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Introduction

There is an approach to the Torelli problem by using degeneracy loci.
Namikawa and Friedman succeeded to prove the generic Torelli theorem for
curves [21] and the Torelli theorem for algebraic K3 surfaces [14] respectively
in this direction.

In case of Todorov surfaces X, since the period map sending X to the
Hodge structure on H*(X) has positive dimensional fibers ([29], [30], [31], [32],
[33]) it is necessary to consider the mixed period map which sends X to the
mixed Hodge structure on HX—C), where C is the unique canonical curve of
X ([34], [23]). On the other hand, we can observe that Todorov surfaces are
connected by ‘“tame” degenerations and smooth deformations. It is the pur-
pose of the present paper to try to solve mixed Torelli problem for Todorov
surfaces by using the “tame’” degenerations. At present we have formulated the
problem inductively and obtained some results but we have not yet arrived at the
final destination.

We give examples of “tame’ degenerations of double covers of surfaces as
Table O on the next page. Degenerations of type (I;) in Table 0 are observed
for Todorov surfaces and surfaces with ¢f=2p,—3, type (I,) are observed for
Kunev surfaces, and (I1,) are observed for surfaces on the Noether line ([36],
[37]). Recently these phenomena are observed more widely ([18], [4], [2], [3])-
So our present trial can be seen as a miniature of a more ambitious attempt,
namely, to attack (mixed) Torelli problem for surfaces of general type via
degeneracy loci.

§1 is a Hodge theoretic preliminary. We recall, after [28], the construc-
tions of (filtered) cohomological mixed Hodge complexes whose hypercohomolo-
gies yield the terms in a mixed version of the Clemens-Schmid sequence. We
distinguish filtrations corresponding to the openness of the varieties in question
and to their singularity and see their relationships. We prove partial results
on the exactness of the mixed Clemens-Schmid sequence.

§2 contains an observation that the moduli spaces of Todorov surfaces are
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Table 0
degeneration | central fiber of semi-stable | change of |local monod-
of branch degeneration of pairs: (P 9> €3) romy on
(L) v v=F
passing an ) 0,0, —1) I
isolated 4 Q
branch point TC
genus drops by 1
(no base extension)
V W :rational
(Iz) l ‘ ation
passing °‘-“P-/ . 0, +1, —1) I
D4 p— ellip.
ellip. __ 317
L
section of fibration ou V,
E,onv
(base extension of 2: 1 one)
( III) If IEV: rational
having || — (—1,0,—1) II
ordinary — )
quadruple ~
: { |ellip.
point -21 1
A
—_
— 1 22
[

—

part of singular fiber of fib-

ration by curves of genus 2
onV, Eson ¥V

(base extension of 2: 1 once)

connected by ‘‘tame” degenerations, i.e., type (I;) in Table 0. We use the

results in [20].

In §3, we recall the moduli spaces of Todorov surfaces contructed in [20]

and the formulation of a mixed period map in [34].

We give a candidate of a
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global monodromy.

In §4, we prove the splitting of the local monodromy over Z by using
the result in §1 and extend the mixed period map over the “tame” degenera-
tions.

§5 contains a useful result in the induction step of our framework. We
also prove partially the infinitesimal mixed Torelli theorem for the extended
mixed period map.

1. Mixed version of Clemens-Schmid sequence

(1.1) Let
(1.11) £ (%9~ A

be a semi-stable degeneration of pairs, i.e., 2 is a submanifold of P¥X A, the
restriction of the projection f: — A is a flat morphism over a disc A whose fiber
X, :=f"Y(t) -over t€A is smooth for 0 and X, is a reduced divisor with
simple normal crossings, U is a reduced divisor of X flat with respect to f, and
X+ %Y has simple normal crossings. Any projective 1-parameter degeneration
of pairs can be reduced to this case after a finite base extension (cf. [17, II],
[23, 1.9)).

We use the following notation:

X =ft) (ted), Yp.=Ynkx,,

X*: = X—X,, Y*: = Y-Y,,
11.2) 56’:=.‘A€’—Q}, i%*:=3§n.‘3€*,
A*: = A— {0}, A*—A* universal cover u — exp(2z\/ —1u),
X = X* X A%, Vo= Y¥X e A*,
20(.,‘,: = Xo—Ye.

For a variety Z with simple normal crossings, we use the following notation:

Z%: locus of points in Z of multiplicity >1z.
a:Z® — ZOCZ the normalization.

We consider the diagram

(1.1.3) |7 lz
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Since (1.1.1) is locally C=-trivial over A*, R" ji;Q_c;E* is a local system and the
Gysin filtration G induced from the canonical filtration 7 (see [10, II. (1.4.6)])

.
of R(;*Q_‘;e* (i-e., the Leray filtration for fc> .3?,’*—*.%’*LA*) consists of local
subsystems. We denote by

(L.14) (A, G, V), WV:=R"f1Q3:®q Ons

the associated filtered vector bundle with the Gauss-Manin connection.
o o o o
Since f'Oa—>Q g/, is a resolution and £ in (1.1.3) is Stein, Rl f 1 Op
o

is represented by /ZQ o« /,x hence by Q' opx/ x(log G*) [9,I1. (3.3.1), (3.14.0)],
which together with the canonical filtration + and with the weight filration W(Y*)
are filtered quasi-isomorphic [10,II. (3.1.8)]. Therefore,

(1.15) (V, G) = (R" ful qpuyllog ), W(Y¥)).

By the same reasoning, an exact sequence

(L1L6)  0—> Riyf1Q%[—1] — Rly f~'Q'as = Riy f'Opn — 0
is represented by

0 _*f_lﬂk*®f—10A* Q‘_‘X_'*/A*(log Q}*) [_1] g

(1.1.7) : .
@ gea(log Y¥) = Q' opallog Y*) = 0,

hence we see that the Gauss-Manin connection V of C{/ is induced as the con-
necting homomorphism of the hypercohomology sequence of (1.1.7) [16].

The following lemma can be found in [9,II. (5.2), (7.11)], [27, (2.16)] and
[28, (5.3)].

Lemma (1.1.8). &/:=R" [ )\ (log (Y+Xy)) is the canonical extension
of (V, G, V), t.e., the following hold :

() <V is a vector bundle on A with CJ| sw=CV.

(i) G on CV extends uniquely to a filtration of &7 by subbundles, also denoted
by G.

(iii) V extends to a comnection of D with logarithmic pole at 0 A with
Res(V) nilpotent.

]Idea' of Proof. (i) and (ii) follow from a fundamental observaiton: For
X.— XX, and u=log (/27 /—1),

Y
Y ge/a(l0g (Y+X))®Ox, <= i (log (F+Xy)) [14]

~ ;-1 M
Q_I,Sz kyQy (log Yo),

(1.1.9)
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where @IS means quasi-isomorphic and
(1.1.10) Y33 w; w'): = (image of w,) .
(iii) follows from an exact sequence

0 — f7Qu(log )® -1, Vo p(log (Y+X0)) [—1] =
Qoe(log (Y+X)) = Qe (log (Y+ X)) = 0,

which is an extension of (1.1.7), and a direct computation of the residue. For
details, see the above references. N

(1.1.11)

(1.2) We recall the construction of the mixed version of the Steenbrink
complex A" in [28, §5] (see also [22, §14], [12]). In the situation and the nota-
tion in (1.1), we consider a diagram

o kB o
Xe— X

(1.2.1) /
i; L j@ Sox,

B:—lh: X
By the Eilenberg-Zilber theorem [26, p.232], we see
SUA(X)Rq ksA' (X))

[28, (5.20)], where A’(Z) is the complex of sheaves of germs of singular Q-
cochains on a topological space Z. Since A'(Z) is a fine resolution of @, we
see by the above result, that

LAY(X.)

QIS

I'(F): = i A (F), I'(X.): =i kyA'(X) and

(1:22) I'(X.): = S(I'(X)®q I'(X.))

are representatives of i~ R4Q<%, i Rk4Qy_ and i™' Rk{Qz_ respectively.

I '()%,o) is of course a candidate of the @-structure but the monodromy log-
arithm log T can not be lifted on this complex. In order to rescue this situation,
we need a rather complicated construction of Ag in the following way.

The automorphism (x, %) (¥, 4—1) on X.:=2X* X ,»A* induces an auto-

morphism T of I'(X.). Define
B'(X.): = U Ker(T—-1)""'cI'(X.),

(123) (Xo) omlio er( - ) (X-) \

B': = B'(X.): = I'(X)Qq B'(X.)CI'(X.) .

Then these inclusions are quasi-isomorphisms [28, (5.9)] (more precisely, see
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[22, §14]), and
(1.2.4) 8: = log T: B'(X.) — B'(X.)

is well-defined by construction.
Let

p(B)': = p(B(X.), 193) = s (I F)@p(B'(X.), 3))
be the mapping cone, i.e.,
p(B): = B*®B, d(x,y): = (dx, (1Q3) x—dy)
We define a morphism of complexes
(1.2.5) 0: p(BY — p(BYT1] by 6(x):=(0,%).
Let
Tf(K'QL): = (+, K )QL", 7/(K'QL’): =K'®(+, L),

be the partial canonical filtratiosn for a tensor product of complexes K* and
L’, where r is the canonical filtration.

A double complex A= A;(X..) is defined as

A0 — {(P(B)'/Té’) [g+1] ifp>—1and ¢>0,
Q- — .
0 otherwise,
d': A — A% is induced from (—1)?* d,, and
d’: A% — A%**'  is induced from 6 .

(1.2.6)

The Q-structure of the mixed version of the Steenbrink complex is the associated
single complex:

(1.2.7) Ay =s(4y), di=(—=1¥d'+d" = —dyz+0 on AY

It can be seen that the map B' Ay defined by B?S x> (0, x) = A%° is a quasi-
isomorphism [28, (5.13)].
Let § and » be endomorphisms of the complex Ay defined by

8: Ay — A% 8(x,9): = (1®8) x, (1Q8)y), and
v: AY — A5 *! projection.

(1.2.8)

These are homotopic [28, (5.14)]. In fact, it is easy to verify that the map given
by

B AR A D, 3): = (5, 0)
satisfies v—8=dh-+hd. Moreover the endomorphisms 1®8 of B* and § of Aq
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are compatible with B'>45. Hence » on Ay induces log 7" on the hyper-
cohomology, which is the significance of the complex Ag.

Let W(X,) be the partial weight filtration of the complex Q4 (log(Y+ X)),
Le., W (X;) Qb(log (Y+Xy)):=Q%(log (Y- X)) AQbg*(log Q). We define a
double complex Ag—Aj(X..) by
_ [ Qg (log (Y+X0))[Wy(X0)) [¢+1]  if , >0,

Ag:
¢ 0 otherwise,

(1.2.9)
d': AY¥ — A% is induced from (—1)?*!(exterior differential), and

d’: A — A% is induced from G A,
where
(1.2.10) 0: = f*dlog t/2nz\/—1, t:a parameter of the disc A.

The C-structure of the mixed version of the Steenbrink complex is the associated
single complex:

(1.2.11)

Ag: = s'(4g), d:=(—1)"d’'+d"” = —(exterior differential)+§ A on AY
Let » be the endomorphism of the complex A defined by
(1.2.12) v: AY — A%+ projection.

In order to see the relation between the @-structure and the C-structure,
we set

B'(X.): = i1 Q4 (log X) [u], where u = log t/2z/—1, and
213 LT el )

B: = B(X.): = Q4 (log ¥)Q¢ B'(X.)
and construct a complex

(1.2.14) Az from B

in the same way as the construction of Ay from B. We define an endomor-
phism

(1.2.15) 8 of B'(X.) by §(Z w;u[jl): = — w;w(j—1)!,
and denote the induced ones by

1Q8§ on B,

(1.2.16) Son Ay,  8(xy): = (1Q8)x, (188)y).

We denote also by
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(1.2.17) v on Ag: the one induced from the projection 4§ — A%+ .

Then we have compatible quasi-isomorphisms:

5 on Aa®C
Nars  [28,(5.13)]
) on B'®C

Rers  [28,(5.18)]
18 on B
Jers [28,(5.13)]

(1.2.18) 8 on Ag
Il [28,(5.14)]

v on A
sllers  [28,(5.18)]

v on Ag

(—1yOANers  [28,(5.5)], [27,(4.16)]
‘Qf:{'/A(log (q}_I_XO))@OXo ’

where +r, above is induced from a morphism of dobule complexes defined by
(1.2.19) A Y — AY, A (S x4 fl, 2Dy 0 [fl): = xgHdu y, .

Taking hypercohomology, (1.2.18) induces a compatible isomorphism (cf. [27,
(4.22)]):

log T on H"(X.,C)
(1.2.20) Yl
—27/ =T Resy(V) on CP(0) = H'(Xo, Qg (10g (Y+X0))@0%x,) »

where V is the Gauss-Manin connection in (1.1.8). In this sense, we here-
after denote

(1.2.21) N:=log T= —2m/—1Resy(V).

ReEmARk (1.2.22). [27,(4.24)] explains how the isomorphism +, in (1.2.20)
depends on the choice of the parameter ¢ of A (cf. also [22,(14.18)]). This
can be also explained in the following way.

Let {e, +++, ¢,} be a multi-valued flat frame of <}/ in (1.1.5). Modifying

é;:=-exp(—ulog T)e;

we get an invariant frame {é, ---, &} which extends over A and induces a basis
of the central fiber CT/(O) of the canonical extension [9, II. §5], also denoted by
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the same symbols. Let My and M, be the matrices such that
(Vé,, -+, Vé,) = (&, -, &,) My, and
(Teyy -+, Te,) = (ey, ***, €,) M7
Then
Yri(e;) =¢€; forally,
and under this identification we have (cf. [9,I1.(1.17), (5.6)])

log My = —27+/—1 Resy(My). B
We define filtrations of 4" by

(ri p(B)) [g+1] — 44,

WA(Y) Qi (log (Y+Xy)) [¢+1] — 4¢

(tHi2041 p(B)) [q+1] — 4J ,

Wiagn1(Xo) Qe (log (Y+Xy)) [g+1] = 44,
(Tr+2gn1 p(B)) [g+1] — 44,

Wszgri(G+X) Q:X’ (log (Y+Xy)) [g+1] = 4¢

GA": = image{

LA =i
(1.2.23) 7 lmage{

WA = image{
F?A3: = & A%° .
P>
The convolution (or amalgamation) F'xF" of two filtrations F' and F” is
defined by
(F'xF"),: = > FINFY [28,(14)].
itji=k
Lemma (1.2.24). (i) (4", GxL)—(4", W) is a filtered quasi-isomorphism.
(i) G on A satisfies
vG;CG;, gréd ~ A(YE)[—i],
QIs

and induces the Gysin filtration on the hypercohomology, where Y% is the normal-
1zation of the i-ple locus of Y..
(iii) (e, L)RC =_(A¢, L), where FQIS means filtered quasi-isomorphic,

FQIS

and L on Ag induces the N—ﬁltrationoon the hypercohomology, i.e., NL;C L;_, and
Ni: grixgrt; on H'(X,, Ag)=H"(X., Q).
Proof. Set Q:=Q% (log (Y+X,)). Then
(GxL), A¢
= (3 (Wi WD+ W(Xo) N (Wisaqa(Xo) + Wo( X)) W (X)) QL]
= (.3, (WD N W(Xo)+ Wisa0n(Xo) | Wo( X)) Q[1]
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= ((W,,+2,+l(q}—|—X0)-l— Wq(Xo))/ Wq(XO)) 9[1] = W, A¢d .

Similarly we have (G%L),AoC W;,Aq. These together with [10, II.(3.18)] yield
a commuatitive diagram:

(Ao, G*L)QC = (Ag, /41" [—29—1]) 5 (Ae, GL)
l, FQIS FQIS ”
(40 W)BC = (dorr[~20-1) Z_ (4o W)

From this we get the assertion for the @-structure. This proves (i).
The first assertion of (ii) is immediate by definition. As for the second,

gri Ag = (=i +7)(vi1+77)) p(B)) [g+1]
= ((ri/(ricr+7iN 7)) p(B)) [g+1]
= (grf p(B)'|7{ p(B)) [g+1]
= (@@l —1®(p(B (X)) /71") [a+1]
= axQz0[—11®4¢(X) G;—}SAB’(YS’) [—].
Similarly we have the second assertion for the C-structure. The last assertion

follows from these. This proves (ii).

The first assertion of (iii) is easy by construction. We prove the second
assertion.

vL;j AY = v75hoeer A = mihaen Attt =Ly, At
Hence NL;CL;_, on H(X., Q). Next we observe that
o
(4q, G)Q:; (Rl Q% T) s where ,;: X, = X, (t€A¥)
Is

and that the latter is a part of the functorial cohomological mixed Hodge com-
plex for X, (see [10, ITI(8.1)]) hence the spectial sequence of (RI'R/n Q%,, T)
degenerates in E,=E.. We also observe that under

P A(E) AT
grf A"(Xo) 3 47(F9)

L;grf A"(Ag,,,) corresponds to W; A"~ ( I~’.‘,f)) and the d, of the above spectral
sequence are morphisms of mixed Hodge structures (actually, Gysin maps), so
L=W on E, is strict for 4, [10, I1.(2.3.5.iii)]. It follows that taking cohomology
and gr® commute [10, IT.(1.1.11.ii)]. By [27, (5.9)] (see (A.1) below),

i+ opl ~ ool
N7:grj EY* X grk; EY?.
Hence

i L To—i,mti L i ni
NJ‘ gr; Ezl n+i _:; gr—j EZ' nti .
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That is

N': gr} gef H'(X., Q) = grty grf H'(X.., Q).
This implies

Ni: gt H'(X., Q) gr’; H'(X., Q). W

[11] generalized the notion of cohomological mixed Hodge complex (CMHC,
for short) in [10, IT1.(8.1)] to:

DeFINITION (1.2.25). (M, G)=((Mg, G, W), (Mg, G, W, F), ) is a G-
Sfiltered CMHC on a topological space Z if it satisfies the following conditions:

(i) MisaQ-CMHConZ. a: (Mg, G, W)QC=(M¢, G, W)is a bifilter-
ed quasi-isomorphism.

(ii) grfMis a Q-CMHC on Zfor each 1.

(iii) Dec W and gr® commute on M':=RI'Mj,

(iv) The spectral sequence of (M *, G) degenerates in E,—=E...

Recall that the Hodge filtration F on €}/ in (1.1.5) is the one induced from
the stupid filtration

FrQipy(log YF): = 33 Qfeo(log Y*)
>
The following lemma can be found in [28, §5, (6.9), (3.13), Appledix].

Lemma (1.2.26). ((dq, G, W), (4¢, G, W, F), @) is a G-filtered CMHC
on X, whose hypercohomology vyields a limit of the variation of mixed Hodge struc-
ture arising from f: X*—A¥*, that is, the following hold:

(i) W on Ag induces the G-relative N-filtration on the hypercohomoloay, ie.,
NW,CW,_, and N’: gr¥,, gréxer? , grf on H”(Xo, Ap)= H"(XN, Q).

(i) F on CV extends to a filtration of P in (1.1.8) such that F ’ngC(/ is
locally free and F?* CV(O) F? HY(X,, Ag) for each i and p.

Proof. By (1.2.24.i) and (38, IL.(A.1)], we have

gry Ag = EB gr, gri Ag
Res R
-’—: @ @ a*ﬂqj(i)ﬂ?{o(j+zq+l)[_k_29] ,

i+j=k ¢>max(0, -k}

where G N X§" is the normalization of (--ple in 4, j'-ple in Xi)-locus of
Y+ X, and a: GO0 X§¢ X, is the projection (cf. [28, (5.22)]). The above
isomorphism is compatible with F and we have a similar decomposition for the
Q-structure. (1.2.25.1) follows. By (1.2.24.1), [38, II(A.1)] and [28, (1.5)], we have

gri A= @ gr, gri A ~€Bgrk gti A,

i+j=k
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This is compatible with F. (1.2.25.ii) follows. (1.2.25.iii) also follows by [28,
(6.8)]. (1.2.25.iv) is already shown in the proof of (1.2.24.iii). This proves
the first half of the assertion.

The proof of (i) in the second assertion is analogous to that of (1.2.24.iii)
and we omit it.

As for (ii), set Q(2):=Q%,,(log (Y+X,))®Ox, (t€A). We first note that,
for 0:=f*d log /27 \/ —1,

6A:(Q0), F) 3 (e, F) (cf. [27, (+16))).

This implies F? CT/(O):F ? H'(X,, A¢). As we have seen in the proof of
(1.2.24.iii), F on the E, of the spectral sequence of (RI'R/ Q< , 7) is strict for
d,. Hence gry commutes with taking cohomology, and we can compute as

grt grf V() = grb grf H(RIQ()
= grk E3""H(RIQ(E), G) = grk ET** (RI'Q(t), Dec G)
= grh H"(RI" gr?%:°Q(t)) = H"(RI" grh grPe°Q(t))
— H'(X,, grb grPese(t)) .

From this, we see that dim gr} grf Cl~/(t) is upper semi-continuous in ZEA.
On the other hand, dim grf C{/(z) is constant. Hence grh grf € is locally free
by the continuity theorem. W

(1.3) In the situation of (1.1), we recall a construction of a CMHC K*
whose hypercohomology gives the functorial mixed Hodge structure on the

cohomology of )2'0 (cf. [10, III.(8.1.12)]).
Let Ky be a double complex defined by

K. — {p(%)@" axQ@g+v ifp,¢>0,
Q: .
0 otherwise,
'K — K40 is (—1)™dpgy, and
d"”: K§f — K§*' is the Mayer-Vietoris map 1Q(33 (—1)° 8%¥).

where a: X{#*V— X, is the projection and I(f;f) is the complex in (1.2.2). The
Q@-structure is defined as the associated single complex

(131) Ky di=(—1)"d+d" = —dp 5, +1Q(S (—1) 8F) on K¥

i

Let K¢ be a double complex defined by

K = { a*Q%SqH)(log(Q]n )}‘éqn))) if p, >0,
0 otherwise,
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d': Kif — K§&?  is (—1)*"!(exterior differential), and
d": K§ — K& is the Mayer-Vietoris map 33 (—1)* §F .

The C-structure is defined as the associated single complex
(1.3.2) K¢, d:=(—1)2d'+d"” = —(exterior differential)+3>}(—1)' ¥ on K¥

We define filtrations of K and K¢ by

G K':— {'erb ‘ over @,
W(Y) K¢ overC,
L;K": = @ K™ over Q as well as over C,
[ >t ]
(1.33) — { rho K,
Wk+q(q}) KC? ]
F*Kg: = DKy .
»'>p

Lemma (1.3.4). (i) (K', GxL)—(K", W) is a filtered quasi-isomorphism.
(i) (Kg, G)(X)CF:; (K¢, G) and G on K satisfies

QIS

vG;CG;, grf K' % au K (YO N X,) [—i],
QIS

hence induces the Gysin filtration on the hypercohomology.
(iil) (Kg, L)YR®C = (Kg, L) and L on Ky satisfies
FQIS

gri Ko X ax@3 -0 [],
hence induces the Mayer-Vietoris filtration on the hypercohomology.

(iv) K:=((Kq, W), (K¢, W,F),a) is a CMHC over @ on X,, whose

hypercohomology yields the functorial mixed Hodge structure on H .()%w Q).
(v) If the spectral sequence of RI'K" by the filtration G (resp. L) degenerates
in E,=E.., then K with G (resp. L) is a G-filtered (resp. L-filtered) CMHC over Q,
(vi) Ke=Ker{v: A¢— A} and the filtrations G, L, W and F on both terms
coincide respectively.

Proof. (i): (G*L)y K=, s(GiNL;) K'=G,,, K" =W, K*.
The firsc assertion of (ii) follows immediately by definition. As for the
second,

grf K = grl"™ 0,0 g guy (log (YN Xfr?))
= ax Q0 goan [—i] = aKITO N XED) [—i].

Similarly, we get the assertion for the @-structure. The third assertion follows
from these.
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The first assertion of (iii) follows immediately by definition.

grf Ko = Kg™7[f]

= as Qg ., (log (YN ZET) 12 axCEesen ]

Similarly, we get the assertion for the @-structure. The third assertion follows
from these.

(iv) is found in [10, ITI.(8.1.12)]. (v) is easy to verify by using (i) and
[28, (6.8)]. (vi) is immediate by construction. W

We now recall a construction of a Q-CMHC C* whose hypercohomology

gives the functorial mixed Hodge structure on the cohomology of (.‘%’ f%'*)
(cf. [15, IV.5)).
We are working on a diagram:

o j o
(1.3.5) xr -~ X

As in (1.2.2), the complexes
136 I (35’ )i =i I*A'o(i?oé’) , I(%): = i1 j,A(XF*) and
I.(_cr*): — S.(I.(:K’)®Q I'(EE’*))

are representatives of ™' RQs, i7" RjxQ« and i~ R(Z])*Qx* respectively.
The complexes Cy and C¢ and their filtrations are defined as

_ { (') () [1] over @
(Qp(log (YH-X,))/Qp(log Y)) [1]  over C,
(v I'(%)) [1] = Co,
e mage{ (% Ol (9+0) 1] 5,

(1.3.7) (e I(F%) [1] > Co,
Wia (Xo) Q(log (Y+X,)) [1] = Ce,
(rans I(E) [1] = Ca,
Win(Y-+Xo) Qee(log (¥+X,)) [1] = Ce
F? C¢: = image of F? (Qy(log (Y+X,)) [1]) > C¢ .
Lemma (1.3.8). (i) (C",GxL)—(C", W) is a filtered quasi-isomorphism.
(i) (Cq, G)®C F-Q':IS(Cb, G) and G on C" sotisfies

J

L; C*: = image {

W, C": = image {



Mixep TORELLI PROBLEM FOR TODOROV SURFACES 711

VG;CG;, gr,G C.Q:—;%SC.(CI?“)’ Q7(i) ﬂ x*) [_—i] ’

hence induces the Gysin filtration on the hypercohomology.
(iif) (Cq, L)®C F;:k (C¢, L) and L on Cyq satisfies

L * Av .
r; C axQ-~ . —
gr;j QQ-?S * X(()"+1)[ ]])

hence induces the Mayer-Vietoris filtration on the hypercohomology.

(iv) C:=((Cq, W), (C¢, W, F), @) is a CMHC over Q on X,,, whose hyper-
cohomology yields the functorial mixed Hodge structure on H" (_‘36’ ff *; Q) [2].

(v) If the spectral sequence of RI'C" by the filtration G (resp. L) degenerates
in E,=E., then C with G (resp. L) is a G-filtered (resp. L-filtered) CMHC over
Q.

(vi) Ceg=Coker {v: Ag—>Ag} and the filtrations G, L, W and F on both
terms coincide respectively.

Proof. (i), (ii) and (iii) are proved analogously as (1.2.24.i), (1.2.24.ii) and
(1.3.4.iii) respectively hence we omit it. (iv) is found in [15, IV.5]. In fact, by
the Kiinneth formula and the residue formula,

gri Co = D a0 [k

gri Co = & axCapdn g [—K] -

QIS i+j=k

These show that gr” C" is a CHC hence C" is a CMHC. (v) is easy to verify by
using (i) and [28, (6.8)]. (vi) is immediate by construction. N

(1.4) In the situation of (1.1), we shall construct a mixed version of the
Clemens-Schmid sequence after [38, §7].
Let

(14.1) v A > A

be the mixed version of the Steenbrink complex and the lifting of the monodro-
my logarithm in (1.2). From (1.4.1), we have an exact sequence

0— Ker(y) > A" —> A" — Coker(»)— 0

N\ /
(1.4.2) Im(v)
7\
0 0

Taking the hypercohomology, we have two long sequences (for #» odd or even)

(143) — HY(F, ¥¥) > H'(X) — H'(X.) 3 H'(X.) - H*(%, %) —>
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over @ by (1.2.25), (1.3.4.iv) and (1.3.8.iv). This is a mixed version of the
Clemens-Schmid sequence.

The following is the Pomcaré duality (for the prooi, see [26]).
Lemma (1.4.4). H”(.‘X’ ff* Z)=H,yy s (X0, Yo; Z) where d+1=dim X.

Proposition (1.4.5). In the situation of (1.1), we have for the cohomology
with coefficients in Q, the folowing:

(1) (1.4.3) is a sequence of mixed Hodge structures over Q.

(i) The filtrations G as well as L on each term of (1.4.3) are compatible
respectively.

(iii) If Y is smooth (possibly reducible), then (1.4.3) is a sequence of G-
filtered mixed Hodge structures over Q.

(iv) If Y is smooth (possibly reducible), the Gysin map H°(Y.)—>H?*X.)
1s injective and H,,_,(X,)=0, where d=dim X, then the following parts of (1.4.3)
are exact:

HY(X,) — HY(X.) & H(X.) > HY(Z, %¥).
HY(X.) > H{(%, %) — H¥(X,) — H{(X.) > H{(X.).

Proof. (i), (ii) and (iii) follow from (1.2.25), (1.3.4) and (1.3.8).

In order to prove (iv), we first note that taking gr® on each term of (1.4.2)
yield the following commutative diagram consisting of the Clemens-Schmid se-
quences as horizontal lines and the Thom-Gysin sequences as vertical lines:

H* XY, @*) = H* (Vo) = H*(Y.) > H* (Vo) = H™(Y, Y*)

? ) i 1 1
H'®, %% — H'(X,) — H'(X.) — H'(X.) — H"Y(%, %)

(146 1 ' 1 1 ;
HY %, %) — HY(X,) — H'(X.) — H'(X.) — H"(%,%*)

1 V 1 1 i

H* (Y, Y*) = H**(Y,) = H*X(Y..) > H**(Y.) > HY(Y, G*)

We shall prove the exactness of the second sequence in (iv) by chasing the dia-
gram (1.4.6). As for the first sequence, the proof is similar and easier and we
omit it.
o
At the first term H%X..), the exactness follws from
o o
H(X.)~ HYX.), HY%, %%~ HY¥, )

by (1.4.4) and from the exactness at H%X.) in the usual Clemens-Schmid

sequence [8]. In the same way, the exatness at H’(.‘E%, .‘Xo’*) follows from
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H*(%¢, %*).’_‘;Hz(f%, 3%*), the assumption of the injectivity of H°(Y..)—>HX..),
H(Y,)SH(Y.) and from the exactness at H(2, X*) in the usual Clemens-
Schmid sequence. Similarly the exactness at H' 2()2'0) follows from the injectivity
of H'(Yy)—H'(Y.) in the usual Clemens-Schmid sequence, H%(Yy)~H"(Y..)
and from the exactness at A% X,) in the usual Clemens-Schmid sequence. As
for the exactness at the first H*( X, ), not1ce that H(Y, GY*)—H* (X, X*) is in-

jective because {H* %X, ff*)—>H3(f%’ 35’*)} is isomorphic to {H,;_(Xo)—Hy-y
(X, Yo)} by (1.4.4) and the latter is an isomorphism. Now the desired exactness
follows similarly from the exactness of the usual Clemens-Schmid sequence,
H3(¥, X*)=H,;_,(X,)=0 by (1.4.4) and the assumption, and from the above
remark. N

It is not yet known in general whether (1.4.3) is exact or not. Proposition
(1.4.5.iv) is only a partial result but it is sufficient enough for our later use in the
present paper.

ProBLEM (1.4.7). Prove the exactness of (1.4.3).
Appendix to §1

(A.1) As [12,II.(3.18)] has pointed out, there is a part which is not clear
in the proof of [27,(5.9)], i.e., “This implies that & EPq"(l?"+1), Q) (—r).”
[ibid, p.254,111]. We explain the point more precisely. In the notation there,
we have

E;1a-r — Hor(YO)@H YY) He -4 Tr+0) ...
(=) Pd | N —v N =y e
Epa—r = Her/(Yomy @ Hor 7o) @ -
where the @ and the ¢ are the Mayer-Vietoris maps and the Gysin maps res-

pectively and we omit the coefficients of the cohomologies as well as the Tate
twists. Let

E = (E)inSZ(ET ) C @ Heor=3(Yor)
>0

be a primitive element such that " £ B(E7**"") as in the situation in question.
Then, by the above diagram, there exists

7= (W1 EE = @ Hir+H(Fer#1m0) such that

VE=(=1y"din=(09-1—Y)i>0 -
In particular, E=5" Eo=07;_l——fyn°EP4"(17('“)), but it is not known whether
0x-, is primitive or not, hence we can not conclude 85_,=0 (£ is assumed as
" E=07_, there!) by the argument using the polarization on P¢"(Y*Y),
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However, we can rescue the claim (A.1.1) below (cf. [ibid, p.254, 10]) along
the line of the original proof by using the polarization @ on the whole

" ~
(El—"q+')1>rim : (E{'q_r)prim = gao Pq_'—ﬁ( Y('+l+2i)) .

[ibid, (5.9)] now follows from (A.1.1).
Claim (A.11). £=0.

Proof. We keep the notation in [ibid, §5]. Identifying by »" above, we
have

&= Oni-y—ym (620).
Since @ and ¢ are adjoint, we can compute as
QE £): =2 Q&)
=& S~(r+1+2i) Ly ANCENE;
S

20

~

& (r+1+2i) LA C(aﬂi—n_')’%‘) NE:

i20

- 7
=& S~(r+2i) Lg_q/\cm'—l/\'YE:'—S?(1+2+21') LA C’?f/\efi)

i>0 Y

Il

M

€ i>1 S?(H'm Ly ACmy A (vEi—08i2) = 0,

where E=(—1)@ " -r-D2  We used (0&;_,—vE)i»1=(—1)"" d,£=0 in the last
equality. Hence, by the positive definiteness of @, we get the assertion. W

(A.2) In [8], the Clemens-Schmid sequences are constructed by com-
bining “Wang sequences” and the local cohomology sequences. The mixed
versions can be also contsructed in this manner.

Lemma (A.2.1). In the situation and the notation in (1.1)-(1.3), we have
a commutative diagram

0 Ay(X.) [~1] = p(Ag(X.), ) > dp(X) > 0

QIS ] 01301 l QIS 10 l
0 — B'(X.) [—1] = p(B'(Xx),8) = B'(X.) = 0
ors 11 Iy
0 -~ I'(¥* - B(X.) > B(X.)—0

whose horizontal lines are exact. The hypercohomology of each horizontal sequence
yield a *“Wang sequence” in the category of mixed Hodge structures.
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The proof is standard and easy by the construction hence we omit it.
In the notation in (1.1.3), (1.2.2) and (1.3.6), we set

-’(35’*) — i (35’*)
(A.2.2) r (36’ _‘36’*) = Ker{I' (ff) ~TI (.‘36’*)} and
I'(F, F*): = Coker {I'(¥) - I'(F*)} [—1].

Lemma (A.2.3). In the situation and the notation in (1.1)~(1.3) and (A.2.2),
we have a commutative diagram

0 = Kj = p(de(Xu),v)—> Co[—1] —0

QIS 11 QIS ] QIS 1]
0 —>I(X)—> I(F*Y —I(FX*[1]—0
I QIS

0= I%, X > I'(F)> (XY - 0
where the top horizontal sequence is QIS exact and the other horizontal sequences
are exact. In particular,
I, %0 3 1(F, ¥ 5 Cal 2.

The hypercohomology of each horzzontal sequence yields a local cohomology sequence
in the category of mixed Hodge structures.

Proof. We shall show that the top horizontal sequence is QIS exact in the
middle term. The other assertions are standard and easy to see by the con-
struction and we omit their proofs.

Let (x, y)€A4"@ A" such that d(x, y)=(d, x, voa—d, y)=0 and that there
exists pEC*! with y=—d. 5 in C'. Then, since y+d, »=0, there exists
Es 4! satisfying y+d, n=vE. Hence

(%,y)—d(&, n) = (x—d, &, y+dsn—vE) = (x—d, £,0) and
v(e—dy &) = va—d, vE = va—d(y+dyn) = ve—d,y =0.
Therefore x—d, E€K". 1

Combining the mixed versions of the “Wang sequences” in (A.2.1) and
the local cohomology sequences in (A.2.3) as in [8], we get mixed versions of
the Clemens-Schmid sequences.

2. General degenerations of Todorov surfaces

In this section, we recall and modify the results in [20] (cf. also [30]) for our
later use.
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(2.1) We recall first some facts from coding theory. Let F,:=Z/2Z. A
binary linear code (V C F3) on a finite set I is a vector subspace V of the F,-vector
space F} of all maps from I to F,. The distance of o F} is ${ic1|p(i)=1}.
A binary code (V C F3) is equidistant if all non-zero elements of V" have the same
distance; this common distance is called the distance of the code. Let (V CF})
be a binary linear code. The linear subcode associated o to a subset JCI is de-
fined as ({pEV | @(i)=0 if i & J} CF7).

In the case that the set [ itself has a structure of F,-vector space of dimen-
sion 4, we define a binary linear code

9: = ({affine linear function on I} C F}).

Assigning a pair of integers (&, &) (C):=(#/J, dim V') to a linear subcode C=
(VCFJ{) of 9, we get

Lemma (2.1.1). There is an order preserving bijection

{linear subcode of D} |(isom. as abstract codes)

0
{k, @)= 22|0<a<5, 2'—2*<k<a+11},

where we endow these sets orders defined respectively by

C'<C & C' is isomorphic to a linear subcode of C ,
®,a")V<(k ) ® a'<a and a—a’'<k—Fk'

The proof is found in [20, (1.2)]. The assertion about the orders are impli-
cit there, but a careful reading of that proof leads us to this assertion.

(2.2) We recall here the definition of Todorov surfaces and K3 surfaces
of Todorov type and their relationships.

DEFINITION (2.2.1). A canonical model X of a smooth minimal surface X
is called a Todorov surface if X(Oz)=2 and X has an involution o such that X|o
is K3 surface only with rational double points. A pair of integers (¢, ot):=
(c3(X), log, #(2-torsion of Pic(X))) is called the type of X.

[20, §5] shows that the values of (, a) are as in the table (2.3.3) below.

Let (Y, E) be a pair of a smooth minimal K3 surface ¥ and a disjoint union
E=3Xic; E; of (—2)-curves on Y. By using the cup product pairing on
H%Y, Z) and the reduction modulo 2, we have a homomorphism of modules:

§: (primitive span of 3} Z[E;] in HY, Z)) — Hom (3} Z[E;], F;) = F} .

(Im§C F3) is called the binary linear code of (Y, E).
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DerINITION (2.2.2). Let (4, @) be one of the 11 values for Todorov surfaces
in the table (2.3.3) below. A K3 surface of Todorov type (¢, &) is a triple (¥, L, E)
consisting of a K3 surface Y only with rational double points, an ample line bun-
dle L on Y and a disjoint union E=3\c; E; of (—2)-curves contained in the
exceptional locus of the minimal resolution p: Y—Y, such that p* LQCOy(E) is 2-
divisible in Pic(Y) and that L-L=2{ and dim Im §=a for the associated code.
E is called the distinguished (—Z2)-curves.

Let X be a Todorov surface of type (4 ) and consider the following dia-
gram:

C—> X< X%
(2.2.3) V' odx #
B-7 Ly

where ¥:=X/s, C is the canonical curve of X, B:=n=(C), p is the minimal
resolution, and X:=Xx Y.

Lemma (2.2.4). In the above notation, let p*B+E be the branch locus of
the double cover #. Then there is a bijection:

{X | Todorov surface of type (¢, ct)} [isom.
)
{(Y, B, E)|(Y, O%(B), E) is a K3 surfaces of Todorov type
(¢, @) and B satisfies Condition (2.2.5) below} [isom.

Condition (2.2.5). On the smooth minimal model Y, B:=p*B is reduced
and has at most simple singularities and B N\ E=(.

The proof of (2.2.4) is found in [20, §4, §5]. We call a data (17, B, E) in
(2.2.4) a Todorov triple.

For a K3 surface (Y, L, E) of Todorov type (/, &), it is known that #I—=
{48, where E=3);c; E; (see [20, (5.2.i1)]).

(2.3) Finally, we summarize the main result in [20] about the moduli spa-
ces of Todorov surfaces together with an observation of their general degenera-
tions.

DEFINITION (2.3.1). A numerical K3 surface is a smooth minimal surface
with p,=1, =0 and ;=0 (cf. [35]).

Note that a numerical K3 surface has an elliptic fibration.

Proposition (2.3.2). The values of type (¢, &) of Todorov surfaces are as in
the table (2.3.3) below. For each of these values of (¢, ct), there exists the moduli
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space of Todorov surfaces of type (¢, &) which is irreducible. The general degener-
ations of Todorov surfaces are those of type (I,) in Table O in Introductions and
except the case (2,1)— (0, 1), they go down one step in the direction | or — freely
under the controle of the associated binary linear code. In case of (2,1)—(0, 1),
they go down two steps.

®.5)
(7, 4)

(2.3.3) Gay= ©3)
(5,2) (4,2)
41 (3,1) 2, 1): 0, 1)
(3,0) (2,0) (1,0) (0,0) (—1,0)

The left hand side of the vertical dots in the table (2.3.3) correspond to Todo-
rov surfaces.

(0, 1) corresponds to numerical K3 surfaces with two double fibers.

(0, 0) corresponds to numerical K3 surfaces with one double fiber.

(—1,0) corresponds to K3 surfaces blown up one point.

Proof. The first half of the proposition is proved in [20] by using the cod-
ing theory, a suitable version of Nikulin’s embedding theorem, and the Torelli
theorem and the surjectivity of the period map for K3 surfaces of Todorov type.
We prove here the assertion about the degenerations which is implicit there.

There are sixteen (—2)-curves E=3}; E; on a smooth minimal Kummer
surface Y=Km (4) which correspond to the 2-torsion points of the abelian sur-
face A. They form a 4-dimensional F),-vector space and it is known that the
binary linear code of (Y, E) is 9 in (2.1). 'This is the key point of the relation-
ship of the abstract coding theory and the geometry from which it is deduced
that the binary code associated to any K3 surface of Todorov type is isomorphic
to a linear subcode of 9) (see [20, (2.1)]).

Let (Y,L,E) be a general K3 surface of Todorov type (4 e), i.e., the
smooth minimal model ¥ of ¥ has the Picard number 2+1=/+9. Let C=
(V C F1i) be the associated binary linear subcode. In case (4, @)=(8, 5), (2, 1) or
(1, 0), L is very ample on ¥ and ¥ has oly k=/4-8 ordinary double points which
correspond to E [20, (7.7)]. By (2.1.1), if (/—1, a’), @’=a or a—1, appears in
the table (2.3.3), there is a distinguished (—2)-curve, say E,, such that the linear
subcode of C associated to the subset I— {1} CI has invariants (/{4-8—1, a’).
Take a general member B, |L| and a general member B, | L| subjected that
B, passes through the ordinary double point on ¥ corresponding to E;. Let A
be a small disc in the parameter space of the the pencil generated by B, and B,
whose center 0E A corresponds to B, Denote by BCY X A the total space of

the family {B,},ca and by BC Y X A the proper transform of 3, which is the
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total space of the family {B,},c on Y. We can perform a semi-stable reduction
of the family of pairs of the double cover of Y branched along B,+E (t€A) and
their ramification lici in the following way: (i) Set &;:=E; X A (i€I). Let a:
Y—>YX A be the blowing-up along BNE,. Denote by Wy, the exceptional
divisor. (ii) Take the double cover B: .‘%—>Q} branched along the proper trans-
form ¢ B+ &;).  (iii) Sir:ce the (aB)~! &; are the total space of families of
(—1)-curves on the fibers of X—A, we can contract them to obtain y: X—2.
Set By:=y(aB)™ B and We:=yB™* Wq;. Figure 1 below is the central fiber
on each step. We obtain a family of pairs

(2.3.4) f (%, By)— A

It is easy to see that this is a semi-stable degeneration of pairs of smooth mini-
mal models of Todorov surfaces of type (4, @) and their smooth canonical cur-
ves whose central fiber X is as the stage (a) in Figure 1 consisting of P? and a
smooth minimal model of a Todorov surface of type ({—1, &’) (for details, cf.
[36, (1.3)]). _

In case ({, @)=(8,5), Y is a Kummer surface which can be represented as
a quartic surface with 16 ordinary dobule points in P* by |20|, where O is
the theta divisor of the associated abelian surface, L=0%(2) and E corre-
sponds to the above 16 ordinary double points. Hence we can go on in the
same way as before.

In case (4, @)=(2,1), it can be seen that the linear system |L| gives a finite
double cover Y—¥ c P3 over a quadric cone Z whose branch locus is a union of
two smooth quadric sections @; (=1, 2) meeting transversally (cf. [7], [20, (5.4)]).

(a) /
Todorov

1) —— R
—-1 -1
legel: Og< U **9 b |« j [ -]

K3 C — C_Za =
C>< 00 - 00| « S|
level: ———

Figure 1
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The 8-+2 ordinary double points on ¥ come from @, NQ, and from the vertex
of Z counted once and twice respectively. Hence we can find a desired deg-
enerating branch locus By,& |L| as a pull-back of a suitable hyperplane section
H,of ZCP®. The remaining steps of the construction are the same as before
and we get a family of pairs like (2.3.4). We remark here that the central fiber
X, of the resulting semi-stable degeneration of pairs consists of two P? and the
main component whose type drops as (2, 1)—(0, 1) in the table (2.3.3) if and
only if the hyperplane section H, contains the vertex of Z.

In case (/, @)=(1, 0), the linear system |L| give a finite double cover Y— P?
branched along a union of two smooth cubics C; (i=1, 2) meeting transversally
(cf. [6], [20, (5.4)]), and we can go on as in the previous case (for details, see

35, [36]). W

3. Moduli and mixed period map

In this section, we shall formulate a mixed period map for smooth pairs
of Todorov surfaces and their canonical curves. For that purpose, (2.2.4)
allows us to use Todorov triples instead of Todorov surfaces.

(3.1) Let (Y, L, E,) be a reference K3 surface of Todorov type (/, &),
B,=|L,| a reference smooth curve, and (l—’,, B,, E,) a reference Todorov triple
(see (2.2)). Let u: Y,—Y, be the minimal resolution and B,:=p*B,. We de-
note by

(3.1.1) [A] - A(?n Bn Er)
the Thom-Gysin exact sequence
HYY,, Z) — HYY, Z) — HYB, Z) — 0

Il Il I
Ay X A,

together with the cup product pairings on Ay and on A; and with the funda-
mental classes

b:=[Bl, e: = [E,.J€A, (eI,

where E,=3>,, E, ;, lof,::-Y,—(B,—}—E,) and {e;|1€I} is considered as an un-
ordered set. We also denote by

[AY] = A(Yn Ln Ef)

the partial data consisting of Ay, the cup product pairing on it and the fun-
damental classes b, {¢;|7= 1}, and by

[As] = A(B,)
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the data A, equiped with the cup product pairing on it.

(3.2) Let(A, G, F,) be the reference mixed Hodge structure defined by the
o
complex structure on Y,, where

A: = AJtorsion,
(3.2.1) G:=(G,=0CG,=Im{Ay—>A}CG,= A) weight filtration,
F,: = (F}=AQCDOF;DF:DF}=0) Hodge filtration.

Set
(3.2.2) A= {AEA VD=, =0(€])}.
Then
gry A = G, A<>A, with finite cokernel,
gri A S A;.
Denote
3.2.3 ?: = dim F?, f%:=dim grf F?.
3.2.3) g

Since Y, is a smooth minimal K3 surface and B, is isomorphic to the canonical
curve C, of the Todorov surface of type (4, @) corresponding to (Y,, B,, E,), we
can compute as

fi=1, fi=rank A,—1=12—(,
f% = genus B, = genus C' = (Z(C,)2+2)/2 — l+1 ,

3.24
G249 fi=2f3=2(/+1),
f=f+fi=2, f'=fitfi={(+14.
Let
325 ¥;: = Flag(M:QC; f1, f)
(3:2:3) F: = {FeFlag(\;QC; 1, f7) | gt? FET, for all i} .
and let
(3.2.6) gr: F — F,xF;, F+> (g5 F, gr§ F).

The classifying spaces D; and D of Hodge filtrations on A; and on A are
defined respectively by

D,: the one of the two connected components of
{FEF,|F*-F* =0, 0-o>0 0FfwEF?)}
(3.2.7) which contains the reference Hodge filtration grf F, ,
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Dy: = {FET,|F*F* =0, /1 0a>0 0*0cF)}
D: = gr'(D,X D;)CF ,

(cf. [24, Appendix. §6, IL. §7], [34], [23, L.2]).

(3.3) Let (Y, L, E) be any K3 surface of Todorov type (4, &) and Be|L|
any smooth curve.

DeriNtTION (3.3.1). A [A, D]-marking of a Todorov triple (Y, B,E) is an
isomorphism of data

7= (77Y’ ﬁ) 7]3): A(?! -E: E) :) [A]
sending the Hodge filtration on H*( l‘}, C) into D.

A [Ay, D,)-marking of a K3 surface (Y, L, E) of Todorov type is an isomor-
phism of data

2yt AY, L, E) = [Ay]

sending the Hodge filtration on H*(Y, C) into D,.
A [A;]-marking of a curve (B) is an isometry

73t A(E) S [As] .

Notice that a [Ay, D,]-marking introduced above coincides with a “special
marking” in [20, §7].

We denote by Aut [A, D], Aut [Ay, D,] and Aut [A;] the groups of auto-
morphisms of the data [A], [Ay] and [A,] respectively which preserve, in the
first two cases, the components D and D, respectively.

Lemma (3.3.2) The natural map
Aut [A, D] — Aut [Ay, D,] X Aut [A4]
is surjective.

Proof. Since A, is Z-free, there exists a Z-submodule AjCA such that
A=Im{Ay,—A}DA5 Notice also that an automorphism of the data [A] pre-
serves D if and only if its restriction on the data [A,] preserves D,. The lemma
follows from these observations N

For a K3 surface (¥, I, E) of Todorov type, let u: Y—Y be the minimal
resolution. Let W(Y) be the group of isometries of the lattice H¥Y, Z) gener-
ated by the reflections x> x+(x-d)d (x&H*(Y, Z)) where d runs over the fun-
damental classes of all the exceptional (—2)-curves of u. We denote by W(Y, E)
the subgroup of W(Y) consisting of those elements which preserve the unorder-
ed set {[E;]|i€I} of the fundamental classes of the distinguished (—2)-curves
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E=3%c; E;. Notice that we W (Y, E) acts on the set of [Ay, D,]-markings by
1. We call an element of the set

Py @yw .
{[Ay, DJ-marking of (7, L, E)}/W/(Y, E)

a marking of the K3 surface (Y, L, E) of Todorov type or of a Todorov triple
(Y, B,E) (Be|L)).

(3.4) [20, (7.5)] constructs the coarse moduli space of Todorov surfaces
in the following way.

By the Torelli theorem and the surjectivity of the period map for K3 sur-
faces of Todorov type (4, ), the local universal families are glued together to
make up a universal family

g: (Q_}) .C,(‘;, @Q;)e Dz

of marked K3 surfaces of Todorov type (4, @). Let W= 1) be the Zariski
open subset of the projective bundle P(g4.L) over D, consisting of marked To-
dorov triples (Y, B, E, $y), i.e., BE | L] satisfies Condition (2.2.5). Let

(Y, B, &, Poj) >V

be the universal family of the marked Todorov triples of type ({, ). Then the
action of yEAut [Ay, D,] on D, lifts onto P(g4-L) by the Torelli theorem for
K3 surfaces of Todorov type. In fact, if y(Y, L, E, p,)=(Y", L', E’, %) and
@y (resp. @¥) is a lifting of @y (resp. P%), there exist uniquely we W(Y, E) and
an isomorphism 4: (Y, L, E)~(Y’, L', E') such that (37Y)* = (@%)™ yp,w:
A, L, E)y3SA(Y', L', E’). Now define the action of y&Aut[Ay, D,] on
P(g«-L) by
'Y(Y’ E; E, (ﬁY) = (YI, '73» E', ¢_’§’) .

This action on P(g4-L) is properly discontinuous since so is that on D,. The
quotients CV’/Aut [Ay, D,] and D,/Aut [Ay, D,] are the required coarse moduli

spaces of Todorov surfces of type (4, &) and of K3 surfaces of Todorov type
(¢, @) respectively.

(3.5) We recall here a formulation of a mixed period map for Todorov

surfaces with smooth canonical curves.
Let

(3.5.1) U= CU(La)CCV(La)CP(g*.E)

be the Zariski open subset consisting of those marked Todorov triples (Y, B,
E, @) which satisfy the following Condition (3.5.2).

Condition (3.5.2). On the minimal resolution y: Y—Y, B:=p*B is smoo-
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th and BN E=.
We define a mixed period map

@: U/Aut [Ay, D,] - DjAut [A, D],

3.5.3 o= °
( ) ®(Y, B, E): = @(Hodge filtration on H¥Y, C)),

where @ is any [A, D]-marking and V— Y—(B+E). We see that Aut [A, D]
acts on D properly discontinuously (cf. [34, IT]) and that, with the aid of the
univereal family over U, @ is holomorphic.

4. Extension of mixed period map

In this section, we shall prove that the local monodromy on H I}m, Z),
arround 2 “‘tame” degeneration of Todorov triples in (2.3.2) splits and we shall
extend the mixed period map @ in (3.5.3) to ® over these degenerations. We
continue to work on the stage (b) of Figure 1 in (2.3). We use the notation in

§2.

(4.1) We recall first a general result on the splitting of a nilpotent endo-
morphism on a vector space over a field. Let

V. a finite dimensional vector space over a field,

G: an increasing filtration of V,

N: a niplotent endomrophism of ¥ which is compatible with G

The following lemma is found in [28, (2.11), (2.16)].

Lemma (4.1.1). In the above notation, if length G2, i.e., for some i,
G;=0 and G, ,=V, then the following are equivalent to each other:

(i) G*L yields the G-relative N-filtration, where L is the N-filtration.

(i) The G-relative N-filtration exists.

(iii) G is strict for N7 for all non-negative integers j.

(iv) G has an N-stable splitting.

We can show implications (i)=>(ii)=>(iii)=>(iv)=>(i). The assumption
length G<2 is necessary for the step (ii)=>(iii). For details, see the above ref-
erence.

(4.1.1) is a remarkable fact but it is not sufficient for our use. We need
an investigation of the local monodromy over Z.

(4.2) Let

be a_partial compactification of U in (3.5.1) obtained by adding those triples
(Y, B, E) which satisfy the following Condition (4.2.2).
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() /EO

2 ) _
Todorov b 1 -1
Jevel- Og< P _7 £t | e | o]

K3 ‘ T 4] -2 -2
level: (>< O +++0 «— 7 O +++0 -« —1 I.l

Figure 2

Condition (4.2.2). The Picard number of the minimal resolution Y of Y is
{+9 and B is an irreducible, reduced curve with one node. We devide the cases:

(i) B passes through one of the double points on Y.

(ii) B is apart from all the double points on Y

Then, by the same arguments as (3.4), the quotient
(4.2.3) U|Aut [Ay, D,]

is the coarse moduli space of the triples in question. The central fiber Y,=
VUW of a semi-stable reduction of the degeneration of types (4.2.2.i) and
(4.2.2.i1) are given in Figure 1 in (2.3) and Figure 2 above respectively.

(4.3) Let
(4.3.1) (Y, B+E)— A

be a semi-stable degeneration of type (4.2.2.i) on the stage (b) in Figure 1. By
(A.2), we can consider the Thom-Gysin-Clemens-Schmid diagram (1.4.6) over
Z with exact columns. In order to adjust that diagram for our use, we set

G3(Y°°) = HYY., 2),
2(y ): = Im{HX(Y.., 2) > G(¥a)h,
Gs( Yo) = Coker{Hz(Q}, QJ* Z) — H( Yo: Z)}s
z( y,,) = Im{H*(Y,, Z) — GATo}
(4.3.3) 3(V) _ Coker{HZ(Q}, QJ* Z) — HZ( Yo, Z)— HZ(V Z)},
GyV): = Im{HYYV, Z)—> GV},
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G{W): = HX(W, 2Z),

GL(W): = Im{HY(W, Z) > G\W)} = G(W),
where we use the notation as (1.1.2) applied for (4.3.1) as well as the notation
on the stage (b) in Figure 1. Since HYB,, Z) (resp. H(B., Z), H' (BV, Z)) is
Z-free, the Thom-Gysm exact sequence implies that the torsion of G‘( Yo) (resp.
G,-( Y.,.), G,-( V)) for i=2, 3 coincide. We denote

G; (Y ): = G (Y )/(torsion)
(4.3.3) Gy( Y,,) =G, (Yo)/(torsmn)
G; (V) =G, (V)/(rorsmn)
In the notation (4.3.3), the Thom-Gysin-Clemens-Schmid diagram becomes

0 0 0
? t )

0 — HYB,, Z) - HYB., Z) N HY(B.., Z)
1 t )

(4.3.4) 0~ G(¥) — G(Y.) = GyY.)

T0 T [e] O TC)

0 = GyYy) —= GY.) — Gy(Y.)
t 1 1
0 0 0

We notice that all the columns of the diagram (4.3.4) are exact by (A.2) and
the construction. The top row is the case of curves and the exactness is well-
known. The bottom row is exact by construction. Hence we see, by chasing
the diagram, that the middle row is also exact.

Lemma (4.3.5). For type (4.2.2.i), there exists a Z-basis {e), -+, €piag}
of Gy Io’w) satisfying the following conditions.
(i) {ew, -, e} 15 a Z-basis of Gy IO/.,.) and {eyir, ***, €miogt 15 a lifting of a
symplectic Z-basis of H¥(B.., Z).
—2ep;  Yfi=mtg+1,
0 otherwise.

(id) N(e) = {

Proof. Let {e, -+, pis} be a Z-basis of Gy I(}w) satifying the condition
(i). By the Picard-Lefschetz formula on HYB., Z) (cf. [25,XV.3.4]) and the

(4.1.1.iii), we may assume

N(e,-) — { _23m+1+x if i = m+g+1 ,

0 otherwise,
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o
for some xEGy(Y..). Hence it is enough to show
Claim. Im N in Gy(Y..) is not primitive.

By this claim, x is 2-divisible and, replacing epi; by emi1+2/2E Gy lc/,'m),
we get the desired basis.

We now prove the above claim. Since the restriction map H*W, Z)—
H*(D, Z) is surjective and the fundamental class of By, is sent to the 2-divisible
element [B,] of H¥D, Z), where Bp:=By N D=:{p, q}, the Mayer-Vietoris
sequence implies an exact sequence

~ O Y ~ ©O ~ o
(4.3.6) 0 — Gy(Yy) = Gy(V)DGyY(W)— HYD, Z)|Z[B,] — 0.
Since 52(127) and H¥ D, Z)|Z[B)] are isomorphic through the above map, (4.3.6)
splits hence we have, in praticular,
(torsion of Im /)@GYW) = (torsion of GyV))®GW) .

It is easy to compute, by the Thom-Gysin sequence and the Mayer-Vietoris se-
quence, the following:

H‘(Iz', Z)=HW,2Z)=0. HYW,Z): 2-torsion.
H¥ Yy, Z)=0.
By the Clemens-Schmid-Thom-Gysin diagram, we see
HYY, *; Z) < HYY, G*; Z),
so, by chasing the diagram, we have
Im{HXY, G*; Z) - HY(Y,, Z)} CIm{HX(Y,, Z)—> H (Y, Z)} .

Notice also that

restriction

Im {H(By, Z)DH(By, Z) —— H(By, Z)} = Z(p+4q),

residue

Im{HD, 2) "= HY(B,, Z)} = Z(p—q).

Hence, by the above results, the Mayer-Vietoris-Thom-Gysin diagram is arrang-
ed as

4.3.7) 0
i
Zp+2Zq 0 0
Z(p+9+Z(p—q)
? 1 1
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0~ Z2Z1  pp,z) > H(BnZ) — O

Z(p+q)
1 TC) o o
0> H(D,Z) - GY) - GV@Gw)—-> 0
1 1 1
0 = BTy ~ Ghedon — TBE ~ o
1 1
0 0

We see, from (4.3.7) together with the remarks after (4.3.2) and (4.3.6),
that the image HY(D, Z) in G4(Y,) is 2-divisible. Put

F1Y(D): primitive span of image of HY(D, Z) in Gy(Y,).
Then we have

0~ 22020, 1B, Z) > H{(By, 2) = 0
Z(p+9)
(4.3.8) R no N N
0= HY(D) — g% — gf® -0
From (4.3.4), (1.4.5.ii) and the primitivity of a 1(13), we have a commutative
diagram
0 > ImN — KerN — gif G(Y.) — 0
(4.3.9) R&A 1 b
0 = H'D) — G(Y) = Gy(V) —0
We see, from (4.3.4), that
Ker N/Gy(Y..) = Ker N,

(4.3.10)
(Im N+-Gy(Y))/Gy(Y =) X Im Ny

by the induced maps. Taking gr§ of (4.3.9), we have, by (4.3.10) and (4.3.8), a
commutative exact diagram

0 - ImN, — KerN, — gri H(B.,Z) - 0

(4.3.11) Vog N J
Zp+2Zy 1 s 1
0 — — HY(B,, Z HYBy, Z - 0
Z(p+9) (Boy Z) (Bv, Z)

Since Im N in Ker Ny is 2-divisible and H(By, Z) is Z-free, ag in (4.3.11) is



Mixep TORELLI PROBLEM FOR TODOROV SURFACES 729

not isomorphic hence not so is & in (4.3.9). This proves our claim. W

ReMARK (4.3.12).  The same assertion as Lemma (4.3.5) holds also for the type
(4.2.2. u) on the stage (b) in Figure 2 in (4.2). The proof is similar, but now

terms G, i( V)EBG (W) (=3, 2) etc. are replaced by

G"‘(Z L VIO’): = (H’(V, Z)EBHZ(W, Z))/Z([D&]—O[Dv"/]g ,
GV UW): = Im{HXV, Z)®H W, Z)— G(V I W)} etc.,

where [Dy] and [Dy] are the fundamental classes of DCV and DOCI/I(} respecti-
vely. The sphttmg of (4.3.6) in the present case is given by the image of

H W, Z) in Gz(V U W) We omit the details.
(44) Let

(4.4.1) {el ' em+2g}

be a Z-basis of A in (3.2.1) satisfying the condition (4.3.5.i) and let N be an endo-
morphism of A defined by

—epy if i=m+tg+1,

44.2 N(¢;) =
( ) (&) 0 otherwise.

Since N splits, we can construct easily a partial compactification of the classify-
ing space D/Aut [A, D] in (3.5.3) added only the boundary component of codi-
mension 1 associated to IV by the method of toroidal compactifications for locally
symmetric Siegel spaces (cf. [1], [5]). As a set, this is defined by

D|Aut [A, D]: = (D/Aut [A, D]) Ll (exp (CN) D/exp (CN))/Norm,(N),

4.4.3
(44.3) where Normg,(N): = {y€Aut[A, D]|y™' Ny = N} .

The analytic structure is defined through the following construction of
D[Aut [A, D).

Let D,=Ax(Ux A* )X A” be a small open subset of D, where A is the
unit disc, U is the upper half plane and the decomposition is the one into
D, x Dy X (extension data) (see (3.2.7)). Construct

D, = A*X(UxA* ) xAY
le
D, lexp(ZN) = A*X(A*XA* )X AY
(4.4.4) n
D,Jexp(ZN) =  AXA*XA’
|

D,/exp(ZN)/Normg(N)
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where &:=1X(exp 22/ —1( )X 1)x 1. Patching up by

(D.fexp(ZN))/Norm,(N) < D/Aut[A, D]
(4.4.5) n
D,[exp(ZN)/Normy,(N),

we obtain D/Aut[A, D]. As in the case of locally symmetric Siegel spaces, this
has a structure of V-manifold (=orbifold).

Proposition (4.4.6). The mixed period map ® in (3.5.3). extends holomor-
phically to

&: U/Aut[Ay, D;] — D/Aut[A, D]

which sends a boundary point 1o its nilpotent orbit, where the source is (4.2.3) and
the target (4.4.3).

Proof. By construction (4.2.1), the boundary U—U is a smooth divisor
on Y. Localizing the situation at a boundary point, we may assume

U = A X (A* X AU = AV L A

with local coordinates t=(%,, ¢'), where #,=0 is the boundary and ¢’ the other
coordinates. Take a point & and fix an isomorphism of the data in (3.1.1)

z:A(Y.,B.,E.)3X A, B,E,).

By definition (or by (3.3.2)), for any Z-basis {e,(c0), ***, epsge(o)} of G3(I%.°)
and the monodromy logarithm N, satisfying the condition (4.3.5) (see also
(4.3.12)), there exists a [A, D]-making in (3.3.1)

7 = (7y> 7, 73): A(i}.,., E'n E.) S [A] such that
nmey () = ¢ (m+1<i<m+2g).

Hence we have N.=(yz) (2N) (=) for the types (i) and (ii) in (4.2.2) on the
stage (b). For each fixed ¢, let F(co, ') be the limit Hodge filtration as #,—0.
We define

B(0, ¢'): = exp(CN) (pnF (oo, t'))/exp(CN) mod Normy(N).

In order to see that ® is holomorphic, we observe its period matrix. We
first examine the type (4.2.2.i). By (4.3.5.ii), gr¥ and the extension data of the
period matrix are invariant under the action of the local monodromy T..:=exp
N... gr¥ of the period matrix is the only part which is affected by T... To see
this part more precisg:ly, let {e,(2), ***, em+2,(t)} be a horizontal frame of the local

system {A(¢):=H*Y,, Z)/(torsion)},.q; which coincides with 57" {e;, -+, epsg,}
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at t="7. €pig+1(f) is multi-valued. Let {w(2), -+, 0p41(2)} ;e q; be a frame of the
Hodge filter F? satisying ;;(£)=em+g+i(t) mod )74# Cey(t) (1<i<g). Then
the period matrix for F? is of the form

(x(2); *+*5 @ga(2))

[A(t) B(2)
= (&(t), ***; emss(2), =*; emig+1(t), = em+2g(t))( 0 Z(t))
0o 1,/

The (1, 1)—part 2,,(2) of Z(t) is the only part which is multi-valued. By
(4.3.5.ii), we can compute as

2(t) = 2(log t))2z/ —1+(2)

where s(£) extends holomorphically over 9J, which is equivalent to the existence
of the limit Hodge filter F%(co, #'). Hence, by (4.4.4) and (4.4.5), we have
®: U — D,lexp(ZN) — D[Aut[A, D]
n n n
&: U — D,jexp(ZN) — D/Aut[A, D]

where the (1.1)-part of Z(¢) on the middle stage becomes
(4.4.7) exp (2zy/ —1 2(f)) = £ exp (2m/—1 5(2)) .

This shows that & is holomorphic for the type (4.2.2.i).
As for the type (4.2.2.ii). a similar argument works and instead of (4.4.7) we
get

(4.4.8) exp (2zv/ —1 2(2)) = ¢, exp 22/ —1 s(t))

because of the (2:1) base extension in the semi-stable reduction of pairs in Figure
2in (42). 1

5. Inheritance of induction hypothesis and infinitesimal mixed
Torelli theorem

(5.1) The following result is useful for our inductive approach of the
mixed Torelli problem by using the degeneration of the type (4.2.2.i).

Proposition (5.1.1). In the notation of (4.3), we see for the family (4.3.1)
the following:
o o o
(i) Gy(Yo)SKer{N: Gy(Y..)>Gy(Y.)}.
(ii) The Gysin filtrations G are isomorphic under (7).
(iii) The Mayer-Vietoris filtration L and the N-filtration L are isomorphic
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under (7).
(iv) Before the shiftings [2], W, D (G*L), with index 2 on Gy(Y,) and W=
]
GxL on Gy(Y.).

(v) (2) is an isomorphism of mixed Hodge structures with weight filtrations
(GxL) [2] on both terms.

Proof. (i) and (ii) follow immediately from (4.3.4). Since GyW)=
HYW, Z) is a 2-torsion and [V satisfies (4.3.5.ii), (4.3.9) implies a commutative
exact diagram

0> ImN — KerN —» grfGy(Y.) — 0
(5.1.2) 1 X! X!
0 > HYD, Z) - G(Yo) > G(V)®GyW) — 0.

This shows (iii).

As for the first part of (iv), we see in the same way as (1.3.1), (1.3.3) and
(1.3.4.i) that a complex K, over Z and its filtrations G, L and W are defined and
that they satisfy W=G=L on K. The spectral sequence of hypercohomology
of (K%, W) degenerates in E,=E., [10, II]. We compute the E3:

Er*** = HY(Y,, gif K) = @ H*H(B+E)On Y7, Z).
E}' = EM = HYD,Z)=0

E7' = B = HY(By, Z)

E;24 =E»*=0.

Hence, before shifting [2], we have
W_,=0CW, = Ker {HZ(YO, Z) S HY(By, Z)} CW, = H’(Yo, Z),

where « is the composite of the Mayer-Vietoris map and the residue map. On
the other hand, since

G_1= 0cG,= Im{H’(Yo, Z)—>H2(Yo, Z)}cG, = Hz(Yo, Z),
,=0CL_,= Im{H‘(D Z)— HZ(YO, Z)}CLy= HZ(Y‘,, Z),
we have

(G#L)-; = 0 C(G+L)y = Go+ L_,C(G+L), = HY(Y,, Z)

before the shiftings. By the part of the original Mayer-Vietoris-Thom-Gysin
diagram like (4.3.7), we see

(GxL),CW, with index 2 on HXY,, Z)

hence so is that on Gy( I%,).
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The second part of (iv) follows from (4.3.5) and the argument of the proof
of the step (iv)=>(i) in (4.1.1) which is valid also over Z (cf. [28, (2.11)]). (v)is
a consequence of (i)—(iv) and (1.3.4). N

(5.2) We have the following partial result at present for the infinitesimal
mixed period map.

Proposition (5.2.1). The infinitesimal mixed Torelli theorem holds for the
extension ® of the mixed period map in (4.4.6) at interior points €U and at boun-
dary points €U—U of the type (4.2.2.5) in the tangential directions of the boun-
dary.

Proof. Let (Y, B+E) be a pair of the smooth minimal model and its
branch locus of (Y, B+E)e9U. By taking the dual, we see that

HY(Ty(—log(B+E))) - Hom (H'(Q¥(log (B+E))), HYCy))

is injective. This proves the first half of our assertion.

For a degeneration of pairs of the type (4.2.2.1), the locally trivial (=equi-
singular) small deformations of the pair on the stage (a) in Figure 1 in (2.3)
within the limits of these pairs corresponds exactly to those on the stage (b),
i.e., there are no problems of ordinary double points nor the Todorov in-
volution. On the stage (a), they are determined by the deformations of the pair
of the main component and the union of its branch locus and the double curve.
The latter are determined by the deformations of (V, (B-+E+-D)y) on the stage
(b). As before,

HY(Ty(—log(B+E+D)y)) — Hom (H'(Q(log(B-+E+D)y)), H(Oy))
is injective. This implies the second half of our assertion, because, for a bound-
ary point £,& U, ®(%,) induces the Hodge filtration on Gy(V)QC=HV, C)/C[D]
by (5.1.2) and the difference of
HYV, C)/C[D] = H{V—D, C) = HV—(B-+E+D)y, C)
affects their gr# only for p=2. i

ProBLEM (5.2.2).  Solve infinitesimal mixed Torelli problem for ®.
ProBLEM (5.2.3). Solve local mixed Torelli problem for ®.
ProBLEM (5.2.4). Solve generic mixed Torelli problem for ®.

RemaRk (5.3.5). (i) In cases (4 @)=(1,0) and (2, 1) the generic mixed
Torelli theorem is verified for geometric monodromy in an elementary way
([19], [23, I1.2]).

(ii) The number of moduli of Todorov surfaces is 12 for every (4 a).
On the other hand, a hypersurface of (U/Aut[Ay, D) y—1,0p @'=0 or a—1,
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is glued as the boundary locus of the degenerations of the type (4.2.2.i). Hence
the induction step will not proceed naively.
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