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Abstract
We give integration formulas in order to calculate Igusaalozeta functions of
prehomogeneous vector spaces. By the integration fornwadetermine explicit
forms of Igusa local zeta functions of four prehomogenecerstor spaces.

1. Introduction

The purpose of this paper is to give integration formulaseased to equivari-
ant maps in order to calculate Igusa local zeta functions reh@mogeneous vector
spaces. LetG be a connected linear algebraic group over ac falil K, Gy an
open compact subgroup @ K( ), and W, finite dimensioRal -vespmces. We
assume thatG acts ol W  rationally, and there exists a -edmitapolynomial
mapy :V — W. For a point € V and &-valued continuous integrable function
F on the orbitG € ) ¢ ¢ ), we give an integration formula which exgses ap -adic
integral of F oy on the orbitG X )v by a sum of integrals 6f on orbitg - w;
interms ofi =1 2... @; € W ). The aim of this integration formula is taluee the
calculation of the integral o o v to those df . In particular, \g&ve an explicit
form of this integration formula for &pr)-invariant map. This explicit form is ex-
pressed by Hall polynomials and partitions. By this intéigraformula, we determine
explicit forms of Igusa local zeta functions of four prehayeoeous vector spaces.

For the study of zeta functions of prehomogeneous vectocespawe have to
give explicit forms of p -adic local zeta functions (see, €2j, [8], [22] and [28]).
Some p -adic local orbital zeta functions of regular irretiesiprehomogeneous vec-
tor spaces were given explicitly in [2], [8], [21] and [23] the domain of integra-
tion is the whole space over integer ring, the -adic locah Zemnction is called the
Igusa local zeta function. J. Igusa gave explicit forms @& lusa local zeta functions
of twenty four types among twenty nine types of regular in@tle prehomogeneous
vector spaces (cf. [9]-[14]). However in the unknown casesegular irreducible pre-
homogeneous vector spaces, by their established methadgifficult to calculate ex-
plicitly p-adic local orbital zeta functions or Igusa locatta functions. So we try to
simplify these calculations by using the integration folaassociated to equivariant
maps. Actually, if a equivariant mapp  is 3l(n)-invariant map, then this formula is
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the same form as that of [11, Lemma 8]. J. Igusa applied thadtar of [11, Lemma
8] to some complicated calculations of Igusa local zeta tions (cf. [11]-[14]). As a
first step, we treat the formula for 8n)-invariant map, which is given explicitly in
Theorem 4.3. In [27], we used the formula of Theorem 4.3 temeine explicit forms
of Igusa local zeta functions of two regular 2-simple prebgeneous vector spaces
(GL(1)* x Sfn) x SL(2m +1), A1 ® A1+ A1 ® 1+1® (A1 + A1)™) which have univer-
sally transitive open orbits.

In order to give an explicit form of the integration formularfa mapy , we have
to calculate integrals on the fiberg |G K (-v)"Go-w;) and the orbitsGo-w;. In case
of the Sp(n)-invariant map, we give explicit forms of these integrhis using some re-
sults of spherical functions of alternating forms of [5]. Asbyproduct of this calcu-
lation, we get explicit forms of local densities of alteringt forms in a certain special
case (Proposition 4.4), because these integrals relatectd tensities of alternating
forms.

By the integration formula associated to t8gn)-invariant map, we determine ex-
plicit forms of the Igusa local zeta functions of the follagi prehomogeneous vector
spaces:

(@) (GL(1) x Sn) x SAB), A1 ® Ay) (n = 2),

(b) (GL(1)® x SHn), A1® A1 A1) (n > 2),

(€) (GL(1)* x Spn) x SL2m +1), A1 ® A1+1® (A1 + A1+ A1) (n > m),

(d) (GL(L1)* x Sp(n) x SL(2), A1 ® (2A1) +1® A1) (n > 2).

As for the Igusa local zeta function of the space (b), (c) ad)l these explicit forms
were unknown. For g -adic fiel K -forms of the space (a) weassilied into
two cases in [20]. As for one case, the Igusa local zeta foncivas already calcu-
lated in [7]. In this paper, for these two cases, we calculetéormly their Igusa lo-
cal zeta functions. Furthermore our calculation is easiantthat of [7]. The space (a)
is a non-regular irreducible reduced prehomogeneous wvegtace (irreducible preho-
mogeneous vector spaces were classified in [25]), the sf|gcis @ non-regular sim-
ple prehomogeneous vector space (simple prehomogeneots Bpaces were classi-
fied in [15]), and the spaces (c), (d) are non-regular 2-sngrehomogeneous vec-
tor spaces of type | (2-simple prehomogeneous vector spaicgge | are classified
in [16]). By the formula, we reduce calculations of the Iglseal zeta function of the
space (a) to that of the quotient spa€&l (1) x SQ3), A1 ® Aj), the space (b) to that
of the quotient spaceGL(1)%, A1®A1DA 1), the space (c) to that of the quotient space
(GL()*xSL2m+1), A2 A 1D A1®A 1), and the space (d) to that of the quotient space
(GL(1)?xSL(2), (2A1)® A}) respectively. The Igusa local zeta functions of the qutie
spaces GL(1) x SQ3), A1 ® A1) and GL(1)* x SL(2m +1), A2 ® A1 D A1 A1) were
calculated explicitly in [14] and [26] respectively. We caasily calculate the Igusa
local zeta functions of the quotient spaceBL(1)3, A1 ® A1 @ A1) and GL(1)? x
SL(2), (2A1) ® A}) by established methods. Therefore we achieve simpliinatiof
these calculations by our formula. Furthermore by our fdanwe give an answer to
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Remark A of [7]: why the Igusa local zeta function @&l{(1) x SO3), A1® A1) divide
that of the space (a).

The plan of this paper is as follows. In Section 2, we definesdglocal zeta
functions of prehomogeneous vector spaces, and review doraen properties of
Hall-Littlewood polynomials and Hall polynomials. In Semt 3, we give an integra-
tion formula associated to equivariant maps. As an exampke,give two explicit
forms of this formula for aSL(n)-invariant map. In Section 4, we give our main re-
sult on an explicit form of the formula for &gn)-invariant map. In Section 5 and 6,
we prove two lemmas for the proof of our main result. In Sectiy we determine
explicit forms of the Igusa local zeta functions of prehomiegous vector spaces (a),
(b), (c) and (d) by using our main result.

Notation. Let K be ap -adic field i.e. a finite extension @f,, and Ok the ring
of integers inK . We fix a prime element i@k, and thenz Ok is the ideal of
nonunits of Og. The cardinality of the residue fiel@k /7 Ok is denoted byg . We
denote by| |¢ the absolute value & normalized|ag ¢~=. For a commuta-
tive ring R, we denote byM n,n R ) the totality o x n  matrices ovBr , and
Alt(n; R) the totality of n x n alternating matrices oveR m(n € Z-.o). If m = n,
we write M 2 ; R) instead ofM #,n R ). We denote by det( ) the determinah
x € M(n; R). For anyx € M (u,n ;R),'x is the transpose af . We denote byyPf( )
the Pfaffian ofy € Alt(2 ;R ). For any positive integer G, is the symmetric group
in n latters. The cardinality of a sef  is denoted hy¥ ( ).

2. Preliminaries

2.1. Igusa local zeta functions of prehomogeneous vector ages. We shall
define Igusa local zeta functions of prehomogeneous veptees. For details, we re-
fer to [9] and [24].

We denote byK the algebraic closure of @ -adic field . L& be a con-
nected linear algebraic group defined ovér vV,  a finite dimewasi& -vector space
with K-structure, ando G — GL(V) a rational representation af oW  defined
over K . Let the triple G, p, V ) be a prehomogeneous vector spaceheze exists
a proper algebraic subsét of  such thatk)(\ S(K) is a singleG )-orbit. A
point v € V \ S is called a generic point. The st is called the singskt of
(G, p, V) and also defined oveK . For & -rational character Gof , a mon-z
K-rational function f onV is called a relative invariant of,(o, V  )rasponding
to x if f(p(g)v) = x(g)f(v) for all g € G andv € V. LetSy,...,S; be theK -
irreducible hypersurface containétd In . TakeKa -irredcipblynomial function
fi € K[V] defining S; for eachi = 1...,1 . Thenf,..., f; are relative invariants
of (G, p, V) and any relative invariant itk W ) can be written uniquelycf;*--- /"
with ¢ € K*, v1,...,v € Z. Thesefi,..., f; are called the basic relative invariants
of (G, p,V). Let dv be the Haar measure on K( ) normalized ﬁb{ok) dv = 1,
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and S(V(K)) the Schwartz-Bruhat space of K( ). For the basic relativariants
fi, ..., fi, and ® € S(V(K)), we put

!
Z(s; @) = /V(K)g|ﬁ(v)l’§é¢(v)dv (s =(1....,5) € C', ReGi)> 0)

It is known that this local zeta functio# s (& ) is a rational étion of g, ...,¢~"
(see, e.g. [1], [3] and [14]). Letby be the characteristic function df O). We put
Z(s) = Z(s; ®o). This local zeta functiorZ s( ) is called the Igusa local zataction
of (G, p, V).

2.2. Hall-Littlewood polynomials and Hall polynomials. We shall review
some known properties of Hall-Littlewood polynomials andllHolynomials. For de-
tails, we refer to [18]

For a positive integem , we put

A;, = {}":()"15}"25'-'5}"171) GZm; )‘-l 2}‘-22 2)‘-111 20},
m m
M= h n() =Y (- D
i=1 i=1

For A,u € A’ , we write A C u if A; < u; for alli > 1. For a non-negative integer

m?

andx € A;,, the numbemn; X ) ofs; 's which are equal o is called the multiplic
of i in A. For a non-negative integet , we put

wn(t) = [ J@—1),
=1
(wo(r) =1). Fori € A}, we put
+00
w(0) = [T wm e @)-
i=0

The Hall-Littlewood polynomialP; £ ¢ ) is defined by

Pi(x; 1) = Pyu(x1, X2, ..., X3 1)

_@=n) A o Xo(i) = IXo(j))
IR TR RO | R
A

o€S, 1<i<j<m xa(i) o xa(j)
for eachi € A},. For A € A}, Pi(x;t) is a polynomial inxy, ..., x, andz, and the
set{P, (c ;t);r € A} forms aZ[t]-basis of the ringZ[A][ x1, . . ., x,,]©» of symmetric

polynomials inxs, ..., x,, with coefficients inZ[¢]. We denote byfljv 1) the structure



Icusa LocAL ZETA FUNCTIONS 467
constants of the rin@[f][x1, ..., x,]S" with respect to the basigP; x(; ke Al}:

Pux; 1) Pxs 1) =) fr0)- Pules ) (fn(0) € ZIA)).
A

Unless|i| =|u| #Hv| andu,v C A , we havg? ¢ ()=0. If we put
g (1) = P2 200 173y e 7]4),

then this polynomialgﬁv /() is called the Hall polynomial comesading to A, u, v
(cf. [18, Chapter IIl, Section 3]). We use the following peoty.

Lemma 2.1 ([18, Chapter 3, Section 4, Example 1]).

Z " Py (x1, X2,y X5 1) = l_[(l— xi)

reA} i=1

3. Integration formula

In this section, we give an integration formula associatedetjuivariant maps
(Proposition 3.1). As an example, we give two explicit forwfsthe formula for a
Sl(n)-invariant map.

Let G be a connected linear algebraic groups defined é&er VL&V he finite
dimensional vector spaces witki  -structuge, G '— GL(V) a rational representation
of G on V defined overk , ang’ G — GL(W) a rational representation @  on
W defined overK . We assume that there exist& a -equivafiant yngalial map
¥V — W such that

VU(p(g)v) =p'(g)y(v) foralgeG, veV.

We fix a pointvy € V(K). Let H be the fixer ofvy in G(K), and H' the fixer of
¥(vo) in G(K). We see thatH ¢ H' andd H’' are closed subgroupsGok ( ).
Since G K ) is countable ato , we haye G K (v9)= G(K)/H, p'(G(K))¥(vo) =
G(K)/H’ by a theorem of L.S. Pontrjagin. Letv  be a measure@iK /H ) fgatis
ing d(p(g)v) = x (g)dv for everyg € G K ), whereg is a element of Ho&(K (, ).
Let dw be a measure o K(/H'  satisfyinfjp’(g ) ) ¥ g 9 for evegye
G(K), wherey’ is a element of Hor6( K(, ©*). We assume thaiv /=0 antw / = 0.
Sincey andy’ are locally constant homomorphisms, there exisisen compact sub-
group Go of G(K) satisfying x g) = x' &) = 1 for everyg € Gy. Furthermore
since G (K ) is countable ato , there exists a sequefig¢s, in G(K) such that
G(K) = U2, Gog}. Hence we can take a subsequerigg®; (C {g/}%;) such that

o' (G(K))¥(vo) = U 0'(Gogi)¥(vo)  (disjoint union)

i=1
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The setp’ Gogi)¥(vo) is open compact i’ @ K ¥ ) for everyi =1 2... . If
we put U; = o) (0" (Gogi) ¥ (vo)) for v = v |p(G(K))vg and everyi , then we have

p(G(K)vo=|Ju;  (disjoint union)
i=1

Proposition 3.1. Let F be anyC-valued continuous function op’(G(K))¥ (vo),
and ® aC-valued function ono(G(K))vo satisfying ®(p(g)v) = ®(v) for everyg €
Go, v € V(K). We assume thaf' (¥ (v))®(v) and ®(v) are integrable onp(G(K))vo
for dv. Then we have

°© - D(v)dv
/ F(y)P()dv =) fU‘—d : / F(w)dw.
(G (K)o = LGoaywin) AW o (Gog o)

Proof. Letdg be the Haar measure ohK ( ) normalizedﬂ;ydg =1. Then we
have

/ FO ) o () dv = / / F(y (p(g)0)®(o(g)v) dv dg
U; Go JU;

= / <1>(v){ / F(p/(g)xp(v))dg}dv
U; Go

. f S(v)dv- / F(p'(g8:)¥(v0)) ds.
U;

Go

We get the following equation similarly.

/ Flu)du= [ dw- [ Flo/(ee)bivo) ds.
p'(Gogi)¥ (vo) p'(Gogi)¥ (vo) Go

By [9, Lemma 1], we havg/p, dw # 0. Hence we get the above formula from

(Gogi)¥(vo)
dv = dv. n
/p oo, PR 0= /U o

As an example, we shall give two explicit forms of the aboveegnation formula
for a SL(m)-invariant map. We take positive integers n such thak n . Treug
G =GL(n)xSl(m) actsonV =M #f,m )by ¢, h )v =x'h forg,h G and eV .
We denote byl the set of all =4(...,i,) € Z" where 1< i) < --- < i, < n,
and by n; ¢ ) the the determinant of the x m submatrix 1of  obtained s
ing out its k -th rows fork /=i1,...,i,. PutW =M g ) 1). We define th&L(m)-
invariant polynomial mapy ¥ — W ag v( ) £n{v(;}y . Pub = '(1,,0) and
Go = GL(n; Ok) x SWm; Ok). Let dv be the Haar measure dn K () normalized by
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fv(ok)d“ =1. By [11] or [14], we see that there exist a measidte no@ K( -(vo)
such thatd § - w )9 def{ | dw for everg € GL(n, K). We have

(G(K)-vo) [\ M(n,m; Ok) = ] Go- (voar) (disjoint union)

rEAT

m

wherea; =diagt™,...,7*") e GL(m; K) for » € A}, and

7 ((G(K) ~vo) (O M(n.m; OK)) = Ja'n(Go-vo)  (disjoint union)

ieN

If we put U; = @]V Ok))™* (7'n(Go - vo)), then we have

U; = U Go - (voay) .

E
By [14], we have

- wn(q ) - —(n— j+1)Fj
J, > o

. (o—1)
Wn— m(q )e1+ +e, =i j=1

where ¢, ...,¢e,) € N". We normalize the measuréw by

-1
/ dw = 7w,,,(q 7)1 .
n(Go-vo) wnfm(q )

Then we have
_ni wn(q_l)
dw = q ni
/Jri17(Go-v0) Wy—m (qil)
(cf. [14, p.192]). Therefore by Proposition 3.1 we have tblofving formula.

Proposition 3.2 (J. Igusa). Let F denote anyC-valued continuous function on
Y(M(n,m; Og)). Then we have

/M o, PN = >

e1,...,en=0

l_[q’(” J¥0)e; / F(r'w) dw
17(Go-vo)

wherele| =ey +--- +e,.

We shall remark on the measuter . Pt {w=e V n13.,(v) # 0}, W =y (V'),
and write everyv € V' as

v:<l'">y, t = det(y)
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In [11, Lemma 8], the measurdw  was expressed by

1— -1
dw|W' = % A N
wm(g ™)
sincet andz form coordinates oW’ . In [14, Proposition 10.6th¢ measureiw

was expressed by the image measdite n|€§ - vo) - dv on n(Go - vo).
We shall give another form of this formula. By the method ott®m 5, we have

_ wn(qil)wM(qil) —(n—m+1L)A|—22 (1)
dv = N, 7 ‘
Go-(voay) Wn—m(g~ )wx (¢

Therefore we have the following formula.

Proposition 3.3. Let F denote anyC-valued continuous function ogr(M(n, m ;
Ok))- Then we have

Walg ™) o meyal
/ FOi)dv =} 5 —5 g 02 f F(xw)dw.
M(n,m;Ok) AEA} w;, (q ) 1(Go-vo)

4. Main result

In this section, we give an explicit form of the formula of Position 3.1 for a
Spn)-invariant map. In Section 7, we apply this formula to cdétions of some Igusa
local zeta functions. We also remark local densities ofra#téng forms.

We take positive integers n  such thak » 2 , and a positive integsuch that
[=2m or 2n +1. Put

(01 01
(02 () emian,

and define
Spn) = {g € GL(2n); gJu'g = Ju).

The groupSp(n) x GL(I) acts onM (2,1 ) by 4, h Ix =%x'h forg, h ¥ Spn)x GL(I)
andx € M (2,1). The groug5L(/) act on Alt{) byh -y =hy'h forh € GL(/) and
y € Alt(]). We define theSfn)-invariant mapy ‘M (2,1 }»> Al{) asp A ) ZxJ,x
for x € M(2n,1). The mapy satisfieg 4(h -} )E-¢ x( ) fog(h 9 Spn) x GL(I)
andx € M (2,1). It is well-known that an algebra homomorphigih C[Alt()] —
C[M(2n, 1)]5":O is surjective (see, e.g. [4, Theorem 4.2.2]). TBign)-invariant map
¢ defines Alt() as theGL(l)-equivariant quotient o [ ) byspn). Hence we see
that the prehomogeneous vector spaG&((), Az, Alt())) is the quotient of the preho-
mogeneous vector spac8pn) x GL(/), A1 ® A1, M(2n, 1)) (cf. [19]).
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Put
Yo, ={y € Alt(2m; Ok); Pi(y) # O},
Yome1 = {y € Alt(2m + 1; Ok); rank(y) = 2n}.
For 1 € A;,, we put
0 ™ 0 st
A —

» 0
(nx)211+1: <(]T O)Zm O) € You+1.

Then the sett; is expressed by the intersection of/Alflk}) and theGL(l; K)-orbit
of the point ¢©),. By the theory of elementary divisors, ti&L(/; Ox)-orbit decom-
positions ofY, are given by

Y, = U GL(; Ok) - (=) (disjoint union)

LEAT

m

Let dx be the Haar measure ol n(2 K; ) normalized ﬁl}’(zn.z;ok) dx =1, and
dy the Haar measure on Alt(K ) normalized thuu; 00) dy = 1. Put

Upy = {x € M(2n,1; Ok); o(x) € GL(I; Ok) - (m*)i}.
We prove the following in Section 5 and 6.

Lemma 4.1. For A € A,,, we have
| dy =g O g (g7 - (g )
GL(2m; Ok)-(*)om

/ dy =g O3 (1 g Y wpa(g ) - (@)
GL(2m+1;0k)-(*)2m+1

Lemma 4.2. For » € A*, we have

‘/U- dx = wzm(qfl)wn(qiz)(wnfm(qu))il

x Y g @ () g (g72),
w,veEAS,

/U dx = w2m+1(q—1)w"(q—2)((1 - qil) *Wy—m (qiz))il

x 3 O Hm@e I =Ry, () g (47D,
WVEAT
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If we put Go = Sfn; Ok)xGL(/; Ok), then we have the following formula by Propo-
sition 3.1 and the above lemmas.

Theorem 4.3. For any C-valued continuous functio&  oAlt(/; Ok), we have

/M(Zn.l;@x) Flp())dx =) A / F(y)dy,

rEA;, GL(; Ok)-(w*)

where

=

w”(q ) 2 —(2n—2m+1)p| (l—2m)
v I D AUELS PR M

H,veAT

m

We shall remark on local densities of alternating forms. Bok Y,, and B €
Y;, we denote byN; B, A ) the number of solutiols M n(2 Ok /n'Ok) of the
congruencé TAT = B moa’ . Then the densjtyB,(A ) of integral representatf
B by A are defined by

,LL(B,A) :iino]oq—Zflil(4n—l+l)‘NI(B’A)‘

Sinceu B, A) depend only on th&L(2n ; Ok)-orbit containingA and th&L(/; Ok)-
orbit containingB , we may consider only n{( ;, )7{ 2,) for A € A} and& € A*. In
case ofl = , the local density A 2,), (75)2,) was given explicitly in [5] and [6].
Here we treat local densitiegs n{t ;, ¥, ). From [5, Lemma 3.2] weehav

/ dx =g "0 g (g - (g D) (T )ams Jn)-
U)\ 2m
By an argument similar to the proof of [5, Lemma 3.2], we have
/ dx =g~ "3 (1— g™ wanealg ™) - (@) (T Vane, ).
Uy, 2m+1

Hence by Lemma 4.2 we observe that 7%((,J), ) is equal to the cosfici
of fGL(l;OK)-(zr'\), f(»)dy in the formula of Theorem 4.3.

Proposition 4.4. For A € A, we have

ﬂ((nk)la Jn) = Ak.l-

5. Proof of Lemma 4.1

In this section, we shall prove Lemma 4.1. We can prove Lemnmiaby [5,
Corollary of Lemma 2.7], but we give an alternative proof ofmima 4.1 by using
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only GL(/; F,)-orbits on Alt( ;F,) over a finite fieldF,. We also applied this method
to the case of Proposition 3.3.

For A € A}, we express the partitioh  as pairs of the dets}i1<;<, and {ki}1<i<,
by
my my mi
e —— ——
)":(krv-'-5krvkr—la'-'7k35k25'-'vk25k15'-'vk1)5

wheremy+---+m, =m and 0< k; < --- <k, for somer . We put

k
s 1-]/111

k
s 2 Jlnz

w({mi}, {ki})om = € Y2, (Ok),

7k T,

a({mi}, {ki})om+1 = <rr({m,-}, tki})an 0) € Y2,41(Ok).

Then we identify £* ) asrt {(n;}, {k;} ;). Fot > K , we put

Jix = (Jk O) € Alt(/; K).

We see the following lemma easily.
Lemma 5.1. The Gl(; F,)-orbit decompositions oAlt(/; F,) are given by

Alt(1; F)= | ) GL(; Fy)- Jix  (disjoint union),
0<2k<l

and we have

wan(q )
wi(q72) - wam-2(q71)’
w2m+1(q71)
wi(g=2) - wam-z+1(g ™)

H(GL2m ; Fy) - Joms) = g2

#(GL2m +1;F,) - Jom+1k) = gk Ak

For convenience, we put
B(J1x) = 8(GLU; Fy) - Jik)-

By this lemma we have

/ dyr = 8(J1.x) dy; = g7 V2 800,
GL(; Ok)-(Jix+m Alt(l; Ok)) J+m Alt(l; Ok)
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where dy, is the Haar measure on Alt; ) normalized ﬁ)yt(,; OK)dy, = 1. This
calculation is same as in the proof of Igusa’s key lemma (t4, [Theorem 10.3.1]).
Hence we see

dy, = q~(0=1/2k / dy,
GL(; O (). k=)

_ q_(/(1_1)/2)(/<1+1)jj(J1,ml)

/GL(/; Ok)-7({m}. {ki})

X / dy/—Zml-
GL(I=2my; Ok )-7 ({m; }iz2, {ki —k1—1}i=2)1-2m,

Therefore we have

/ dy = g YD) gy
GL(I; Og)-m({m;}.{ki})

x q*((l*Zmlfl)(l*21111)/2)(/(2*/(1) (1 2mpmy)

—((l=2m1—2ma—=1)(I—2m1—2m3)/2)(ks—k2)

xq ﬁ(J/—Zml—Zmz.nn)

X e

y q*((!*lfzzz';llm,-)(1*2Z;-:,llm’.)/z)(kr*kr—l) A om).

Hence we have

,
dyom = qPZW({I?li}’{ki}) - Wo (q—l) . l_[(wm,-(q_z))_l,

/GL(ZIN Ok ) ({m},{kiY)2m i=1

ey Wanrlg D P
dyomsy = gPeallmid. (k) Z2ntBd 7 l_[(wm,-(q 7L,

LL(Zm+1;OK)'JT({mi}-{ki})zm+1 1- q_l i=1

where we put

Poy({m;}, {ki}) = —Zikim,-z - 4Zkimimj +Xr:kimi,

i=1 i<j i=1
Posa(lmi), (ki) = =2 kim? — 4> " kimimj — Y kim;.
i=1 i<j i=1

By 2]’1()\,) +|A| = Z::l k,m,z + 22i<j k,-m,-mj , we have
| dy =g O (g - (g 2)
GL2n ; Ok)-(r )z

/ dx =g O3 (1 — g wa(g Y - Mg )
GL2m+1;0k)-(m*)2m+1

Hence we obtain Lemma 4.1.
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6. Proof of Lemma 4.2

6.1. Somep-adic integrals. In this subsection, we review some results of [5]
to prove Lemma 4.2.

For any € Alt( ; K ), we denote by Pi( ) (¥ i< [ ) the Pfaffian of the upper
left 2i by 2 block ofy . Fori Im and =& , Rfy( ) is the Pfaffian of . We cheo
the sign of the Pfaffian so that Bf{ )=1. Fere¥; , we put

Hy ={h e GL(; Ok); Pli(h-y) 70 (1= 2 <1}

Forl =2n orl =2n +1,5 € C", we put

a(v; 9)=¢(isn..osm)= [ []IPEG- )y dh

Hyy =1

where dh is the Haar measure @L(/; K) normalized bnyL(l;oK) dh = 1. When
Re(s1), ..., Re(,—1) > 0, the integralsg; X 5 ) is absolutely convergent and has an
analytic continuation to a rational function y7°, ..., ¢~ by the theory of complex
powers of polynomial functions. Set

w ) = 22

Y mnjs
;2111(']111; S) (y €t )

wherez is a variables i©” which is related with the variable by

Si=zZi+1—2i — 2 l<i<m-1)
Sln:(m+1)_Zm_2 ’

The functionW, § ) is called the spherical function &, (cf. [5, Section 2]).

Lemma 6.1 ([5, Theorem 3]). For any » € A, we have

m?

w"(q?)
Ve )m) = g OO S P g g7,
wi(q?)

Lemma 6.2 ([5, Theorem 6]).

m—1

. B 1— q*l 1— qz,-fz,-fl
é'zn(fm,sl,---,sm)—nm' l_[ T go o
k=1 1<i<j<m

By Lemma 6.2, we have the following lemma.
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Lemma 6.3. For m < n, we have

n—m
_wa(g7?) - wai—2m(g™Y) - wan(g™?)

(TS, .0y 8m,0,...,0) =
CZI( ! ) wm(qiz) . wnfm(q72) : wZn(qil)

(st ¥2n— 2 +1)

m
. l1—9¢g
x Son( ;) - l_[ 1— q—(s,-+...+s,,,+2m—2i +1)°
i=1

We denote byX? the subset of (@21 Ok) consisting of the elements which
can be extended to a unimodular matrix by complementing-2  uneolvectors. Put

X;={x e M(2n,1;Ok); Plilp(x)) #0 (1< 2 <1},

and XY =X;NX?. Then for/ =21 orl =2 +1 we set

m

@)= 06150 = [ TTPUEGDIdx

=1

CI)?(S) = (ID?(sl, ey Sm) = /)‘(0, l_[ |Pf; (0 (x))Ig dx.

=1

These®; § ) andcb?(s) are absolutely convergent for Reg), ..., Re(,_1) > 0, and
have analytic continuation to rational functions 4n*,...,q¢ . We can easily see
that ®2,,(s) = ®am+1(s). We have the following properties @by, (s) and ®3, (s).

Lemma 6.4 ([5, Proof of Theorem 5]).

n—m
— " _wy 2m(g )
;211(Jn; Sla---asmaoa---vo):17n_l (D(Z)m (Sl,...,Sm)-
w2,(q71)

Lemma 6.5 ([5, Lemma 3.1 (i)]).

m

9,,(s) = [ (L — g Crrromt2m2 ) (1 g lttons2-222) o gy (s).
i=1

By Lemma 6.3, 6.4 and 6.5, we have the following lemma.

Lemma 6.6.
o5t -osm) = [ [ =g # D= g2 ) X Lon(dms 51, -+ - )
i=1

x l_[(l_ q—(s,-+...+s,,,+2m—2'+1))—1(1_ q—(s,-+...+s,,,+2n,—2' +2))—1‘

i=1
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6.2. Proof of Lemma 4.2. In this subsection, we prove Lemma 4.2 by using
some results of [5]. First we give an explicit form of the mtal fU_A , d

Proposition 6.7. For A € A, we have

m?

‘/U dx = wop (q_l)wn(q_z)(wn—m(q_z))_l

x Z q72n()\)72n(y%21(v%|)»|7(2/172n +1)u| (w)\(q72))71 . f;v(q72)‘
w,VEA;,

Proof. We shall prove this proposition by imitating the grad [5, Theorem 8].
By Lemma 2.1 and Lemma 6.6, we have

¢2m (S) = CZm(Jm ; S) * Wom (q_l)wn(q_z) (wm(q_z)wn—m(q_z))71

Z q—2n(u)—2n(v)—(2n—m+l)u|—m\v| i f:u(q_z) . P)\(qn’ o qu : q—Z)‘
A VEAT

m

By Lemma 6.1, we have

m

vu)= [ [ TIPL0- ot dxdn

Xom =1

= | Con(e(x); s)dx

,
Xom

- Z/ dx §2m (JT )Zma S)

AEAT Uy,2m

m

= Som(Im; $) Z /

A.EA+ Us.om

-y W@
q21 *)—=m—=2)a = A i P,\(q“, .

Im -« o —2
g™ 7).
W (q—Z)

Therefore we obtain the formula fofum dx by comparing the terms involving

Pi(g™, ....q"; q7). O

Next we give an explicit form of the integrf_;yiuM ., dx. In order to calculate the
integral fUm ., dx, we need the following lemma.

Lemma 6.8. For A € A,,, we have

m —(x,-+---+s,,,+2m—2' +3)

§2’"+1((nk)2’"+1; 5) = me 1 l_[ 1— g Gitotsn+2n—2+1) §2m((7T)L)2m; 2




478 S. WAKATSUKI

Proof. Forl =2n orl =& +1)p€ A}, we put

m?

Ly ={T e M(l; Ox)NGL({; K); PE(T(x")T) #0 (1< 2 <1},
LY, =(T € GL(I; Ok); PR(T (x*)T) #0 (1< 2 <1).

Let dT be the Haar measure ad m2 +K; ) normalizedjp,)(Zmﬂ;OK)dT =1, and
dT’ the Haar measure o A2 K ) normalized ﬁM(ZmJOK)dT, = 1. By [5, Proof
of Lemma 3.1], we decomposk;; as follows:

T b,’j
L= UL, (disjoint union)

al,yeeey ap [)‘j 0 j_ra]

Herea: ..., q run through all negative integers abgg €l < j </ ) is taken from
a complete system of representatives(f /7% Ok. Hence we have

m m

[ TIPECTE ean)iar = [ TTIPECT @t dT
LA.Zm+1 i=1 0

r2m+l j=]1
+00 m
% Z g~ @ Darttazm.) 1—[ glaraa)s | o Y1
ap,y..., a2”+1:1 i=1
m
= [, TTPECT @)l dr
Lg.2m+1 i=1
m
x (1 _ q—l)—l 1_[{1 _ q—(x,-+---+s,,,+2m—2' +3)}— 1{1 _ q—(s,-+---+§,7,+2m—2' +2)}— 1
i=1

By an argument similar to the above calculation, we have

m

/ [TIPECT (" )on T 4T
LA.Zm i=1

= [ TTIPECT @ )T a1’
Lg.2m i=1

m
x 1_[{1 _ q—(s,-+---+s,,,+2m—2' +1)}— 1{1 _ q—(x,-+---+s,,,+2m—2' +2)}— 1
i=1

We see

m m

/L ]_[|Pf,-(’T(yr*)2,,,+1T)|§ng:/L> [TIPECT (0 )on T 4T

X,2m+1 i=1 A,2m i=1
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Therefore we have

m

oty ! [ []IPECT @ el

L ome1 =1

§2m+1(JTA ; S)

— m
- l1-—¢q jl ) l_[{l . q—(s,-+---+§”,+2m—2'+3)}{1 . q—(s,-+---+s,,,+2m—2' +2)}
wan+(q ) ]

< [ TIPETE )l ar
L)\.2m+1 i=1

m

1
= 1T0 [ L— g a3 g s sean=342)
wan+(q ) ]

< [ JTIPECT G )on Tl AT’

L)L‘Zm i=1
1— q—l m 1— q—(x,-+---+s,,,+2m—2' +3) .
= . : * CZm((JT )Zm; S)-
—g—2m-1 — g Gitts, +2m—2 +1)
1 q iy 1 q S S)
Hence we obtain the formula fap,+1(7*; s) and ¢, (7 ; s). O

Proposition 6.9. For » € A', we have

m’

/U- dx = wamsa(g Hwalg @A —g Y wym(g H))t

% Z q—211,()u)—2n,(/,¢)—2n(v)—|)~|—(21,— I +p|— | | (wx(q—Z))—l X f;v(q_z)'
w,vEAS,

Proof. We shall prove this formula by Lemma 6.8 and an argunsénilar to
the proof of Proposition 6.7. By Lemma 6.8, we have

m

Do +1(s) :/ / ]_[|Pﬁ(k-go(x))|§;dxdh
GL(2m+1;0k) /X

/
2m+1l j=1

/ Com+1(@(x); s)dx
X

/
2m+1

Z / dx - Som+1((T")ome+1; )
Uy om+1

AEA,

1 — qil n 1 — q7(5i+"'+5m+2m72'+3)

= * " * §2m(~]m ; S)
— g1 — g (sitts,+2m—2 +1)
1 q m i 1 q & S,
(m)( —2
x Z / dx - g2¢)-n=1al, qu) P, ... g™ g 7).
reAT U;\_2,7,+1 wm(q7 )
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By the proof of Proposition 6.7 and,,+1(s) = ®2,(s), we have

( moq_ qf(s,-+---+s,,,+2m72i +3)

—1
I1 : D2 41(s)
_ g—(sitts, +2n—2 +1
i 17 ))

x Z q—Zn(u)—Zn V)= (2r—m+L)p|— n +2)v| | f;u(q_z) . PA(qZIv o qz”, : q—Z)‘
A, vEAT,

Therefore we obtain the formula fofUmﬂdx by comparing the terms involving
Pg™, ... g% q70). O

By Proposition 6.7 and 6.9, we obtain Lemma 4.2.

7. Application to Igusa local zeta function

In this section, we shall give explicit forms of the Igusadbezeta functions of
prehomogeneous vector spaces (a), (b), (c) and (d) by uesdormula { =22 + 1)
of Theorem 4.3.

7.1. GL(1) x Sp(n) x SO(3), A1 ® A1). The groupG =GL(1) x SHn) x SQ3)
acts onV =M (2, 3) byx — agx'h forx € V andof g,h ¥ G . We define the
mapw : Alt(d) > M (3 1) asy = ¥ij dij<3 = (23, —y13 y19, Wherey; =—yj; .
We see that -y ) = deli(’)~tw(y) for all 1 € GL(3), y € Alt(3). Hence we identify
Alt(3) as M (3 1). Letyp be theSpn)-invariant mapM (2, 3)— Alt(3) defined by
o(x) ="xJ,x for x € M(2n, 3). In [20], K -forms of this space were classifiedoirttvo
cases. For one case, the basic relative invariant is giveri(pyx)) where f ¢ ) =y2,+
yig+y3, (cf. [25]), and this Igusa local zeta function was calcudaite [7]. For another
case, the basic relative invariant is given Iyp X ( )) whete ( ¥iz+ yizy2s We
shall treat uniformly these two cases. LEt be a quadratimfor Og[yi2, y13 y23-
By the following lemma, we reduce the calculation of the kyuscal zeta function of

f(p(x)) to that of f .

Lemma 7.1.

2(5) F iy dx = 2L [ 1o

s) = o)) dx = —————— I dy.
M(2n.3;0%) K 1-¢2% Jya 1,00 K
Proof. By Theorem 4.3 we have
+00
26)= =g Y g@o | O dy
GL(3; Ok)-(ri1™1);

p1,v1=1
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+00
=g ™) Y g e gt [ O dy
u1,v1=1 GL(3; Ok)-(m'1)3

1-— q_z”' /'
= —— | f )k dy,
1-9¢27% Jya1:.0p K

because

o2 |1 Ga=pat)
pav 0 (otherwise)

Hence we have this lemma. O
We put 7(y) = f(y) modx, ¥ = F$ = ¥ modx, andf(y.y) = F(y +¥') — F() —

7). Let Y~ be the set of ally inY satisfying 7(v, y)) = O for everyy ¢ Y. If
Y N7 (0)=0, thenf(y) is called reduced o (cf. [14, Chapter 9]).

Lemma 7.2 ([14, Corollary 10.2.1]). If f(y) is reduced onY, then the Igusa lo-
cal zeta function off (y) is given by

1-—gHA-q3)
) d = ‘
/M(S,l;OK) |F O dy (1—g=15)(1— ¢g—32)

Hence we obtairZ s( ) by Lemma 7.1 and 7.2.

Proposition 7.3. Let f be a quadratic form irOg[y12, y13 y24. We assume that
f(y) is reduced inF3. Then the Igusa local zeta function ¢{y(x)) is given by

2= A~ g N1-g3)1-g )
1-g)1-g32)1-qg2)

By this proposition, we get the Igusa local zeta function GiL(1l) x Sn) x
SA3), A1 ® A1).

7.2. GL(1)®xSp(n), Ai®A1®A1). The groupG =GL(1)*>x Spn) acts onV
M(2n, 3) by x — (egx1, Bgxo, ygxs) for x = (x1,x2,x3) € V and ¢, 8,y,g)e G.
Let ¢ be theSgn)-invariant mapM (2, 3)> Alt(3) defined by x( )= J/,x for e
M (2n, 3). This space has three basic relative invarighat®(x)), f2(¢(x)), fa(e(x)) for
() = yi2, f2(¥) = y1a f3(¥) = y23, ¥ = () = @(x) € Alt(3) andx € V' (cf. [15]).
These f1(y), f2(y), f3(y) are the basic relative invariants dBI(1)%, A1 ® A1 @ A1).
By an argument similar to the proof of Lemma 7.1, we have thHieviing lemma.
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Lemma 7.4.
26)= | IIUWQMHu——JﬁﬁjL—/ [Tiro) d
M@0.3:04) -y ! K _ q—Zn—Sl—sz—ss 0x) i1 !

By this lemma, we get an explicit form of s ( ).

Proposition 7.5. The Igusa local zeta function ¢6L(1)° x Spn), A1®A1D A 1)
is given by

z 1-q
(S) 1_[ 1— q l Si 1 _ q72n751752733'

7.3. GL(1)* x Sp(n) x SL2m+1), A1 ® A1 +1® (A1 + A1+ A1)). The group
G = GL(1)*xSfn)xSL(2m+1) actsonV M @, 2 +BHM @ +1 OM (2 +1 )
M@2m +1, 1) by &, z1, 22, z3) = (agx'h, Bhz1, yhzo, Shzs) for (x,z1, 72,23 € V and
(a, B,y,8,8,h) € G. Let ¢ be theSn)-invariant mapM (2, & +1)> Ali(@2 +1)
defined by ¢ ) ='xJ,x forx € M (2, & + 1). This space has four basic relative
invariants f; ¢ & )z ) forf; §,z) = PfA; ¢,z ) { =123 4z =24,22,23, y =
(i) = o(x) € Alt(2m + 1), where we put

Yy Z1237223

Zi . —’Z 00O
Ai(y,oz(-é O) (=123 A= —’z: 000
-'z30 0 0

(cf. [17]). These fi(y,z), ..., fa(y,z) are the basic relative invariants oGI(1)* x
SL2m +1), Ao A1D A1 Aj) (cf. [15]). Let dz be the Haar measure ad n(2 +
1, 3; K) normalized bny(2m+13;oK)dZ = 1. By Theorem 4.3, we have the following
lemma.

Lemma 7.6.

Z(s) /M ]_[ | fi(p(x), 2)|% dx dz

(2n,2m+1;0)®M(2m+1,3;0x) ;=]

w2n(q ) —(2n—2m—
= Y gh(g) g B
Wan—2m (q ) A vEAE

m

XL Hmoau@ﬁ

L@m+1;0k)-(r"Y M (2m+1 3:0%) ;_1

From [26, Section 3], we have the following lemma.
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Lemma 7.7.

| [T1G. 20 dyd

L@2m+1;0k)-(* )an+1®M (2m+1,3;0k) =1

q* 1—g 2 1— g ess wam+1(q %)
- l_[ 1— q—s, -1 1 _ q—54—2m X 1— q—51—52—53—54—3 X (1 _ q_l)wm (q—Z)

X q 211,()L)P)L(q—s1 Sz—S3—3’ q—S1—S2—S3—S4—57 o, q—Sl—Sz—S3—S4—2nl—l; q—2)‘

Therefore we have the following result by Lemma 2.1, 7.6 ard 7

Proposition 7.8. The Igusa local zeta function diGL(1)* x Sgn) x SL2m +
1),A1® A1+1® (A1 + A1+ Aq)) is given by

4

Z(S) _ l_[ l—q_l y 1_q—2n,+2m—2 y 1— q—Zm
_ 1y _ g—2n+2m—2—57—57— g —2m—s
i 1 q S, 1 q n+2m §1—S2—S3 1 q 1—S4
ﬁ 1— q72j71
X
_ g—2j—1-51—sp—53—
i1 1—g % 51—52—53=524
m—1 1 g~2+2-2
X l_[ 1— q—2n,+2j—2—sl—sz—x3—x4'
j=1

7.4. GL(1)Y x Sp(n) x SL(2), A1 ® (2A1) +1® A1). The groupG =GL(1)? x

Spn) x SU2) acts onV =M (&, 3 M (2 1) byx(z }> ogx’ @ M, Bhz ) for
(x,z) eV and @, B, g,h)e G, where

a’ 2ab b? ab
(2A1)(h) = | ac ad +bc bd for h= <c d) € GL(2).
> 2cd d?

For a commutative ringk , we denote by Sym@®; ) the totality ok 2 symmetric
matrices overR . We define the mag :Sym@Z) M , (3 1))as y7 £ k2 —

"(y11, Y12, Y29, where y1o = yp1. We see thatw' {y'h ) = R1)(h)o'(y) for all & €

GL(2), y € Sym(2). Hence we identify Sym(2) as Alt(3) by the maps d an. Let
¢ be the Spn)-invariant mapM (2, 3)— Alt(3) defined by x( ) #J,x far €

M (2n, 3). This space has two basic relative invariafit@o(x)), f2(¢(x),z) for fi(y) =

det(y), fo(y,z) = ‘zyz, y = ¢(x) € Sym(2),z =' £1,z2) € M(2,1) (cf. [17]). These
f(y) and f2(y, z) are the basic relative invariants oBI(1)? x SL(2), (2A1) & A}).

Let dz be the Haar measure o ,(2 K; ) normalizedmz’l;ok)dz = 1. By an
argument similar to the proof of Lemma 7.1, we have the falhgMemma.
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Lemma 7.9.

Z(s)

/ ()2 falo o). 212 dx diz
M(2n,3;0x)®M(2,1;Ok)
1— q—ZJz

m | AR f2(y, 2)IE dy dz.

/Sym(Z;OK)EBM(Z 1;0x)

We shall prove the following lemma.

Lemma 7.10.

1/ O faly, )13 dy d
Sym(2;0k)®M(2,1;0k)

_ 1—g ?A—g?)A—g 27
(1— g7 )1 — g7 172)(1 - g2 22)(1 — g =3-20722)

Proof. We decompos® (2 1) as

+00

M(2.1;0¢) = JGLE2; 0x) - (’g ) (disjoint union)

k=0

Then by imitating [14, Section 10.1] we have

/ A0 foly. D12 dy d
Sym(2;0x)®M(2,1;O0k)

+00

/ | AW f2(y, 2)I¢ dy dz
i=0 Y Sym(2;0x)®GL(2; Ok)(7'.0)

+00
N
i=0 S

= 1_7q_2/ |y11y22_ y2 |51|y22|32 dy
1-97222 Joyme04) 1Kk

L FaO)IR1 2y, " (1, 0))g dy
ym(2;0k)

If we split the domainOg of ys» into the union of Ok \ 7Ok and 7Ok, then we
have

/ [y11y22 — Yool 22l 2 dy
Sym(2;0k)

-— (1_q71)2 + 71752

= |17 y11y22 — VZoI 22l 2 dy.
1—g-t= /Sym(2;OK) 12K £

By repeating this process, we have

/ 17 y11522 — Y2l 122l 2 dy
Sym(2;0k)
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(1_ q—l)z e
_A=g™) oo )|y11y22—ny52|§§|)’22|§§ dy,
ym(2;Ox

- 1 _ q*lfsz
and
/ |V11y22 — 7 Y5l | y22lE dy
Sym(2;0k)
(1_q71)2 —1-s / 2 s s:
=t z |y11y22 — yiol g |y22l ¢ dy.
1— q—l—S1 Sym@2:0%) 121K K
If we put together the above results, then we get this lemma. U

Therefore by Lemma 7.9 and 7.10, we have the following result

Proposition 7.11. The Igusa local zeta function ¢6L(1)? x Sn) x SL(2), A1 ®
(2A1) + 1® A1) is given by

1—g?(A—g?)A—g>2)1—q"*)
L—g )AL —g ) (1— g 222)(1—q 32 22)(1— g 2 212)

Z(s) =
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