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Abstract
We introduce the notion of am-trivialization and a compatible curving and
construct the splitting of bundle gerbe modules to definettfisted Chern classes
and the twisted Chern character for bundle gerbe modulesrimst of algebraic
topology. Moreover, we prove that the latter coincides witle twisted Chern
character due to Bouwknegt-Carey-Mathai-Murray-Steverj$bif the bundle gerbe
is given ann-trivialization and a compatible curving.

1. Introduction

In order to define the Chern classes for complex vector bendtere are at least
three approaches: the classifying space and the univeugdldy the splitting principle;
the Chern-Weil construction.

For a bundle gerbe modulgV and a curving f, the twisted Chern character
chpg(f, W) is introduced by Bouwknegt-Carey-Mathai-Murray-Stevengt]. It is an
analogue of the Chern-Weil construction and described rimgeof differential forms.

In this paper, we shall introduce the twisted Chern classelsthe twisted Chern
character in terms of algebraic topology by constructing gplitting of a bundle gerbe
module into bundle gerbe modules of rank 1. This is an an&agjuhe splitting prin-
ciple for complex vector bundles.

Let W be a bundle gerbe module for a bundle gerlveL() over X. Then we
have the projectivizatiomN‘)(W) of W. The multiplication of ¥, L) gives rise to a fiber
bundle ﬁ’(W) — P(W), whereP(W) is a fiber bundle ovetX with the fiber CP™ 1.
We should remark that a bundle ger@(W), [) over P(W) is induced and that the
tautological line bundleay — ﬁ(W) and the complemeritv' are again bundle gerbe
modules for(HND(W), E). So, we obtain the splitting of the bundle gerbe module

W=y & W

into bundle gerbe modules for the bundle mﬁpﬁ(W) — Y. By iterating this con-
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232 A. TOMODA

struction, we have the splitting of a bundle gerbe module imindle gerbe modules
of rank 1.

If an n-trivialization n of (Y, L) is given, it induces a semi-group homomorphism
from the isomorphism classes Mafi(L) of bundle gerbe modules to Vet]. Via this
homomaorphism, we define the twisted Euler clas$n,&) for a bundle gerbe modulg
of rank 1. Moreover, the Leray-Hirsch theorem implies thariesgohism of the graded
modules

H*(X; Q) ® H*(CP™ 1, Q) = H*(P(W); Q).

Therefore, we can define the twisted Chern cleigg, W) for a bundle gerbe mod-
ule W by using the splitting and the twisted Euler classes in alamway to the or-
dinary splitting principle.

The twisted Chern character @gl(f, W) of a bundle gerbe module/ for (Y, L)
is defined in the situation where a bundle gerbel() is given a curvingf. On the
other hand, the twisted Chern charactef¢h, W) in terms of algebraic topology is
defined in the situation whereY (L) is given ann-trivialization n. We introduce the
notion of a curvingf compatible with am-trivialization n of (Y, L) in Section 3.

Finally, we prove the following:

Theorem 1. Let(Y,L) be a bundle gerbe over X endowed with an n-trivialization
n and a compatible curving .f For every bundle gerbe module \We have

chir (n, W) = chpg(f, W).

2. Bundle gerbes

We shall devote this section to a brief exposition of the beirgbrbes and bundle
gerbe modules and the twisted Chern character. We referghéer to Murray [2]
for bundle gerbes and Bouwknegt-Carey-Mathai-Murray-Stswe [1] for bundle gerbe
modules and the twisted Chern character.

2.1. Bundle gerbes. Let X be a compact oriented smooth manifold andY —
X a fiber bundle. Then we can consider the fiber produst, Y by itself. In general,
we denote thek-times iterated fiber product x, - -- x, Y by YK, We have a map
7 : YK — YIk=11 which omits thei-th element fori = 1,...,k.

DEFINITION 1 (bundle gerbes). LeK andY be as above and ldt — Y[ be
a Hermitian line bundle. A coupleY( L) is said to bea bundle gerbeover X if L is
endowed with a product:

L) ® Liyay) = Liuys  fOr every 1, y2), (v2, va) € Y
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which satisfies the commutative diagram:

(Ly1,y2) ® Lyyy3) @ Liys,ys) —> L3133 @ Liys,y0) ——> Ly

L(,Vl.,\'z) ® (L(y2s)'3) ® L(,Vs.)‘zx)) —>L(,v1,yz) ® L(yz,)h) _)L(yl’)u)

A product of (Y,L) is equivalent to an isomorphism; L ® 75 L = miL over YBI,

A bundle gerbe Y, L) over X is isomorphic to a bundle gerbéN( M) over X if
there is a bundle isomorphisig:: Y — N and§: L — M covering the induced map
g?: Yl — NP and the product ol corresponds to that ofl via .

If &€ is a Hermitian line bundle ovelY, then we can define a bundle gerbe
(Y, m;&* ® m3&) whose product is induced by the natural paring.

A bundle gerbe X, L) over X is called trivial if (Y, L) is isomorphic to the bundle
gerbe ¥, ;6" ® m;&) for some&. Such a line bundl€ is called a trivialization of
(Y, L). If a Hermitian line bundlez — Y is a trivialization of {¢,L) and p is a line
bundle overX, thené ® 7*p is again a trivialization of Y, L). Moreover, the set of
all trivializations of (¥, L) is Vect(X)-torsor, where Veg{X) stands for isomorphism
classes of complex line bundles ovi&r

Let (Y, L) be a bundle gerbe oveX. For a smooth map: Z — X we have the
pull-back bundleh*Y over Z and the bundle map: h*Y — Y coveringh. Moreover,
h induces a ma >’ h*Y2 = Y12, Here we shall denote™ by the same symbol
h. If a bundle gerbe, L) is given a trivializationz, then h induces a trivialization
h¢ of the pull-back bundle gerbgh*Y,h"L).

Roughly speaking, a bundle gerbe is a higher generalizaifoa line bundle. A
bundle gerbe admits a characteristic class which can bedsred as a generalization
of the Euler class for a line bundle.

DEeFINITION 2 (the Dixmier-Douady class). Take a good coyel,} of X and
local sections{s,: U, — P}. Then we obtain line bundlek,s = (S, Ss)*L. A choice
of sectionsz,g € I'(L4p) with |z,4| =1 and the induced product give a unique system
of maps{eqp, : Uyp, — U(1)} which satisfies the equation

Zap * Zpy = EapyZay-

Then {eqs,} € C3(X,U(1)) gives a cohomology class{eys,}] € H?(X;U(1)) =
H3(X; Z), Whereé(X,&) is the Cech cochain complex with values in a sheaf of
U(1)-valued functions and (X; U(1)) is the cohomology group of(X; U(1)). We
denote this byd(Y, L) called the Dixmier-Douady class for the bundle gerlye ).

REMARK 1. The Dixmier-Douady clasd(Y,L) of (Y,L) does not depend on the
choice of a good cover oK and local sectiongs,} and {z,}.
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Here we shall give an example.
ExampLE 1 (lifting bundle gerbes). Consider a central extension:
1-C>G2Gc->1

with the centerC = U(1) or Z, and a principalG-bundle Y over X. We define a
C-bundle Q over Y& by

Q={((y1,¥2),0) € Y& x G | y1p(§) = y2)

and obtain the complex line bundle over Y2 associated withQ. Then the couple
(Y,L) is a bundle gerbe oveX and called the lifting bundle gerbe associated with the
principal G-bundleY and the central extensio@ of G by C.

Let P be aSQn)-bundle overX. Consider a central extension
1 - Z, — Spinn) & sqQn) — 1.

Then we obtain the lifting bundle gerb® (L) associated with th&Q(n)-bundle P and
the central extensio®spinn) of SQn) by Z,. We call (P, L) the spin bundle gerbe
of P.

REMARK 2. If P — X is aSQn)-frame bundle ofT X, then the Dixmier-Douady
classd(P, L) of the spin bundle gerbeP( L) of P coincides with the third integral
Stiefel-Whitney clasaN;(X).

2.2. Bundle gerbe connection. We proceed to the bundle gerbe connection in
this subsection. LetY, L) be a bundle gerbe oveX.

DerINITION 3 (bundle gerbe connection). LeY (L) be a bundle gerbe oveX.
Then a Hermitian connectio on L is said to be aundle gerbe connectioii the
endowed product

Ly ® Livays) = Liyuys)

preserves the connectiov for every (1, y», y3) € YEL

REMARK 3. A Hermitian connectionV on L induces pull-back connections
73V 1+1®n;V on L @ nfL and 75V on w5L. The connectiorV is a bundle

gerbe connection if and only if the isomorphismjL @ 7y L 5 m; L, which is induced
by the product of Y, L), preserves the connections.
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Every bundle gerbe has a bundle gerbe connection. For altbuindle gerbe we
can construct a bundle gerbe connection at ease. Arbitrangle gerbe Y, L) over
X is locally trivial. By the use of partition of unity orX, we obtain a bundle gerbe
connection onY, L).

We have the sequence of fiber products:

XY <« vl yBl ...
and
1) 0— Q(X) > Q(Y) > Q*(Y?) = ...,
wheres: Q*(Y) - QY1) is defined bysw = Y K1 (—1) 7 w.
Proposition 1 (Murray [2]). The sequencél) is exact

Consider a bundle gerbér (L) with a bundle gerbe connectiovi. Then the cur-
vature F(V) € i Q?(Y) satisfies:
(i) dF(V)=0;
(i) sF(V)=0.
(i) is Bianchi's identity. We can prove (ii) by a local dis@isn. Hence (1) and (ii)
imply that there is an imaginary 2-forni e iQ2(Y) such thatsf = F(V). Further-
more,

sdf =dsf =dF(V) =0.

Therefore we obtain an imaginary 3-form e i Q3(X) satisfying7*w = df. We call

f a curving for {,L) and w is called the 3-curvature ofY( L). The 3-formw/2ri
defines a cohomology clase [27i] € H3(X;R) and this is independent of the choices
of bundle gerbe connections and curvings.

Theorem 2 (Murray-Stevenson [3]). For every bundle gerbéY, L) over X the
image of dY, L) in real cohomology idw/27i].

2.3. Bundle gerbe modules and the twisted Chern character. We shall intro-
duce the notion of bundle gerbe modules.

DEFINITION 4. Let (Y, L) be a bundle gerbe oveX. Then a Hermitian vector

bundleW overY is called abundle gerbe module fofY, L) if it is endowed with the
multiplication of L:

L(VLYZ) ® Wyz i Wy1 for every {1, y2) € &
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which satisfies the commutative diagram:

(L()'lsyZ) ® L()’zs%)) ® WV3 —_— L(}’l,yz) ® Wyz —_— W)ﬂ

Ly,y,) ® (L(y,,y5) @ Wy)) —— Ly, yp) @ Wy, —— W,

In other words, a bundle gerbe modWé¢ — Y is a Hermitian vector bundle given
an isomorphismL ® 7;W = n;W. It is straightforward that if the rank of a bundle
gerbe modulew for (Y, L) is equal to 1,W is a trivialization of {, L).

We denote by Mod{, L) the isomorphism classes of bundle gerbe modules for
(Y, L).

Let (Y,L) be a bundle gerbe oveX with nd(Y, L) = 0 for somen. Suppose
that (Y, L) is endowed with a bundle gerbe connecti@nand the curvingf such that
df =0.

Suppose thatY(, L) is a bundle gerbe with a trivialization — Y. Then for every
bundle gerbe modul&V for (Y, L), the multiplicationL ® m;W = w5 W is equivalent
to the isomorphism

(" ®@W) T (" @ W).

This implies thaté induces a mapé: Mod(Y, L) — Vect(X) satisfying 7*(W/&) =
£* ® W for every bundle gerbe modulé/.

DEFINITION 5 (bundle gerbe module connection). L& — Y be a bundle
gerbe module forY, L). Then a Hermitian connectio®" on W is called a bundle
gerbe module connection oWV compatible withV if the multiplication

o LOmW > miW
preserves the connections, wherep 7;W (7;W resp.) is endowed with the induced

connectionV ® 1 +1® 7; VW (VW resp.). If there is no confusion, we simply call
VW a bundle gerbe module connection ¥

Let VW be a bundle gerbe module connection. Then we have
FV)®1+1 1 F(VV) =g onsF(VW) oo™,
therefore sinceF (V) =, f —ny f we obtain

i (FVY) = ) =g omy(F(VY) — Hop™
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So every invariant polynomiaP defines a closed fornP(F (VW) — f) € Q%(Y)
and sP(F(VW) — f) = 0. Therefore we obtainy] € H?(X;R) such thatz*n =
P(F(VW) — f). The cohomology class;] does not depend on the bundle gerbe mod-
ule connectionvV. Especially, tr is invariant polynomial and there is a umigco-
homology classii] € H%(X;R) such that

k
T =tr<<2_—nli(F(vW) - f)) )

In the same manner as the Chern character of complex vectallds) we define
the twisted Chern character (gk( f, W) of a bundle gerbe module/ by

=1
chbe(f, W) = rankw + > L € H2?(X; R).
k=1

REMARK 4. The Dixmier-Douady clasd(Y,L) of a bundle gerbeY( L) is inde-
pendent of the choice of the bundle gerbe connecWoand the curvingf e iQ2(Y).
On the other hand, the twisted Chern charactgj;¢h, W) depends on the choice of
the curving f € iQ2(Y).

If we take another curvingf’ with df’ = 0, there is a unique closed 2-forgn e
Q%(X) satisfying f' = f +7*(i¢). Then, we have

chbe(f, W) = chp( f, W) exp(—ig).

Consider a central extension2 Z, — G — G — 1. Then the lifting bundle
gerbe Y, L) associated with a principdb-bundleY over X has the flat connectioW
since L is the complex line bundle over? associated with &n-bundle. The con-
nectionV can be regarded as a bundle gerbe connectiorY gf ). So, in this case we
can choosef = 0 iQ%(Y) as the curving.

3. Splitting principle for bundle gerbe modules

3.1. Construction of splittings. In this section, we shall construct the splitting
of bundle gerbe modules and introduce the twisted Cherrsetaand the twisted Chern
character in terms of algebraic topology. For this purpdise,curving of bundle gerbes
should be replaced by the-trivialization, which is defined as follows.

DEFINITION 6 (n-trivialization). Let (Y,L) be a bundle gerbe withd(Y,L) =0
for somen. Then {, L®") is a trivial bundle gerbe oveK. A trivialization n — Y
of the trivial bundle gerbeY(, L®") is called ann-trivialization of (Y, L).

AsSSUMPTION 1. In the remainder of this paper, we suppose that a bundlgeger
(Y, L) is given ann-trivialization 7.
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If W is a bundle gerbe module foX¥ (L), thenW®" is a bundle gerbe module for
(Y, L®") and hencey* ® W®" descends to a bunde/®" /5 over X.

Let (Y,L) be a bundle gerbe and/ a bundle gerbe module fol¥(L). The bundle
gerbe moduléw brings us another bundle gerl@(W), E) as follows.

We first define the projectivizatioff(W) of a bundle gerbe modulé/ by

PW) = |_[{y} x P(W).

yeY

For every {1, ¥») € Y, the isomorphismW, = L, ., ® W, induces the canonical
diffeomorphismeyy, v,) : P(Wy,) =S P(Wy,). Then we have

PW) = |_]{y) x P(W) / ~.
yeY

Here, {1, [wi]) and (2, [w2]) are equivalent if and only if
2 oy ([w2]) = [wa].

REMARK 5. P(W) is a fiber bundle oveiX with the fiber CP™* and the pro-
jection is denoted byp, where the rank ofV is m. ﬁ(W) is also a fiber bundle over
P(W) and the projection is denoted by. Furthermore, we obtain the bundle iso-
morphismﬁ(W) = p*Y. We denote byp the bundle map fronﬁ(W) to Y covering
p: P(W) — X.

DEFINITION 7. For the fiber bundle’(W) — P(W) we have another bundle
gerbe(]P(W), L) over P(W), where L stands forp*L. We call this the bundle gerbe
associated with the projectivization of a bundle gerbe nedu.

We remark that(@(W), E) is isomorphic to the pull-back bundle gerlpg(Y, L)

and that then-trivialization n of (Y,L) gives rise to ann-trivialization p*n of
(P(W), L). Moreover, the bundle gerbe has the tautological bundleegerbdule.

Proposition 2. The bundle gerbe(ﬁ(W),t) has the tautological bundle gerbe
module py.

Proof. First, we have the tautological line bundlg over @(W) defined by
w={y,l,w)ep"WlyeY, | eP(W,) and w el}.

Then it suffices to show thaty is a bundle gerbe module fq@(W), L).
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Choose an arbitrary elementy((11), (y2, |2)) € P(W)2. Then
(yi.y2) € YP and I; e P(W,) for i=1,2.

Moreover, we see that the isomorphism
Liyoys) ® Wy, = Wy,

induces T (y, 1,000 ® 12 = Liyayy ® 12 — |1 since (2) impliesr (11, y1) = 7 (12, ¥2) €
P(W). Thereforeyy is a bundle gerbe module ov@&(W). ]

Here, we define a bundle gerbe modife- for (B(W), L) by
WL ={w e Pp*W |w is orthogonal to yw}.

It is easy to see thatv' is a bundle gerbe module. So we have the following:

Proposition 3. For all bundle gerge module W~ Y for (Y, L), we have the
splitting into bundle gerbe modules f¢P(W), L):

W =y & WE — B(W).

3.2. The twisted Chern classes. We shall consider the cohomology ring of the
spaceP(W). In the ordinary splitting principle for vector bundldés — X the projec-
tion p: P(E) — X induces the isomorphism of graded modules:

H*(CP™ % Z) @ H(X; Z) > H*(P(E); Z),

and hencep*: H*(X;Z) — H*(P(E); Z) is injective (see Husemoller [4] p.233 for the
detail). However, in the case of bundle gerbe modules, tlesenot true in general.
In fact, if (Y, L) is a bundle gerbe oveX such thatd(Y, L) is a non trivial torsion
element andV is a bundle gerbe module fo¥ (L), thenyy is a bundle gerbe module
for (P(W), L) with rankyw = 1, which impliesp*d(Y, L) = d(P(W), L) = 0.

The next proposition is straightforward.

Proposition 4. For every bundle gerbe module Wwe have a line bundle
(na™/ P n over P(W). Then the restriction ((1y")/P n)IP(W)x to a fiber of P(W)
is isomorphic toy (P(W)y)®", where y(P(W)x) denotes the tautological line bundle
over P(W)y.

Here we shall define the twisted Euler clag¥(n, &§) for a bundle gerbe module
& — Y with rank 1 by

X 0.8 = X (E)/m) € W Q)
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Proposition 5. If we changen to n' = n ® n*p for a line bundlep — X, then
we have

X' &) =x (&) — %x(p)-

Proof. By the definition of the mapg; and /n’, the isomorphism()* ® £%" =
7*p* @ (n* ® £%") implies £€"/n’ = p* ® (§®"/n). Therefore, we have

x (', &)=x"(n,&)— %X(P)- U

This have the naturality. That is, for eve@f°-maph: Z — X and a bundle gerbe
module¢ for (Y, L), we have

X" (R0, 08) ="y (n, &),
whereh: h*Y — Y is the bundle map coverinj: Z — X andh’¢ is a bundle gerbe

module for the pull-back bundle gert{g*Y,h*L) of (Y, L) by h.
Using this, we can define a homomorphighof degree 0:

0: H*(CP™ Q) — H*(P(W); Q)
x((CP™ ) x7(p*n, yw)< for k=0,...,m—1.

Then we have
k
00 (CEM)) = G (P 0 ) = i ((%x((yﬁ")/—p*n)) )

k

- (Betsoamm) = (Soem)
= x(r (P(W)))"
for k=0,...,m—1. This implies that
5007 H'(CE™ 4,Q) > H'(B(W),; @)

is an isomorphism for every € X. Therefore, by using the Leray-Hirsch theorem (see
[4] p.231) we have the following:

Theorem 3. The homomorphism of graded modules

d*: H*(X; Q) ® H*(CP™Y; Q) — H*(P(W); Q),
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which is given by
P (B®a)=pBUO) (BeH*(X;Q), a € H(CP™Q),

is an isomorphismand therefore p is injective

Hence, there exists a unique-tuple @i, .. ., Bm) € [, HX(X; Q) satisfying
m
—x (P W)™ = D (=D P AU (P )™,
k=1

DEerFINITION 8 (the twisted Chern class). We defitiee k-th twisted Chern class
ck(n, W) of the bundle gerbe module/ for (Y, L) by

g, W)=1, c(n,W)=p8c (A<k<m), and c(n,W)=0 (k> m).
The total twisted Chern class has the naturality.

Proposition 6. For every bundle gerbe module W f¢Y, L) and every smooth
map h. Z - X we have

¢ (h"n, A"W) = h*c* (n, W),
whereh denotes the bundle map covering h

Proof. Consider the next commutative diagram:

Y r Bw)

A LA

Z—T——P(H'W)

We have to note that*P(W) = P(h"W) and that p o h)*(Y, L) = (ho g)*(Y, L).
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By the definition of the twisted Chern classe’s we have
m
—x (P 0, )™ = D (=1 prei(n, W) U x* (5", yw)™
k=1
and hence the naturality of the twisted Euler classes implie
—x" (A0, i)™ = =i x " (P*n, yw)™

m
=Y (=DfNi(prci(n, W) U x (P, yw)™ %)
k=1
u k
% % AT T (RE=* RF m—
= Z(—l)khlp ck(n, W)U x* (hyp*n, hyyw)
k=1
It is easy to proveﬁiyw = yyw- Therefore, we have

m
_Xr(q*ﬁ*n, Vﬁ*w)m — (_1)k Z q*(h*clz(n’ W)) U Xr(q*ﬁ*n’ yﬁ*w)m—k'
k=1

This equality implies

ct(h™n, A" W) = h*ci(y, W) for every k. O

Proposition 7. Let W be a bundle gerbe module f¢Y, L) with rankW = m.
Then we obtainX and h X — X such that b: H*(X;Q) — H*(X;Q) is injective and
the bundle gerbe module"W for the bundle gerbgh*Y,h"L) over X splits into m
bundle gerbe moduleg with ranky, = 1, whereh denotes the bundle map h*Y — Y
covering h

Proof. First, we construct the bundle ger(fHW),f) associated with the projec-
tivization of a bundle gerbe modul/ for (Y, L). Then the bundle gerbe modul®&y
splits into bundle gerbe modulesy ® W+. Next, we take the bundle gerbe associated
with the projectivization ofW=,. By iterating this operation, we obtaiX and a map
h: X — X as we require. O

Proposition 8. Let & be a bundle gerbe module fdly, L) with rankg = 1 for
i=1,....m Then W=&®- - -®&, is a bundle gerbe module fdiy,L) and we have

W) =[], &).

i=1
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Proof. Consider the tautological bundle gerbe moduje of W. It is easy to
see thatyy, is a bundle gerbe module f((rIP’(W), L*). The n-trivialization n of L

induces then-trivialization n* of L* and p*n* of L*. Thenp*& ®yw is a bundle gerbe
module for (P(W), C) since (F(W), L ® L*) is canonically isomorphic t¢B(W), C).
A trivialization C of (P(W),C) defines/C: Mod(B(W),C) — Vect(X). Here we shall

denote the descended bundl¢/C by W, for every W ¢ Mod(@(W),Q). Then, we
have the isomorphisms:

C® (W ® o = (w ® r)o ® (W ® yyo
= ((rw @ WH) ® vin)o
= (P"W ® my)o
=(PEa®@ )o@ ® (P*Em ® i)
Therefore, we obtain
m
©) 0=x(C®W" ®¥3)0) = [ [ x(F"& ® riv)o)-
i=1
The next isomorphism is straightforward:
(P& ® m)o)®" = (P& ® mi)®Mo = (P*& @ yiy)®"/(P*n ® P*1°)
=((P"&)°" @ (vy)®"/(P 1 @ P 1)
= ((P*&)°" /P n) ® ()*"/P*n")
= ((P*&)*"/P*n) © (ny" /P )"
Hence we have the equality
4) x (P& ® vdo) = x“(P*n, P*&) — x (P 1, yw)-
Combining (3) and (4), we obtain
0=(=1)"x"(P"n, yw)"
+ (=D PRE) - X (P, PE) X (P, yw) ™
ek XN (P, PE) - xT(P0, P Em).
So by the definition of the twisted Chern classes and ¥ p*n, p*&) =
c'(Pp*n, P*&) = p*c’(n, &) we have

(W) =[] &) O

i=1



244 A. TOMODA

Proposition 9. Let V and W be bundle gerbe modules g L). Then we have
c'(n,Ve&W)=c'(n,V)Uc(n, W).

Proof. Proposition 7 implies that there is a spé\éeand the mapry : X > X
such thatr: H*(X; Q) — H*(X; Q) is injective andwyV =y, @ - - - @ p, wherey,
denotes a bundle gerbe module for the bundle geufjer (77 L) over X with ranky; =
1. So,my(VeW)=ynéd - -&ndryW. By applying Proposition 7 again to
(myY, 7y L) and Ty W, we obtain the splitting:

—% —

Twty(V OW) =Ty @ @7Tyn © & ® &m,

where & is a bundle gerbe module with ragk= 1 for (z,n7yY, Ty 7y L) over X'.
Therefore, by Proposition 8 we obtain

Ty (n, V & W)

=c (@wmyn Ty (V & W))

=C(TWAyn, TWwNn @ OTWN ©ELD - - - D &m)

=c (Tymyn, Tywyy) U - U (Tywmun, Twh)

U e (mwmyn §1) U - - - UC Ty, ém)

=cH(mTwTyn Twyw @ - - @ Tn) U (Tumyn 1@ - - - ® &m)

= (Tymyn, Ty V) U C (T Tyn, Twiwy W)

= gy (€T (n, V) U c* (n, W)). O

Let ox be thek-th elementary symmetric polynomial asg the k-th Newton poly-
nomial in m variablesty, . .., ty. It is well-known that they satisfy the equality

t|1(+--~+t,|](1:5k(011-~-10k)'

DEFINITION 9 (the twisted Chern character in algebraic topology). Wétbe a

bundle gerbe module foiv(L). Then we define the twisted Chern charactey ¢, W)
of W by

1
chir(n, W) = rankW + (€ W), .., k(. W)).
k>0

So far, we have constructed the twisted Chern classes anuvisted Chern char-
acter for bundle gerbe modules in terms of Algebraic Topgplothen the twisted Chern
character of bundle gerbe modules could be defined in thatgituwhere bundle gerbe
(Y, L) is given a bundle gerbe connection and the curvingf. On the other hand,
the twisted Chern character in terms of algebraic topolagylefined in the situation
where the bundle gerbe is given artrivialization.
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A curving f for (Y, L) is called compatible with tha-trivialization » if there is
a bundle gerbe module connecti®i on 5 satisfying the equatiorf = F(V")/n.

We need choose a curvinfy compatible with then-trivialization in order to make
the twisted Chern character gh satisfy the property

chis(f, W)™ =ch(W®"/n) for every bundle gerbe modulew.

We can choose a curving compatible with thérivialization. LetV be a bundle
gerbe connection forY(,L) and f a curving for {¥,L) with df = 0. Then-trivialization
n of (Y,L) can be regarded as a bundle gerbe moduleYoL$"). Then we can take a
bundle gerbe module connectidf’ of n compatible with the bundle gerbe connection
Ve for (Y,L®"). Hence we havé(nf) = F(V®") = §(F(V")). Sinces(nf — F(V")) =
0 andd(nf — F(V")) = 0, there is a unique closed 2-forth on X satisfyingnf —
F(V") =n*(i¢). Then f'=f —x*(i¢)/n is a compatible curving with;.

Proof of Theorem 1. By Proposition 7, we have: X — X such that
h*: H*(X; Q) — H*(?;Q) is injective and thah™W splits into bundle gerbe modules
E1@---@®é&m for (W*Y,h°L). A given n-trivialization 5 induces am-trivialization h™y
of (h*Y,ﬁ*L). The bundle gerbe module connecti®hand the curvingf of (Y, L)
induces the bundle gerbe connectiorv and the curvindh” f of (h*Y,h"L).

It suffices to prove cfy (h*n,&) = chhg(h" f,&) for everyi. Take a bundle gerbe
module connectiorVé on &. In fact, we have an equality

7 o (1, 8) = exp(z‘_nli(p(va) R f))

exp(% <2__nl| (n F(VE) — ﬁ*(nf))))
e

_ exp(yr* (% F (v@i®”>/ﬁ*n)>)

-1 -
=" eXp<_2nni F(VEM "))

1
[¢)

The induced homomorphism*: Q*(S(\) — Q*(h*Y) is injective. Therefore, we
obtain ch(&) = exp((—1/2nyri)F(V@im)/ﬁ*”)). This coincides with the image of
exp(x*(N"n,&)) =chiy (A", &) in real conomology. Therefore, we havehghfh™ f,&) =
chir (R'n, &). u
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