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1. Introduction

Let M be a closed orientable 3-manifold admitting an orientation reversing
involution = (i.e.7*=identity and 74[M]=—[M] for the fundamental class [M/]
of M). Let Fixt be the fixed point set of 7 on M.

According to Smith theory (cf. [1]), each component of Fix = is a point or a
closed surface, and the Euler characteristic number ¥?(Fix7)=0 (mod 2). A.
Kawauchi has shown in [4] that Tor H(M; Z)=A®A or Z,PAPA for some
finite abelian group A and dimg, H(Fix r; Z;)=0 (mod 2) iff Tor H(M; Z)==
ADA. J. Hempel has proved in [2] that if Fix r=¢ or contains a closed orien-
table surface S #.5?% then 8,(M)>0. And in [3], he has shown that if z,(M) is
not isomorphic to {1} or Z,, and =,(M) is not virtually representable to Z, then
Fix 7 is a 2-sphere or two points or Fix 7 contains a projective plane. The author
proved in [6] that for rational homology 3-spheres M with an orientation revers-
ing involution 7, dim,, H, (Fix r; Z,)<dim,, H,(M; Z,). In this paper, we shall
give a generalization of this inequality in the case of general closed 3-manifolds.

Theorem. For any closed orientable 3-manifold M admitting an orientation
reversing involution T, we have

dimg, H,(Fix 7; Z;)<dimgz, H,(M; Z,)+8,(M)
where 8,(M) is the first Betti number of M.

This inequality is best possible. For example, consider a double of handle-
body with involution interchanging handlebodies. Another example is in the
proof of theorem 1 of [5].

Throughout this paper, we will work in the piecewise-linear category.

The auther world like to express her hearty thanks to Professor A.
Kawauchi for helpful advice.
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2. Proof

We may assume that Fix 7 contains surfaces. Let F be the union of sur-
faces contained in Fix7 and iy: H\(F; Z) - H(M; Z) the homomorphism
induced by the inclusion map. Note that H(F; Z)=H,(Fix r; Z). For each
1-cycle C on F such that [C]€Keriy, there exists a 2-chain D in M such that
dD=C. Note that D—=D is a 2-cycle in M. Now define a subgroup G of
Ker iy as follows;

G = {x=Ker iy | there exists a 2-chain D in M such that [0D]=x and
[D—7D]=0€H,(M; Z)}.

Let ¢: Keriy—Keri,/G be a canonical homomorphism. For each element
y of Keriy/G, let 7 be an element of Keriy such that ¢(¥)=y. Then there
exists a 2-chain D such that [0D]=23. Note that [0(D+7D)]=2) and
[(D471D)—7(D+7D)]=0. Hence 2y € G. It follows that each element of

Keriy/G has at most order 2. Thus we have Keri*/G= GmaZz for some integer
m.

Let y,, 5, ***, ¥ be a basis of Keriy/G== e'anZ2 and ¥,, ¥,, +*, ¥, elements of
Keriy such that ¢(¥;)=y; (i=1, 2, -+, m). 'Then there exist 2-chains D,, D,, ---,
D,, in M such that [0D;]=3, (i=1,2, --,m). We will prove that [D,—+D,],
[D,— D,), +*+, [Dy—7D,] are linearly independent in H,(M; Z). If 337,
a;,[D;—rD;]=0 for some integers a,, a,, ***, a,,, Wwe may assume the greatest
common divisor of a,, a, :*+, a,, is one, since Hy(M; Z) is torsion free. Then,
[0(X27-1 a;D))] = 31 a;y; and  [X7.a;D; — (7.1 a;D;)] = 0. Hence
ey, €6 and ¢(071 a;¥,)=2¢-14;;=0. It shows that each g; is even
(=1, 2, :+-, m) and this is a contradiction.

Therefore, [D,—=D,], [D,—7D,), --+, [D,,—7D,,] are linearly independent in
H,(M;Z). Hence m=B,(M)=B,(M), where B;(M) is the i-th Betti number
of M.

On the other hand, we will have G<2H,(F; Z). For each element x of
G, there exists a 2-chain D in M such that [0D]=x and [D—7D]=0€H,(M;Z).
Let E be a 3-chain in M such that 0E=D—+D. Then we can see that
0=[0(ENF),=[x,€H\(F;Z,)=H,(F; Z)]2H\(F; Z). Hence, x&2H\(F; Z).
For detail, see the proof of theorem 4 of [5].

Hence we have,

dim,, Im ix®Z,= dim,, H|(F; Z)QZ,—m= dim,, H\(Fix v; Z;)—B,(M) .
On the other hand,
dim,, Im 4, ®Z,< dim,, H(M; Z)QZ, = dim,, H\(M; Z,) .

Thus, we have,
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dim, Hy(Fix 7; Z,)< dimg, H(M; Z,)+8,(M).

This completes the proof.
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