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On Perron’s Method for the Semi-Linear Hyperbolic
System of Partial Differential Equations in Two
Independent Variables

By Mitio NaGuMo and Yukio ANASAKO

2
We use the notation 9,u for g , 9%,u for 3'8}’ and write « for u,, u,
o, Uy, f(x,9, u) for f(x,y, u,u,,--,u,). f(x,p)issaid to be of C* class
in a region D if f(x, ) and all its first partial derivatives are continuous
in D. In this note we shall consider the system of partial differential

equations
( 1 ) axui = A‘i(x’ y)ayui +.fz(x’ Y, u) (i = ]-> 2) R k)

where variables and functions are all real valued.

O. Perron® had discussed the Cauchy problem for the system of

equations (1) under the condition that X,, f;, 9,\;, 9, f;, Ou.f;, i
u wJil, gy v =1, .-, k) exist and are continuous in some region respec-
tively.

The purpose of this note is to give such an elementary proof for
the existence of solution of (1) as by Perron but under weaker assump-
tion. We assume only the continuity of the first derivatives of \;, f;
except for 9,);, 9, f; while the proof goes merely by a modification of
Perron’s method.

Recently A. Douglis® proved the existence of the solution of equations
ot much more general type where is assumed only the continuity of
the first derivatives of the functions in the form of equations. Our
result is only a special case of Douglis’ theorem, but it may be not
insignificant to give an essentially simpler proof for this case.

1. As in Perron’s theorem the proof of our theorem is also based on
the following

1) “Uber Existenz und Nichtexistenz von Integralen partieller Differentialgleichungssysteme
in reellen Gebieten ”. Math, Zeit. 27 549-564 (1928).

2) “Some existence theorems for hyperbolic systems of partial differential equations in
two independent variables”. Commun. on Pure & Appl. Math. 5 (1952), 119-154. See also:
K. O. Friedrichs : “Nonlinear hyperbolic differential equations for functions of two independent
variables”. Amer. Jour. of Math. 70 (1948), 558-589.
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Lemma: Let \x,y), f(x,9), 9,Mx, ), 9, f(x,y) be continuous in
B,: 0<x<a, |y|+Kx<b
and suppose
IMx, 0| <K, [9,Mx, 9| <L, [f(x, )] <g(x), 19,1 (x, )] <h(x),

where a, b, K, L are positive constants and g(x), h(x) are integrable in
0<x<a. Let p(y) be of class C* in |y| <b.
Then theve exists one and only one function u(x,y) such that
(i) w(x,y) is of class C*'in B, and u=u(x, y) is a solution of the equation
O u=N\x, y)0,u+f(x, y) in B,
(il) u(0,y)=9(y) for |y|<b.

i) |ux, y)— Dz, )| ggjg@ds :

|9,u(x, y)—9,P(x, y)| gemg:h(f)df

where ®(x, y) is the solution of 0,P=\(x, y)0,® with the initial condition

@0, y)=p(y).>
The proof remains essentially the same as in Perron’s work®.

2. Our object is to prove

Theorem 1. Let ¢,(y) be of class C* in |y|<b, and PJx,y) be the
solution of °0,®=n(x, ¥)0,® such that ®(0,y)=q(y). Let \(x,y) and
fAx,y,u) (=1, ---, k) be continuous in

B: 0<x<a, |y|+Kx<b and
B: 0<x<a, |y +Kx<b, |u,—®,|<C, (i=1,--,Fk)

vespectively, and
N2, ) <K, |filx, y, )| <M,

where a, b, ¢, K and M are positive constants.
Let O\ (x,y), O,f(x,y, u), Ou; f(x,y,u) (G, j=1,--,k) exist and be con-
tinuous in B,, B,, B, respectively.

Then there exists exactly one set of functions u x, y) (i=1, --- , k) such
that
(i) wui(x,y) is of class C' in

B/: 0<x<!, |y|+K<b where |=Min (a, ]TCJ)'

3) O(x,y) is of class C! in By, the existence of @(x, y) is also clear.
4) ibid. (1)
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And lui(x’ y)~®z(xv y)l =<c.
(i) w#;=u,(x,y) is a solution of the system of differential equations

(1) axuiz)\'i(xy y)ayui""f‘i(xy Y, u) (l=1, Tt k)'

(i) %0, y)=p,(y) for |y|<b.

3. We prove the theorem by method of successive approximations.
Set u;,,=®,(x,y) ¢=,--,k) and define u,,. (x,y) by the recursion’s
formula

(2) axui,nﬂ = 7\‘z'(xy y)ayui,nﬂrl +.fz(xy J’, un)

Wlth ui,n+1(0) J’)=¢7z(y) (Z—"=]., R k)'
U; .., (%, ) exist for all » and are of class C'[B,/]. This is proved by
Lemma using the inequality

(3) lui,n+1(x>y)—q)i(x7y)[nggc (i=71)"')k)'

There exist constants L and M’ such that [9\;| <L, |9,P;|<M in B,
19, fil <M, |Ousf;| <M in B, for all i,j. We shall prove

(4)  19,u; (%, y)—0,P(x, ¥)| < (M +kM?)erox in B, for all »n, ¢
where

(5) #o=1+EM")e (>>0).
Evidently (4) holds for #=0. If (4) is true for some #» then

|9,Fi(x, 3, u,(x, )| =19, f; +j=§k; us [+ 9,P; +éaujﬁ’(ay”j,n‘ay(pj) |
<M +kEM? + M/ (M + EM'?)erox
< (M +kEM'?)(1 + kM )erox .
Hence by Lemma and (5)
10,81 — O, ;| < X (M + el RV
= (M +EM")enox

0

then (4) holds for all .
Thus there exists a constant G such that
(6) |10,u;,] <G in B, for all #» and 3.

4. Next we shall prove that the sequence {#;,} converges uniformly
for any 7. There hold next equations

ax(ui,mwhl_‘ui,ni—l) = )"i(xy y)ay<ui,m+1_ui,n+1) +.fz(x, y) um) —_f,(x, y’ un)'
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Then from |Qus fi| <M
l_f,(x, Y, um)_.fi(x7 Y, un) I ng/e'qu ”I Uy—U, "l ’
where Il #,,—w, || = Max |e—ro {u, (%, y)—u;,,(%, )} |
1=isk
(%, 9) € B
and g, is defined by (5). Then we get from Lemma

by s — thg | <P et || sy — 10, ]

0

Thus

(7) Il i1 — 24 < lll —u,||.
Set
a=Ilimsup Lub. ||«,—m,]|.
N >0 m,n> N
Then 0<a<2¢<+ oo, and from (7)

kM _EM_RM
T AR <L

Hence a=0, namely
Il #—u,|| =0 as m,m—oco.
Consequently || «,,—u, || (Zewt || u,,—u,||) >0 as m, n—oo
where I o —u, || = Max[u, ,(x, y) —;,(x, ¥) | ,
(, y) € Bo
i.e. {#;,} converges uniformly in B/. We set then

(8) lim u; ,=u, (uniformly) (=1, ---, k).

i
Ny oo

5. Now we shall prove the uniform convergence of {9« ,(x,y)}.
Since 9,f;, 94; f; are continuous in B, and {#,} converges uniformly in B/,
for arbitrary &°>0 there exists N(€) such that for m,n > N(E)

2, f -2, f; &
(9) |9, fi(%, 3, #,,) =0, fx, ¥, u,) | <_ (.i=1 -k in B/

lauf.fi(x’ Y, um)_—‘auf.fz(x’ Y un) ]< &

Now set H,,, (%, )=fx, 3, u,,(x,9)—fix, 9, u,(x, ),
then from (9) and (6)

10y H, | <10, A%, 9, ) — 0, (%, 3, )|
+ 2 {10us (X, 9, thn)—Bus £i(, 3, 1) 10,5,
+ | 0,85, — 0,5, | | Qus Fil%, 3, %) | }
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| ayI{i,m,n|<8 +6kG+M/e’L0xk2 | e_ﬂox(ayuj,m— ayuj,n) |
j=1
< &1 +kG)erx + kM || O, u,,— O u, || ero* .
Hence we get from Lemma for m, n>N(E) as O,(#; i —U; 0iy) =N, ¥)
X a_y(ui.m—u _ui,n-l—l) + H;'.m,n
JEL+ERG) kM’
18—t | e SLEFD M 5 ) Jener,
o o
then

«(E1+kG) kM
(10) I” ayui,ma—l’“ayui.nﬂ ]H <eL {'(%_)"'T ”l ayum_ayun ”l } .

Now we set

B=limsupl u. b. || 9,u,,—0,u,]|.

Then 0<LB<2G< oo, and from (10) B &N +EG)eruyt + kM el Buy* or

(1-HM ) g L EL+RGY
Mo Mo

As 0<kMer“us*< 1 from (5) and >0 is arbitrarily small we have
B=0. id. [9u,—0u,|—0 as m n—co.

The uniform convergence of {J,#;,} in B/ is thus proved. Hence we
have from (8)

(11) o,u;,,—o,u; (uniformly) (1==1,--, k).
From (2), (8) and (11) we obtain

(12) ou; ,—9,u; (uniformly) (I=1,-.--, k),
and from (2), (8), (11) and (12)

O ;= N,(%, ¥)O,u;+ fi(x, y, u) (=1, , k).
The existence of a desired system of solutions for (1) is thus proved.

As the proof of the uniquness of the system of solutions is easy, we
shall omit it.

6. From Theorem 1 immediately follows next
Theorem 2: Let \;(x,y) be of class C? (except that 9i)\;/(x, v) need
not exist) in
B: 0<x<a, |y|<b,
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where a, b are positive constants.
Let the characteristic equation :

‘ A—F A, Nyg rovrerees Nk
A Ay — F Ngg vroemeeee Mo 0
N . e ereenens Nex—F

have real distinct roots and let these rvoots Fix,y) (=1, ---, k) satisfy
lFi(x’ y)' éK'

Let ¢,(y) be of class C' in |y|<b. Let fi(x,y, u) be of class C'
(except that O, f; need not exist) in

Bl: ngga’ |yléb’ [“i—‘Pi]éC, (Z=17 "'yk)

where c¢ is a positive constant.
Then theve exists exactly one system of functions u(x,y) such that
(1) uix,v) is of class C* in

B,: O<r<ad<a, |y|+Kx<b
where @ is a positive constant which is determined by Nij, P; and f.
And Iui(x’ y)'—¢z(xr J’)|§C

(ii) w,=wu;(x,y) satisfies the system
k
axui:jglxij(xr y)ayuj+_fi(x> Y, u) (Z: 1) Tty k) .

(iii) u(0,y)=9p;(y) in |y <b.

Proof : See Perron’s work®.

(Received September, 29, 1955)

5) ibid. (1)





