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An Investigation on the Logical
Structure of Mathematics (IX)*

Deductions in the Natural-Number Theory T, (N)

By Sigekatu KUrODA

The consistency of the natural-number theory T,(N) is proved in
Section B, Part (VIII), and the natural-number theory 7,(N) in a general-
ized sense is defined in § 2, Part (VIII), where T,(N) denotes the natural-
number-theoretic extension of any arbitrary elementary natural-number
theory, so that the comsistency of 7,(N) can be proved by the same
method as that of T,(N). Thus, if we have a series of elementary
natural-number theories To(N)C To(N)C T¢(N) ---, then we have the
series of consistent natural-number theories T,(N)C Ti(IN)TY(N) ---.
By T,N) we denote any one of these natural-number theories T,(N),

(N), TY(N), ---. But T,N) does not denote representatively a sub-
system of UL which belongs to a formally defined class of subsystems
of UL ; the notation 7,(N) is a word belonging to the intuitive language.
After fixing some natural-number theory T{’(N) within 7,(N), the
possibility of extending further this T{”(N) within 7,(N) remains always
open. A fixed T{”(N) has generally various directions of extension within
T.N), while some extension of T{’(N) may not remain within 7,(N)
(Beendigung) or, more strongly, may become inconsistent® (Hemmung).

This Part is divided into two Sections A and B. In Section A we
treat addition and in Section B multiplication. In Section A addition is
discussed in detail, while in Section B multiplication is discussed briefly
to such an extent that we can know that the multiplication can be
treated quite in a similar method as in Section A.

The formulas in Section A are numbered as N+k and those in
Section B as Nxk, where k is the number of a formula in each Section.

* Continuation of Part (VIII), Nagoya Math. J. 14 (1959), 129-158. Other Parts referred
to in this Part are as follows: Part (II), Hamburger Abh. forthcoming; Parts (III) and (IV),
Nagoya Math. J. 13 (1958) ; Part (VII), ibid. 14 (1959).

1) Analogy is found in the definition of Brouwer’s spread (Menge). See, for instance, A.
Heyting : Intuitionism, Studies in Logic and Foundations of Mathematics, Amsterdam (1956),
pp. 32-37, or L.E.J. Brouwer: Zur Begriindung der intuitionistischen Mathematik I. Math.
Ann. 93 (1925), pp. 244-5.
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The deductions in this Part are not performed on the basis of Peano’s
axiom system but directly on the basis of the defining formula of N.

We shall give a sketch of Section A. This Section is divided into
the following seven articles:
§1 Definition of Addition,
§2 Properties of L(c, o),
8§83 Preliminaries for Addition,
84 Commutativity and Associativity of Addition,
§5 Regularity of Addition,
§6 Domain and Range of Addition,
§7 Characterization of Addition.
The definition of UL-constant Add (Addition) in §1 is as follows.
First, we introduce the symbols J(xus) and L(zs) for abbreviation by the
formulas (x'= {x})

Jxyo)=. {xy>€c>{x'y €07,
L(zo)=. <0z>€cAVxy. J(xy05).

The symbols J(xus) and L(zo) are not symbols of UL. We define then
the UL-constant L by the defining formula

Un
VYuucL= 3 f.L(uf)

The constant L is used only as set for induction in the proof of
N-+4 NCL, (or c€N->ceLl).

This formula means that for any natural number ¢ there is a mapping
f such that the image O by f is ¢ and that if the image of x by f is »
then the image of x’ by f is ». Therefore, it is reasonable to define
the UL-constant Add by

Vu: uec Add=.
Afxyz. u={xyz2>AfEUnAL(yf )N x2DEf.

Namely, Add is the class of all the ordered triple <{abc> such that there
exists a mapping f (i.e. a variable f with f€ Un) with the properties
Qbyef, <xy>ef><x’'y>ef for all x and y, and <ac>€f. It is shown
in §5 and §6 that in a certain natural-number theory T,(N) <{abc> € Add
means a+b=c in the “usual sense”, provided that ¢ and b, consequently
¢, are natural numbers.

Throughout this Part (IX), the constant Add is used only as concepts
not as sets, namely in such a way that Add can be eliminated from
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any proof in this Part. From §4 on, we use for simplicity the notation
a+b=c instead of {abc>€ Add. But a+b=c stands exclusively for the
abbreviation of {abc> € Add, so that a+b=c does not mean Add<ab>=c.
After extending the natural-number theory so as to include Add]N x N<ab>
and other recursive functions @ x b, @, etc. as sets we can simplify the
proofs of some assertions in this Part (IX). The object of this Part is,
however, to show that the deductions of the fundamental part of the
natural-number theory can be performed within the natural-number
theory T,(N).

The formula N+4 mentioned above is a fundamental formula in
deducing the properties of Add. In order to prove N+4, we need as sets,
besides the set L for induction defined above, the identical mapping ¢
and the dependent variable x, which are defined respectively by

Vuuci=3x.u=<xx),
VYuucrk,=3Axyu=<{xy>Az2.y=2'A{x2>€0c.

The other dependent variables used as sets in the proofs of N+1—N-+4
in §1 are only some elementary sets generated by O.

In order to extend T,(N)® consistently to a natural-number theory
in which the formulas N+1—N+4 become theorems, let, first, T¢(N)/To(N)
be the extension of T (N) obtained by adjoining ¢ and the elementary
sets generated by V, 0, N and ¢ to T,(N) as sets. As in TyN), the
negative constituent [ NN] associated with the defining formula of N is
not allowed to use in T4(N). In order to prove the consistency of T§(N),
we use the intuitive knowledge I’ defined, as follows, by extending the
intuitive knowledge I® concerning the constants of T (N). Namely the
knowledge I’ consists of the facts:

(i) V, 0, N and . are all different;

(ii) V, 0, N and . are different from any elementary constant;

(iii) the criteria of the intuitive truth and falsehood of m €/ for an
elementary constant / and any constant m of THN), and of m=/ for
elementary constants m and / of T{N) are determined in the usual
manner on the basis of (i) and (ii) above;

(iv) N consists only of 0, {0}, {{0}}, ---;

(v) m¢€. is true, exactly if m is intuitively of the from <{//,> where
[ and /, are intuitively equal constants.

2) For the definitions T,(N) and Ty(N), see Part (VIII), §3 and § 8 respectively.
3) For the definition of I, see Part (VIII), pp. 130-131.
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Using this knowledge I/, the consistency proof of T¢N) proceeds
similariy to that of T (N) given in detail in §§5-7, Part (VIII).

Namely, the proof constituents we have to consider for the newly
adjoined constant ¢ are:

[.A] mé. Ax.m=<xx)> ,
[:A*] Com=D
[N] mee ZAx.m=_{xx)> ,
[oN*] Comdss

where s is the eigen variable of [[N*]. We, first, add the following
procedures b4 and b5 to bx1 —bx3 given in §5, Part (VIII), of assigning
constants to eigen variables. Namely,

bx4 If E is [([N*], and if m is not of the form <//> where /and /,
are intuitively equal constants, we assign any constant to the eigen
variable s of [«N*].

bx5 If E is [(N*], and if m is of the form </l,> where / and /, are
intuitively equal constants, we assign / (or /) to the eigen variable s
of [N*].

Next, we supplement suitably (i)-(iv) in %3, §5, Part (VIII), by
taking into consideration the possibility that m and » in the same place
may be ..

After supplementing the procedures of assigning constants to eigen
variables in this way, the consistency of T§{N) is proved just in the
same way as in 8§86, 7, Part (VIII), again by supplementing cx and dx
in §6 suitably. Since, thus, T¢N) is an elementary natural-number
theory, the natural-number-theoretic extension T{(N)/T¢N) is consistent
by Theorem 2, §2, Part (VIII).

By Theorem 3, §2, Part (VIII), a formula contradicting the intuitive
knowledge used in the consistency proof of Ti(N) is Tj(N)-unprovable.
For instance, ¢€¢ is T{(N)-unprovable, while the problem, whether ¢ ¢
is T{(N)-provable or not, remains open, unless we find a Tj(N)-proof of
¢ ¢ or a T{(N)-unprovability proof for ¢ ..

Let, second, T¢(N)/To(N) be the extension of T{HN) obtained by
adjoining as sets the dependent variable «, with an independent variable
o and other dependent variables, necessary to make the species of sets
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of T¢{(N) closed with respect to substitutions®. For the latter purpose,
we have to adjoin, for instance, «,, «y, %, %, etc., and the elementary
sets generated by the dependent variables of T{N) and those thus
adjoined. Because of the above definitions of the sets of T¢(N), it is
easily seen that the species of all constant sets of T{(N) consists of the
sets recursively defined as follows :

(i) V, 0, N and : are constant sets of Tg(N).

(ii) If m,,---,m, are constant sets of T{(N), then {m,,---,m,} is
a constant set of T§(N).

(iii) If / is a constant set of T¢(N), then «, is a constant set of
Ty(N). (Recursive definition finished.)

The intuitive knowledge I concerning the constant sets of T§(N)
consists of I’ and of the intuitive knowledge concerning the constants
x,. The latter is recursively defined as follows.

(i) «, and «y are O.

(ii) Denoting «, by «(c), put «(V)=«(V), &,,(V)=x(x,(V)) (=0, 1, ---)
and r«,(¢) =w(e), £, ,(¢) =r(r,(¢)) m=0,1, ---). Then, m € «,(V) is true, exactly
if m is of the form {gk™*">, and m €«,(¢) is true, exactly if m is of
the form <kk*">, where g and k are any constant sets of T¢(N) and
= {{.--{k}:--}} (m+1 pairs of brackets).

(iil) 0, V, N, ¢, &,(V), #,(V), -+, x,(e), x,(¢), -~ are different each other.

(iv) If / is an elementary constant of Tg(N), then «, is O or an
elementary constant which, by using the defining formula of «,, can be
determined by a finite number of verifications. (Recrusive definition of
I” finished)

Thus we see by the knowledge I that the species of constant sets
of T¢(N) consists of V, 0, N, ¢, «,V), and «,(:) (#n=0,1, ---) and of the
elementary constants generated by these constants. By using the intuitive
knowledge I” concerning the constant sets of T¢(N), we shall prove the
consistency of T¢(N). The proof constituents we have to consider for
the newly adjoined set «, is as follows :

4) In the deductions of this Part, xs is used only with ¢ as an independent variable (see
the proof of N+4). Therefore, if we wish to prove the consistency of the formulas deduced
in this Part, we have only to adjoin xs with ¢ as independent variable and a constant «, with
any arbitray constant m, for instance (m=) 0, to the species of sets of To(N). The system,
say Tg(N), is a subsystem of Tg(N), so that the consistency proof of T&(N) is simpler than
that of To(N). We shall prove, however, the consistency of T¢(N) not for the practical reason
but in order to show the method of proving the consistency of a subsystem of UL which has
the closure property with respect to substitution of variables. See also the last paragraph
(p. 42) of this Part.
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[x-A] mé k, Txym=<{xy>ATz.y=2 Al{x2> €0
[#-A¥] m=<{gh> h=F {gk>€ao
[«,N] mer, Axyim={xy>AJz.y=2 A{xz2>€0c
[ICO‘N*:I m:}:<;.;'>7
s==t/
Gty to

where 7, s, and ¢ are the eigen variables of [x,N*].

Assuming the m and o in [#,N*] are constant sets of T¢(N), we
adjoin to the previous procedures bx1-bx5 the following procedures b6
and bx7 of assigning constants to eigen variables 7, s, and ¢ of [#,N*].

bx6 If m €k, does not hold, we assign any constant sets of T¢(N)
to 7, s, and ¢.

bx7 If m€x, holds, then m is of the form {gh’> with constants g
and & (W= {h}). We assign g to », / to s, and % to ¢. (Since {gh)>€ o
holds by the assumption, the three formulas carried by [#,N*] become
all false.)

We must also supplement the procedure in bx3, §5, Part (VIII), so
as to assign constants to eigen variables of [=A] (see §3, Part (VIID)
when at least one of m and # in [=A] is ¢, «,V), or x,¢). There is
no difficulty to decide this procedure appropriately.

After supplementing thus the procedures of assigning constants to
eigen variables, the consistency of T§(N) is proved® just in the same
way as in 8§6, 7, Part (VIII), by finding an intuitive string in an assumed
T&(N)-proof of a contradiction. Since in this way Ty (N) is proved to be
an elementary natural-number theory, the natural-number-theoretic ex-
tension T7(N)/T¢(N) is consistent by Theorem 2, §2, Part (VIII).

Now, not only the deductions of the formulas N+1—-N+4 in §1 but
also all the deductions in §§2-5 are performed within the consistent
natural-number theory T7(N), so that the proved formulas N+1—N+29
are all T{(N)-theorems. In fact, the constants Un and Add in these
deductions are only used as “concepts”® so that these two constants are
removable from the proofs of the formulas N+1—-N+29, and all the

5) Let S) be the species of sets of Tg(N) and 3, the species of constant sets, defined
above, of To(N). Then T (=TG(N)) is an elementary extension of Ts,. The consistency
proof, briefly sketched above, is, strictly speaking, the consistency proof of Ts,. Since Ts is
an elementary extension of T, (=TG(N)), the consistency proof of TH(N) follows from
Theorem 4, §2, Part (VIII).

6) See Part (X), forthcoming elsewhere,
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other dependent variables, other than the sets for induction, belong to
the species of sets of Ty (N).

The formulas N+30—N+33 proved in §6 are also theorems of T{(N).
Herein, it is to be. remarked that the dependent variables Un, N XV,
NxN, Add PNXV, Daas, and Waaapnxn, occurring in these formulas,
can be looked upon as concepts®.

The only set used in §7, other than the set P for induction in the
proof of N+34, is the set =, , in the proof of N+35. Adding T, , to the
species of sets of T¢(N) and taking the closure with respect to the
substitution of variables, we obtain an elementary natural-number theory
T¢/(N)/T¢(N), of which the consistency is proved in a similar way as
before. Thus, the formulas N+34—N+36 in §7 are theorems of the
consistent natural-number-theoretic extension T7’(N)/Tg’(N).

The way of defining of, and deducing formulas concerning, multi-
plication is explained in Section B.

Thus, the method and extent of formulating consistently the natural-
number theory within the weakest natural-number theory 7,(N) are shown
in this Part (IX). It is left for further continuation of our investigation
to formulate the consistent extention 7,(N)/T,(N) in which the primitive
recursive functions and the image of a natural number by these functions
are added as sets and in which the sets for induction are defined by
definiens which contain these sets.

REMARKS ON THE DEDUCTIONS IN SECTION A

1. The use of the premise [I] of the extensionality is throughout this
Part (IX) ordinary”. No indication is given about the place of use of [I].

2. The premises of the assertions and of the proofs are omitted,
since they are easily known by the proofs given.

3. The cut formulas indicated as Nxk are proved in Part (VII). The
other cut formulas used are proved in Part (III).

4. The formulas, in the froofs of which there is no Spf® (super-
fluous formula) and the cut formulas are the formulas with strongly
irreducible® proofs, are strongly irreducible. All the proofs in this Part
are irreducible.

5. Even when the weakly irreducible formula® *Nx1 is used in a
proof P in the leftmost part of a mathematical induction [NNT], the

7) The definition is in Part (IV), §4.
8) The definition is in Part (II), §12.
9) The definition is in Part (II), § 20.
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proof P is irreducible, since the superfluous formulas in the proof of
xNx1 are effectively used in P concerning the mathematical induction.

6. In order to keep the degree of irreducibility of proofs as strong
as possible, particular attention is required in determining whether the
range of a variable be left universal or be restricted to the totality N of
natural numbers. E.g. the element variable # of the set P for induction
in the proof of N+11 is restricted to N, while the bound variable x in
the defining formula of the same P is left universal. See also the defining
formula of P in the proof of N+22. Bound variables and free variables
occurring in the formulas to be proved are sometimes left universal and
sometimes restricted to N.

7. If a mathematical induction is applied with a set for induction
in the definiens of which occurs N, then the mathematiclal induction is
called impredicative; otherwise predicative. General definition of the
predicative and impredicative inferences will be defined in Part (X).

8. See Part (IV) for further details of the conventions and usages
in deductions.

Section A Addition
§1 Definition of Addition

N+1 o € Un>«, € Un
- N+1

1 SV xyz, {xy>€cAx2>Ec>y=2
- Vixyz. <xy>€rAlx2>Ek~>y=2

- <7’S> ¢ Ko
- rtyég

2 s=t

|

7 3xy. <rsp=<xy>A3z. y=2'A{x2>E0c
3Axy. <rt>=<{xy>A3z. y=2'A{x2>€0c

r,s,a)

r, .,

3 s==a’ 4 ra>do
5 1Y 6 <rbyto
IH—

- e ra>eaANrb>ea>a=>

{ray>eoc  <rb>€oc 1 as=b Cut Nx3 N
4) (6)

- J.a=b>a =V
a=>b a'==b

D (2,3,5,=)
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N+2 L(O, ¢)
- N+2
- 00>€ AV xy. J(x, 9, 0)
00> € - Vxy. J(x,9,¢)
ol . S

- <7’ S> ¢ I3
- {r's’™>e
1 r==s

2 r'=s" Cut Nx3

- e r=8>r"=5

r=s y'=E=s’
[¢)] (2)
N+3 L(a, o)»L(a, «,)
_ N+3
_ . 0a>€aAV xy. J(x, 9, o)
1 0a">er, AV xy. J(x, ¥, ©5)
2 <0a>¢ o
3 7ny- J(x; yr 0-)
(L)

- {0a’>€ex, - Vxy. J(x, 9, ©5)
I — . r,s)
- 3z. a/:z,A<OZ>€0' - J(r> S, K;O')

a=a 0a>€x - <rsyde,

= @ 4 r's>e€x,

- 73z s=ZANrz€o

€2}

5 st
6 rtHédo

4
- Bz =ZANTr'zeor
e

- I=t"AFEs

7 §¢=¢" Cut Nx3 7 F'tyes
€]
- 7. s=t->s'=1t" - 7J(7’, t’ O-)
s=t s'=t" - . ecxr't e
()] D

rbéc F'tHde
6) D

15
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By using L as set for induction, we now prove

Un
N+4 ceN-> 3 f. L(c, f) [or ceN-ceL]
- N-+4
- céN
1 celL

. S Vx: 0exAVy., yex>y ex>cex

= 0€eL - V. yelL->y€eL cﬁéL
¢ (8) (@8]
- 3f. fEUnAL(O, f) : s¢L
- s’eL
¢t€Un L0, ¢)
x3 N+2 - 73f. feUnAL(s, f)

@)

2 3f. feUnAL(s, f)

- 7. c€UnAL(s, o)

3 o E Un
4 LS, o)
(kg(2)
- k. €UnAL(S, x,)
k,€Un 5 L(s’, x,)) Cut N+3
(3)
N+1 - . L(s, o)>L(s, x)

L(S, 0‘) 7L§S,’ ’co')

(4)

§2 Properties of L(c, o)

N-+5 aeNAL(0, o)><aa>€a
Define the set P for induction by

ucP=uuyco .

_ N+5
1 agéN
- (0, o)
2 laay€Eo
3 00> ¢

4 7V xy. {xy>€o>x'Y D€
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(P

- QOeP - SEP - a¢P
00>ex - SEP Cagyto
5 {(ss)to
6 ('sHea

N+6 L(c, o)AaeN->3x. {ax>€c
Define the set P for induction by

ueP=3x. ux>co.

- N+6

1 Lc, o) 2 a¢N

3 x. {ax>€o

[¢8)
s Oc>Eo
5 Vxy. {xyyeox<x'y>€r
P
- 0ep - réPpP - a¢P
_ rep ——
dx. <0x>co — 7 Ax. {ax>Eo
- 7 3x. {rx>€o &
)
Qcpeo s Ax. 'x€o

1 rsyto

6)
8 r'sHes

- 7 rs>€ar's €
<rf%60 <r’.(98’)>§écr

()]

N-+7 c€UnAL(c, o)AaeNAL@'b>Ec>Ax. b=1x'
Define the set P for induction by
ueP=3x. <u'x’>€co.
- N+7

- a¢Un 2 L, o) 3 a¢N
4 {a'bto 5 Ax. b=4a"

6 QOc> o
7 TV xy. {xy>€o>{x'y>Ec

2)

17
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(OPIB) — -
- OeP - SEP - a¢P
- Ax. Oz €0 B s'ep - 73x. La'x >€c
) - 7 3x. 'xH€o «
8 Oc>eor 8 /o
b (Hs = <S”x/>Eo‘ o <d S >¢0-
. = V.KabyeoAla's'>Ea>b=

- 7. 0c>€a<0c" € ° <S,t,>¢ .

0c>€a 0>t & ——
@® @ 10 (S5

(49

L TS e e
(StyEs (Do
9) (10)

N-+8 c€UnAL(c, o)AaeNALZ'D > €o><{ab)€cc
- N+8

1 ¢¢Un 2 7L, o) 3 a¢N
ad'b'>¢o s laby€o Cut N+6

-

- . Llc,0)AaeN->3x. {ax>€o

L(c,0) a€eN - 7 3x. Lax>€c
2) 3 @)
6 lar>¢o
2
- IV xy. {xy>€o>{x'y>€c
lar>€c 7 ar'>to
(6) D —

- Vzxyz. {xy>€aA{x2)Ec>Y=2

a'b'y>ee <Lar>€ec 8 b=r Cut Nx3
4 [¢))

- oV =r>b=r
V=7 b=Fr
(8 (5,6,=)

N+9 c€UnAceENA L(c, o)AacNAlaby>Ea>beEN
Define the set P for induction by

ucP=ucNAVzx. <ux>co>xeN

- N-+9
1 ¢¢Un 2 c¢N 3 L, o)
s a¢N 5 lab>io 6 beN

3

7 {0c>¢o (3 is used here partly)

’”‘ a'b>eo <a's'>€oc 9 b=k
4 (8 -

[¢))

b=

(©))
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@)~

- 7 Yx: 0€xAVY)y. yEx>yY Exracy

(8

0eP SEP at¢P
k) S, c P Ckkk)
k)
- (€3]
0eN .- Vx. {0x>€c>xEN
*Nx1 . Os>¢o
9 seEN

- SV xyz. {xy>€aAlxz>€c>y=2

0s>€a {Oc>€v s==c
8 (€3] (2,9,=)
- Gk
- . aeNAVzx, {ax>€o>xEN
Spf a¢N
- 7 Vix. {ax>€s>xEN
laby€o bEN
(5) 6)
_ G
- . SENAVx, {sx>€a>x€N
8 SeENAVx, {(s’x>€c>xEN
9 SEN
10 S Vx. {sx>€c>xeN
8
sEN - Vix. {sx>€c>xEN
[€)) )
Cut Nx2 11 (i
12 teN Cut N+7

- e oc€UnAL(c, o) ASENALS > Ee>Ax, t=1"

o€Un L(g,a') SeEN '€ -73x. t=x
) —

()] (¢ 9 an )
13 f=fp
(10)
- 7. sr>€adreN
14 (sry€e Cut N+8 r&éN

- (12,18, =)

L . s€UNAL(C, 0)As € NALS > Eor(sryes  Cut Nx2

c€Un L(c,o) seEN <7Deoc Isrdo
3 9) (11,13,=) 14
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N+10  ¢€UnAL(c, 0)AL(c, T)AaeNALab>Eo><{abyer
Define the set P for induction by

ucP=uecNAVzx. {ux>co>{uxyer.
- N+10

1 ¢¢Un 2 L, o) s L, )
+ q¢N s lab>do 6 lab>eT

3
7 L0c>Er 8 Vay. {xypeT>{xy e
(@)= -
9 {Oc>¢o (2 is used here partly)
4 —_

- S Vx. 0€xAVy. yEx>y Ex. >acx

P

0eP r¢P agP
k) 7/61:) €3 3
ET)
_ €3

- 0eNAVzx, <0x>€c>0x>€ET

0eN - Vx. <0x>€e>{0x>€ET
*Nxl 7

10 Os> o

11 0s>er

(¢ 8}

- IVaxyz. {xy>€oAlx2D€o>y=2

0s>€o Oc>€r s==¢
do) ®

(7,11, =)

- GRskesk)

- . aeNAVzx, {ax>e€o>{ax>eET

Spf | af NV
- IV x. Lax>Eo>ax>ET

- . Labye o-—)<ab>_€'r
<éb? co Laby ¢ v

6>
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- (€3 9]

- . reNAVx. {rx>€o>{rx>er

10 Y ENAVx, F'x>€o>{r'xDeT
11 7’¢N
12 SV x. {rxy€o>{rx>eT
10
r'eN - Vx. r'x>€o>{r'x>€T
an s
Cut Nx2 13 <7”S>¢O'
14 r'sper Cut N+7

- .c€UnAL(c, o) A7ENAL s> Ee>Tx. s=2'

o—EUn L(C,o‘) 7eN <7’S>60‘ 7Elx s=x

(¢9] an a3

15 ==t

a2

- 7. <rt>6(r-><7’t>e'r
16 <{rtH€c Cut N+8 16 <7’t>¢"'

[¢)

- 7. c€UnAL(c, o) A7ENAL D €Ea»rt> € - 7. rtOem>'tHer

c€Un L(c,e) 7eEN <'tHee <rtddo rt>er <r’t’>¢~r
2) an (13,15, =) 16 16

1 4,15,=)

-

N+11  o€UnAL(®b, o)AL, T)AaeNAlac>€o>lac’>ET
Define the set P for induction by

uc€P=ucNAVzx. <ux>€o>{ux’>er.
- N-+11

' ofUn 2 ZLbe) s ZL®,7)
s a¢N 5 lac>fo s lac>er

7 {0b>¢o s 0 >¢r (2 is used )
o  Vaxy. {xy>eT>{x'y>€T \here partly

0€P répP a¢P
€3} / EP Gk

€% 9]

2,3

rHPID
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k)

0eEN - Va. 0x>€c>{0x>ET
*Nxkl P -
10 Os>¢o
1 Os>er
@
0by>er Os>€ea b==s
¢P) [¢1)] (8,11, =)
- CR%H)
Spf aéN

- SV x. Lax>Eo>lax' dET

- . Lacy>€a>lac’dET

lac>€o
(5)

<ac<’6>) ¢

€3 3]

- 7 reNAVx. {rxd€o>{rxder

10 reENAVx. r'x>€o>{r'xdeET
11 v §§ N
12 IV x. rx>€c>{radeT
10>
reN - Vx. <r'x>€c>{r'x'>eET

I

r's’>er Cut N+7

- .c€UnAL(b, o) A7ENE's>Ec>Tx. s=2'

c€Un L(b o) reN 's>€c

(e8]

an as)

. 3Ax. s=x'

15 s==¢’ Cut N+8

- 7« c€UnAL(D, o) A7ENALY' Y > €a3{rt)> €T

c€Un L(b o)

(¢8)

rEN r't>es 16

rtddo
11 ' >éT

13,15,=) az

{rt>eo

16) 9

rsyr <y’ S’> g

15,17, =)



An Investigation on the Logical Structure of Mathematics (IX) 23

83 Preliminaries for Addition

N+12  a€N-><0aa>€Add
- N+12

1 a ¢ N
- {0aa>c Add

2 3 fxyz %Oaa§ ={xy2>NfE Un/\ri( 1 )A<xé> € :f Cut N+4

_ 7« aeN->3f. feUnAL(q, f)

aeN - Z3f. f€UnAL(a,f)
[¢B) _ e
3 o'éUn
4 /" La, o)
2)
{0aa>=<0aa> ac€Un L(a, o) 5 0a>€c
(=) (3) ) )
<0£Z>§E0'
Spf .-
(5
N+13  a€eN-<ala>€Add
_ N+13
1 a¢N
2 {a0a>€ Add Cut N+4
- 7. 0eN>3f. feUnAL(0, f)
0eN - 7 3f. f€eUnAL(O, f)
*N*l [CONN B -
3 a¢Un
4 7L(07 O‘)

(2)-

- Afxyz. <a0a>=<xyz2>AFEUnAL(0, f)A{x2D€Ef

c€Un L@Oo) s laa>€co Cutr N+5

3 )

- 7. aeNAL(0, ¢)>»<aa>€Ec
aeN L(0, o) laayfo
4) 3

(@8]

REMARK : Although in the proof of N+13 a cut by a weakly
irreducible formula (§ 20, Part (II)) *Nx1 is used, the proof of N+13 is
irreducible, since the superfluous formulas in the proof of *Nx1 are
effectively used in the proofs of the other cut formulas N+4 and N+5.
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N+14  aeNAbeNALlabc>e Add»ceN

- N+14
r o agN e BN + ceN
- labc>¢ Add
oo 7 3fxyz labe>=Cxp>AfEURALLY, A EZE f
C i ofUn s TLbo) o daofe Cut N+9

- . c€UnABENAL(, s)AaeNALac>Eoc €N

oé[in beN L, o) aéN 7<a;‘>€o- c%N
[@B] 3

4 2 [¢)) 6)

N+15 a€NA<labc>€ AddAlabd>cAdd>c=d
- N-+15

1 aéN 2 {abc>¢ Add
3 <abd>¢Add 4 c=d

- 73Afxyz. {abc>=xyz>AfEUnAL(y, f)N{x2DE f
(o.a,b,¢)

- 7 3fxyz. {abd>=<xyz>A fEUnAL(y, f)AN x2DE f

5 ¢ Un 6 L(b, o) 7 Lac>¢o
Spf 7¢Un 8 7L(b,T) o lad ¢ Cut N+10

(2,3)

(T,a,0.@)

- 7« a€UnAL(b, o) AL(b, T)AaeNAlac>Eo>{acyET

c€Un L(b,e) L7 aceN <acdo€o <LacoéT
5) (6) (8) (@8] D (3,4,9
N+16 a € NAL{d'bc>e Add>3x. c=x'
- N+16
1 agéN

- {a'bc>¢ Add
2 Ax. c=2

- Afxyz. <a'bc>=<xyz2>Af € UnAL(y,f)AN{xz2>€f
La'bc>=={rst>
¢ Un

7 L(s, o)
rt>to Cut N+7

(o.r.8.t)

= “© - «

- 7. c€UnAL(®, o)AaeNAld' c>Ec>AAx. c=%

c€Un L(,o) aeN <dc>eec 7Ax. c=4
(€8] (2)

4 (5,8,=) 6,3,=)
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N+17 aeNALab0>e Add~>a=0

- N+17
1 a¢N 2 <ab0>¢ Add
3 a=0 Cut Nx10
N
- 7« a€NAa7+-0->3x. a=4'
N
a€eN a==0 . 7 3x. a=x'
1) (3 P
s pEN

5 a==p’ Cut N+16

- . peNAYHO> € Add>3x. 0= &
PEN  (pbOdeAdd - Ax 0=¥
4) 1

(2,5,=)

0+4=¢’
N4
N+18  <abc>€Add-><a’bc’>€ Add
- N+18
- labc>¢ Add
- {a'bc’>e Add

- ZAfxyz. <abc>=<{xyz2>AFeUnAL(y, f)N{xz2>E f
1 Afxyz. <a’bc’>=<xyz2>AFEUnAL(y, f)AN x2DE f

2 o ¢ Un
3 7 L(b, o)
4 ac>to
(€8]
c€Un L, o) 5 la'c>eo
(2) [¢)] 3
Spf Ob>¢o

- Vxy. {ay>€oXx'y>€r

lac>€o la'c>¢o
4) (5)

N+19  aeNAbeN-><{abc>€ Add-><ab'c">€ Add
- N-+19

. agN 2 b¢N
; Cabe>¢ Add
§ ab'e’>eAdd

25
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ane 7 Afxyz. {abc)>=<xy2>AFeUnAL(y, f)N x2>Ef

3 fxyz. <ab'c’>=<xy2>AfcUnAL(y, f)AN{xz>Ef

" o¢Un
5 7L(b, 0')
6 lac>¢o Cut N+4

- 7. VeN->3f. feUnALW/, f)

b’gézN . ~3f. feUnALW, f)
&) o
N2 . +¢Un
8 LY, )
@A)
7€Un L(lg’, T) o lac’yer Cut N+11
D 8)

- 7.60€UnAL(®, o) AL®, T)AaENALac>€a>lac’ der

c€Un L(b,o) L@,7) aeN <acd>€s <Lac'déT
5 8) (¢8) (6) (€}

(¢} (€]

N+20 aeNALa'bc’>e Add-><abc>€ Add
- N+20

1 a ¢ N
- a'be’>¢ Add
- {abc>€Add

7 Afxyz. <a'bc’>=<xyz>A fFEUnAL(y, f)Nx2>E [
Afxyz. <abc>=<xyz2>AFEUnAL(Y, f)Nx2>Ef
<a'bc”>==rst>
o Un
7 L(s, o)
rtHéo
o ElUn 1<,5( bs’ f;) 7 lac>€Eo
Cut N+8

(o,7,8,0)

~N

(=% w - w

(2)

- . 0€UnAL(b,0)AaeNALd ¢’ >€o><ac>€Ea

o€Un L, o) aeN <Ladc>€oc Lacoto
(¢V)] 6,3,=) D

4 (5,3,=)
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N+21  aeNAbeNALa'bc>€ Add—><ab’c>€ Add

- N-+21
1 a¢gN 3 {a'bc>¢ Add
2 b¢EN s <labc>eAdd Cut N+16
- 7« aeNAL@'bc>EAdd>Tx. c=x
aeN <a'bc>eAdd o 3Ax. c=x
@ 3) e

5 c==p/ Cut N+20
: ~. aENALZbY>e Add>{abpye Add
aEN  (abpyeAdd o CabpygAdd
Cut N+19
~ . aENABENACabp EAdd>lab/p>eAdd
aeN  beN CabpreAdd  <ab/p>¢Add

(¢B)

§4 Commutativity and Associativity of Addition

N+22 a,beENAa+b=c>b+a=c
Define the set P for induction by

N
ueP=ucNAVxVy. Qu, x, ¥)

where Q(a, b, c)=. a+b=c>b+a=c.
- N+22
1 a¢N 3 a+b=c
= b¢N +  bta=c
)P
0eP r¢P ag¢P
(€ 9) 7,/¢P Ckkk)
k)
- k)
N
0eN . VxVy. QO, x,9)
*Nx1 ne
5 PEN
6 O+4p=Fq

1 p+0=¢g Cut N+15

27
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- 7« 0ENAO+p=pA0+p=g>p=q
0eN  O+p=p O+p=q pq
(6 (5,17

5

*Nxl  N112 Cut N-13
- Ckkk)
Spf aéN
N

- S VYaVy. Qa, x, ¥)
beN a+b=c b+a=+tc

(2) 3 4)
—- (€3 I)
N
- 7. reNAV Yy, Q(7, x, )
N
5 7 ENAVxVy. Qi+, %, ¥)
6 r¢N
N
7 7 VxVy. Qr, x,9)
N
7 €N - VaVy Q(, x,9)
> (s, t)
Nx2 8 S¢N
- Q' s, 1)
9 7'+ s=F=t

Cut N+16 10 s+r' =t

_ e reNAr’+s:t->Elx. t=xa

reN ¢'+s=t - Ax. t=x

6) © 2

11 t==p’ Cut N+20

- e vENAY L+ s=p>r+s=p

reN ¢ 4s=p 12 7+ s+p

6) 9,11, =) D

SEN 7+s=p 13 st+r=Fp
(8) a2y
Cut N+19

- 7. SENArveENAs+r=p>s+7v'=2/

sEN reN S+r=p s+7'==p

(€] €] a3 (10,11, =)
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N+23 a, b, cENAa+b=EAb+c=IAa+I=m>k+c=m

Define the set P for induction by

N
uEP=ucNAVbcVEkim. Qu,b, c, k, [, m)

where Qla, b, c, kb, l,m)=. a+b=kAb+c=IANa+I=m>k+c=m.
- N+23
1 a¢N 2 bEN 3 cgN
4 a+b=kk 5 b+cakl 6 a+l=+=m
7 kt+c=m
(P
OeP r¢P a¢P
(¢ 9] r/eP Ckkskd
k)
- k)
N
0eN - YbocVEim. QO,0d,c, k, I, m)
*Nx1 @ 0.7.5. 0

s pEN o gEN

10 O+p=r 1 ptg==s

12 04-s4=¢ 138 r4+g=¢ Cut N+12

- 7. pEN->O+p=p

pEN 14 0+ p==p Cut N+15
(8)

- 7« 0eNAO+p=7AO+p=p>r=p
0eN O+p=r O+p=p 15 ra=p Cut N+14
*N*l 1o 14)

- 7« p,geENAPp+g=s>seN
peEN geN  p+g=s 16 SEN Cut N+12
(8 9 an
- v« SEN>O+s=s
seN 17 0+ s=F=s Cut N+15

16)

- 7. 0eNAO+s=tA0+s=5>t=s

0eN O+4+s=¢t O+s=s t==s

*N*l (12) an (11,13,15,=)
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- Ckksk)
Spf a¢N
N
- 7 VYbcVRlm. Qa, b, c, k, I, m)
beN c¢ceN aq+b=k bic=! a+l=m k+cF+m
(2) 3 (4) (5) 6) &)}
_ )
N
- . YENAVOcVERIm. Qr, b, c, k, I, m)
N
8 ' eNAYOcVEIm. Q', b, c, k, I, m)
9 réN
N
10 7 YbcVERim. Q(r, b, ¢, k, [, m)
(8) N
reN - YbocVElm. Q7', b, c, k, [, m)
9 b,c,k, 1,m)
N2 un bEN 12 cfN
13 ¢+ b=kk 14 btc=l
Cut N+16 15 ¢+ l=Fm 16 ktc=m
- 7« TENAY +b=Fk->3x. k=2
- « reNA?Y +[=m->3Ax. m=x
reN v 4+b=k v +il=m - 3x. k=1
9 (13) (15) ($)
- 3Ax. m=x
)
17 k=5’
Cut N+18 18 m==t’
- Ve Ste=1t>8+c=t
19 s+c=t Cut N+20 s+t
(16,17,18, =)
- . reNAY +b=85">r+b=s
- Ve vENAY +i=t>r+1=t
reN v +b=s v 4+i=1 20 p+b=ts
(€)) 13,17, =) (15,18, =)
n -+t
10)
beN ceN v+b=s b+c=] r+l=t s+c¥t

an

a2 20) a4 @2n a.
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N+24 a,b,ceNAa+b=kAb+c=IAE+c=m>a+Il=m
This is proved by using cuts by N+14, N+22 and N+23.
From N+23 and N-+24 follows

N+25  a,b,ceNAa+b=kAb+c=I>. a+I=m=k+c=m
§5 Regularity of Addition

N+26 a,b,ceNAa+b=mAa+c=m>b=c
Define the set P for induction by

N
ueP=ucNAVxyVz. Qu, x, 9, 2)
where Qa, b, c, m)=a-+b=mAa+c=m->b=c.
- N-+26
1 7¢N 2 b¢N 3 cgN
4 a+b=+m 5 a+cFm 6 b=c
r)(PID)
0cP répP a¢p
K r/eP Ckksk)
Gk
- k)
N
0eN - VxVyz. QO, x, v, 2)
*N*l @,s,¢t)
7 7¢N o O+r==t u r=s
8 SN 0 04s4=¢ Cut N+12
- e TENO+7=7r
- 7« SEN>0+s=s
reN seN 12 O4-7=fr
@ @ 13 0+ ss Cut N+15

- e 0eENAO+7=tAO+r=r->t=r
- 7« 0ENAO+Ss=tA0+s=s>t=s

0eN O4r7r=t O+r=7r O4+s=t O+s=s t=Fr

*Nx1 (€M) a2 ao as) t==s
aL =)
- Gk k)
Spf a¢N
N

- SV xyV 2. Qa, x, 9, 2)
beN c¢eN a+b=m a+c=m bc

(2) (3 “4) [€)) (6)
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- CGksk)

N

- 7. reNAVxyVY2z. Qr, x, 9, 2)
N

7 reNAVxyVz. QU x,9, 2)

8 7’¢N
N
0 SV xyVz. Qr, x, 9, 2)

N
r'eN - VxyVz. Q7 x, 9, 2)

(8) s, 6,m

10 sEN 12 7' s=kp 14 s=¢
u f¢N 13y +i=fp Cut N+16

- 7« veNAY +s=p>3x. p=x

reN r+s=p - 7 Ax. p=x

8 12 @

15 pq Cut N+20

- e veNAY +s=¢q">r+s=¢q
- e YENAY +t=q'>r+t=q

reN v +s=q r+i=q 16 7+s-=q
(8) 12,15, =) (13,15, =)
17 r+t=l=q
(¢}
seN teN r+s=gq r+t=gq s==t

10 an (16) an 14

N+27  a,b,ceNAb+a=mAc+a=m~>b=c (From N+22 and N+26.)
N+28 a,beNAa+b=b>a=0 (From N+12 and N+27.)
N+29  a,beNAb+a=b>a=0 (From N+13 and N-26.)

§6 Domain and Range of Addition

N+30 AddPMNxVeUn
- N+30

(w,s,t)

- <ws)EFAAd NN XV
- wtH>EAdd NN <V
1 s=t
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- . <ws>eAddAweNxV
7« lwtye AddAweNxV

2 <ws>¢ Add
3 wt>¢ Add
Spf wENXV
- wENXV
o 7 3Axy. w=<xy>AxeN
4 w=={ab>
5 a¢N Cut N+15

- 7. aeNAlabs>e AddAlabt>e Add>s=t
aeN <abs>eAdd <abt>eAdd s==t
%) 2,4. =) 3,4,=) [¢D)

REMARK : The Spf-formula w¢NxV and the same formula directly
under it are both derivatives of the defining formula of Add PNxV and
the lower w&NxV is used effectively in the proof, so that the proof of
N+30 is irreducible. The specialized definition of NxV 1is used under
the formula w¢NxV. The analytically provable formula <{{ab>c>=<abc>
is used at the bottom of the two middle strings of the proof.

N+31 @, beN->3x. <{abx>cAdd
Define the set P for induction by

ueP=3x. <ubx>€Add .

_ N+31
1 a¢N . BN
’ Jx. <{abx>eAdd
[€3]¢:9]¢H)
- OGP — S¢P B agp
- 3 ObpeAdd e 73z <abx)€Add
3)
ObbSeAdd o, 3% (shxpeAdd
) 4 Ax. <S/bx>EAdd
N+12

5 {sbty>¢ Add

6 {s'bt’ye Add Cut N+18

- . (sbtye Add-><{s'bt’>c Add
sbtye Add <s’bt’>( ;ﬁ) Add

(5

4
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N+32 NxNCD,,,
- N-+32

- wEN XN
- WEDpqq

- 73xy. w={xy>AxeNAYeN

1 Ax. <wx>eAdd

2 w=={rs>

3 réN

4 seN Cut N+31

- . ¥, SeEN->3x. {rsx>eAdd

reN seN - 73x. {rsx>eAdd

3 @ ®

5 {rst>¢ Add

)

{wtye Add

5,2, =)

N+33 WAddl\ nxn &N
- N+33

(e

- CEW aqan nxw
1 ceN

- 73Ax. {xc>eAdd NN XN

- <we>¢ Add NN x N

2 <we>¢ Add
- wENXN

- 7 3Axy. w={xy>AxeNAyeN

3 w==<{ab>
4 a¢N
5 b¢N Cut N-+14

- 7« a, be NALabc>e Add>ceN

aeN beN <abiyeAdd  cfN
(2,3,=)

4 5) [¢8]
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§7 Characterization of Addition

N+34  <0bb>eaAV xy. {xby>€c>{x'by > €c. Aa€ENALabc>€ Add-><abc> €
Define the set P for induction by

uceP=ucNAVzx. K(u, x)

where Ku, x)=. <ux>er->{ubx>€o.
- N+34
1 0bby¢o 2 ZVxy. {xby>€c>x'by>€c
3 a¢N 4 <abc>¢ Add s {abcy€o
@ _—
- Z3fxyz. {abc>=<xyz2>AfeUnAL(yf)Ax2>€ f
Toa,b.e)
6 ¢ Un
7 ZL(b, 7)
8 lacygr
D
° 0b>¢r (7 is used here partly)
) PI3)
0eP r¢P a¢P
k) 7'/ I P CGkksk)
k%K)
- )
- 0eNAVzx. K(O, x)
0eN - V. K(O, x)
*Nx1 @
- K(0, »)
10 Or>gr
1 L0br>eo
(6)
Or>er <0b>eT r==b
ao 9 1,11, =)
- kO
- 7« a€NAVzx. K(a, x)
Spf a¢ N
- 7 Vx. Ka, x)
- 7K(a, C)
lacyeT labc>¢ o

(¢:)) (5
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- (€3 )
- . reNAVzx. K(7, x)
10 reNAVx. K(7/, x)
1 réN
12 7 Vx. Kz, x)
10) -
r’eN . Vx. K7, x)
an e R,
Nx2 B K, s)
1 P gr
14 {r'bsyec Cut N+7
- 7« meUnAL(D, T)A7ENAL sOE€T>TAx. s=x
ve€Un L7 reN <'sper - 73x s=o
1) D an as )
15 s==t/

2)

- 7 rbt>ec>r'bt e

16 rbt>eo b >Eo
12 — (14,15, =)
- 7 rtyeTrbtyea
v Crber byt
16
Cut N+8

- 7« m€UnAL(D, T)A7ENA V> ETrt)>dT

7eUn L({I), T) reN r'tyer lrtygr
D

6) an (13,15, =) an

N+35  c€UnA0bb> €AV xy. {xby>€c>{x'by > €. Alabc)>eo>{abc>e Add
Define the set v,(=7,,) by uer,=3xy. u=<xy>A{xby>€0c .

- N-+35

L ofUn 2 O0Bb>¢o
4 labc>tos 5 <{abc>eAdd

3 “Vxy. {xby>€c>x'by >€o

(€]

- Afxyz. {abc>=<xyz>AfeUnAL(y, )N x2D€f

{7y

7,€Un L(b, ) — - lacyem,

(€ 3] Gk
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- (€ 3)
r.s,t) o
(7'.3)— <rs>¢rrb
r ﬁ)_ <7t>¢‘7'b
6 s=t
7 {rbs>¢ o
8 {rbt>d o
. o
{rbs>€a rbt>ea s==t
(&)} [¢:)) 6)
Gk
- L0b>eT, - Vay. {ayppery<ayDer,
(r,t)
<0b£7>60' - gy
(2) r,t)
- 'tyer,
6 rbt> ¢ o
7 r'bt>eo
P S
<rbt>eo <7"b1;’>¢0'
D

6)

N+36  o€UnAL0bb>EaAV xy. {xby>Ea>{x'by>€c. AaEN:

>Labcy€o=<abc>e Add
From N+34 and N+35.
N

N+37 c€UnAVzx {Oxxd>€c. AVxyz. {xy2>€c>{x'y2'>€0:

>o NN?=Add NN
- N+37

N
1 o¢Un 2 7Vax. Oxx>€o
3 7Vaxyz. {xyzDd€c>¥x'y2'>€c
- o NN?= Add NN?

- weo\N? - weAdd NN?
- w¢Add NN? - wé¢e) N*

(€ ) Gkk)

37
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)

Axy. w=<{xy>AwecAxeN’
7 3Axy. w=<{xy>AweAddAxeN*

w==rcy
w¢ Add
r&N?

(@, b)

7 3xy. r={xy>AxeNAyeN

4

r==<ab>
a¢N
b¢N

w=<rc> |

)

11
2y

weEo reN?

(]

CObb>€or

7V xz, {xbz>€c>{x'bZ' D€

Cut N+34

0bb>ec Vxz.<l{xbz>ec>{x'bZ>€c
az) a3

aeN <abc>eAdd
9

(5,8,6,=)

(€3 3}

4

- Z3xy. w=<xy>AwEcAxEN?

r ey
5

6

1
D

Axy. w=<xy>AweAddAxeN?

w=|=<7:c> .
wéo
r¢N*

(a,b)

7 Axy. r=<{xy>AxeNAYEN

Spf
(4)—-- N
w=<rcy
5)

10
(2)

r=={ab>
a¢N
bEN

weAdd

b

eN

9

11

COBb> ¢ &

3

labc>¢ o

(5,8,11, =)

12

7V xz2. {xbz>€c>{x'bZ>€Ec

Cut N-+35

oc€Un <0bb>€c
>

(69 (11

VYV xy. {xby>€o><x'by>€c <abc>€c
(12) (5,8,6,=)

{abc>¢ Add

(5,8,10, =)
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Section B Multiplication

In order to define the constant MIt (multiplication), we introduce,
as in the case of addition, the abbreviations :

K(xyzuo)=<xy> €Ay +u=2>{x'2>€0c,
N

M(uo)=<00>€c AV xyV¥ 2. K(xyzucs),
and the sets v, A,, and M by the defining formulas:
ucr=3xy. u=<xy>Ay=0,
N
u € A,=3xy. u=<xy>A3z2. (x2>€EcAx+2=,

Un
ueM=ueNA 3 f. M(u, f),

of which the last set M is used as set for induction in the proof of Nx5.
We prove first Nx1, *xNx2, Nx3, and Nx4 as lemmas for Nx5,

Nx1 veUn

- Nx1
r,s,t)
- rs ¢y
r,$)
- ¢y
r,t)
1 s=t
s=+=0
=0
(@8]
*Nx2  M(O, v)
- Nx2
“ N
- <00>ev - VxyVz. K(xyz0v)
. (r,s.t) e
0=0 *Spf  7¢N 1 s¢N
- lrspgv
r,s)
2 s+0=¢
- r't>ey
3 s=+0

4 t=0 Cut N+15
- 7. SENAS+0=1tAs+0=0->t=0
seN s+0=¢ s+0=0 t==0

¢V 2> 1,3.=) 4

Cut N+13
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Nx3 c€Un-»A,€Un
- N=3

1 Vayz. {xy>€aA{x2>€Eo>y=2
- Vxyz. {xy> €N A XZDEN>Y=2

r,8,t)

- rsO>EN,
(r,8)
- <7’t>¢x‘,
(r,t)
2 s=t
N
- 3z {rz>€cAr+z=s
(@) N

- 73z {rz>€cAr+z=1t

)

3 a¢N 4« {rad>éo 5 r+ass
Spf b¢N s <{rb>¢oc 7 r+b=t

[¢D)]

lra>eoc <rby€c s a=b Cut N+15
4) 6)

- .aeNAr+a=sAr+a=t>s=t

aeN r+a=s r+a=t s==t

3 5) (7,8, =) 2)
Nx4 a€ NAM(a, o)>M(a’, A,)
- Nx4
1 a¢N
N ]
- . {00>ea AV xyV 2. K(xyzao)
N
2 00>er, AV xyVz. K(xyza'r,)
3 00>¢ o
N
4 7V xyVz. K(xyzao)
2)
- 00>€EN, N
N - VxyVaz. K(xyza'),)
N r.s,t)_
- Hz. <0z2>€cA0+2=0 5 réN
0eN <00>¢ 04+0=0 ’ SEN
o = v
#Nx1  ®  Cut N+12, #N«1 i} K(rsta'>,)
- <:7’Si>§é )Lu
o,
7 s+a'==t

- F'EEN,
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N
- 7 3z. <rz>€cAr+z=s
(» N
8 Fz. F'z>€oAr + 2=t
? PEN
10 rpyéo
1 r+pFs Cut N+31
- . pyaeN->3x. p+a=x
pPeEN aeN o 73Ax. pta=x
9) I35 (D)
12 b+a=q
®
geN 13 {Y'gr€c 13 7 +qg=t
9,1,12) (€ ) kR
Cut N+14

- € )

- 7« YeNAPpeNAK(rpgac)
reN peN <rp>€c p+a=q F'gto
9 10> a2 13

(6]

- k) Cut N+24

- a1, pa€ENAY +p=5Ap+a=qAs' +a=1t>r'+q=1t

reN peN aeN 7 +p=s p+ta=q s’+§l=t ' +q==t
2) (

(5) (€] @ an a a3

N2 N+18 ST
N+22
Un
Nx5 aeN->3f. M(a,f) (or aeN->acM)
- Nx5
- a¢N
Un
1 3f. M(a, f)
r)(M3
- 0eM - réM - a¢M
Un 2 ¥veM Spf a¢N
OISINI - 3f. MO, ) 3 r¢N Un
Nk - 7 3f. M(a,f)
eUn M, Un
l)N><]_ *]_\(IXZU) (o_)_ 7 Ef' M(r’f) @
4 a¢Un

s M(r,0)

41



42 S. Kurobna

(2)

Un
/ /
7 (%N e 1 M, f)
N2 A€Un M7, Ay)
4) (3,5)
Nx3 Nx4

Now we define the constant Mlt by
ueMlt=3fxyz. u=<{xy2>AfeUnAM(yf)A{x2DES.

The formula Nx5 i.e. NTM is the fundamental formula in deducing the
properties of MIt, just in the same way as the formula N+4 is so in
Section A concerning Add.

First, we deduce the properties of Mlc, o), corresponding to the
deduction of the properties of L(c,o) in §2, Section A. For example,
the formula

a, cENAceUnAM(ca) AM(c7)Alab>ec>{ab>eT
is proved by using the set P for induction defined by
ueP=uecNAVzx. {ux>co>ux>er.

Next, the deductions of fundamental properties of Mlt are performed
in a similar way as in §§3-6, Section A. In these deductions some
formulas proved in Section A are used as cut formulas.

For the characterization of MIt, i.e. for proving the formula

N
c€UnAVzx. {0x0>€c
N
AVuxyVz. {xuy>eoAy+u=2z->xuz>€o:

>N NxN=MItN NxN,

we need again the same set 7, , used in the proof of N+35, Section A.

In order to make simpler the consistency proof of these deductions,
we have to abondon the closure property with respect to substitutions
of variables in restricting the substitution of variables to the extent
which is required in these deductions. Such a restriction is categorically
necessary for further consistent formulation of a developed stage of
mathematics in order to avoid contradictions.
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