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Introduction

Analysing singularities of distributions, we often examine the following
integral with a parameter ¢>0:

I(c) = SR”e"’W(‘)p(x; o)dx (or Se“"”‘”p(x; o)dx) ,

where @(x) is a real-valued C> function and p(x; o) is a C* function with an
asymptotic expansion

p(2; 7)~ po®)+pu() (i) "+ pal) (i) 24 -+ (as a—>00)

In this paper we study conditions for the integral I(¢) not to decrease rapidly
as o— oo, and solve some inverse scattering problems.

As is well known, if stationary points of ¢(x) are non-degenerate (i.e. det
(0ip(x)) =0 when 0,9(x)=0), I(s) is expanded asymptotically as o— oo, and we
can know whether I(o) decreases rapidly as g—>oco. Also when the stationary
points are degenerate, the asymptotic expansion of I(g) is obtained if @ (x) is
analytic (cf. Varchenko [16], Duistermaat [1], etc.), and then we can know it
through the expansion. But it seems difficult to do so when all derivatives of
@(x) vanish at some points, whose case we take into consideration. In our meth-
ods we do not employ the asymptotic expansion of I(¢). In the previous paper
[13], the author examined the case that n=2 and p,(x)=0 (j=1): If po(x)=0 on
R? and py(x,)>0 for a degenerate stationary point x, of @(x), then (1-+ |o|)"I(c)
& LA(R") for some m<<27* (cf. Theorem 1 of [13]). Improving the methods in
[13], whose idea is due to [8], we shall obtain similar results also in the case of
n=3.

Let supp[p(+; o)] and supp[p,] (j=0) be contained in a compact set D in
R". We set

Bl = {x: px)Ss}  (<R),
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(0'1) g]-(S) = SE(s)pi(x)dx (] = 0’ 17 "') .
One of our main results is the following

Theorem 1. Let all p; (j=0) be real-valued. Then, for every meR we
have
o"I(c)eL¥(1, )
if and only if for every integer N(=1)
T (="

o (f—1)!

The following theorem, derived from the above theorem, seems useful to
estimate singular points of distributions.

ao=art 2 | o g maccram).

Theorem 2. Let all p;(j =0) be real-valued, and let py(x)=0 on R". If p,
satisfies

Po(%)>0 on E(inin @(x)),
then for some m(E R) depending only on the dimension n we have
a"I(c)EL¥(1, ).

Theorem 1 implies that decreasingness of I(c) is connected with smoothness
of the measure |E(s)|. This is seen also from the discussions in Vasil’ev [17]
or Kaneko [3] (cf. §2 in Chapter I of [3]). Our methods in the proof of The-
orem 2 (and in the author [13]) are based on analysis of |E(s)].

In the latter of the present paper we shall consider some inverse scattering
problems, and solve them by means of the above results. In §2 we deal with
the scattering by a bounded obstacle © (CR", n=2) with a C* boundary 80.
Assume that the domain Q=R"—(© is connected, and consider the initial-
boundary value problem

Ou(t, x) =0 in R'XQ (O =109i—4),

uit,x)=0 on R'X3Q (0Q =2030),

u(0, x) =fi(x) onQ,

0u(0, x) = fo(x) on Q.
We denote by k_(s, ) (ki(s, w)) EL*(R'x S"') the incoming (outgoing) trans-
lation representation of the data (fy,f;) (cf. Lax and Phillips [6], [7]). The

operator S:k_—k, is called the scattering operator and represented by a dis-
tribution kernel S(s, 6, ») called the scattering kernel:
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(SE) (5, 6) = s S S(s—1, 0, w)k_(t, w)dtde

(cf. Majda [8] or §1 of the author [14]).
Majda [8] showed in the case of OC R® (i.e. n=3) that for any fixed v & S?

(i) supp S(+, —w, ) C(—o0, —2r(w)],
(i1) S(s, —o, w) s singular (not C*) at s= —2r(w),

(0.2)

where 7(w)=min x-w. He reduced proof of the above (ii) to verifying that the
x€0
integral of the form

Snze“""”‘)p(x; o)dx

does not decrease rapidly as o— oo (cf. §2 of Majda [8] or §4 of the author [14]).
His methods are not applicable to the case of #>>3, one of whose reasons is that
the stationary points of the phase function ¢@(x) are not necessarily non-dege-
nerate.

Using Theorem 2, we can prove that (0.2) is valid also when #>3:

Theorem 3. For any fixed o and 6= S"™* with w=6, we have
(i) supp S(+, 8, ) C(— o0, —r(0—0)],
(it) S(s, 0, w) is singular at s=—r(w—0).

In §3 we consider the scattering by inhomogeneity of media expressed by
the equation

O%u(t, x)— 33 0,(a;,(x)0:u(t, ¥)) =0 in R'XR",
i,j=1
(03) u0,x) = f(x) onE",
0,u(0, x) = fo(x) on R",
where a;;(x) are real-valued O~ functions satisfying
a;(x) = aj(x), xER",
a;;(x) =0(i=%j), ay(x)=1 when |x| =7,
S, (WEE;ZOIEI, xR, ESR'.
We can apply the scattering theory of Lax and Phillips [6], [7] to the equation
(0.3). For this scattering the author in [15] has obtained the results correspond-
ing to (0.2), but they are not satisfactory in the case of #=3. By means of

Theorem 2 we get rid of the restriction to the dimension 7.
Let us review the results of [15]. We set

No(x, ) = —{ S ay(EEN".
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Denote by (¢7(¢; s, %, &), p~(¢; s, %, £)) the solution of the equation

éq__:_— (g~ - ‘_i-ﬂ:zax_ - -
dt 0ena (g™, p7) dt A (g7 P7),
q—|t=s=x) P-|t=szgv

and for w, 0 S"! set

M(0) = {y: yr0 = —15 im p™(t; —10, y, 0) = 6} ,

(0) =, sup, Hm(@(t; =10 3, 0):0—1)},

M(0) = {yEM,(0): s.(60) = lim(q™(t; —70 y, w)-0—1)} .
We assume that for any y (y-w=—7,) and 0 &S"™!
(0.4) lim |g7(t; =70, 9, 0)| = 0.

Then singular support of the scattering kernel S(-, 8, w) for the equation (0.3) is
contained in the interval (— oo, 5,(6)] (cf. Theorem 2 in the author [15]); further-
more, when n=2, it is proved under some assumptions that S(s, 0, ) is singular
at s=s,(0) (cf. Theorem 3 in [15]).

We show in §3 that this is valid also in the case of #>2:

Theorem 4. Assume (0.4) for any y (y:w=—r1,) and o€ S"™'. Fix o and
0 S* ! with w0, and let the assumption

(0.5) det[0,g7(¢; —70 ¥, ®)]=0  for any (t, y) E[—ry, o)X M, (6)
be satisfied. Then S(s, 0, ) is singular at s=s,(0).

The assumption (0.5) means that there is no caustic on {(¢,x):x=¢"(¢; —7,%, ®),
—r,<t<<oo, y& M,(0)}, namely, the mapping: (,9)—> ¢ (t; —70 y, 0) (—7r,=t<
00, yew=—r) is diffeomorphic on [—7,, c0)x M,(). In the previous paper [15]
we added the assumption

det[0gp~(2; —70, ¥, )] F0 for any (t, y)E[—ro, o)X M,(0),

but this is not necessary.

1. Proofs of Theorem 1 and Theorem 2

We denote by H™(M) the Sobolev space of order m on M, and by H:.(M)
the space of functions g(x) satisfying a(x)g(x)eH"(M) for any a(x)eCq(M)
(C5(M) is the space of C* functions on M with compact support).

Lemma 1.1. Let @(x) be a real-valued C= function on R", and let p(x)
be a C*= function on R" with compact support. Then the function
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g0)={__p(ax
(where E(s)={x: p(x)=s}) satisfies
(i) g9=0 ifs< min o(),

x€supp(p]

(i1) g(s) is constant if s> max @(x),

xEsupp[p]

(i) g(s)EHp(R") for any m<27'.
Proof. Set

1 for s=0,

H =
(©) 0 for s<<0.

Then it follows that H(s) € Hs(R") for any m<<27', and so H(s—p(x)) becomes
a Hjp(R")-valued continuous function on R}. Therefore, noting that g(s)=

SRnp(x)H(s——cp(x))dx, we obtain (iii). If s< min ¢>(x) we have E(s) Nsupp[p]

xXEsupp|p

=¢, which proves (i). If s> max ¢(x), E(s) contams supp [p], which yields

X E€supp(p)
(ii). The proof is complete.
Proof of Theorem 1. It follows from (iii) of Lemma 1.1 that the function
g,(s) defined in (0.1) belongs to L{.(R"). Therefore we have

[ S ramaciary Gz,

j—D!
i(* (=1
], ST = g9
Hence the function §y(s) (—go(s)+2 S (( 1))' g,(t)dt) satisfies
(1.1) 03 8n(s) = Eaf‘fgj(s) .

We define I(o) by
I(o) for >0,
(0) = {——"——
I(—o) foro<0.
Then ¢"I(¢)€L¥(1, o) if and only if (14 |o|)"I(c)ELXR"). Furthermore,
since p;(x) are assumed real-valued, it follows that for any integer N(=0)

(2 Ho) = 51, e o dtio) + 0l |7

Here 0(|o [*) means that |0(|o|*)| =C|o|*(]a|=1) for some constant C inde-
pendent of o.
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Noting that §(s—ep(x)) is a H"(R})-valued continuous function of x (m<
—27") and equal to 9,H(s—(x)), we obtain

o= io?(n) — Se"iﬂS(s—-(p(x))ds = F[0,H(s—p(x))] (o),

where F is the Fourier transformation in s (the above integral is in the sense of
distributions). Therefore we can represent the Riemann sum S €770 p;(x)dx
R

in the following way:

(13) [ e ps0)dx = FIo.|_HG—p)p;(x)dx] (o)
= F[08,4;(5)] (o) -
(1.1), (1.2) and (1.3) yield that
(1.4) (o)~ U(0) = F[8Y2x(s)] (¢)+0(le| 7).
Let (14 | o |)"I(c) € L¥R") for every mER. Then it follows from (1.4) that
0sgn(s)EH(RY),
which implies
En()ECY(RY).

Conversely, let gy(s)eC¥ for every non-negative integer IN. Then we have
0V gy (s)EHisi(R"), which means that 9Y+'gy(s)e H }(R") since 9y gy(s)=0
for large |s| (cf. (i), (ii) of Lemma 1.1 and (1.1)). Therefore, by (1.4) we obtain
(1+|a|)¥I(s) €LY R") for every integer N(=1). This shows that

(1+|a|)"I(c)EL(R")  for every mER .
The proof is complete.
Proof of Theorem 2. We can assume without loss of generality that s,=
1 — 1 : < : = 1
min @(x)=0. Smceoréntaécslg,(t)[ = |E(s)|rzleagcl pi(x)| (1E(s)] SE(S) dx), there is

a constant C independent of s such that

f e rawarscisriEgl Gz,

Therefore we have

[8n(9) | =1 &(5)I —é | SS (s—2y~"

o (j—1)!
2 (min py(x)—C % Is17)| E(s)] .

gi(t)dt|
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Since mig po(%)>0, we obtain min py(x)=28 for a constant §>0 independent of
*€n(0) *E0) )

s if |s| is small enough. Therefore, if [s| is small enough, it follows that
1&n(s)| =8| E(s)] -

Take a point x, satisfying ¢(x,)=0 (=min ¢(x)). Then there is a constant d (> 0)
such that *<r
E(s)DE(s) = {x: d|x—x| <5},

which yields | E(s)| = | E(s)| =8's" for s=0 (the constant &’ does not depend on
§). Thus, for any sufficiently small s=0 we have

(1.5) | Zn(s)] =885

Now, assume that ¢"I(c) € L¥(1, o) for every m&R. Then it follows from
Theorem 1 that Fy(s)&C? for any integer N =0. Take the N so that N=n+1.
All the derivatives gy(0), 8,25(0), ---,8Yg(0) vanish because of (i) in Lemma 1.1,
and so, by the Taylor expansion, we obtain

[Zn() | =Cls|".
This is not consistant with (1.5) as s—>-+0. Therefore we have
a"I(c)e L¥(1, o)

for some constant me& R depending only on 7.

2. Proof of Theorem 3

In this section we review some results obtained in Majda [8] and the author
[14], and prove Theorem 3.
Let 9(¢, x; ») be the solution of the equation

(ou(t,x)=0 in R'XQ,
(2.1) o(t, &') = —27(—2#0)"""8(t—x"+w)  on R'X0Q,
v(t,x) =0 for t<r(w) .

Then v(¢, x; ®) is a C= function of x and o with the value S'(R}).
Proposition 2.1. S(s, 0, ) s represented of the form
S(s, 0, w) = Sag {01 7%0,v(x-0—s, x; 0)—v 007 'v(x-0—s, x; 0)}dS, (0=*0),

where v is the outer unit vector normal to 9Q (cf. Theorem 1 in Majda [8] and
Theorem 2.1 in §2 of the author [14]).

In the above proposition the integral S +dS, is in the sense of the Riemann
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integral with the value S'(R"). For the proof see Majda [8] and the author
14].

. It is seen that the wave front set of 8(—x+ )| g'xao is Non-glancing in {(¢, x):
—r(w—0)—2n=x-0—1} N (R'X0Q) (w=+0) if » (>0) is small enough (for de-

scription of wave front sets, see Hormander [2], Kumano-go [5], etc.). Therefore

we can construct there the solution o(¢, ¥; ») of (2.1) mod C* by means of the
Fourier integral operators (cf. §9 of Nirenberg [10]), and get information about

040 | g'xoo- This is indicated by Majda [8] in the case of §=—ow (cf. Lemma 2.1
of [8]). We have

Lemma 2.2. There exists a first order pseudo-differential operator B on
R x 0Q) independent of t such that
(i) its symbol B(X'; T, E') represented near
N(wo—0) = {x: x-(0—w) = r(0—0)} N3O
by local coordinates (t, X'), has a homogeneous asymptotic expansion 2 By%'; T, &)
satisfying

(2.2) —iB(%'; £1, F0)>0 on N(w—0) (9’ is the tangential component of 0
to the plane {x: x-(0—8)=r(0—08)}),

(2.3) By&';7,E’) are purely imaginary-valued for even j and real-valued for odd j,
(i1)  8y0|glxaq 15 equal to B(v|glxag) mod C= in {(t,x): —r(0—0)—n=x-0—1t}

N R' X 0Q for some small constant »>0.

In the above lemma, “a homogeneous asymptotic expansion iB (x5 &Y

means that B (56’; ut, pE)=p' " iBy(x'; 7, &) for p=1, |7|+ 115701 >1 and that

|B(X; T, E"— 2 By&';7, &) <Cx(|7|+|E'| +1)"¥"! for any non-negative in-

teger N (for detalled description of pseudo-differential operators on manifolds,
see Seeley [11], etc.); (ii) in the lemma states that a(¢,x") (042 | glxsa—B(V | r'x00))
eC* for any «a(t, x")€C=(R'x 0Q) with supp[a]C {(2, x): —r(w 0)—n=x-0
—t}

Proof of Lemma 2.2. Let Sl‘_, X;(x) be a partition of unity on a neighborhood
of N(w—0) satxsfymg max |supp [X:]1 =& (& is a sufﬁc1ently small positive con-
stant). Then there is a constant §>0 such that E X;(x)=1 for any x=0Q
satisfying —r(w—0)—& =x+0—x-w. Let v,(¢,x) be the solution of the equation

Ooi(t, x) = 0 inR'xQ,
vi(t, &') = Xy(x")o(t, x5 w) on R'X98Q,
(¢, x) =0 for t<r(w) .
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Since supp[v|glxse] C {(t, x'): ¥ 0=t}, ‘_j 04(t, ") is equal to v(¢, x'; w) on (R

xoQ)NA(¢, x'): —r(0—0)—& =x"-0—t}, and so, noting that the propagation
speed is less than one, we have

ot v 0) = ot,3) i (RXQ)N (G ): —r(0—0)—&=x-0—1}

We denote by WF[f(t, x)] the wave front set of f(#,x). It is seen that
WEF [ glxoa] =WF[8 (%" c0—1) | glxoa] = {(t, ¥'; 7, E'): (¢, ) ER'X0Q, &' *0—t
=0, §'=—7(0—(w+v)v), 730} (v is the outer unit normal to Q). Hence, for
any (¢, x"; 7, &' )EWF[v;| gixso] the equation 72— [E'4+Av|?=0 in A has real
roots, and the null-bicharacteristics associated with 8 — A through WF [v;| g'xsa]
are transversal to R' X 9Q (non-glancing). This implies that sing supp[8,7; | r'xsc]
Csing supp [9;] glxsa] (cf. Theorem 7 in §9 of (Lax and) Nirenberg [10]), and so
it suffices to examine v,(¢, x) only in a neighborhood (¢,—&, t;+&,) X U; of (¢;, x)
(¥ esupp [X;] N N(w—0) and t,=x"+w).

To analyze v; more precisely, we transform Q in U; into the half-space R’
={Z=(%', %)): %,>0}. Let the derivative 9, be transformed in U; into —d53,.
For any set M in R? we denote by M the set transformed by the coordinates .
Let —A, be represented by % of the form A'théza,(i)ag. Here we can assume

that the coefficients a,(%) are real-valued C* functions defined on R” and constant
out of U;. Let us examine the solution (¢, X) of the following equation instead
of vy(t, x):

@i+A)v(t,%)=0 in R'XRY,

b(t, %) = g(t, &) on R'XR"™*,

(1, %) =0 for t<<t;—&,,
where g(t, X')=—2"Y(—27i)"""8(%(X) - w —t)X;(x(Z")). Note that WF [g(¢, Z')]
is contained in a sufficiently small conic neighborhood of (¢, x'; -1, F8") (9" is

the component of 4 (transformed by the coordinates X) tangent to the plane %,
=0), and that if |(7, £')| (r, §’) is near |(x1, F8')| (£ 1, F8’) the equation

(24) T+ A % E &) =0
(A%, g):|$— a,(%)E”) in £, has two real roots. Furthermore, examining the

forms of these roots, by the same procedure as in Nirenberg [10] or Kumano-go
[5] (see Lemma 1 in §5 of [10] or Appendix II of [5]) we can construct first order
pseudo-differential operators £*(%; D,, Dz) on R} X R% (independent of #) with
homogeneous asymptotic expansions i E¥(%; T, E') such that

j=0

(1) EF(Z;7,E') are real-valued for even j and purely imaginary-valued for
odd j,
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(i) i |(r, &) \(r, &) is mear |(—1,8")|(—1,8") or |(1,—0")|7}(1,—0"),
EF(Z; T, E') are equal to the roots of the equation (2.4), and

EH(® 41, FO) = F(1— 6|37,

(i) all the null-bicharacteristic curves associated with Dz —E&5(X; D,, Dy/)
through WF[g(¢, )] are transversal to the boundary {%,=O0} and proceed in the
direction t>>0 as they leave the boundary,

(iv) if the wave front set of u(t, x) is near the bicharacteristic curves stated
in the above (iii), then we have

(D3,—&°(%; D, Dy))) (D3,—E")u = £(%) (0i4+A)u  mod C,
where §(X) is a C* function on R" satisfying £(%)<<0 for every X.
(iii) and (iv) imply that 9(¢, X', %) is approximated mod C* by the solution
w(%,; ¢, ') of the equation
{ (D;O—S‘F(-ff; Dt; D'E’))‘w =0 ’ x0>0 ’
w|z,-0=h(t, X) .

Therefore we have

— 05,0 | 7,0 = —iE* (&, 0; Dy, D)) (D] 3,00) mod C=.

0

Combining this with the above (i) and (ii) yields the lemma. The proof is
complete.

Proof of Theorem 3. The solution v(¢, x; ) in (2.1) satisfies supp[v | g'xaq]
c{(¢, x): x~0=t}. Therefore, noting that the propagation speed is less than
one, we see that supp[o(¢, x; 0)]C {(¢, x); ¥*w=t}, which yields

v(x+0—s, x¥; 0) =0 if s>x(0—ow).
Hence, if s> max x+(—w)=—r(0—0) (0*6), we obtain S(s, §, ©)=0 from

Proposition 217"
Next, let us prove that S(s, 6, w) is singular at s=—r(0—6). Take a(s)E
C=(R') such that 0=a =<1 on R', a(s)=1 for |s| =27 and a(s)=0 for |s|=1.

For any €>0 set
—6

Then we have only to prove that a,(s)S(s, , ») is not C= for any small £>0.
Proposition 2.1 yields

a(s)S(s, 0, ) = Sagag(s) (077%0y0) (%0 —s, x; w)dS,

—vaoeag(s) (077'0) (x+0—s, x; 0)dS, = Ji(s)+]2(5) -
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Let F[k(s)] (o-):sei"sk(s)ds. As is readily seen, it follows that

(25) F[]z(s)] (o_) — _2—1(_27ri)1~n "2_1 C;]z_—-l(l'o_)n—l—jsa eia,-(o—ao(_,,.g)
i=o o
a(x+(0—w))dS,
(where C}'=(n—1)!/(n—1—)!j!). Taking the &(>0) so that 26<7, by Lemma
2.2 we have

FUO @) =], eeo-a, (w0531 7[Bo | greaa] (s, x)asdS,

2N (2 S C?'Zg tBlei* @090 (x+ 0—8)] | —-udS,
i=0 9Q
«(ic)" 2.

Here ‘B denotes the transposed operator of B (i.e. 'Bf, g>=<{f, Bg) for any f
and geCF(R'x0Q)). Let us note that the symbol of ‘B expressed near supp
[a(x-0—28)]N(R'*X3Q) by the local coordinates (¢, '), has a homogeneous

asymptotic expansion ji;o’B (&7, E') such that ‘B,(X’; T, £') are real-valued for

odd j and purely imaginary valued for even j and that —i'By(%'; =1, ¥0')=
—iBy(%'; F1, £0")s0 for ¥ € N(w— ), which follows from Lemma 2.2. By the
methods of stationary phases (cf. §3.2 of Hérmander [2], §4 of Matsumura [9],
etc.), we can expand ‘B[e""* 0 9q{)(x+0—s)] asymptotically (as c—o0) in the
same way as in Proposition 4.1 of the author [12]. Therefore we obtain the
asymptotic expansion

(2.6) F[]] (¢)~—2"Y(—2ni)*"" i: (ia)"-l—igmem-<o-w>;3,.(x)ds,, (as o —00),

where 3;(x) are real-valued C* functions on 9Q with supp[B;]Csupp[a,(x+(0—
))]N0Q, and By (x) is non-negative valued and satisfies

Bo(x) = —i 'By(¥'(x); —1, 0 )at(x-(0—w))>0  for x&N(w—80).
Combining (2.5) and (2.6) yields that for any integer N(>0)
Flan(9)S(6, 6, )] (0) = —27(—2mi) (i)™ emiostre=s

R 1
N-1 .
. {jgo pi(Z") (to)}dx'+0(a™¥) .
Here %' is the local coordinates on 9Q near N(w—#6) and
Pi(E") = B@(X)A(—v-0)a(%(%):(0—w)) (af’=0,j=n).

Noting that py(%')>0 when the phase function ®(X')(w—6) is minimum, and
applying Theorem 2, we obtain for some constant m& R

" Flot(s)S(s, 6, )] () ELX(1, o),
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which shows that a,(s)S(s, 8, ») is not C=. 'The proof is complete.

3. Proof of Theorem 4

We use the same notations as for the scattering by obstacles in §2. The
scattering operator .S for the equation (0.3) is represented as follows (see The-
orem 1 and (3.1) of the author [15]):

Proposition 3.1. Set

Sis, 0, @) = | (01" 00w) (x-0—s, x)d.
Kk = F~'[(sgn o)""(FF) (a)] ,
where w(t, x) is the solution of the equation
@ —Ayw(t, x) = 0 (Aw = 30, (a;0.,w)) in R'XR",
w(—74 x) = —2“(—27ri)1‘”,8’J(1r0—x-co) onR",
0, w(—74 x) = —27(—2mi) "8 (—1y—x*w) onR".
Then we have

(S) (5, 6) — SSSO(s—t, 8, w)k(t, w)dtdew+(KK) (s, 0) .

Note that Sy(s, 8, 0)=S(s, 8, 0) if 0=+6.

To prove Theorem 4, we have only to show that for any small &>0)
there exist a real number m and a function p(s)E C5(s.(0)—28, s,(6)+2€) such
that

(A+ 1o )" Flp(s)S(s, 0, w)] (o) & L(R) .

Let v(x)eC5(R") with y(x)=1 in a neighborhood of M,(6), and denote by
wW(¢, x) the solution of the equation

@i —A)yw(t, x) =0 in R'XR",
W(—7rg, x) = v(x)w(—7, x) on R",
0,0(—7ry, x) = v(x)0,2(—7y, x) on R”.
The author [15] showed that if 7 is large enough we have for any integer N(>0)
Flp(5)S(s, 6, )] () = 2777 3] (i) IF[8,(x) a(F, 2)
+(ia)'0,@(%, x)}] (—a0)+0(c~N*+o)

as o — oo (IV, is an integer independent of N) (cf. (4.5) in [15]). Here, &’
denotes the Fourier transformation in x, and the functions B;(x)C7(R") are
all real-valued.
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We take # so large as to have (i) and (ii) stated in the following

Lemma 3.2. Let r, be an arbitrary constant (=r,), and set

Y(x; 1) = ¢ (8 —70, %, 0)+0 .

Then, for any &(>0) there is a constant ¥, such that for any fixed t =1,
(1) maxyo(x; £)<s,(0)+F+€,

|21 Sry
Tw=-rq

(i) all points at which r(x;F) is maximum (x-w0=—r,, |x| <r,), are contain-
ed in &-neighborhood (M(0)), of M,(6) ((M).= {x: dis(x, M)<é&}).

This lemma will be proved later. Choose the p(s) so that p(s)=0 on R" and p(s)
>0 on [5,(0)—¢, s.(0)+&]. Then it is seen from the form of B(x) (cf. (4.4) and
(4.6) in [15]) and the above lemma that
(3.1 Bo(®)=0 on R" and By(q (£; —74 ¥, ))>0

forany ye@.(0)). (y:0="—7).
We take the y(x) so that y(x)=0 on R", y¥(x)>0 on (M,(6)), and supp[y]C

(V(6))ze-
By the same procedure as in Nirenberg [10], Kumano-go [5] (cf. §5 of
[10] or Appendix II of [5]), we can construct a symbol A(x, £) with a homo-

geneous asymptotic expansion ﬁ Aj(x, &) such that
j=0
M ) = { 3 a(EEN",
—0i+A4 = (D,+x(x, D,)) (D,—X\x, D,)) modulo a smoothing operator
(cf. Corollary 2.5 in the author [15] also). Furthermore we see that \;(x, £)
are real-valued for even j and purely imaginary valued for odd j since the coef-
ficients a;;(x) are all real-valued (recall the construction of £*(X’; 7, £') in §2).
Consider the Cauchy problem
{ (D,—n\(x, D,))u(t,x) =0 in R*'XR",
U] =0 = Up(x) on R",
and denote by E(t) the operator: u,—u(t, »). Then @(Z, x) and 8,W(Z, x) are re-
presented as follows:
w(E, x) = 27 E(E+r1,) (W(—7, +)—iF0@(—7, +)) (%)
+27E(—E—ro) (W(—70, *)FIEOH(—7, +)) (%)
0,0(%, x) = 27'E(f +71)iMW(—7¢, *)—1B0,8(—7y, *)) ()
+2_1E(‘“Z_ro)ix(w(_ro» *)+1E0(—14, *)) (%),

where A and /% are pseudo-differential operators whose symbols coincide with
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Ax,E) and p(x,E) (p(x,D,) is the parametrix of A(x, D,)) respectively in a neigh-
borhood of supp[y(x)] and vanish for large |x|. Therefore, noting that

F[BE(—E—10) (D10, *) i1, )] (—aB) = 0(c™)
FBE(—E—r0) MB(—16, ) +ifi030(—r0, )] (—06) = (™)

as g—oo (cf. §4 of the author [15]), we have
Flp(s)S(s, 0, 0)] (¢) = 2%~ 1:2;:(1'6)"—l-fs‘ff[z-l,ejE(f+ro) (1+o™%)
“(W(—ry, +)—1ROH(—7s, *))] (—00)4-0(a™ ¥ T0).

The assumption (0.5) implies that if WF[#,] is contained in a conic neigh-
borhood of M,(0)X {—w} (WF[@(—7,, +)—ifE0,0(—7,, +)] is contained there)
E(f+7,)u, is represented by the Fourier integral operator:

E(F L ro)ug(x) = (27:)-"Sef¢<7+ro»wa(f+ro, x, EYlo(E)dE  mod C=

(cf. the proof of Theorem 2.6 in the author [15]). Moreover note that F'[§%®
(— 70— %+ w)] (Bn) =(—1in)*e""3(n") (n="C(n, n')), where B=(b,, ---, b,) is an
orthogonal matrix with b, =w. Then, introducing change of the variables
x=q"(; =709, 0) (=¢7(y)) vear x=q7(2; —7o, My(0), ) (y=(30,¥") is ortho-
gonal coordinates with y,=x+w»), we obtain

E‘l"-l[z—ll('}jl'-:(’.{""'o) (1‘*_0'_17\') (W(—70, *)—1/E0,(—1,, )] (—ob)
- Se"dx-ox/(x)ﬁ,.(x)S:’ewﬂom-m>a(i L1, %, —Te)e~ odrdx +-0(c™)
= { ity |"_an{ garemcoremamig g )my)
R —o0 0
ca(t+1y, ¢ (¥), —oTo)|det aaiyl +0(c™=) (as g—>o0)

(F(x)=CF(R"), ¥(x)=1 on a neighborhood of ¢~ (supp[v]), and # is a positive
constant independent of ). 'The function ®(y,, 7)=¢"(¥o, ¥')*0—7(v,+7,) has
the stationary point (y,, 7)=(—7ry, p~(—7y ¥’)+ ), at which its Hesse matrix equals

[—?1 —61] Expandings S:e""“’”"‘”,@ﬂ---dyodv (as o—> o) by the methods of

stationary phases (e.g., cf. §3.2 .of Hoérmander [2], §4 of Matsumura [9], etc.),
we have the asymptotic expansion

(32) F[p(S)S(S, 4, a))] (0‘) = e"'.”?(io-)”‘lg e'qu‘(?; ~7gr%,0)*0

xew==Yg

) {E: pi(x) (io) 7} dx + 0(c™+No)

(N, is an integer independent of N=1,2, ---). Here p; are C* functions with



RaPID DECREASE OF OSCILLATORY INTEGRALS 455

supp[p;]Csupp[y] and all real-valued, which follows from the fact that the
symbol a(Z, x, £) has a homogeneous asymptotic expansion ia,,(f,x, £) such that
£=0

ay(Z,x,&) are real-valued for even k and purely imaginary valued for odd k; further-
more p, is of the form

pd¥) = Y3)Bq E; —70 ¥, 0))aE+70 ¢ (F; —70 ¥, @), — )] det%—.qy_l .

Combining this with (3.1) and (ii) of Lemma 3.2, we see that py(x)=0 on
R" and py(x)>0 for any x at which the function

P®) = —q(F; —ro %,0)-0 (50 = —15)

is minimum. Thus, applying Theorem 2 to (3.2), we obtain
o"F[pS] (o) & L¥(1, )
for some constant me& R, which proves Theorem 4.

Proof of Lemma 3.2. 'We denote by y the variables on R* ™= {x:x+w=—7}.
It follows from (0.4) that for a large constant #, independent of ¢, ¥ and w

g (t; =10y, 0) = q (te; —70,Y, 0)+({E—1)p™ (t; —70, Y, ), tgtmyERn_l .
Fix ¥y M, (0) arbitrarily and take a neighborhood U(¥) of 7 such that
lg7(t; =70 ¥, ©)—q (b0} =70 Jy w)| =€[2 for any y€ U(J),
[2o{p™(to; =70 3> @) =P (t; =70, J, 0)} | <€/2  for any ye U(7).

Then, in view of the definitions of A ,(0) and s,(0) we have for any y < U(3) and
=t

‘P‘(y; f)§q—(to§ —7p y) w)‘e_top_(to; —7Ty j’: w)°0+fp-(t0; —70 ) w)'0+8

s (b)+&E+E.
On the other hand, for any neighborhood U of M,(€) it follows that 8=i2f {1—
YET
|7[§r1

P~ (to; —70 ¥, @) +0} >0, which yields that r(y;t)<(C—&t)4t for any yeU
(|y| =r) and t=¢, (C is a constant independent of y and ). This means that

if yeeU, |y| <7, and  is large enough. Therefore we obtain the lemma.

References

[1] J.J. Duistermaat: Oscillatory integrals, Lagrange immersions and unfolding of
singularities, Comm. Pure Appl. Math. 27 (1974), 204-281.



456

(2
(3]

(4]
(5]
(6]
(7]
(8]
(9]

[10]
[11]
[12]

(13]

[14]
[15]
[16]

[17]

H. Soca

L. Hormander: Fourier integral operators 1, Acta Math. 127 (1971), 79-183.
A. Kaneko: Newton’s diagram, singularities and oscillatory integrals, Lecture
note of Sophia Univ. No 11 (1981) (in Japanese).

H. Kumano-go: A4 calculus of Fourier integral operators on R" and the funda-
mental solution for an operator of hyperbolic type, Comm. Partial Differential
Equations 1 (1976), 1-44.

H. Kumano-go: Pseudo-differential operators, M.I.T. Press (1982).

P.D. Lax and R.S. Phillips: Scattering theory, Academic Press (1967).

P.D. Lax and R.S. Phillips: Scattering theory for the acoustic equation in an
even number of space dimensions, Indiana Univ. Math. J. 22 (1972), 101-134.
A. Majda: A representation formula for the scattering operator and the inverse
problem for arbitrary bodies, Comm. Pure Appl. Math. 30 (1977), 165-194.
M. Matsumura: Asymptotic behavior at infinity for Green’s functions of first
order systems with characteristics of nonuniform multiplicity, Publ. Res. Inst. Math.
Sci. Kyoto Univ. 12 (1976), 317-377.

L. Nirenberg: Lectures on linear partial differential equations, Regional Con-
ference Series in Math. No 17, A.M.S., Providence, R.I., 1973.

R.T. Seeley: Topics in pseudo-differential operators, Pseudo-Diff. Operators
(C.I.LM.E., Stresa 1968), Edizioni Cremonese, Rome (1969), 169-305.

H. Soga: Mixed problems for the wave equation with a singular oblique derivative,
Osaka J. Math. 17 (1980), 199-232.

H. Soga: Oscillatory integrals with degenerate stationary points and their ap-
plication to the scattering theory, Comm. Partial Differential Equations 6 (1981),
273-287.

H. Soga: Singularities of the scattering kernel for convex obstacles, J. Math. Kyoto
Univ. 22 (1983), 729-765.

H. Soga: Singular support of the scattering kernel for the acaustic equation in
inhomogeneous media, Comm. Partial Differential Equations 9 (1984), 467-502.
A.N. Varchenko: Newton polyhedra and estimation of oscillating integrals, Funkc.
anal. i priloz. 10-3 (1976), 13-38=Functional Anal. Appl. 10 (1976), 175-196.
V.A. Vasil’ev: Asymptotic exponential integrals, Newton’s diagram and the classi-
fication of minimal points, Funkc. anal. i priloz. 13-4 (1979), 1-12= Functional
Anal. Appl 13 (1979), 239-247.

Faculty of Education
Ibaraki University
Mito, Ibaraki 310
Japan





