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Let %A be an abelian category. We can define an ideal € in 9 similarly
to the ring (cf. [3]). Especially, Kelly has defined the Jacobson radical of %
in [7], and we call 2 semi-simple if its radical is equal to zero.

In the first section of this note we shall show that 9 is semi-simple if
and only if % is completely reducible under a condition that 2 is artinian or
noetherian, which is defferent from Theorem 1 in [9], and give a characterization
of completely reducible C;-abelian category (see [10], p. 82 for the definition).

In the section 2, we shall consider a C;-abelian category. For every artinian
projective object P we show that any idempotent subobject of P (see the definition
in §2) contains a direct summand of P, which is a well known theorem in the case
where P is equal to a ring, and show that  is equivalent to the category of the
right modules over an artinian ring if and only if 2 contains a projective artinian
generator, (cf. [8]).

Finally, we shall apply this argument to the case of module and show that
the endomorphism ring of an artinian projective module is also artinian.

1 Semi-simple categories

Let U be an additive category. We call 9 semi-simple, if the ring [A, A]
is semi-simple in the sense of Jacobson for every object 4 in A, (cf. [7] and [9]).

Lemma 1.1 Let U be an additive semi-simple category with coproduct.
If a: M— N is not zero, then there exists 3: N— M (resp. B': N— M) such
that Ba =0 (resp. aB3’+0). If [M, N]=0, [N, M]=0.

Proof. We assume [N, M]a=0. Put P=M@N and R=[P, P]. Then

R(2 8) is a nilpotent left ideal, and hence a=0, which proves the lemma.

We call A completely reducible if every object is a directsum of minimal
objects and U is called artinian (resp. noetherian) if every object in 2 is artinian

(resp. noetherian).
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Theorem 1.2 Let A be an artinian or noetherian abelian category. Then
A is completely reducible if and only if U is semi-simple.

Proof. If % is completely reducible and artinian or noetherian, then
[M, M] is a semi-simple ring and hence, 2 is semi-simple. Next, we assume
that 9 is noetherian and semi-simple. Let N be a maximal subobject of M
and a: M — M|N a natural epimorphism. Since a=+0, there exists B [M|N,
M] such that B8+0 by (1.1). However, M/N is a minimal object and hence,
a3 is isomorphic and we may assume that ®8=1,,,5. Therefore, M=Im B8P
Ker a=Im BPN and Im B is minimal. Repeating this argument to N, finally we
obtain M=3>®N;; N; is minimal, since M is noetherian. We assume that
9 is artinian and semi-simple. Let N be a minimal subobject of M and « the
inclusion of N into M. Then there exists 3 [M, N] such that Ba+0. Hence,
M=N ®Ker 8. From the same reason as above, M is completely reducible.

We note from the above proof that every minimal subobject is a direct
summand if 9 is semi-simple.

Lemma 1.3 Let N be a semi-simple abelian category. If [M, M] is a
division ring for some M &N, then M is minimal.

Proof. Let N be a proper subobject of M. Then [M, N]=0. Therefore,
[N, M]=0 by (1.1). Hence, M is minimal.

We shall give a characterization of a special completely reducible abelian
category.

Theorem 1.4 Let A be a C,-abelian category. Then the following state-
ments are equivalent.

1) A is completely reducible.

2) [M, M] is a product of closed primitive rings® for every object M in U.

3) [M, M]is a product of primitive rings with non-zero socle.”

Furthermore, U is equivalent to the category of right modules over a semi-
simple artinian ring if and only if [M, M] is a directsum of finite many of primitive
rings with non-zero socle for every object M in .

Proof. We note first that every minimal object IV in a C,-category is small,
since if N c>PM,, then N=NNSPM,)=N(NNPM,,), where J runs
wer T aEr

through all finite set of I, and hence, NC> PM,,; for some J'.
,/

1)->2) If 9 is completely reducible, then M=31®M,, and M,=
SYP Mg, where Mag’s are minimal objects such that Mg~ Mag’ and Magae Mo/
if ax+a’. Then [M, M]=T[M,, M]. On the other hand [M,, Mg]=0 if

1) The ring of all linear transformation of a vector space over a division ring.
2) See [6] for the definition.
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a=+0B. Hence, [M, M]=II[M,, M,]. Since Mg is small, we can prove by
using matrices that [M,, M,] is isomorphic to the ring of row finite matrices
over a division ring.

2)—3) Itis clear.

3)—>1). We assume that [M, M]=IIR, and R, is a primitive ring with
non-zero socle. Let e be a primitive idempotent in R,, then [eM, eM]=eR e
and eR,e is a division ring, (cf. [6], p. 68). Hence, eM is a minimal object
in M from (1.3). Conversely if N is a minimal object of }, then IV is a direct
summand of M from the remark after (1.2). Hence N=fM for some primitive
idempotent f. Since f&IIR,, feR, for some a. Hence, the representative
class of all minimal subobjects in M is a set. Therefore, we can take the
sum S(M) of all minimal subobjects in M. If M 4 S(M), then there exists a
subobject M, of M such that M,2S(M) and M,/S(M) is minimal from the
above, (replace M by M|S(M)). Then M,— M,/S(M) splits from the proof
of (1.2), which is a contradiction. Hence, M==S(M). It is clear that M is
completely reducible. Furthermore, we assume that [, M] is a directsum of
finite many of primitive rings for every M 9. If there was a infinite set of
non-isomorphic minimal objects M; of 2, then [>XPM;, > P M,] was a product
of infinite many of division rings. Hence U contains a finite set F’ of minimal
objects of 2 such that every minimal object is isomorphic to some object in F”.
Put U= P M, then U is a small generator. Since every object is projective,

iEF/
it is equivalent to the right modules over R=[U, U] and R is artinian semi-simple.

2 Abelian category with projective generator

In the structure of an artinian ring R, the following theorem is very im-
portant:

no nilpotent one sided ideal contains a non-zero idempotent.

We consider, in this section, this property in a cocomplete abelian category
A. Let AbeaobjectinWand R=[4, A]. Forany subset S in R, we can define
a morphism

P: 2D A > A, pld(=4) = .
We denote Im @ by SA4, then it is clear that SA= U Im A. Itis clear from

Aes

the definition that (SS")4=S(S'4) for any subset S, S’ in R, where S(S’'4)
= &JIm (A S’A4).

Furthermore, for any subobject B of A, tz=[A4, B] is a right ideal in
R. We call vtz a right ideal of a subobject B. If B=1tA=1’A for some
right ideal v in R, then we call B idempotent and t quasi-idempotent. In
this case BD1,A 2134 D1°A=B since t; 2t and hence, B=1,4=134. Ifr,is
nilpotent, we call B nilpotent.
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Proposition 2.1 Every minimal subobject B of A is either a direct summand
of A or nilpotent.

Proof. We assume 14+40. Then there exist x, y in Tz such that xy=0.
Since B is minimal, B=xA=xyA. We consider a morphism x: A —>xA=B.
Since yA is minimal, x| yA4 is isomorphic. Hence, A=Kerx®yA=Ker xPB.

DEerINITION. Let A be an object in . If for any subobject B of A and
the following diagram with row exact

A——>B—0

Is

A

there exists #: A— A such that fh=g, then A is called semi-projective.
Every projective object is semi-projective.

Proposition 2.2 Let A be an object in A. Then A is semi-projective if
and only if every principal right ideal of R is an ideal of subobject, where R=[A, A].

Proof. We put 1=[4, x4] for x&R. For r&x we have

A2 xd—0.

[

A

If A is semi-projective, there exists y in R such that r=xyexR. Hence, xR
is of a subobject. The converse is clear.

Proposition 2.3. Let A be a semi-projective object in N. If A is artinian,
then every non-zero quasi-idempotent right ideal in R=[A, A] contains a non-zero
idempotent, (every non-zero idempotent subobject contains a direct summand of A).

Proof. Let b be a quasi-idempotent right ideal and B be a minimal one
among idempotent subobjects in A such that B=ad=a’4 and b2a; say
B=aA=a* A+0. Since a is not nilpotent, there exists x=a such that xa=0.
Now we take a minimal one among x'A4, where ¥'=a and x'a=0; say x4.
Since xaad=xaA=+0, there exists yexaZa such that ya+0 and y4<xad
cxA. Therefore, y4d=xA. From the assumption and (2.2), we obtain x=xa
for some aca. 0fx=xa’=..-=xa"=:--, and hence a is not nilpotent and
w(a—a*)=0. We put n=a—a*. If n=0, a is idempotent. We assume n=0.
Put r={2| €a, ¥2=0}. Then aDr and a4=+1r4. Therefore, we know from
the minimality of a4 that r is nilpotent, since t421°42..- and hence 7 is
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nilpotent. By using the same argumet in the case of ring, we can prove that
a contains a non-zero idempotent, (see [2], p. 160).

Proposition 2.4 Let P be an artinian semi-projective object in A. Then
[P, P] is a semi-primary ring.

Proof. Since P is artinian, P is a directsum of finite many of directly
indecomposable object P;. It is clear that P; is also semi-projective. First we
assume that P is directly indecomposable. Let R=[P, P] and N the radical of
R. Since P is artinian, there exists # such that N*"P=N""'P. Hence, N is
nilpotent by (2.3). Let t be a right ideal containing N. Then r=N or t*
is quasi-idempotent for some n. Therefore, T contains an idempotent e if
1N and hence P=ePP(1—e)P. Which means e=1, since P is directly
indecomposable. Therefore, R/N is a division ring, and R is semi-primary.
Next, we assume P=3 @ P; where Pj}’s are directly indecomposable and
PP, if i+=j. We put R;;=[P,, P,] and denote the radical of R;; by N.,.
Then R=(R;;). If we put '

N.R,, -+ R,,

...............

then by using the usual argument in the endomorphism ring of indecomposable
modules (cf. [1], p. 23), we can prove that N is nilpotent, since N,’s are nilpotent
and R;;/N; are division rings. In general, we assume that P=3) P, ;, where
P;; are directly indecomposable and P;;~P,/, P;;A&Py, if i+¢. We put
P=3®P; and R,=[P, P]. Then R, is a basic ring of R. Hence, R is

semiprimary from the second argument.

Theorem 2.5 Let A be a C,-abelian category with projective artinian
generator U. Then W is equivalent to the categry of right R-modules, where
R=[U, U] is a right artinian ring, (cf. [11]).

Proof. U is a semi-primary generator from (2.4). We can define a function
@ of A such that M/p(M) is completely reducible for every object M in 2 and
@"(U)=0 for some n by [5], Theorem 7 and Lemma 5. Since U is artinian,
U is noetherian. Therefore, U is small, (cf. [10], p. 83, 1.6).

We shall consider an analogous proposition to (2.4) for noetherian objects.

Lemma 2.6 Let P be a projective object, then every finitely generated right
ideal v in R=[P, P] is the ideal of subobject of P, namely =[P, tP]. Further-
more, if P is small, then every right ideal of R is of subobject (cf. [11]).

Proof. We assume that t=3 x;R. Then, we have a diagram with row

i=1
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exact for any xe [P, tP]

SYDP, \—ﬂz’ tP——0

<~ |x
/AN

p

where P,=P and @|P;=x;. Since x=ph=¢2 i;p,h=>3] x;p;h, xE1 since
p:heR. If Pis small, we can replace > P; by 3" P for any right ideal t'.
i rEer’/

Proposition 2.7 Let P be a projective noetherian object in a C,-category .
Then [P, P] is a right noetherian ring.

Proof. If P is noetherian, then P is small, and hence [P, tP]=t for
every right ideal t in R=[P, P] from (2.6). Therefore, R is right noetherian.
Finally we shall give an application of (2.4) for the case of modules.

Theorem 2.8 Let R be a ring. If M is a non-zero projective and artinian
right R-module, then Homg(M, M) is a right artinian ring and M is a directsum of
finite many of right principal ideals of R which is generated by an idempotent.

Proof. First, we assume that M is directly indecomposable. Since M is
R-projective, M=M7(M) and (M)*=7(M), where 7(M) is the trace ideal of
M. We put S=Hompg (M, M). Then S is a semi-primary ring with radical
Ns such that S/Nj is a division ring by (2.4). We define u: M?HomR (M, R)

— S by setting u (m® fym'=mf(m’). If Im p=+S, then Im x <Ny and hence,
Im p is nilpotent. For any element s= u(m, Q f)u(m,Q f,)++ p(m, Df,) in
(Im p)*, we have sm=m,f,(m,) - f,_(m,)f,(m) for me M. Therefore, if
(Im p)*=0, M7(M)”=0, which is a contradiction. Hence, M is finitely
generated projective R-module. Next, we put M=M/MN, where N is the
radical of R. Then M is R=R/N-projective and Hom (M, M)=S/Ns=S.
Since M is finitely generated projective R-module, there exist f;= Homg (M, R)
and ;€ M such that m=3) m, f,(7) for every < M. 1f f; is not monomorphic,
then for any element x=0 in Kerf; and any yeM, p(y®f;)==z<S is not
monomorphic, since zx=zf;(x). However, S is a division ring and hence,
w(¥Rf;)=0 for every yeM. This means Mf,(M)=0. Therefore, there
exists some f; such that f; is monomorphic. Hence, we may assume that M is
a right ideal of R. Since R is semi-simple, M?=0. Hence, there exists me M .
such that mM=0. The natural homomorphism @ of M to M defined by
@(x)=mx is not zero. Hence, @ is isomorphic and M=mM—=mR, since S
is a division ring. Therefore, M=mR. Furthermore, M is R-projective, M~
Re for some idempotent e in R, Next, we assume M=> P M;, where M; are
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all directly indecomposable. Since M is a finitely generated R-module from
the above, M is small. Hence S is right artinian from the proof of (2.7)
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