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1. Introduction. Our object is the following g-hypergeometric series of
confluent type

(1) i (a:Z?lei)q(ﬁl:vl)q‘“(ﬂm—l:vm—l)q

p- PHLLL pYmgymOm =112,
Vi vm=1 (y : E,‘: 1Vi)q(1 . Vl)q' (1 V- l)q(l :vm)q

where ¢ is a complex number satisfying |g|<1. We have used the following
. 1- . ..
notation (a:n),=(a),(@a+1),---(@a+n—1), (a)qzl—q—a. When m =1, this series gives
—q
a g-analog of Kummer’s hypergeometric series. This series (1) coincides with
Jackson’s basic double hypergeometric series 2 ,(o; f1;7;V1,¥2,1/2) [7] when
m=2. Two series of this form are said to be contiguous if parameters a, f§;, y and
o', B;, y' corresponding to them differ at most 1 for each pair. We also say that
two such series are contiguous to each other. For later convenience we introduce
new parameters
-1

)] a=py+ 1, y=pr+us+2, fi=—p (4<i<n), ) p=-2.

i=1

We also rename independent variables as y;=x;,; and set n=m+3 to make
formulas appear later simple. In these new variables and parameters the series

(1) looks as

<= (ﬂ2+1:Z?=4vi)q(_iu4:v4)q”'(_”n—l:vn—l)q

x‘? N ,,x:..qvn(vn— 1)/2.
V4, vn=1 (ﬂz +.“t3 + 2: Z;’=4vi)q(1 : V4)q ot (1 Vn- l)q(l . vn)q

)

We shall describe g-difference operators which increase one of the u;s and decrease
one of the ps. We call such operators raising and/or lowering operators.

* This work is partially supported by Grant-in Aid for Scientific Research on Priority Areas, the Ministry
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Commutation relations among raising and/or lowering operators are called
contiguity relations.

Contiguity relations for Gauf hypergeometric series are well known for long
time. In the theory of general hypergeometric systems by Gelfand et. al. [1], [2],
[3] the Gauf hypergeometric equation can be regarded as the general hypergeometric
system on the Grassmannian G(2,4). Horikawa [5] studies contiguity relations
for Heine’s basic hypergeometric series which is a ¢-deformation of Gauf
hypergeometric series exploiting this view point and showed that they constitute
a representation of the quantum algebra U(sl,). This result has been generalized
to g-analogs of Lauricella’s hypergeometric series by Horikawa [6]. In this case
the corresponding algebra is Uj(sl,). Noumi [10] rederived this result by using
a g-analog of the function ring of the Grassmanian G(2,n) and Casimir like elemets
of Uy(sl,).

Our motivation was to see what happens when we consider hypergeometric
series of confluent type. The series (3) is one of the simplest among confluent
hypergeometric series obtained from the Lauricella hypergeometric series. We
shall see contiguity relations for (3) is a representation of a g-deformation of
enveloping algebra of semi direct product of sl,_, and a finite Heisenberg algebra
with 2n—2 generators. This seems to be a new feature of confluent series. In
relabelling the parameters (2) we consulted the theory of general confluent
hypergeometric systems by Kimura-Haraoka-Takano [8], [9], who studied in detail
generalized confluent hypergeometric systems in the line of Gelfand-Retakh-
Serganova [4].

2. Raising and lowering operators. Let T; be the g-shift operator acting on
the i-th variable

(Tif WXas X)) =f (X453 X1 = 15GXis Xi 4 15775 Xp)-

1-T,

Define (.9,~)q=1— This is a g-analog of the Euler derivative x,--(—a—. Define

i

1—¢°T;
further (9;+a),= 7

for aeC. Let us denote by F the series (3) with

parameters a, f; and y. The series F satisfies the following system of g¢-difference
equations

) {(Z 9i+a),,—T;1;C1_(9")q( " 9i+y—1)q}F=0,
i =4

i=4 n i

) {(-i4 9, +0),(9% + o) —%(m)q(i‘ 9+7y— l)q}F=O, 4<k<n.
i= k i=
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The system of equations (4), (5) can also be obtained as a g-analog of confluent
hypergeometric system for the series obtained from Lauricella’s hypergeometric
series by the confluence of the variable x,,.

We shall denote contiguous series by attaching increased (resp. decreased)
parameters as superfixes (resp. suffices). For example F} denotes the series (3)
with parameters a+1, f;, y—1. Such changes of parameters are rephrased by
changes of p;s in view of (2). Let us denote by C;; the operator which increases
u; by 1 and decreases u; by 1. Let us introduce an extra parameter y, by the relation
u,=u,. The identification of two parameters u,, u, is a consequence of this
process of confluence.

By direct calculations we have the following relations:

Cys ( Z 9+ o) F= (), F*,
i=4
Cui — g9+ B F=(—B F*, 4<k<n,
6 Ci; —q'" (Y $i+y—1) F=(1—y),F,,
i=4
Cox q- ﬁkl(sk)qF = ———~(a)q( — Bk)qF by 4<k<n,
Xk (_y)q
Coo  —aT L O)F= D
Xn (_’Y)q

We have chosen indices for the operators C,; or C;,, to make the structure of
contiguity relations simpler (see Theorem 2). We can also recover the system of
g-difference equations (4), (5) for (3) from these relations. The compatibility
conditions of the system (4), (5) are

() { T, ! i(9..)q(9k +Biq —i(9k)q}F =0,
X, X

1 1
(8) {(sk + ﬂk)q_('gl)q - (‘9[ + Bl)q—(‘gk)q}F= 0.
X Xk

Now let us derive the operator which lowers the parameter a by 1. Applying
x,T, to the both hand sides of (4), we obtain

©) {ann(i 9+ 0= (O3 Sty — 1)4}F=0.
i=4 i=4

Usig the identity
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(Xn: 9i+y—1)q=q7“’“(i di+a),+(y—a—1),,
i=4 i

=4

we have
(10 [{ann—q’_“_‘(S..)q}(Z 9.~+°t).,—(?—a—1).,(9..)4]F=0~
i=4
Applying T,---T,_, to (10) and using the relation x;T;=q 'T;x;, we get

(1 1) l:{q— 1T4... T"x"__qv—a— 1T4.-- T"_ ‘(9")“}(.2“4 |9,~+ot)q

—'(’y_ ‘= l)qT4'“ Tn— 1(‘9n)q:|F= 0.

Multiplying x, to the both hand sides of (5) and rewriting it in a similar way as
above, we have

(12) [{xk(9k+ﬂk).,—qy—“- ’(sk)q}(é 8+ o), —(r—a— 1)q(sk)q]F= 0,
k=4, n—1.

Let us denote the eqation (12) with k as (12),. Taking the sum (11)+(12),
+T4(12)s+ -+ T4+ T,,_5(12),_,, we obtain

(13) I:{q— 1T4“' T,x, +"i Ty Ty 1 (9 + ﬁk)q_qy_a— 1('i4 lgi)q}(.zn‘,4 9+ Ol)q

k=5
—(y—a— l)q(.-=i4 Si)q:lF= 0.
Using the identity
(3 9),=47*(F, S+, a7,
we rewrite (13) as

n—1 n
[{q_lT4"'Tn-xn+ Y T4"'Tk—lxk(3k+ﬁk)q_qy—a_l(z 3)q
k=5 i=4

n

—q_a()"‘“— l)q}(z‘t ‘9i+a)q]F= "q—a()"‘“— l)q(a)qE

Multiplying —g¢* to the both hand sides and using (X} ,9;+ o), F= (), F*, we get
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2 1"_1
{—qa Ty Toxy—q* ' Y, Ty Tim 1 XS+ B,
k=5

+ q‘/— 1('24 si)q + (7 - (X)q}F= (V - a)qFa

after dividing the resulting equation by (), and changing a to a—1.
Similar calculations based on (4), (5), (7), (8) give the following

n—1
(14 C;, {“qdszat"'Tnxn—qa—l Z Tl"'Tk—lxk(‘gk+ﬂk)q
k=5
+q7—1(z 'gi)q+(y—a)q}F=(y—a)qFa9
i=4
R e AT
Xn (—),)q
Cin {1—q”"_‘ka;11(9,,)q}F=F,,k, 4<k<n,
x'l
n—1
Ciz {q_ka_lxn‘i’qa_ka_l Y Ty T 1x{3;+B)),
j=5

+q1 _ka_ l(a_ l)q_ql _yTn_ ! Tk_ 1( Z '91+‘y_ l)q}F
i=4

=(1=)Fopy,» 4<k<n,

Cis {qm—y—lT4"‘Tnxn—q1_y(Z 3+y-1),
i=4
n—1
+q“_y Z T4"'Tj—1x1(9j+ﬂj)q}F=(l—y)qFays
j=s
_ .1
Cse {qy pk(9k+ﬁk)q_q2y * ﬂkx—(‘gk)q}F
k
=(-__ﬁ_kM’y;“ﬁFﬂ"v’ 4Sk<n,
(_Y)q
Cis {q_ykak_l(z 9i+a)q-q1_ka_1(Z 91+)’—1)q}F
i=4 i=4

=(1=9),Fp.,y» 4<k<n,

_ 1 _ _
Cu {q_m "% T; 1;(91)4—"1 ﬁ'(‘gt'*'ﬂ:)qu I}F
1
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=(—PB) Fh, 4<k#l<n.

Let us denote by S(x; f4; - ;B.—1;7) the formal solution space of the system
of equations (4), (5).
By direct calculations we have,

Theorem 1. The operator C;;, 1 <i, j<n defined by the left hand sides of (6),

1y

(14) acts on the space @ S(a+a;Bs+by;-;B,_1+b,_1;y+¢), and increases the

a,by,ceZ
parameter ; by 1 and decrease the parameter p; by 1.

3. Contiguity relations. The raising and /or lowering operators C;; (6), (14)
satisfy the following commutation relations on the space @, , zS@+a;Bs+by; ;
Bu-s+bu- 37 +0).

Theorem 2.
[CiCinlg=1, 2<k<n,
(15)  [CiCily=Cijy  (j)#(,n) and i<k<j or i>k>],
[Ciy Cid =" (i — 1))
where [a,b],=ab—qba and [a,b] denotes usual commutator. All the other pairs

are commutative with respect to the usual commutator.

In order to see the structure of above commutation relations (15), let us consider
the limit ¢ —» 1. In this limit the above commutation relations give a representation
of the following Lie subalgebra of sl,:

(16) (5= L R R R R T R T T E

o o0 - 0 0

Let us denote by E;; nxn matrix units. The correspondence E;;— C;;|,-, for
i#j and E;—E;;— u;—pu; give a representation of . Note that in &, elements
E,;,E;, 2<j<n and E,, form a finite Heisenberg algebra with E,, as a central
element and constitute an ideal of . Therefore we see that contiguity relations
for (3) give a representation of a g-deformation of the Lie ablebra ® (16).
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