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Abstract
We confirm R.H. Fox’s trapezoidal conjecture for alterngtimots of genus two
by a method different from P. Ozath and Z. Szatis one. As an application, we
determine the alternating knots of genus two whose Alexamddynomials have
minimal coefficients equal to one or two.

1. Introduction

An integer polynomialf (t) = Y ., ant" is trapezoidalif it has the following four
properties.
(i) The coefficientsag, ay, ..., an are nonzero and have the same sign.
(i) t™f@t"1) = ().
(i) 0 < laol < lau| < -+ =< |agm/2]-
(iv) If & =@+, for somei, theng =a; for every j =i,i+1,...,[m/2].
Let [f(t)], be the coefficient ot® in a polynomial f(t). Let

maxdegf (t) = maxXa | [f(t)]. # O}
mindegf (t) = min{a | [ f(t)], # 0},
spanf (t) = maxdegf (t) — mindegf (t).

Throughout this paper, we suppose that every link is oriénteet A, (t) € Z[t, t71]
be the Alexander polynomial of a link in S* = R3 U {o0}. We suppose that is
non-split and alternating. Then the coefficients of the poiyial A_(—t) are nonzero
and have the same sign, and spar(t) = 2g(L) + w(L) — 1 [3], [12]. Here (L) is
the number of the components &f and g(L) is the genus ofL. In this paper, we
adopt the normalization for the Alexander polynomig| (t) so that mindeg\  (t) =0
and [A_]o is positive. R.H. Fox conjectured the following.

2000 Mathematics Subject Classification. Primary 57M25; B8éary 57M27.
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Trapezoidal conjecture ([5]). If L is a non-split alternating link then the nor-
malized Alexander polynomial (—t) is trapezoidal

Trapezoidal conjecture is true for a non-split two-bridgek 1[6] and for a larger
class of algebraic alternating links [15]. Note that a twie link is alternating and
algebraic.

Theorem 1.1. Trapezoidal conjecture is true for every alternating knbgenus< 2.

P. Ozsvath and Z. Szab6 found out another property on theaAbtisr polynomials
of alternating knots by using Heegaard Floer homology [1@]ven a knotK, let by
be thek-th coefficients of the symmetrized Alexander polynomialkof that is in the
form Ak (t) = b + o bkt + t7) and satisfiesAk (1) = 1. Leto = o(K) be the
signature ofK, andé§(p, q) = max(0,[(|p| — 2|ql)/4]) for integersp andq. Let ts(K)
denote the torsion coefficients defined f{K) = Z?‘z’l jbis+j, wheres is an integer.
If K is an alternating knot, then the inequality

1) (—1>72(ts(K) — 8(0, 8)) < O

holds for any integes. By the inequality (1), they confirmed that the trapezoidah-c
jecture is true for alternating knots of genus two.

In this paper, we prove the trapezoidal conjecture for adtting knots of genus
two in a combinatorial way. Our tools for the proof are the moekt for calculating
the Alexander polynomial by using graphs due to R.H. Crof@]land the genera-
tors for knots of canonical genus two due to A. Stoimenow .[18fe explain these
tools in the sections 2 and 3. As an application of our combima way, we deter-
mine the alternating knots of genus two which possess theafilder polynomialsA(t)
with [A(t)]Jo=1, or [A(t)]o = 2. Then we give examples of the Alexander polynomials
which satisfy the trapezoidal property and Ozsvath-Szmm@quality (1) but are never
realized by alternating knots.

One of our interests is a characterization of the Alexands#yrnmmials of alter-
nating knots. Our argument may allow to calculate the Aleesirpolynomials of al-
ternating knots of genus two in an accessible way (see thauler (3) in Lemma 4.5
and the generators in Lemma 3.1).

2. Combinatorial method for calculating the Alexander polynomial

In this section, we review Crowell’s method for calculatittge Alexander poly-
nomial of an alternating link by using certain planar grapfbke method is derived by
applying the matrix-tree theorem [1] to the Alexander matbtained from an alter-
nating link diagram. (For details, we refer the reader to)[3]
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Fig. 2.

Let L be an alternating link. LeD be an alternating diagram a&f with m cross-
ings ¢y, ..., Cm. Suppose tham > 2. We consider the underlying immersed graph of
a diagramD. We denote by (D) the set of vertices, and bi(D) the set of edges.
We define orientations on the edges and a weight map of theseagdollows: For
i=1,...,m, lete (resp.€) be the edge which is on the left (resp. right) side of the
crossingc; when one is going along the overpath in the original oriéotadf L (see
Fig. 1). We define the orientation a and€ so that the vertex; is the terminal point
of bothe; ande,. We call this orientatioralternating orientation This is distinct from
the original orientation of the link.. We define the weight mag: E(D) — {1,t} by
®(g) =1 and®(€)) =t. The alternating orientation and the weight méapare well-
defined since the diagrarD is alternating. We denote the graph with the alternating
orientation and the weight mag by the same symbaD.

ExampPLE 2.1. LetD be an alternating diagram depicted in Fig. 2, which rep-
resents the figure-eight knot. The grajgh with the alternating orientation and the
weights is drawn in Fig. 2. The weights of edges are drawn iactangle respectively.

We choose a vertex, which we call root vertex and denote itdoyA tree T ¢ D
is amaximal rooted tree with root vertex ¢ V(T)=V(D), #E(T)=#V(T) -1, and
every vertex without the root vertesy has a single incoming edge. L&i(D; cy) be
the set of all maximal rooted trees D with root vertexcy and W(T) the weight of
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Fig. 3.

a treeT defined byW(T) = ]‘[eeE(T) ®(e). We define a polynomiaPp.c,(t) by

Poc® =Y,  W(T).

TeT(D;co)

Then we obtain the following lemma.

Lemma 2.2 ([3]). Let A_(t) be the normalized Alexander polynomial of an al-
ternating link L Then we have

) AL(=1) = Py (t),

where“=” means'is equal tg up to multiplications by units of the Laurent polynomial
ring Z[t, t71]".

Note that the polynomiaP = Ppp.c,(t) is independent of choices of a diagram and
a root vertex up to multiplications by units @jt, t~1]. For a disconnected diagram
D, we havePp.)(t) = 0. We define the Alexander polynomialp of a diagramD
as that of the linkL represented byD: Ap = A|.

ExampPLE 2.3. The normalized Alexander polynomial of the figure-g¢ighot,
substituted—t, is equal tot? + 3t + 1. We choose the root vertesy € V(D) as in
Fig. 3. The trees in7(D; cp) are drawn in Fig. 3. The monomial below a tree in
Fig. 3 indicates the weight of the tree.
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RO ORI Ox

Fig. 4. A flype near the crossing

XU KK KA XX

positive parallel positive reverse  , negative parallel , negative reverse

)

Fig. 5.

Fig. 6. t, move.

3. Generators for alternating knots of genus two

In 1992, W.W. Menasco and M.B. Thistlethwaite proved the stet#, that re-
duced alternating diagrams of the same link must be tramsfole by flypes [11]. Here
a flypeis the local move of a diagram shown in Fig. 4. chaspis a tangle of the form
in the Fig. 5. We have four types of claspsositive paralle] positive reversenegative
parallel, andnegative reversas shown in Fig. 5. At_é move[18] is a local operation
on a diagram applied in a neighborhood of a crossing as showkigi. 6, which adds
a reverse clasp with the same sign as the crossing.

The following lemma was proved by A. Stoimenow.

Lemma 3.1 ([18], see also [2], pp-112—-113)Any alternating prime knot of genus
two possesses a diagram which is obtained@)ynoves and flypes from one of the
diagram in Fig. 7 up to taking the mirror image

We denote byG, the set of these knot diagrams and their mirror images. 8beci
alternating knots are drawn in the upper area divided by tiokdn line.
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4. The trapezoidal conjecture for alternating knots of gens two

In this section, we give the proof of Theorem 1.1. A. Stoimenmnjectured a
restriction of the Alexander polynomials of alternatingki [19]. We also confirm that
Stoimenow’s conjecture is true for alternating knots of uer 2. We begin with the
following elementary lemma without a proof.

Lemma 4.1. Let f(t) and dt) be positive trapezoidal polynomialsThen we
have the followings
(i) The polynomial {t)g(t) is positive trapezoidal
(ii) If maxdegf (t) = maxdegy(t) and mindegf (t) = mindegg(t), then the polynomial
f(t) + g(t) is positive trapezoidal

4.1. Proof of Theorem 1.1 for a knot of genus one and a compositknot of
genus two. First, we prove Theorem 1.1 for two easy cases.

4.1.1. For a knot of genus one. The Alexander polynomial of a genus one knot
K is of the form Ak (t) = ap + agt + at? (a0, & € Z). By Ak (1) = 1, we have
a; = —2ag £ 1. HenceA (—t) = ag + (2a9 F 1)t + apt? is always trapezoidal.

4.1.2. For a composite knot of genus two. Let K; #f K, be a composite knot
of genus two. Notice that the genera Kf and K, are equal to one and,:x, =
A, Ak, holds. By Lemma 4.1Ak,:k,(—t) is always trapezoidal.

4.2. Proof of Theorem 1.1 for a prime knot of genus two. First, we discuss
a relationship between the degree of the Alexander polyabamd a smoothing. A
smoothing is a local operation on a link diagram applied ine@imborhood of a cross-
ing as shown in Fig. 8.

A Seifert surfaceF is flattenedif it lies in R? except in small neighborhoods of
the crossings where it is the surface show in Fig. 9. A diagimspecialif its canon-
ical Seifert surface is flattened. We choose a checkerboalatimg of a special di-
agram D such that the black regions coincide the regions obtainedhbycanonical
Seifert surface foiD. Then, for a flattened Seifert surfa¢e and the special diagram
D = 9F, we have ranid,(F; Z) = #{bounded white regions ob}. Here Hi(F;Z) is
the first integral homology group df.

The following lemma was proved by M. Hirasawa [7].

Lemma 4.2 ([7]). Let D be a diagram of a link Land F the canonical surface
for D. Then F is isotopic to a flattened Seifert surface forlh addition, we can take
the isotopy which fixes neighborhoods of all crossings of D

The following lemma show a relationship between the degre¢he Alexander
polynomial and a smoothing.
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A =2(=X

Fig. 8. Smoothing.

Fig. 9.

Lemma 4.3. Let D be a reduced alternating diagram of a link L and ¢ a cross-
ing of D. Let D/c be the diagram obtained from D by smoothing the crossinghen
we have

spanAp,c = spanAp — 1.

Proof. LetF be the canonical Seifert surface fbr. The canonical Seifert surface
for an alternating diagram has the minimal genus of the Linf3], [12]. So we obtain

spanAp = 2g(F) + u(L) — 1
=rankH.(F; Z).

Let F be the flattened surface obtained by an isotgpwhich fixes the neighborhood
of the crossingc (cf. Lemma 4.2). Then we have

rank Hy(F; Z) = rankHy(F; Z).
Let D be the special diagram determined by the surféceThen we have
rank Hy(F; Z) = #{bounded white regions oD}.

Let F’ be the canonical Seifert surface fér/c. SetF’ = ¢(F’), and D’ = 9F’. By
the same argument fdf, we obtain

spanAp . = #{bounded white regions OD%}.
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Since the isotopyy fixes the neighborhood of, the following diagram commutes.

D——pH

smooth (,-J/ O i smooth ¢

D/c—(p—>D7/C

In a special diagram, a smoothing connect two white regidtsnce we have

#{bounded white regions ob} — 1 = #bounded white regions oID%}.

Consequently, we obtain

spanAp . = #{bounded white regions oID%}
= #{bounded white regions oD} — 1
=spanAp — 1. ]

We prepare notations fct_g moves and smoothings on a diagram. [Cetbe a link
diagram andcy, ¢y, . . ., ¢y the crossings oD. We denote byDCtlczz"'crknm the diagram
obtained by applying; —times@ moves atc; for i =1, 2,..., m. We often omit the
symbol ciK if ki is equal to zero. We denote y/c;, - - - ¢, the diagram obtained by
smoothing aftc, .. ., G-

By Lemma 3.1, for a proof of Theorem 1.1, it is sufficient to yahe following
lemma.

Lemma 4.4. Let D be a diagram in G and g, ..., ¢y the crossings of the dia-
gram D. Then ADcklckzmckm (—t) is trapezoidal for any non-negative integers K ., km.
12 m

The following lemma is a key to prove Theorem 1.1, and therrdvigdes an im-
portant fact to show our applications in Section 5.

Lemma 4.5. Let L be a non-split alternating linkD a reduced alternating dia-
gram of L, and c a crossing of the diagram .DThen we have the following formula

©)) Ape(—t) = Ap(—t) + (1 +t)Apc(—t).

Proof. We can assume that the crossing positive sincel* possesses the same
Alexander polynomial of the link., whereL* means the mirror image of the link.
We denote by, ¢/, ¢; € V(D) the three vertices in shown in Fig. 10 and denote by
&, €, e, € E(D®) the three edges in shown in the figure. We take a vertexV (D)
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Ty T; T,

Fig. 11. The edges drawn by broken line are not contained.

as a root vertex and classify the maximal rooted tree®fninto three types whether
each of the edges, € ande; is contained or not (see Fig. 11):

To ={T € Tpee) | &, € € E(T)},
Ti = {T € Tpeey | & € E(T), € ¢ E(T))},
T1={T € Tpeye) | & ¢ E(T), € € E(T)).

Note that7 (D¢ ¢;) = 7o, U7y u7:. We can regard the trees ify as the trees irfp,y),
whose weights are multiplied bty Hence we obtain

(4) > W(T) =tPpg.

Te7y

Next we consider the polynomials obtained frafand 7;. We can regard the trees
in 7; as the trees ip,c.c), Whose weights are multiplied by (see Fig. 12). So we
obtain

TeT;

By the same argument, we obtain

(6) Z W(T) = Ppe/e)

TeTy
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(see Fig. 13). By the equations (4), (5) and (6), we have

Pocey= Y W(T)

TeT(D%c)
=) WM+ Y WM+ > W(T)
TeTp TeT; TeT

=tPp;g + tPpe/cic) + Pocseie)
=tPp.g + (1 +t)Ppe/cicy).-

E move preserves the genus of a canonical Seifert surface. eSobtain
spanPpe;q,) = spant Pp;q).

Lemma 4.3 implies that

spanPpe/cc) = span(l ) Pp.c).
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By Lemma 2.2, we have

ADC(—t) = P(Dc;q),
Ap(—t) = Py,

AD/c(_t) = P(Dc/c’;c‘)-
Consequently, we obtain the formula (3). O

We have the following corollary which is obtained from Lem#&® immediately.

Corollary 4.6. Let D be a non-split reduced alternating diagramm a crossing
of D, and Ap(—t) the normalized Alexander polynomial of. DThen [Ap(—t)]; <
[Ape(—t)]i for every i=0, 1,..., maxdegA(p;q).

Note that the formula (3) holds for a reducible alternatinggdam since ifc is
reducible crossing, then we ha®pc ;) = 0.

Let k=" k. We start the proof of Lemma 4.4 by induction &n If k = 0,
that is, k; =k, =- - - =k, =0, then we can confirm th%chlc;z...c;m (-t) is trapezoidal
for any D € G:

As(—t) =1+t +t2+t3+14
Ag(—t) =1+ + 32+ 33+ 14
Ag,(—t) = 1+ + 52+ 33 + 4
A7(—t) = 2+ 4t + 5t% + 43 + 2%,
Az (—t) =1+ 5 + 7t + 53 + 14,
Az (—t) =1+ 5 + 9% + 53 + 14,
Ag,(—t) =1+ + 132+ 7t3 +t*,
Ag,(—t) = 2+8& + 1112 + 8t + 24,
Ag(—t) = 3+8 + 1112+ 8t + 3t4,
Agy(—t) = 4+ 11t + 152 + 1113 + 4t%,
Agy(—t) =3+ 12 + 172 + 1243 + 3%,
Agyy(—t) =5+ 14 + 192 + 1413 + 5t4,
Agy(—t) =3+ 14 +21t% + 143 + 3t*,
Ag,(—t) =3+12 + 192+ 123 + 3t*,
Aloy(—t) =3+1@ + 272 + 163 + 3t*,
A1g,(—t) =5+22 + 332 + 223 + 5t4,
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Ao, (—t) =7+ 21 + 202 + 2113 + 7t
A10,(—1) =8+268 + 372 + 263 + 8t4,
Aq1,(—t) = 9+ 29 + 4147 + 293 + 94,
Aqgy(—t) = 7 +2% + 432 + 29% + 714,
Aq1,,(—t) = 11 + 3@ + 51t% + 36t° + 11t*,
A1z, (—t) = 16+ 54 + 772 + 543 + 16t%,
A1z,(—t) = 9+ 42 + 67t% + 423 + Ot*,
Azgn(—t) = 21+ 74 + 1072 + 743 + 21t*,
Assuming that the claim is true for polynomials wih< n, we prove it for poly-

nomials withk = n.
By Lemma 4.5, for an integej such thatk; # 0,

— = L — + + —
ADCIIlC;Z"'Ch\m( t) ADCE:LCEZ___CTJ 1___Ch1m( t) (1 t)ADcilcgz---crnm/Cj( t)

By the assumption, the polynomi&l ., «, -1 ,,(—t) is trapezoidal. By Lemma 4.3,
ezl L dg

we have

degADclIl"lEz"'Clém/cj (-t)=3.

Notice that deg\ i «, K-t i« (—t) =4, deg(l +) = 1, and the polynomial 1 t is
ozl s

trapezoidal. By Lemma 4.1, it is sufficient to complete thegbrthat the polynomial
A Kk 4 (—t) is trapezoidal.
Cj

Dc1 Gy Cm
An integer polynomialf (t) = ag + a;t + a;t? + agt® is trapezoidal if and only ifg
and a; have the same sign and<0 |a| < |a;|. The following lemma completes the

proof of Lemma 4.4 for the eleven special alternating diagran G..

Lemma 4.7 ([16]). Let A (—t) be the normalized Alexander polynomial of a
non-trivial, non-split special alternating link L ThenO < [A (—t)]o < [AL(-1)]1.

It remains that we show the ponnomiAIDcklckz___ckm/ (—t) is trapezoidal for thirteen
12 m Cj

non-special diagrams ..

For every crossing of the diagramD in G,, the Alexander polynomial oD is
of the form Apc(t) = ap — agt + ast? — aot® (ao, ay € Z).

Here, we consider another normalization &% (t) via the Conway polynomial
V() € Z[Z: t¥2Apye(t) = Voot 2 = t72) = Vi () |zt -2 1v2.

Then we have

(7) a; —ag = 2a0 — k(D /c)
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since ¢/dt)Apc(t)li=1 = —Ik(D/c) (see [9], pp. 83), where IK{/c) is the linking num-
ber of D/c.

The coefficientsay anda; are nonzero and have the same sign since the two com-
ponent link diagramD/c is alternating. We can easily confirm thiy| < |a;| for
each crossing of every non-special generator. By applyiimgies@ move, the absolute
value of the linking number is added no more than one j@gdis added at least one.
Considering the equation (7), this fact guarantees @MOves preserve the inequality
lag] < |az|. Consequently, we have the pOIVnommLcilc?---cknm/Cj (—t) is trapezoidal.

Now we have completed the proof of Lemma 4.4.

4.3. Weakly Newton-like polynomial. A polynomial f (t) is weakly Newton-like
if [ £()];-2[f(©)]j+1 < [f(t)],—2 for j = mindegf +1,..., maxdegf — 1. A. Stoimenow
proposed the following conjecture.

Conjecture 4.8 ([19]). The Alexander polynomial of an alternating link is weakly
Newton-like

Note that if the Alexander polynomial of an alternating linkt) is weakly Newton-
like, then the polynomialA(—t) satisfies the condition (iv) in the trapezoidal property.
In this sense, Stoimenow’s conjecture is a natural str@mjtiy of the trapezoidal con-
jecture. We confirm that Conjecture 4.8 is true for altemmknots of genus two. Let
K be an alternating knot of genus two. Then the normalized #ider polynomial of
K is of the form Ak (t) = ag — ast + apt? — ast3 + agt? (ag, ar, a» € N). By A(1) = 41,
we havea, — 2(a; — ap) = £1. Then we obtain

ay® — a3y = &’ — ag(2(ag — &) + 1)
= ay? — 2apay + 280° F
= (a1 — a)* + ao(a0 F 1)
> 0.

The inequalitya? < a2 is a consequence of Theorem 1.1.

5. Applications

In this section, we give the two complete lists of the altémmpknots of genus
two with [A(t)]o =1, and with A(t)]o = 2.

5.1. Alternating fibered knots of genus two. The knots inG, which possess
monic Alexander polynomials are just,555, 6,, 65, 63, 76, 7§, 77, 75, and &,. Note
that the composite knd K, is alternating if and only ifK; and K, are alternating
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[10]. Composite alternating knots of genus two which passesnic Alexander poly-
nomials are only 8t 31, 3143}, 3;13;, 31844, 3;141, and 4 §4,4. By this fact and
Corollary 4.6, we obtain the complete list of the alterngtikmots of genus two with
[A®)]o = 1.

Theorem 5.1. The alternating knots of genus two wiflA(t)]o = 1 are just 5,
5;, 62, 65, 63, 7s, 7, 77, T3, 812, 311131, 3113], 31 83;, 3141, 31841, and 4 i4y.

The normalized Alexander polynomials of these compositet&kmre as follows:
Azpz () =12t +3t2 — 2t3 + 4,
Agpay (t) = 1 — 4t +5t2 — 43 +t*,
Agypa,(t) = 1 — 6t + 1247 — 6t3 + %,

Therefore we obtain the following corollary.

Corollary 5.2. The normalized Alexander polynomials which satisfy theedra
zoidal property

1—nt+(@2n — D2 —nyt3+t* for ny=4or ny > 8,

1—not+(2n, — 32 —nt>+t* for n,>6
are never realized by those of an alternating knot

The following example shows that the trapezoidal properigy &zsvath-Szabd's
inequality (1) are not enough to characterize the Alexarmmdynomials of alternating
knots.

ExAMPLE 5.3. The polynomialA(t) = 1—4t+7t2—4t3+t* is the Alexander poly-
nomial of a knot which has the trapezoidal property. The tsmhg of the equation +

4t +7t2— 43+t = 0 aret = (2V2+W17— 1)/(2v2)+/=1((V2+W1T + 1) /(2V/2)),
(2v2—VV17-1)/(2V2)+/=1((v2—V~/17 + 1) /(24/2)), and their conjugates. We

denote them by, ao, o7, anda; respectively. For a knoK, the number of zeros
of Ax(t) in {ze C\ R | |zl =1}, counted with multiplicity, is greater than or equal
to |o(K)| (see [8], pp.161-162). Notice that;| > 1 and|ay| < 1. Hence the sig-
nature of any knot which possesses this Alexander polyrioimiaqual to zero. The
polynomial A(t) = 1 — 4t + 7t2 — 4t3 +t* satisfies Ozsvéath-Szabd’s inequality (1). How-
ever, this polynomial is never realized by an alternatingtknincidentally, the non-
alternating knot @ possesses this polynomial.

An alternating link is fibered if and only if the Alexander gonbmial of the link
is monic [14]. By Theorem 5.2, we obtain the following coauij.
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63

Corollary 5.4. The alternating fibered knots of genus two are jbist5;, 6,, 65,
63, 7o, 7§, T7, T3, 812, 31831, 1135, 3783;, tid1, 3584 and 4,14y,

We denote the set of the alternating fibered knots of genusbiwéF,.

K. Murasugi showed that the alternating prime knots of gemuas tvhose Alexander
polynomials are monic admit only the following knots:;, %,, 63, 75, 77, 812 in [13]
(see also the review in AMS MathSciNet mathematical reviewshenWeb written by
R.H. Fox [4]). Our argument gives an alternative proof fas ttlaim.

5.2. Alternating knots of genus two with [A(t)]o = 2. Next we discuss the
normalized Alexander polynomials of alternating knots ehgs two with A(t)]o = 2.
The knots inG, which possess the normalized Alexander polynomial wikl{t]]o = 2
are just g, 7, 814, and §,.

We name the crossings of the diagramAfr, as shown in Fig. 14. Then, by Corol-
lary 4.6, we obtain each of the other alternating knots ofugetwo with [A]p = 2
by applying once@ move at a crossing of a diagram iR, as follows: % = 7,
65 =811, 67 =8y, 6 =8, 65 =813, 67 =8, 67 =8, 65 =83, 75 =9, 77 = 9y,
78 =95 75 =92, 77 =94 77 =%, 77 =%, 77 =97, 77 = 99, 8} = 1035,
8 = 105, 8= 10, &= 105

Then we obtain the following theorem.

Theorem 5.5. The alternating prime knots of genus two with=a2 are just the
following knots 73, 75, 84, 8, 8s, 811, 813, 814, 9%, 912, 914, 95 919, D1, %7,
1013, 1035, and their mirror images The alternating composite knots of genus two
with & = 2 are just the following knots 3; §5;, 3; # 5, 31855, 355 3116,
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3?1161, 31 165, 3Tﬁ6*, 415, 4155, 416, and 41ﬁ6i.

The Alexander polynomials of these knots are given below:

Az (t) = 2— 3t + 3t — 3t3+ 2%,
Az (t) =2 — 4t +5t2 — 43 + 2%,
Ag,(t) = 2— 5t +5t% — 5t3 + 2%,
Ag(t) = 2— 6t + 7t% — 6t3 + 2%,
Ag,(t) = 2— 6t +9t% — 6t3 + 2%,
Ag,,(t) =2 — 7t + 9% — 7t3 + 2%,
Ag,(t) =2 — 7t + 11% — 7t3 + 2t4,
Ag,,(t) =2 — 8t + 11t% — 8t3 + 2t%,
Agy(t) =2 — 8t + 111> — 8t3 + 2t%,
Ag,,(t) =2 — 0t +13t% — 9t + 2%,
Ag,,(t) =2 — 9t + 15 — 9t + 2t4,
Ag,(t) =2 — 10t + 152 — 1063 + 2t%,
Agy(t) =2 — 10t + 172 — 10t3 + 2%,
Ag, (t) =2 — 11t + 172 — 1113 + 2%,
Agy,(t) =2 — 11t + 19% — 123 + 2t4,
Aqo,(t) =2 — 13t +23%% — 133 + 2t%,
Aqog(t) =2 — 12t +21t% — 1213 + 2t%,
Aszys,(t) = 2 — 5t + 7t? — 5t3 + 2%,
Aze,(t) =2 — 7t +9t2 — 7t3 + 2t4,
Agys,(t) = 2— 9t + 132 — ot3 + 24,
Agye,(t) =2 — 11t + 192 — 1113 + 2%,

Then we obtain the following corollary.

Corollary 5.6. The Alexander polynomials which satisfy the trapezoidapprty

2—mt+@2my — 32 —mtd+2t* for my=8or m > 14,

2—mpt+(@2my =52 —mutd+2t* for mp > 12

are never realized by those of an alternating knot
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EXAMPLE 5.7. The polynomialA(t) = 2— 8t + 132 — 8t3 + 2t* is the Alexander
polynomial of a knot which has the trapezoidal property. Ebtutions of the equation
2-8t+13%—8t3+24* =0 aret = (4+4/33— 1) /4+/—1((vV2+V+/33+1) /4), (4—
VV/33-1)/4+/=1((v2—V4/33 + 1) /4), and its conjugates. By the same argument
as Example 5.3, the signature of a knot which possesses thi@adder polynomial is
equal to zero. This polynomial satisfies Ozsvath-Szabd@sguality (1). However, this
polynomial is never realized by an alternating knot. Inotddly, the non-alternating
knot 1046 possesses this polynomial.
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