Red filter, which
is roughly the sum of the Cousins R- and I-bands. MOA-2008-BLG-379 was
discovered in field gb8, which was observed with an hourly cadence in 2006–2008.

The microlensing event MOA-2008-BLG-379 was identified by the MOA alert
system (Bond et al. 2001) at (R.A., decl.)(J2000) = (17h58m49s.44, -30◦11′48′′.95),
and was announced by the MOA collaboration at UT 22:00, 2008 August 9, (or
HJD′ = 4688.42). Figure 4.1 shows the images of MOA-2008-BLG-379 taken by
MOA-II. As can be seen from the light curve in Figure 4.2, this was after the first
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Figure 4.1: MOA-II images for MOA-2008-BLG-379. The top left image shows epoch HJD′ ∼
4688 and the top right is the MOA reference image. The bottom image shows the difference
image produced by the subtraction of the reference image from the top left image. East is up
and North is to the right.

caustic entrance and exit and the central cusp approach feature. Given the sparse
coverage and lack of OGLE data at this time, it was not immediately obvious that
this event was anomalous. Two weeks later, at UT 20:00 2008 August 23, the event
was also identified and announced by the OGLE Early Warning System (EWS;
Udalski et al. 1994) as OGLE-2008-BLG-570. The delay in the identification of
this event by OGLE was due to the fact that the source was faint and was not
located close to the location of a “star” that was identified in the OGLE reference
image in Figure 4.3. This is fairly common, as most bulge main sequence stars
are not individually resolved at ∼ 1′′ resolution. The source star, MOA-2008-
BLG-379S, happens to be located at an unusually large distance from the nearest
star in the OGLE catalog, and as a result, it could only be found via the “new
object” channel of the OGLE EWS. In 2008 this channel was not run as often as
the regular “resolved star” channel of the OGLE EWS. As a result, both the MOA
and OGLE collaboration groups observed this event with normal cadence.
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Figure 4.2: Light curve of MOA-2008-BLG-379. The top panel shows the magnified part of
the light curve and the middle panel shows a close up of the anomaly. The red, blue, and green
points are for MOA-Red, OGLE-I, and OGLE-V , respectively. The black and magenta lines
indicate the best close and wide model. The bottom panel shows the residual from the best close
model.

35



Figure 4.3: OGLE images for MOA-2008-BLG-379. The left image shows epoch HJD′ ∼ 4685.7
and the right is the OGLE reference image. The magnified source star is indicated by the red
arrow in the left image. East is up and North is to the right.

4.1.2 Photometry

The MOA and OGLE data for MOA-2008-BLG-379 were reduced using the respec-
tive MOA (Bond et al. 2001) and OGLE (Udalski 2003) photometry pipelines. The
initial reductions used the normal photometry available on the respective MOA
and OGLE alert web sites, and these data were used to show that the correct
model involved a planet. However, it was possible to obtain improved photometry
for both the MOA and OGLE data sets. The improved MOA photometry used
“cameo” sub-images centered on the target, and the improved OGLE photometry
was redone with source position determined from difference images and a careful
selection of reference images.

MOA photometry was found to have systematic errors at the beginning and/or
end of each observing season, when observations are only possible at high airmass.
This may be due to low-level variability for a very bright star about 3 arc seconds
from the source, MOA-2008-BLG-379S. So we removed the MOA data prior to
HJD′ = HJD − 2450000 = 4543, leaving 951 MOA data points in the range
4543 < HJD′ < 4762. The OGLE data consist of 294 I-band observations and 7
V -band observations, as shown in Table 4.1.

4.1.3 Error Normalization

The error bar estimates from the photometry codes are normally accurate to a
factor of 2 or better, and they provide a good estimate of the relative photometry
errors for each data set. These are sufficient to find the best light curve model, but
in order to estimate the fit parameter uncertainties, we need more accurate error
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Table 4.1: The Error Bar Corrections Parameters and Linear Limb Darkening
Parameters for the Data Sets Used to Model the MOA-2008-BLG-379 Light Curve

Dataset k emin Limb-darkening Coefficients Number of Data

MOA-Red 1.266 0 0.5919 951
OGLE I-band 0.995 0 0.5493 294
OGLE V -band 1.180 0 0.7107 7

Note. The formula used to modify the error bars is σ
′

i = k
√

σ2
i + e2

min where σi is
the input error bar for the ith data point from the photometry code in magnitudes,
and σ

′

i is the final error bar used for the determination of parameter uncertainties.

bars, which have χ2/dof ≃ 1 for each data set. Therefore, once we have found the
best fit model with the unmodified error bars, we modify the error bars with the
formula

σ′
i = k

√
σ2

i + e2
min (4.1)

where σi is the input error bar estimate (in magnitudes) for the ith data point, k is
the normalization factor, and emin is the minimum error. The modified error bars,
σ′

i, are used for all subsequent modeling and parameter uncertainty determination.
The factors k and emin are estimated for each data set with the following pro-

cedure. First, we plot the cumulative distribution of χ2 as a function of the size
of the input error bars, σi. Then, we chose the value of emin ≥ 0 such that the
cumulative distribution is a straight line with slope of unity. Then, the parameter
k is chosen to give χ2/dog ≃ 1 for each data set. For this event, we find that
emin = 0 for all data sets. The values of k and emin for all three data sets are listed
in Table 4.1.

4.2 Light Curve Modeling

The systematic modeling described in Section 3.5 indicated a planetary mass ratio
for the MOA-2008-BLG-379L lens system. Using the optimized dataset listed in
Table 4.1, the best fit model was found with the same procedure as the systematic
modeling (See Section 3.5). Figure 4.2 shows the light curve of this event and
the best fit models. There are five distinct caustic crossing and cusp approach
features in the light curve. The first caustic crossing is sandwiched between a single
observation by OGLE and five MOA observations beginning 96 minutes later at
HJD′ = 4686.8, The subsequent, very bright, caustic exit was observed with a
single OGLE observation on the subsequent night, but the central cusp approach
feature and the next caustic entrance feature were reasonably well sampled by 9
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and 7 MOA observations, respectively, on the next two nights. It is the sampling
of these two features that allow the parameters of the planetary lens model for
this event to be determined.

For many binary events and most planetary events, the light curve has very
sharp features due to caustic crossings or cusp approaches that resolve the finite
size of the source star. Such features require an additional parameter, the source
radius crossing time, t∗. Since the MOA-2008-BLG-379 includes caustic crossings
and a close cusp approach, it is necessary to include finite source effects in its light
curve model, and a proper accounting of finite source effects requires that limb
darkening be included.

For the limb darkening coefficients, we adopted a linear limb-darkening model
for the source star based on the source color estimate of (V − I)S,0 = 0.81 ± 0.13,
which is discussed below in Section 4.3. This color implies that the source is a
late G-star with an effective temperature of Teff ≃ 5386 K (Bessell & Brett 1988).
We use limb-darkening parameters from Claret (2000) for a source star with an
effective temperature Teff = 5500 K, surface gravity log g = 4.5 cm s−2, and
metallicity log [M/H] = 0.0. Girardi’s isochrones (Girardi et al. 2002) suggest that
the source may be a metal poor star if it is located at the distance of the Galactic
center, but log [M/H] = 0.0 is consistent within the 1-σ error bar. The list of the
coefficients used for the linear limb-darkening model are as follows, 0.7107 for V ,
0.5493 for I, and 0.5919 for MOA-Red, which is the mean of the coefficients for
the Cousins R and I-bands. These are listed in Table 4.1.

As is commonly the case for high magnification events, there are two degen-
erate light curve solutions that can explain the observed light curve. This is the
well-known “close-wide” degeneracy, where the solutions have nearly identical pa-
rameters except that the separation is modified by the s ↔ 1/s transformation.
Figure 4.4 shows the two caustic configurations from the close and wide models for
this event. Sometimes, when the planetary caustics have merged with the central
caustic to form a so-called resonant caustic curve, as in this case, the light curve
data can resolve this close-wide degeneracy. We can see in Figure 4.2 that the
close and wide light curves do have substantial differences, such as the time of the
final caustic exit. However, the observations for this event are too sparse to sample
these light curve features, and the degeneracy remains. Fortunately, the parame-
ters for these two solutions differ by only ∼ 20%, so this degeneracy has little effect
on the inferred physical parameters of the lens system. We find s = 0.903± 0.001,
q = (6.85 ± 0.05) × 10−3 and u0 = (6.02 ± 0.06) × 10−3 for the close model, which
is preferred by ∆χ2 = 0.7, and s = 1.119 ± 0.001, q = (6.99 ± 0.01) × 10−3, and
u0 = (6.03 ± 0.03) × 10−3 for the wide model. The full set of fit parameters are
listed in Table 4.2.

Higher order effects such as microlens parallax, xallarap (source star orbital
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Figure 4.4: Caustic geometries for both close (left) and wide (right) models are indicated by
the red curves. The insets in each panel are close up around the center of the coordinate. The
blue lines show the source star trajectory with respect to the lens system, with arrows indicating
the direction of motion. The small blue circles in the insets indicate the source star size.

Table 4.2: The Best Fit Model Parameters for Both the Wide and Close Models

Model t0 tE u0 q s α t∗ χ2

HJD′ (days) 10−3 10−3 (rad) (days)

Wide 4687.896 42.14 6.03 6.99 1.119 1.124 0.0219 1246.7
0.001 0.23 0.03 0.01 0.001 0.003 0.0020

Close 4687.897 42.46 6.02 6.85 0.903 5.154 0.0212 1246.0
0.001 0.45 0.06 0.05 0.001 0.002 0.0017

Note. The second and fourth rows in each column are the 1-σ error bars for each
parameter. HJD′ ≡ HJD − 2450000.
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motion) and orbital motion in the lens system have been detected in some previous
events(Alcock et al. 1995, Gaudi et al. 2008, Bennett et al. 2010, Sumi et al.
2010, Muraki et al. 2011, Kains et al. 2013). The measurement of finite source
effects or microlensing parallax effects can partially break the degeneracies of the
physical parameters that can be inferred from the microlensing light curve, and
the measurement of both microlensing parallax and finite source effects yields a
direct measurement of the lens system mass (Bennett 2008, Gaudi 2012). For
this event, however, the source is too faint for a reliable microlensing parallax
measurement for an event of its duration, and the relatively sparse data sampling
leaves some uncertainty in the measurement of the source radius crossing time.
Therefore, we use the light curve constraints on the source radius crossing time
to constrain the physical parameters of the lens system using a Bayesian analysis
based on a standard Galactic model, as discussed in Section 4.5. If the lens star
can be detected in high angular resolution follow-up observations, it will then be
possible to directly determine the physical parameters of the lens system (Bennett
et al. 2006, 2007, Dong et al. 2009a).

4.3 Lens Properties

4.3.1 Color-Magnitude Diagram

The source star magnitude and color estimated from the light curve modeling are
affected by extinction and reddening due to interstellar dust. These effects must
be removed in order to infer the intrinsic brightness and color of the source star. In
order to estimate extinction and reddening, we use the centroid of the red clump
giant (RCG) distribution, which is an approximate standard candle. The color
magnitude diagram (CMD), shown in Figure 4.5 was made from stars from the
OGLE-III catalog (Szymański et al. 2011) within 2′ from the source star. From
this CMD, we have found the RCG centroid to be at

(V − I, I)RCG = (2.55, 16.24) ± (0.02, 0.04) . (4.2)

We adopt the intrinsic RCG centroid V − I color and magnitude from Bensby
et al. (2011) and Nataf et al. (2013), respectively, which gives

(V − I, I)RCG,0 = (1.06, 14.42) ± (0.06, 0.04) . (4.3)

Comparing the our measured RCG centroid from Equation (4.2) with the intrinsic
dereddened magnitude and extinction from Equation (4.3), we find that the the
reddening and extinction are

(E(V − I), AI)RCG = (1.49, 1.82) ± (0.06, 0.06) (4.4)
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, where E(V − I) is the average reddening and AI is the average extinction.
The models presented in Table 4.2 give the source magnitude and color of

IS = 21.30 ± 0.03 and (V − I)S = 2.07 ± 0.09 from the OGLE observations,
calibrated to the OGLE-III photometry map (Szymański et al. 2011). This color
is bluer than most of the bulge main sequence stars at this magnitude, but with the
error bars, it is marginally consistent with a bulge main sequence star, as shown in
Figure 4.5. This could be due to the fact that there is only a single bright OGLE
V -band image that might be affected by a nearby bright variable star.

4.3.2 Color from MOA-Red - OGLE I -band

Because the MOA-Red passband is centered at a slightly shorter wavelength than
the OGLE I-band, we can use the MOA-Red and OGLE I passbands to derive the
source color (Gould et al. 2010a). Although the color difference between these two
passbands is relatively small, we have a large number of data points at significant
magnification in both of these passbands. So, this method should yield a color that
is less sensitive to systematic photometry errors than the determination based
on the single magnified OGLE V -band measurement. In order to calibrate the
MOA-Red measurements to the OGLE-III (V , I) system, we use the OGLE-III
photometry map (Szymański et al. 2011) and a DoPHOT (Schechter, Mateo, &
Saha 1993) reduction of the MOA reference frame. Because the seeing in the MOA
reference frame is significantly worse than the seeing images used for the OGLE-III
catalog, we choose isolated OGLE stars for the comparison with MOA to avoid
problems due to blending in the MOA images. In order to select the stars with
small uncertainty in magnitude and color, we remove faint stars with I > 19 and
stars with a V − I error bar > 0.1. In order to obtain an accurate linear relation,
we only fit stars in the color range 2 < V − I < 4. We recursively reject 2.5σ
outliers and find

RM,DoPHOT − IOGLE−III = (0.18931 ± 0.00533)(V − I)OGLE−III (4.5)

, where IOGLE−III and VOGLE−III are the OGLE-III catalog magnitudes, and RM,DoPHOT

is the calibrated MOA-Red band magnitude. (The MOA-Red calibration has a
zero-point uncertainty of 0.0144 mag.) Figure 4.6 shows the linear relation of
Equation 4.5. The MOA light curve photometry (Bond et al. 2001) is done with
the difference imaging analysis (DIA; Tomaney & Crotts 1996, Alard & Lup-
ton 1998), which is usually significantly more precise than DoPHOT, but DIA
only measures changes in brightness, which is why DoPHOT photometry is used
to derive the relation in Equation (4.5) between the RM − IOGLE and standard
V − I colors. Thus, it is important that the MOA-Red band photometry from
the DIA and DoPHOT codes have identical magnitude scales. This is accom-
plished by using the DoPHOT point-spread function for the DIA photometry.
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Figure 4.5: Color-magnitude diagram (CMD) of the stars within 2′ of MOA-2008-BLG-379
from the OGLE-III catalog is shown as black dots. The green dots show the HST CMD of
Holtzman et al. (1998) whose extinction is adjusted to match the MOA-2008-BLG-379 using the
Holtzman field red clump giant (RCG) centroid of (V − I, I)RCG,Holtz = (15.15, 1.62) (Bennett
et al. 2008). The red dot indicates the RCG centroid for the MOA-2008-BLG-379 field. The
source star color and magnitude derived from OGLE V I is indicated with a blue dot, while the
source star color and magnitude derived from the MOA-Red and OGLE-I passbands is shown as
a magenta dot. Although the error bars on the MOA-Red + OGLE-I color estimate are similar
to the error bar from the OGLE V I estimate, we use the MOA-Red + OGLE-I estimate for the
source color because it is subject to smaller systematic uncertainties.
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Figure 4.6: Color-color relation of (V − I)OGLE−III and IOGLE−III − RM,DoPHOT. The black
plus marks are all the stars used for the fit to get the linear relation. The red plus marks are
used after rejecting 2.5 σ outliers. The mageta line shows the best fit. The bottom panel shows
the residual from the best fit.

Using the source magnitudes from the light curve modeling, this procedure yields
(V − I, I)S = (2.29, 21.30)± (0.14, 0.03) for the best fit model. As shown in Figure
4.5, this source magnitude and color are more reasonable for a bulge source than
the less precise color derived from OGLE V -band measurements, and it is the one
that we use in our analysis.

Combining the extinction from Equation (4.4) with the source magnitudes and
colors from the best fit wide and close models, we have

(V − I, I)S,0 = (0.79, 19.48) ± (0.13, 0.06) for the wide model (4.6)

(V − I, I)S,0 = (0.80, 19.49) ± (0.12, 0.06) for the close model. (4.7)

Also, from the light curve models, we have determined the magnitude of the
unlensed flux at the location of the source. This is the flux of the stars with
images blended with the source. The flux from the blend stars is often used as an
upper limit for the magnitude of the lens star. In this event, however, we found
that the blending flux in the light curve is dominated by the flux from a bright
star 0.′′5 away from the event by the careful inspection of the OGLE reference
image shown in Figure 4.3. We found no star is resolved at the position of the
event and thus the real upper limit of the lens magnitude is fainter. If we assume
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that the extinction to these blend stars are the same as the source (which is a
reasonable approximation if the stars are at a distance of >∼ 4 kpc), then we have
the extinction-free 3-σ limit of blend magnitude

Ib,0 > 17.87 mag (4.8)

, which will be used as an upper limit for the magnitude of the planetary host star
in Section 4.5.

4.4 Angular Einstein Radius θE

With the use of (V − I, I)S,0, we can determine the source angular radius with the
color surface–brightness relation of Kervella and Fouqué (2008),

log10(2θ∗) = 0.4992 + 0.6895(V − I) − 0.0657(V − I)2 − 0.2V . (4.9)

This yields an angular source radius of θ∗ = 0.45 ± 0.07 µas. θ∗ is also able to be
derived from the method of Kervella et al. (2004) with (V −K)S,0 estimated from
the dwarf star color-color relations from Bessell & Brett (1988), but the result
is consistent with the above value. We can combine this value of θ∗ with the fit
source radius crossing time, t∗, values from the light curve models to determine
the lens-source relative proper motion,

µrel =
θ∗
t∗

=
θE

tE
= 7.46 ± 1.65 mas yr−1 for the wide model (4.10)

= 7.75 ± 1.56 mas yr−1 for the close model. (4.11)

Note that this is the relative proper motion in the instantaneously geocentric
inertial reference frame that moved with the Earth when the event reached peak
magnification. The measurement of t∗ also yields the angular Einstein radius

θE =
θ∗tE
t∗

= 0.86 ± 0.19 mas for the wide model (4.12)

= 0.90 ± 0.18 mas for the close model , (4.13)

which can be used to help constrain the lens mass.
As we discuss in Section 4.6, follow-up observations might be able to detect

the lens separating the source and measure the lens-source relative proper motion.
However, this would be in the heliocentric reference frame rather than the instanta-
neously geocentric inertial frame used for Equations (4.10) and (4.11). Fortunately,
the follow-up observations and light curve model provide enough information to
convert between these two reference frames.
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For this paper, however, we have not been able to distinguish the wide and close
models, so to obtain our final predictions, we combine the values from the wide
and close models with weights given by e−∆χ2/2. This gives an angular Einstein
radius and lens-source relative proper motion of

θE = 0.88 ± 0.19 mas (4.14)

µrel = 7.63 ± 1.61 mas yr−1 , (4.15)

with the lens-source relative proper motion in the same instantaneous geocentric
inertial reference frame used for Equations (4.10) and (4.11).

4.5 Bayesian Analysis

A microlensing light curve for a single lens event normally has the lens distance,
mass, and angular velocity with respect to the source constrained by only a single
measured parameter, the Einstein radius crossing time, tE. But, like most plane-
tary microlensing events, MOA-2008-BLG-379 has finite source effects that allow
t∗, and therefore θE, to be measured. If we could have also measured the microlens-
ing parallax effect, we could determine the total lens system mass (Bennett 2008,
Gaudi 2012).

Without a microlensing parallax measurement, we are left with the relation

θ2
E = κM

(
1

DL
− 1

DS

)
(4.16)

where κ = 8.14 mas/M⊙, M is the mass of the lens system, and DS is the distance
to the source star. This can be interpreted as a lens mass–distance relation, since
DS is approximately known.

We can now use this mass-distance relation, Equation (4.16), in a Bayesian
analysis to estimate the physical properties of the lens system (Beaulieu et al.
2006). Our Bayesian analysis used the Galactic model of Han & Gould (2003)
with an assumed Galactic center distance of 8 kpc with model parameters selected
from the MCMC used to find the best fit model. The lens magnitude is constrained
to be less than the blend magnitudes presented in Equation (4.8). Since the best fit
wide model is slightly disfavored by ∆χ2 = 0.7, we weight the wide model Markov
chains by e−∆χ2/2 with respect to the close model Markov chains. The probability
distributions resulting from this Bayesian analysis are shown in Figures 4.7 and
4.8.

An important caveat to this Bayesian analysis is that we have assumed that
stars of all masses, as well as brown dwarfs, are equally likely to host a planet with
the measured mass ratio and separation. Because of this assumption, the results
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Figure 4.7: Probability distribution of lens parameters from the Bayesian analysis. The top-
left panel shows the probability of the distance to the lens system. The bottom-left panel shows
the mass of the primary and secondary lenses (the star and planet) in units of Solar and Jupiter
masses, respectively. The top-right panel shows the projected separation r⊥. The bottom-right
panel shows the three-dimensional star-planet separation a, assuming a random inclination and
phase. The dark and light blue regions indicate the 68% and 95% confidence intervals, and the
vertical lines indicate the median value.
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Figure 4.8: Probability distribution of V -, I-, K- and H-band magnitudes for the extinction-
free lens star from the Bayesian analysis. The dark and light blue regions indicate the 68% and
95% confidence intervals. The red solid lines show the source star magnitudes with the extinction
estimated in Equation (4.4), and the red dashed lines are their 1 sigma errors.
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of this Bayesian analysis cannot (directly) be used to determine the probability
that stars will host planets as a function of their mass. With this caveat, the star
and planet masses resulting from the Bayesian analysis are ML = 0.56+0.24

−0.27 M⊙
and mP = 4.1+1.7

−1.9 MJup, respectively. Their projected separation was determined
to be r⊥ = 2.7+0.9

−1.0 AU, and the lens system is at a distance of DL = 3.3+1.3
−1.2 kpc.

The three-dimensional star-planet separation is estimated to be a = 3.3+1.7
−1.2 AU,

assuming a random inclination and phase. These values are listed in Table 4.3.
Therefore, the most likely physical parameters from the Bayesian analysis, indicate
that the planet has a mass of nearly 4 Jupiter-masses and orbits a late K-dwarf
host star at just over twice the distance of the snow line.

Table 4.3: Physical Parameters of the Lens System Obtained from the Bayesian
Analysis

Primary Mass Secondary Mass Distance Projected Separation Separation
ML (M⊙) mP (MJup) DL (kpc) r⊥ (AU) a (AU)

0.56+0.24
−0.27 4.1+1.7

−1.9 3.3+1.3
−1.2 2.7+0.9

−1.0 3.3+1.7
−1.2

4.6 Discussion

We reported on the discovery and analysis of a planetary microlensing event MOA-
2008-BLG-379. As is often the case with high magnification microlensing events,
there are two degenerate models: a close model with a planet-host separation of
s = 0.903 and a wide model with s = 1.119. Both have a mass ratio of q ≃ 7×10−3.
Our Bayesian analysis indicates that the lens system consists of a G, K, or M-dwarf
orbited by a super-Jupiter mass planet. The most likely physical properties for the
lens system, according to the Bayesian analysis, are that the host is a late K-dwarf,
and the planet has a mass of about 4 Jupiter masses with a projected separation
of about 3 AU. However, these values are dependent on our prior assumption that
stars of different masses have equal probabilities to host a planet of the observed
mass ratio and separation.

Fortunately, the parameters of this event are quite favorable for a direct de-
termination of the lens system mass and distance by the detection of the lens
separating from the source star in high angular resolution follow-up observations
(Bennett et al. 2006, 2007). The source star is quite faint at IS = 21.30±0.03, so it
is unlikely that the lens will be very much fainter than the source. The brightness
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of the source is compared to the Bayesian analysis predictions for the lens (host)
star in the V -, I-, H-, and K-bands in Figure 4.8. This indicates that the lens
star is likely to have a similar brightness to the source in all of these passbands.
Also, it is unlikely that the lens and source magnitudes will differ by more than 2
mag in any of these passbands, so both the source and lens should be detectable.

The measured source radius crossing time indicates a relatively large lens-
source relative proper motion of µrel = 7.6±1.6 mas yr−1 (measured in the inertial
geocentric reference frame moving at the velocity of the Earth at the peak of
the event). This implies a separation of ∼ 37.8 ± 8.3 mas in the later half of
2013 when high resolution follow-up observations were obtained from Keck and
the Hubble Space Telescope (HST ). (Because the relative proper motion, µrel, is
measured in an instantaneously geocentric reference frame, it cannot be directly
converted into a precise separation prediction, but the conversion to the heliocen-
tric reference frame, which is more relevant to the follow-up observation, usually
results in a small change.) The results of these follow-up observations will be re-
ported in a future publication, but it seems quite likely that the planetary host
star will be detected, resulting in a complete solution of the lens system. That is,
the lens masses, distance and separation will all be determined in physical units.

One unfortunate feature of this discovery is that MOA-2008-BLG-379 was not
recognized as a planetary microlensing event when it was observed. This was
partly due to the faintness of the source star, which rendered the relatively long
planetary perturbation as the dominant portion of the magnified light curve. How-
ever, the lack of familiarity with the complete variety of binary lens and planetary
microlensing light curves also played a role in this lack of recognition. The plane-
tary nature of the event was discovered as a result of a systematic effort to model
all of the binary microlensing events that were found by the MOA alert system.
Fortunately, the joint analysis of OGLE data and the high cadence MOA-II sur-
vey observations allowed the planetary nature of the event to be establish and the
basic planetary lens parameters to be measured.
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Chapter 5

Abundance of Giant Exoplanets
beyond the Snow Line

With use of the archival MOA-II data in 2007–2012, we construct a sample that
consists of 1471 single lens events with high signal-to-noise ratio (S/N) to the
detectable planets. 21 planets, which include several new candidates discovered
by the systematic modeling of all the anomalous events, are found to be enough
detectable by the sensitivity of the selected single lens events in the sample. The
correction by the detection efficiencies to the planets yields the planetary mass
function, F = F0(mP/m0)α where F0 = 10−0.67±0.10, α = −0.78 ± 0.12, and m0 =
95.2 M⊙. We integrate the planetary mass function and find that a star has on
average 0.15+0.04

−0.03 Jupiter like planets (0.3 − 10 MJup) within 0.5 < a < 10 AU.

5.1 Event Selection

In 2007–2012, MOA-II issued 3300 microlensing alerts from the high cadence sur-
vey observations toward the Galactic bulge. These alerted events include some
contaminations which mimic the microlensing light curve and are hard to be dis-
tinguished. They could be periodic variable stars, cataclysmic variable stars (CVs),
asteroids, or other transient events. In order to provide a statistical analysis of mi-
crolensing events, all the contaminations should be removed from the microlensng
alerts. Because the goal of this paper is estimating the planet abundance around
main sequence single stars, the stellar binary microlensing events also should be
removed. In this section, we discuss the criteria for the event selection to make a
well-defined sample, where we can detect a planet signal confidently.
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5.1.1 Stellar Binary Events and Cataclysmic Variable Stars

Microlensing is able to detect circumbinary planets (Gaudi 2012). It is possible
to estimate the planet abundance around stellar binary system by microlensing.
But, this requires the calculation of detection efficiency to planets in stellar binary
events. These analysis are very complicated and beyond this paper. To estimate
an average number of planets around a single star, stellar binary events should be
removed from the sample. By using the binary lens model (See Section 3.5), we fit
all the anomalous events, which have deviations from the single lens model in the
light curve, and set mass ratio threshold q = 0.03 as a boundary between stellar
binary and planetary system. Bond et al. (2004) also used 0.03 as the boundary.
Some anomaly events still have deviation from the binary lens model. Most of
them are thought of as CVs because they show characteristic light curves. They
have sharp rise and shallow drop of brightness, and show plateau in the dropping
side. These events are removed from the sample by visual inspections because they
are not microlensing events.

5.1.2 Criteria for Single Lens Events

After rejecting the stellar binary lens events and CVs, we apply the following re-
jection criteria to remove poor-quality single lens events where we could not search
for planetary anomalies confidently. Note that any criteria should be acceptable
unless they do not depend on the presence or absence of planetary anomalies in the
light curves. In the following rejection criteria, we fit the remaining events with
finite-source single-lens model, where the angular source star radius is estimated
as described in Section 5.2.2. The rejection criteria are

Cut-1 t0 < 0, u0 = 0, tE < 1, tE > 500 and u0 > 2

Cut-2 δu0/u0 > 0.5, δtE/tE > 0.2

Cut-3 low S/N (
∑

f/fe < 1000) around the peak, |(t − t0)/tE| < 1

Cut-4 low S/N (
∑

f/fe < 200) on the one side of the wing

Cut-5 low S/N ratio on the one side of the wing to the other side (smaller than
10%).

Cut-1 is used for rejecting contaminations and confusing events that are seem-
ingly hard to classify as a microlensing or other type of variable star. For the
other type of variable stars or the light curves with a poor coverage, the parame-
ters given by the single-lens model become unphysical. We also use the cut for the
events with large impact parameter. In these events the size of caustics is small
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and the source star might be bright giant star, where the probability of caustic
crossing is very small and the finite source effect might be remarkable. In these
events, therefore, the detection efficiency, which is a probability of the detection
of a planet with a given dataset if we assume a planet with a certain separation
and mass ratio, should be low. Thus, they do not affect the statistical analysis.

Cut-2 is used for the events with large uncertainties in the impact parameter
and event timescale. These uncertainties become large if the data has a poor
coverage over the peak in high-magnification events, or the blending degeneracy is
large. The cut for the impact parameter is also used in the previous works (Gaudi
et al. 2002, Cassan et al. 2012). The small uncertainty in the impact parameter
u0 is required to search for the anomaly in the light curve. We apply these criteria
to choose robust single lens events in which we can reliably search for planetary
signals. Now the selected sample consists of pure single lens events.

Cut-3 – Cut-5 are used to leave the events with good coverage over the peak.
Microlensing method is most sensitive to the planet around the Einstein radius,
that is, s ≃ 1. Many theoretical studies have shown that the detection efficiency
is high in the “lensing zone”, 0.6 ≤ s ≤ 1.6, where the caustics exist within the
Einstein radius. This means that anomaly tends to occur at least during the time,
(t0 − t)/tE < 1. Therefore, Cut-3 is necessary to leave the events sensitive to the
anomaly. Also, the coverage of the both side of the wing, which is the rising and
declining part of the light curve, is necessary to claim the anomaly confidently in
the well determined light curve parameters.

As a result, imposing these criteria on the total 3300 microlensing events, we
select 1471 robust single lens events that consist of 216, 215, 254, 280, 207 and
299 events in 2007, 2008, 2009, 2010, 2011 and 2012, respectively. The cumulative
distribution of tE for the selected events are plotted in Figure 5.1.

5.1.3 Planetary Events Sample

In our analysis, we decide the event is a planetary event if the best fit model with
mass ratio of q < 0.03 is preferred to the binary model with mass ratio of q > 0.03
by ∆χ2

B−P = χ2
B − χ2

P > 25, where χ2
B and χ2

P are χ2 of the binary model with
q > 0.03 and planetary model with q < 0.03, respectively. The planetary events
with q < 0.03 are selected by the systematic modeling of all the anomalous events,
where on-line MOA data are used for the parameter estimation. Here, we should
select all the planetary events which could be found from the MOA survey alone.
Because only MOA data is used in this analysis, well-known planetary events that
do not show any anomalies in MOA dataset, such as MOA-2007-BLG-400 (Dong
et al. 2009b) and MOA-2008-BLG-310 (Janczak et al. 2010), should be removed.
In the actual observation, once anomaly signal is found, observers change the
observation frequency higher than normal strategy to obtain good coverage over
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Figure 5.1: Cumulative distribution of the event timescale tE. The red line shows our sample of
the 1471 single lens events. The black line shows the cumulative distribution for the 21 planetary
events. The distribution of our sample is similar to the sample of Cassan et al. (2012) drawn
with the blue line. Gould et al. (2010b) drawn in the purple line also has almost same median
value, but might be distorted to the long tE. The black line shows the cumulative distribution
of the 21 planets listed in Table 5.1. The planet distribution seems to be biased to longer event
timescale. This is discussed in Section 5.7.

53



the anomaly signal. Getting more dense data by changing observation frequency is
good for modeling light curve. This is, however, not appropriate for the statistical
analysis because the observation frequency was raised due to the existence of the
planet and this makes the efficiency biased. In order to get rid of this bias in
the dataset, we reduced the extra data points in the planetary events assuming
that the anomalies had not been detected and the event had been observed with
normal frequency. We examine the significance of the planetary signal in each
planetary event with the reduced data points. Here, we define the significance,
∆χ2

S−P = χ2
S − χ2

P, where χ2
S is the χ2 produced by the best single lens model

fitting. We decide the significance is enough, if ∆χ2
S−P > χ2

thres, where we set
χ2

thres = 100. We discuss this threshold, in Section 5.2.1.
Planetary events also should satisfy the criteria that are used for single lens

event selection in Section 5.1.2. Assuming the planets have been absent, we gener-
ate single lens light curves using the actual data points and the three parameters,
t0, tE and u0 in each planetary event. Note that in the artificial light curve, the
extra data points are removed because they would have not been taken if there
were no anomalies. Next, we impose the criteria (Cut-1 - Cut-5) on the generated
light curves. Then, we find that 21 planetary events satisfy both the significance
of planetary signal and criteria for the single lens events. They are listed in Table
5.1, and the light curves of each event are plotted in Figure 5.2 – 5.8. Note that
these events are able to be characterized as planetary events with online MOA
data alone. For the precise analysis, i.e., measurements of parallax effect and
orbital motion of the lens system, optimized MOA data and reduced data from
other telescopes (survey data by OGLE and WISE, and follow-up data by follow-
up groups, such as µFUN, PLANET, RoboNet, and MINDSTEp) are necessary.
Figure 5.10 shows the histogram of the mass ratios for the 21 planets. We add
these 21 planetary events to the single lens sample, which are used to calculate
detection efficiency, so the total number of the sample is 1492. As for the pub-
lished planets, the values in the each reference are used for the table. For the other
events, we use the values from our analysis, where the parameters of tE, u0, q and
s are well determined but ML, mP and a are estimated by the Bayesian analysis
with relatively large uncertainty of ∼ 20%.

We also list the planet candidates with 4 < ∆χ2
B−P < 25 and 0 < ∆χ2

B−P < 4
in Table 5.2 and Table 5.3. Although these events prefer the planetary model with
q < 0.03 to the stellar binary model, optimized MOA data and data points from
other telescopes might be required to claim the detection of planets. We proceed
the statistical analysis with and without the 3 planet candidates listed in Table 5.2.
Figure 5.9 shows the light curves of these 3 events. The comparison of the final
results between with and without the 3 planet candidates is discussed in Section
5.8.

54



Among the planetary events listed in Table 5.1, 10 planets are already published
and 9 planets are being prepared to publish. The other 2 events, MOA-2007-BLG-
189, MOA-2010-BLG-353 are found for the first time after we analyzed all the
binary events in the archival data. The followings are the brief comments about
the each planetary event and planetary candidate with 4 < ∆χ2

B−P < 25.

MOA-2007-BLG-189: this event was found as a planetary event for the first
time after the systematic analysis of all the binary events in the archival
MOA-II data. Although the mass ratio is smaller than the mass ratio criteria
q = 0.03, the event timescale is long; tE = 186 days. Long tE is preferred
by a massive lens star in the Bayesian analysis, so the planet mass results
in almost the boundary of the brown dwarf. The light curve has a residual
around HJD′ ≡ HJD − 2450000 = 4330. This could be explained by a
parallax effect (an effect of the orbital motion of the Earth), xallarap effect
(an effect of the orbital motion of the possible binary source star), or orbital
motion of the planet (in the lens system). A further analysis including these
high-order effects will reveal the nature.

MOA-2007-BLG-192: the anomaly was characterized by the only survey data
of OGLE and MOA. Despite the sparse data, it was found that about 3 M⊕
planet orbits around a very late type star from the light curve analysis and
a Bayesian analysis (Bennett et al. 2008). Adaptive optics images taken
with the Very Large Telescope NACO instrument are used to constrain the
Bayesian analysis, which confirm the lens star as an M-dwarf (Kubas et al.
2012).

MOA-2007-BLG-308: although the initial anomaly alert failed to reach the
MOA observers, they noticed independently the anomaly of the steep rise at
HJD′ ∼ 4303. Sumi et al. (2010) estimated that a planet with mP = 20+7

−8 M⊕
orbits around a late type star with M = 0.64+0.21

−0.26 M⊙.

MOA-2007-BLG-379: this is a high-magnification events with a planet of mass
ratio q ∼ 3 × 10−4. A detail analysis is ongoing.

MOA-2008-BLG-288: the anomaly was characterized by the only survey data
of OGLE and MOA. The caustic exit around HJD′ ∼ 4645 was well covered
by MOA. The mass ratio is q ∼ 0.012.

MOA-2008-BLG-379: the anomaly was characterized by the only survey data
of OGLE and MOA (Suzuki et al. 2014). Although tE and u0 are degenerate
with MOA data alone (thus, the magnification in Figure 5.3 is higher com-
pared to Figure 4.2), the light curve modeling confirms the mass ratio of a
planetary range. See Chapter 4.
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MOA-2009-BLG-266: the anomaly was noticed by the MOA observers in real
time. Immediately after the anomaly alert was issued by MOA around
HJD′ ∼ 5086, follow up observations were conducted from various observa-
tories. Muraki et al. (2011) found both the finite source and parallax effects,
and derived the mass of and distance to the lens system; DL = 3.04±0.33 kpc,
ML = 0.56 ± 0.09 M⊙, mP = 10.4 ± 1.7 M⊕, and a = 3.2+1.9

−0.5 AU.

MOA-2009-BLG-319: the peak of this high-magnification event was intensively
monitored by MOA-II telescope. Miyake et al. (2011) estimated that a planet
with mP = 50+44

−24 M⊕ orbits around a late type star with M = 0.38+0.34
−0.18 M⊙.

MOA-2009-BLG-387: the whole anomaly was covered by the combination of
MOA and follow-up telescopes around the world. This intensive monitoring
yielded the precise measurement of finite source effect, but the parallax effect
was degenerated with the orbital motion of the planet. Batista et al. (2009)
estimated that a planet with mP = 2.6+4.1

−1.6 MJup orbits around a late type
star with M = 0.19+0.30

−0.12 M⊙ (with 90 % confidence).

MOA-2010-BLG-117: this event is definitely a planetary event with mass ratio
of q ∼ 4 × 10−4. But, the planetary model does not fit to the data between
HJD′ = 5405 − 5410, which could be explained by an additional companion
to the lens or source star.

MOA-2010-BLG-328: the anomaly in this event was found by the MOA ob-
servers about 20 days after the primary peak. Furusawa et al. (2013) esti-
mated that a planet with mP = 9.2 ± 2.2 M⊕ orbits around a late type star
with M = 0.11 ± 0.01 M⊙.

MOA-2010-BLG-353: this event was found as a planetary event for the first
time after the systematic analysis of all the binary events in the archival
MOA-II data. The primary magnification is relatively low, and the anomaly
signal seems week. But, an optimized data will increase the anomaly signal
to the primary magnification. The mass ratio is q ∼ 1.7 × 10−3.

MOA-2010-BLG-477: the whole anomaly part was covered many follow-up tele-
scopes. Bachelet et al. (2012) estimated that a planet with mP = 1.5+0.8

−0.3 MJup

orbits around a primary star with M = 0.67+0.33
−0.13 M⊙.

MOA-2011-BLG-028: the anomaly, which was covered by only MOA and OGLE,
happened when the source star passed close to the planetary caustic located
outside of the Einstein ring radius. Since most of the discovered planetary
caustic crossing or approach occur inside of the Einstein ring radius, this
geometry might be relatively rare. The mass ratio is q ∼ 1.2 × 10−4.
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MOA-2011-BLG-197: the anomaly was found by the MOA observers and well
covered by many telescopes around the world. The event timescale is rela-
tively longer and the light curve is intensively monitored, so the high-oder
effects might be detectable. The mass ratio is q ∼ 3.5 × 10−3.

MOA-2011-BLG-262: this event has not only the planetary mass ratio q ∼
5 × 10−4, but also a short event timescale. Thus, the primary star might
be less massive. Bennett et al. (2013) found that two different models can
explain the light curve. They estimated that the lens system consists of a
primary with ML = 0.11+0.21

−0.06 M⊙ and a companion with mP = 17+28
−10 M⊕, or

a primary with ML ∼ 3 MJup and a companion with mP ∼ 0.5 M⊕.

MOA-2011-BLG-322: the light curve of online MOA data seems messy due to
the bright blending flux, which comes from unrelated stars or lens star itself.
Shvartzvald et al. (2013) estimated that a planet with mP = 11.6+13.4

−5.6 MJup

orbits around a primary star with M = 0.39+0.45
−0.19 M⊙.

MOA-2012-BLG-288: many follow-up groups observed this event over the peak
since the high-magnification alert was issued before the peak. Some data
points are below the best fit model around HJD′ = 6069 due to the satura-
tion. The mass ratio is q ∼ 2.9 × 10−3.

MOA-2012-BLG-355: a variable star projected close to the source and lens
stars contaminates the light curve, thus it seems noisy. A re-reduced data
without the systematics is necessary to determine the parameter of the light
curve model. The mass ratio is q ∼ 8.8 × 10−4.

MOA-2012-BLG-505: although the anomaly in this event was missed in real-
time, it was characterized as a planetary event thanks to the high cadence
MOA-II observation. The mass ratio is q ∼ 8.3 × 10−4.

MOA-2012-BLG-527: the MOA observers found the anomaly at HJD′ = 6150,
and the anomaly alert was issued immediately after that. The mass ratio is
q ∼ 9.5 × 10−4.

MOA-2010-BLG-330: the peak of this event is perturbed by a central caustic.
A re-reduce data is necessary to determine the parameter of the light curve
model. The mass ratio is q ∼ 3.5 × 10−3.

MOA-2011-BLG-291: although the light curve is seemingly single lens event,
the data around the peak has a deviation from the single model by ∆χ2

S−P >
100 with online MOA data alone. The mass ratio is q ∼ 5 × 10−4.
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MOA-2012-BLG-100: the light curve around the peak is asymmetric due to the
resonant caustic crossing. The mass ratio is q ∼ 1.4 × 10−3.
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5.2 Detection Efficiency to Planets

In microlensing event, detection efficiency, ϵ(logs, logq) is the probability that a
planet with its mass ratio, q at the distance from the host star, s is detected if one
planet exist at the parameter space. We use the logarithm expression for the con-
venience and assume the planet distribution is uniform on logs and logq. Following
Rhie et al. (2000), ∆χ2

S−P = χ2
S − χ2

P is used for the detection. This assessment of
χ2 excess is same with the significance in Section 5.1.3. We divide the angle of the
source trajectory, α into 90 grids within 0 ≤ α ≤ 2π and define ϵ(logs, logq) as the
fraction of ∆χ2

S−P(logs, logq, α) > χ2
thres. Since the microlensing is less sensitive

to inner planets s < 0.1 and outer planets s > 10, s is logarithmically divided
into 40 bins within 0.1 ≤ s ≤ 10. As for the grid of q, because it is known that
efficiency is smoothly depending on q, we divided q logarithmically into 6 bins
within 10−5 ≤ q ≤ 10−2 to reduce computation time.

5.2.1 Threshold for the Planet Detection

Gould et al. (2010b) that analyzed high-magnification events used very conserva-
tive value for the detection threshold, χ2

thres = 500. Such a conservative value is
required because the high-magnification events in Gould et al. (2010b) are densely
covered by the small aperture and unfiltered telescopes over the peak where the
anomaly occurs. Also, especially in the high-magnification events, the data points
over the peak strongly affect the estimation of single lens model parameters. In
the low-magnification events, however, the anomaly, which often occurs at the
wing of the light curve, is irrelevant to the estimation of the single lens model
parameters. This should leads to lower threshold to identify the planet signal in
the low-magnification events (Yee et al. 2013). In our analysis, χ2

thres = 500 is
too conservative because the planets in our analysis are discovered through low-
magnification event, which is a different channel from Gould et al. (2010b), and we
use only survey data. The anomalies in MOA-2007-BLG-308, MOA-2009-BLG-
266 and MOA-2011-BLG-028 should be found in even only survey data because
actually they were found from MOA data in realtime. We set the detection thresh-
old χ2

thres = 100 in our analysis. With this threshold, we assume that the detection
of the anomaly can trigger follow-up observations and confirm the planetary pa-
rameters.

The lower detection threshold yields higher detection efficiency and more planet
detections, and vice versa. But, the average number of planets per one star,
which is described in Section 5.6, should be consistent with the different detection
thresholds, unless the detection threshold is too low to find a lot of false positive
signals. We will compare the result with different detection thresholds in Section
5.8.
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Figure 5.2: Light curves of the planetary events: MOA-2007-BLG-189, MOA-2007-BLG-192,
and MOA-2007-BLG-308. The black plots show MOA data. The red lines show the best fit
model with finite source effect using only MOA data. The insets show the zoom of anomalies
caused by the planetary companion.
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Figure 5.3: Same as Figure 5.2, but for MOA-2007-BLG-379, MOA-2008-BLG-288, and MOA-
2008-BLG-379.
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Figure 5.4: Same as Figure 5.2, but for MOA-2009-BLG-266, MOA-2009-BLG-319, and MOA-
2009-BLG-387.
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Figure 5.5: Same as Figure 5.2, but for MOA-2010-BLG-117, MOA-2010-BLG-328, and MOA-
2010-BLG-353.
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Figure 5.6: Same as Figure 5.2, but for MOA-2010-BLG-477, MOA-2011-BLG-028, and MOA-
2011-BLG-197.
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Figure 5.7: Same as Figure 5.2, but for MOA-2011-BLG-262, MOA-2011-BLG-322, and MOA-
2012-BLG-288.

67



Figure 5.8: Same as Figure 5.2, but for MOA-2012-BLG-355, MOA-2012-BLG-505, and MOA-
2012-BLG-527.
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Figure 5.9: Same as Figure 5.2, but for planetary candidates of MOA-2010-BLG-330, MOA-
2011-BLG-291 and MOA-2012-BLG-100.
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Figure 5.10: Mass ratio distribution of the planets in this analysis. The black histogram
shows the 21 detected planets. The red histogram shows the number of planets corrected by the
detection efficiency. The red arrow shows the upper limit in the smallest mass ratio bin, where
we have null detection. The gray solid line shows the power law fit to the planet frequency (same
with Figure 5.13) scaled to the red histogram. The gray shadow area with dotted lines are 68 %
confidence interval. Note that the fitting uses unbind data.
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5.2.2 Source Star Radius

We include a finite source effect in the model to compute detection efficiency. The
finite source effect is given as an additional parameter ρ = θ∗/θE, the source star
angular radius divided by the angular Einstein radius. The finite size of the source
star affects the detection efficiency by both decreasing the light curve deviation
and extending the detectable region (Bennett & Rhie 1996). For the published
events, we use the finite size of the source star in the each paper. For the events
with high-magnfication or giant source star, we used the ρ derived from single lens
model fitting. For the other events, we need to derive ρ by estimating both angular
source star radius θ∗ and angular Einstein readies θE. In the typical microlensing
events, θ∗ can be estimated from the source star color and magnitude (Kervella and
Fouqué 2008). In 2007-2012, however, we do not have the information of source
star color, since MOA surveyed with using only MOA-Red wide-band filter, which
is equivalent with the sum of the standard Kron/Cousins R and I-band.

To estimate intrinsic source star color, we use color-magnitude diagram (CMD)
toward the Baade’s window taken by the Hubble Space Telescope (HST ) (Holtz-
man et al. 1998). The procedure we use is the following three steps. First, from
the reference images of V and I -band we make CMD and estimate reddening and
extinction using red clump giant (RCG) as a standard candle. Here, we adopt the
Galactic bulge RCG magnitude MI,RC,0 = −0.15± 0.05 from Bensby et al. (2011)
and color (V − I)RC,0 = 1.06 ± 0.06 from Bensby et al. (2011). Second, using
RCG color and magnitude from HST (V − I, I)RC,HST = (15.15, 1.62) (Bennett et
al. 2008), we convert the dereddened source star magnitude IS to the HST frame
IS,HST and estimate source star color (V − I)S,HST by averaging corresponding
color. Finally, we convert (V − I, I)S,HST to (V − I, I)S and estimate intrinsic
source star color and magnitude (V − I, I)S,0 by correcting the reddening and
extinction (Rattenbury et al. 2007).

Using (V − I, I)S,0 with the relation of optical color and brightness-radius
(Kervella and Fouqué 2008), we can estimate ρ = θ∗/θE = θ∗/(µ × tE) assuming
that a source-lens relative proper motion µ is the typical value of the bulge-source-
bulge-lens event, µ = < µ > ≃ 5.2 mas yr−1 (Bennett et al. 2013).

5.2.3 Detection Sensitivity in Mass Ratio

We compute the detection efficiency ϵ(logs, logq) in each event, which we chose in
Section 5.1.2, and define the detection sensitivity as the summation of the detection
efficiency in each event,

S(logs, logq) ≡
∑

ϵ(logs, logq), (5.1)
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which is the number of total expectation of planets if we assume that the flat
distribution for planets on logs and logq.

Figure 5.11 shows S(logs, logq) that has a triangular shape in the sensitivity
contour as many previous studies show (Rhie et al. 2000, Gaudi et al. 2002, Dong
et al. 2006, Yee et al. 2009, Batista et al. 2009, Gould et al. 2010b, Choi et al. 2012).
This figure has a small difference with that of the previous works in the symmetric-
ity of logs. Most of the previous works analyzed only high-magnification events
in which the anomaly would arise from the central caustic and resonant caus-
tic. The high-magnification events are densely covered by the follow-up telescopes
over the peak of the light curve due to the potential high sensitivity to the planets.
This provides the high sensitivity to the planet irrelevant to separation s. On the
other hand, in the low-magnification events, which is dominant in our sample, the
anomaly would arise from the planetary caustics or resonant caustic. Our events
have enough sensitivities to the planets, but they are not very high compared to
the high-magnification events. Because the anomaly in s < 1 is relatively large
due to the negative perturbation (unless the caustic sizes are too small for the
source star size), the sensitivity in s < 1 is slightly higher than that of s > 1. To
get the total sensitivity as a function of logq, we integrate S(logs, logq) over logs

S(logq) =

∫ logs+

logs−

S(logs, logq)d logs, (5.2)

where s− ≤ s ≤ s+ is 0.1 ≤ s ≤ 10. Figure 5.12 shows S(logq), where we
interpolate the sensitivity with a quartic polynomial, S = a1x4 + a2x3 + a3x2 +
a4x + a5, where x = logq.

5.3 Planetary Mass Ratio Function

We define mass ratio function f as a number of planets per star per decade of
massratio q per decade of normalized separation s,

f ≡ dN

d logs d logq
= A

(
q

q0

)n

, (5.3)

where N is an averaged number of planets around a star, and we assume that the
mass ratio function can be described as a power law with a normalization factor A
and a slope of the power law n. To estimate A and n, we use a likelihood analysis.
The likelihood function is written as,

L(A, n) = −Nexp +
Nobs∑

i

lnf(qi)S(logqi); Nexp =

∫ q+

q−

dqf(q)S(logq) (5.4)
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Figure 5.11: Detection sensitivity as a function of logs and logq, S(logs, logq). The detection
sensitivity is the summation of the detectable planets if one planet exists at each logs, logq bin.
The contours show the expected number of 15, 30, 100, 300, 500 and 700 planets from outside
to inside. The red filled circles with the error bars indicates the 21 planets to be included this
analysis. The red open circles are the planet candidates with 4 < ∆χ2

B−P < 25 discovered in
the systematic modeling, but below the selection threshold. The background color shows the
geometry of caustics: the pale red for the close geometry, the pale yellow for the the resonant
caustic, and the light blue for the wide geometry (see also Figure 2.4).
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Figure 5.12: Detection sensitivity as a function of logq S(logq), which is derived by integrating
S(logs, logq) over logs within 0.1 ≤ s ≤ 10. The right hand vertical axis shows the averaged
detection efficiency, which is the survey sensitivity divided by the number of total observed
events.
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where Nobs is 21, the number of the detected planets with the separation of 0.1 <
s < 10, and the mass ratio domain is −4.7 < logq < −1.5. We maximize this
likelihood function and find

A = 0.09 ± 0.02 (5.5)

n = −0.69 ± 0.12, (5.6)

with a pivot point q0 = 1×10−3. Figure 5.10 shows the histogram of the mass ratios
corrected by the detection efficiency and the derived mass ratio function. Note that
the binned histogram is not used for the calculation, but for a view. Figure 5.13
compares the mass ratio function to the previous microlensing works and results
from RV methods. The estimated slope of n = −0.69 ± 0.12 is consistent with
−0.68±0.2 by Sumi et al. (2010), who estimated the power law index of mass ratio
function from 10 planetary microlensing events with rough estimates of detection
efficiency. The normalization of A = 0.09± 0.02 at q = 1× 10−3 is also consistent
with the previous microlensing work, 0.36 ± 0.15 at q ∼ 5 × 10−4 estimated by
Gould et al. (2010b), but our value is slightly lower even with considering the mass
ratio offset. Cumming et al. (2008) and Howard et al. (2010), which are RV results,
surveyed close-in planets around solar type stars. Another RV result, Johnson et
al. (2010a) also targeted close-in planets but around late type stars. It is natural
that these RV results seem to be inconsistent with the estimates by microlensing
because the semi-major axis of planets are very different. By contrast, Bonfils et
al. (2013), an RV result for M-dwarfs, estimated the planet frequency with long
orbital period, where planets are also detectable by microlensing. Montet et al.
(2013) is also an RV result for M-dwarfs, but they estimated the frequency of
planets with long orbital period by combining the constraints from their direct
imaging observations. These RV results for the planets with long orbital period
are consistent with our microlensing result.

5.4 Detection Efficiency in Physical Mass

5.4.1 Event Timescale and Host Star Mass Distribution

Microlensing method can measure the mass of the lens system directly only in some
cases. Instead, from the light curve modeling we can know the event timescale tE
which is proportional to the square root of the lens mass ML. Figure 5.1 shows
the tE cumulative distribution of our sample selected in Section 5.1.2. From this
figure, we find that the distribution of tE in our sample is almost same with that
of Cassan et al. (2012), which also used survey data from OGLE.

To examine the host star mass ML, we estimate the probability distribution of
the host star mass from the Bayesian analysis with the measured value of tE in each
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Figure 5.13: Planetary mass ratio function compared to the planet frequency estimated by RV
method and previous microlensing. The gray solid line shows our planetary mass ratio function,
f = A(q/q0)n, where A = 0.10 ± 0.02 and n = −0.68+0.12

−0.11, with 1 sigma uncertainty of the
light gray area. Although our mass ratio function is consistent with the previous microlensing
results (Gould et al. 2010b), the median value of normalization is slightly lower. Cumming et al.
(2008) and Howard et al. (2010), which are RV results, surveyed close-in planets around solar
type stars. Another RV result, Johnson et al. (2010a) also targeted close-in planets but around
late type stars. It is natural that these RV results seem to be inconsistent with the estimates by
microlensing because the semi-major axis of planets are very different. By contrast, Bonfils et
al. (2013), the RV result for M-dwarfs, estimated the planet frequency with long orbital period,
where planets are also detectable by microlensing. Montet et al. (2013) is also an RV result for
M-dwarfs, but they estimated the frequency of planets with long orbital period by combining the
constraints from their direct imaging observations. These RV results for the planets with long
orbital period are consistent with our microlensing result.
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event, as we do in the events with neither finite source nor parallax effects. We
use the mass function of Sumi et al. (2011:Table S3), model #1 and the Galactic
model (Han & Gould 2003) assuming the distance to the Galactic center is 8 kpc.

The resulted host star mass ranges 0.09 < ML/M⊙ < 0.73 with 68 % con-
fidence interval. The median value is ML = 0.32 M⊙. This range of the host
star distribution is consistent with Cassan et al. (2012) that probed stars with the
mass range from 0.14 to 1.0 M⊙. The difference of the high mass cut comes from
the difference of the mass function. We use ML in the each event to compute the
detection sensitivity as a function of planetary mass in Section 5.4.2.

5.4.2 Detection Sensitivity in Planetary Mass

What we can derive from S(log q) is mass ratio function. Although the mass ra-
tio function is important and irrelevant to the Galactic model, a planetary mass
function is also interesting to compare our result with the result from other obser-
vations and simulations. To estimate the planetary mass function, S(log q) should
be converted to S(log mP), the sensitivity as a function of the logarithm of physical
planetary mass. Following Dominik (2006), we use the host star mass ML and the
distance to the lens system DL estimated in Section 5.4.1 to derive ϵ(log r⊥, log mP),
where r⊥ is the projected separation in AU. Assuming random inclination and
phase with circular orbit, we convert ϵ(log r⊥, log mP) to ϵ(log a, log mP), where a
is the physical three-dimensional separation.

Figure 5.14 shows S(log a, log mP), which is a summation of ϵ(log a, log mP) in
each event. Although more Jupiter mass planets are expected than Neptune mass
planets from the 6 years observations, the observed planet distribution is rather
flat. From this, we can expect that cold Neptunes are common than giant planets
as expected in Sumi et al. (2010). The top panel in Figure 5.15, shows S(log mP)
that is given by integrating S(log a, log mP) over log a.

5.5 Planetary Mass Function

The event timescale tE is a degenerate combination of the mass, distance and
velocity of the lens. If both finite source and parallax effects are detected in the
light curve, the degeneracy can be broken (Muraki et al. 2011, Tsapras et al. 2013).
Otherwise, we use Bayesian analysis to estimate the parameters using a Galactic
model (Suzuki et al. 2014:e.g.). In most of the planetary events, finite source
effect is detected but parallax effect is not robustly detected (Miyake et al. 2011,
Furusawa et al. 2013). In some of the planetary events very high precision adaptive
optics images were taken and the results were included in the Bayesian analysis
as constraints (Sumi et al. 2010, Janczak et al. 2010). But the mass uncertainty
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Figure 5.14: Detection sensitivity as function of semi major axis and mass, S(log a, log mP).
This is estimated by the Bayesian analysis using S(log s, log q) in each events. The contours show
the expected number of the planets in 2007–2012 if we assume that one planet exists at the each
log a, log mP bin. The red filled circles are the 21 planets listed in Table 5.1. The red open circles
show the planet candidates with 4 < ∆χ2

B−P < 25 listed in Table 5.2. The alphabets indicate
the initial of the solar system planets.
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Figure 5.15: Top: Survey sensitivity S(log mP), which is the number of planets expected by
our survey observations within 0.5-10 AU. Bottom: Mass distribution of the 21 planets. The
black curves show the each detection that has a gaussian distribution. The planet mass and its
error are cited from the each paper. The summation of the black curves are drawn in the red
curve.
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from the Bayesian estimate with the constraints is larger than that of the events
with both finite source and parallax effects detected, where the degeneracy in tE is
totally broken. Taking into account the mass uncertainty, we estimate planetary
mass function F , the number of planets per star per decade of planet mass mP

and per decade of three-dimensional separation a,

F ≡ dN

d log a d log mP
. (5.7)

Following Cassan et al. (2012), we estimate posterior probability P (logF |k) using
Bayesian estimate,

P (logF |k) =
P (k|E)P (logF )∫

P (k|E)P (logF )dlogF
, (5.8)

where P (k|E) is a Poisson distribution,

P (k|E) =
Ekexp(−E)

k!
, (5.9)

the probability of k detections. E is the expected number of the detection with
any given planetary mass function F ,

E =

∫∫
S(log a, log mP)F (log a, log mP)d log a d log mP. (5.10)

We adopt a uniform prior distribution P (logF ) = 1 as the previous works do so.
Here, the integration range for the semi-major axis is 0.5 < a < 10 AU, where the
detection sensitivity is enough high.

Figure 5.15 shows the planetary distribution of the 21 planets in our sample.
Each detection has a normal distribution with the error bars from the discovery
paper if the event has been already published. As for the other planetary events,
we use the error bars from our Bayesian estimate. They are normalized such that
each distribution satisfies,

∫ (
dk

d log mP

)

i

d log mP = 1. (5.11)

The summation of the each detection dk/d log mP are shown in red curve in Figure
5.15.

Dividing log mP into 75 bins within 0.5 < log mP < 3.5, we calculate Pj(logF |k)
in the jth mass bin. The calculated Pj(logF |k) are shown in Figure 5.16.

Assuming that the planetary mass function is described by power law

F = F0(mP/m0)
α, (5.12)
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Figure 5.16: Posterior probability P (logF |k). This figure is basically same with Cassan et al.
(2012:Figure S4). Each curve shows ith probability of Pj(logF |k). We divide log mP into 75 bins
within 0.5 < log mP < 3.5. The blue curves are the probability for low-mass planets and red
curves are for high-mass planets.
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we maximize the likelihood function to estimate the normalization factor F0 and
the power law index α. The likelihood function can be written as,

L(F0,α) =
∏

j

Pj(logF |k) (5.13)

and we find

F0 = 10−0.67±0.10 (5.14)

α = −0.78 ± 0.12, (5.15)

with a pivot point of the Saturn mass m0 = 95.2M⊕, which is a same value
with Cassan et al. (2012) to allow a direct comparison. The likelihood contours
for the normalization and slope are drawn in Figure 5.17. Our power law mass
function is drawn in Figure 5.18 with the previous microlensing results (Gould
et al. 2010b, Cassan et al. 2012), the RV results targeting more massive solar
type stars (Cumming et al. 2008, Mayor et al. 2009, Howard et al. 2010) and the
RV results targeting M-dwarfs (Johnson et al. 2010a, Bonfils et al. 2013, Montet
et al. 2013). The estimated planetary mass function is very similar to that of
Cassan et al. (2012), F = 10−0.62±0.22(mP/m0)−0.73±0.17. The uncertainties of the
normalization and slope in our planetary mass function are about half of Cassan
et al. (2012) since the number of included planets in our analysis are almost three
times of them.

As mentioned in Section 5.3, the RV (Cumming et al. 2008, Mayor et al. 2009,
Howard et al. 2010) surveys solar type star and finds close-in planets. Thus, the
difference in the planetary mass function between microlensing and these RV can
be seen. Johnson et al. (2010a) derives the frequency of close-in planets (hot
Jupiters) around M-dwarfs, and shows the least frequency. This is consistent with
the relation dN = Cm−0.31±0.2

P P 0.26±0.1 d ln mP d ln P (Cumming et al. 2008), and
the positive correlation of the planet frequency depending on the host star mass
(Johnson et al. 2010b). Bonfils et al. (2013) probed planets around M-dwarfs by
RV method and derived the frequency of giant planets with long orbital period
of 1.3-6.1 AU. The planets with this long orbital period could be detectable
by microlensing, and the derived frequency is consistent with our planet mass
function. Montet et al. (2013) combined RV results with the constraints from the
direct imaging method and found that the frequency of planet with a < 20 AU
orbiting M-dwarfs is consistent with Cassan et al. (2012). Our plant mass function
also agrees with Montet et al. (2013). Thus, the frequency of giant planets around
M-dwarfs could be positive correlation with the orbital period; the frequency is
increasing with the increase of orbital period. But, we can not constrain that
how far this positive correlation lasts to the longer orbital period. The relative
frequency of giant planets to Neptune-like planets is small, as seen in Section 5.6.
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Note that this result is dependent on a prior probability that we used in es-
timating the lens star mass. We assume that the probability of a star having a
planet of certain mass ratio is uniform on the star mass.

Figure 5.17: Likelihood contours for the normalization and the slope of the planetary mass
function. The contours indicate the 68% and 95% confidence intervals. The plus mark shows
the maximum likelihood point.

5.6 Planet Abundance

We define the planet abundance N , as the average number of planets per star.
Planet abundance can be estimated by integrating our planetary mass function
following,

N =

∫∫
F0

(
mP

m0

)α

d log a d log mP. (5.16)

The interval of integration for a is from 0.5 to 10 AU for the 21 planet detections.
We derive N = 0.15+0.04

−0.03 for Jupiter like planets (0.3−10 MJup), and N = 0.52+0.18
−0.15

for Neptune like planets (10 − 30 M⊕). For the planets with mass from 5 M⊕ to
10 MJup, we find N = 1.6+0.52

−0.42. These values are consistent with Cassan et al.
(2012) and the uncertainties are smaller than Cassan’s ones.

Montet et al. (2013) first compared the microlesing result with the RV result
constrained by the direct imaging. They derived that on average M-dwarf stars
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Figure 5.18: Planetary mass function described with the power law dN/(d loga d logM) =
F0(M/M0)α. The yellow solid line is our best fit. We find the median values of F0 = 10−0.67±0.10

and α = −0.78 ± 0.12, plotted with the black solid line surrounded by 68% confidence interval
of the light gray region between the black dotted lines. The violet point indicates the planet
frequency derived by Gould et al. (2010b) who analyzed only high magnification events. The
blue solid line and shaded region indicate the planetary mass function by Cassan et al. (2012).
Our result is consistent with both of them. The orange solid line and shaded region indicate
planetary mass function estimated from RV method by Cumming et al. (2008), who targeted
close-in planets orbiting solar type stars. Mayor et al. (2009) and Howard et al. (2010) also
surveyed close-in planets around solar type stars. Johnson et al. (2010a) probed close-in planets
orbiting M-dwarfs. Since these RV paper probes inner planets, the planet frequency is different
from that of microlensing. However, Bonfils et al. (2013) and Montet et al. (2013) surveyed
planets with long orbital periods around M-dwarfs, and they are consistent with our result. The
symbols on the top show the mass of our solar system planets: Earth, Uranus, Neptune, Saturn
and Jupiter from the left to right.
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have 0.083±0.019 giant planets with 1 MJup < mP < 13 MJup and a < 20 AU. To
compare our result with Montet et al. (2013), we calculate the planet frequency
with the parameter space of 1 MJup < mP < 13 MJup and 0.5 AU < a < 20 AU.
Then, we find that the frequency is 0.06 ± 0.02 for the giant planets and this is
consistent with Montet et al. (2013). Note that the parameter space for a in our
result is narrower than that of Montet et al. (2013).

5.7 Dependence of Planet Frequency on tE

Our planetary mass function and planet abundance are consistent with the previ-
ous microlensing results. But, these results are strongly depending on the Bayesian
analysis, which is used to estimate the lens star mass and distance to the lens. It is
a problem that we assume a prior potability of that a star hosting a planet with a
certain mass ratio is uniform on the primary star mass. We do not know the true
dependence of planets on the mass of host stars which cause microlensing events,
so we used the uniform prior in the Bayesian analysis. Thus, the estimated lens
mass could have offsets to the actual mass. One example of such a case is a plan-
etary event MOA-2011-BLG-293. Yee et al. (2012) estimated that the lens star is
possibly K-dwarf with mass of 0.59+0.35

−0.29 M⊙ orbited by a giant planet with mass of
3.3+1.9

−1.6 MJup (Batista et al. 2014). But, the high resolution follow-up observation
by using Keck adaptive optics (AO) (Batista et al. 2014) resolved the flux from
the lens star, and found that the lens star is G-dwarf with mass of 0.86± 0.06 M⊙
orbited by a planet with mass of 4.8± 0.3 MJup. Thus, care must be taken for the
results that rely on the Bayesian analysis.

What we can know from the light curve analysis in the most of microlensing
events is tE, where the lens mass, distance to the lens and transverse velocity are
degenerate. For the planetary events, we can derive the mass ratio q and separation
s from the light curve model fitting without assuming the prior probabilities. If
we have enough sample of the events without the degeneracy in tE, i.e. the events
with both the finite source and parallax effects (Muraki et al. 2011, Tsapras et
al. 2013:e.g.), we can discuss the dependency of the planet frequency on the host
star mass and distance to the host star. Although we cannot investigate the
dependency of a planet frequency on the host star mass in our sample without any
assumed priors, it is interesting to see a dependency of the planet frequency on the
event timescale tE. Providing a large sample of planet discoveries over different tE,
this could be possible. The most probable value of the event timescale in single
lens events is tE ∼ 20 days because the most probable lens is an M-dwarf located
bulge (see Equation 2.14). But, the discovered planetary events have longer event
timescale ∼ 60 days, as seen in Figure 5.1. The higher detection efficiency in large
tE events might explain this trend. Also, massive host stars or stars located in the
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disk with DL of a few kpc possibly make tE longer. Thus, if the planet frequency
depends on the host star mass or distance to the lens, these could explain the
trend of longer event timescale in the planetary events.

To see the correlation of planet frequency with event timescale tE, we should
correct the number of detected planets by the detection efficiencies. Figure 5.19
shows the detection efficiencies logε(logtE, logq) on a tE - q plane. The detection
efficiencies are averaged over −0.5 < log s < 0.5, where the microlensing method
is the most sensitive to planets. The events with longer timescale have higher
detection efficiency. For the larger mass ratios, the detection efficiency becomes
higher. We can see a “hot spot” at q ∼ 10−4 and tE ∼ 6 days. For the events
of tE ∼ 6 days with moderate high-magnificaiton or more, the peak of the light
curves are fully covered by the high cadence survey observation if the magnification
reaches to the peak at midnight and the weather is mild. Unless the good coverage
of the light curve, these events fail to the event selection in Section 5.1.2. Thus,
the averaged detection efficiency in this area results in relatively high.

We divide the planetary events into two mass ratio ranges; the 12 planets for
−4.5 < log q < −3, and 9 planets for −3 < log q < −1.5. Most of the planets in
the former range are thought of as terrestrial or cold Neptune planets. The planets
in the latter range are gas giant planets. As we studied in Section 5.3, we define
ftE as a number of planets per star per logarithmic event timescale,

ftE ≡ dN

d log tE
= C0

(
tE
tE0

)β

, (5.17)

where N is an averaged number of planets around a star in the mass ratio, separa-
tion, and event timescale domain, and C0 and β are the normalization and slope
for an assumed power law function, respectively. To estimate C0 and β, we use
a likelihood analysis. The likelihood function is just the Poisson probability of
finding the observed number of events, Nobs, times the product of the probability
of finding events with each of the observed event timescale, tE i. The likelihood
function is written as,

L(C0, β) = e−Nexp

Nobs∏

i

ftEε(tE i); Nexp =

∫ tE+

tE−
dtEftEε(tE i), (5.18)

where ε(tE) is the detection efficiency in each tE bin, and Nexp is the number of
events expected for the given C0 and β values (Alcock et al. 1996:e.g.). We find
that the slope of the function ftE for planets with −4.5 < log q < −3 is flat,
β = 0.13+0.34

−0.31, but the slope for planets with −3 < log q < −1.5 has a positive
correlation with log tE, β = 0.80 ± 0.46. Although the estimation is rough, the
positive correlation is seen only for giant planets.
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Figure 5.19: Detection efficiencies in different mass ratios as a function of tE. The filled
circles show the locations of 21 planets listed in Table 5.1. The open circles show the locations
of 3 planet candidates listed in Table 5.2. The color map indicates the logarithmic detection
efficiencies. The black lines indicate the average detection efficiencies of logε(logtE, logq) = −0.5,
−1.0, −1.5, −2.0, −2.5, and −3.0, from the top right to the bottom left.
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Figure 5.20: Planet frequency as a function of the tE. Left: for planets with −4.5 < log < −3.
The histogram shows the tE distribution for the planetary events with right-hand scale. The
plots with error bars are planet frequency corrected by the detection efficiencies in each logtE
bin. The red solid line shows the power law fit to the plots and dashed lines show the 68 %
confidence interval. Right: same as the left panel, but for planets with −3 < log < −1.5. The
arrows are upper limits with 95 % confidence level.

As discussed in Gould et al. (2010b), the lens stars in the longer timescale
events favor nearby disk stars over bulge stars, or favor massive host stars. Thus,
the higher planet frequencies in the longer timescale events indicate that planetary
systems favor nearby disk stars over bulge stars, or favor massive host stars. If the
giant planet frequency is flat with the distance to the lens star, the giant planet
frequency could depend on the lens star mass, f ∝ t0.80

E ∝ (M0.5
L )0.80 ∝ M0.40±0.23

L ,
since tE is proportional to square root of the lens star mass (See Equation 2.14).
Johnson et al. (2010b) studied the planet occurrence correlation with the host star
mass and metallicity. Their function is f(M, F ) = CM (1.0±0.3)10(1.2±0.2)F , where
M is the host star mass and F ≡ [Fe/H]. Our rough estimate is about 2σ lower
than their value, which were estimated from their sample stars with a mass range
from M-dwarf to A-type star. The host star masses are unknown in our sample,
but most of them could be late type stars, such as M- and K-dwarfs, and very few
of them could be A-type stars. This difference in the host star mass range could
affect the slope of the giant planet frequency as a function of the host star mass.
Montet et al. (2013) estimates the correlation of the planet frequency with the host
star mass by using only M-dwarf star sample. They finds no positive correlation
with the host star mass in their M-dwarf sample.

To understand the dependence of giant planet frequency on the late type host
star mass, much larger sample is required. Unfortunately, the host star mass in

88



normal microlensing events is unknown. If the event timescale depends on only
lens star mass (tE ∝

√
M), we can assume the longer timescale events have massive

lens stars. But actually, the distance to the lens and transverse velocity are also de-
generate in tE. Thus, longer timescale events could be contaminated by lens stars
with small masses, and vice versa. Nevertheless, the slope of the event timescale
function for giant planets has positive value, which are estimated after the correc-
tion by detection efficiency. Large sample of the events with determination of lens
star masses will reveal the correlation.

5.8 Uncertainty in the Selection Criteria

Our result is based on the 21 planet detections that are selected by the event
selection criteria (Cut-1– Cut-5), the detection criteria (∆χ2

S−P) and the binary-
planetary criteria (∆χ2

B−P) in Section 5.1.3. The event selection criteria are not
relevant to the existence of planets. The detection criteria, ∆χ2

S−P > 100, be-
yond which the light curve is recognized as anomaly, affects the number of in-
cluded planets. More conservative (lower) criteria decrease (increase) the number
of planets and detection efficiencies. The lower (higher) detection efficiencies lead
to higher (lower) planet frequency, and the smaller (larger) number of included
planets leads to lower (higher) planet frequency. Thus, the change of the detec-
tion criteria should not change the planet frequency. We use another criteria, the
binary-planetary criteria to classify the planetary events with q < 0.03 from stel-
lar binary events with q > 0.03. ∆χ2

B−P > 25 are used for the binary-planetary
criteria in the selection. To verify this criteria, we need a simulation where we
investigate how high criteria we should use to determine that the model fitting to
a given artificial planetary or binary light curves can find out the true mass ratios.
This simulation takes computation time. To skip this, we set a secure criterion
of ∆χ2

B−P > 25. Despite a less conservative criterion, the events selected with
25 > ∆χ2

B−P > 4 could be also planetary events.
Here, we estimate the planet abundance using the different criteria to check

the validity of the criteria for the planet selection. We use 4 or 25 for ∆χ2
B−P and

100 or 200 for ∆χ2
S−P. Estimated values for the planet abundance are listed in

Table 5.4. The values with any combination of the different criteria are consistent
with the results in Section 5.6, which are estimated by using ∆χ2

B−P > 25 and
∆χ2

S−P > 100. Thus, our results do not depends on the selection criteria for the
planetary events.
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Table 5.4: Planet Abundance with Different Selection Criteria

Criteria 0.3 – 10 MJup 10 – 30 M⊕ 5M⊕ – 10 MJup

∆χ2
B−P > 25, ∆χ2

S−P > 100 0.15+0.04
−0.03 0.52+0.18

−0.15 1.6+0.52
−0.42

∆χ2
B−P > 25, ∆χ2

S−P > 200 0.16+0.05
−0.04 0.54+0.22

−0.17 1.6+0.65
−0.49

∆χ2
B−P > 4, ∆χ2

S−P > 100 0.17+0.04
−0.04 0.56+0.19

−0.15 1.7+0.54
−0.44

∆χ2
B−P > 4, ∆χ2

S−P > 200 0.18+0.05
−0.04 0.56+0.22

−0.17 1.7+0.65
−0.50

5.9 Discussion

Our result in Section 5.6 indicates that cool Neptunes are factor 3.5 more common
than gas giants within 0.5 − 10 AU where microlensing method is sensitive to
planets. This is consistent with the previous microlensing studies (Gould et al.
2010b, Sumi et al. 2010, Cassan et al. 2012). We found that M or K-type dwarfs,
which are the majority of the host stars in our sample, have on average 1.6 planets
beyond the snow line. This is also consistent with Cassan et al. (2012). Moreover,
the estimated frequencies of gas giant planets agree with the RV results for long
orbital period planets around M-dwarfs by Bonfils et al. (2013) and Montet et al.
(2013), who combined the RV results with the constraints from direct imaging.
These results indicate that the planet frequency beyond the snow line is higher
than that of close-in planets, and the frequency of Neptune-like planets is higher
than that of Jupiter-like planets. This is consistent with the result of Cumming
et al. (2008), dN = Cm−0.31±0.20

P P 0.26±0.1d ln mP d ln P . But, our slope for the
planet mass (see Equation 5.15) is steeper than Cumming’s one. This seems to
indicate that the small planets are much more common beyond the snow line.
This basically agrees with the planet population synthesis simulation based on
core accretion model (Ida & Lin 2004a, Mordasini et al. 2009).

However, we should note that our estimate of planetary mass function is de-
pending on the prior that assumes the uniform probability of stars being orbited
by a certain mass ratio planet. Actually, the number of detected planets by mi-
crolensing are increasing, but the mass measurements in the most of them are
depending on the assumed prior. This is because the lens mass, distance to the
lens, and transverse velocity are degenerate in event timescale tE, so the mass of
lens star and planet are estimated by the Bayesian analysis with the prior except
for the special case, where the lens mass can be directly derived with the detection
of both the finite source and parallax effects. Microlensing has found 10 planetary
systems where gas giant planets orbit around late type stars (Bennett et al. 2006,
Dong et al. 2009a, Bennett et al. 2010, Dong et al. 2009b, Suzuki et al. 2014,
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Batista et al. 2009, Bachelet et al. 2012, Yee et al. 2012, Kains et al. 2013, Tsapras
et al. 2013).

In the 6 planetary systems of them, the masses of the systems are estimated by
the Bayesian analysis with the prior. One of them, MOA-2011-BLG-293, whose
primary star mass was estimated as ML = 0.59+0.35

−0.29 M⊙ at first (Yee et al. 2012,
Batista et al. 2014), was observed by using Keck AO, and the mass of the primary
star was identified as ML = 0.86 ± 0.06 M⊙ (Batista et al. 2014). Thus, to
confirm the primary star and planet mass, such follow-up observations with a
high-resolution imaging should be conducted for the planetary events whose mass
measurements are depending on the prior assumption.

The masses of the other 4 systems are derived without the prior, and one of
them is a system with two gas giants orbiting an M-dwarf. The formation of
these planets should be explained theoretically. The population synthesis based
on the core accretion model predicts the formation of giant planets around M-
dwarfs (Ida & Lin 2005), but they expect that gas giants around late type stars
are rare compare to the gas giants around massive stars. Laughlin et al. (2004)
also expects only a few gas giant planets around M-dwarfs. Kennedy & Kenyon
(2008) estimates the occurrence of gas giant planets is 1% around M-dwarfs. A
precise mechanism for the formation of gas giant planets around low mass stars is
still an open question. Statistical studies by using only planets with secure mass
measurements will allow the complete comparison of the observational results with
the population synthesis simulation, and tell us the real abundance of planets
beyond the snow line.

In Section 5.3, we derived the mass ratio function, dN/d logs d logq = 0.09 ±
0.02(q/q0)−0.69±0.12. The mass ratio can be derived by the light curve model fitting
without the prior probabilities, so this could be more secure than the planetary
mass function. With use of the planetary mass ratio function, we derive the
planet abundance Nq: the averaged number of planet per star in a mass ratio and
separation domain. Following Section 5.6, we integrate the mass ratio function,
Equation (5.3) in the mass ratio and separation domain, where the separation
domain is 0.3 < s < 3. The results of the integration are listed in Table 5.5.
The averaged number of planets per star for planets with 10−5 < q < 10−2,
Nq = 1.3+0.70

−0.48 is consistent with the result of N = 1.6+0.52
−0.42 in Section 5.6. But,

the abundance for planets with 10−3 < q < 10−2 and 10−2 < q < 10−3, which
roughly correspond to gas giants and Neptune-like planets, respectively, are about
factor 3 lower than the abundance for planets with 0.3 < mP/MJup < 10 and
10 < mP/M⊕ < 30. This is partly because the integration domain for logs is factor
1.3 narrower than loga. The remaining difference is explained by the difference
between the mass ratio function and planetary mass function. Nevertheless, the
conclusions of this paper do not change. The values in Table 5.5 are consistent
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Table 5.5: Planet Abundance with mass ratio domain

Mass Ratio Nq (per star)

10−3 < q < 10−2 0.045+0.011
−0.010

10−4 < q < 10−3 0.22+0.07
−0.06

10−5 < q < 10−4 1.0+0.64
−0.42

10−5 < q < 10−2 1.3+0.70
−0.48

with the RV results for planets with long orbital period (Bonfils et al. 2013, Montet
et al. 2013). Also, our values are higher than the RV results for close-in planets
(Cumming et al. 2008, Howard et al. 2010, Mayor et al. 2009, Johnson et al. 2010a).

The power law mass ratio function seems to agree with the planet distribution
corrected by the detection efficiencies (see Figure 5.10). There seems to be no
“planet desert”, which is a deficit of planets with dozens of M⊕ expected to be
located inner than the snow line (Ida & Lin 2004a). Since our survey is sensitive
to planets beyond the snow line, the feature of no planet desert agrees with the
population synthesis by Ida & Lin (2004a). But we should note that the mass of
the primary stars ranges from M-dwarf to G-dwarf. Thus, the specific structures
in the mass ratio distribution could be smoothed over, even if they exist. Also,
the frequency of planet with q ∼ 10−5 is hardly constrained due to the very low
detection sensitivity to such small planets. To clarify these problem, we should
observe much more microlensing events. Statistical studies by using the planets
with mass measurements will reveal the specific structure of mass ratio function
toward the smaller mass ratio.
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Chapter 6

Conclusion

We report the discovery and analysis of a planetary microlensing event MOA-
2008-BLG-379. As is often the case with high magnification microlensing events,
there are two degenerate models: a close model with a planet-host separation of
s = 0.903 and a wide model with s = 1.119. Both have a mass ratio of q ≃ 7×10−3.
Our Bayesian analysis indicates that the lens system consists of a G, K, or M-dwarf
orbited by super-Jupiter mass planet. The most likely physical properties for the
lens system, according to the Bayesian analysis, are that the host is a late K-dwarf,
and the planet has a mass of about 4 Jupiter masses with a projected separation
of about 3 AU. However, these values are dependent on our prior assumption that
stars of different masses have equal probabilities to host a planet of the observed
mass ratio and separation.

We also report the planet abundance N , which is the average number of planets
per star estimated from the planet mass function, from the statistical analysis of
the archival MOA-II data in 2007–2012. We calculate the detection efficiency
in 1492 microlensing events including 21 planet detections. We find that N =
0.15+0.04

−0.03 for Jupiter-like planets (0.3 − 10 MJup), and N = 0.52+0.18
−0.15 for Neptune-

like planets (10 − 30 M⊕) within 0.5 < a < 10 AU. For the planets with mass
from 5 M⊕ to 10 MJup, we find N = 1.6+0.52

−0.42 within 0.5 < a < 10 AU. Our result
is consistent with the previous microlensing results (Sumi et al. 2010, Gould et al.
2010b, Cassan et al. 2012) and the RV results for planets with long orbital period
(Bonfils et al. 2013, Montet et al. 2013). By contrast, the planet occurrence for
close-in planets probed by RV shows lower values (Cumming et al. 2008, Howard
et al. 2010, Mayor et al. 2009, Johnson et al. 2010a). This is consistent with the
positive correlation of planet occurrence with orbital period found by Cumming
et al. (2008). These results are based on the estimated planet mass function
F = 10−0.67±0.10(mP/m0)−0.78±0.12, which depends on the prior of the uniform
probability of host stars harboring a planet. This uniform prior, however, does
not affect our conclusion. Although the planet abundance Nq, which is the average
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number of planets par star estimated from the mass ratio function in Section 5.9,
is estimated lower without the prior, the above conclusion dose not change.

We demonstrate that larger number of planets exist beyond the snow line com-
pared to the close-in planets. But, we should know the lens star mass without
any assumption for the complete comparison of microlensing results with theoret-
ical simulations. To achieve this, large number of planet detections and statistical
studies by using the planets with mass measurement are required. In March 2010,
OGLE collaboration started their new survey observation phase OGLE-IV with
their new 1.4 deg2 CCD camera, and this has been yielding twice as much planetary
microlensing events as before in cooperation with MOA-II. Moreover, the Korean
Microlensing Telescope Network (KMTNet) is constructing three new wide FOV
microlensing survey telescope in Chile, South Africa, and Australia (Kim et al.
2010). These large survey telescopes located at distant longitude will allow us
to monitor the microlensing light curve round-the-clock and produce much more
planetary microlensing events found with survey data alone. Also, the capabilities
of microlensing follow-up teams are also rapidly improving, most notably with the
recent expansion (Brown et al. 2013) of the Las Cumbres Observatory Global Tele-
scope Network (LCOGT), which should result in much higher light curve sampling
rates of planetary signals discovered in progress.
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Nataf, D. M., Gould, A., Fouqué, P. et al. 2013, ApJ, 769, 88

Paczyński , B. 1986a, ApJ, 301, 503
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Natusch, T., Ngan, H., Park, H., Pogge, R. W., Shin, I.-G., Yee, J.,
The µFUN Collaboration, Albrow, M. D., Bachelet, E., Beaulieu, J.-P., Brillant, S.,

105



Caldwell, J. A. R., Cassan, A., Cole, A., Corrales, E., Coutures, Ch., Dieters, S.,
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Poleski, R., Ulaczyk, K., Wyrzykowski, $L., The µFUN Collaboration, Yee, J., Dong, S.,
Shin, I.-G., Lee, C.-U., Skowron, J., De Almeida, L. Andrade, DePoy, D. L.,
Gaudi, B. S., Hung, L.-W., Jablonski, F., Kaspi, S., Klein, N., Hwang, K.-H.,
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Poleski, R., Ulaczyk, K., Pietrzyński, G., Wyrzykowski, $L., The OGLE Collaboration,
Kains, N., Snodgrass, C., Steele, I. A., The RoboNet Collaboration, Alsubai, K. A.,
Bozza, V., Browne, P., Burgdorf, M. J., Calchi Novati, S., Dodds, P., Dreizler, S.,
Finet, F., Gerner, T., Hardis, S., Harpsøe, K., Hinse, T. C., Kerins, E., Mancini, L.,
Mathiasen, M., Penny, M. T., Proft, S., Rahvar, S., Ricci, D., Scarpetta, G., Schäfer, S.,
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