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Introduction. Let G be a connected semi-simple algebraic group defined
over the finite field F, and let F be a Frobenius endomorphism of G. The
principal purpose of this work is to give the values of discrete series characters of
G¥ (the group of F-fixed points of G) at regular unipotent elements. These
values are shown to be sums of products of Gauss sums and are in a sense dual
to the Jacobi sums discussed by Weil in [10]. They are computed by taking
certain Fourier transforms over the first Galois cohomology group HY(F, Z),
where Z is the centre of G.

The group G can be embedded ([2], 1.21) in a reductive group G with
connected centre and compatible F-structure and the method employed here
is to study the characters of G¥ via those of G, about which a certain amount
is known ([2], §10 and [6]). In particular we give a characterization of the
discrete series characters (Theorem 3.7) of GF which have a Whittaker model,
and prove some results about the restriction of characters from GF to GF. It
transpires that to compute the character values above, one must decompose
the restriction of R% to GF, where T is minisotropic and @ is in general posi-
tion, and this decomposition depends on a certain subgroup W£(6) of H'(F, Z).
It is actually over this group that one takes the Fourier transform to perform the
computation.

In §3 of the present work the role of H'(F, Z) in studying restrictions is made
explicit and §4 the same theme is exploited in the situation of 7T¥-orbits of
linear characters of UF. In §5 some character sums are computed in terms of
certain invariants of the root systems of the split groups and in §6 these are
evaluated by the Fourier transform technique.

The main result for the split groups is given in general form in Theorem 7.4,
which incorporates the evaluation of the Fourier transforms, while the indivi-
dual classical groups are treated explicitly later in §7. Finally, §8 outlines
the corresponding procedure for the non-split case, and the computations are
carried out for the finite unitary groups.

The author would like to thank P. Deligne for many enlightening con-
versations, G. Lusztig for help with the proof of Theorem 3.7 and IHES and
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the University of Oregon for hospitality.

NotatioN: For any group B, [I'B denotes the direct product BX BX
-+ X B (Itimes), while for an abelian group 4, A? denotes the subgroup of d*
powers in 4.

1. Some exact sequences. In this section we recall some (well-known)
constructions which shall be used throughout the remainder of this work. Let
H be a connected linear algebraic group defined over F, with Frobenius map
F and let Z be an F-fixed finite subgroup of the centre of H.

Lemma 1.1. We have an exact sequence
)
1 —>ZF—>HFZ)>(H/Z)F—>Z/(F——1)Z—>1 _ (1.1.1)
[Here, and elsewhere in this work, H¥ denotes the group of F-fixed points of H].

Proof. To define 8, notice that AZ is F-fixed (he H)=h*h™'€Z. Hence
8(hZ)=(F—1)h is well-defined on (H/Z)F, to within multiplication by an ele-
ment of (F—1)Z. The surjective nature of § follows from Lang’s theorem,
which says that F-1 is surjective on H when H is connected. The remainder
of the proof is routine.

Note that the sequence (1.1.1) is the well-known sequence in Galois cohomo-
logy:

1 - HYF,Z)— H°F,H) - HYF,H|Z) - H\F, Z) - H(F,H) = 1
which comes from the exact sequence 1—>Z—>H—>H|Z—>1. We therefore

often write H\(F,Z) for Z|(F—1)Z. We remark also that (as R. Steinberg has
pointed out) this sequence provides an easy proof of the equality | H* | = |(H|Z)"|.

Corollary 1.2. Let G be as in the introduction-viz. a semi-simple group with
(finite) centre Z, and suppose that T is an F-fixed maximal torus of G. Then we
have the following exact sequences:

1 -2 - Gf - (G|Z)F - Z|(F—-1)Z - 1 (1.2.1)

1> ZF > TF - (T|Z)F - Z|(F-1)Z — 1 (1.2.2).

We now embed G in a connected reductive group G which has connected
centre as follows (c.f. [2], §1.21): let Z— Z be an embedding of Z in a torus

defined over F, (e.g. one can take Z to be any F-fixed maximal torus of G);
then take G to be the pushout of the diagram

G ...-)G

1

Z——»é



VALUES OF CHARACTERS OF SEMI-SIMPLE GROUPS 79

i.e. G=Gx Z|{(z,27Y)|z€Z}. We are thus provided with monomorphisms
G — G and Z — G which are F-equivariant, and we have

Lemma 1.3. (i) Z is the centre of G, Z=ZNG, and Z*=ZF N GF,

(i) GJZ is canonically isomorphic to G|Z and (G|Z)F=GF|ZF,

(iii) Amny F-stable maximal torus T of G is contained in an F-stable maximal
torus T of G such that G=G.T and GNT=T

Proof. (i) is obvious. To see (ii), recall that the isomorphism G/Z—
G/Z is F-equivariant and hence (G|z)F =~(G/Z)*. Since Z is connected, by
Lang’s theorem gZ is F-stable < gZ contains an element of G*. Hence (G/Z)*
=GF|ZF. For (iii) one can take T=Tx Z/{(z, 27")|zEZ}.

Corollary 1.4. We have, in the above notation, that
GF = GFTF and GFNTF = TF.

Proof_. Clearly GF:(GT)F> GFTF. Now GFNTF=TF and so |GFTF|
=|GF||TF||TF|"*. On the other hand by taking H=@G and T respectively in
1.1.1 we see that |GF|=|GF||ZF| and |TF|=|TF||ZF|. Thus |GFTF|=
|GF||TF| | ZF| | TF|'=|ZF| and the result follows.

Proposition 1.5. With notation as in Lemma 1.3, there exists a canonical sur-
jection 8: GF—Z|(F—1)Z such that the following sequences are exact:

1> GFZF - GF 3 Z|(F—1)Z - 1 (1.5.1)
1 - TFZF - TF 3 ZI(F—1)Z - 1 (1.5.2).
Proof. From the exact sequence 1.2.1 we have, using Lemma 1.3 (ii)
1 — GF|ZF — GF|ZF — Z|(F—1)Z — 1 (1.5.3).

Now the image of GF/ZF in GF|ZF is GFZF|ZF and so GF|GFZF=Z|(F—1)Z.
The map § may thus be taken as the composite of the natural map GF—GF/ZF
with the map of 1.5.3 above. The proof of 1.5.2 is the same. For future re-
ference we describe § explicitly: for g&GF i 3, Z such that gz,€G. Then
8(6)=Fl(z,)z, "+ (F—1)s.

We now turn attention to the action of the Weyl group on a torus.

DerFINITION.  For an F-stable maximal torus T of G we define W(T)=
Ng(T)|T. Correspondingly for T (an F-stable maximal torus of G containing 7'
we define W(T)=Nz(T)/T.

The map F acts on W(T') and W(T) and we have corresponding sets of fixed
points W(T)F=Ng#(T)|T* etc.

Lemma 1.6. Let T and T be as in Lemma 1.3. Then there is a canonical
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isomorphim: W(T)—W(T) which is compatible with F. Thus W(T)F==W(T)".
Proof. For any subgroup L of G which contains Z, write
L=LxZ|{(z,2"")|2€Z}. The observation that W(T)=Ny(T)/T makes the
Lemma clear.
Now W(T)*(=W(T)F) acts on TF (and on T) as a group of automorphisms.
For we W(T)F we write ad w for the action of w on T¥ (or T) and further write ad
w: t—1* where t*=wtw™ (€ T). W(T)F also acts dually on the complex cha-

racter group of TF. For any character § of T¥ we write 8%(t)=0(t*)=
(ad w)0(t).

Proposition 1.7. Let T and T be maximal tori of G and G as above. Then
the group W(T)F (=W(T)F) acts on T* and stabilizes TF and TTZF, Moreover
W(T)* acts trivially on the quotient TT|TF.

Proof. Each element of W(T)F is represented by an element g of Nr(T)
(Lemma 1.6) and g clearly normalizes T and TFZF. Since W(T) acts trivially
on T/T (because T=TZ and ad g acts trivially on Z), W(T)* acts trivially on
(T/T)* which may be identified with T#/T* since T is connected.

ExamPLEs. Suppose G is simply connected and has irreducible root system
R. Then Z=P(R)/Q(R) where P(R) and Q(R) are the lattices of weights and
roots respectively.

(a) G=SL(n,k), k=F, (the algebraic closure of F,)). Here G=GL(n, k),
Z=k*,Z=Z|nyZ. F acts on Z by raising to the ¢'* power. Hence Z|(F—1)Z=
Z|(n|d)Z where d=gcd(n, g—1).

(b) G=Spin(4n, k), k as in (a). Here G is obtained by adding similarities
to the Spin representation of G. Z=Z[2Zx Z|2Z, Z=Fk* x k* and F actson Z
by raising to the ¢"* power. Thus Z/(F—1)Z= {1Z/(§ Ze;egaz Z (g odd).

2. Splitting of characters. We are concerned in this section with the
following question: given an irreducible character p of GF, how does it split on res-
triction to G*? We begin with the following general situation: let K be a normal
subgroup of the finite group H and let p be an irreducible complex character of
H; suppose p is an irreducible component of the restriction p|x and denote by
H(p) its centralizer in H. For any finite abelian group 4 write (4)” for its com-
plex character group. Now suppose that H/K is abelian; then (H/K)" can be
identified with the set of linear characters of H whose restriction to K is trivial.
Thus (H/K)" acts on the set of irreducible characters of H via p—ap=aQp
(ae(H|K)"). We write A(p) for the set {a=(H/K)" |ap=p}. From Clifford
theory we have p|=ex(p)>u", where ex(p) is an integer and the sum is over
the distinct H-conjugates. of p. The results summarized in the following
lemma are easy consequences of Frobenius reciprocity and Clifford tbeory and
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may be found in ([3], Theorem 1).

Lemma 2.1. Let H, K, A=H|K, p, n, A(p) and H(un) be as above. Then
(1) Two irreducible characters p, and p, of H have either disjoint or coincident
restrictions to K. Moreover p,| x=p, | x if and only if p,=ap, for some a=(H|K)".

() |A(p)l=(plx plx)=ex(p|H/H(p)| (usual scalar product of group
characters).

If ex(p)=1, which is always the case when H/K is cyclic and which also
occurs in many other cases we shall be considering, we have additional infor-
mation:

Proposition 2.1. With notation as in Lemma 2.1, suppose that ex(p)=1.
Then H(p)= N ker a.

aEA(P)
Proof. Write ker A(p)= N ker «. By duality we have |A4(p)|=
aEAP)

| H|kerA(p)|. Comparing this with Lemma 2.1 (ii) we see that |ker A(p)|=
|H(r)| since ex(p)==1.

On the other hand since H(u) centralizes all the irreducible components of
p |k, all the irreducible components of p| () remain irreducible upon restriction
to K. Hence (p|zw» Plaw=(plx Plx)- Again using Lemma 2.1 (ii) we see
that | A(p)| = | 4(p) | where A'(p)—{a&(H/H(u))" |ap—p} is a subgroup of
A(p). Hence each element of A(p) is in A’(p), i.e. H(p)<ker A(p). Together
with the equality of the orders proved above, this implies the proposition.

Corollary 2.3. With notation as above, if p|x is multiplicity-free, then the
irreducible components of p|g are in 1-1 correspondence with the elements of A(p)
and A(p) permutes them regularly.

Proof. Clearly the components of p|, correspond 1-1 with H/H(x). But
by 2.2, H(u)=ker A(p) and hence H/H(p)=H]/ker A(p)=A(p) (by dualtiy).
The result follows.

The observation above also shows that A(p)=~H/|H(u) permutes the com-
ponents of p|, regularly (i.e. transitively, and only 1€4(p) fixes any com-
ponent).

For the situation which concerns us we have

Proposition 2.4. Consider the following sequence of mormal subgroups of
GF: GF>GFZF>G*. We have
() GJGF=(Z/z)"
(i) Any irreducible character v of GFZF remains irreducible on restriction
to GF.
(iii) For any irreducible character p of G, if p is an irreducible component of
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p|cF then the centralizer G*(n) contains GFZF. _
(iv) If, in (iii) we have a=(G"|GF)" such that ap=p, then ker &>G*Z".

Proof. (i) is clear since G/G==Z/Z; (iii) follows from (ii), since given (ii), it
follows that GFZF centralizes all irreducible components of p|s#. To prove (ii),
observe that if «&(GFZF/GF)" is such that av=v, then ker @D supp » (where
supp v={gEG*Z|v(g)=+0}). Since v is irreducible, the centre of GFZF is re-
presented by scalar matrices in any representation corresponding to » and so
ZF is contained in supp ». Hence each coset of G¥ in GFZF contains an element
of supp v and thus ker @D supp » implies that ¢=1. By Lemma 2.1 (ii), the
restriction v | ¥ is irreducible. The same proof demonstrates (iv).

Proposition 2.4 shows that when studying the restriction p | ¥, it is sufficient
to consider p | FzF.

Corollary 2.5. With notation as above,

(1) The group A(p)={aE(G*|G*)" |ap=p} is isomorphic to a subgroup of
ZI(F—-1)Z.

(i) If d=|Z[(F—1)Z| then the number of irreducible components of p|.r
divides d.

Proof. For (i), observe that by Proposition 2.4 (iv), A(p) is a subgroup of
(GF|GFZF)» =Z|(F—1)Z. (ii) follows simply from the observations that restric-
tions from GFZF to G¥ remain irreducible, and that GF|GFZF~Z|(F—1)Z (Pro-
position 1.5).

Corollary 2.6. If Z is cyclic then p|gr is multiplicity free for any irreducible
character p of G*.

For in this case Z/(F—1)Z=GF|GFZF is cyclic.

ReMARK. If G has irreducible root system R, since Z is isomorphic to a
subgroup of P(R)/Q(R) (where P(R) and Q(R) are the weight and root lattices
respectively), Lemma 2.6 includes all cases except where R=D,, and the simply
connected covering group of G is Spin (4, k).

Let T be an F-stable maximal torus of G and let T be as in Lemma 1.3.
The action of TF on restrictions is described in

Lemma 2.7. Let p be an irreducible character of G* and let p be an irredu-
cible component of |;r. Then TF permutes the irreducible components of p|.r
transitively and the stabilizer TF(n) of u contains TFZF. If p|or is multiplicity-
free then TF| TF(u)=A(p)(= {a €(GF|GF)" | ap=p})=a subgroup of Z|(F—1)Z.

Proof. From Corollary 1.4 we have GF=GFT¥, whence T7 is transitive
on the components of p|sr. The remaining statements follow from this
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observation, together with Proposition 2.4 and Corollary 2.5.

3. Restrictions of Gelfand-Graev characters and cﬁspidal RS

In this section we show first that Gelfand-Graev characters have multiplicity-
free restrictions to G¥ and we give more detailed information on the restriction
cuspidal Deligne-Lusztig representations R%.

We recall the definition of Gelfand-Graev characters (see, e.g., [2] §10 or
[6] §4): Take an F-stable Borel subgroup B of G, and an F-stable maximal torus

T of B. Then B=TU where U is the unipotent radical of B (of course U <G).
Let U. be the subgroup of U generated by the non-fundamental root sub-
groups. Then U/U. is commutative and isomorphic to [[U,, where « runs
over the fundamental roots. Let I be the set of F-orbits of fundamental roots
(c.f. [6], p- 259) and for ;&1 let U, be the product of the U, with «€i. The U;

are F-stable and (UJ/U.)*=II U{. A linear character X of U? which is
ier

trivial on U¥. (this is true for all X in good characteristic) is called regular if X
defines a non-trivial character of UF for each i=l. All such regular X are
conjugate under the action of TF since Z is connected.

DerFINITION. The induced character T'=X&" (for any regular linear
character X of U¥) is called the Gelfand-Graev character of G*.

It is clear that T' is independent of X (since all regular X are conjugate
under TF) and it is known (see Steinberg [8], Theorem 49) to be multiplicity free.

Theorem 3.1. Let p be an irreducible component of the Gelfand-Graev
character T of GF. Then the restriction p|cr is multiplicity free.

Proof. By Frobenius reciprocity, p|,* contains each regular linear charac-
ter of UF with multiplicity one. Now all the irreducible components of p|gr
are conjugate under 77, and since T* maps regular linear characters of UF to
regular linear characters, it follows that each component p of p|sF contains a
regular linear character in its restriction to U,. Since this occurs with multipli-
city one in p|yF, the component p occurs with multiplicity one in p| .

We now turn to the virtual modules R%; we abuse notation by also writing
R% for the (generalized) character corresponding to the module. Each R%
corresponds to an F-stable maximal torus T of G, and a character § &(TF)"
(recall that (4)" denotes the complex character group of an abelian group A4).
The restriction of R to G* is RY, where T= TNG (T is an F-stable maximal
torus of G). Now since GF/GF=TF|T¥, for any element y&(G"/GF)", we
may regard +» as an element of (T7/TF)" by restricting y» to TF. With this
identification, we have

Lemma 3.2. ([2], 1.27). Let &(GF/GF)". Then Royp=RS%.
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For any F-stable maximal torus T of G, W(T)F acts on TF and hence on
(TF)". For §(TF)" we denote by W(6) the group {we W[ T)"|6*=6}. For
T=TnNG and @=(TF)" we denote by W7(p) the corresponding subgroup
of W(T)F (=W(T)"). For 6(TF)", W#(0) denotes the stabilizer of the re-
striction to TF of . Clearly WL(0)<W7(0).

Lemma 3.3. ([2], Theorem 6.8.) Let 0,7 (TF)". Then (R%, RY)=
| fweW(T)F|6°=6'} |.

Thus in particular we have that & R% is irreducible = W£(6)= {1}.

Proposition 3.4. Let T and T be as in the preamble to Lemma 3.2, and take
ne(TF)". Then for we W( T)*, 0 and 6* have the same restriction to T* if and
only if 0*=0+ for some r(TF|TFZF)".

Proof. Clearly §*=6 on TF=0*"=04,, with &(TF/TF)". But =0
on ZF since W(T)F acts trivially on ZF. Thus y»=1 on TFZF. The converse
is trivial.

Proposition 3.5. Let T, T be as above and let 0 e(TF)". There is a mono-
morphism @: WH(0)|WEO)— (TF|TFZF)" =Z|(F—1)Z such that Im(p)= {y-€
(GF|GF)" | R&\r=R%}. (Here we identify (GF|GF)" and (TF|TF)" as in 3.2.)

Proof. By 3.2 and 3.3, for & (GF/GT)" we have R§+r=RY if and only if
G+p=0", for some we W(T)F. For such w, we must have we WE(6), since O
and ¢ have the same restriction to 7F. On the other hand, we W() implies
that §*=01,, with ker +,>T7, i.e. ¥, &(TF/TF)". Consider the map ¢:

£(0)—(TF|TF)" given by w—>+),: this is a group homomorphism because
by 1.7, W(T)F acts trivially on (TF/TF)"; thus for v, we W£(), 6*=(8")"=
(0Vr,)* =6 ,r,,, and we have \r,,=r\r,. The map @ clearly has kernel precisely
WZE(4). The proof of (i) is completed by the observations that Im ¢={y,&
(GF|GF)" |0yp=0", some w}={Y&(G'/GF)" |Rqy=R%} and that by 3.4,
Im(p) is contained in (TF/TFZF)".

Corollary 3.6. If A above is in general position (i.e. Wi(0)={1}) then
p=+ R% is irreducible, and p|gr is multiplicity free. If T§ is the stabilizer in
T* of any of the components of p| ;v then TF|T§=W£E(0). Thus WE(0) permutes
the components of the restriction regularly.

Proof. That p is irreducible follows from 3.3. Each character R% has
a component in common with T" (the Gelfand-Graev character) ([1], §10) and so
0 in general position implies that p= + R% is a component of I". By 3.1, p|.* is
multiplicity free. Hence by 2.4 T} is the intersection of the ker @ with a €
P(WE(0)). Hence TF|T5=p(W%(0))=W£(@); this group permutes the com-
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ponents of the restriction regularly by 2.3.

We next prove a result characterizing the discrete series characters of a
group with connected centre which appear as components of the Gelfand-Graev
character I". This characterization is instrumental in providing a complete
picture of the values of discrete series characters at regular unipotent elements
when combined with the results of §§3, 4 and 5.

Theorem 3.7. Suppose the centre of G is commected. If X is cuspidal,
trreducible and a component of T, the Gelfand-Graev representation of GF, then X
is of the form X=x R%, where T is an F-stable maximal torus of G and 0 is a non-
singular character of T*.

Proof. By [2(Lemma 10.6]) for any irreducible component X of T we have

X=>) ((I)ZC"—RI:T")) R%, the sum being over the GF-conjugacy classes of pairs (7, f)
T, 4\ T

where T is an F-stable maximal torus of G and 0 is a character of 77 (note that
these R% form an orthogonal system, so that this statement is merely that X lies
in their linear span). Now if X is cuspidal, then for any T which is contained
in a proper parabolic subgroup P we have (X, R$)=0. Forif P=L.U,is a Levi
decomposition of P then by [2, 8.2] R=(R%,.*)¢" where * denotes the lift
from L to P, using the projection Up—P— L. Thus by the cusp condition
for P, (X, R$)=0. Hence if X is cuspidal, only R} with T minisotropic can
occur with non zero coefficient on the right hand side of the above expression.

On the other hand by [2, §10.7] the irreducible components of T" are
parametrized by the geometric conjugacy classes x of pairs (7', 6), and we have

=1 (D) pe

x”“Px—E (R%,R%)RT
where the sum is precisely over the G*-conjugacy classes of pairs (7, ) which lie
in the geometric conjugacy class x. Further, each geometric conjugacy class
contains a “maximally split” pair (7, 0) [2, 5.25] and by [2, 5.27] if (T, 0) is
maximally split and 7' is minisotropic then € is non-singular. Hence if X=p,
is cuspidal, the geometric conjugacy class x contains a (maximally split) pair
(T, 6) such that T is minisotropic and @ is non-singular. We show finally
that for such a pair (7, ) the geometric conjugacy class coincides with the

GF-conjugacy class, which will complete the proof.

From [2, 5.21. 5,5.24] there is a bijection (7, 8)— (7", 6') between G?-
conjugacy classes of pairs (7, 8) where T is an F-stable maximal torus of G
and 6 is a character of 7" and G**-conjugacy classes of pairs (77, 6’) where
T’ is an F-stable maximal torus of the dual group G* of G and €’ is an element
of T such that (T}, 6,) and (T,, 0,) are geometrically conjugate if and only if
0, and 0," are G*F-conjugate. Now if in (7, 8) we have that € is non-singular,
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then in the corresponding G*F-class of (77, §’) we have 6’ is regular, and is
therefore contained in a unique maximal torus of G*, viz. 7. Hence for such
(T, 6) if (T}, 0,) is in its geometric conjugacy class then 6,’=ad g(0’) for some
gE€G*F and by regularity, we have T\'=ad g(T"), whence (717, 8") and (T}, ’6,’)
are G*F-conjugate and so (7, ) and (T3, 6,) are GF-conjugate.

Consequently we have X:w:—lRaT—) R% where T is minisotropic and 6
is non-singular, and the result follows since for such (7, ), (R%, R})=1.

ExampLE. The discrete series characters /¢ of GL(n, q) (see [4]) are of

the form in 3.6 above. 'They correspond to a character § €(F*»)". Here W(T)F

is cyclic of order #, and acts via —60%. Hence 6 is in general position if 6 has

period 7 under the Frobenius map. If GF=SL(n, q), we have TF=(T)**; thus

for @ in general position, if 8|, has (reduced) period m under Frobenius, then

7(0)=Z|(n/m)Z, and n/m divides d=(n, g—1). This case has been treated
in [4].

4. Character values and orbits of regular linear characters

The remainder of this work is directed towards the computation of the
value of an irreducible cuspidal character of G¥ on a regular unipotent element.
Since the regular unipotent elements of G¥ are not all conjugate, we shall actually
compute the set of values on the various classes of regular unipotents. We
assume henceforth that the characteristic p of F, is good for G. With this
assumption, it was proved in [5] that

Theorem 4.1. If U is an F-stable maximal unipotent subgroup of G, A is
an irreducible complex character of U* of degree greater than 1, and u is a regular
unipotent element of G contained in U, then \(u)=0.

Thus for any irreducible character p of G, to compute w(u) it is sufficient to
compute >m,X(u) over the linear characters X of U which are constituents of
w|yF (here the multiplicity of X in p|y* is m,). For the case where the centre is
connected we have the following statements (which were proved in [6] for the
adjoint case - i.e. for trival centre, but the general case has the same proof):

Theorem 4.2. Let p be a cuspidal irreducible character of G*. Then p| ¥
either contains no linear character, or has linear content precisely the sum of all the
regular linear characters, each occuring with multiplicity one. The two situations
correspond to (p, I')=0 or (p, I')=1, where T is the Gelfand-Graev character.

The connection between this and cuspidal characters of G¥ is established by

Proposition 4.3.  is an irreducible cuspidal character of G* <« each compo-
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nent of the induced character pS* is cuspidal = p is a component of p| o for an irredu-
cible cuspidal character p of G*.

Proof. For a proper character p of GF, p cupsidal means (p, 157)=0 for
each unipotent radical V' of an F-stable parabolic subgroup of G. Now x (on
GT) is cuspidal & (u, 1§5)=0 for the same set of unipotent radicals V" (since
these are contained in G). Further (u6%, 1§5)=2> (1, 1477 ,-1)¢Fn zcF-1 by the
Mackey formula (where the sum is over a set of GF/G¥ coset representatives).
But gVg~!is a unipotent radical if V is; hence if x is a cusp form, so is uGF.
The converse is simple. The second equivalence follows by Frobenius recipro-
city.

Now 4.1 and 4.2 enable one to compute (see [5] §4) p(«) for p an irreducible
cuspidal character of G* and u regular unipotent (note that in good character-
istic, the regular unipotent elements form a single conjugacy class if the centre is
connected): referring to the notation in the preamble to 3.1, we have p(x)=0

(if (p, T)=0) or plw)= =} (IIX(1)=(—1)'" if (p,T)=1. Thus pu)=

xewf A ier
(=" (p,T). In view of 4.3, to evaluate p(u) for p an irreducible cuspidal
character of GF and u regular unipotent we can assume that 4 is a component
of p|F where p is an irreducible cuspidal character of GF. If (p, T')=0, then
u|yF contains on linear character of UF and so p(u)=0. Thus we can restrict
ourselves to the case where (p, I')=1. We first record

Lemma 4.4. The regular unipotent class of G* splits into d=|Z|(F—1)Z |
classes in GF. These are permuted regularly by TF|TTZF=Z|(F—1)Z (where
T, T are as in 1.3).

Proof. Let u be a regular unipotent element in UF. Then the centralizer
G,=Z.U, and its connected component is Gy=U,. Thus G,/Gi=Z and so
the class of u splits into |HY(F,Z)|=|Z|(F—1)Z|=d classes in G* by [7], §3.4.
These d classes are clearly conjugate under TF since GF=GFT¥, and each is
stable under TFZF. Hence the second statement. Henceforth let B=TU be
an F-stable Borel subgroup of G, T an F-stable maximal torus of B and U the
unipotent radical of B.

Proposition 4.5.  The group T* has d orbits on the set of regular linear charac-
ters of UF. These are permuted regularly by TF|TFZF.

Proof. Consider the exact sequence 1.2.2:
1-ZF->TF—>(T|2)F - Z|(F—1)Z—1. We see that TF/ZF is a subgroup of
(T/Z)F of index d. But (T/Z) is an F-stable maximal torus of the adjoint group
of G. Hence by Theorem C’ of [5] (T/Z)F acts regularly on the regular linear
characters of UF. Thus TF/ZF, and hence TF, has d orbits. The second
statement follows from the isomorphism (7/Z)F=TF|ZF.
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From 4.4 and 4.5 we have labellings of the regular unipotent classes ¢, and
orbits Q, of regular linear characters (z& T¥/TFZF=Z|(F—1)Z) such that for
¥ EZ|(F—1)Z, (¢} =ad #'(c,)=c,s and (Q,)" =ad 2'(Q,)=Q,.

Now for a cuspidal character p of G* such that (p, T')=1, if u is a com-
ponent of p|# then the linear characters in u|y# from a union of TF-orbits
of regular linear characters of U”; in fact we have

Proposition 4.6. Let T"(1) be the stabilizer of p in T7 (c.f. 2.7). Then the
linear content of w|y¥ is precisely a T (u)-orbit of regular linear characters of UF.

Proof. T¥(u) contains TFZF and since (p, T")=1, by 3.1, 2.3 and 2.7,
TF|TF(u) permutes the TF conjugates of p regularly. By 4.5, T¥/T%(n) also
permutes the TF(u)-orbits of regular linear characters regularly. The result
follows.

The isotropy group TF(u) corresponds to a unique subgroup X(u) of H*
(F, Z), viz. X(u)=T"(u)/ TFZF and a T¥(u)-orbit of regular linear characters of
UF is a union of the Q,, taken over a coset of X(u). Thus the set of these
orbits is permuted regularly by Y(u)==HF, Z)/X(n), as is the set of GF-
conjugates of . We therefore label the former Q,=UQ, and latter as p, in

zey

such a way that Q, is the set of (regular) linear characters in the restriction
.u'yl u¥.
Let ¢, be a regular unipotent class of G*(z= H'(F, Z)).

Lemma 4.7. We have, with notation as above

1y(€2) = pam1y(@)
where H\(F, Z) acts on Y(u)=HY(F, Z)|X(r) in the obvious way.

This is clear. It shows that the computation of the various character
values can be reduced to the evaluation of the set of conjugates of u at a fixed
regular unipotent element. One has one such sum for each y& Y(u) and ex-
plicitly, for a fixed regular unipotent u

o) = 32 X(w) = 3} SIX(w) (47.1)

where y is regarded as a coset of X(p) in HY(F, Z). 'The latter formula shows that
to compute p(#’) for p a component of p|F and #’ regular unipotent it suffices to
compute

(a) The group X(u)=T"(n)/T*ZF <H\(F, Z).

(b) The sums x§l>¢(u)=a2, for u a fixed regular unipotent element of
GF (€ HY(F, Z)).

For the characters which concern us, the group X(x) has already been deter-
mined in terms of the Weyl group in 3.5 and 3.6, given the characterization of
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cuspidal characters which are components of Gelfand-Graev furnished by
Theorem 3.7.

We now show that the computation of the sums (b) can be reduced to the
case where G is simply connected. Let z: G—G be the simply connected
covering of G and let T=#z"Y(T). Then T is an F-stable maximal torus of G
and 7F acts on the regular linear characters of UF (z~(UF)=U¥). Writing
Z=ker 7, we have from 1.1.1:

1> ZF - TF > (T|Z)F = T* - H\F,Z) —> 1.

Hence T¥/ZF is a subgroup of TF of index |HY(F, Z)|, and contains Z* since
T contains Z(G). Thus a TF-orbit of regular linear characters is a union of
|HY(F, Z)| TF-orbits; moreover the 7TF-orbits are permuted regularly by
H\(F, Z(G)) (apply 4.5 to G), of which HY(F, Z) is a subgroup. For s€H!
(F, Z(G)),write o, for the sum corresponding to (b) (consider 7F-orbits); then
for € H(F, Z)==H\(F, Z(G))|HYF, Z) we have azst} o, (2 regarded as a

coset of H(F, Z)). More explicitly, we have the following chain of subgroups:
(T|Z(G)F>TF|ZF>TF|Z(G)F and the successive quotients are HY(F, Z) and
HY(F,Z). Now (T|Z(G))F acts transitively on the regular linear characters
and the subgroups have orbits as described above.

To compute the sums o, (z€H'(F, Z)) it is therefore sufficient to compute
the o, (s€ H(F, Z(G)) and add these over HY(F, Z)-cosets; thus it suffices to
consider the case G=G, i.e. we may assume G is simply connected.

We summarize some of the results of this section in

Theorem 4.8. Let G be a semi-simple group and let u be a regular unipotent
element of UT (notation as abcve). Suppose w is an irreducible cuspidal character
of G which is a component of p | r where p is an irreducible (cuspidal) character of
GF such that p(u)=£0. Then p defines a subgroup X(u) of H(F, Z(G)) (G being
the universal cover of G) and the values of the | H\(F, Z)| components of p|cF at u
are given by the sums > o, corresponding to cosets of X(u) in HY(F, Z(G)) and

SEZX ()

o= ng(u), Q, being a TF-orbit of regular linear characters of UF.
XEQ;

Fixing u has the advantage that the p, may be regarded as being function
values of a function o: HY(F, Z)—>C. These values will later be computed by
taking a Fourier transform of the function o.

5. Some character sums-the split case. The remainder of this
work is addressed to the problem of evaluating the sums
xggX(u) =0,

where x€HY(F,Z), u is a fixed regular unipotent element of U and the sum is
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over the regular linear characters of UF in the T7-orbit Q,. The result 4.8 shows
that one may confine attention to the simply connected case. In this section we
make the additional assumption that the torus T is F,-split, i.e. all of the charac-
ters of T are defined over F,. [Notation: B=TU is an F-stable Borel subgroup
as in the previous sections.] We denote by % the algebraic closure F, of F,. In
the split case 7' is just the set of F,-rational points of 7.

Now suppose that G is simply connected and that 7T is F,-split. Let
ay, -+, a; be the fundamental roots of G with respect to 7" and let wy, -+, »; be
the fundamental weights. Consider the maps

w: T - TIE*; a(t) = (wi(t), -+ (1))
a: T TI'%*; alt) = (@(t), -, at)) -

1
Suppose a;=3) a;.0; (a;,;EZ). Define
=1 ;
a: II'F*—TI'F* by a(t,, -+, t;)=(sy, ***, s;) where s;=1] t§.
i=1
We then have:

Proposition 5.1. (i) o is an F,-rational isomorphism: T — JI'k*.
(i1) | ,F is an isomorphism: TF—T'F}*.
(iii)  The following diagram commutes:

TF m) HIF‘:I*

| 2

HIF'q*

Proof. (i) follows because T is F,-split and the o; form a basis of the
character group X(T).

(ii) follows since w is F-rational; hence » maps the F,-rational points of
T onto the F,-rational points of [['A*, viz. onto II'F/*.

(iif) is the definition of the map &: we have

1 1
$i = ,-1:11 13 = ngai,-wj(t) = a(t) -

Henceforth “Im(a)” will refer to a(TF).

The relevance of this to evaluating the sums o, is as follows: a linear
character X of U¥ is given by a sequence X=(X,, --+,X;) where X, (U5 )" =(F")",
and X is regular if and only if X; is non-trivial for each 7 ([6], §3, recall that we
are assuming good characteristic). Since F, is self dual, we may obtain all the
characters in (F;*)" as follows: fix a non-trivial A& (F,;*)" and then any N €
(F*)" is given by M=\’ (aE F,) where \(x)=x(ax). Now we have seen
(4.7) that we may choose the regular unipotent element # arbitrarily. Thus
we take
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u= 11 x(1).
Hence for X=(X,, -+, X,) we have
X(u) = X,(1)Xy(1) -+ X,(1) .

Moreover for t= TF,

(52) XH(u) = Xa(ea(£) Xalets(£)) -+ Xi(cti(1))
Thus we have
(5.3) (X, =y X)) = (XTD oo X))

Now choose a set {2} of representatives for TFZF in T¥ (recall TF/TF|ZF
=HYF, Z)=Z|(F—1)Z). Then for any fixed regular linear X, the set {X*|z€&
H'\(F, Z)} is a set of representatives for the T7-orbits of regular linear characters.
Thus by (5.2)

o, = 2 X a(t), -+, alt))

teTF

(54) = 2 X’(sl, ) sl)

Gy SPEIm(a)
= > Xa(s1) =+ Xi(s) -
(51,0, SPEIm(a)

Proposition 5.5. We have [1'F*|Im a=HF, Z)=Z|(F—1)Z.

Proof. Wehave an exact sequence 1—-Z—T*—>[]'k*—1, since Im « is
closed and has dimension /. Hence as in 1.1.1 we have the following exact se-
quence:

1 - ZF— TFE (TI'R¥)F = TI'F*— HY(F, Z) — 1.

Hence [I'F*/Im a=HY(F, Z) and the result follows.
We can therefore label the cosets of Im o in [I'F* as C,(z€H(F, Z)).
Comparing with (5.4) we get
(5.6) a,= 21 Xy(s) - Xy(s))
(54,5 DECE
Here X=(X,, -*+, X,) is an arbitrary regular linear character of (U/U.)", and
thus we may take X=(X, -+, X) (by abusing notation) where X (on the right
hand side) is a non-trivial element of (F;*)".
We then have
(5.7) g,= 2 X(s)X(s;) -+ X(s)
Spp T PECE

= 23 X(s+F - +s).

(54,5, 5)EC
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Note that changing X or the labelling C, has the effect of changing the
labelling o, by a translation by an element of H'(F, Z).

6. Fourier transforms and products of Gaussian sums. In this
section we show that the sums o, can be computed by taking Fourier trans-
forms > x(2)o, (where weHYF, Z)") and evaluating these as products of

certain Gaussian sums. We proceed now to compute certain of these sums
and in the next section show how to apply the computations to the simply con-
nected classical groups.

For this section, we introduce the following notation: g is a generator of
F;*; we assume d | (g—1) and denote by C; the coset g'F;*¢ of F;* in F.*; note
that F*|F**=Z|dZ. We fix (as in §5) a non-trivial character X&(F,;*)" and
write 4,= 20 X(s).

&3,

Let &(Z/dZ)". Then G(Y)= /Z] V(d)s; = D Y(s)X(s) where + is
i€z/dz SEF,*

regarded as a character of F,* with kernel containing F;*. Thus 4(v) is a Gauss

sum over F,. We shall evaluate the sums o;= >3 X(s5,)X(s,):*-X(s;) in terms of
ﬂsjnjEG,'

the Gauss sums /(+) for a fixed integer sequence 7, *--, n,.

Theorem 6.1. With notation as above, let o;=3) X(s)X(s;) -+ X(s,), the
sum being over (s, -+, s))E ' F* such that 11 s} €C;. For any yr<=(Z[|dZ)"
i

write a(x,lr):iezzmzxp(z)a,- (this is the Fourier transform of the function o). If one

of the integers n_ is +1 mod d then
o) = G(¥™) G(P2) -+ G(¥™)
where 4("’)2“52 ¢(i)4i=s§*¢(s)x(s).

Z/dZ

Proof. Wehave o;= 3V 3V X(s1) , 30 X(s)- X(s))
}E€Z/dZ *1E0k, 115760 -mky
iz?

= 21 4 20 X(s2) e X(s)

w7z T
= ..+ (repeating the above procedure)
R X(s))

Ll U Bl 10 AL TS LTS

- 4,4, ++od

bk ieziz T e
Now by assumption one of the #; is £ 1 mod d; we may without loss take n,=
+1modd. To fix ideas take #,=1 mod d (the proof for n,= —1 mod d is the
same). Then we have

i 2 4k’4k 'ndk 4;- ky—ngka—--- k .
a 2 —17i-n nagka ny_1ky~
btk €2Z/dZ ! =1 "1 (it
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Hence
o(y) =2 ‘I’(".)O’ik ,~Zk,_ Ay 41,!_.ie%z\,b‘(i)ds-nlkl—..._,,1_1,,1_1 .
But Y(i) = Y(i—mky— - —n R (k) 2(Ry) -+ - 1(k, )

Hence o(y) = . 2/., W i(ky)ay, o ‘l’n"‘(klﬂ)“k,_lz Y(E—ml— - —n ik, )
1R 4
= G(y") G(Y"2) -+ G(Y"1-1) G("1) since m,=1 mod d.
Corollary 6.2. We have (with notation as in 6.1)

o= 1 SV HHGN) - G

d veziazm A
This is obtained by simply inverting the formula o()= > y(¢)o; and
i€Z/iz
using 6.1.
A useful result for evaluating these sums is the following

Lemma 6.3. We have
G() 4(™") = A —1)-q.
This is well-known and simple to verify.

ExampLE 6.4. Because of their relevance for some of the groups consi-
dered in the next section, we give some explicit computations for the case d=2.
Here we have two cosets C, and C, of F;** with corresponding sums 4, and 4.
There are two characters, 1 and &, of Z/2Z and we have

g(l) = 40-|—41 = —1

(&) = 4—4 .
Now 4, and 4, may easily be computed by evaluating the sum >} >3 X
ax0 seF*2
(a(1+9))= P >3 X(a(1+y5)) in two different ways. One obtains

XEWF ) A —(1) seF¥2
4y— 4= £\/(—1)4"D%g, the sign being determined by the original choice of X.
We assume X is chosen so that 4,—4,=V/(—1)“"V/%g,

Suppose now that, of the integers #; in 6.1, e are even and ¢’ are odd (of
course e+¢'=I). Then o(1)=(—1) a(€)=(—1)" (G(€))’=(—1)"*".
(—1yerg)™.

From (6.2) we therefore have

e 1) I
7= 3 (— )+~ 1YV (=g =W g (v (e gy
2 2
(6.4) ,
I 1) B
and o, = - (— 1 —(— DV (=) g) = (=)
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7. The classical groups (split case). We give explicit computations of
the sums o, for the split simply connected classical groups - i.e. the simply
connected groups (in good characteristic) with irreducible root system of type
A,B,C or D. The crux of the computation is to identify the subgroup Im & of
II'F* (see (5.1) and (5.7)) in a form amenable to the computations of § 6.

Lemma 7.1. Let L be a lattice in R' and let M be a sublattice such that
LM is a finite cyclic group of order n. Suppose vy, ++-, v, is a basis of M. Then
there exists a Z-linear combination y=n;y; such that vyEnL and ged (ny, -,
n,)=1.

Proof. By the elementary divisor theorem, there is a basis 8, «-+, B, of
L such that #8,, B,, -+, B, is a basis of M. We take y=nB,. This is clearly
a Z-linear combination of the v, and ged (n,, -+, m,)=1 since 7 is a member of
a basis of M.

Now take L=P(R), M=G(R), the lattices of weights and roots of G res-
pectively. Then since G is simply connected, L/M==Z. Thus in case Z is
cyclic, (7.1) applies. Suppose {aj, ***, a;} are the fundamental roots (a basis
of M=Q(R)) and let y=33m,t; be as in Lemma 7.1.

Proposition 7.2. Suppose Z=Z[nZ and let d=(n,q—1). With notation
as in §5, we have Im a={(s,, -+, ;)| I1,,"1 € F**}.

Proof. Consider the homomorphism
v: [I'F*— FJ* given by v(s;, +++, §,)=58"1 +++ 8,1 .

Since g.c.d. (n;, :++, m,)=1, this is a surjection. Suppose (s, **+, 8;)=(a(2), ***,
at)EIm a(te TF). Then v(s, -+, 5)=2ma;) (£)=(nw)(t) for some w € P(R).
Thus v(s,, ++, 5)=0w(t)"€ F*. Hence v(Im a)< F;*%). But the index of Im «
in JI'F* is d (see (5.5); (¢—1)Z=dZ) and since v is surjective we must have
Im a=v"Y(F}¥).

Corollary 7.3. The cosets C; (i€ Z|d Z, see 5.5) of Im « in TI'F¥ are C;=
{(s1 5 )| 11, € g F**} where g is a generator of F¥.

This result, together with (6.2) reduces the computation (in the case where
Z is cyclic) to finding the vector ¢ of (7.1). This leaves only the case of Spin
(4n) (which has root system of type D,,), and we treat this separately.

We can now summarize our result for Z cyclic as follows:

Theorem 7.4. Suppose G is a simply connected group with cyclic centre
Z=Z[nZ, and assume that G is F,-split, so that H\(F, Z)=Z|dZ, where d=
(n,q—1). Let p be an irreducible discrete series character of G¥, and let u be a
regular unipotent element of G*. Let ay, -+, be the fundamental roots of G and
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suppose Y=23ma; s an element of Q(R) as described in (7.1) and assume n;= x1

mod d for some j. Write (for i€ Z|dZ)
oi= L SV () G G G,

d vecziaz A

where for pE(Z|dZ)", G(p) is the Gaussian sum described in the preamble to
(6.1). Then there is a subgroup X(un) of Z|dZ such that

pw) = | X()| (@, p)er 23 i
L) 102> Be!

IEFX(L)

Here jX(un) is a coset of X(u) and T is the Gelfand-Graev character of G.

We take X(u)=T"(u)/TFZF. X(u) acts on the T*-orbits of regular linear
characters and hence on the o;. If (T, u);F=0 then u|y* contains no linear
character and so p(#)=0. Otherwise the value on u of the sum of a TF-orbit
of regular linear characters is o; and u(u) is a sum of these over an X{(u)-orbit

(4.8). The formula follows by observing that (T, u)er=(T, u&")er=
if (T, p)r 0.

_a
[ X(p)l

ReEmMARK. Notice that for any subgroup X of Z/dZ, say X=Z[eZ
where e¢|d, one can consider the X-orbits of o, and we have

S, 3, P Ae") G, where e=4(for je(Z4Z)) by (61).

i€jX f VEZ/F D) A
This may also be verified directly.

Corollary 7.5. u(u) s either 0 or [T T (u)]=f

1 - ” ” n .
pw) =1 3V @) Q) Gy A for some i< Z|f Z.

f veziiz A
This follows directly from (7.4) and the remark above. We now give the =,
explicitly for the various classical groups with cyclic centre; a reference for the
computations with the roots is Bourbaki: [1], Ch. VI, §4.

Type A;: G=SL(I4+1)Z and thus d=(l4+1,q—1). The vector v may be
taken as vy=a,+2a,+3a;+-+Ila,. An easy computation show that ye
(I4+1)P(R). The discrete series characters of SL are all of the type discussed
in the example after 3.6. Thus the integer of (7.5) is (/+1)/m (where m is the
reduced period of 8) and we have, for any component u of J® |, and regular
unipotent u (writing n=[-1),

W =" S AN A ) (i€ zi( 1)z ).

n YEZ/M%H2) A

In particular if n/m=2 we get the formulae (6.4) with ¢’ =[l;|2_l] For /=1,
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this is the well-known formula for SL(2, g).

Using Lemma 6.3, together with fact that the powers 7 in +* may be taken
modulo /41, the product G(y) G(y?)--- (') may be simplified as follows:
suppose the order of + is 7(|/4-1); then

g(¢) gw,z)... g(‘l,.Hl) — [g(\!,) g(\p.r)](l-i-l)/r and

— 2B 1)gr" D72 if 7 is odd
2) e Yy —
L) 4t = Gev) = {—\Ir('z'z’)/“(—l) (—1)@D/Agr=D2 §f 7 is even.
Type B;: G=Spin (2I4+1, k), GF=Spin (241, q) (characteristic#2). Here
Z=Z[2Z=H\F,Z). We take y=oy+20,+++la,E2P(R). (=2w;). Thus
we have the same values as for A, when d=2. We have u(x)=0 or (—1)" or

g, or oy where o; is given by (6.4) with ¢ =[L—2|——1]

Type C;: G=Sp(2l, k), GF=Sp(2], q) (characteristic +2). Here again Z=
Z[2Z=H'F,Z). We take y=a;. Thus u(x)=0 or (—1)' or o, or o, where o;
are again given by (6.4), this time with ¢’=1. Thus Sp behaves as SL(2).

Type D,, | odd: G=Spin (2, k) GF=Spin*(2], q) (characteristic3-2). Here
Z=Z[4Z and we may take v=2a;+40,+6a;+ - +2(I—2)a;_,+(2(I—1)4+1)
a1+ (214-1)a;. There are 4 possible sums a,, oy, 05, 03 which may be computed
easily using (6.2) by replacing v by v'=20+2a3+ - +2a;,+ ;14 3. Let
. be a generator of (Z/4Z)". Then

o = (=) @) +()) (— 1) RGN 2GR G) (0 (— 1) 4V
= (= 1)/ (—1) Q) +8;,0- 2 = 1) G(WA)) =24 (W) G(¥°)
where §; , is the Kronecker &.

Using Lemma 6.3 we see that G(v) G(\*)=+(—1)q. Further, G(y?) is the
4(&) of (6.4), so that

G(?) = —V/(—1)""%g. Hence

71 = (— 1Y (1H(— 1)) + 28, o(—1)(0*e1-0g (g =1 (mod 4))

To complete the computations, we now treat the case of D, (/ even), where
G=Spin (2], k) and 4|2]. Here Z=2Z[2Z X Z|2Z=H"(F, Z), (since character-
istic #2), so that (7.1) does not apply directly. However we do have

a1+, E2P(R)
a1+2a2+ b +(l‘_‘ l)al._lEZP(R) .
Hence in analogy with (6.2) we can consider the homomorphism v: [['F*—

F}¥ X Fj¥ given by

IJ(SI, A SI) = (sl—lsb sls§ o S{:{) == (Vl(sl) °*%y S,), VZ(SI) R S,)) .
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Again as in (7.2), one shows that Im a={(s;, -+, 8;)|v(sy, **+, 8,) E F¥* X F}%.
Now clearly (F* X F¥)|F}*x F¥**=~Z[2Z x Z|2Z and the cosets of F*?x F*
can be written ¢; (7, j € {0, 1)}) where ¢;,;=g' F;**x g’ F;** (g being a generator of
F;¥). 'Thus the cosets C;; of Im a are given by

Ci; = {(s, =5 ) [v(sy, -+, s)EC}

The sums which we have to evaluate are therefore

o= 2 X&) x()  (GiE{0,1}).

%6045

Now gotoa =, E X(sl) <+ X(s) =0y~ and
0‘oj+0'1j 2 X(Sl) X(SI) == U'__j

.132 sl 1ec

can be computed by (6.2).
Moreover og+toy = = X(s;4 - +5;)

s’_lslzslsa---sl_lmodpz?

= 2] X($y++++5)

$,838++1_38/=1mod F;Z
= o'—_o
= o1pt0n .

Hence oy=0,.
Putting this information together with (6.3) we obtain

(where /(8)=4—4=—\/(—1)"""2q as in (6.3))
— 1y~
a0 = 1 (14 g+ S ey
o = (=1 1) (1-+gep— D7 1) %
o = Qa —G(ep)
1
on = -,

This completes the computation for the split classical groups.

8. The non-split case. The methods of the previous three sections can
be applied equally well to the non-split groups. In this section we briefly
indicate how this is carried out and give results for the unitary groups. Through-
out this section we suppose that G is simple and simply connected, and has

a set of fundamental roots a, -+, ¢, and corresponding fundamental weights
wy, ***, @, In the non-split case, it can be shown (c.f. [9]) that there is a per-
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mutation 7 and power ¢ of the characteristic such that, if F* is the dual of
F: T-T,

F*a; = qa,; 8.1)

Define a: T—TI'k* by a(f)=(a\(t), :*-, a,(t)) as in the split case. Since

a has kernel Z and F(Z)CZ, the following diagram defines F’: [['k*—T]'k*

T % e
F| i |7
T — II'k*

Moreover by 8.1, (H’k*)ﬂz F¥x .- X F* where [, .-+, ], are the sizes of the
orbits of . By the argument of Lemma 1.1, we have an exact sequence

1 - ZF — T7 Z (IR - H(F, Z) — 1 (8.1.1)

and again we are faced with the problem of identifying Im(c) in (8.1.1). We
show how this is done in the case of the finite unitary groups. The method in
general is similar.

ExampLE 8.2. The unitary groups SU(2n+1,¢?): Here (II'k*)" =Fj%
X FFX X Fj% (n times) (since G=SL and each /; is 2), Consider the map
v: (II'k*)" — F¥ given by

ry(al’ ay, v, an) = ql79%0-9 ... gr1-9)
Then Im(v)=K (the kernel of the norm: Fp—F,) and for t€lm a, ¥(t)=
(2n+ 1)a(t) S(FEP.

Thus for such ¢, y({)e(FF)***NK. A simple computation shows that
this latter group is K***!, which has index (¢-+1, 2n+-1) 1n K. Now HY(F, Z)=
Z|(F—1)Z=Z[(qg+1)Z where Z 1s cyclic, of order 2n-+1. Thus |HYF, Z)|=
(g+1, 2n+1) and we have identified Im « in analogous fashion to the split case
as: Im a={(ay, +++, a,)|v(ay, +**, a,)EK**1}. The character values can now be
computed using the results of §6.

ExampLE 8.3. The unitary groups SU(2n, ¢?): Here
(IR =TI P FEX FF.
Using the method above, it is straightforward to obtain:
Ima= {(a, -+, a,y, a,) |4y, +++, a,,EF}, a,= F and
a,a5---ap-i € Fj* where d=(2n, ¢+1)} .

Once again, the computations may now be carried out using §6.
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