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Introduction

To study the question of which finite groups can act freely on a sphere,
J. Milnor proved in [5] that if M is a mod 2 homology sphere with a free involu-
tion 7, then for any continuous map f: M — M of odd degree there exists a
point x& M such that fT(x)=Tf(x). In the present paper we generalize this
theorem, and apply it to the problem of group action on spheres.

Let M be a closed manifold with a free involution 7. Then a non-
degenerate symplectic pairing o: H¥(M;Z,)x H¥(M;Z,)—Z, can be defined
by acB=<{aUT*B, [M]>, where [M] is the mod 2 fundamental class of M.
Therefore there exists a symplectic basis {u,, ***, w,, g, ***, p,/} for the vector
space H*(M;Z,). Let N be also a closed manifold with a free involution T,
and f: N— M be a continuous map. Then it is seen that

X(f) = D f*wiof*ui €2,

is independent of the choice of {u,, :*-, gy, s =+, #,’}. Now the Milnor
theorem is generalized as follows: If )2( f)=£0 then there exists a point y N such
that T(y)=fT(y)- .

This theorem is paraphrased that if the equivariant Lefschetz number X(f)
is not zero then there exists an equivariant point y& N, and may be regarded as
an analogue of the classical Lefschetz fixed point theorem. We shall prove it
after the cohomological proof of the Lefschetz fixed point theorem (see e.g. [9]).
As is well known, the Lefschetz theorem asserts that the fixed point index is
equal to the Lefschetz number. Correspondingly, we define the equivariant
point index I(f) Z, which has a property that [(f)=0 implies the existence of
equivariant points of f, and we prove that the equivariant point index I(f) is
equal to the equivariant Lefschetz number 9%( f).

Our theorem is applicable well for the problem of group action on mani-
folds as the Lefschetz fixed point theorem is. The theorem is effective to show
the non-existence of free action of dihedral group on a given manifold.
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Let O(8n, k, l) denote the group with generators X, Y, 4 and relations

X' =(XY)P=Y", A¥=1,
XAX=A", YAY"'=4",

where 8n, k, [ are pariwise relatively prime positive integers, r=—1 (mod &) and
r=-+1 (mod /). Milnor asks in [5] if Q(8n, &, I) can act freely on a 3-sphere.
Recently, R.Lee introduced a group homomorphism X,,, from the bordism
group N,,,,,(G) to a certain Grothendieck group IléaL, «»(G) for any finite group
G, and applied it to prove that if # is even and />1 then Q(8x, &, ) can not act
freely on any mod 2 homology sphere whose dimension is 3 mod 8 (see [4]).
We shall give another proof of this result as an application of our theorem.

Milnor asks also if the group P’/(487) (see §6) can act freely on a 3-sphere,
and R. Lee answers that P’/(48r)(O(48, k, /) in his notation) can not act
freely on any mod 2 homology sphere whose dimension is 3 mod 8. We also
prove this fact in the case when 7 is not a power of 3, but our method gives
no information when 7 is a power of 3. It seems to me that the proof of Corol-
lary 4.17 in [4] is incorrect and his method also gives no information for
P’'(48-3%) (k=1).

Throughout this paper, the homology and cohomology with coefficients in
Z, are to be understood. For brevity, manifolds and actions on them are
assumed to be differentiable.

1. The equivariant Lefschetz class

Let M be a closed m-dimensional manifold with an involution 7. We
regard the product M*=Mx M as a manifold with involution by defining
T(x,, x,)=(x,, ). Then we have an equivariant imbedding A: M — M?* given
by A(x)=(x, Tx). We shall identify M with its image under A. Let » denote
the normal bundle of the imbedding A. As usual we shall regard the total space
of v as an equivariant tubular neighborhood U of M in M?. Then »:U—M is
a vector bundle with involution.

Let N be a paracompact space with a free involution 7. Consider N ;(M

and N X M?, the orbit spaces under the diagonal action of T on NXM and
T
N X M?*. Then we have the vector bundle vy=1Xv: NXU—->Nx M. Regard
T T T
the Thom class #(vy)sH™(NX(U, U—M)) as an element of H'”(N>T<
T

(M?, M*—M)) by the excision, and define
AyeH™N X M?)

to be the restriction of #(vy).
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Obviously we have
(1.1) If h:N—N’ is an equivariant map, then (h>1<'1)*:H"’(N’>T<M2)—>
HM(N;SMz) sends AN/ to AN'

For a closed manifold W, we denote by [W] the mod 2 fundamental homology
class of W. As is easily seen we have

(1.2) If N is a closed m-dimensional manifold, then the Poincaré duality
takes Ay to (1 X A)*[N;<M], ie.
(1 X A)*[N>T<M] =AxN [N;(MZ] ,
where (1 X A)y: H,,+,,,(N;< M] — H,,+,,,(N>T< M?).
Given a continuous map f: N— M, we define an equivariant map f: N —

NXM? by f(y):(y, f(»), fT(y)). Denote by N the orbit space of N under
the action 7. We have the homomorphism f”T‘:H*(N X M*—H*(N7). We

call the element

fH(Ay)EH™(N7)

the equivariant Lefschetz class of f.
If N is a closed manifold and dim M=dim N, an integer mod 2 given by
the Kronecker product

Itf) = <fHaw), IND
is called the equivariant point index of f.

(1.3) Proposition. Let N be a closed manifold, and let f: N— M be a con-
tinuous map. If the equivariant Lefschetz class f$(Ay) is not zero, the covering
dimension of

A(f) = {yeN;fT(y) = Ty}
is at least n—m.

Proof. Denote by A(f)s the image of A(f) under the projection 7: N—>Nr.
Then we have the following commutative diagram:

H™(N X (M, M*—M)) AN H™(Nx M)
[ PR
H"(Nz, Nr—A(f)r) Lo 70,

where j are the inclusions. Therefore we have j*f ¥tvn)= f ¥An=+0. In par-
ticular H™(Ny, Nr—A(f)r)+0. Since this shows H,(Nz, Nr—A(f)r)+0, it
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follows that the Cech cohomology group H "="(A(f)r) is not zero (see [8]).
Therefore dim A(f)r=n—m, and hence we have dim A(f)=n—m.

(1.4) Corollary. Let N be a closed manifold, and let f:N—M be a con-
tinuous map. If I(f)==0 there exists ye N such that fT(y)=Tf(y).

2. Preliminaries

Regard the standard n-sphere S™ as a space with involution by the antipodal
map, where n=1,2, .., 00, The corresponding Ay will be denoted by
A,eH "‘(S”;'<M ?). Since for any paracompact space N with involution there

exists an equivariant map of N to S*, the element A,, is universal among {Ay}.
In the next section we shall consider A, in the case when the involution 7"on M
is free. For this purpose, we shall recall in this section some facts from [6]
and [7].

We have the following theorem due to N. Steenrod (see §3 of [6]).

(2.1) Hy(S”XM?) is naturally isomorphic with Hy(Z,; H«(M)®), the
T

homology group of the group Z, with coefficients in H (M)®P=H «(M)QRH «(M) on

which Z, acts by permutation of factors. Similarly H*(S™ X M?) is naturally iso-
r

morphic with H¥*(Z,; H*(M)®). These isomorphisms preserve the cup product and
the cap product.

We shall regard these isomorphisms as the identifications.

Let W be a Z,-free acyclic complex which has one cell ¢; and its transform
Te; in each dimension =0 and has the boundary 0 given by 0(e,;.,)=e,;— Te;,
0(ez12)=6s; 1+ Tey;,. Fora,be Hy (M), let Py(a), P(a, by Hy(Z,; Hy(M)®)=
H *(S“>T<M ?) denote the homology classes represented by the cycles ¢;QaQa,

e,QaQRbe WRQH (M)™ respectively. Similarly, for a, € H*(M), let P/(a),
Zy
P(a, By H*(Z,; H¥(M)®)=H*(S~ X M?) denote the cohomology classes rep-

resented by the cocylces u,(a), u(cat, B)=Homy (W, H*(M)®) respectively,
where  <{u(a), e;) =a®a, <u,a), e;>=0 (i=*j), <u(a, B), &> =a@B+LRa,
<u(et, B), €;7=0 (j=£0).

As is easily seen we have

(2.2) If {ay, a,, -+, as} is a basis for the vector space H (M), then {Pa;),
P(aj, a;);1=0, j <R} is a basis for the vector space H(S“XxM?). Similarly, if

T
{otsy Qs +++, s} is a basis for the vector space H (M), then {P(ct;), P(ctj, at);
i1=0, j <R} is a basis for the vector space H*(S X M?).
T

Since a diagnoal approximation dy: W— WQ® W is given by
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Li/2]
d#(ei) = jgo e,iQe; si+e;.,.QTe; 551,
it follows that
P(a, BYNP(a) =10,

Pj(a)N Py(a) = {OP,-_j(ana) z: jf:’

(2.3)

We see
(2.4) For the homomorphism (i X 1)s: Hy(S™ X M?)— H4(S” X M?) induced
by the inclusion, we have
(Ex D[S XM] = P([M]).
Let X be a Hausdorff space with a free involution 7. Consider the
induced chain map T}y: S(X)— S(X), 74: S(X)— S(Xr) of singular complexes,

where z: X — X is the projection. Then a chain map ¢:S(X;)— S(X) can
be defined by

$(e) =+ T4(), =e)=c¢
(ceS(X 1), ceS(X)), and we have ‘transfer homomorphisms’
b Hy(X7)>Hy(X), o¢*:H¥X)—-H*(X7r).

These are obviously functorial with respect to equivariant maps.

We have the following (2.5) and (2.6) (see §2 of [7]).
(2.5) For any ac H (X 1), the diagram

Na
H*(XT) - H*(XT)
*
T ngala) AT

H¥X) ——" Hy«(X)

is commutative.

!

(2.6) If X is a closed manifold, then p4[X r]=[X].

The following is easily seen.

(2.7) For ¢p*: H¥(S* X M?*)—H*(S~ X M?), we have
o*(IxaxB) = Pla, B) .

3. Expression of A,

Throughout this section, we assume that the involution 7" on M is free.
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We shall consider the element A€ H™(S* X M?).
T

(3.1) Lemma. For n=1 we have
A.NP,([M])=0.

Proof. In the commutative diagram

(1X A)4
H py.n(S"X M) LN H o m(S™ M?)
650 g, 650

Hym(S*XM) ——> H,pom(S™X M),
T

we have H,,+,,,(S°";<M)zH,,+m(MT)=O (n=1), for the involution T on M is
free. Therefore by (2.4), (1.1) and (1.2) we see
AxNP([M]) = Au N (X 1)[S™ X M7]

= (X DulEX )*AN[S"X M)

= (X 1)u(AN[S"X M)

= (X1 X A)[S"X M]

= (I X A)x(2X 1)4[S™ x M]

T T T
=0.

(3.2) Proposition. Let {a,, a,, -, a;} be a basis for the wvector space
H*(M), and put a,=a; N\ [M], i=1,2, -+, s. For Ay: Hy(M)— Hy(M?), let

Ax([M]) = jz’;leikaixak (EinEZ)).
Then we have
€;=0,  Ejp==Ey
for each j, k, and
A, = g Ejkqb*(l Xajxak) N
J
where ¢p*: H¥(S™ X M?)— H*(S= X M?) is the transfer homomorphism.
T
Proof. In virtue of (2.2) we can put

A, = ggiipi(ai)"f‘j%; h;eP(aj, a)

(g:5» hix<EZ,). Then it follows from (3.1) and (2.3) that
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0= A.NPM]) = 33 31g:Pn-i(4)
for any n=1. Therefore by (2.2) it holds g;;=0 for any ¢, j, and hence by (2.7)
A, = Z‘Tv' hird*(1X a; X atg) -
By (2.5) and (2.6) the diagram

(1 X A)y n[S">T<M2]

Hy(S"x M) > Hy(S"XM?) <—— H¥S"XM?
T

l‘l’* (1% A)y 1"5* N[S™ x M7 "
Hy(S*x M) 228 Hy(S™ M?) <" * H¥(S*x M?)

is commutative. Therefore by (2.6) and (1.2) we have

(1 X A)«[S™x M]
= (IX A)xp4[S"X M] = bs(1 X A)u[S"X M]
= ¢x(DLN[S"XMT]) = z*(A) N[S" X M7] .

Since the diagram

(Ex 1)*
H*(Sx M?) ——> H*(S™x M?)
T T
* *
T (Ex 1y §

H*(S=x M?) —> H*(S"X M?)
is commutative, we have
(1 X A)[S"x M]
= n*(i); 1*(A)N[S"X M?]
= (IX 1)*z*(AL)N[S™ X M?]
= (IX 1)*7:*(1%: hixdp*(1 X aj X ag)) N [S™ X M?]
=§h,-,,(i><1)*(1><a,-><ak+1><akxaj)n[S”xM2]
= 2 hu(IXas X apt1xan X)) N (ST} [M]X [M])
= [S"] X jgh,-,,(a,-Xak—l—aanj) .

On the other hand, by the assumption we have

(1x A)x([S™] X [M])
= [S"]x E,; Ejra; Xag .
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Thus we see that &;;=0, &x==Ekj=h; (j<k) and A.= ; Eird*(1 X aj X ak).
i<k
This completes the proof.
Define a bilinear form
o :H¥(M)x H¥*(M) — Z,
by
aoB =<LaUT*B, [M]>.

By Poincaré duality this is noh-singular. We have also

(3.3) Proposition. The bilinear form o is symplectic, i.e. coa=0 for any
acsH*(M).

Proof. Note first that o is symmetric. In fact,

aoB = <aUT*B, [M]>
=LLT*T*aUR), [M]P = <T*aUB, T«[M]>
= {T*aUB, [M]> =<BUT*a, [M]>
= Boa .

Therefore we have
(a+R)e(a+B) = aca+BH.
Thus it suffices to prove that qoa=0 for each element « of a basis for H*(M).
To do this, take the basis {a¥, ..., a¥} dual to a basis {a,, -+, a;} for Hy(M).
Then it follows from (3.2) that
afoa¥ = {a¥ U T*a¥, [M]>
= <afxaf, A[M]>
= Carxat, Tena,xa
= 20 &ndal, a;}al, ap
=0.
Remark. (3.3) is known by G. Bredon (see Corollary 1.11 of [2]).

Let V be a finite dimensional vector space over Z, on which a non-
singular symplectic bilinear form

o: VXV —>Z,

is given. Such V is called a nom-singular symplectic vector space over Z,.
It is known that for such ¥V we can take a symplectic basis, i.e. a basis
{9y *++, ,, v/, +++, ©,’} such that

— / A A
200, =0, v/0v;/ =0, 9,00,/ =3,
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(see [1]).

As is shown above, if M is a closed manifold with a free involution, then
H*(M) is a non-singular symplectic vector space over Z, with respect to the
bilinear form o defined above.

(3.4) Theorem. Let {u, *, p, i, '} be a symplectic basis for
H*(M), then we have

4

Ao =D xmxXp),

where ¢p*: H*(S* X M?)— H*(S~ X M?) is the transfer homomorphism.

Proof. Put a;=p,;N[M], a/=p/N[M] (=1, ---,7). Thenf{a, -, a,, a/,
«-+, a,’} is a basis for Hy(M). We have

<T*u/, a_,'> = {T*u/, K ; n [M]>
= i, UT*p/, [MD> = pyop = 8,

and similarly <T*pu;, a;/>=39;,, {T*pu;, a;>=0, <T*u/, a;/>=0. Therefore if
y j
{a¥, .-+, a¥, ai*, .-+, a;*} denote the basis dual to {a,, -, a,, @/, ---, a,’}, we have

af =T*u/, a/* = T*p,.
Consequently it follows that

{afxa;"™*, A[M]>
= {T*p/ X T*p;, Ax[M]>
= pop =38;;,
and similarly
{a/*xaf, A[M]> = &;; .

This shows that
A*[M] == g ai >< ai’—l-a;/X ai .

Thus, by (3.2) we get the desired result.

4. The number 92(;6)

Let V and W be non-singular symplectic vector spaces over Z,, and
Jr: V' — W be a linear map of vector spaces. Then we define a number

) = 3 ¥ ow(o) 2,

by making use of a symplectic basis {v,, :--, v,, v/, +*+, 9,’} for V.
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If {w,, -+, w, w/, -+, w,} is a symplectic basis for W and if
Y(v;) = 2 aijw;+ Z‘. ;w7
¥(o)) = L bjw+ X diw/
then it can be easily seen that
X(y) = trace (*AD+'BC)
for the matrices A=(a;;), :--, where ‘4 denotes the transposed matrix of 4.
(4.1) Lemma 92(1];) 1s independent of the choice of symplectic bases for V.

Proof. Let {u, -, u,, u, ---,u,’} be another symplectic basis for ¥, and
put
W) = S dhyt Sy,
Y(u;’) = z’} bffw,-+2‘_ diw;’ .
We shall show
trace (*A’D’4-*B’'C’) = trace (*AD-+*'BC).
Let
u; = Z}p,—,—v,—l— Z] rijv;
u;j = Z qi50;+ Z,] si0; .

Then the symplectic conditions imply

*PR+'RP =0, 'QS+'SQ =0,
‘PS+'RQ = E,

where E is the identity matrix. This shows that
(‘P ‘R) (S R)
=E.
fQ t S Q P

() S'R+R!S =0, QP+PQ=0,
S'P+RQ=E.

Therefore we have

On the other hand, since
(A’, B’)_(A B (P 0
¢, o) \¢ DJ\R S/,

we have
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trace (*A’D’+'B’C’)
= trace (‘(AP+BR)(CQ-+DS)+*AQ+ BS)(CP+DR))
= trace (‘P*ACQ-+*'P'ADS+'R'BCO+'R'BDS
+!Q*ACP+'Q*ADR+'S*BCP+'S'BDR)
= trace (Q'P*AC+ S*P*AD+Q'R'BC+S*R'BD
+P!Q*AC+R'Q*AD+P'S'BC+R'S'BD) .
By (*) this is equal to trace (*AD+*BC), and the proof is complete.

The following is obvious.

(4.2) Lemma. Let V be a non-singular symplectic vector space over Z,.
Then dim V s even, and for the identity map id: V — V we have

X(id) = é_ dim ¥ mod 2.

5. Main theorem

We assume that N is a closed manifold and the involution on M is free,
and consider the element Ay H™(N X M?). Since there exists an equivariant
T

map k: N —S=, by (1.1) and (3.4) we have immediately

(5.1) Lemma. For any symplectic basis {u,, -, s piy =+ p'}  for
H*(M), it holds

Ay =M (1XmXp),
where ¢*: H*(N X M?)— H*(N X M?) is the transfer homomorphism.
T

Let f: N — M be a continuous map. Then f*: H*(M)— H*(N) is a linear
map of non-singular symplectic vector spaces over Z,, and hence we have the
number )A(( f*) which will be denoted by )AC( f). We call )AC( f) the equivariant
Lefschetz number of f:

X(f) = 33 <f*us U T4/, IND> .

Analogously to the Lefschetz fixed point theorem which asserts that the fixed
point index coincides with the Lefschetz number, we have

(5.2) Theorem. If dim M=dim N, then the equivariant point index I(f)
coincides with the equivariant Lefschetz number X(f).

Proof. Consider an equivariant map k:N—>NXN? given by k(y)=
(3, ¥, T(y)). Since the diagram
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o TE .
H™(Nx M) ———> H"(N7)
T
\ (xry s
H™(NxN°)
is commutative, it follows from (5.1) that
FH(A) = KELXF)(An)
= SYRH(LXSPH (X s X 1)

= SVRFSH(I XML X gy X 15')

= SREGH(IX fAus X fou)
Let d: N— N°® be the diagonal map, then the diagram
H*(N?)

(1><1><T)=l/k* \ @+

H*N’) ——> H*(N)
o e
H¥(NXN) ——> H*(N7)

is commutative. Consequently we have

FHBN) = 2 $*d* (11X TY(UX [y X f*us)

= Z::: ¢*(f*ﬂi U T*f*ll'i,) ’
and hence

<FHBN), V2D = S U TH 5/, bulN D>
= 3Xf*us U TH* s, IND = 33 f*piof*us -

This completes the proof.
Now the following main theorem is a consequence of (1.3) and (5.2).

(5.3) Main theorem. Let M and N be closed manifolds on each of which
a free involution T is given. Let f: N — M be a continuous map such that QAC( f)=0.
Then there exists a point y= N such that fT(y)=Tf y).

For a closed manifold M such that the dimension of the vector space H (M)
is even, an integer mod 2 given by
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XMy = _;_ dim H(M) mod 2

is called the semicharacteristic of M.
By (5.2) we have

(5.4) Corollary. Let T, T’ be free involutions on a closed manifold M with
92(M )=£0. Let f: M—M be a continuous map of degree odd such that fyoT}
=Tyofx: Hy(M)—> Hyw(M). Then there exists a point x&M such that fT'(x)=
Tf(x). In particular, if Tx=Ty': HM)—> H (M) then T and T’ have a coinci-
dence.

We have also the following corollary of (5.3).

(5.5) Corollary. Let M be a closed manifold with a free involution T, and
assume X(M)=0 mod 2. Then, for a continuous map f:M—>M such that
[ Ho(M)— H (M) is the identity, there exists a point x =M such that fT(x)=
Tf(x).

RemArk. If we take in (5.5) a mod 2 homology sphere as M, we get
Theorem 1 in Milnor [5].

6. Applications

(6.1) Theorem. Let M be a closed manifold such that dim H*(M)=

2 mod 4, and G be a group acting freely on M. Then
i) G can have at most one element T of order 2 such that Ty:H(M)—

H (M) is a given isomosphism.

iy If TG is an element of order 2 such that Ty : H «(M)— H (M) is the
identity, T lies in the center of G.

i) If TG is an element of order 2, T lies in the centralizer of G,={S<G;
Sy=id: Hy(M) — Hy(M)}.

Proof. Let T, TV, S=G, and let T, T’ have order 2. It follows from (5.4)
that if Ty="TY% then T(x,)=T"(x,) for some x,& M, and that if Ty=T%=id then
ST(x,)="T5(x,) for some x,& M. It follows from (5.5) that if S G, then ST(x;)
=TS8(x,) for some x;=M. Since G acts freely on M, we have the desired
results. .

Let D(2l) denote the dihedral group with presentation (X, V;X’=(XY)?
=Y'=1).

(6.2) Theorem. Let M be a closed manifold on which D(2l) acts freely.
Assume that X(M)=0 and l is an odd>1. Then the representation of D(2l) on
H (M) given by sending S € D(2) to Sy: Hy(M)— H (M) is faithful.

Proof. Any element of D(2]) has a form X*Y#(€=0, 1, 0<i</). We shall
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show that X4 =1d and (X*Y?)4=+id (6=0, 1, 1=i<]).

i) Assume Xy=id. Then we have XY=YX by ii) of (6.1). Since
X=YXY, this implies Y?=1. Since the order of Y is /, this is a contradiction.
Thus X =id.

ii) Assume (X*Y?),=id with €=0, 1, 1<i<l. Then we have X**'Yi=
XYiX, ie. XYi=Y:X byiii) of (6.1). This implies Y*=1 which shows :=0.
Thus (X*Y?)s=+id for €&=0, 1 and 1=<i</.

Consider the group Q(8n, k, [) stated in Introduction.

(6.3) Theorem. If nis even and 1>1, the group Q(8n, k, ) can not act
freely on any mod 2 homology sphere whose dimension is 3 mod 8.

Proof. Put A=AF¥, then we have

X' =(XYy=Y"A4=1,

XAX'=A, YAY'=A".
Therefore the subgroup in Q(8n, k, I) generated by {X, Y, A} is isomorphic
to O(8n, 1, ). 'Thus it suffices to prove (6.3) in the special case when k=r=1.

Put Y=Y?, then we have in Q(8n, 1, )

X'=(XYy= 71",
YXY' =YX, YYYy'=7,

AXA7' =X, AYA*=7Y.

Therefore the subgroup in Q(8n, 1, [) generated by {X, Y} is a normal subgroup
isomorphic to the binary dihedral group Q(4n). The quotient group Q(8n, 1, 1)/
QO(4n) is generated by the classes T=[Y] and S=[4] with relations
T?=(TS)*=S'=1, and so is isomorphic to D(2l).

Suppose now that we have a free action of Q(8n, 1, ) on a mod 2 homology
sphere L of dimension 8¢+3. Let M=L/Q(4n) be the quotient manifold of L
under the action of the normal subgroup Q(4n). Then there is a natural free
action of D(2]) on M.

Since H,(L)=0 for i <8¢+3, it follows that
H (M) = H(Q(4n)) (< 8t+3).
Since 7 is even, we have
Z, 1= 0mod 4,
Z,DZ, i=1mod#4,
Z,PZ, i=2mod4,
Z, i =3 mod 4

H(Q(4n)) =
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(see [3], p. 254). Therefore it holds
X(M) =S dim H,(M)=0mod 2.

Under the isomorphism of H (M) to H (Q(4n)) (: < 8t+3), the induced homomor-
phism Sy: H (M) — H,(M) corresponds to the homomorphism o: H;(Q(4n)) —
H,(Q(4n)) induced by the homomorphism o:Q(4n) — Q(4n) sending each
element U to AUA™'. Since AXA =X, AYA =Y, we see that Sy is the
identity for <8¢+43. This is obvious for i=8¢+43. Since T is of order 2,
it follows from (6.1) that ST=T'S. Since / is odd >1, this is a contradiction,
and the proof completes.

Let P"'(48r) denote the group with generators X, Y, Z, 4 and relations

X*=Y'=2'=(XYy, 4" =1,
ZXZ =YX, ZYZ'=Y", AXA"=7Y,
AYA™ = XY, ZAZ" =A™,

where 7 is an odd positive integer. Milnor proves in [5] that if r is not a power
of 3 then P’/(48r) can not act freely on any homotopy 3-sphere. More gener-
ally we have

(6.4) Theorem. If r is not a power of 3, the group P’'(48r) can not act
freely on any mod 2 homology sphere whose dimension is 3 mod 8.

Proof. Letr=3*"lwith (], 6)=1, [=5. Then it follows that the subgroup
in P”(48r) generated by {X, Y, A’} is a normal subgroup isomorphic to P/(8-3F)
and its quotient group is isomorphic to D(2]), where P’(8-3*) denotes the group
with presentation (X, Y, 4;X*= Y’=(XY), 4"=1, AXA=Y, AYA'=
XY).

Suppose now that we have a free action of P”/(48r) on a mod 2 homology
sphere L of dimension 8t+3. If we put M=L/P’(8-3%), there is a natural
free action of D(2]) on M. We have H,(M)=H (P’(8-3%)) for i<8t+3. The
subgroup in P’(8-3%) generated by {X, Y} is isomorphic to the quaternion
group O(8), and its quotient group is isomorphic to Zg. Therefore it is easily
seen that '

Z, i=0mod 4,

, . 0 7=1mod4,
HPEIN =10 i=2mod 4
Z, i=3mod 4.

Thus >AC(M )=0 and the action of D(2]) on Hy(M) is trivial. By (6.1) this is a
contradiction, and the proof completes.
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(Added Nov. 27, 1973). R.E. Stong [10] proves the following theorem. As
an application of Theorem (5.2) we shall prove this theorem.

(6.5) Theorem. If a closed mainfold N admits a free action of Z,XZ,,
then X(N)=0.

Proof. Taking generators T and S of Z,x Z,, regard N as a manifold with
involution by 7, and S a continuous map of N to itself. Then it follows from
(5.2) that [(S)=X(S).

Define A, A':N—->NXN by A(y)=(y, Ty), A(y)=(y, Sy). Then the
map SAT:NT—>N>1§ N?is the composition of AT’:NT»N>1§ Nand1 X A: Nz'<N—->

N xN?. Therefore it holds that
T
I(S) = <S¥(Aw) , [N<D>
= <A1 X AY¥(Ayn), [N1]> .
Let vy denote the normal bundle of the imbedding 1XA:NXN—-N X N2
T T
Then it is obvious that (1 X A)*(Ay) is the n-th Stiefel-Whitney class w,(vy),
T

where n=dim N=dim vy. The involution T on N gives rise to a free involu-

tion T on the orbit manifold Ns. If »,’ denotes the normal bundle of the
imbedding 1 X A:NgX Ng— Ng X N, we have vy =(p X p)*vy’, where p: N—>Nj
T T T T

is the projection. Therefore it follows that
ATHIXA)H(Ay) = Ar*wy(vy)
= AP XY w(on') = PRdF0L(0x)
where d: Ng— NgX Ny is the diagonal map. Hence
I(8) = dtw,(vn"), pr[N:D> = 0.
On the other hand, we have
X(S) = 31 <S* s UT*S*u/, [N
= SIS (s UT*), [ND>
— 2w U T/, IND
= X(N),
where {u,, ***, tty, p;’y =+, u,’} is a symplectic basis for H*(N). Thus QAC(N)zO.
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