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Zeeman and Armstrong [1], [2], [4] introduced the notion of transversality
for the intersection of two manifolds or two polyhedra and proved some results.
This notion can be considered as a refinement of general position. In this
paper we extend this to the self-intersection of an piecewise linear immersion
between manifolds.

The main result of this paper (Theorem) says that any locally flat
immersion of a closed manifold into a manifold without boundary can be
approximated by a transversal immersion.

It will be assumed, without further mention, that all manifolds have a
piecewise linear structure and that all maps are piecewise linear immersions
of a closed (i.e. compact and without boundary) manifold into a manifold
without boundary.

Definitions and Theorem

Let M be a closed m-manifold and Q be a ¢g-manifold without boundary.
Let f:M —Q be an immersion. Let 4 be the barycenter of a simplex 4. We
denote E? the g-dimensional euclidean space.

DEeriNITION 1. Let J, K be triangulations of M, Q such that f: J K is
simplicial. If (Lk(fx, K), f(Lk(x, J))) is unknotted sphere pair for any x M,
we say that f is a locally flat immersion. 'This definition is independent of the
triangulation of M, Q. Let S,={xeM | 'f(x)={x}}. Then S,=S5, where S,
is the closure of S, since f is an immersion. And let S (r)={x,e M| f~'f(x,)
={x,, x,}, n>r}. Hence S,=S,(2).

DerFINITION 2. Let f7' f(x,)={x,,++-, x,} for some x,&S,. If the following
diagram commutes for any i (1<i<n)except j, we call f transversal to fM at x;
where @, ;, y» are homeomorphism onto some neighborhoods of «x, x;, f(x,)

respectively.

1x1x0 1x0x1
Dzm—qXDq—m’ OXO_____)Dzm-qXDq—mXDq—m’ OXOXO(———Dzm—qXDq_m, 0x0

?Vfl,lxj f f M,l:cpi‘

|
-0, f(x,) <
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And we simply call f transversal to fM at f(x,) if for any j(1 <j<n) fis transversal
to fM at x;.
Furthermore we define f transversal immersion if f is transversal to fM at any

flx), xS,

DEerFINITION 3. An immersion f of M into Q is in general postition itself if
dim S/ (r)<rm—(r—1)q for all 7.

Theorem. If f is a locally flat immersion of M™ into Q?, then we can homo-
tope f into a locally flat transversal immersion g by an arbitrarily small homotopy.
Furthermore if f is in general position itself, then g is also in general position itself.

RemaRrk 1. The above theorem still holds for an immersion f such that f
is locally flat at any point of St(S,, M) although g is a transversal immersion
such that g is locally flat at any point of S¥(S,, M).

RemMARK 2. Conversely if f is a transversal immersion of M into Q, f is
locally flat at any point of S,. For it is obvious by the left half or the right half
of the above diagram.

ReMARK 3. When m=gq, theorem is obvious. So we shall prove it for
m<q.

Corollary 1. If g is a transversal immersion and S, consists only on double
points, then S, is a closed locally flat (2m— q)-submanifold of M.

If the codimension of M and Q is greater than 3, any immersion is locally
flat [4]. Hence we obtain the following Cor. 2.

Corollary 2. If m+3<gq, any piecewise linear immersion of M™ into Q7 is
arbitrarily approximated by an transversal immersion. The approximation is
made to be homotopic.

Corollary 3. If fis any piecewise linear immersion of M? into Q*, then f is
approximated by an transversal immersion. The approximation can be chosen so
near and to be homotopic.

DEerFINITION 4. Let f be an immersion of M into Q and J, K be simplicial
subdivisions of M, O respectively. We call f in general position with respect to
J and K at x if for any simplexes A‘c T and A¥=K such that xA¢ and
flx)e A%,

dim (fA' N A} <i+k—q.

For any x& M let A be a simplex of K such that f(x)eA. Choose a vertex
v of A, let L=Lk(A4, K), and s:4AL—vL the simplicial map defined as the
join of A—v to the identity on L.
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DEFINITION 5. (Armstrong, Zeeman [1], [2]) Let the map f be an im-
mersion of M into Q and be in general position with respect to J and K where
|JI=M, |K|=Q. The map f is transimplicial to K at the point x= M if there
exists a neighborhood N of v in vL, and a commutative diagram

1xk
NxD?te i__ N X D“£>N

af 8 e
St(x, J)Nf AL AL——>vL

where a is the dimension of 4, k is a proper embedding D™+*~?—D?*, p is a pro-
jection and «a, @B are embeddings onto neighborhoods of x, f(x) respectively.

ReMARK 4. The definition is independent of the choice of v.

REMARK 5. If f is transimplicial to K at x and x& A? (i<<m), then m+a>
g. For since f is in general position and f(x)€A,
dim (fA'*N4)<i4+a—q<m+ta—q.

Hence fA'NA=¢ if m+a—q<0. This contradicts x=A’ and f(x)A.
If f is transimplicial to K at x and x& A™, then m+a>q. For dim(fA™ N A)
<m+a—q. Hence fA"NA=¢ if m+a<q. This is contradiction.

REMARK 6. Let K’ be a subdivision of K. If fis transimplicial to K’ at
xe M (hence f is in general position with respect to K'), then f is also trans-
implicial to K at x (see [2]).

DEerINITION 6. Let K be a combinatorial manifold of dimension ¢q. Then
K is called a Brouwer manifold if

(i) For each veK there is a linear embedding
St(v, K)—>E“

(i) For each v=K there is a linear embedding
St(v, K), St(v, K)—E§, E*".

ReMARK 7. Not all combinatorial manifolds are Brouwer, [3].

REMARK 8. Any subdivision of a Brouwer is Brouwer.

Lemma 0 (Zeeman [2]). Any combinatorial manifold has a Brouwer
subdivision.

Lemmata

When m=gq, theorem is obvious. So we assume m<(g throughout this
section.
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Now let f:M—Q be an immersion and J, K be subdivision of M, Q such
that f is simplicial with respect to J, K and such that K is Brouwer subdivision.
And we may suppose f is in general position itself by [4, Chap. 6]. Let x,&S,,
and fﬂlf(xl)z{xv"" x,,}.

We suppose x;& B2, f(x,)€A where B; (i=1, 2,-+-, n) and A are simplexes
of J and K respectively.

Let X,=SKB,, J'), W=St(4, K').

We construct approximating maps gi(i=1, 2,..-, n—1) of f inductively as
follows. First take v, in W such that v, f(M) and v, is in general position
with respect to the vertices of W. Then we define g% as follows

&I M—S8B,, J')=f|M—StB,, )
gg(Bl)Z‘vl

and for any ye St(B,, J') if y=(1—\)d+AB, (d=St(B,, ]')), g(3)=(1—r)f(d)
+2Av,.

Obviously g} is not simplicial with respect to J' and K’. We take sub-
divisions J,, K, of J’, K’ such that they are subdividing the parts f~*(W) and
W and such that g2: J,—K, is simplicial.

Next take v, in S‘t(/f, K') satisfying v,6£g3(M) and v, is in general
position with respect to the vertices of the subcomplex W, of K', covering W.
And we define g} satisfying

&I M—SuB,, J)=g}| M—34B,, J')
gg(Bz) =7, and

for any yeSt(B, J') it maps linearly same as g?. We take subdivisions
J» K, of J', K', such that they are subdividing the parts (g3)*W, and W,
and such that g}: J,—K, is simplicial. We construct g (3<i<n—1) in the
same way. Furthermore we similarly construct approximating maps of f for any
other point xS, such that x B?.

And we again put the maps gj.
Obviously g% | X; is in general position with respect to J/_, and K/_, (i=1, 2,..-,
n—1) at any point ¥ X; where J,—=], K,=K and g is in general position
itself.

Lemma 1. For all i(i=1, 2,.--, n—1) the map g% constructed above is
transimplicial to K _, at any point of X; where K,=K.

Proof. First we show g} transimplicial to K’ at any point of X,.
For any yeSt(B,, J') let C, D be simplexes of J', K’ respectively such that

yeC, glyeD. Since K is Brouwer triangulation, we may suppose St(4, K)
embedded linearly in E?. If D is a principal simplex of K’, g} is obviously trans-
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implicial to K’ at y. Hence we may suppose dim D<q. g;C is the linear
join in E? of v, to some simplex of W by the construction of g. And since
v, is in general position with respect to the vertices of W, g{C and D span E“.
&£CND is a (c+d—g)-linear convex cell. Let (g3)"*(g2CND)NC=E and
F a (g—d)-cell through y that is perpendicular to E in C. Let C* be a simplex of
J' having C as a face and E*=(g})"'(giC*ND)NC*. Then although E* is
not necessarily perpendicular to F in C*, it has the property that any (¢—d)-cell
parallel to F in C*, and sufficiently close to F, meets it in exactly one point.
Therefore for some sufficiently small neighborhood U of y in St(B,, J') we
can define a map p,:U—(g})*D by projecting U N C* parallel to F onto the
corresponding E*. Now return to E?. Since we defined F perpendicular to
E in C, we know that the linear subspace [g}F] and [D], spanned by g}F and D,
are complementary in E?. Hence we define the map

p,: E9—[D] parallel to [g}F] .
Then p,g}=g3p, on U.
Choose a vertex v of D and let L=Ik(D, K'), s:DL—>vL and define
a=sgix p,:U—vLx(g})"'D
B = sXp,: St(D, K")—»vLx[D].
We can check that @ and @ are both piecewise linear embeddings onto neigh-

borhoods of (v, ¥), (v, g}y) respectively. Choose ball neighborhoods N of v in
oL,

D™+42 of y in (g3)™* D and
D?of gy in D

such that N x D™*4~4 image of a
N x D? image of 3, and

giDmvd-ac DA
Hence the following diagram commutes

1x (g2 | Dm+d-q
(g1l ) Nx DA p N

.o e

& —> DL — ‘Z)L

NX Dm+d—q

o

g'DLN St(x,, J')

This complete the proof for g5.

Next we show g3 transimplicial to K{ at any point of X,. The main part
of the proof is equally for g} and we shall not repeat all, but give the difference
part of gi. Since g3 is simplicial with respect to J’ and v, * W on St(z‘iz, J)
if C, is the simplex of J’ such that y,&C, where v, is any point of X,, g3C, is
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the linear join of v, and some simplex of W. Let D, be the simplex of K4 such

that g2y,€D,. Since v, is in general position with respect to the vertices of
W,, gC, and D, span E?. Hence (g3)'(g5C,ND,)NC, is the (c+d—q)-
linear convex cell E,. We define F, the (¢—d)-cell through y, that is perpendi-
cular to E,. Let C¥ be a simplex of /" having C, as a face. In the same way as
g3, g is transimplicial to K{ at any point of X,. We can prove the lemma
similarly for g} (3<i<n—1).

Lemma 2. If fis a locally flat immersion, g} (i=1, 2,---, n—1) are also
a locally flat immersion.

Proof. By the construction of gi, it is sufficiently to show that g} is

locally flat. Since g2 is different from f only on St(B,, J') and since f is locally
flat, (Lk(fB,, K'), f(Lk(B,, J')) is the unknotted (¢g—1, m—1)-sphere pair.
Hence

(St(giB, K,), gi(SK(B,, J)))
= vl*(Lk(fBl) K)’ f(Lk(BU ])))
is an unknotted (g, m)-ball pair.

Therefore g2 is locally flat at x&S#(B,, J'). Obviously g2 is locally flat at the
point x& M—St(B,, J'). Let u be a vertex in Lk(B,, J'). Since f is locally
flat, (Lk(f(v), K'), f(Lk(u, J')) is an unknotted sphere pair.

Case 1. If uis a vertex of J in Lk(B,, J'),
(LA(f(u), K'), f(Lk(u, J')) = 0((1, f V)
where </ is the dual cell of # in J and where [] is the dual cell of f(x) in K. And
a0, FYINSUAB), K)=(O, f(V)) where =SB, 87) and where

[j St(f(B,), d[]). Sincefis locally flat, (l:] f(v)) is the unknotted (¢—1, m—1)

-ball pair. Hence 3((], fV)- Int([j, f(V)) is the unknotted ball pair (D, C)
by [5. Cor. 8] and

(Lk(g3(w), K"), &x(Lk(u, J')) = (D, C)Uv*d(D, C)

is the unknotted sphere pair. Therefore g} is locally flat at w.
Case 2. If uis a vertex of J' not ] in Lk(B,, J'),

(Lk(f(u), K'), f(Lk(u, J'))) N\ S(fB,, K')
= (S«(fB,), Lk(f(u)), f(SUB,, Lk(u, J)))) -

And since f is locally flat, it is the unknotted (¢—1, m—1)-ball pair (E, F).
Hence (Lk(f(u), K'), f(Lk(u, J')))-Int(E, F) is the unknotted (¢—1, m—1)-ball
pair (D, C). Therefore g} is locally flat at u as Case 1.

Lemma 3. If a locally flat immersion f:M—Q is transimplicial to K at



TRANSVERSAL IMMERSION 415

x; €8, where [~ f(x;)={x,+, %)+, x,} and |K|=Q and z}‘flM—St(xj, /)
is simplicial with respect to J and K where | J| =M, then f is transversal to f(M)
at x;.

Proof. Since f is a locally flat immersion, g7 is also by Lemma 2. Let
A be the simplex of K satisfying f(x;)€A and L=Lk(4, K). Choose a vertex
v of 4, let s:AL—oL the simplicial map as defined before. Since f is trans-
implicial to K at x;, | St(x;, J) is in general position with respect to K and there
exists a neighborhood N of v in vL such that the following diagram commutes
(see Remark 5),

1xk
N><D'”+““4——->N><D“£> N

o W4 W
FALNSHx,, J) —T > AL oL

where k:D”+*"9—D? is a proper embedding. Furthermore as f is locally flat,
the pair (NxD?, N Xxk(D™+*~7)) is unknotted (¢, m)-ball pair. Hence we can
write the diagram (0) as follows,

1x1x0
NXD" 4 gX0) ——————> NX D" 4 DI ™ ox0X0
- f
fALN S« ]), x; - AL, f(x,)

On the other hand f| M—S¥(x;, J) is simplicial, there exist simplexes B; of J

such that B;>«; and fB;=A4 (i=1, 2,---,;:---, n). Let L .= f(Lk(B;, J)) and N,
be a neighborhood of v in ovL,, then N,;=N NvL,. And since f is locally
flat, (IV, V,) is an unknotted (§—a, m—a)-ball pair. Thus there exists an
unknotting homeomorphism

h:DT™x D™ % 0x D™ 0x0—- N, N, v.

Hence the following diagram commutes.

pe-mxpm-ay VX1XIX0 pom pm-a, pmia-g 0X1X1X1 o pmia-q

D792 0x0x0 xD?™ " 0x0x0x0 xD?™ ™ 0x0x0
hx1| [rx1x1 (k| D™ ")x1x1]
1x1x0 cx1x1
NxD"+e7 9 9x0 ———> NxD"t*"9x D7 " px0x0 «——— N,x D"™+*~2x D7~ " 9x0x0
| ;o Al f fal
fAL St(x;, ]), x; ——————— AL, f(x;) < AL N SH(x;, ]), %;.

From the top and the bottom of the diagram, f is transversal to f(M) at x;.
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Lemma 4. If y,eSgi—Sgi_, and ()7 (&)(ye)=1{"" Y& ** Ym} where
y,-E‘So't(B,-, J) and B,-Bx,-, then g} is transversal to &M at y; (1<i<k).

Proof. We shall prove the lemma by induction on k. Since g} is trans-
implical to K',_, at y, by Lemma 1, g} is transversal to g4 M at y, by Lemma 3.
We suppose g} transversal to giM aty, (1<j<k). Next we shall show g} trans-
versal to giM at y, where [’ is the largest number satisfying I'<<l. Since
2| SH(B,, J')=g|SHBy, J') and g is transimplicial to K’; at y, (i<I’), g4| St
(By, J') is transversal to gi(St(B;, J')) at y,, (i<l) by Lemma 3. And g} is
transversal to g',i(S’t(Bj, J")) (1<j<k) at yy by inductive hypothesis. For j<k,
since g% does not effect on .S't(Bj, I gZ(S’t(Bj, J")) is embedded as a subcom-
plex of K,’ for any i. Hence g} is transversal to g2(St(B;, J')) (j<k) aty,
because g} is transimplicial to K (i<<l’) at y,. Therefore g} is transversal to
&M at y,.

We denote the last map like g7_, for all other point x& S, such that x& B®
as gb.

Proof of Theorem.

We order k-simplexes of J containing the point of S, such A}, that if f(A}))
=f(Amn), i=m and that the set of k-simplexes of f~'f(A},) is properly numbered
for the second suffix j. We number point contained [A{;| NS, as x{;.

We perform the shift g?; for every %, S, such that x},= B}, and in order
to decreasing dimension of 5. Since J is a finite dimensional finite complex, the
time of shifts is finite.

First perform on m-shift g7 for x5S, (i=1, 2,--, I; j=1, 2,---, q) where
I is the number of m-simplexes such that |A%| NS,;%¢, |AT| NS,+¢ and
AN f(AT)=¢ and where f'f(A})={A},--, Ak}. We denote g7,=g™
then g™| J—J™"" is non-singular. Next perform on (m— 1)-shift g7 for 475 € S,
(=1, 2, ---, p; j=1, 2,---, r) where p and r are same as above. We denote gp*
=g™™'. Then a7 Sym-1 for i=1, 2,---, p; j=1, 2,.--, r. For any point y&
Sgm-1—S; such that yES't(BTJ", J'), g is transversal to g™ ' M at g”7(y) by
Lemma 4.

Furthermore since for any k-simplex A*< J’ whose interior is contained in
S‘t(B""‘, ]')ﬂé’t(B"‘, J), AB=B™'«A** where A*"! is the opposite face of
B™' in A* and since g”'=g™ at M—BL‘JE;Szt(B"’"l, J), g7 (AF)=oxg™(AF )
where v is a point of .g't(f(B"’“), K') satisfying the conditions 1) v f(M) and
2) v is in general position with respect to the vertices of the complex covered by

St(f(B™ "), K'). Hence it is obviously that if g™ is transversal to g”M at
St(B™, J'Yn StB™, J'), g™ is also transversal to g”*M at there. Therefore
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g™ ! is transversal to g™ 'M at every point of | J—J”7*|. In this way any
singular point of S, become non-singular point one time, and if yeSHB, J')
become again a singular point by g%, then, g® is transversal to g®M at y by
Lemma 4.

Furthermore for any point yeSt(B?, J')n St(B*, J') g* is transversal
tog®M at y as above. Hence g° is transversal to g?M at every point of | J—J*7*|.
Therefore, in final, g° is transversal to g°M at all points of M particularly of
S, Then g° is the required g.

And if f is in general position itself, g is obviously in general position itself
by construction. Complete the proof.

Proof of Corollary 1.
By the hypothesis if xS, g7'g(x)=xUy and the following diagram
commutes

k k
D4 D™ (00— DP9 DT "X D™ 0X0X 0«2 D™ 2x D" 0x0

<le p l\lf l%

8
M, x —’Q’g(x) - M’y

where k,=1x1x0, k,=1x0Xx1 and where ¢,, @,, J» are homeomorphism
onto some neighborhoods of x, y, g(x) respectively.

Since S#(x, S,)=Sk,(0x0), k (D" 9XD"""™)Nk, (D™ ?xD?™))=
St(0x0x 0, D"~ 9)=D""7, S, is a closed (2m—g)-manifold. And in the left
side of the above diagram (St#(x, M), St(x, S,))=(D**"?x D™, D™ 7) since
@2 (D~ 2x D", D™ 7x0, 0x0)—~(M, S,, x).

Hence S, is a closed locally flat (2m— g)-submanifold of M.

Proof of Cor. 3.

Let J, and K, be the subdivisions of M, O and f be in general position
with respect to J,, K,. Let J, K be the subdivisions of J;, K, such that f: J—>K
is simplicial.

Then S, consists only of the vertices of J and the local knotness rises only
on the vertices of J. Hence if y,&S,—S -1, yp& J° where y, g, are same
as Lemma 3.

Then g, is locally flat at y, and g, is transversal to g,M at y, as the proof
of theorem.
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