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1. Introduction

It has been known that a smooth complex projective irredeclgebraic curvex
of genusg > 4 has a base-point-free and complete pencil of degre€l unlessX is
hyperelliptic. One way of proving this result is to reduce goroblem into a few spe-
cial cases and then check the validity of the statement ferfaiowing three classes
of curves:

() X is trigonal.

(i) X is a smooth plane quintic.

(i) X is a bi-elliptic curve, i.e.X is a double cover of an ellic curve E .

As it turned out, the cases (i) and (i) were relatively easy handle; cf. [6,
Beispiel 3]. However, for the case of bi-elliptic curvesrso of the proofs which ap-
peared in the literature does not seem to be complete, wlishbken already pointed
out in [4]. For example, in the proof of [5, Theorem 5] the autlobtained a plane
model of a bi-elliptic curve of degree + 1 with a singular goinof certain high
multiplicity. He then proceeded to exhibit the existenceaofother singular point by
using a well-known formula for the geometric genus of a siagwplane curve. Un-
fortunately, the singular point different from could be iifiely singular points lying
over s. Therefore the projection method used in [5] to obtainoanplete and base-
point-free pencil of degreg — 1 which is cut out by lines through the other singular
point does not work well if the singular point of high muliigty is not an ordinary
singular point. Incidentally, the same objection appliesttie proof of Shokurov [7].
A proof due to J. Harris, which was sketched in [2, Chapten;\Hixercise D and F],
seems to be the only complete proof without a gap which apgeir the literature as
far as the author knows. On the other hand, the proof of Hasés the so-called enu-
merative method as well as several advanced results in-Moither theory and hence
one needs a quite a bit of heavy duty machinery for a proof i&f skeemingly sim-
ple fact; indeed the proof in [2] shows the reducibility ngfl(cl which is a much
harder problem and the existence of the base-point-freeilpiows as a corollary.
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The purpose of this paper is to provide a simple and easy geiocnpeoof of the fol-
lowing theorem of J. Harris only using elementary tools gsan idea from [4, Ap-
pendix].

Theorem 1 (J. Harris [2]). Let X be a bi-elliptic curve of genug > 6. ThenX
has a base-point-free and complete perg@iLl.

Using a similar method, we also provide a relatively simgesof of the fact that
there exists a complete base-point-free pe@éﬂz on a curveX of genug which
is a double cover of a curve of genus 2gf> 11. It should be remarked that the
result has been known already; cf. [4, Appendix] fo> 13 and [3] forg > 11. Note
that the proof in [3] uses enumerative method whereas thef ino[4, Appendix] uses
only simple and geometric arguments.

Therefore our main purpose is to assure the readers thategeorarguments can
be pushed forward even beyond the rangesof 13 in [4] so that one gets the same
genus bound as in [3].

We use standard notation for divisors, linear series ang timndles on algebraic
curves following [2]. As usualg) is am -dimensional linearise of degreed on
X, which may be possibly incomplete. B is a divisor 6h , we eiiD| for the
associated complete linear seriesX¥n .By we denote a cahatiisor on X , and
|K| is the canonical linear series on . A base-point-fg¢e  Xon  defan morphism
f: X — P onto a non-degenerate irreducible (possibly singularyeun P". We
close this section by recalling the following well-knownsuét which will be used in
the next section.

Proposition 1 ([2, Chapter Ill-Exercise F]). Let L be a line bundle of degree
d > 2g +2o0n a smooth curveX of genuys . Let

wr - X — Pdﬁg
be the embedding induced By . Thep(X) is the intersection of quadrics.

2. Proof of Theorem 1

Let 7: X — E be the two sheeted map onto an elliptic cuwe ; note that such
7 is unique (up to isomorphism) by Castelnuovo-Severi inByufl, Thorem 3.5]. We
break up the proof into several steps as follows.

Step 1. The canonical image of lies on a cone of deggee 1.

Since X is non-hyperelliptic, we may identify ~ with its cancali imagepg (X)
in Ps—1,
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Forr, € E, let n*(r;) = p; + p; ;i =1, 2. Then for the effective divisor
D=7*(ry+r2) = p1+pr+pa+pr € g =7 (g3) = (|re+ r2),

dim D = 2 by the geometric version of Riemann-Roch theorem;e. ansm 2-plane
in P¢—1, Therefore for any- ;’ € E, the two lines spanned by*(r) and 7*(r') must
intersect. SinceX is non-degeneratelifr !, all the lines spanned by*(r), r € E
pass through a point € P¢~1. Let

ngl = U w*—(r),

rekE

which is a cone with vertex containing the canonical imageXxofFurthermore, one
sees easily that ¢ ok (X); if v € px(X), then the divisorv +*(r1) with w(v) # rp

is a trisecant line hence #*(r1) moves in a pencil which is contradictory to the
Castelnuovo-Severi inequality.

Let H ~ P22 be a hyperplane if?¢~! not passing through angd be the pro-
jection away fromv toH . By our constructiorf  is isomorphic tee thyperplane
sectionH N S,_1, which we use the same symbal  for simplicity. A hyperplane-se
tion H = ENP¢—3 Cc H = P2 of E is the image undery of the intersection
ok (X) N (Hg,v), where (Hg, v) is the hyperplane iP¢~! spanned byH: and
Since the projectiorp is indeed the degree two morphism X — E,

degE = deglly ) %deg(pK(X) N (Hg,v)) = %(28 -2)=g-1,

and hence de§,—1 =g — 1.

STEP 2. There is a sequence of birational maps }o<i<,—4 With the following
properties.
(1) wo=¢k: X — Pt~ 1 is the canonical map ok
(2) For 1<i < g—4, p:Ps~i -5 P¢~1~ js a projection away from a point and
restricted to ¢; 10 ---0wo)(X), i (pi_10---0pe)(X) --+ P¢~1=1 is still birational
onto its image.
(3) (wi o0 wo)(X) has only one singular point for everyi < g — 4.
(4) (pg—a0---0po)(X) lies on a cubic cone i3,

Choose a poinfp1 € X,_1 := ¢o(X) and lety, be the projection away fronp;
onto P2, Let g,—1 := p1 be the conjugate point op; with respect tor and take
Xo—2 = ¢1(X,—1). The image ofS,_1 under the projectiorp; is also a cone of degree
g — 2 with vertexg,—»> = ¢1(qe—1) = ¢1(v), which is denoted byS,_». Now we take
a general pointp, in X, and lety, be the projection away fronp, onto P¢~3.
Applying this process repeatedly, we can obt@{p;, Se—1-i, Xg—1-i, Pi, gg—1-i): i =
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1,...,g— 4} as follows;
®1 P2 Pg—4
]P)gfl ——> P872 —— .. ——3 ]P)S
@] @] @]
Sg-1 - Sg 2 == -+ > 83
@] @] @]
Xg-1-->Xg 2 -+ -+ --> X3

where ¢; is the projection away from a general poipt € X,_; onto a hyperplane,
Go—2—i = @i(qg—1-i)s Sg—2—i = i(Sg—1—i) and X,_>_; = ¢;(Xz—1—;). Note thatS,_1_;

is a cone with vertexy,_1_; of degreeg —1—i, X,_1_; is a curve of degreeg2—
2—iand mult,_, X, 1; =i, X, 1 is the image of the morphism induced by
K —p1—--—pil, dim|K — p1—---— pi—p1—+--— pi| =dim|K —py— - —p;| — 1
and|K — p1—---— pi — p1— -+ — p;| is base-point-free. In particular the image of

X4 in P3 undery,_4 lies on a cubic coness.

Let Ex =S, N H where H = P! is a hyperplane not passing through the vertex
gx of Sy C P*. SinceS,_; is a cone over the elliptic curvé C P¢—2 of degreeg — 1
and S; is obtained by successive projections, we easily sdeddgt; = ded, =k
and E;, ¥ E, i.e. g(Ex) = 1. Applying Proposition 1 to the hyperplane bundteE, C
P=1, E, is cut out by quadrics irH and hen&&  is also cut out by quadinidg’
for k > 4.

Note that, fork > 3, any singular point ofX, different frorg, —may only arise
from a trisecant line ofX;41 C Si+1 C P¥*T other than rulings of the cong.;. Since
Sk+1 IS cut out by quadrics fok > 3, we see that there is no trisecant line Xf:1
other than rulings ofS;+1. ThereforeX; has no singular point other thgn  for =
3,....g—3.

STEP 3. X is birational to a plane curv&, c P? of degreeg + 1 with ordinary
singular point of multiplicityg — 3.

The projection away from a general poip_3 € X3, denoted byy,_3, gives a
birational map fromX3 onto X, := ¢,_3(X3) in P2, Note that deg,_3(X3) = degXs—
1 =g +1 and the poinyz = y,_3(g3) is singular point with multiplicityg — 3. We
observe thatj; being an ordinary singular point is equivalent to

(2) K= pi——pga—pr—r—pya—pi—p;| =0
for all distincti, j € {1, 2, ..., g — 3}. Therefore in order to show that is an ordi-

nary singular point, we need to choose the pojpis. .., p,—4 € X properly in Step 2
as well asp,_3 which satisfy the condition (1). We now set

Tij = {(p1, .-, pg—3) € X3 dim|K —p1—+ - —pe_3—p1—+ —pe—3—pi—p;| > 0}
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for distincti, j € {1,2,...,¢ — 3} and T :=|JT;. SinceT;; is closed in the
(g — 3)-fold productX¢—3, so isT . Therefore it is sufficient to show that edth is a
proper closed subset iK¢~3; then any fs, . .., Dg—3) € X&73\T satisfies the condi-
tion (1). Accordingly, without loss of generality, we assf, j) = (1, 2) and proceed
as follows.

Ciam. For distinctpy, p2 € X such thatr(pi) # m(p2), |p1+2p1+p2+2p2| = 2.

For this we considef2p; +2p,+2p; +2p,| and letn(p;) =r; € E, i =1, 2. Since
X cannot be hyperelliptic dif2p1+2p,+2p1+2p,|=dim|7*(2r1+2r,)| = 3 by Clifford’s
theorem. Note that the linear serifp1 +2p,+2p; +2p,| induces the double covering
7: X — E. Therefore, dimpy +2p1+ p2+2po| =dim|2py + 2p, +2p1 +2po| —2 =1
sincew(p1) # w(p2) and this finishes the proof of the claim.

By the claim, dimK — p1 — p» — 2p1 —2p»| = g — 6 and therefore we may choose
general pointys, . .., pe—a € X so that dimMK —p1—pr—2p1—2ps—p3—- - —pg_a| =
0. Finally we take a poinip,_3 € X such thatp,_3 ¢ |[K — p1 — p2 — 2p1 — 2pp —
p3—---—pg—a| and p,_3 is not a conjugate point op; forany =S 1.,g—4. Then
(p1, .- pg—3) & T12 and this shows thaly, is a proper closed subset af¢—3.

STEP 4. The plane curveX, constructed in Step 3 has another singular point
with multiplicity 2.
Since g, is a singular point of multiplicityg — 3, we have

(6—3)(—4) _gk-1) (-3)kc-4)._

< _
8= pa(XZ) 2 2 2

3g — 6.

Note thatg < 3g — 6 for g > 6. Sinceg is an ordinary singular point, it follows that
there exist another singular point, sayc X» besidesg,. Suppose that myltX, > 3.
Recall thatX; has only one singular poigt  for evdry = .3,g — 3. Therefore
the singular pointgg € X, with mult,, X, > 3 arises from at least a 4-secant line
passing througlp,_3z other than ruling of the conés. Since S3 is a cubic cone, this
is impossible. Therefore we have mylk, = 2 and the pencil of lines througf cuts
out base-point-free and complezgi1 on X. O

3. Double covering of a curve of genus 2

We will provide a simpler proof of a result in [3] by using a $ian argument we
used in the previous section. This will also improve the gebaund in [4, Appendix]
(g > 11 compared with the boungl > 13 in [4]). The proof given in [4, Appendix]
consists of two parts. In the first part it is shown that thexiste a plane model of
degreeg with a singular point  of multiplicitg — 6, where everything works well
even with the assumptiop > 11. In the second part it is shown that is an ordinary
singularity and the restricted assumptign> 13 is required when monodromy argu-
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ment is used. Accordingly, we only need to argue that is atillordinary singularity
under a slightly wider rangg > 11.

Theorem 2. Let X be a double cover of a gen@scurve C of genusg > 11
ThenX has a complete and base-point-free peg@:il2 of degreeg — 2.

Proof. Letf :X — C be the double covering over a cur¢¢  of genus 2. We
note that such a covering is unique by the Castelnuovo-Sawegquality and the as-
sumptiong > 11. We briefly recall several facts which were already showrthie
first part of the proof in [4, Appendix]. The serie& — gi| is very ample for the
unique g; = f*(|Kc|) = f*(gd). For a general choice opy, ..., p;—6 € X, the

series|K — g+ — p1 — --- — pg—g| induces a singular plane mod&l a&f  of de-
gree g . Denoting the conjugate points pf, ..., p,—s by p1,..., p,—s, the series
|K —gt—p1——Pe—6—P1— " — Pg—s| IS @ base-point-fregt and hence there is

a singularitys € T' with multiplicity ¢ — 6. To show thats is an ordinary singularity,
it is enough to prove that

1) K —g1—p1——pg6—p1——Ppg6—pi—pj|l=0

forl1<i<j<g-—6.

Keeping these in mind, we now proceed as follows.
We let T;; ={(p1, ..., pe—s) € X&76 . dim|K —gi—p1— - —Pg6—pL— - —
Pe—6 — Pi — pj| > 0} C X¢76 for distincti, j andT :={JT;;. SinceT;; is closed
in the (g — 6)-fold productX$~8, so isT . Therefore it is enough to show that each
T;; is a proper closed subset xe~6; then any 1, ..., Pg—6) € X¢~8\T satisfies the
condition (1). Accordingly, without loss of generality, vessumei( j )= (1 2).

Ciam. For anyp; and pp € X with f(p1) # f(p2), |g3+p1+2p1+pat2p2| = g3

To demonstrate the validity of the claim, we recall the wealbwn Riemann-
Hurwitz relation for double coverings. L&t  be a curve of gghuand letf :X — C
be a double covering. Lek C C be a branch locus of . Then we have

2) £(Ox) = Oc®S and 82 = Oq(—R).

In our case/r =2 and de§j=3—g < —8. Letn(p;)) ==n(p;) =r; € C,i =1, 2 and we
considerOyx(gk + 2p1 + 2p2 + 2p1 + 2p3). By (2) and the projection formula, we have
hO(X, Ox(g3 + 2p1+ 2p2 + 2p1 + 2p2)) = h%(X, Ox(f* (g3 + 21 + 2r2)))
=h%(C, f.Ox(f*(g3 +2r1+ 2r2)))
=h%(C, Oc(g3 +2r1+2r2)) + h%(C, Oc (g3 + 21 + 2r2) ® §) = 5.

Note that the linear seriefgi + 2p; + 2p, + 2p1 + 2p,| induces the double covering
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f: X — C. Therefore,
dim |g3 + p1 + 2p1 + p2 + 2pa| = dim|gz + 2p1 +2p2 + 2p1 + 2P| =2 =2

since f (p1) # f(p2) and this finishes the proof of the claim.
By the claim,|K — g — p1— p2 — 2p1 — 2pa| = gégg__glz and hence we can choose

P3s - Dg—7 € X such that diTﬂK—gi‘—pl—zﬁl—pz—zp_z—pg—---—pg_7| =0.

Finally, we take a poinip,_¢ € X such thatp, ¢ ¢ |K — g1 — p1— 2p1— p2 — 2p2 —

p3— -+ — pe—7| and p,_g is not conjugate t; , for any =1.., ¢ — 7. Therefore

(p1, ..., pe—s) ¢ T12 and it follows thatTi, is proper and closed ixs—S, |
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