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Abstract 

¥Ve stlldy the properties o[ SLI(lVj) light quarks in the l1lulti-instan10J1 vaCUU!l1 of QC・1).

The dynamical chiral symmctry breaking for light qllarks of varioll 行 11llll1bef of Aavol・汚 IS 

formulatecl in several wavs [or・ multi-instanton casc ¥vith specific instanton size distributiotl 

characterizecl by t v.マo pa ra I1lct ('["8. One o[ thclll is t hc f all-off pa ral1leter ¥v h ich con t 1'015 t he 

la1'ge in8tan1011 size ‘ ancl the ot hcr is th(' pa.cking fraction of in stanton丸 \Ve get the dynamical 

mass o[ CJ u a rk ¥V 11ich depencl 日 on t hese two paral1leters and discuss it ぉ properties in detail. 

uch propert ies of t he dy 11 amical m ass play relevant roles 0 n the properties of h adrol1s. 

FOL・ the t \\'0一日 avorca同. ¥¥'e 8t lIdy t he propert i明 of mesons ofseve1'al channels in the Cjuarkoｭ

nium pict Ufe 、 by using the Bethe-Salpeter ('quation in the multi-instanton system with inｭ

tantol1 size di只tribution. 1n this formalislll. we extract the propagator of CJllarkonium of each 

channel and check the Goldstone mocle for thc pseudoscalar-triple1 channel in the chirallimit. 

for ot hor meso Jls, we cliscLlss t¥¥'o ki nds of mesons in the scala r chan ne1. Since the ker11el 

of the Bethe-SaJpeter equation is inseparable to each part of momenta of ql1arks incomin 

to it wben instanton sizes are dist ributed widel:y from small sizes to large ‘ i t is di而cult t 

proceecl 011l" remaining calculations analytically. 50 we calculate numerically the masses of 

those meson汚 by using tbe reぉonance 百 t ， and t h en 、 d i scuss their struct uI・」・

¥Ve st l1dy also the elcct rOI1l agnetic properties 、 the electromagnetic form [actor and th 

chargc radius , [or charged pions with quark-pion and the nontrivial quark-photon vertic 

in the mlllti-i nstantol1 backgl‘ ou nd in the 臼 avor SU (2) framework. The CJ ua.rk-pion vertex 

is obtained from the Bethe-5alpeter amplitude with tbe instanLon kerncl. For the quarkｭ

photol1 vcrtex , on the other hand , we provide the correction term ¥¥'hich is made of the quark 

dynamical mass in the instanton background and satisf�d with the VVard-Takahashi identity. 

Ithough all of our caJculations are made in 0仔~shell states of pions ‘ \ve discuss also 1 heir 

ju sti五 cation for the on-mass-shell limit of pions. From this approach , we obtain a rea.sonabl 

value of the pion charge radius withol1t the assl1111ption of the vector meson dominance. 
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Chapter 1 

Introd uction 

1.1 恥iesons and nonperturbative feature of QCD 

owadays , quantum chromodynamics (QCD) is widely aαepted to be the underlying theory 

of the stro11g interactio11 , ¥¥'ith CJuarks and gluons as [undamental degrees of freedom. 1n 

the pertu rbative regime ぅ i. e. at short distances which are probed with high moment um 

t1'ansfe1' phenomena, QCD resu 1ts within perturba tion theory agree q uantitatively with th 

xperi mental data. On thc ot her h a.nd う it ha.s becn impossible fo1' us to derive analytically 

detailed descriptions of large distal1ce phenomena from QCD Lagrangian at the present. 

11eso11s scem to be the idca.1 systems fo1' the study of strong interact ion in the nonpert l1ト

ba.tive region , which a.re 1I nsolva.blc fr0111 QCD La.gra.ngian. ][11 order to describe such meson 

properties , many alternative models and frameworks have been proposed. One of the most 

uccessfu I scheme is the q u arkoni u ll1 picture ‘ where a quark and an anti-quark form a color 

inglet bou nd sta te. This pict u re perfectly dcscri bes t h e 汀l a.SS spectra of the lowest lying 

resonanccs in the pseudoscalar channel, so-called pseudoscala.r nonet 、 whereπ う]\.'， ηand ηf 

a.re iIlvolved [1] 
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On the other hand 、 the lattice gaugc theory pl'cdicts another type of !1l('SOIlS with explicit 

glue degrces of fl'eedoJ11. These are the glueballs. ¥¥'hirh have no valence qual'k. Calcula1ion ‘ 

ba.sed 011 the laUice gauge theory suggest 1hat the lightest glueball i 只 a scalar rc尽ona剖nce

(JPC = 0++) \れW川\.叶ï比t11 a mass of 160∞0 土1.30 1¥ 1e凶eV [2.:3司]. A 削11吋 1600 ~1作e\' i川n I SO只叩osca lar内c臼ω:a刈a叫1arr 

ch旧山a引n川nnel t hcr(' exist t 、\\'0 est凶ablis只叶仙he氏ωCI re何尽onanccs只. One of them is ん(l�10) a 吋 t he ot her i ~‘ 

ん(1500). r1 is 日tural to cxpe町ct a 川x対<ing b悦〉児etいω1仇附1

lighte郎只叶t sca la引l' glueba11. These states are 只o-caJl('d hybrids. Lee and ¥Yeingarten evalua1ed 

the n山X刈山11暗 ene 

h児e引lr 陀S凱別u山l

gl uebaJI. 

Belo¥¥! 1 GeV t he ma只s spect 1'a in t he scalar c11 a n nel show an01 her feat II (・ e. On the ]¥' !¥' 

threshold the1'e arc ﾍ¥tvo resonanres. One is t he isoscalar resonance. ん (980) 、 and the other i‘ 

isotriplcL ao(9RO). ¥i¥Teinstein ancl rsgur stucliecl t he ]¥1¥' molec山 interprctation of t hese t¥¥'o 

states. [5] They show that the ]¥'[¥' 11l 01ec山s have prope川es consistent with experimen t aJ 

resu Its 011 the prod uction of ん (9RO) andα0(980) and of low-mass ]¥'[¥' pairs. The ]¥']¥' 

molecule interpretation of the い，\，0 states on the !¥'l¥' threshold is supported also by the 

calc山tions based on the chiral unitary approach in the chiral pe山rba1ion [ra111e\\'oは [6]. 

In Ref. [6] the phase shifts fOJ 付 → ππas a 印刷ion of the c.m. energy of the meson pair in 

the various cha.nne1s are well reproduced and in a good agreement with experiments. In th 

isoscalar-scalar channel、ん ( -100- L200). which is often referred a.sσ ， is a1so reprod uced. Hence1 

ltl a se nse う t he broad !0(.100 -1200) should be understood as theππand !¥' !¥' reso nances ・

However ぅ 011 the other hand , Ishida reanalyzed the ππー and !\'π-scatter i ng phase shifts and 

repo 山d an obscrvation 011 σ (600)-pa 川cle in the i so印osca lar日Cωalar ch川川a引nn日nel [ï]ト. 

1n the chiral quark theory like the Nambu .]ona-Lasinio model 、 theσmeson a ppears as a 

quarkonium with a mass of 600-700 MeV [8]. lt is the Ch1凶 pa山er of theπmeson. which 

is the Goldstone boson in 1he theory. 1n general 、 it is quite natura1 to cOl1sider theσmeson 
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a只 the chiral partner of theπrneson 、 exi s ting with a massλrOllnd 700 ~leV. HO¥¥'E'¥'er th 

resonance arouncl 700 ~ Ie\' in the isoscalar-scalar channcl 、 ん(-100-1200) 、 has a \'er門y broa沢刈cl ! 

口str川uctu川u山ro \'札W山、V叶?オt制i礼川1けh a wiほd出制t什山h of 6ω00仏- 1ω0ω0ωo 1\1 e凶V. 1I恥1 0 1引l町e t山he引山1 1川1t 引引刊、~ p仰〉孔re吋山tじta剖i川tion of ん(い10ω0 一 1200)いin tω川ぞ引rm日1

ofaquarkωoniutll still remains open. 

1.2 QCD vacuunl and instantons 

As we have seen abovE'. there are manv kinds of eITective moclel ¥vhich can describe woll 

tbe meS011 spectra. On the other hand 、 it is expected th a1 t he st ruct ure of mesons 、 and

furthermore had ron s 、 s houl c1 be undel'stood starting frol� the structure of the QCD vaCL1um. 

Since hadrons are collective excitation s 、 \\' E' can 110t ignore the properties of the ground stat 

when ¥¥'e studv it 只 exc ita 1Ï o Jl s . For tho QCD ¥'acuum and its nonperturbatiye nature 、 ma川l

kinds of 11l0del had been proposccl. )'lost of t he a tt om pts i 0 descri be t he QCD grou nd 

state were based on the idea that t he va.cuum is dominated by the cla.ssical configura.tion 

of gauge fielcls. rt wa.s found that the use of instantons reproduces some important a.spect 

of nonperturbative phenomena of QCD. An ins1anton is a solu1ion of the Euclidean Yangｭ

Mil1s 民luation ， ¥vhich was first discovered by Polyakov and coworkers [9] motivated by th 

earch for classical solutions witb nontrivia.l topology in ana.logy with the 、t Hooft-Polyakov 

monopole [10]. Tbe 陀af仇te町r、~ . a n川umb悦er 0ぱ[au川川11川tl削s clar叩r吋i抗ed the phys凶S剖lca討1 mea引加山n川1吋ing 0ぱft凶hei凶n凶S引t凶凶aむ1川on 1 

as a tunn児elin g event betwe悦側e引n degcnerate classical va.cua [11 13司]. Tbe何只e works also introduced 

the concept of t1-vacua in connection with QCD. 

An im川1pO印r付巾、寸t同川;札訓a引l川 dev刊elopmc川 waωs made by 、't H干-10∞of仇t [14] 、 who calculated the semi 

tunneling rate of ﾎnstanton vacua. In this context , he discovercd the pr of zero mod 

in the spectrum of the Dirac operator. This result implied that tunneling is intimatel 

connected with light fermion s , in particular tbat every instanton a.bsorbs one left handed 

fermion of evcry species 、 and emits a right handed one (and vice versa for anti-instantons). 
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This reslllt abo explained ho¥¥' anomalies are relatecl to in ぉtallton札 fo l' cxam ple t he viola tion 

ofaxial charge in QCD and baryon l111mber in elcctroweak theory. 

A pa I't i(' u la r i nstanton-ind llced e f[ect 、 thc a1l0malOlls breaking of LT( l)..1 symmctry ancl 

the 77' ma問、 d('s(' I'\'E' S special a tten t ion. ¥Vi tt ゃ n and Vcneziano wrote clown an approximate 

relatiol1 that conllE'cts tl1(' '!' mass vvith t11e topological sωceptibility [1.5.16]. This was a very 

important step 、 since it was the first quantita1ive result concerning 1 he effect of the anomal: 

o n t h e '7' m a ss. 

1.3 Pheno111enological approaches 

lthougb instantons enable us to pro¥'ide good explanations of QC'J) vaculIm and the anomaｭ

lous profile of ゲl1l eson ‘ there is no experimcntal evidence for instanton e町éct s . and 110 

theoretical control over semi-classical method 日 in QCD. In order to 日I1 d a ¥¥'ay to go furt her. 

everal phenomenological app1'oaches to the structure o[ the QCD vacuum were studied. One 

of the greatest prog1'ess for studying instanton phenomenology was brought by the instanton 

liquid model [17] proposed by Shul、yak . This model suggests the two basic parameters of 

the instanton ensemble‘も he mean dcnsity of insiantons n ~ 1 fm-4 and their a.verage siz 

p ~ 1/3 fm. This means that the s pacαe←引引-ぺぺt山: 1泊ime 

that is ‘ the insta砂.nton ense引mbコ le is dilute. Usi n疋 these instanton liquid parameters 、 t he pheｭ

nomenological values of the quark and gluon condensates are reproduced. In addition1 on 

can calculate direct instan10n cor rc仁 t i ons to had ronic correlation f u nctions at short d istance. 

The results were found to be in good agreernent with experiment in pseudo-scalar meson 

hannels [lR]. Theoretica.l jllstif�ation [01' the i川n s坑ta切a引I川on liq uid modcl waω.s t凶凶ωa叫， 1\e叩\el1引11 by using th 

variational techniques and the mean f�ld approximation to deal ,\'ith the statistical mechanｭ

ics of the i nsta川on l iq耐 [ 1 9 1 20]. The 附山1I時 e引nse n川附l ble邸s were fou山I日l吋 to be consiste川 w ith

the phenomenological est i mates ・
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Tbe in 汚tantoll cnsemble in t.he presence of light quarks was studiccl b:v Diakonov and PetrO¥ 

[21]. Tbis work introduced the picture 

from delocalized zero modes. The quark condensatc was calculatecl using t-he l1lE'an Geld 

approximation and fOlllld to be in agreement v:ith experiment. 

1.4 Instantons and confinelnent 

As expressed so far , the use of instantons seems to be a reasonable choice [01' nonpe1'turbativ 

treatment of QCD phenomena. [f the instantoll ensemble is appropriate to the QCD vacuum , 

color con finement 、 the character that all colorcd particles a.re not isolated each other but 

always observed as co l or-singlet はates ‘ i s also to bc explained frol11 the context of in stanton s ・

The early concept of instanton received much attention due to Pol)ァakov's discover:v that 

instantons ca use co凶 nement in ce山in 3-dimensional models [13]. Ho問ve 1'， seve凶 st udi

of instantons in those da:vs gave a negative result on conf�ernent. 

Recent development of both theoretical and numerical approaches for con五 nement have 

indicated a new viewpoint of ﾍnstantons. Jt is theoreticall:v well-known that condensation of 

the color-magnetic monopole causes con五nem ent in the context of the dual representation 

of the superconductivity [22-30J. 1n the lattice QCD , a picture of monopole condensation i 

represented to relatively long monopole loops , closed monopole world-lines in 4-dimension. 

The topologically nontrivial linkage between monopoles and instantons was found in speci日

gauge choices theo川ically [31 ,32J and numerically [33--37]. This suggests that the instanton 

ensemble may contribute 1.0 the monopole condensation. At the same t ime, the treatrnenL of 

large size instantons were important steps. It was found that falling off of large size by 1.h 

power law leads to the confinin 

simulations indicated the same Ia.w [40 , 41J. 

Thus , it 8eems to be more realistic tha.t the instanton ensemble with size distribution falling 
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o仔 b~r t he power law in the large sizc region is consiclerccl [01" con 日 nement. a゚scc! on a bO\'E ‘ 

we will study the structure of mesons a尽く[uark-antiCJllark bouncl state in tl1(' multi-instanton 

backgrollnd with the size c1istribution. 

1n Scct. :2、 \\'C will follow relatioJls bet \\-'(,CI1 Cjuark zero-tnodes and thc il1stanton enscl11 1コ l

Llsing th(' ¥'ariationa.1 principle [:21] ¥vith s l川'ific size d i s t 山川ion. ]t will be shown that th 

chiral symmet.ry is broken c1yna.mically and a Cllfl'ent quark in thc chiral limiL ca.rries a mas~ 

originatcd in the instanton ke1'nel. Simultancous!)ヘ the contribut ion of the size distribution of 

instantons will be discussed. 111 Sect. :3. we will study a Cjuarkonium witb in ぉtanton media by 

using the Bethe-Salpeter [ormalisl1l. It will be considerecl th ε jJ r'o)Jagator of t he pseudoscalarｭ

isotriplet channel in the chiral limit and shO¥vn tha.t it is surely the Goldslone mode. In 

addition. the scalar channcl ¥¥'ill be also consiclcred and c!iscussed the ¥'allle of mass naivcly. 

111 Sect. ..j、日1e ¥¥!ill restrict oursel¥'es to the pseucloscalar i sot riplet 仁 hannel which we recognize 

it as t he pion 、 and study its elect1'omagnetic p 1'opcrty、 the elect1'omagnetic [01'111 factor ‘ in th 

space-like Q2 region ぅ wherc Q2 is a squared incoming momentum of photon. This calculation 

is performed in も he off-she11 kinematics. However 、 when Q2 = 0 ‘ it is available to discu 

the on-shell pion beca use of ma.sslcssness i n t he chi ral limit. Fu rthermore , ¥¥'e wil1 deriv 

and discuss 1,he pion charge 1'adius in the in s 1,anton background with size distribution of 

instantons. Vve will include the nont.rivial quark-pboton ¥'ertex since a pbot.on couples with 

a. quark whicb ca.rries the dynalllical mass. Final section is devoted to the summary and 

onclusion. 



Chapter 2 

E町ective fermion action 

in the instanton backgr()und 

First of all ‘ we b r ie世y review the formalism of instantons. ¥Ve shall discuss the behavior o[ 

quarks in the instanton background. 

2.1 Instanton as QCD VaCUU111 

Historically instantons were found as topologically nontrivial solutions of the duality equa-

tions of the Euclidea.n Yang-~1ills theory [9]. To f�d these solutio瓜 it is convenient to 

xploit the following i dent i 勺f
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= キJd4x [:l=G~νqu+j(σ;lノ 干 è~v)2] (2.1 ) 

where G~l/ is the neJd st 

dua.l neld strength (the f�.eld 1ensor in which the roles of electric and magnetic 五elds ar 
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interchangccl). Since the lasL t('r111 is a1ways po日iti\'c ， it is clear that the action is minilllal if 

the f�ld i ぉ (anti) ぉelf-d日|

J f;l υ = 土G'~. (:2.:2) 

The action of a self-dual 日 eld configu ration is \\γit ten by the so-ca1lecl topo1ogical charg 

(or 4 dimensiona1 Pontryagin inclcx) 

一
一

ハ
v
v

v α /'α 
7 1-11ノ \...7 μIノ (2.3) 

From (:2 .1) 、 we have S = (R7r2IQ 1) /9
2 for self-d 1I al ne1ds. For fi nite action fie1d configu ra tion山

Q has to bc an integer. This can bc seen [rol11 the fact that the in1egl'and is a tota1 derivativ 

Q = 古f介ρ介μ(/，1山l戸ハ1勺1ω岬叫叫叫σq句の凡f;Lμμ山tυ山ぷIνぷノβ己

λトlμ1- 古正~μ川αげ山ペhイ今べ(《刷山θめω?バ1叫叶~ +中iシ廿fQ川Q
(2.-1) 

(2..5 ) 

For J�nite action con Jìgurations 、 t11e gauge 五e1d has to be pure gauge [or111 at infinity 

.4JI ( .1:)一→ iF( :r) θμ [7↑( :1') (2.6) 

where U( :r) εSU (2) a吋 Aμ:二 A~Tα with Tα bei ng the Lie a1gebra of SC (2). 1n se川ng

Aμ = iUåμ u↑ into Eq. (2.4)1 one c30n f�d th30t Q represents the winding number which 

classiJ�cs the mapping frol11 1, he spbere 83 (corresponding to spacial in抗 nity) into the gaug 

group SU(2). 

urthermore1 if t11e g30uge f�ld falls off su而 cient1y rapidly a.t sp30tiaI infìnity, 

Q = J dt :1 J d3 X [\0 二附 ( t 二∞) -ncs(t = -∞) (2.7) 

which shows that f�ld conf�urations with Q f-0 con necL different topologic3ol vacu3o. Let u 

find 30n explicit solution with Q = 1. Vve can t.a.ke AJI こはJâj.IU↑ with U = i 5; μアム wher

7f=(子? 平 i). Then A~ = "21JU J lIノ.1'，ノ /J. 2 、 where we have introduced the 't Hooft symbo1ηQ μ 1/ ' 
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It is dcf� ncd b¥' 

E (l μν μ 、 ν = 1, 2, ;3、

'7a μ ν = 00 μ ν= ‘l (2.H) 

-Oa lノ μ =4

and self-d ual in the ¥lector ind ices (soe also A ppend ix A. L). ¥¥'e also dcf� ne t he anti-只elf-clual

tensor. 可αμIノ 、 by changing the sign of the 1ast two equations. Wc call 1l0W look for a solution 

of the se lf-d川ityeq凶tio n (2.2) u s i時 the ansatz A~ = 2山μJuf(2J)/2211V11e閃 f(X2) bas to 

atisfy t bc bou nclary cond ition J • 1 as ，1: 2 →∞ • ]nscrting the ansatz in Eq. (2.2) ‘ W 

1(1-f)-:1.'2J' = O. (2.9) 

This equation is solved by .r = ゾ/(.1'2 + p2) 、 \vhich gives the BPST insta 川on sol u tion [9] 

" ，、 2 1](/ u ν . 1' 1/ 
A;ll ‘r) 二 .2 I />.2 ・+p 

Here p is an arbitrary para.meter cha 1'λcterizi ng t he 

(2.10) 

ize of the instanton. A solution with 

topological charge Q = -1 can be obta.ined by replacing 仇μ →弘μ1/' The corresponding 

自 eld strene:th i 

r.o 4p277a μu 
vμν (x2 + p2)2 (2.11) 

In our conventions ‘ the coupling constant only appcars as a facto1' in [1'ont o[ the action. Thi ‘ 

convention is very convenient in dealing with c1assical solutions. Fo1' perturbative calculations ・

it is more com mon to rescale t he 恥ld s as Aμ → g .4μ ・ In th.is case 、 there is a factor 1/ 9 in 

the instanton gauge 日 eld 、 which shows th a.t もhe neld of the instanton is much st1'onger tha.n 

ordinary, perturbative、抗 elcl s ・

Also note that G~Iνis wel1 localized (it falls 。πas 1/ X4) despite t he fact that the gaug 

field is long-ra ngc , Aμ "-J 1/ιThe invaria.nce of the Yang-I¥tl[ills equations under coordina.t 

inversion [11] implies that the singularity of the gauge field ca.n be shiftcd fr0111 i凶nity to th 

o1'igin by means of a (sing山r) gauge tra.nsformation U = i九r:. The gauge field in singu lar 
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gauge is givell by 

and 1he nelcl strength i ~ 

山 ，、 スυ77a Ll II P 乙
A~ll :1:) = '2寸寸L一三

4 べ寸ド

1P2 ( _" ,1' () ,t 1/ -,. .1' t� ,1' I1 ¥ 

(,, 2 1 ，， 2\2 い7(1 Pl/ - 217 一一 -2りa O I/ 竺子)(ジ + p2)2 \ 叩 Iノ Qll f k.1・ 2 ....'/aol/ .1'2 ) 

/7 

(:2.1:2) 

(2.1:3 ) 

This s in gu larit ,v at the origin is 110t physical ‘ t he field st rcng1 h and topological c harge density 

are smoot h. llowever. in order to calc ula te t he topolo巳ical charge frolll a sllrface integral o¥'er 

!\-μ 、 thc origin has to be sUrI'oLlnded by a small sphcre. The topology of this configuration 

is therefore located at the origin 、 n01 at in 日 nity . ln order to stllcly instanton-anti-instanton 

configuratio l1 s う we wiU mainly work with sllch singular conngurations ・

The classical i nsta11to11 sol U t ion h as a n II tll bcr of c1egrees of freedom ‘ kno\\'n as collectiv 

coo印rて'di凶na剖tes. 1 n t h e c ase of .vι = 2. t he solut iOIl is characterized by t he i nsta nton size ρ 、

the instant 011 posi tion zμ ， and three parameters which deterrnine the color orientation of th 

instanto11. The group orientation ca11 be specined in terms of the 5U(2) matrix C , A~l → 

UAJ1 U↑、 or t he correspo川昭則ation matrix Rab = ~tr(CァαU↑ァb) ， such that A~ → RabA~ 

Due to the symmet.ries of the instanton confìguration 、 ordinary rotations do not generate new 

solutions. 

In case of Nc = 3 instantOJlS can be constrllcted by embedding the SU(2) solution. For 

IQI = 1, there are 110 genuinc Sll (3) solutions. The number of parameters characterizing th 

color orie川ation is seven , not eight, because one of the SU (3) generators leaves the insta.nt.on 

inva.riant. For SU (Nc). thc n um ber of collective coordinates (includi時 position and size) i 

4JYc' 

There exisi exact n-ﾎnstantoll solutions with 4nNc p a.rameters , but they a.re difficult to 

construct. i n ge附a l [42]. A simple solution wherc the rela.tive colo1' o1'ientations are 自 xed
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¥¥' ぉ gin¥n by 't Hoof H:3 • 1]. lIis starting point is as follo\川 Let us a 只制削お剖刈tl川n川 1山batt 

ぺ
Uν

 
α
 

1
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一
η
3

一
一

α

μ
 

4
・

2 (2.1 ・ 1) 

¥'¥:here � is a scalar function of .1': and collective coordinatcs. [t is rat hc1' eaぉY t 0 s h 0¥¥1 t h a t 

¥¥'ithin this ansatz the duality condition [01' thc f�lcl sLrength tcn 行0 1' rc以J1 t s in an eqllation 

onφwhich cs只entially recl uces t 0 t h at on th(' scala r potential in clcct rosta t ics ・

~å2ø = 0 
φ 

(2.1.5) 

The SOllltiotl of Eq. (2.1.5) is gi¥'en by a sum of' f'olll'-climensional (‘oulom b potentials from 

point-li ke sou rces arbitrar、 ily located iJl four-dil1lensional space 、

φ=1+アバ (2.16) 
一台(.1' -yi)2 

The resulting f�ld configllration c1cscribes n instantol1s in the singular gauge. witb a1'bitrary 

positions and all with one and t he same orientation in the color s pacぃ

1n the rest of this paper , 、. ， we w川ヘv叶vサill not use the multiト句」心inst凶凶al川on solu川l川tio九 Eq. (2.16) 、 as w 

can not consider the degree of freedom of color orientations of each instanton. 1nstead of ιq. 

(2.16) , we will use the 8'UlTL Ansα t:: in w hich we sum u p all i吋 ividual insta川on configu日tion

1n getting the multi-instanton configuration. C'oncerning this ansa.tz , we will give fu1'Lher 

informatioI1 in section 2.3. 

2.2 Quark zero-nlode and instanton 

Thc quark sector is an important part of QCD. Although the existence of instantons is due to 

the nontrivial topology of the gauge field s, it leads to a drastic e宵éct on t he fermion 五elds [1-1]. 

The point is that instantons make explicit the nonconserva.tion of certain fermion number 

associatcd with t he anomaly i n the axial current. 
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The nonconser¥'ation of the axial current indicates a disproportion be t\',een the number o[ 

the left - hancled 日 elcl and t he right. Actually、 \\'e can nnd the fact by decomposing t11e quark 

neld γ into the left-hancled and right-handecl field凡り ，L and '~、I?司 respccti\'ely. ln 1 he absc、 llce

of the Illa.ss terl11. the t\\'o 日 eld 日 lIple from cach othcr in the Lagrangian 、

乙 = IpiQJ4'l = νL i JjJ 1，、 L+ vR i f/J l�fl (2.1 �) 

Herc 、 we have omitted flavor indiccs of quarks fol' simplicily. l l ctlce 、 Feynman 巳raphs of 

any order conserves sepa ra tcly t he 11 tllll bel' of each of ch i 1'a I nelds. llL and nR ・ [t mean 

that the Lagrangian po同esse汚 1¥¥'0 conserved charges 、 q and (js ‘ assoc iated with (he vecto1' 

current jμ._ 川 tl l.' and t he axial Cll rrel 

the 101al nlllllbcr of chiral nelds. q 二 11L + l1R. while the f::>ecollcl onc COllllts the di汀eτence ・

約二 71L - 71R. Classical1y. tl1C' underl.ving lT(l) symmctr.v !eads to the conser刊 tion o[ th 

vector C U rJ守 nt and electric charge‘。JL} μ= 0 and i; = O. Similarly‘ the axial CA(l) symmetry 

im plies the conserva 

the absence of ma.ss t同加附e引肘r、'11孔 Ho 問ver 、 theaxialcu川r口m、' 1

。μjf= 」τG~vG~
μ 乃 16π 必 J.l V - J. 

(2.1R) 

The right hand side is a tota] derivative , G~" ，Gααδ 1\". where ]¥'" is the Charn-Simon う μνμuμμ‘ μ

current deftned ln Eq. (2 , .5). As we previously mcntioned 、 the surface integral of 1.ピμ e:ive

an integer , Q -# 0 、 for the instanton con五guration ， while this integral is zero for trivial gau自

COll百guration. Thus , the conserva.tion of q5 is lost in the instan10n background. Hence , 

lnstantons are relevant for the anomalous divergence ofaxial current and expected もo soh 

the UA(1) problem in QCD. 

The crucial propcrty of instantons is tha1 the Euclidean Dirac operator has a ze1'o 1l1 0de 、

tha1 也、 i JjJ ~)o = 0 in the instanton con五gu川ion [14]. The soluUon of this equation is shown 

as follows. We obse[ve 1ha.t 

(iQJ)2 二 J+jωμIノ (2.19) 
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¥Vhen t h0 fielcl stren 

sign denotes ~olf- c1 ual and the millus anti-self-dual. Then ‘ in ca叩 of t he sC'1 f二du al fi e I cl i n t h e 

singular gauge. the ze1'o mocle Dirac equation ill1plics 

い2+j川♂) l't 二 O a ncl 2. H 
_ I J- } 、。= u (2.20) 

¥vith 4 '0 =寸+ l{} , ancl vice ve r 日(十件一、 L 件 R) for anti-self-clllal. Since _]J2 = (iD)2 

is a positive operator becallse of iD being 1-I e rr山 i an 、 1.f't h as to vanish a nd 1 he zero rnocle i n 

the background of an instantoll has to be left -banclecl 、\V hile it is right-handed in the ca只e of 

an anti-in 日tanton. Solving Eq ・ (2.20) [01' an in s叫1凶川a剖l川on in the singular gauge 、 ¥¥'e get 

νin(1・}
一

[戸川 l lm [ ~mφ(ι ρ) I t~ (2.21) 

p 
。 ( .l・， ρ)

π 〆戸(.1' 2 +ρ2f3j2 
(2.22) 

wi th the C'xt 日 colo 1' matrix [T. He陀 \ C\ m := (110m , uo(m-2))T and u is a consta川 2-spinor

in which the SU(2) color indi ces 、 Q and ゚ . is cou pled to the spin indices 、 m ， Tl = 1,2. The 

constant spinor 11 is anti勾川

the a凶-se lf-dllal field. we can ge1 1he solution by cha時i時&(1 +ﾎfi) to ~(1 一 Î'5)

Thus ‘ it is found that quarks are affected by instantons through the left-or right-handed 

zero-mocles of qua1'ks. The nurnber of the ferrnion zero modes is rela1ed 10 the topological 

charge of instantons by the Atiyah-Singer index theo1'em [ .. :1:.5] that reqllires that q5 = l1 L 一 η

[or every species of chiral fermions. Jn the case of instantons , this relation was proved by 

hwa.rtz [46]. 

2.3 Fernlﾌon deternlﾌnant 

We study the bchaviors of t.he light qua.rks in the multi-instanton va.cuurn of QCD Thc 

QCD vacuum is assumed an ensemble of instan1.ons and anti-instantons. Diakonov et 
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al. deyeloped an cffective 1 heory for light q ua rks based on 1 he III u It i-i n ぉ ta l1 to l1 ¥'駘ClIllll1 of 

QCD [21."17]. Jn this sectioll , wc will 

To ma].;:(' t h(' eITective fermion action. we try to get the fCl'mion propagator. J11 t he bac].;:-

;round of the multi-instanton connguration 、 the Di rac operator is given a: 

Dμ=8μ - iA" い・ 1C (2.2:3 ) 

with the insta.ntons in thc sum α 118([1 ご司

r
f
K
3
 

4

斗aL
Z
 
+
 

c
'K
4
 

+
 

A
 

U川
h
L
I

一一
戸
、 (2.2-1) 

v;here .，1 土 are the fields of inclividual insta川 on s (ハ) a吋 a川i- insta川on s (1'8) in the sing山 r

gauge [11]. The ぉymbols ご 1 allcl と J denote t he 同t of collecti¥'e coo凶 na t es 0 f t h e 1 t h i n s t a. n-

10n and 1th anti-instanton ‘ respectiyely. In th(' pr('sence of a single instanton. the fermﾎon 

propagator has a si時ularity in the chiral limit due to the zero mode [-18]. The authors of 

Ref. [47] approximate it as the sllm of the free propagator and the explicit co山 ibu tion of 

the zero mod勺

lr '0 ( .1': ~ 1 ( 1) ) ぺ ( .1' ; ~I( J)) 
(-iP+mj)JJiM 勾 (-i/1) -I+

171j 
(2.2.5) 

where ?j'o( :r; ごJ(J)) are the wavc fUllctions of the fermi 

(作an川tiト一 )i凶n s剖1凶川a引l川on 机W川Fサ北叫it川th the cωol1e町ct廿lve cωO∞ord出山ll1 a乱te郎S ごむl(υ1) 二 (いごIベ(lη) ，[ 打 lη) ‘ p内1 (υI)け). The idea of th 

approximation. Eq. (2.25) , is ba問d 011 the eigenstate 陀presentation of the fermion Dira 

operator. "\,v hcn we explicitly ¥vrite dOW11 the propagator in terms of quark massη1j ぅ th(' fi rst 

term of 1'.11.s should be writtcn a~ 

ゃ 仇 (ュ:) ?j_'n ( J、 )

おん+川
(2.26) 

111 the chi1'al lim it 、 771j → 0 ， the secolld term of the r.h.s. of Eq. (2.2.5) dominates around 

the in s ta川on. IIe町e 、 the authors of Ref. [47] simply 問コlace it with the free propagator as a 

good approximation. 
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q. (2.'25) is equivale川 to lI si 暗 an approximatc actioll H9ト
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l ;(1) [レf レJl = J d九 ( η(J')(州 4 '0 土(.r ; � 1( 1) )) J d4 y (山内
('2.28) 

¥Ve obtain the expression 、 Eq. ('2.2.5). [01' the quark propagator follov;ing the standard pro-

ced u 1'e of gett i ng t he propagator [rom this ac1 ion. 

uming the dilllteness of the instanton Ill ccliu 川、 we obtain t he [c1'mion action in th 

back変round of a ll1 ulti-instantoll ぐon百 gura t ion b~r t he prod uct of con tribll tions from each 

日avor a 吋 (い何a引n川1札t iト-寸)凶lns引t同川a剖n川lton . Th刊附。引刊11 t he a\'eragc町付d f，必fcr引引叩r口‘'n川011 CIωe引t旬凶e引町印r口rmi川川 is obta引川11問d a ‘ 
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where 11土 clenote t he single-i nstanton averages う

utl= j Z3121dfI(川川相1+す刊 (2.30) 

with 1Tll = m2 = ・・・ mNf 二 m due to the 丹 avor symmetry. ~VVe have formally written the 

instanton dist ribution flll1ction as f(p]). The i nstanton sizes. p J , are un known parameter 

which are valued from zero to in 日 nity. The integration over instanton size is troublesollle with 

respect to the divergence in the inf問、ed doma 

ize distribution in the next section. 

To procecd , we expand the NJ products (the bracket) in Eq. (2.30) and get a serie 

cha日cterized by the power o[ 11m. Then we perform the integration over the co10r spac 

rωota乱tion v刊削a剖訂r川.
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。 (1/山). F'or inst川e ‘ 011(' of t he terlllS 

and for t hi ぉ tcrrn the integral over the color spacc rotatioJl variablcs Icacl : 汁

示 fdl(liF(l)lLf LHethJ川1 (1) 内 (J)) (2.:31) 

whe 陀 the cu山山r円l附

202 f Jk dz11 IK ll /ρ\ 2 ，.， /1 / 1 、 1111 ¥ f 11 ¥ 1 干 ウ 5 /ハ)
士fg (リ)二一云~;cJ (;rr戸市γ-It

fl

-
l

) -::: I 刀 打 Iklρ)F(I/I ρ)l ~'lf(k)~ ìI 'g (l) ﾌ 

1n Eq. (2.:31) the notation detfg means a cloterlllinant of the matrix J土 in the fla¥'or spaco. 

F( I k Ip) i n Eq. (2.32) is a fu nct ion origina ting froll1 t he wavぞ れ111ction o[ the zero mode in 

momentum space ‘ 

2πpbF(lklp) 二 I r{l:r (ik'J1j�(x.p) 
Ik'l ゐ /

(2.:3:3 ) 

The explicit form of F(lklp) is gi¥ 

F(lkl ρ) = 2 {判明J(1) 一川ん(サ- h (t) 瓦J.(t)} A
Y
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(2.:34) 

where ! and !¥' are lllodified Bessel functions o[ the fìτst and second ki nd九 respectively. Th 

。ingle- in stanto n averages , Eq. (2.30) 、 are finally expressed as [47] 

I九 = j41ゅf州 (2.:3.5) 

where the determinant is over Aavor indices and the curre川、.}_J:(ム p) are 入Tf X λ f mat山e

in the fiavor space. 

We note the meaning of the largo Nc limit , Nc →∞， and the chiral limitうm.→ 0 う in the 

eva叫a叫h凶t白ion of de引叫t刊[J土 ( ご .p)+lリ] j川11 Eq件川.イ(2.3 .5昨). Si 肌e tho curre、

faε，cto町r 1ν/(いηm川1 1Vc) (see Ec向qト. (ρ2.3幻2)川)、 1山he calcu叶la札tions which w問-e W1山11 do fl“加II山l日I川th児削e引r a陀 仁charactω加e引肘r巾、

by the order o[ l /(m八九). VVe take the chirallimit and the large lVc Iimit with l/(mNc) fixed 

and thereforc the terms with multiples of l/(mNc) are in the same order. 
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Aft erth何c prepa ration s 、 \V C ¥¥'ould like to ('0111(' ba('k to t 11(' a¥'cragcc] fcrmion determinant. 

Det入T士、 in Ec卜(:2 .29). In thc therl1lodynamic limit 、 lV土→∞. ， . → ∞‘ with 入7士 /F fixcd 、 w

use 1 he fO [, 111 U la 

(αげ = lfhxpivlog竿 - iY+ 入 J
1 L7r I 八 l

which is valid for large .V. l1ence. we can ¥¥'rite Eq. (2.29) as 

(:2.:36) 

1凡八~土 二 J川引M川川ρ別~)刊4.tぺ1イ( 一 tトトト~'J州いfパ介(トμ一斗t

×イf片主トトX叩p中(十←入X九叩山ア)υ+υ内log (iミ詐:許引干サ)ト一 Y+ 
+入+J r/" z山)仁川 [J+ ( ご 川] + (+ → サ (2.:37) 

¥Ve note here 1.hat the saddle point in 入土 in the 1 hermodynamic limit leads to the oriεinal 

xpression for Det ，V土 in Eq. (2.29). 

2.4 Instanton size distribution 

The instanton size distribution denoted by f(p) originates frOlll inter-iJlstanton interaction. 

会I.. lthough its exact form is still unknown 、 at small sizE's. it is su bject to the condition ¥¥'hich t h 

distribution fu nction follows J(p) '"ρb-5 [48J with b thc f�st coefficie川 ofthe Gel-ﾌ¥fann-Low 

f川tion 、 b= 守札 - ~NJ. On the other ha札 recently‘ several a川ors have proposed t he 

hape falli時 o百 as the powcr of the tail f(p) '" p-n at large sizes [:38 -1 0 う .50J. So we adopt 

the special form山 proposed i n Ref. [36J , 

f(ρ)Jf)(P)=(川i)-b+5 (2.:38) 

This functioll in1 erpolates smoothly t he instanton size behaviors between the ultraviolet and 

infrarcd region. The parameters Pl and P2 , which characterize the infrared and ultraviolet 

οize behavior 、 respecti velyぅ are de t,crmi ned by t he following condition~ 

一
一

ρ
'
 

r
J
 

A
y
 

r-,ttnu イゅf(ρ)p 二 p (2.:39) 
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a ぉpecial cas巳 when v;e t a kc t hc li mit ム\二 →∞ ancl n →∞. the siz(' c1istriblltion. E(ト

(2.3 F5)、 b('co ll1('

J(ρ) = ﾓ(p - ρ) ('2 . ~10) 

It means t hat t he sizes o[ all instantons are fix('c1 10 t he constant av('ragc size p. 

Authors in H('f [:3R .J O 、 .50] ha刊c1 i sc出版I the ¥'alue o[ n. The first lat ticc meas川mel

the instanton size distribulion was pcrforme 

lechnique. Shuryak compercd it with his mcaslIr('ment and concluded that the resulting 

distribution [alls f"V p-(d+l) at large size. wh悶附e引I内 d= ιc l i治s just the s叩pace-ぺti n問 dime引llsion [ド--1 0司]. 

He also sllggcsted 1 hat 1 he rcpulsi¥'e interaction bel \\,('en inst anl011S st ron 巳 Iy suppresぉ large-

ize instan tons. On the ot her h and. Dia konov and Pet rov argucd t h a t con finemen t e町ect ハ

is kept by f"V p-3 at largeρ [1'0111 t hei r an al).t ic C! C、 ri\'ation of the instanton-induced heavγ 

q u ark potenl ial. They argue t ha t t he cooling procecl u re migh t kill con fi nement bccause t he 

cooling annihilatcs closely happened instantolls ancl ant i -În stantons ・ a resu It , the cooling 

procedure llligbt suppress larg('-只 i ze in sもantons sl ronger th an their est im ate ・

Finall)ヘ these discussions indicate that the QCD vacuum prefer absence of large in stanton ~ 

to the cut-off at the Higgs mass scale forme巾 disc凶sed by 't Hooft [._jF5]. ¥Ve will take sev('r 

values of n for OLlr studv. 

2.5 Dynamical chiral sylunletry breaking 

Saddle point approach 

1n order to calculate the averaged fermion determinant in Eq. (2.37), we have to per[orrn 

integration over the [erm ion 五 eld s . This integral can be done for lh(' case of one 臼avor ，

Nf = 1 

一一 r d入ム d入'^川、 、 、D('t N, = I で一で一-p川い+， /\_)
・~ I 乙 7r L7r 

(2.41) 
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¥vhere 

W(入+ぅ入 _) = {X+1og (剖 - :V+ + (+•-) 

(L~2) 

he saddlc point of )!V( 入+ 、 入 _) in the var i ablcs 入土 is gi¥'en by the variation う

JZ-W(入+、入_) = 0 
0入土

(2.--1:3) 

In 0吋er t 0 \\'山 e down Eq ・ (2..13) explicitly 、 we ¥¥'ould like to 附lennc the \'a riables 入土 a~

入 171 .\
-= 「H7Jl土・ (2.4.1) 

， 1π “ρ “ 

¥Vith thc help of this. we obtain the condition to nx the saddle poi川 \'alucs of 入土 ( cor1'e-

spond i ng to fl 士)‘

V f t 7¥ T f d4 k "'1+ (k2 ) .ì J+(k2 ) 。 ηLVc � , 
2 1V土 l LJ: 1v c J ( 271' ) 4 h, 2 _ 1¥ 1+ ( k 2 ) 1¥ 1 _ ( k 2) -r 27布引勺 1 (2 .4,5) 

where we have defined 
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¥Ve notc that the mass fu nction 1\ 1土(h， 2) bas a s i略ularity at k 2 二 O 、 if the size distri bu tion 

f(p) dec陀ases as p-3 01' O101'e weakly at largeρIIcnce. we 陀strict ourselves in the 1'egion 

of n > 3. 

In the case of Nj = 1, thc integration ove1' the fermion fields can be done exactly a.s shown in 

the previous sectioll. Hov;cve1'‘ fo 1' the case of multiple flavo 1's 、 Nj 主 2 、 the i nstanton-fermion 

ve1'tex becomes 2̂ Tj-fermionic interaction. To car1'y out the integral over the fermiol1 neld町

we 1ntro山 ce auxiliary boson nelds to linearize the exponent of Eq. (2.31). This ca.n be don 

山晴 the for01u 

以山 (2.47) 
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¥¥' hich holds i 11 t he saddle poi n t a pproximation. (J cre 、 βis a II crmitian 入 J X 入 J llla1 rix 

va. r、iablc 、 which conLains scalar and p8c udo月calar bosons with navor singlct and ll1ultipJct 

(triplet for 人 J = 2‘ and octct [0[' 入TJ 二 :3 )、 and so 011. Using Eq 、 (2Aï) 、 \ve rewrite Eq ・ (2.:3ï)

a 

Det J\'土 fmmjt I ( -tw(ベ
片トXP { N+ IOg (長) -N++(+ ート l }

×イfμβμ+
川β+(いど ρ川刈沖)川中[ドJ+(μI 刈肘川+刊lリ])いい+叫(+ • サ

The saddlc poil1t condition of 入土 are given a 

入ア=走J d4l' J ゅ (fr~.\"f)(p))下 (det ß土(.1'.p) )中 (2.-19) 

These cond i t ions lead to 
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VVe a.ssume that the diagonal elements of ß土 are dominant and .1' independent 、 and factorize 

the instanton size dependence of B土a.

(八，Tt)
β土 (p) = f，~" J J (p) 

。 B土 Nf(p) 

B土 、 I(p) 。

(2 .,51) 

We search [01' a m川In山lum p0111川t 0ぱ[ t山J点he exponc川 OぱfE向q. (2 .48) , 

。 W(B+，j (p) 、 B_ ，j (p)) = 0 
8B土 ，j(p) 

(2.52) 
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¥Ve shall write the condition Eq. (2..52) explicitly below. In orclcr to do this 、 we woulcl like 

to reclef� ne 山 van山s 入土 13y lliVf)alkl B土 j by b土 j as 

入土:= CJ SJ 一' (品川j ß-J:，j{ρ):=4Lb土 j{p)
ιtπ “ρー

(2..5 ~l-) 

(λ ' r) 
IJ山oducing .\1土j J for conven ien 

IU)(が) :=J dpf~NJ)(ρ) b-J:,j (咋) 2 F2 (1 た Ip) , (2..5.5) 

we can write the equation corresponding to Eq. (2..52) a.! 

17 f. J¥ T r d4 k 11 I(的 )(k2) "'I~;勺) ( k 2 ) 川c l , ,. (N() I ¥ I ¥ 1 
元 14NcJ (;7fj4 J.-2叫NAIL7)(K2) 十三万 j 川 fI (p) 土 J(p)ﾌ = 1 

(2..56 ) 

On the other hand ‘ Eq . (2.49) is rewritten a ‘ 
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土 (2.57) 

In the ca.se of "Vj 二 1 the dynamical quark mass is given by Eq. (ρ2 . ~ιι~1凶6的)w川川v叶山，1点hich cωorrespon 

to the g伊炉e引I閃凶 n川おmお fl臼fU I山I日I町t ion仏1 ，、 Ec向仁q . (2.5 .5), Wil h b土 句，jパ(p) 二 メμ内内l:::t匂壬士ご:fバ~])(p)/f~N小N巧Vfρ)(p ) . As [0 u n d j n 

q. (2..56) clea rl) 、 b土 ，j(ρ) given byμ土 f1~1) (p ) / f~N f) ( ρ) is a solution of Eq. (2..56). Jn the 

large p region the ratio f~l)(ρ)/ J~Nf)(p) goes to 1 asρ i s i ncreased and in t he smaU p 問ion
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f~ 1) (p) / f/~入 f) (ρ ) r--J p ~ (川一 1) Finally we obtain the saddle point ndition for general 入マf

expressed 川
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「 (2..5尺)

he mass fUllction is given b: 

川)(k2 ) 二 M土 ( k 2 ) = 斗ゅf~ l ) ω (j) 2F2(| A |ρ) (2..59) 

The mass function is given bv t he ぉame [Ullctﾎon as in the one Aa¥'or case. 

Schwinger-Dyson Approach to the dynarnical quark mass 

1n the previous su bsection. we ha¥'e considered t he sadd le point of t he e庁éctive action usin 出

the bosonizatiotl formalislll. 1n t hat formalism we have emploγed the approximation where th 

boson field is constrained 011 t he c1iagonal elc ll1 e川 S i11 the fla¥'or space. Eq. (2.51). Csing th 

obtained sa.ddle point va.l ues wc caku Ia.te physical q u a n tit ies. 1 n order 1.0 calcula.te physical 

qua凶ties as t he q uark condensa te (川、)， we shoulcl know the quark propagator. The quar 

propagator is given b), 

ヲJ{q) = )' d4 .rd4 y(OI V'J{ x) 内(州 (2.60 ) 

明le employ the Schwinger-Dyson approach to the dynamical quark ma: 

Sj((j) = SO ,f (q) + SO ，j (q) lピj(q)Sj (q) (2.61) 

where 1ピ corrcs pon ds 1.0 the kernel contributcd by one instanton and anLi-instantotl in the 

leading o[ l/Nc. usual. Eq. (2.61) is 陀W山t en af 

8j' (q) = Sü,}(q) -l¥"j(q) (2.62) 

We write down explicitly the Schwinger-Dyson kerne] a. 

ん j(q) 二一平，，:，))' dpf~N，){ ρ) (~) , F2 (1 q I p) 



2..5. DY:\A~lICAL CIIIRAL SY~1~ JETRY BREA l\J l'\(~ JO 

× RIll\f)44・品 (のう 2 (1ん |ρ)Tr [千九九)] +訪} ,(:2.(j;l) 

here)八'f)eμ土 a r0 giyen by Eq. (2 . .5氏). ¥¥'e parallleterize the quark propagator. 

l ーワ 5 t "， (入守f){ ,. 2 ¥ I 1 +ゥ 5 4 A (入!f) 
8j 1 (fj) 二 ú+ ーす_!_}v( ~:; , (ポ)+-7-M-J(ポ) (2.6.1 ) 

which is requirccl by tlle Lorentz invariance. 

fter sOllle manipulations we nncl that 
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(2.6.5) 

¥v here 

ハパ f .~ . r (tl/.: ( ハ \2 勺 Miff)(が) 川'c1 
九 f(p)=A1 4 11 ( 4v l J ( と ) F2 (lklρ):J } 

l土石 1'.' C.J (川 \p) 内川)(ρ)川)(ん~+ 21�2゚ 2 J 
(2.66) 

In or伽山0川are 〆叫V)(q2) 川le III ass fu川ons obtain 

Eq. (2..59). we clenne variables p士、J(p2) a 

P土 J(p) = TI 九 g(p)
9手j

Usi時 t he variables P土，j (p) we rev-:rite Eqs. (2.6.5) and (2.66) a 

(2.6�) 

叫l(q2) = J1 ~V/l J dpf:N/ l川~r F2 (lqlp)九 J(ρ) , (2.68) 

and 

fρμ川川dゆ削ω川pバ川川fバf~Nf川川;y戸円門N的叩川fバ内)( 

v J t?¥" r 山 M1::口十;fごUJ1h与!!V:7j)(伏μ的2)川Mど町η?Vアj) (μ的) m川川入;Yc (川λ' /)川l _1 _ c( 1¥' ,) 1 _ ¥ 11 1 _ ¥ 1 
{ 入 / 一一 一一一山 f} I dpfη fJ(p)PI ，パp) } 

2N土 1 JJ  • C J (2π)4h MU)(ρ)M217)( ん2)hT j j 
(2.69 ) 

Obviously P.土 ，j(ρ) = (cfM 削i均 Eq. (2 刷\i\/ith this co川ion the mass fu ncｭ
μ 土 J~ J' (p) 

tio郎、 Eq. (2.6町、 are given by t he same eq凶iions as t hose in the bosonization proced u re. 
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This S ll 巳gcs t s that the approxil1lalion fo1' the bO f-,OIl fiolcl 、 Eq . (:2..51). correspo吋 i時 to t ho 

日ch\\' inger-Dyおon approach to t he dyna mical q 1I a r k lllass iJl t ho largト入TC limit. 

2.6 NU111erical calculations 

The free para 川eters are the packing [ractionρ/ 11 with R4 = 1 j.V , ancl n which is a [all-orr 

paralll<:tor of th<: instanton size di strib山on [ullction f(p) in the large in sta川on size region 

ln Fig. 2.1 、 we 只 hm\' tho results of mass fllJlCtiollS with several size distributions characｭ

terizecl by n. Al日1 the calc II 川1川la剖ti on ト吟.; a re done wit山h

the 日 xe町吋仁di川Il S引ta川a引l川 011 size. The mass function with n = :3 tri¥'1ally diverges at Ikl = 0 ‘ as ¥¥' 

mentioned in th<.' definition of the mass function ‘日q ・ ( 2.16). This situation suggests that 

quarks in the instanton backgrollnd with n :3 a1'o always in off-shell state and 、 naive l y.

confi ncd. 

1n the i 仙、a附 region ， Ikl く :300 f¥le \人 the Illass fll nctioll depends largely on the in sta川on

ize c1 istribution , whi]e in thc large momentum 1'egion 、 Ikl > 300 ~leV う the difference is not 

much. ¥Vith the c1istribution fu nction ， η 二 :3 the ma.ss [unction has quite a peculiar behavior 

because of t ho logarit h mic divorgence o[ the mass [u nction 、 Eq. (2.59) 、 at k 2 二 O.

The thin CUl'ves in Fig. 2.1 rcpresents the caso which n • O. that i s 、 in stanton sizes ar 

fixed to p. Tho mass in this case is smaller than the cases with the distr‘ i bu tion wit h a fi nit 

width. ActuaJly, the dynamical mass at n • the lower limit of those with the finit 

九 as shown in Fig. 2.2. Fig. 2.2 represents the dynamica討1 maおss at Ik刈| 二= 0 W1比th v刊川f泡引a剖r巾?

of the i nst anton size dist r吋ibution. Se¥'eral curves correspond to cases of the several packing 

fractions. Those curves are monotonically fall off and tencl to t he val ue of the mass in th 

case with nxed s i zes . 日1e s110w th<.' values of the dynamica.l mass with several the packing 

fraction and th<.'ir lower limits at 7l = 5.0 in Table 2.1. 
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Table 2.1: The dynalnical lnass at I 人 I = 0 with various pj R at 

Ikl = 0 and n 二.5 .0. L.L. is the lower lin1it of /¥/ (0). 

¥'Ve also 只 how the dependence of dynamical Cjl1ark mass at k2 = 0 、 j\/(0) on t he packi n 

fraction. /> j R ‘ in Fig. 2.:3. The dasbed curve is t hat for the case of the f1xed instantoll sizc. 

The subscql1ent solid curves are tho開 for various i nstal1to11 size dist ri bu t ions specified by th 

power n o[ ρ- Il withη= 6..5 ancl ~l frol]] the bo11om. The dynamical mass increases rapidly 

as n apprOaChE'5 n rv :3 for a f�ed packing fraction. On the other hand. the dynamical lllass 

of quark becomes large in the dCl1se in~tanton ¥'aCllum. while it becomcs small in the clilute 

ca.se. 

ing thc obtained d~' namical quark masses depending on the packing fraction and thc size 

distribution function 、 we calculate t he vacu urn quark condensate and the pion decay constant. 

J11 Fig. 2 .4 、 we show the resuJts of the quark condensaLe as a function of the packing fraction. 

The quark condensate is givE'n by 

(d4ft l¥I(k2) 
(vv) = --LVc I 一一J (2π )4 k2 + i¥/2(k2) (2.70) 

reasonabte value is obtaincd for t he packing fraction of ρj R rv 0.3 for the ca.se with p fixed 

to 戸 as wcll-known [21]. The Cjuark condensa.ie illcrea. lightly with the use of the siz 

distributiol1. It incre monotonically v;ith the packing [raction 、 pjR.
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Chapter 3 

民生esonic correlation 

in the instanton background 

1n a relativistic f�ld theory, current correlation fll nctions determine the spectrum of hadronic 

resonances. ln addition to that , hadronic correlation functions provide a bridge between 

hadronic phenomenology, the llnderlying quark-gluon structure and the st.ructure of the QCD 

vacll L1ffi. 1n this chapter , we will study hadronic correlations in the background of the instanｭ

ton vacuum. We restrict ourselves to the case of the Aavor SU(2)j and mesons as hadron s, 

for t he testing ground of our modeJ using the instanton ensemlコJe with the size distriblltion. 

To begin with , we consider the following mesonic two-point correlation function 

n AB (Y -x) = (0 I j A ( X ) j B (Y ) 10) (3.1 ) 

where jA (伊問B町)( :t) a剖r印‘e meso 川c cωur打、

)A(B)バ( .芯りどけ)=6αωb 伝a ( エx刈: )fA引(問問B町) ~，沖ぺb竹(x刈) , (3.2) 

whereαand b are co10r indices and f A contains both isospin and Dira.c matrix. 1ndice 

of gamma. ma. trix , A a.nd B , symbolica.lly correspond to the mesonic channels. 1n order to 

37 
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proceecJ Oll r ralcllla tions of t he mesonic correlat iO J1、 Eq. (;3.1) ‘\\・e con メ icl('r t he fer111 ion ir 

e 宵ective a ぐ付川1ιion C011川ng f' r介1'0、0111 t什he r('s 山 o[ E三弐qト. (2.29)ト
‘ 

;'dr[ t 与]二手 Jd4.r l'(州 _ }'+ - ) 二 、
、
‘
.
，
，
，，

、
，
、J

•• 
• 

、
4
・

J

2.
, 

，
，
S
4
1
、

Herι} 'i: are the 't Hooft interaction terms in t h(' instanton backgl'ollncl ancl they are given 

bv 

九二(長ff-' (玲Livyvlz dpf(P) 制[J土 ( .: ρ)+lJ (:3..1) 

with the らacJ clle poi川 valueιEq . (2..5~). 

In th(' foIlO¥¥'ing sections. we l'引11・ ict ourseh'cs to t he SU (2) J ancJ st lIdy t h(' pseudoscalar-

and scalar-challJ1el using the e゚thc-Salpeter approach. 

3.1 Quark-antiquark scattering 

Consideri ng the fou r-point G reen [u nction (see Appendix C) , we get the Born term of lh 

T-matrix for the quark-antiqllark bound stale in 1110mentum space a町

T土 (p ， k ド jFZ r 〉 Fμ土(川 q) , (3.5) 

with f�: = ~(1 干 γ 5)TQ a吋 Tα = (1 , i ァ). The fu川ion Á_'土 are the quark- a凶quark scatteri 

kernels obt ai necl as 

ん(川

[rom もhe calculation of the four-point Green function. Here , the momenta p , k and q a1' 

¥Ve nole that t h is kernel has a singularity at k2 0 w hen 

the size distribution f(ρ) fallぉ 0[[ as p-5 01' slowcr at large p. So we have to restrict OUl 

model discussion to n > .5 , whereη i s a parameter of thc instanton size distri.bution defined 

as i n Eq. ( 2 .:3 バ). suming t hat the numbers of both insiantons and anti-instantons in 
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rigu re :3.1: The scattcrillg kernel del'ivcd frolll the 't Hooft illterac-

tiOll of 4-point GrCPl1 fUllction with thc illstallton backgroulld. 

J n this kf' L' nel , the 1110111f'l1t Ul1l q is carriC'cI [1'0111 t.Iw left halld siclc to t he right. 

the multﾎ-ﾎnstanton system are thc same. 人+ = 入7一 ‘ \\'e sum up thcir contributions to tl1 

quark-antiquark T-matrix 、

T+(川 q)+ T_ (ρ k. q) = 乞 TJ(J P )(p 川)
f.JP 

(:3.7) 

Then ¥¥"e obt ai n t he physical com ponents of the T -J1la t rix characterizcd b)' t he q uant u m 

numbers of isospin 1 and spin JP ‘ 

TJ(JP) = P(_l)J f[ (J p ) : , f[(J p ) 人= (p ， 丸 q) ‘

where we have defined thc matrices rTl TP し J(J J-' )

fj(J P ) 二 (1 、九、 iゥ 5 ， i勺 57α )

(3.8) 

(3.9) 

with J(J勺 = (0(0+) ， 1(0+) ， 0(0ート 1(0-)). Ilere ‘ ¥¥'e have obtaineclμ ._μ+μ_ an 

4κ._κ+ = κ_ by considering 入マ+=入アー・ The Bethe-Salpeter equation of quark-antiquark 

bound state is obtained by using the scattering kernel , Eq. ( ~L6) 、 a~

T[(J p ) 二 P(_1)1 r I(JP) 0 r l(JP) 0(JP) (p. k , q) 、 (3.10) 

where 

r d4Z 
η(JP) (p , ﾃ" q) 二 κ (p ， k ， q)+ J 同κ(山)あ(J P ) (l, q) η(川 (3.11) 

Diagramma ticall)ヘ each q凶川t:仏 0(JP ) ， K and ']I(J P ) 、 i s s110wn in Fig. 3.2. The q 山1tity
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=コタこ +q

Figu re :3.2: The diagl・anuuatic represclltation of the Bcthe-Salpeter 

同!quatioll 、 givcn ill Eq. p~ ， ] 1). 

¥¥'e define here thC' fun 仁 li o n ~，ん ( J P) (l 、 q) ωh\'o Cju�k inner lines which COl1l1E'ct 

t he kernel A.' (p , I ‘ q) ¥Yﾌth T-matrix 0( J P) (l ‘ ι q ) �nd carry totally 11l011Wtltum 

ゴl(j P ) depends on each of the mesonic quark-antiquark channels through the ¥'ertex fj(.]p) 

a吋 C∞on川e促削c1匂b 人れwith 7η1(υj P勺) by t \\れ\\'0

S(q) 二 lF(3.12)
g + l'l(q2) 

\vhe陀 the mass function J!(r/) is given a 

l'!(q2) = μ J dp川~)戸( J q J p) (:3.13) 

The explicit form of J1(jP) is therefore given af 

1 0" p (I+q).I-.¥l((l ート q)2)]¥!(l2) 
ゴJ(j P ) (l 、 q)=(-l) ・ 8 .Yc "(ハ a 、っ. 、 .，. 11 1 且、っ、 、( I っ 7l r ( "ヲけ ・ (:3.1-1) 

3.2 Meson propagator for fixed instanton sizes 

¥Vhen one fixes the instanton size to the a刊raged \'alωp ‘ i. c . J(p) = 8(p - p) ‘ t he integral of 

p in the expression of the scattering kernel K. , Eq. (:3.6) 、 can be carried out. Then we obtain 

the following [ormula 

A:(山) = 4F(lpi)F(川J)F( J kJ)F(Jk+ qJ) (3.1.5) 
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W問i t山h t山he ave1'aged i凶n川1同凶e引町l'川、

I 帥五h川n川山1廿巾i比tion ofυLμl 土 u川r附r N+ = ̂ T一-， 剖制削川l C吋仁d is 問 1lal to iljp 

are nxed to the averaged valu e 戸 The ke rnel, Eq. (3.15) , is represented as thc product 

of fu町t i o n s of each momenturYl. This means to add thc factor F(I μ1) for eacb incoming 01' 

outgoing momentu m to 1, he vertex 、 schemat icaUy as in Fig. 3:.3. 

k+q p+q 

~~ 
dよコ民、
k p 

igure 3.:3: The scatterﾎng kerllel ﾎll the case when the ﾎnstanton sﾎzes 

are fixed to the average p. 

¥Ve can then find the T-matrix 、 w h ose momentum dependence separates into eacb part ‘ 

rep1'esented in the fo1'm 

04 、

ち(J P ) (川 q) = μ2ラF(lpl)F(lp+ ql)i 1 + SJ(JP)(q)げ(lkl)F(1た十 ql) (3 凶)

(see Fig. (3 .4)), whe1'e 

<") [(4 r d41 d4[' 
SJ(JP)(q) : = 〆τ f 一一一_'\L1 F (l l l)F(11 十 ql)F(I['I)F(1内 ql)J (2汁 )4 (2π)4 

×ゴI(川

The SJ(JP)(q) plays the same 1'ole as the mε50η propαgαtor， since it carries the meson momen-

tum q and quantum numbe民 in spite of a dimensiOJ巾ss qua凶ty. Su bstit山時 Eq. (3.16) 

to Eq. (3.17) , we find the solution of SJ(J P), 

SめI尺ωI(J Pυ川JP州P
XJ(J戸P )べ(qω) 

円 t長74 r ιd4 Z 円内
)( J(JP) (q) :=〆す J (討F~(II + ql)F:l (1/1) J1(JP) (l , q) 

(3.18) 

(3.19) 
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二縦三包odqキk~…df
占崎努移噂・ dよコ民、 'd人r一 凶・・噌回

Figu re :3..1: The scattcring kcrnel ill th whell thc illtcraction 

SlZCS aI・c fixed to the averageρ. 

To sec further that the SJ(JP) expresses mesonic propagation ‘ lC't us check t he Goldston 

mode of it f01・ thc pseudoscalar-isotriplet channel. T'he C'xplicit fOl・ll1 of 

r d4f .¥1 ( (f + q) 2) l'II ( {2) { (1 + q) . { + l'II ( ({ + q) 2) ,\ 1 ( 12) } 
-\1(0一 )(q) = よVcR-l I 一一J (2π ) -1 {(l +q)2 十九1 2( (1+ q)2)}{f2 + i¥12(12)} 

(:3.20) 

¥Ve ha¥"e used he陀 the relatiol1 JI(k2) = IlP2(1 ん 1) . On the other hand 、 the p- 日xed gap 

quation in thc chiral limit. 

4にR-1 l ~~内2)
ー. ー

C-' J (2π) 4 [2 + i~ [2 (12 ) (3.21) 

tells us that the _y 1 (0 一) is obviously equal to 011e in q2 • O. Hence 、 the Sl(O一) has a singularity 

at zero momentum in the chiral limit. 

3.3 Goldstone mode in case of unfixed instanton sizes 

Return to tbe case that the size distribution is given in Eq. (2 .38) 、 we will show he1'e tha.t 

the pseudoscalar- isotripl et ぐoITc l a.t i on function ha.s a.lso a singula.rity at zero momentum in 

the chira.l limit 、 similarly as i 11 the previous section. 

We consider t he ll1esonic correlation functions of each channel as follov¥'s 
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(3.22) 

¥Vhen we apply the Bethe-Salpcter eq uation 1 Eq. (:3.11) 、 and the dynamical mass , 1¥1 (q2) , to 
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the integ1'and of the correla.tion functio凡 Eq. (:3 .22) 、 we 巴et

(d4l)  
!(J}) -j 耐1 ([2) ゴJ(J勺 (l , q) 川)(1， p ， qωり叩叩引巾)リνV引い):Jμμ川3♂あふJパI円(υ、J P ) (む川l
二 ‘.\げl(ω]})ゴIペ(J P勺) (ωp ， qω) κ (ωp ‘ 人ん;， qω) ゴl川(J Pη) (付lん" qω) . (:3.23) 

On the other hand , the kernel o[ the Schwin疋e r-Dyson eq uation 、]\-f (p) 、 which we considered 

fo1' the quark propagator in Section 2. can be exp res問d by llsing the Bethe-Sal peter kcrnel 

ιEq. (:3 .1.5) a.s 

kf(lJ) =- /11LTIlq(1f)( ん) ] κ ( 1小 0 )J (2π) -1 _L L LI/  g ( 手 J) (3.24 ) 

in the chirallimit (see also Appe引I吋ix B )ト. Th i吋i s e町閃q凶t�on is 町>悶e引I川ed as i凶n Fig. 3..5. Hence. 

= 

Figure 3..5: The scattering kernel derived from the ‘ t Hooft interac-

tion of 4-point Green function with the instanton background. 

五 g : tmatrixrfix

we can 五 nd equivalently the following mass relation in the chiral limit , 

げ)=/4M(l2)ゴ1(0一) (l , 0 )川， 0 )J (2π)4- - ， - /~ .qV) 
(3.25 ) 

For the pseudoscalar-isotriplet channel , the bracket in the left-hand side of Eq. (3.23) vanishe 

at q • o with any p. However, the right-ha.nd side of this equa.tion is finite. Consequently, 

the integra.nd of Eq. (3.22) , 31 (0一 )71(0一)ゴ1(0一)ぅ h a.s to be un bounded 、 This means that the 

pselldosca.lar-isotriplet correla.tion function ぅ II 1 (0 一) ， ha.s a sin gu l a.r itぅl a.t zero momentum in 

the chiral lim it. 
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3.4 Other lnesons and nUl1lerﾎcal 111ethods 

¥Vhen we flxcd t ho Înstanton 只 i ze to the averagcc] va luo , wc found th 川11l 0mcnt 1I tn dcpcl1dcn 

of the T-matrix、~( J P) (p. h" q) 、 is separable to cach pa凡 On th(' 01 hc(" band ‘ with the 

in sta nton らize cli~tribution. it is clifficult to 自 nd such separation for 111(¥ T-matrix becallsc of 

the intcgral o¥'er instanton sizes of Eq. (3.6). \Vhen 仰ぐoJ1 sider 1 (0 一) channel in tho cbiral 

limit 、 w(' 3¥'oicl sLlch a problem and we can show thc Goldstone mocle a.s in the previous t¥¥'o 

ection札 1r o¥¥'c¥'e r 、 111 庄e11('ra1 ぅ we can not pcrfor・ 111 simi1ar cakulations fo1' other channel: 

because of p-integral. 1nstead of oxtracting propagation property for each channel with t11 

lllsepa r、 able Bet he-Sal peter kcrnel 、\\' (' compare 11111llerically tv,:o kinds of propngα t0 1'. tl1 a t is. 

SJ(JP)(q) in the separable ca同 an

9j(JP)(q) := IT1(JP)(q)Sj(jP)(q) -1 (3.26) 

in the in問parable one for each channel. Here1 lV1(JP) is defined a 

r d'l η d-1 k 
JP) (q) := J 静岡ゴI(JP )(p 川(p ，h'. q)あ(川k ， q) (3.27) 

The function 9f(JP) is identical to Sf(JP) derived 1n t he sect10n :3.2 , when th ize distribution 

五xed to �. 

Beca.use of restriction f1'om t he Bethe-Sal peter kernel 、 Eq . (3.6). as we mentioned 、 w

pe1'form our numerical calculation in 71 > .51 ¥¥'here rz is a fall-off parameter which give門

domina.nt contri bu t10n of t11e fOT'm p一η in the large insta.nton size region. 111 Figs. 3.6 and 3.7 

we show the rcsu1Ls for the fu ncLion SJ (0+) and 9J (0+) withη= 5..5 、 which correspond to αo 

meson. The tb1'ee lines a陀 those with the packing fraction 15/ R of 0.2 .5、 0.:3 .5 and 0.4.5. The 

marks correspond to the data points where we numerically calculate. Simila.rly. we sho¥V also 

Lhe result for 0(0+) cha.nnel which cor印sponds to σmeson as in Fig. 3.8 for SO(o+) and in 

Fig. 3.9 for 90(0+) with n = 5.51 respectively. Those functions of 0(0+) channel is drawn in 

positive region 、 \v hile nega.tive for 1(0+) because of thc absence of the factor P( -1)J comin 
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from Eq. (;3.10). For variousρ/ R, t h ose 1 i n es i n t h ese 日 gures are ¥'ariccl largely at small rp. 

Hence 、 m asses of t110se mesons may vary withρ/R. 

To ex t 山:t the masses from both of Sl( J勺 (1]) a 吋 O'(J P )(q) with the instanton size distriｭ

bution. ¥¥'e perform the resonance fiL proposed by Kugo [.51J 

F川q) = p(_l)l ( ポ+ イ -4 }
¥ rp + m2 I (/2 +吋 (/2+ m'h) ( :3.28) 

with m 2 三川 :S mh. The factol' P( -1)1 is suppleme 

we h ad removed it i n C011st ruct ion of 0(J P) (J.人 h'.q) of Ec卜(:3 .10). The first te1'm in thc 

right-h and sicle corresponds 10 the lowest Iyi ng l1leson reson ance w h ic h we a re i nterest ed in. 

T11e second term comes from t he net ef[ect of ot her rcsonances and the t hird one represenb 

a negative background owing 10 the cuto汀. ]t is dirF�cult to see clennite \ 'a lu何 of resonance 

ince this f�ting function has ambiguity for estimation because of many parameters ・

Alternatiγely‘ we use t he following Silllplir�cl form 
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(;3.29) 

which corresponds to the above form without the second term. ¥Ve c1 e五 ne ¥ 2 a.s 

子二平 (SI(J3Jturd)) or 午 (2114JJJt

We take eight data points in tllc region , 0 く q2 く 1.(' GeV2 句 [or the fit vvith four parameter 

in Eq. (3.29). 1n Fig. 3.10 、 iけhe da ta. points .i川ndicate吋d by tr叶iangles c∞01'‘γ-respond to Sl(刊0+)バ(ωωqω ) 

Wl比th the fixed in s剖t冶A訓a.剖， 1川on size a nc吋仁d the packi凶ng [r、a.ction p/ R 二 0.35. while other data poin 

correspond to 01(0+) (q) WitJl instanton size distribution labeled by n_ - 5..5 - �.O. As w 

see in Fig. 3.10 , those curves are only slightly different. VVe obta.in ¥ 2 [01' 1(0+) channel , a 

hown in Table 3.1. ¥Ve show a.lso the results of n71(0+) obta.ined by the fit with Eq.(3 .29) ‘ 

a.s a functiol1 of the packing fractioll in Fig. 3.11. The thick curve corresponds to t h 

result with t he fixcd instanton size and the thin curves are obtained by the ca.lculations wit h 

Tl - ・3 ・仏 6.0 、 6..5 and 7.0. ln the region of mediutl1 and large pa.cking fraction s ぅ The fixed 
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instantol1 sizc calculation gives a slight1ぅ. sm a1ler ¥'alucs of m ass t h an t ho日C' e ¥'a lu a t C'd ¥¥' i t h 

the unfixC'cl sizes. ActL1ally. atρ/R=0. :3 5 、 the val ues of Illass of t hC' f�C'cI instantoll 日 lZ C' case 

is 9V> ~le\' 、 while 93:2 l¥1C'¥' for the case of thc ぉize distribution wit h n = .5.,5. 

Two 庄町， C Ll門cs in Fig. ;~. '11 deJ10te twice of thc quark dynamicaJ J問時、 L\l (0) 、 at I 刈= O. 

The thick gray curve corresponcls 10 the p fixecl case 、 w hi1e the 1hin gray CUl've is thc ca~ 

with 11 = .5..5. 11' ¥¥'e rega['d thal the dynamical lll駘SS is I1carly eqllal to the constituent quark 

mass 、 We ma ,\' say nai¥'e1y that the quarkonium of the 1(0+) channc1 is the bound state o[ 

quark and antiqual'k in thc rcgion of the 10¥¥'C'r of thosc gray curves. Tbc eITect of the siz 

distribution with 日 nite width cxtends the rcgion of th(' packing fraction 、 in which the quark 

and antiquark is boundcd 、 Lo the ぉ IIIaller r('gioll of t hc packi ng ('ract ion. 

The case of 0(0+) channC'1 which correspond ぉ toσmeson is st udied also i n a si Iη1凶 ar ¥¥'ay. 

VVe sho¥¥' res山s of both Sυ(0+)((/) ancl OO(o+)(q) in Fig. ;~.1 :2. and the valllC's of ¥ 2 in Table 3.:2 

Vlfe show also t h(' resonance mass for various packing fra.ctiollS in Fig. :3.1:3. At p/ R = 0. :3.5、

the val ue of 1 be resonance mass of 0 (0+) cha nne1 case is .-1..12 1¥1e V for the f�ed instanlon sizes 、

whi1e ,,) 13 I¥[eV fo1' the unfixcd instanton size ca.se with n 二.5..5. The s peci 自c point is 1h 

paration bet ¥¥'cen the 五 xed instanton size case (thick cu1've) and the othe1's (thi 11 cu rves). 

This rcslllt represents 1haL t he 10wesl. Iying lllcson resonance ma.ss does not 1argely depend 

on the [all -o汀 parameterη. As we see in Fig.:2.l. it is ~hown that tbe quark ma.ss function in 

the ill川凶lぱ[r悶、'a訂1

dis司山tr訂凶r叶、t廿iけ出b机bu孔川utio孔 J(ωp) r--.I P 一 fη1 The insensit ivi比ty of the qua引訂r、k ma.sおs to the f臼削a叫11ιlト-0汀 pararηmη1児削e引ter 1η1 of 

the instanton size distribution suggests that the calcu1a1ion of the mass of scalar quarkonium 

based on the Bethe-Salpeter approach is governed by the quarks in tbe large momentum 

region and , hence ‘ the quarkonium of the sca.lar-isosing1et channel is a compact bound stat 

of quark and anti-quark. 
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Figure 3.6: The function Sl(O+) with various packing fractions. 

Figure 3.7: The function ﾇ1(0+) with various packing fractions. 

These figures represent the 1 (刊0+) cham肘1 ca.se which corresponds to an QO 

meson. ln both figures , The three lines with markers are those wi もh t he packing 

fraction p/ R of 0.25 ( ci吋e)， 0.35 (tria時le) and 0.45 (diamond) 
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Table 3.2: The result of the resonance fit for 0(0+) channel with 
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Chapter 4 

Pion electromagnetic charge radi us 

a bound state of a light quark and antiquark. the pion is an ideal system for explorin 

the application of differen 1, approaches to thc stud:v of bou吋-state structure in QCD. In 

terms of t he elect romagnetic [ea ture of pions 、 we necd to think about the nontrivial coupling 

of photons with quarks 、 which is intrinsicaJly non-perturbative. On the interaction betv¥reen 

photons and quarks in this system 、 quarks are dres回d by coupling with gluOllS dynamically. 

Our previous discussion means that the gluon-clressing of quarks is representecl by instanton 

clynamics. Hence う we can no1, simply describe the coupling between photons and quarks but 

have to add the contribution from the instanton meclia. Such an in 1,ernal structure wiJJ a汀ect

its observable properties 

日1hen we consicler 1,he quark composite of pion , 1, his vertex means that photons couple to 

quark internal lines of each fiavor. 1t has been considered in Ref. [,52] that there are several 

ways for cωou叩pμIi 1凶ng b冗etw附e凹側e引n 1， h児削e引i爪T

to only one of q uarks in the pion rep陀S民悶e引11te町吋仁d as the impulse diagr、3羽a剖lη111 in Fig. 4.1 , 2) th 

two-body interaction where 11, coupJes to the non 1, rivia.l ClllTent opera1,or composed from both 

of two quarks shown in Fig. 4.2. and 3) a photon-quark coupling due to the vector meson 

.53 
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process denoled as the cliagram including the 1110dification of a photon -qual、 k cou pling. Fig. 

4.:3. 

Figu re ,1. l: PhOtOll couplcs to one Figure ~1. 2 : Photon couples to two 

of quarks ・ quarks siluultalleously in the n011-

trivial way. 

igure 4.3: PhOt011 couples to a quark through the vector meson. 

We restrict ourselves to the impulse approximation where we neglect the second and th 

third types of the dia.gra.m. For ou r aim , the two-body intera.ction ma.y be not releva.nt to 

our ca.lculations. In terms of the conlribution of the third diagram , it gives the contriblltion 

a.s the well-known vector meson dominance. So we wiII discuss it later in this chapter. 

4.1 Bethe-Salpeter alnplitude and near on nlass shell 

We shortly discuss the quark-pion vertex which is given as the pion Bethe-Salpeter amplitude 

from the formal discussion of the Bethe-Sa.lpeter eqlla.tion. Howcver , this will be modified 

in a.ccordance with our defﾌnition of the dyna.mica.l ma.ss and the interaction kernel.明/e will 

perform such 11l0difica.tion in the next section. 
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The Bethc-Salpcter equatiol1 is denned as the following fot・ m:
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¥Ve extract the Bethe-Salpeter amplitude. which is a bound-state vcrtex ‘[1'0111 the T-mat1'ix 

in an ordinarγmanner [.5;3]. For this , we p川 the T-matrix in the chi凶 limit a 

Fπ (I/ ， ]))rπ ( k.p) , n/Ll 
T(k' , h' , p) こ っ +R(ん、 h' ， p) . (4.2) 

ρ 

The nrst term o[ t he r. h.s is singular for p2, ¥¥. hile t he second term is regu lar. So 、 the 日 rst

term is dominant in the vicinity of thc mass-shell. Thcn the Eq. (4.1) is reduced to 

「じ川打パ(伏k'.p川)斤Fιπ(k 川 = / 1L〕κ (k'νK山/ぺυ‘， 1. ]J川ρ川)川j沢川(いlυυp川J
) (2π)4 

(4.3) 

lf rπ ( k. p) is not zero near 011 mass-shell、問 can get the hOlllogeneous Bet he-Salpeter eq ua-

tlon ‘ 

F川πバ(川川)H= / fL〕κ(伏k丸州， 1ム什l仁ω句、J♂p)JJ (2π)4 ( 4.4) 

This equation is represented schematically in Fig. ,-1.4. This equation is equivalent to the gap 

喰多ご=喰多土江

igure 4.4: The honlogeneous Bethe-Salpeter equation. 

quation (3.25) when p2 = O. Hence. we fin 

rπ (k ， O) l(k2) (4.5) 

Similarly, if rπ (k ， p)#Oforp2 r-v 0 ， rπ (k ， p) issubjected tothesameformsofEqs. (4.4) a.n 

(4.5) . 



<-}.l. BETHE-SAL λIPLJTCDE J ・ー EAR ON ~IA討S SHELL 56 

[n the dia姥昭g伊ram. ，\'へ\' e put the n川n問山 of in児1COωωOη川暗 a吋 Ollt匂going p判内〉刈)Ion as 只 pμa吋 pイ;i Tile 

on-mass-shell condition of pion in the chiral limit i 汚

p2 = ])'2 = 0 、
1

』

j

p
hリ

d
E
ι
A
 

ι
 

，
，
i
z

、

¥Vhen the phOtOIl momentum is put as Qμ = P;I -/}11' the condition (.1.6) is equivale川 to t he 

followi ng eq ua tions 

(μ+IJI)2=-Q2aM(lJ+jf)-Q=0 ( -1. �) 

These relat ions are accepted in t hc ~li II ko¥¥'ski space. HO\~:ever 、 \\' hen we restrict our discu 、­

sion to the Euclidean s pace , we have to permit an illlaginary value for at least one component 

of momenta ‘ except for the case ¥'Vhere all of com ponents are eq uivalently zero. ¥Ve face the 

rucial problem w h ich the zero-mode function F( Iplp) 、 which makes t he dynamical mass and 

the in teraction kernel ‘ is not giyen by the imaginary val ue of ]J/I from its defi nition. コo we 

could not rrnd any physical information from ollr framework. 

s a cure of this di伍cultYl we extend it to an 0汀 shell region. We consider the vicinit.v of 

mass shell , i. e. we shift the 110rrn of pμfro111 the mass shell a.s Ipl 二仏 with a 陀al and sma]] 

calar constantα. The left hand side of Eqs. (4. �) is rewritten a 

(p 十 pf)2=4α2 _ Q2 (4.8) 

VVe assume t hen that p2 is always eq ual to p'2 for anyα. This condition maintains the 

second relation of (4.7). From the rrrst and second rel a.tions , both the incoming and outgoing 

momenta of pion are limited with 

p2 = 1/2 =α2 三 0 (4.9) 

III CO川rast with Eq. (4.6). 

After such modincation of conditions 、 we reconstruct the Bethe-Sa.lpeter amplitude of pion. 

The form of Eq. (4.4) is kept for a町 sm a.llα. Actuall)べ when Eq. (4.2) is singular at p2 二 α2
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--'--卜 (4.:3) is rew山ten a: 

「π ( k'， p)fπ (k ，p) 

= r共κ(k' ，/ ， p)J(I， p)じ (I， p) I'π ( h\p) 
} (μ4 冗)<1

+判α2 ~いいκ川(山、， p刈J功) + / fL κ川州州K ( k'μμ( k'んν，川1 ，川切川司， p川p川p)Jオ)川jλ刈(!ハ/.]Jρ川Jl -¥ -, 'rJ  ' J (2π )4' - \ " "'r/v ¥..r/-.¥....'r/ -'¥" " -'L-J J 

As αis s mall 、 the r.h.8. is eq uiva le川 to Eq. ( ~J. 4 ) by neglecting t he terms proportional to (/'. 

Ho,vever ‘ t he amplitude f1� is modiAecl frol11 Eq. (4 .5) , since p2 i只 no longer zero. Expanding 

the pion vc山xfπ (k 十 p、 k; ]J) around p2 = 0 、

。rπ ( k + μ ん; ]J) I 
Fπ ( k. p) = I' 1í( ム0)+|pμ+ O(α2) 

。μ11 Ip=o 
( ~1. 11) 

The first term is given as the dynamical mass from Eq. (ι. ，5) . After some manipulations. ¥¥ 

get the Bethe-Sal peter am plit ucle of t he following [OI・ m

f1í (k ， p) α 叩2)+U/fLr(州)ゴ(人 0)川2)+ O(σ2) 
Ikl J (2π)4 

The fu nctionκ(ι l) i n t he integran 

K(k , l) :=川2)引ゅf(p) (~r州

(4.12) 

( 4.1:3) 

imilar to the i 川eraction ke町err口!閃l 人κ~ (App附閃e引I吋ix E). Here, F(lklp) is defined as the derivative 

of the zero-mode function う

F(lklp) := 1dF(f)|- ρ 

[2 (1 + D川'l(t) 一計I川

and it vanishes when Ikl = 1I1 = O. Hence, the functionκ (k ，/) is regular at Ikl = 1'1 = 0 , 

even when the instanton distribution parameterηis valued with anv number. In the on-shell 

limit ， α → 0 ， Eq. (4.12) is reduced to the mass Jt.[(k2) a.gain.. In this [rame work , our model 

is applicable to n = 5. 
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4.2 お101nentU111 syln111etries of the electr0111agnetic vertex 

Concerning the diagram Fig. -1 .1 , 1he electroll1agne1ic verlex which gives thc pion Cll l ・ re nt i 

¥V1'Itten a~ 

Aぺ;〉いC什(p印、， Qω) 二 :2 ;入丸「ヘ\
J (2π)4 

ln this argument , both 1 he 1 races of colo1' and ftavor ma t1'ic12s a ppea red i n 1]le triangle part 

of the diagram have been expanded. VVe haye thercfore writ ten down explicitly both of the 

color 入-c and the electromagnelic charge of t Iw pion Q〆 、 respect i vely. Thぞ factor :2 com 

from two c1j{ferent di1'ections of the qllark triangle loops. The Vμdenoles the triangle part 

of the impulse diagram as [ollowing [01・ n1 ，

1 μ (h' ， p'. p. Q) = T1' [1 5 S(ん+川 (.J.16) 

where the symbol Tr is a trace o¥'er gamma matrices. First 、 \\'e sim ply put ウ μ[0 1' the q uarkｭ

photon vertex rμfo 1' the time being. ¥Ve will consicler the vertex correction of rμlate 1'. For 

the nontrivial coupling between the photon and the dressecl quark , we discuss in Sec. .J.:3. 

To extract 1he pion charge form fac10r from Eq. (4.15) 、 we consider he陀 several momentum 

ym metries of A7f土， althollgh it is in the off-shell region. 

Replacing il1coming pion momentUI1l with outgoing one in Eq. (<-:1.1.5) will denotes the 

charge conjllgation. ¥¥1ith this momentum repla.cement and 

c ↑γμC = -ìT
μ 

(4.17) 

we can 五 nd 1he follO¥i¥'ing charge conjugation symmetry a 

Fμ (-k 、 -pぺ -p ， Q)=-Vμ (k ，]J，]Jぺ Q) (4.]8) 

(See a1so App肝閃e引ndi以x F) a剖I吋 also 

A;土 (-p' ， -p ぅ Q)=-Af土 (IJ7Pf?Q)=A;平 (p ， p' , Q) (.J.19) 
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¥¥'11en this is combined with aη 弓 transformation. the syrl1111eLry for the photon 1l10111('ntulll 

Q is giv('!1 部

A;土 (p' ， p 、 -Q)=-A;土(一戸、 -pf ‘ -Q)=A;土(戸、 p'.Q) ( 1.:20) 

The forl11 of Aじ、 which sa ti s 日 es with Eqs. (.1.J9) and ( ~1.:2 0) is ocld function for (μ + /)')J..l al1 

e¥'en for QI'. So we can ¥¥.' riL(' t he v('rtex a 

A;土( 7.人 p' ‘ Q) 笠 (p 十 p')ll 1乍 +QI1Q ・ (jJ+ p')Cπ (-1.:21) 

Both Fπand Cπ a.re in varia nt fu nctions of Q '2、 (p+ p')'2 and (Q. p + Q . p')'2. 

Calculations of our model is proceeded out of the pion mass sbell. IIo\\'ever、日111ce ¥¥.'e 

mentioned in 1 he previous sectio Jl、 vV E' have put Lhe special conditions [01' pion momenta. Th 

inner product Q. (p+ p') is ‘ t herefore 、 always ('Cj ual to zero 、 similar to the on-shell case. Th('!1 

the second term o[ r.h.s. in Eq. (1.21) is not appeaJ、 in Ollr calculations. The f�al [or111s of 

t11e electromagnetic vertex is giv('n a. 

A;土 (p .1/ 、 Q) α 土 (p+ 1/)μFπ (Q2; α) ( 4.:22) 

withαthe 0汀'-shell parameter which sa tis日 es Eq. (-1. 9 ) . 

We 陀ga.rd t he function 凡 (Q2; α) as the electromagnetic form factor ぅ although it is defined 

1n 0汀~she l l (the normalization condition is F(O: α) = 1). Because Frr(Q2; 0) may be a correct 

form [actor in the on-shell limitα → O. Howev('r 、 the squared photon momentum ‘ Q2‘ become 

zero in this limit. Hence ‘ it is justifi('d in the vicinity of Q2 二 o in the limit of α → O. 

4.3 Quark-photon vertex 

机Te reconsider here the quark-photon interaction in the diagram. The quark-photon vertex 、

Fμ ， satisfies the Schwinger-Dyson equaLion which describes 1.>oth strong a.nd electromagnetic 

dressin広 ofthe interaction. Solving tbis equation is a difficult problem that has recently begun 
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to be acldressccl [5 ~l]. In ca加se of N呼amb川u 一 )0川一- La釦悦叩S幻山山う司引11川1110

vertex "r μ 、 si nce the c1ynamical Illass is constant. Hov':e\'cr , in Ollr casιit is inaclcquate 1 

hoose the bare vertex simply. ¥Vc neecl thc vertcx correction to satis[y 1he \\'arcl-'['akahaぉ hi

identit¥" 

Qt1f/l = 8-1(12) -8- 1 (l L) 、。μ 二 12 μ - 11 μ (.1. :2:3) 

because 01 the momentum-c1ependcnt mass of qual' k汚. ¥Ve c hoosc here t hc lollowi ng vertex 

[.s.=s] . 

Ar(li) -J1(12) II , \ 11 ;; 

r' ~I (l l ， / 2) = ゾ + l2 - l?(li + l2)μ+fμ (l J ，/ 2 ) ‘ (4.24) 

and thc clyna川cal mass l�(l2) defined in Eq. (:3.1:3). The陀 is ωterm propo川ona1 to singl 

)1 or )2. This v川

Tak山

a the bare \'crtex ‘ 1. ιthe charge conjugation 、 the Lorentz transformation and also other 

from sy rn met ries i ncl udecl ou r theory. 

1 n Eq. ( 4.2.J )、 the vertex ‘ rμ ‘ is a sum of the prod ucts of momenta 1 1 、 l ・2 司 Q and gamma 

mat巾

vertex ， f tヘ for our context of the pion currer 

In the limit of Qμ → 0 、 the Warcl-Takahashi identity becomes t hc following fo1'm 

υ0S-l (l) 
「μ (l 、 1) 二

。 lμ

]n case of t he Ball-Chi u vertex (4.24 ト it recluces to 

, , 8J¥!(l2) 
Fμ (l. 1) ニゾ +τ了

(-1.2.5) 

(4.26) 

The second term of thc right hand side is n01 generally zero 、 exccp1 for the case whcre the 

dynamica.l mass .'1 (12) is constant for 1μ ・ So tbe vertex which satisfies the ¥Vard-Takahashi 

identity contai ns both the bare ga mma matrix and 1 he nOlltrivial term v,:hich depends on 
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Illomentum. Actually, for Eq. (2 . .5 旬、
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where F(t) a吋 F (t) has been def�ed in Eqs. (2.34) a.nd (4.1-1) a吋 lμ1S a. u凶

direction , does not van1sh 1n the limit of Qμ → o 

4.4 The pion charge radius and nU111erical calculations 

¥Ve found that the pion f01・ 111 factor 1n Oll r framework is justified for small Q2. Here , let 

us consider the charge rad i u凡 which is one of the importaut quantity to characterize pion 

property defined at Q2 = 0 as , 
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。川a.im of calc山tion is to get the value of F( Q2; α) a.nd (r;) 川merically‘ For this we 

concentrate ourselves to the Breit fra.me : 

Yμ= (0 , 0 , -Q/2 , ])4) , p~ = (0 , 0 , +Q/2 , ])4) , Qμ= (0 , 0 ‘ Q , 0). (4.30) 

with Q = IQ μ1. Here , the condition of mome川a with off-shell parameter a, w hich we de五ned

in Eq. (4.8) 1 is represented to 
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1n the Breit frame , a sum of space components of p and p' va.nishes so tha.t the spa.ce COTl1-

ponent of Aμis zcro. Hence , our calcula.tion is only the fourth component : 

2 ¥ A4 (p , p' , Q) 
F(Q~; α) こ のー

LjJ4 
( 4.32) 

Numerical caIcula.tions are performed at severaJ finite va.lues of 仏 since. for our a.ccuracyぅ

we can not ca.lcula.te it whenα is exactly zero. 
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¥Ve sho¥V the elecLromagnctic form factor of pion s 、 lうr(Q '2 : n). in Fig. -1..1. Here. \\・ c haH¥ 

門 xed t11e 0汀:'_shell parameter (l a.s α2 二 0.1 GeV2 and the pac:king fraction p/R 二 0.:3:3. 日olid

curves are those for the ca汚e of n = .5 and CI ash-dot ted cu rves arc f'or p [ix('d to p = 1/:3 fm. 

On the otl1('r ha nd ‘ t hin cUr¥'es c1enotc F~(Q '2 : α) ¥¥'h('n ¥¥'e choose only bare vertex. ヴ μ. where 

photons couple C]uark currents c1irectly. Thick curves are those for the case of the a゚ll-Chill 

vertex ¥V hic h sa tisnes the VVarcl-Takahash i idc 川ty. ¥Ve a.dcl also t he c以州X刈p光川町e引引r山‘

denoted by dots and error ba引rs in t hi治S 日 gur、e . VVhen (l2 = O.l GeV'2. Ollr model calculation 

is applicable in the range of 0 く Q 2 く O. ~l Ge\・ 2 and can cover 1 he experimental data , The 

curves forη = .1 falls off faster tha.n tllOse fo1' p-nxed cases at the la1'ge Q2 、 and the case of 

Ba11-ぐhiu ver1 ex falls more faster t h 九 n the case of bare vertex. Howeve r 、 t hose curves are still 

drawn largely comparing ¥vith the experimental data. since a contribution of the correction 

term in thc Bethe-Salpeter am plit ude. Eq ・(._J_ .12) 、 t0 t he form factors is 110t be negligi ble a t 

d ニ 0.1 Gc ¥"2. If v:e tookα → 0 ‘ s Ll ch a con1 ribution ¥¥'ould become small. Actually, as ¥¥' 

how in Figs. --1.6 and 4 .1 、 t h e sq uare-a刊日ged charge radius ( 1' ;( α) ). which is de引tωe引刊r口n川1

by fιh削ζa剖1叶lling 0汀 of F(Q2: α叫) subjected to Eq. (4.2旬、 get 九 large value whenα2 become smal!. 

Figs. -1.6 a.nd 4-.7 represe川s the sq uare-a.vera.ged charge radi us (r; ( α)) with several a2. 

Here , the pa.cking fra.ction is f�ecl />/ R = 0.33 、 simila.rly for t he ca.se in Fig. 4..5. Solid and 

d a.sh-ζlott cd lines with circles denote ou1' rcsult for 11 = .s a.ndρ-fixed case 、 respective l y. 1n 

both fìgures, (T; ( α) ) looks to be co川erge j n t he sma11α 2 region. So 、 we may regarcl (r; ( α) ) 

at a 2 二 10 - 6 Gey2 a.s (ぺ) of t he limiting val ue. VVe show a.1so the values of (ぺ) of our 

rnodeJ In Table 4.1 and 4.2. 
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Table -1.1: Values of the pion charge radius (bare vertex) 
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Table 4.2: Values of the pion charge radius (Ball-Chiu vertex) 

Table -1.1 is [01' choice of r μ . This picture is simiJar to those of the Nambu-.JoJ1a-La.sinio 

(~.J L) modeJ without the vector meson do川 nance. ln the N.J L n以leJ. ( 1 ・;.) is given by 

about 0.03 fm2 [1]. Vector mesons mediated between photons and quark currents are 凶evan

for N.JL modeJ 、 since this contributioll pushes up tl1e pion charge radius to tbe reasonable 

value. However , ou1' moclel calculations give (7';)凹arly ten times la1'ger than the N.JL 

model. although it is still smaller than the experimental fit 、 (??)exp 二 0. -1:39 土 0.008 fm 2 、 111

Ref. [.5ï ‘ .58J. This i s 仁 a used by the fact tl1at instantons strOJ 

amplitude ¥vhich is reduced to the momentum c1ependent dynamical mass of a quark atα → 0 ， 

while it is constant for momentum in the NJL model. Effects of the insta.nton size c1istribution 

seem not to be c1early appeared in this case in Fig. 4.6 or TabJe 4.1. 

Table 4.2 shows the result for the case of the Ball-Chiu ve1'tex which satisfies the \ヘlard-

Takahashi ider山~y. Each result of (r;) is about 0.1:3 fm2 larger thal1 ea.ch of them in the 

case for bare vertex, and is sufficiently close to the above-mentioned expe 1'imental 五 t ， since 

instantons affect it through thc vertex correction. The shape of the instanton size distribution 

is sm a.11 bu t appea1'ed cle伺削a剖rけ巾~1 

We give also the rela tion between the sq uare-averaged piOll charge radius and the packing 

fraction of the instanton ensem ble 1n Figs. 4.8 and 4.9. Fig. -.1.8 is fo1' the ca.se that photon 

couple to quark Cllrrents forming pions directly through the bare vertexγぺ whi l e Fig. 4.9 

is for that with Ball-Chiu 's ve1'tex correction. Those figures ・te ll us t hat the charge 1'adius of 

pion shrinks in the dense instanton vacuurn while it expands in the dilute case ‘ as we fOllnd in 
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Fig. 2.:3. The dynamical mass of quark become fat in the densc in 只1anton vaclI um. Si nce t hc 

Bethc-Salpeter amplitude is proportional to it a1 small (L 、 t11 ぞ pion forl11 factor grows in such 

vacu um. and h('11CO ぅ the charge radills bccol1lc smalI accord i時 to 8c向仁qト. (,-1.28). lt is fo印ωIII吋 that

問山i時 values of ( r;) in the la tter case w h ich satisfie汚 with t he ¥Vard-Takahash i iden1 ity 

are goocl in comparison wi1h the experimentaJ flt around j5 r-v 1;;3 fm and R r-v 1 flll. 
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igure 4.5: The pion electronlagnetic fornl factors 、 Fπ (Q2; α) ‘ which

depend on the off-shell parameterα. 

Solid curves are those i n the case of η 二 5 、 where n is the instantoll size 

distribution parameter , and dash-dotted curves are in the case of p being fixed 

to p. Those curves are drawn aも the packing fraction 戸/R 二 0.33. 'Ve add also 

xperiment.al da.ta of Ref. [57] on this figure. Whenα 2 = 0.1 GeV 2 、 t h e form 

factor of our l110deJ is a.pplicable in t.he range 0 < Q2 < 0.4 Ge\, 2 and cover 

the range of t]le experimental data. 
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Figure 4.6: The square average of the charge 問dius、( 1';') , for the 

bare vertex. 

This represents tbe case where photons couple to qu ar、k current directly. Ŷ!, 

have calculated it at tlle packing fraction p/ R = O.3~L Solid lines are tbose 

of the case of 17 5 and dash-dotted lines are in the case of ρ being fixed 

to 戸ニ 1 /3 f肌

corresponds to each of thin curves of the previous figure 4.5 
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Figure 4.7: The square average of the charge radius ‘ (ペト for the 

Ball-Chiu vertex. 

Thi the case of Ball-Chiu 's vertex OlT も J on 、 which a tisfi the \,yard-

Takahashi identity. Each lin orrespond to the result with parameters of th 

instanton lZ distribution similar to tho which was given in Fig 4.6. w 

ha aJculated it at th packing fraction p/ R = 0.33. 

67 



4.4. THE PI0N CHARGE R 

0.8 

0.7 

~ ー-「d 
C、4

、「、寸、

八 0 . 6

N .,:: 

V 

0.5 

0.4 

0.30 

L CALCULATIOf'¥ 

一一 n=5
一一一 n=6
n=7 

一 --p -fixed

0.32 0.34 0.36 0.38 

Fig u閃 4 . 8 : The square average of the charge radiusぅ(ぺ) ‘ for various 

values of p/ R with γμ . 

6 



-1.4. THE PION CHARGE RADJUS A¥"D :\T r~ l ERICAL CALClT LAT IO~S 

0.8 

0.7 

pH』-E-回ー・
0l 
、、、

rl 

八 0.6

r、JL、K三

V 

0.5 

0.4 

0.30 

ー- n=5 
一一一 n=6
n=7 

一--p-f ixed 

0.32 0.34 0.36 0.38 

Figure 4.9: The square average of the charge radius. (1'; ) , for various 

values of p/ R with the vertex correction by Bal1 and Chiu. 

6.9 



Chapter 5 

Summary and concluding remarks 

¥Ve have studied the properties of light quarks with S1.:(.Vj) flavor symmetry and the scalarｭ

and pseudoscalar-cha.nnel of quarkonia which are described by qual'k-antiquark bound state 

in the m ulti-instanton vacu u m of QぐD. VVe have followed closely the work of Diakonov and 

Petrov in the formulation of the light quark propagator in terms of the quark zero-mode in 

t he presence of m ulti-instantons. VVe have new ly added the size distri bu tion of instanlon 

into this forma.lism. This is motivated by the recent discussions on the role of instantons on 

quark confinement due to large size instantons. 

1n the 五 rst place , we have studied the dynamical chiral symmetry breaking of light quark 

with the bosonization method. The introduction of the instanton size distribution afI'ect 

the behavior of the dynam ical q uark mass in the infrared region ・ When the size distri bu tion 

approachesη= 3 fro111 a.bove in t he expression of f (p) cx pーペ the mass function is logarithｭ

mically divergent at q2 = O. This imlコlies ぅ in a. sense , the co凶nement of the light quarks [.59]. 

The difference between t he dyna.11l icaJ q uark ma.: calculated with various insta.nton s�z 

distributions is particular1y large in the infra.red region. VVe expect that the difference of 

the mass functions in the infra.red region a汀'ects the mesonic correlation function. VVe have 

70 
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valuated the vaClIUlll quark con くlensate. using the rrsl1lting qllark propagator. A 1・ぞaぉonablr

size o[ t he chiral q山ltities appears with t he packillg fraction p/ R "" 0.:3 for the case of t)1(' 

日 xed instantoll sizeι tbe size distribution is introcluced , the chiral C'ondcnsate increaぉ

‘ lightlv. 

VVe h a¥'e studied t be Bethe-Sal peter a pproa.ch to the scalar-a nd pseudoscalar-mcsolls a~ 

bound states of qllark and a.ntiquark with 8U(2) flavor ill the multi-instanton VaClIUI1l in QCD. 

¥¥'e ha¥'e c¥'alllaled the mass of scalar mesotlS lIsing the resonance -f�l of the resulting mcson 

correla tion. ¥¥'e have [ound n aively t ha t t he e[fecl of the size distri bl1t ion extends t he region 

in which the Cjlla1'konilllll can be the bound state of quark and antiquark to the smaller region 

of the packing fraction 、 in comparison ¥¥'ith the case of the fixed instanton sizes. ¥-¥Tith the 

packing [raction p/ R = 0.:3.5 、 th e 町alar- i so tri plet meson mass is obt ai ned around 900 ~re v. 

¥¥'e ha¥'c [ound also that the Bethc-Salpeter approa仁 h to the scalar-isosinglet quarkonium 

in t he m u Iti-instanlon vacu L1 m gi ¥'es t he scalar-isosinglet meson ma.ss arOll nd 400 ~1e V and 

uggests the scalar meson is a compact bound state of quark and anti-quark. 

¥Ve have studied also the electroma.gnetic fo1'm factor of pions and obtained the quantitative 

results of the pion charge radius in the instanton media with various instanton sizes. 1n our 

calcula.tion w hich sa.tisfies the \司7a.rd-Takaha.shi identity in the Ball-Chiu ansatz , ¥Ve have 

obtained the sq ua件averaged charge r a.dius , (1';) = 0.378 --0....104 fm 2 、 around 75/ R = 0.33 

and n = ,5. Jt is su而ciently close to t he experimental 日 t [,5/ ,,58J, although we did 110t i山、oduce

xplicitly the contribution of t11e vecto1' 111eS011 which is discussed in ~a.mbu-Jona-Lasinio 

1110del ca.lc u l a.tions ・



Appendix 

A SOlne 111athe111atical notations 

Á.l ヲ t Hooft syn1bols 

In terms the SU (2)c instanton solution by 't Hoo[t , it is convell1ﾌent to use the so-ca.lled 't Hooft 

syrnbol which are represented a.s the following tensor form : 

ηQμν= 6αμ 力αμ1/ = ~ -6αμ (ν= 4) 

(μ= 4) 

(A.l) 

正Q μν fa μυ (μ ぅ v = 1 ぅ 2 ， 3) 

U
 

α
 

F
A
U
 

dα iノ

We de自ne 4-vector matrices 

ず=(子? 平i) (A.2) 

where i is a. vector whose components are algebra of color SU(2) c, that is , the Pauli matrices 、

as 子二(ア1 ， T2 、 T3 ) ' The Pauli ma.trices satisfy w ith ァα ァ b = 6αb + 日abcァ c ， Hence , the 't Hooft 

ymbols are a.ppeared from multiplica.tion of the a.bove four-vector matrices as 

7:TJ 二 8μν 十 iηωTa (A.3) 

(A.4) TJ77=6μν 十 i fJaμ ν Ta

The 、 t Hooft symbols a.re (anti) self-dual in the vector indkes 
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1 
ηαμν=-Tμναβ ηααβ 、 77αμν - 仇νμ (A..5) 
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¥Ve have the fol10wing u ~e ful relations for contractions involving the 't Hooft s~r mbol : 

17(1 μlノ 17b μiノ 一 46(1 (A.6) 

'7αμIノ りαμp 一 :36/ノρ

77aμν りαμtノ 12 (A.8) 

77a 111ノ 77αρ入 6μP6ν入 -6μ入札ノρ+εμw入 (A.9) 

17a j.ilノ 77bμρ 6a b 6νp + Cabc 17cν (ん 10)

'l7a μtノ 77bμIノ
。 (A.ll) 

The same relations hold for 71a μIハ exce pt for 

77印u り(/ ρ入二 6μ p6/ノ入 -6μ入 6Lノ p -Eμゅ入 (A.12) 

ome additional relations are 

らbc77bj.w 71cρ入 = 6μρ77αν入 -6μ入 77ανρ+ (\，入 77αμ p - 61/ρ 17a μ入 (A.1:3) 

。μνσ 77upσ = 6ρ入 77αμν 十九ν77α 入μ+6ρμ77αν入 (A.14) 

A.2 Group integrations 

ln order to perform averages over the color SU (九"c ) grou p, we need the following integral 

over U εSU (Nc) as 

J dU = 1 (川 (A.15) 

j川uii 二七jk 6li ' (A.16) 

J dU川lUmnU;p (A.l7) 

=土6.ik 6li 6no 6 十 ~(.土6jk 6li+ 6kl6ji) (.土 6no 6mp 什om 6np)
(/ . .(; 
_ 
1) ¥Nc 

VJ"~VLI I VfrIVJ1) ¥.Nc 
vnovmp I VomVnp) 

Here ‘
dU is the Haa.r measure , which is positive definite and left invadant on the SU (八九)

group. Further results are shown by Creutz [60J. 
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1n acldition. it is useful to formulate them with tho abovc mentionecl four-voctor matrices , 

q. (A.2) 、

j r[[' (1すが) ij =やμ40ij . j d[ ' (叶刊)iJ こかl/I ði .l (A.l 氏)
j4j/¥  d叩ァ戸内j ({ Tア，;u↑ hl 二万2ðμ l ð '/4 ðiル+刃I()P v ðilðkj + 0 ((1/"Vc)3) .(Aω) 

B Schwinger圃Dyson kernel with instantons 

1n Sect. 2 、 we have considered the 日clnvinger- Dyson equatiotl of a quark with flavor J for 

discllssions of t he dynamical C[llark mass. Explicit form of the Schwingcr-Dyson kernel in the 

instantol1 media is e:iven 出、
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given by Eq. (2..58). 

This kernel co川a i ns (N1 -1) loops and two externallines connected in the kern 

for lV1 三 3 ， in Fig. (B.l). The qu a.rk i n a closed loop and the one olltgoing t h rough t he kerneJ 

are different 自 avors. 1n Sect. 3, we consider leading contributions of large 人二 expansion for 

our model. Ou r rnodel ca.lc ulations h ave been restricted to JV 1 三 2.

¥Vhen the num ber of i nstantons is equal to the number of anti - instantonsう入7+= 九二、\\'

問define the the kerneJ wi t h 2/¥"1 (q) := ].イ+，j (q)+ / \"_,j (q). ¥Ve can then write this kern 

the chira.l Jimit a.s 

ー ( '̂7 ¥¥Nf (211\ 川一 1 r. ~(N () , , (0¥ 
I{ 1 (q) 二一一 (μ(Nf ) � J V f ( L ,,'; ) ' I dρ f，~Nf) (p) ( ~ ) F2(lqlp) 

¥' ) ¥ N ) J f" ,. ¥r I \ ρ/ 

× 日/竺~F2(lkglp) T叫ん)] • (B.2) 
g訂 .J (2 ハ j

1n N1 = 2 , it is consistent with Eq. (3.24) which includes the Bethe-Salpeter kernel K. 
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Figure B.1: Instanton kernel with Nf fiavors. 

Each kernel has (N.r -1) loops wiLh differcnt flavors 

C 孔1esonic correlations 

75 

1n Section 3 ‘ to formulate the Bethe-Salpeter equation of the quark-antiquark bound state 、

let us consider the 4-point Green 's functioll in momentum space a 

412JfL(1311PL Kl? ん) = (01 ~'Z (p l) ψ;:(h)収 (P2 ) ψ長 (ん) 10) ぅ (C.1)

where fぅ 9 a.re 自a.vor indices a.nd i , j a.re over ga.mma. matrices. In the chi ra.l limit the 't Hooft 

ve巾X‘ Eq. (3 .4) , is given a.s 

一引吋山川)

弘二 (似仰川dd川)う) 2 元Ufμdφω川pバ州山fパ仰刷(ωω叶ρω)ヅf詰かZ2品与:詐;22与;3寺;台Z i告
x (2π)45(4)(日2 - h- 川~)叩] Ip)F(1ん Ip)F(1 1 llp)F(1 1 21 ρ)

×封印1)平川l }{山)千円(12 (C.2) 

where Tα is a.自avor ma.Lrix which satis五es

内 Tα=j(1 8 1 一 村 ァb ) (C.3) 
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日le get the four-point Green fUl1ction with one 't Hoo[t vertex as foll ow~、

G27fjZl m (131Jιk11 k2) 

二一(判明(Pl +ゎ-"'1 -k2 ) ぱ) ) 2JL
" / j " 土

x J dpJ(p) (~) 4 F(lpl lp)川p)F(lk1Ip)F(1ん Ip)

xSZ (Pl)平川)(kI)SJ; (1J2)L321Tη 92 (ん) (('.4) 

where Sj(k) is the dressed quaは

=11 十 (千μ十+午斗μf(ρ) (~r F2(lqlp) (C..5) 

fro111 Eq. (2.6-1). 

E N ext order of 0旺:"'shell Bethe田 Salpeter amplitude 

Expa.nding the q ua.rk-pion vertex rπ (k + ]J, k; p) over p , we get 

θFπ (k + p ぅ k :p) i 
Fπ (k+p ， k;p)=fπ(k ， k; 0 ) + l pμ + o(Ji) 

δpμ I p=ü 

、
、
.
，

，

F

1
1

ムE
 

The f�st term is given a.s the dyna.mica.l ma.ss [1'om Eq. (4..5). Let us put the second term a，~ 
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 川

円

(E.2) 

From Eq. (4 .4), we get 

Nμ (k) 二 JfL θκ (り;p11 ゴ ( 1 ;0)1¥1/(l2) 
μ J (2π )4 8pμ I p二O
r d4[ f/' I 1 1 ^ ¥ 8ゴ (k ，1; p) I , ( d4Z 

c1¥11 (12) I ーっκ(k l-0) | + / ーコκ (k ， I ; O ) ゴ(1; 0 ) 八日 (1) . (E.3) J (2 ハ )4 ' ~\ 'U'U'θpμ I p=ü ' J ( ω)4 

He民 Nμ (k) is a. vector depending only on kμ ・ 80 we c a.n 閃W山e i t a.s 

Nμ (k) = c^T (k 2 )kμ (E.-1 ) 
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Then , the third term of Eq. (E.:3) becomc z('('o because t he integrand is odd for I ~l ・(‘ollcerning

the second term o[ Eq. (E.:3) う

OJ(k , l;p) I Iμ 十 1\11(12) 111μ (1) 
。jJμ Ip=o - {/ 2 十八 f2 (1 2)}2

(E.5) 

where 

J\,f" {1¥ _δ111 ( (1 + ]J) 2) I 
111μ(l)=| 

μ éJp1i Ip=o 

Since tbe fu nction 1'[μ (/) also depends only on 1l10mentum 仁 we can f�d t hat the intcgrand 

(E.6) 

of the second term of Eq. (E.3) also proportional to 1μand therefo陀 the integral is eq ual to 

zero. Th us , ¥¥'e can get 

r d4f /711 A'" ，u1 2 δだ(人'.1;p) I 
N(k2)k~l 二 / ーっゴ(1 ; 0) ,'1(/2) V/"'~一一|

ι J (2π) 4~' ¥ ' - , -¥ I ﾖpfJ 1 p=O 
(E.7) 

The de日 nition of the kernel in the instanton background has already been obtained as 

K(k ， l:p) 司令)引ゅ川

Therefore 、

=バ2)引ゅf(p) (~) 4 F(jkjp)F(jljp) か(lk+ pjp)F(jl + pjP)!p=O (E.9) 

Here, 
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The second term is proportional to 1μand vanishes in the integration of Eq. (E.�). On the 

other hand 
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wheτe 

ôpμ 

dF(t) 

ilk +刈
0れt = :詰手 |怜k叫川川+押吋p刈| 二 :r(;ι:七1I:つ;;;Jj|μ

二 2 [2 (I+D川dt 

Rewriting Eq. (E.12) a 
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or equivalently a~ 

;;/'" ¥ 1dF(t)1 
円Ik' lp)= ~ -- ~d; - /I叩| (8.14) 

the derivative of the kernel 、 Eq. (E.9) 1 i! 
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一

K (k , 1) 三山手J dp川

Hence, 
ん r d4f :-:: 

N(k2 )kμ 二一ι j --κ(ι 1 )ゴ (Z;0)1¥1(12) 
μIkl J (2π)4 

Substituting Eqs. (4.5) and (E.16) with Eq. (E.1) 、 we finally get 

(E.16) 

ム7J r d4Z :-:: 
じ (k +]Jうた;p)-cAf(K2)+c -i  j --κ(k ぅ 1 ) ゴ (1;0)1¥1(l2) + O(p2) 

一 Ikl } (2π)4 
(E.l7) 

F MomentU111 sy1111netry under charge conjugation and ﾎ5 

When we consider momentum flow in the system , it is convenient to rewrite the incoming 

and the outgoing momenta to the center of mass and the relative ll10menta as 

九 :=14 十九 1 Qμ:=14-PAt 
、
1

1

ノ

1
1

ムF
 

r
'
a
，
‘
、

respectively. We define new va.ria.bles ω 

いん +Pμ こん +P，μ 一号， l;:=kμ+p;t= 九十九十今 (F.2) 



F. .¥10r-..1EI¥TC 1¥1 SY~111ETRY UNDER CHARGE CO~J LTGATION A~D ウ 5 79 

The mome 川um 1 μ and l ~ represe 川 the q 山k momel1ta ShO¥¥'l1 in the di凶a姥叩gr悶川、'a m. Fig. ..t.l 

¥Vhen we choose the Ball-Chiu vertex as fμ(人 1 ' ) ‘ we find the following relation 、

c ↑ Fμ (1 '. l)C c 十TμC+C十TAf(ld)-Af( l 2) (lf+l)μc 
ﾎ' C L -t-L ' 1'2 _ f2 

_"， Tμ-Af ( l2)-M( ld)(- l - lf )μ 
ヴ /2 _ l'2 

_fTμ (- 1. - /' ) 

Sim il arly, 

ヮ JFμ( [ ' 司 1 )15 ↑ μ ↑ .~1 ( 1は)一八~([j_ (1' + 1 )μ 
Î'i1う "(1-'ﾎ'5 + ウ 5り ['2 _ 12 十ウ5

μ-Af(l2)-M(ld)(-l-lf)μ 
ﾎ'C - 12 _ {'2 

-fμ (-1 ， -1') 

、
、
‘
，
，

r

q
J
 
F
 

'
'
a
t
、
、

(F.4) 

These relations is also sat i s百 ed v: hen we choose ワ μas fμ. 

Let us consider the for the vertex Vμ ‘ Eq. (-1.16). which represent the triangle part of the 

impulse dia.gram , Fig. 4.1. The vertex l'μis red uced to 

vμ (k ， P, Q) 

「 ハ Q ， T)  Q¥nrl .. Q¥ f匤rL¥1 
= Tr I内(k 十 P 十三)f /-l (k+P+ ザ +P- ;)S(k+P-;)内(k)I 

r /J/Jt !'),1 /l tnl' T), Q 十十 Q , ,.. Q 二 Tr I cc ↑γ5CC↑S(k + P + 玄 )CC ↑CC↑rμ (k+ P 十玄 ， k

× 山(k+P-3)山↑γ5S(k)CC •l 
= 一Tr [卜γfz戸FSダ外T

「 ハ Q , T)  
Q η fí nr 1¥1 

= -Tr I γ5S(-k-P 十三)fμ(-k-P+?-k-P-E)S(-k-P-3)ゥリ(一川

= -1'
μ (-k ， -P, Q) 

二一寸川(-k-P+3)川μ(-k -P+ト -P-?)

×川(-k-P-3)γ5，5，5S(一川5]
「 ハ Q , , T)  , Q ハ l
Tr 1,5 
S'(k + P- 三)f /-l (k+P- ;， k+P+ 互)S(k+ P 十三)内(刈 |

(F.5) 
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二 Vμ( たう pぅ -Q) ρ
O
 F
 

Hence, 

vμ(丸 P， Q)=-Vμ (-h'- -Pう Q) = Vμ(ム P， -Q) (F.7) 
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