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Abstract
Temperley-Lieb algebras have been generalized to web sgaceank 2 simple
Lie algebras. Using these webs, we find a complete desarigtiche Jones-Wenz|
idempotents for the quantumi(3) andsp(4) by single clasp expansions. We discuss
applications of these expansions.

1. Introduction

After the discovery of the Jones polynomial [9, 10], its gafieations have been
studied in many different ways. Using the quantsi(2) representation theory, the
Jones polynomial can be seen as a polynomial invariant ofl@emb link whose com-
ponents are colored by the two dimensional vector repragentof the quantuns((2).

By using all irreducible representations of the quantl(2), one can find the colored
Jones polynomial and it has been extensively studied [5,191,26, 35, 38].

The other direction is to use the representation theory lérotomplex simple Lie
algebras from the original work of Reshetikhin and Turae®, [31]. These quantized
simple Lie algebras invariants can be found by using the slo¥enzl idempotents and
fundamental representations. In this philosophy, Kuperletroduced web spaces of
simple Lie algebras of rank 25((3), sp(4) and G, as generalizations of Temperley-
Lieb algebras corresponding ##2) [21]. Then he successively generalized the result
for s[(2) [32] that the dimension of the invariant subspace of #vesor of irreducible
representations of the quantwt(3) andsp(4) is equal to the dimension of web spaces
of the given boundary with respect to the relations in Fig.n8l &ig. 12 respectively
[21]. But there was no immediate generalization to other &ligebras until new re-
sults forso(7) [37] andsl(4) [17]. The quantuns((3) invariants have many interest-
ing results [1, 2, 12, 13, 28, 34] also have been generalipethe quantumsi(n)

[8, 14, 27, 33, 39]. An excellent review can be found in [6].

Ohtsuki and Yamada generalized Jones-Wenzl idempotédrsetwere callethagic
weaving elemen}dor the quantuns((3) web spaces by taking the expansions in Propo-
sition 3.1 and 3.4 as a definition of clasps [28]. On the othemdh Kuperberg ab-
stractly proved the existence of generalized Jones-Welezhpotents for other simple

2000 Mathematics Subject Classification. Primary 57M27; 8éary 57M25, 57R56.
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Lie algebras of rank 2, he calledasps[21]. In the recursive formula shown in Fig. 1,
the resulting webs have two (one with one clasp) clasps, this called adouble
clasps expansionf the clasp of weighh. There is an expansion for which each result-
ing web has just one clasp as depicted in Fig. 3 [5]. We catledsingle clasp expan-
sion of the clasp of weighh. These expansions are very powerful tools for graphical
calculus [5, 15, 35]. We provide single clasp expansionsliofj@antum s((3) clasps
together with double, quadruple clasps expansions of @htumsl((3) clasps. We also
find single and double clasp expansions of some quant@) clasps.

Using expansions of clasps, Lickorish first found a quantl(?) invariants of
3-manifolds [23, 24]. Ohtsuki and Yamada did for the quanti(8) [28] and Yokota
found for the quantunsi(n) [39]. For applications of single clasp expansions, first we
provide a criterion which determines the periodicity of akliusing colored quantum
5[(3) andsp(4) link invariants. We discuss a generalization gf 8j symbols for the
guantumsl(3) representation theory. At last, we review hei{3) invariants extend for
a special class of graphs.

The outline of this paper is as follows. In Section 2, we ravtbe original Jones-
Wenzl idempotents and provide some algebraic backgrounbdeofepresentation theory
of s1(3) andsp(4). We provide single clasp expansions of all clasps fordbantum
s[(3) in Section 3. In Section 4 we study single clasp expamssairsome clasps for the
guantumsp(4). In Section 5, we will discuss some applications of tharqum s((3)
clasps and their single clasp expansions. In Section 6, weeptwo key lemmas.

A part of the article is from the author’s Ph. D. thesis. Fsely, Section 3 and 6
are from [15, Section 2.3] and Section 4 is from [15, Sectiof].2

2. Jones-Wenzl idempotents and algebraic back ground

For standard terms and notations for representation thegeyrefer to [4].

2.1. Jones-Wenzl idempotents. An explicit algebraic definition of Jones-Wenz|
idempotents can be found in [5]. We will recall a definition &fnes-Wenzl idem-
potents which can be generalized for other simple Lie algbrLetT, be then-th
Temperley-Lieb algebra with generators,el, e, ..., e,_1, and relations,

& =-(@"*+q%a,
ee =eeg if |i—j|>2,
8 =66116.

For eachn, the algebraT, has an idempotenf, such thatf,x = xf, = €(x) f, for
all x € T,, wheree is an augmentation. These idempotents were first discoveyed
Jones [9] and Wenzl [36]. They found a recursive formula:

[n—1]
(n]

fo= fooa+ fr—16n-1 fn1,
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Fig. 1. A double clasps expansion of the clasp of weight

k
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Fig. 2. Properties of the Jones-Wenzl idempotents.

[7331) “19’

n n—1 i
U

Fig. 3. A single clasp expansion of the clasp of weight

as illustrated in Fig. 1 where we use a rectangular box toessmt f, and the quantum
integers are defined as

[n] _ qn/2 _ q—n/2
q1/2 _ q—1/2'

Thus, they are namedbnes-Wenzl idempotenigrojector9. It has the following prop-
erties 1) it is an idempotent 2}, = 0 =¢ f, whereg is a U-turn from thei-th to
the ( + 1)-th string as shown in Fig. 2. The second property is dathe annihilation
axiom We will discuss the importance of Jones-Wenzl idempoténtSection 2.4. In
Fig. 3, n stands for the number of strings and Stands fori-th string from the right.
We will use this convention for the rest of the article.

2.2. The representation theory ofsl(3). The Lie algebras((3) is the set of all
3 x 3 complex matrices with trace zero, which is an 8 dimensimeator space with
the Lie bracket. Let; be a fundamental dominant weight ef3), i = 1, 2. All fi-
nite dimensional irreducible representationstf3) are determined by its highest weight
A = alr; + bAy, denoted byV, wherea and b are all nonnegative integers. We will
abbreviateVy,, v, by V(a, b). The dimension and the quantum dimension of the fun-
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damental representatiow,, = (V,,)* of sl(3) are 3, [3]. The weight space of a fun-
damental representatiovi(1, 0) is [1, 0], -1, 1] and [0,—1]. The weight space of a
fundamental representation(0, 1) is [0, 1], [1,—1] and [-1, 0]. Thus, one can easily
find the following decomposition formula for a tensor prodo€ a fundamental repre-
sentation and an irreducible representation,

Viu ® Vartbi, = Viaripg+br, ® Via—ia+brin, D Var +o—1)
Vi, ® Vau+bi, = Van+oripns D Viarina+b—1n © Via—1)ai+biss

with a standard reflection rule, a refined version of the Brau@eorem [7, pp.142].
Using these tensor rules, one can find the following lemma.

Lemma 2.1. For integers ab > 1,
dim(Inv(VE2 @ V2 ® Vip_1y,+a1,)) = ab.

To compare the weight of cut paths and clasps, we recall thal yeartial ordering
of the weight lattice ofsl(3) as

ari+biy > (@+1ag + (b — 2)i,,
arg +bi, = (a—2)A1 + (b + Do,

2.3. The representation theory ofsp(4). The Lie algebrasp(4) is the set of
all 4 x 4 complex matrices of the following form,

[é —?A}’ where B=B, 'C=C

which is a 10 dimensional vector space with the Lie brackdiene A, B and C are

2 x 2 matrices. Let\; be a fundamental dominant weight g(4), i = 1, 2. All finite
dimensional irreducible representation €f(4) are determined by its highest weight
A = ai; + biy, denoted byV, wherea and b are all nonnegative integers. We will
abbreviateVy,,+py, by V(a, b). The dimension and the quantum dimension of the fun-
damental representation, (V,,) of sp(4) are 4, [4] (5, [5], respectively). The weight
space of a fundamental representatM(L, 0) is [1, 0], 1, 1], [1,—-1] and [-1, O].
The weight space of a fundamental representatig@, 1) is [0, 1], [0,—1], [2, —1],
[-2, 1] and [0, 0]. Thus, one can easily find the following decosifon formula for

a tensor product of a fundamental representation and aduiilgle representation,

Vi, ® Vans 4o, = Viariing+br, D Via—aa+brin, © Varip+b—10 D Via—1pa+biss
Vi, ® Vaui+bi, = Van+orine D Vani+o—1)0 © Va—2pi+orn, D Viar2ni+o—1)n © Vari+biss

with a similar reflection rule. Using these tensor rules, oae find the following two
lemmas.
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Lemma 2.2. For a positive integer n

: n(n+1)
dim(Inv(VE™ ® Vin-1y,)) = >
Lemma 2.3. For a positive integer n
. n(n+1)
dim(Inv(VE™ @ Vin_1y,)) = >

There is a natural partial ordering of tlhe(4) weight lattice given by

ar; +biy > (@a— 2)A1 + (b + 1Ay,
ary +biy = (@+2)r + (b — 2)x,.

2.4. Invariant vector spaces and web spaces.n this subsection, we briefly
review the web spaces, full details can be found in [21]. Metbe an irreducible
representation of complex simple Lie algebgasOne of classical invariant problems
is to characterize the vector space of invariant tensors

Inv(Vi @ V2 ® - - - ® V),

together with algebraic structures such as tensor produgtdic permutations and con-
tractions. The dimension of such a vector space is given bta@a\Veyl character the-
ory; dim(Inv(V; ® V. ® - - - ® V) is the number of copies of the trivial representation
in the decomposition of; ® V>, ® ... ® V, into irreducible representations. For this
algebraic space, we look for a geometric counterpart wharh reserve the algebraic
structure of the invariant spaces. The discovery of quargumoups opens the door for
the link between invariant spaces and topological invasiar links and manifolds. For
guantumsl((2), the dimension of the invariant spaces\q?2n is the dimension of the
n-th Temperley-Lieb algebra as a vector space which is geebday chord diagrams
with 2n marked points on the boundary of the disk wh#keis the vector representa-
tion of sl(2). In particular, this space is free, i.e., there is notiefabetween chord
diagrams. To represent any irreducible representatidmsr dhan the vector representa-
tion, we use Jones-Wenzl idempotents as we described inoB8extl. Then all webs
in the web space of a tensor of irreducible representatigp® Vi, ® - - - ® V;, can be

obtained from webs in the web space\bf 21k and by attaching Jones-Wenzl idem-
potents of weightiy along the boundary (some webs become zero by the annihilatio
axiom, no longer a basis for web space and the other nonzebs aee calledbasis
webg, whereV; is the irreducible representation of the quantsiif2) of highest weight
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A A

Fig. 4. Generators of the quantusi(3) web space.

i andk=1,2,...,n. For example [21], the web

is not a basis web of> ® V3 ® V4 ® V5, which instead has basis

U

where the Jones-Wenzl idempotents were presented by ttle dhay lines instead of
boxes.

A first generalization of Temperley-Lieb algebras was mamtesimple Lie algebras
of rank 2, s1(3), sp(4) and G, [21]. Each diagrams appears in a geometric counterpart
of the invariant vectors is called a web, precisely a di@ad weighted cubic pla-
nar graph. Unfortunately, some of webs are no longer ligeiadependent for simple
Lie algebra other tham((2). For example, we look at the web spaces(f3) repre-
sentations. LeW,, be the vector representation of the quantsif8) andV,, be the
dual representation o¥,,. The web space of a fixed boundary (a sequenc¥,pfand
V,,) is a vector space spanned by the all webs of the given bownalaich is gen-
erated by the webs in Fig. 4 (as inward and outward arrows)uinobly the subspace
spanned by the equation of diagrams which are called a céenpl of the relations,
equations (1), (2) and (3) as illustrated in Fig. 5. We hawemira web in Fig. 6. We
might use the notation +; for V,,,V,, but it should be clear. For several reasons, such
as the positivity and the integrality [22], we usg2] in relation (2) but one can use
a quantum integer [2] and get an independent result. If oes {&], one can rewrite
all results in here by multiplying each trivalent vertex lhetcomplex numbetr.
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1) O 13

@ Co——=-12
S~

3) = +
TN

Fig. 5. Complete relations of the quantwt{3) web space.

= +

Fig. 6. An example of the webs with a boundary—(+—-——-).

Fig. 7. An example of the annihilation axiom with a cut path.

To define the generalization of Jones-Wenzl idempotesitssps we first general-
ize the annihilation axiom for other web spaces. We need ttmdoce new concepts:
a cut pathis a path which is transverse to strings of a web, andwbkéeht of a cut
path is the sum of weights of all decorated strings whichrgset with the cut path.
For example, the weight of the clasp as depicted in Fig. Mg abbreviated by (2, 0).
Then we can generalize the annihilation axiom as followswéf attach the clasp to a
web which has a cut path of a weight less than that of the cléwgm it is zero. Since
the weight of the clasp shown in Fig. 7 is (2, 1) and there istgpath of weight (2, 0),
the web in Fig. 7 is zero by the annihilation axiom. F®(3), the claspw of weight
(a, b) is defined to be the web in the web spaceVf* ® VP ® (V;)®2 @ (V;)®P,
say W, which satisfies the annihilation axiom and the idempoteitra (v’ = w). One
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can see the dimension of the web spacélbfis one, i.e., all webs in the web space
of W are multiples ofw. However, the clasp of weight(b) is unique by the idempo-
tent axiom (it is nonzero). An algebraic proof of the existerof clasps for((3) and
sp(4) is given [21]. On the other hand, the double clasps exparsnd the quadruple
clasps expansion formulae [28] do concretely show the exist of thes((3) clasp. Us-
ing these expansions one can find Example 2.4 (we omit somer@fison the edges
of webs, but it should be clear).

ExAMPLE 2.4. The complete expansions of the clasps of weight (2, @ an

(3, 0) are
1
= + —
7l 8
= + E + + H + + LW
[3] 3] [2]13] m

3. Single clasp expansions for the quantuns((3) clasps

First we look at a single clasp expansion of the clasp of we{ghO) where the
weight @, b) stands forai; + b, in Section 3.1. We can easily find a single clasp
expansion of the clasp of weight (8) by reversing arrows in the equation presented
in the formula of Proposition 3.1. In Section 3.2, we find aginclasp expansion of
the clasp of weightd, b) and double clasps expansions. Kuperberg showed that for a
fixed boundary, all webs of the given boundary are cut outsftbe hexagonal tiling
of the plane with the given boundary [21].

3.1. Single clasp expansions of a clasp of weight,0). First we find a single
clasp expansions of a clasp of weight Q) in Proposition 3.1. It is worth to mention
that i) this expansion can be obtained from a complete expar$inear expansions
of webs without any clasps) which can be found by using a dogldsps expansion
iteratively [28] and then attaching a clasp of weight(1, 0) to each web in the expan-
sion; ii) the single clasp expansion in Proposition 3.1 kdiok anysl((n) wheren > 4
becausesl(3) is naturally embedded inl(n). By symmetries, there are four different
single clasp expansions depending on where the clasp ofhwéig- 1, 0) is located.
For equation (4), the clasp is located at the southwest cowtgch will be considered
the standard expansion, otherwise, we will state the logatf the clasp.

We demonstrate Proposition 3.1 for= 2, 3 directly using the presentations of the
clasps in Example 2.4. Far = 2, Proposition 3.1 is identical to the first formula of
Example 2.4. Fon = 3, by attaching the clasp of weight (2, 0) to the southweshen
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of each web in the second formula of Example 2.4,

3 + % :: j% +Eél
" ) \4/
+ = + e )
[3] 12131 :@7

Since =0, we find

[ ] = +E +H .
(3] (3]
A A A A

This verifies then = 3 case of Proposition 3.1.

Proposition 3.1. For a positive integer n

o “pr
] S

(4) = +Z;——Fﬁ—— K§L )&Lﬁ*
n n—1 |

n—1

Proof. We prove the linear independence of the webs in thiet-ignd side of
the equation (4). Suppose there exists a linear combinatiomebs which is zero, let
us denotec; be the coefficient of this linear combination correspondimghei-th web
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in the right-hand side of the equation (4).

“ .99

“l”

\_'_1 ,

n—1 n

If we attach the clasp of weight{0) to the top of each web in the right-hand side of
equation (4), the first web corresponding to the coefficignt nonzero because it is a
cut out from the hexagonal tiling of the plane. All other rémiag webs corresponding

to ¢k wherek > 2 are zero becausé = 0. Therefore,c; = 0.
‘6 2 115 il “j” “1”
1 | ——
0=c¢ Z cj
Jj=i+l |
' |
n—1 n—1

Inductively we assume alfy = 0 wherek < i. If we attach the clasp of weighh(~

i +1) to the left top of each web in the right side of equation (e i-th web cor-
responding to the coefficied is nonzero because it is a cut out from the hexagonal
tiling of the plane. All other remaining webs correspondiogc, wherek > i +1 are
zero because the same reason. Therefare; 0. This completes the proof of linear
independency.

Now, we can show that the set of the webs in the right-hand isidsguation (4)
is a basis by counting the dimension of web spaces. If wease{n+ 1), b=1, we
find the dimension of the web space Vﬁ’”” ® Vi, ® Vin-1, is n by Lemma 2.1.
Therefore, these webs in right side of equation (4) form asbfw the single clasp
expansion.
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We put

[T23L} “1”

i
_a +Zai ’
[ ] [ ] = |
| | |

n n—1 n—1

with somea;, since the webs in the right hand side span the web space whbithins
the web of the left hand side. If we attacha on the top of webs in equation (4),
the left side of equation (4) becomes zero and all webs initffg-hand side of equa-
tion (4) become multiples of a web. Thus we get the following 1 equations.

a-1—[2]an = 0.
Fori=1,2,...,n—2,
8 —[2]aj+1 + 842 =0.

From these equations, we are able to find the relations batuhee coefficientsy’s.
By a normalization, attaching the clasp of weight Q) to the top of each web in the
equation, we finda; = 1. Then other coefficients can be found subsequently. [

3.2. Single clasp expansions of a non-segregated clasp ofigh® (a,b). The
most interesting case is a single clasp expansion of the dasveight @, b) where
a#0#b. By Lemma 2.1, we know the number of webs in a single clasp resipa
of the clasp of weightg, b) is (a + 1)b. We need a set of basis webs with a nice
rectangular order, but we can not find one in the general dasen if one finds such
a basis, each web in the basis would have many hexagonal fddel make it very
difficult to get numerical relations. So we start from an mi&give, non-segregated
clasp. A non-segregated clasp is obtained from the segugaasp by attaching a
sequence oH'’s until we get the desired shape of edge orientations. Ratgly, there
is a canonical way to find them by puttirlg’s from the leftmost string of weight,
or — until it reach to the desired position. The left side of theuattpn in Fig. 8
is an example of a non-segregated clasp of weight (2, 3). ittg-hand side of the
equation in Fig. 8 shows a sequence lfs which illustrates how we obtain it from
the segregated clasp of weight (2, 3).

First of all, we can show that the non-segregated clasps alledefined [15, Lem-
ma 2.6]. One can prove that non-segregated clasps alsfy satis properties of seg-
regated clasps: 1) two consecutive non-segregated claspguial to a non-segregated
clasp, 2) if we attach a web to a non-segregated clasp andhdsta cut path whose
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Fig. 8. A non-segregated clasp of weight (2, 3).

- + - +

] —~—1

rotor

+ - + —

NS

(1) )
Fig. 9. Fillings for the boxes in equation (5).

weight is less than the weight of the clasp, then it is zerq l&mma 2.7]. We find

a single clasp expansion of a non-segregated clasp of wégh) as shown in equa-
tion (5). Kuperberg showed that for a fixed boundary, theriotecan be filled by a
cut out from the hexagonal tiling of the plane with the givesubdary [21]. For our
cases, there are two possible fillings but we use the maxiotabat of the hexagonal
tiling. We draw examples of the case= 6, j =5 and the first one in Fig. 9 is not
a maximal cut out and the second one is the maximal cut outhwfiis to the left

rectangle and the last one is the maximal cut out which fitsheoright rectangle as
the number indicated in equation (5). An example of a sind#spc expansion of a
segregated clasp of weight (2, 2) can be found in [15, pp.18].
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Theorem 3.2. For a,b>1,

(5) . .
1 i—1 J 1

:i A lo—i+1b+j+1]|| - Ll O -] @ |J

[b][a+b+1]
i—1

Proof. Let us denote the web corresponding to the coeffidierti + 1][b+ j +
1]/[bl[a+ b+ 1] =& ; by Dj ;. First of all, all these webs in the equation (5) are
nonzero because they are cut outs from the hexagonal tifinbeoplane. These webs
in the right hand side of the equation form a basis becausedaalinality is the same
as the dimension of the invariant space\Gf,+-1, ® V¥ ® V,2° 1 and they are
linearly independent. Suppose that a linear combinatiowelfs in the right-hand side
of the equation (5) is zero for some choice &f;. By attaching the clasp of weight
(0,b—i +1) to the left top andg+1— j, 0) on right top of webs one can see all webs
but the websDs:, 1 <s<i, 0<t < j vanish. Itis clear thaty o = 0 by attaching
the clasp of weight (0p) and (0,a+1). Inductively, we can show; j =0 for all i, j.

To find & j, we attach aA or a () to find one exceptional and three types of
equations as follow.

[Blag,0— [2]a1,1 — [2]az,0+ @21 = 0.
Type I: Forj=0,1,...,a,
ap-1,j —[2]ap,j = 0.
Type ll: Fori=1,2,...,b—-2andj=0,1,...,a
8,j —[2ai+1,j +@+2,j = 0.
Type lll: Fori=1,2,...,bandj=0,1,...,a—2.

a,j —[2]a j+1 + & j+2 = 0.
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If we setag o= X, then inductively one can see that the coefficignf in the equa-
tion (5) is

[b—i+1][b+]j+1]
[bl[b+1]

One might check that these are the right coefficients. Ugua#f normalize one
basis web in the expansion to get a known value. But we can awhalize for this
expansion yet because it is not a segregated clasp. Thusen& esmplicate procedure
in Lemma 6.2 to find that the coefficient a@f 5 is 1. Then, we find thag; o is [b+
1]/[a+b+ 1] and it completes the proof of the theorem. U

We find a double clasps expansion as shown in Theorem 3.3,othédiween two
clasps is filled by the unique maximal cut out from the hexadaditing with the given
boundary as we have seen in Fig. 9.

Theorem 3.3. For a,b > 1,
a b a b—1

a b a b—1

a b—1 a—1 1 b—-1 1
+ [b—1] _ [a]
[b] a} Yb—2 [blla+b+1]a—1
4 b-1 a—1 1 b—-1 1
Proof. It follows from Lemma 6.1 and Lemma 6.2. O

The expansion in equation depicted in Proposition 3.4 was Gised to define the
segregated clasp of weighd,(b) [28]. The clasps can be constructed from web spaces
[21] and these two are known to be equal. We will apply Theoiéh to demon-
strate the effectiveness of single clasp expansions byidgrthe coefficients in Propo-
sition 3.4.
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a b a b
a b & VJ_\ [ + ] [ + ]
\/ b—1
a b—1 [a] a1
[ ] = - -
| | [a+b+1] | hil
a p # # |+| |+|
{ Y
a b a b
a b a b
& VJ_\ [ + ] [ + ]
S~
_d b=ly | lalla+1] ,_ b—1
B la+b+1][a+b]

[ ] [
I_j+:I I:+L_‘I | + I/.\I + |
A Y
a b a b
Fig. 10. Induction step for the proof of Proposition 3.4.

Proposition 3.4 ([28]). A quadruple clasps expansion of the segregated clasp of
weight (a, b) is

Min(a,b)

| Sy [l [bllla+b—k+111  , - bk
k=0 /)-\

a—kI'[b—k]'[k]![a+D+1]!

a b [ ] [ ]

Proof. Let us denote thieth term in the right-hand side of equation Byk). We
induct ona+hb. Itis clear fora=0 orb=0. If a #0 # b then we use a segregated
single clasp expansion of weigh&,(b) in the middle for the first equality. Even if
we do not use the entire single clasp expansion of a segreghsp, once we attach
clasps of weight4d, 0), (0,b) on the top, there are only two nonzero webs which are
webs with just oneU-turn. One of resulting webs has sonkEs as in Fig. 10 but
if we push them down to the clasp of weight, p — 1) in the middle, it becomes
a non-segregated clasp. For the second equality we use aegoegated single clasp
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expansion at the clasp of weighd, (o — 1) for which clasps of weighta(— 1, b — 1)
are located at northeast corner. By the induction hypathese have

_bi( T [a]![b—1]![a+b—K]! D)

- [a—K]'[b—1—K]![K]![a+h]!

_ [a+1][a] Z( 1 [a—1]'[b—1]'[a+b—1—K]! D(k+1)

" [a+b+1[a+b] [a—1—K!'[b—1—K]'[K![a+b—a]'

) = . [all[b-1][a+b—K]!
"1'D(O)+k2=1:<(_1) [a—K![b—1—K[K]![a+D]
. la+1![b—1][a+b—K]
) [a—k]![b—l—k]![k—l]![a+b]!)D( )
[a+1][a] [a—1]'[b— 1]![a]
[a+b+1][a+0] [a—b]'[0]'[b— 1] [a+b—1]!

_(c1pt D(b)

= D(0)

b-1
«  [al'[b]![a+b+1—K]! [b—k[a+b+1]+[K][a+1]
+2 D [a—k]![b—k]![k]![a+b+1]!( [b[a+b+1—K] )D(k)

+(=1)P [a]'[b—1]i[a+1]!
[a—Db]'[0]'[b—1]![a+b+1]!
b

_ . [al'[b]![a+b+1—K]!
=)D [a—K'[b—K]'[K]![a+b+1]!

D(b)

D(K) O

k=0

4. Single clasp expansion for the quantunsp(4)

The quantumsp(4) webs are generated by a single web in Fig. 11 and a complete
set of relations is given in Fig. 12 [21]. Again, an algebraioof of the existence
of the clasp of the weighta( b) using the annihilation axiom and the idempotent ax-
iom is given in [21]. On the other hand, one can use the doulslsps expansions
in Corollary 4.3 and Corollary 4.5 to define the clasps of theght (, 0) and (0,n).
Unfortunately, we do not have any expansion formula for tasg of the weightd, b)
wherea # 0 # b. Using these expansions one can find Example 4.1. We can define
tetravalent vertices to achieve the same end as in Fig. 13wlese the these shapes
to find a single clasp expansion otherwise there is an antpigfia preferred direction
by the last relation presented in Fig. 12.

First we will find single clasp expansions of clasps of weight0) and (On) and
then use them to find coefficients of double clasps expansiboksps of weightr, 0)
and (0,n). But we are unable to find a single clasp expansion of thepotdisveight
(a,b) wherea # 0 #b. Remark that the cut weight is defined slightly different way
cut path may cut diagonally through a tetravalent vertexd as weight is defined as
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Fig. 11. The generator of the quantwp(4) web space.

O-% O
3] ° [3]12]
=) =0,
|

= o— = — [2]2_

JARI O GOl

Fig. 12. A complete set of relations of the quantup{4) web

XKD KA

Fig. 13. Tetravalent vertices.

ni;+(k+k)Az, wheren is the number of type “1”, single strands, that it cuksis the
number of type “2”, double strands, that it cuts, akidis the number of tetravalent
vertices that it bisects.

ExamPLE 4.1. The complete expansions of the clasps of weight (2, @ an

(3, 0) are
[3][4]U
[2 " 2rl6] ~
3 l
B 2]2[3
M (™ ~ | [2104116) .
T RIBIE] m ~ BRI ~ A
[4][6] U , 146
WPRED m m 213 [312[8] ‘
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We demonstrate Theorem 4.2 far= 2, 3 by using the presentations of clasps in
Example 4.1. Fon =2, Theorem 4.2 is identical to the first formula of Examplé.4.
For n = 3, we first attach the clasp of weight (2, 0) to the southwesher of each

web in the second formula of Example 4.1. Sinc%g =0 andl%I =0, we find
1 1
= + — +
[2][4][6] [4][6]
[31°[8] [2 [21[312[8] 3][8]

We can confirm these coefficients are the same as given in &imedr2.

/
= doi +ao +6103I | +6112I >L|/+az3l
|| | | |

Now, we state a single clasp expansion of the clasp of weigh®d)(

Theorem 4.2. For a positive integer n

(6)

e ’7 [IEL] “1”

l

ZZ oyt i = j + 1020 =20 +2] HW
(120 +2][n —i + 1]

i=0 j=i+l

n n—1 “O”

Proof. By combining with the weight diagram Mff“ and minimal cut paths, we
can find a set of nonzero webs for single clasp expansion chspabf weight i, 0) as
in equation (6). Let us denote the web corresponding ta 4thein the first summation
and j-th in the second summation bl; ; and its coefficient bya;;. First we will
show that these webs are linearly independent. Supposeathiatar combination of
the right-hand side of the equation in Fig. 5 is zero for someice ofa;. It is clear
that & j+1 = 0 by attaching the clasp of weighh ¢ i, 0) to left top of webs and the
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-2, ko ear —
|
= [2F +[21

Fig. 14. Useful relations of webs for Theorem 4.2.

[61(2]

clasp of weight i(, 0) to the right top of each webs. By attaching the clasp ofghei
(n—j+1,0) to left top of webs and the clasp of weight@) to the right top of webs,
inductively we can shove; =0 for all j >i+1. By Lemma 2.2, we know that the
dimension of the web space Mff”*l ® Vin_1y, is n(n + 1)/2. Thus, these webs in
right hand side of the equation form a basis.

Now we are set to finds; ;. For equations, we remark that the relations of webs
shown in Fig. 14 can be easily obtained from the relationdotiegh in Fig. 12. Using
these relations, we get the following— 1 equations by attaching @). By attaching
a )|, we have G — 1)’ equations. There are two special equations and four differe
shapes of equation as follows.

. [2lie] _ [2l[6] _
& 2n1*t B 2n B an-1n =0,
[2][6] [2][6] [2][6]
Bl 3] 3tap+l+ 3] by —[2][4]bs =
Type |: Fori=1,2,...,n—3,
ai,i+1 [ ][ ] al i+2 — [2][4]&. i+3 — [2][6] ai+1,i+2 + [2][6] ai+1,i+3 + ai+2,i+3 =0.

3] 3]
Type Il: Fori =0,1,...,n— 2,

[3]

ain-1—[2]%in = 0.
Type lll: Fori=0,1,2,...,n—3,k=2,3,...,n—i —1,
ai n-k — [2]%a& n—k+1 + [2]%8) n_ks2 = 0.
Type IV: Fori =3,4,...,n,k=n—-i+3,n—i+4,...,n,

[21%a0 ki — [2]%8n k+1i + @n_ke2i = O.
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; (KQ) = —[2°[5]
>< = 2][4];( (2] [3> <

M = —[2][4]><+ [2]4[3J> <

Fig. 15. Useful relations of webs for Theorem 4.4.

Then we check our answer satisfies the equations and it is thehag 1 = 1 by a
normalization. Since these webs in the equation (6) form sishahe coefficients are
unique. Therefore, it completes the proof. ]

By attaching the clasp of weigm - 1, 0) on the top of all webs in the equation
presented in equation (6), we find the double clasp expansidhe clasp of weight
(n, 0).

Corollary 4.3. For a positive integer n

n—1 n—1
n—1
[2n][n + 1][n — 1] [n—1]
n—2+
‘ [2n +2][n][n] [n][2]
n—1
n—1 n—1

Then we look at the clasp of weight (). The main idea for the clasp of weight
(n, 0) works exactly same except we replace the basis as showqguation (7). For
the linear independency, every idea of the proof of Theoretnwbrks with the fact

= 0. As we did for the clasp of weighin(0), we first find the equations as

illustrated in Fig. 15 for the next step. The same as before,seta; be the co-
efficient of the web of i j) in the summation. By attaching (@) and a\—, we get
the following equations and we can solve them successivlin &heorem 4.4.

[6]05]
[31(2]
—[3[2]%an 2,0 + [5]an-1,0 = O.

An—2,n-1— [5][2]Zan—2,n TSy An—1n = 01
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Type I: Fori =0,1,...,n—3,

[61[5]

Bl2] ———ai+1+2 — [5][2] zai+1,i +3+ 84243 =0.

ai+1 — [5][2]%a is2 + [3][2] & ivs +
Type Il: Fori =0,1,...,n— 2,
ai,n-1— [4][2]& n = 0.
Type lll: Fori =0,1,...,n—3 andj=i+1,i+2,...,n—2,
— [4][2]a,j+1 + [2]*& j+2 = O.
Type IV: Fori =0,1,...,n—3 andj =i+3,i+4,...,n
[2]%a; — [4][2]@i+1,j + &2, = 0.
Type V: Fori=1,2,...,n—-2
—[Bl21%&—1+1 + [2]*ai _1i+2 + [5]ai i+1 — [3][2] %@ is2 = O.

Theorem 4.4, For a positive integer n
Q)

e [TEEL)

i)
|

n— 1 “On

n—1 n

Z Z [2]2(1+z ) [27’1 +1— 21][2n — 2] + 2]
[2n][2n + 1]

i=0 j=i+l

By attaching the clasp of weigh (8,— 1) on the top of all webs shown in equa-
tion (7) we find the double clasps expansion of the clasp ofyiatefO, n).

Corollary 4.5. For a positive integer n
n—1 n—1

n—1 J J‘
[2n— 11[2n — 2] . [2n — 2] ><
S Rn+1[2] " ;] [2n](2](2] /w '

N

n—1 n—1
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XX

Fig. 16. The shape of., L_ and L.

\

o
/

=q +
Fig. 17. Expansion of crossings fd¥(q).

5. Applications of the quantum sI(3) representation theory

In the section we will discuss some applications of the quant((3) representa-
tion theory.

5.1. Polynomial invariants of links. The HOMFLY polynomial P3(q) can be
obtained by coloring all components by the vector repredemts of the quantumal(3)
and the following skein relations

P(0) = 1,

P3(O U D) = [3]P3(D),
a¥2Ps(L+) — a4 ¥?Py(L_) = (@2 — q Y3 Ps(Lo),

where ¢ is the empty diagram( is the trivial knot andL., L_ and L, are three
diagrams which are identical except at one crossing asr#itesl in Fig. 16. On the
other hand, the polynomidP;(q) can be computed by linearly expanding each crossing
into a sum of webs as shown in Fig. 17 then by applying relationFig. 5 [1, 20,
27]. A benefit of using webs is that we can easily defihe coloreds((3) HOMFLY
polynomial G(L, u) of L as follows. LetL be a colored link offi components say,
Ly, Ly, ..., L, where each component; is colored by an irreducible representation
Va,+ba, Of the quantums((3) and A4, A, are the fundamental weights 6f(3). The
coloring is denoted byt = (a1A; + bido, aohy +bodo, ..., &A1 +hA). First we replace
each componentt; by a +b; copies of parallel lines and each af lines is colored by
the weighti; and each ob; lines is colored by the weight,. Then we put a clasp of
the weight &1y +bj),) for L. If we assume the clasps are far away from crossings,
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)itk i+ j+k+ 111 K]

= i+ 7100 + Kk + k!

Fig. 18. Trihedron coefficients fosl(2).

we expand each crossing as depicted in Fig. 17, then expasid adasp inductively
by Theorem 3.3. The value we find after removing all faces hiyngushe relations
in Fig. 5 isthe coloreds((3) HOMFLY polynomial G(L, x) of L. One can find the
following theorem which is a generalization of a criteriandetermine the periodicity
of a link [1, 3].

Theorem 5.1. Let p be a positive integer and L be a p-periodic link if 8ith
the factor linkL. Let u be a p-periodic coloring of L ang be the induced coloring
of L. Then

Gs(L, 1) = Gs(L, =)?, moduloZs,

where L is the factor link andZz is the ideal of Z[q*¥?] generated by p and
[31° - [3].

Proof. Since the clasps are idempotents, for each componenput p— 1 extra
clasps for each copies of components by the rotation of opdefFirst we keep the
clasps far away from the crossings. The key idea of the proafhgin [1] is that if
any expansion of crossings occurs in the link diagram, ittnbesused identically for
all other p—1 copies of the diagram. Otherwise there will padentical shapes by the
rotation of orderp, then it is congruent to zero modulp. By the same philosophy,
if any application of relations occurs, it must be used idedly for all other p — 1
copies. Otherwise it is congruent to zero modylo Once there is an unknot in the
fundamental domain of the action of ordgx there arep identical unknots by the
rotation which occurs only once in the factor link. Therefowe get the congruence
[3]P — [3]. u

5.2. 3j and 6j symbols for the quantum sl(3) representation theory. 3j sym-
bols and § symbols for the quantumal(2) representation theory have many significant
implications in mathematics and physicsj 8ymbols are given in the equation shown
in Fig. 18 [25]. Its natural generalization for the quantuif(B) representation theory
was first suggested [21] and studied [16]. Let A, be the fundamental dominant
weights ofsl(3, C). Let Va4, be an irreducible representation {3, C) of highest
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J

Fig. 19. General shape @(ay, by, ap,by,a3,bs;1,j)

weight ar; + bA,. Now each edge oB is decorated by an irreducible representation
of sl(3), let sayVa s, +bisr Vaprsthon, @Nd Vaga,+h,n, Where g, bj are nonnegative inte-
gers. Letd = min{as, ay, ag, b1, by, bs}. If dim(INV(Va,s,+b,2, @ Vapai+hon, @ Vagis+bsry)) 1S
nonzero, in facd+1, then we say a triple of ordered paira;((01), (a2,b2), (as,bg)) is
admissible One can show &g, by), (a2, by), (as, b3)) is admissible if and only if there
exist nonnegative integeis |, m, n, o, p, q such thata, =d+1 +p, a3=d+n+q,
by=d+k+p, bp=d+m+q, by=d+oandk —n=0—-1=m. For an admissi-
ble triple, we can write its trihedron coefficients asda+(1) x (d + 1) matrix. Let us
denote it byMg (ag, by, a2, by, az, bg) or Mg(L) where L = aji; + biis + adg +
boA, +aghy + bz, Also we denotes itsi( j) entry by ©(ay, by, az, by, ag, bs;i, j) or
O(%;i, j) where 0<i, j <d. The trihedron shape a®(as, by, a2, by, ag, bs;i, j) is
given in Fig. 19 where the triangles are filled by cut outs fritva hexagonal tiling of
the plane [21]. Mg(0,m+n, |, m+qg,n+q, m+1), Mg(0,n+p, p+l,g,n+q,l) and
Me(i, j +k,k+I, m, j+m, j +I;0, 0) were found in [16]. All other cases ofi 3ymbols
and 6 symbols are left open.

5.3. sl(3) invariants of cubic planar bipartite graphs. The sl(3) webs are di-
rected cubic bipartite planar graphs together circles (edices) where the direction
of the edges is from one set to the other set in the bipartitnom a given directed
cubic bipartite planar graph, we remove all circles by thatien (1) and then remove
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Fig. 20. Prime web 6

the multiple edges by the relation (2) in Fig. 5. Using a sengpplication of the Euler
characteristic number of a graphs in the unit disc, we camghe existence of a rect-
angular face [28]. By inducting on the number of faces, wevigies the existence of
the quantums[(3) invariants of directed cubic bipartite planar graphisisifairly easy
to prove the quantums((3) invariant does not depend on the choice of directions in
the bipartition. Thus, the quantusi(3) invariant naturally extends to any cubic bipar-
tite planar graphG, let us denote it byPs(q). By using a flavor of graph theory, we
find a classification theorem and provide a method to find ab®Aected cubic bipar-
tite planar graphs which is calleggime webs[18]. As little as it is known about the
properties of the quantum invariants of links, we know a Métie how Ps(q) tells us
about the properties of graphs.

For symmetries of cubic bipartite planar graph, the idegheftheorem 5.1 and 5.3
works for thesl(3) graph invariants with one exception. There is a critiddflerence
between these two invariants which is illustrated in Theof2.

Theorem 5.2 ([18]). Let G be a planar cubic bipartite graph with the group of
symmetried” of order n Let I'y be a subgroup ofl" of order d such that the funda-
mental domain of @Iy is not a basis web with the given boundaryhen

Ps(a) = (Pery(a))"  moduloZy,
whereZy is the ideal ofZ[q*Y/?] generated by d an@]? — [3].

If the fundamental domain o&/T" is a basis web with the given boundary, then
the main idea of the theorem no longer works and a countengeamas found as
follows [18]. We look at an example; s shown in Fig. 20. By a help of a machine,
we can see that there does not existean Z[q*%?] such that

(@)° = [2]*[3] + 2[2]°[3] mod Zg
even though there do exist a symmetry of order 6 far 6

5.4. Applications for the quantum sp(4) representation theory. A quantum
sp(4) polynomial invariantG,,u)(L, 1) can be defined [20, 21] where is a funda-
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mental representation of the quantwp(4). Since we have found single clasp expan-
sion of the clasps of weighta( 0) and (0,b), we can extends,,u)(L, 1) for u is an
irreducible representations of weight eitha; Q) and (0,b). If we assume a coloring
w=(a, 0) or u =(0,b), by the same idea of the proof of Theorem 5.1, we can find
the following theorem from Corollary 4.3 and 4.5.

Theorem 5.3. Let p be a positive integer and L be a p-periodic link it \8ith
the factor linkL. Let i be a p-periodic coloring of L angr be the induced coloring
of L. Then

Gepy(L, 1) = Gapay(L, )P modulo Zspa),

where L is the factor link andZ,,u) is the ideal of Z[g*Y?] generated by p
(—[61[2]/13]) P + [6][2] /[3] and ([6][5] /[3][2]) P — [6][5] /[3][2].

In fact, Theorem 5.3 remains true evengifis any finite dimensional irreducible
representation ofp(4), but we would not be able to obtain the actual polynomieds
cause any expansion is not known for the clasp of the weigh)(wherea # 0 # b.

6. The proof of lemmas

Let us recalled that the relation (3) in Fig. 5 is calledeatangular relationand
the first (second) web in the right-hand side of the equatitgdlled ahorizontal (ver-
tical, respectively)splitting. The web in the equation shown in Fig. 5 corresponding
to the coefficients; j is denoted byD; ;. After attachingH’s to D; ; as illustrated in
Fig. 21, the resulting web is denoted I@J We find thatlii,,- contains some elliptic
faces. If we decompose eadiui,j into a linear combination of webs which have no
elliptic faces, then the union of all these webs forms a balset us prove that these
webs actually form a basis which will be denoted DBy, ;.. As vector spaces, this
change, addingH’s as in Fig. 21, induces an isomorphism between two web space
because its matrix representation with respect to thesehaebs{D; ;} and {D;, j,} is
an @+1)bx (a+1)b matrix whose determinant i%[2]2® because a singlél contributes
+[2] depends on the choice of the direction ldf

To find a single clasp expansion of the segregated clasp afhivé, b), we have
to find all linear expansions (ﬁi’j into a new web basi@i’,'j,. In general this is very
complicate. Instead of using relations for linear expamsjove look for an alternative.
From I5i,,- we see that there am+b+1 nodes on top and+b— 1 nodes right above
the clasp. AY shape in the welD; ; forces Di,,- to have at least one rectangular face.
Each splitting creates another rectangular face until dobees a basis web (possibly
using the relation (2) in Fig. 5 once). If we repeatedly use riactangular relations as
in equation (3) in Fig. 5, we can push fis so that there are either twé’s or one
U shape at the top. Atemof a web isa+b— 1 disjoint union of vertical lines which
connect topa+b — 1 nodes out ofa+b+ 1 nodes to the clasp of weigha,(b — 1)
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o a
| Dij |
|+++ Y Y A A +++I
A A A Y Y Y Yy

Fig. 21. A sequence of H's which transforni3;; to a linear
combinations of webs in the single clasp expansion of seggeg
clasp of weight ¢, b — 1).

together aU-turn or two Y’s on top. It is clear that these connecting lines should be
mutually disjoint, otherwise, we will have a cut path withigl less thand, b — 1),

i.e., the web is zero. Unfortunately some of stems do noeamaturally in the lin-
ear expansion Of)i’j because it may not be obtained by removing elliptic facesa If
stem appears, we call it aadmissible stem For single clasp expansions, finding all
these admissible stems will be more difficult than linearasmgions by relations. But
for double clasp expansions of segregated clasps of we#td) (there are only few
possible admissible stems whose coefficients are nonzero.

Lemma 6.1. After attaching the clasp of weiglia, b — 1) to the top left side of
webs D; ; from the equation inFig. 21, the only non-vanishing webs are those three
webs as depicted ifig. 22.

Proof. It is possible to have two adjaceYits which appear in the second and
third webs in Fig. 22 but &J-turn can appear in only two places because of the ori-
entation of edges. If we attach the clasp of weightl(— 1) to the northwest corner
of the resulting web and if there is@ or a'Y shape just below the clasp of weight
(a, b—1), the web becomes zero. Therefore only these three webstdeanish. []

In the following lemma, we find alD; j’s which can be transformed to each of
the web in Fig. 22.

Lemma 6.2. Only 51,3(52,3) can be transformed to the fir&tecondrespectively
web inFig. 22. Only the three wehsD; ,_1, D1, and D, .1 can be transformed to
the last web Moreover all of these transformations use only rectangular relaticas
in equation(3) except the transformation frorﬁl,a,l to the third web uses the rela-
tion (2) in Fig. 5 exactly once
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Yy S VY I T A VYO VYA A 1T B VSR VY B L

Fig. 22. Three webs which do not vanish after attaching theycl
of weight @, b — 1) to the top left side of web®; ; from the
equation in Fig. 21.

Fig. 23. Dj 4 wherei > 1.

Proof. For the first web shown in Fig. 22, it is fairly easy te gbat we need
to look at I5i,a, fori =1, 2,..., b, otherwise the last two strings can not be changed
to the first web presented in Fig. 22 withWturn. Now we look at theD; , where
i > 1 as illustrated in Fig. 23. Since we picked where theurn appears already, only
possible disjoint lines are given as thick and lightly sttatiees but we can not finish
to have a stem because the darkly shaded string from theofeftan not be connected
to the bottom clasp without being zero, i.e., if we conneet tiok line to clasp, there
will be either A or a(M) right above of the clasp of weighta,(b — 1).

So only nonzero admissible stems should be obtained ffnm. As we explained
before, one can see that there is a rectangular face in thefwgb Since the hori-
zontal splitting makes it zero, we have to split verticallyor the resulting web, this
process created one rectangular face at right topside wiopie place. We have to split
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Fig. 24. The webDj ,.

T

Fig. 25. The nonzero admissible stem 0F ,_1.

YYYYYYY Y y YY
T

vertically and the process are repeated until the last stefy splits do not vanish. The
web in the last step is drawn in Fig. 24 with the rectangulae fadarkly shaded. The
vertical split gives us the first web in Fig. 22 and the hortabrsplit gives the third
web in Fig. 22.

A similar argument works for the second web illustrated ig.F22. The third web
depicted in Fig. 22 is a little subtle. First one can see tloatenof Di,j can be trans-
formed if eitheri > 2 or j <a—1. Thus, we only need to chedR; 51, D14, D2a_1
and D, , but we already know aboubD; , D2 4. Fig. 25 shows the nonzero admissi-
ble stem forlilya,l. As usual, we draw a stem as a union of thick and darkly shaded
lines. Note that we have used relation (3) in Fig. 5 exactlgeowhich contributes
—[2]. The Fig. 26 shows the nonzero admissible stemor,_;. This completes the
proof of the lemma. Ul
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YVVVYVV v y Y
|

Fig. 26. The nonzero admissible stem 0 ,_1.
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