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1. Introduction

Let G be a 4-fold transitive group on Q. If the stabilizer of four points
1,j,k,l in G has an orbit of length one in Q— {7,5,4,1}, then G is S5, A; or M,
by a theorem of H. Nagao [2]. We now consider the case in which the sta-
bilizer of four points in G has an orbit of length two and have the following
results.

Theorem 1. Let G be a 4-fold transitive group on Q={1,2,---,n}. If
the stabilizer of four points in G has an orbit of length two, then G is S,.

Corollary. Let D be a 4-(v,k,\) design, where k=5 or 6 and A=1 or 2.
If an automorphism group G of D is 4-fold transitive on the set of points of D, then
D is a 4-(11,5,1) design or a trivial design: a 4-(5,5,1) design, a 4-(6,5,2,) design or
a 4-(6,6,1) design.

The case k=5 and A=1 has proved by H. Nagao [2]. Hence in this
paper we shall prove the remaining cases.
We shall use the same notations as in [3].

2. Proof of Theorem 1

Let G be a group satisfying the assumption of Theorem 1. If the order of
the stabilizer of four points in G is not divisible by three, then G=.S; by Theorem
of [7]. Hence from now on we assume that the order of the stabilizer of four
points in G is divisible by three and proceed by way of contradiction.

Let {i,,7} be a Gyy-orbit of length two and P be a Sylow 3-subgroup of
Gpy. Then I(P)21{1,2,3,4,7,,7,}. By a theorem of E. Witt [9], Ny(P)'® is
4-fold transitive on I(P). By assumption, 3} |(Ng(P) )3 | and (Ng(P) )3
has an orbit {i;,7,}. Hence by Theorem of [7], No(P)'®=S; and |I(P)|=6.

Hence Gy, has exactly one orbit {7;,7,} of length two and lengths of orbits
in O—{1,2,3,4,4,,3,} are all divisible by three. Furthermore any Sylow 3-
subgroup of G, fixes exactly six points 1,2,3,4,7,,7,.
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Let O be a 3-subgroup of G such that the order of Q is maximal among all
3-subgroups of G fixing more than six points. Set N=Ng(Q)'®. Then for
any four points ,j,k,! of I(Q) any Sylow 3-subgroup of N, ;,, fixes exactly six
points 7,j,k,1,7/,j/, where {7’,j'} is the unique G, ;, ~orbit of length two, and is
semiregular on I(Q)— {i,j,k,1,7/,j’}. Hence to complete the proof of Theorem 1,
it will suffice to show the following

Lemma. Let G be a permutation group on Q= {1,2,---,n}, where n>6.
Then it is impossible that G satisfies the following condition:

Let i,j,k,l be any four points of Q. Then there exist two points i,,1, in Q—
{i,j,k,1} such that any Sylow 3-subgroup of G, ;,, fixes six points i,j,k,1,3,,1,
and is semiregular on Q— {i,j,k,1,7,,3,}.

 Proof. Suppose by way of contradiction that G is a counter-example to
Lemma. For four points 7,5,k,1 let 7;,7, be two points in Q— {i,5,k,/} uniquely
determined by Sylow 3-subgroups of G;;,,. Set A(i,j,k,0)={i,j,k,1,1,,3}.
Then {A(i,7,k,0)|i,j,kl=Q} forms a 4-(v,6,1) design on Q and G is an
automorphism group of this design.
We may assume that A(1,2,3,4)={1,2,3,4,5,6}. Let a be an element of
order three in G,,3,. Then we may assume that

a=(1)(2) - (6)(789) .

Since a&Ny(G, ;49), there is an element b of order three in G, ;34 such that ab=
ba. Then we may assume that

b=1)2)B)*#56)(7)(8)(9) .

Similarly G,;4o has an element ¢ of order three such that ac=ca. Since
A(1,7,8,9)%+A4,7,8,9), A(1,7,8,9)NA(4,7,8,9)={7,8,9}. Hence A(4,7,8,9)
={4,5,6,7,8,9} and we may assume that

c=123)#HG)O)(7)(8)(9) -

Then a Sylow 3-subgroup of <a,b,c> has the same form as <a,b,c> on {1,2,---,
9}. By assumption, 3 }'|<a,b,c>,; .., and so the order of a Sylow 3-subgroup
of <a,b,c> is 3>. Hence we may assume that <a,b,c)> is a 3-group. Then since
162 1{1,2,---,9}, bb'=1. Hence <a,b,c> is an elementary abelian 3-
group.

Let r be the number of <{a,b)-orbits of length three. For a point 7 of a
<{a,by-orbit of length three, {a,b); is of order three and so exactly two elements
of {a,b>— {1} fixes 1,2, 3 and three points of the <{a,b)>-orbit containing 7. Hence
2r=<|<a,bp—1|=8 and so r=<4. Since {4,5,6} and {7,8,9} are <{a,b>-orbits
of length three, r=2,3 or 4.
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Suppose that <a,b,c> has an orbit of length nine. Since <a,b,c)> is an
abelian group of order twenty-seven, <a,b,c)> has an element of order three
fixing nine points of this <a,b,c>-orbit of length nine, contrary to the assump-
tion. Thus the lengths of <a,b,c>-orbits are three or twenty-seven and every
{a,by-orbit of length three is a {a,b,c)>-orbit.

Case I. r=4.
Assume that <{a,b)>-orbits of length three are {4,5,6}, {7,8,9}, {10,11,12}
and {13,14,15}. Then we may assume that

a=(1)(2) - (6)(7 8 9) (10 11 12) (13 14 15) -,
b=(1)(2)(3) (45 6)(7)(8)(9)(10 11 12) -+,
¢ = (12 3)(4)(5)(6) (7) (8) (9) (10 11 12) -

Since |I(ab™')| <6 and |I(ac™')| =6, b=c=(13 15 14) on {13,14,15}. Then
I(bc)2{7,8,--+,15} and so |I(bc™")| =9, contrary to the assumption.

Case II. r=2or 3.

When r=2, {a,b>-orbits of length three are {4,5,6} and {7,8,9}. If
Q|=9, then we have a 4-(9,6,1) design. Then the number of blocks is
9
4) 9.8.7-6

) 6:5-4.3’
4
assume that

a=(1)(2) - (6)(7 8 9) (10 11 12) (13 14 15) (16 17 18) -~ ,
b= (1)(2) (3) (4 5 6) (7) (8) (9) (10 13 16) (11 14 17) (12 15 18) --- .

wehich is not an integer. Thus [Q]>9. Hence we may

P

Then
ab = (1)(2)(3)(4 5 6)(7 89)(10 14 18) (11 15 16) (12 13 17) ---,

and I(ab)={1,2,3}. Since <a,b,c> has no orbit of length nine, the lengths of
{a,b,cy-orbits in {10,11,.--,n} are twenty-seven. Thus #=9 (mod 27) and
n>9.

Next when =3, we may assume that <{a,b)>-orbits of length three are
{4,5,6}, {7,8,9} and {10,11,12}. If |Q|=12, then we have a 4-(12,6,1)

(131>=11.10-9
(g) 5-4-3

which is not an integer. Thus |Q]|>12. Hence we may assume that

design. Then the number of blocks containing a given point is

a=(1)(2) - (6)(7 8 9) (10 11 12) (13 14 15) (16 17 18) (19 20 21) --- ,
b= (1)(2) (3) (4 5 6) (7) (8) (9) (10 11 12) (13 16 19) (14 17 20)
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(151821) -+
Then
ab=(1)(2)(3)(4 56)(789)(10 12 11) (13 17 21) (14 18 19)
(15 16 20) ---,

and I(ab)=1{1,2,3}. Then by the same reason as above n=12 (mod 27) and
n>12.

For any two points 7,j, of {2,3,-+,6} set I'(z,7)= {(?; 7, #5)| a=(i; 7, 25)--- and
i,j€A(1,4,,75,15)}. For any 3-cycle (i,7,75) of a A(1,7,7,,15) " =A(1,4;,1,15).
Hence there are two points 7,f in {2,3,---,6} such that A(1,4,,3,,45)={1,4,j,7,,
ip,i3}. Thus (¢, 2, 1) € T(7,)).

For any 3-cycle (i’ j/ k') of ab A(Z,5', K/, 1)*=A(,j',k’,1). Hence A(?,
7K, )=1{¢,j/,kK,1,2,3}. Thus for any point i/ of {4,5,-+,n} A(1,2,3,i")=
{1,2,3,7,5',k'}, where (i’ j* k') is a 3-cycle of ab. Hence I'(2,3)={(7 8 9)} or
{(7 8 9), (10 11 12)} for r=2 or 3 respectively.

Conversely for any two points 7,5 of {2,3,-:-,6} if there is a 3-cycle (7, 7, ¢;)
of a such that (i; 7, ) €T'(i,j), then G;; ;,;, has an element &’ of order three
such that ab’=0ba. Since A(7,1;,%,75) N A(L,7,,7,,25) 2 {7,41, 05,55}, A(Z, 7,25, 25)
=A(1,4,,75,25)=1{1,7,4,71,%,,4}. Then ab’ is of order three and I(ad’)={1,1,5}.
Hence by the same argument as is used for I'(2,3), |T'(7,j)| =1 or 2 for r=2
or 3 respectively.

Thus for any two points 2,j of {2,3,::-,6} |I'(7,j)| =r—1. On the other

hand the number of unordered pairs (z,5), where 7,/ {2,3,---,6}, is ( g >=10.

Hence the number of 3-cycles of a is at most 10(r—1).
Suppose that r=2. Then #=<6+43-10=36. Since =9 (mod 27) and
n>9, n=36. Thus we have a 4-(36,6,1) design. Then the number of blocks

(335>:35-34-33
(g) 5-4-3°

Suppose that 7=3. Thenn=6+3:20=66. Sincen=9 (mod 27)and n>12,
n=39 or 66. If n=39, then we have a 4-(39,6,1) design. Then the number of

(%)

. \4/_39-38-37-36

block81s<6>—6.5.4. 3
4

From now on we sasume that #=66. Then for any two points7,j of {2,3,-:-,

6} there is a 3-subgroup fixing exactly three points 1,7,j. Let,,%,,7; be any three
points of Q. Then there is an element of order three which fixes exactly six
points containing 7;,7,,7;. 'Then by the same argument as is usd for a, there is
a 3-subgroup fixing exactly three points #),%,,7;. Thus by a theorem of D.

containing a given point is which is not an integer. Thus

r=2

which is not an integer. Thus 7==39.
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Livingstone and A. Wagner [1], G is 3-fold transitive on Q.

Let T',, T, and T'; are G|, s-orbits such that 4T, 7T, and 10€T;. For
any point ¢ of Q—{1,2,3} A(1,2,3,)={1,2,3,7,5,k}, where ab=(ij k).
Hence any element of order three and fixing exactly three points 1,2,3 has a
3-cycle (i j k) or (¢ kj). Thus <ab) is a unique 3-subgroup of G,,; which
is of order three and semiregular on Q— {1,2,3}. Since G is 3-fold transitive
on Q, for any three points ;,7,,7; there is a unique 3-subgroup of order three
which fixes exactly three points 7,,4,,7; and is semiregular on Q— {i},,,75}.

Hence for a 3-cycle (13 17 21) of ab, there is an element ¢’ of order three
such that I(¢)={13,17,21} and abc’=c’ab. Then we may assume that

¢ = (123)(13)(17) (21) - .

Furthermore since {10,11,12} is a {a,b>-orbit of length three, we may assume
that

c=(123)(4)(5)(6)(7)(8)(9) (10 11 12) ---,

and <a,b,c) is semiregular on Q— {1,2,--+,12}.
Then since ¢”'¢’eG,,; and ¢ fixes T, T, and Ty, ¢’ fixes I'}, ', and T,.

Assume that ¢’ fixes {4,5,6}. Then A(4,5,6,13)"=A(4,5,6,13). Hence
A(4,5,6,13)={4,5,6,13,17,21}. On the other hand ac is an element of oraer
three fixing exactly three points 4,5,6. Hence ac fixes A(4,5,6,13). This a
contradiction since ac does not fix {13,17,21}. Thus ¢’ does not fix {4,5,6}.
Similarly ¢’ fixes neither {7,8,9} nor {10,11,12}. Since ¢’ fixes T}, T, and T,
{4: 5,6} ;PD {7) 8!9} ;PZ and {10, 11’ 12} ;PB'

Assume that G,,; has an orbit of length six. Then we may assume that
{4,5,6,7,8,9} =T",=T,. Since ¢ commutes with ab and fixes T, ¢’ fixes
{4,5,6}, which is a contradiction. Thus G,,; has no orbit of length six.

Assume that T}, T, and T'; are three distinct G,,;-orbits. Since ¢ fixes
T, Tand Ty, |T;| =234-27=30(:=1,2,3). Hence |T,UT,UT;| =90, which is
a contradiction.

Assume that T',=T,=+T;. Since ¢ fixes I'; and Ty, |T';|=6+27=33 and
T3] =3+27=30. Let R be a Sylow 1l-subgroup of G,,;. Then since
|Ty|=33, IR)NT,=¢. Hence |I(R)|=33, 22 or 11. Since <a,db) is the
unique 3-subgroup of G,;; which is of order three and is semiregular on Q—
{1,2,3}, R<C;(Ka,b>). Hence ab fixes I(R). Thus |I(R)| =0 (mod 3) and so
|I(R)| =33. Since R is an 1l-group (=1), for any four points 7,j,k,/ of
I(R) A(i,j,k,])cI(R). Thus we have a 4-(33,6,1) design on I(R). Then

()
2 =M, which is

(z) *

the number of blocks containing given two points is

not an integer. Thus we have a contradiction.
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Hence T',=T,=T32{4,5,---,12}. 'Then since {a,b><<G,;, the lengths of
G, ,5-orbits in {4,5,--+,66} are all divisible by nine. On the other hand | {4,5,
-++,66} | is not divisible by twenty-seven. Hence any Sylow 3-subgroup of
‘G ;5 has an orbit of length nine. Let Q be a Sylow 3-subgroup of G,,; and
¢ a point of a Q-orbit of length nine. If Q,=1, then |I(Q;)|=6 and Q; is
isemiregular on Q—I(Q) by the assumption. Then since |Q—I(Q;)| =60, |Q;|
=3. Thus |Q]|=9 or 9.3.

Assume that T',={4,5,---,12}. Since ¢’ fixes T, but does not fix {4,5,6},
‘we may assume that

d=(123)(4710)(5812)(69 11) ---.
"Then
dert=(1)(2)(3)(4712581169 10) g

‘Since a Sylow 3-subgroup of <a,b,¢’c™*> has the same form as <a,b,c’c™*> on
{1,2,--+,12}, we may assume that <{a,b,c’c™*> is a 3-subgroup. Then since
|<a,b,c’'c™*>| =93, <a,b,c’c™*) is a Sylow 3-subgroup of G,,;.

Suppose that <{a,b,c’c™*> has an orbit of length nine in {13,14,---,66}.
‘Since | {13,14, ---,66} | =54, The number of <a,b,c’c >-orbits of length nine
in {3,4,-:+,66} is at least four. Let (7 7,1;) be a 3-cycle of a contained in a
<a,b,c’c">-orbit of length nine. Then [<a,b,c’c™>;3; :,:,]=3 and so two
non-identity elements of {a,b,c’c™>,,, iy iz i fixes exactly six points 1,2,3,1,4,,1;.
"Thus <a,b,c’c™*> has at least 4-3-2=24 elements which fix exactly six points.
On the other hand since (¢’c¢™')*=ab, {cc"*> is semiregular on Q—{1,2,3}.
"Thus |<a,b,c’c™*>| =24+49=33, which is a contradiction. Thus I is the only
{a,b,c’c"*>-orbit of length nine.

Let ¢ be any point in {4,5,---,66}. Then G,,; has an element x of order
three and fixing 7. Then by the same argument as is used for <a,b,c’c™*>, there
is a Sylow 3-subgroup of G,,; which has exactly one orbit of length nine con-
taining 7. Since this Sylow 3-subgroup is conjugate to <a,b,c’c™>> in G,,;,
‘G, , 5 is transitive on {4,5,--+,66}, which is a contradiction. Thus I'; is not a
G, ,5-orbit. This implies that G, ,; has no orbit of length nine.

Suppose that G,,; is intransitive on {4,5,---,66}. Since ¢ fixes I, |T}|
=9+4-27=36. Thus G,,s-orbits on {4,5,:--,66} are T, and one orbit of
length twenty-seven. Then G,,; has a non-identity 3-element fixing a point
of the G, ;-orbit of length twenty-seven. Thus a Sylow 3-subgroup of G,,;
is of order more than twenty-seven, which is a contradiction.

Thus G,,; is transitive on {4,5,:--,66}. Hence G is 4-fold transitive on
Q. LetPbea Sylow 2-subgroup of G,,3, Thenby Corollary of [4], | I(P)| =4.
Since A(1,2,3,4)={1,2,---,6}, {5,6} is a G,,;orbit. By Corollary of [5],
1(P;)={1,2,:,6} =I(a) and | P:P;| =2.

Suppose that Py is semiregular on {7,8,-:+,66}. Then since |P:P;|=2,
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lengths of P-orbits on {7,8,-:+,66} are |P| or |P|/2. Hence for any point ¢
of {7,8,--+,66}, | P;|=1o0r 2. Then by Corollary 1 of [6], |Q|=66, which is
a contradiction. Thus P; is not semiregular on {7,8,:.-,66}.

For any three points 7,j,k of {1,2,---,6} there is an element x of order
three fixing exactly three points 7,j,k. Then since {x> is the unique 3-sub-
group of G; ;; which is of order three and semiregular on Q— {7,5,k}, [a,x]=1
and so x fixes I(¢). Hence x&Cy(G ). Let H be a subgroup generated by
all elements of order three fixing exactly three points 7,7, %, where 7,5,k run over
all three points of {1,2,-:+,6}. Then H<CyG ) and H' =4,

Since H <Cg(a), H induces a permutation group on the set of 3-cycles of a.
Let K be a subgroup of H fixing {7,8,9}. Since A(7,8,9,1)={7,8,9,1,2,3}
and A(7,8,9,4)={7,8,9,4,5,6}, any element of K fixes or interchanges {1,2,3}
and {4,5,6}. Let K be a subgroup of H which fixes or interchanges {1,2,3}
and {4,5,6}. Then K<K and |K'®|=6.3-2. If {1,2,3,i,j,k} is a block
and (77 k) is a 3-cycle of a, then (Zj k)=(7 8 9) or (10 11 12). Similarly if
{4,5,6,1,j,k} is a block and (¢ j k) is a 3-cycle of a, then (Zj k)=(7 8 9) or
(10 11 12). Hence any element of K fixes or interchanges {7,8,9} and {10, 11,
12}. Hence |K:K|=1 or 2.

Since |H:K|=|4|[6-3-2=10, |H:K|=10 or 20. Since a has twenty
3-cycles, H is transitive or has two orbits of length ten on the set consisting
of 3-cycles of a. Furthermore for any 3-cycle (¢j k) of @ H has a subgroup
which is transitive on {7,j,k}. Hence H is transitive or has two orbits of length
thirty on {7,8,-:-,66}.

Since P; is not semiregular on {7,8,---,66}, there is a non-identity ele-
ment y in Py which has a fixed point 7 in {7,8,:--,66}. Then since H<Cy(y),
I(y)=2:%#. Hence H has two orbits on {7,8,-:+,66} and so |I(y)|=6-+30=36.
Then since G is a 4-fold transitive group of degree sixty-six, we have a con-
tradiction by a theore of W. A. Manning (See [8], Theorem 15.1). Thus we
complet the proof of Theorem 1.

3. Proof of Corollary

(i) Let D be a 4-(v,5,2) design. Let {1,2,3,4,7,} and {1,2,3,4,7,} be
two blocks containing {1,2,3,4}. Then G,,;, fixes {i},%,}. If {f;} and {5}
are G, 3,-orbits, then G=4; by a theorem of H. Nagao [2]. Hence D is a
4-(6,5,2) design. If {i,,i,} is a G,,3,0rbit, then G=S; by Theorem 1.
Hence D is also a 4-(6,5,2) design.

(i) Let D be a 4-(v,6,1) design. Then by the same reason as (i), D is a
4-(6,6,1) design.

(iii) Let D be a 4-(v,6,2) design. Let {1,2,3,4,7,,7,} and {1,2,3,4,4,,7,}
be two blocks containing {1,2,3,4}. Then G,,;, fixes {7},];,7,,j,} and | {i1,/:,
7,,j.3 | =3 or 4. If G,,;, has an element which has a 3-cycle on {7,,;,%,7,}»
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then there are at least three blocks containing {1,2,3,4}, which is a contradic-
tion.

Let P be a Sylow 3-subgroup of G,,3,. Then I(P)2{7,2,3,4,71,51,%,J2} -
Hence by Theorem of [7], |I(P)|=11 or 12 and N (P)'®P=M,, or M,. If
N(P)IP=M,;, then (Ng4(P)P),,,, is transitive on I(P)—{1,2,3,4}. This
is a contradiction since the number of blocks containing {1,2,3,4} is two.
If Ny(P)'® =M, then a subgroup of N (P)'® fixing {1,2,3,4} as a set has
two orbits of length one and six. Hence by the same reason as above, we have
a contradiction. Thus we complete the proof of Corollary.
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