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Abstract

Many problems in nonlinear control theory have difficulty in computing their
exact solutions. In this dissertation, we aim to develop a framework of com-
puting exact solutions to nonlinear control problems by employing the theory
of algebras. We require here that the computation consist of a finite number
of arithmetic operations. We place particular focus on two problems. The
first one concerns the stability analysis of discrete-time nonlinear systems
with state-dependent coefficient matrices. A necessary and sufficient condi-
tion for the systems to be triangularized is obtained by using the theory of
Lie algebras, and sufficient conditions for the local and global stabilities of
triangularizable systems are derived. In many cases, the stability conditions
can be checked by a finite number of arithmetic operations of matrices and
the evaluation of the asymptotic behavior of functions rather than heuris-
tic procedures such as Lyapunov’s direct method. The second one concerns
controller design. We formulate a particular inclusion of polynomials that
represents, in a unified manner, the conditions for controllers to satisfy their
respective requirements in several nonlinear control problems, e.g., the re-
alization problem of a vector field and the model matching problem. An
algorithm for designing the state feedback controllers satisfying the inclusion
is obtained by using the theory of commutative algebras and Gröbner bases.
The extension of the algorithm to the output feedback case is not straight-
forward because it requires solving a linear equation over a subalgebra that
lacks a solution method. Even so, by providing a procedure for solving the
linear equation, we are able to derive an extended algorithm for designing
the output feedback controllers satisfying the inclusion. This also allows us
to solve the problem of replacing a state feedback controller with output
ones. By using these algorithms, the required controllers in various control
problems can be explicitly computed in a finite number of arithmetic opera-
tions of polynomials. Since the design of output feedback controllers is very
difficult in general, the results here will be of great benefit in control theory.
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Notation

R: the field of all real numbers

C: the field of all complex numbers

N: the set of all non-negative integers

Rn: the set (or vector space) of all column vectors with n components in R

Cn: the set (or vector space) of all column vectors with n components in C

Rn×m: the set (or vector space) of all n×m matrices with entries in R

Cn×m: the set (or vector space) of all n×m matrices with entries in C

iii
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Chapter 1

Introduction

1.1 Background and motivation

James Watt’s steam engines had an indelible impact on the Industrial Revo-
lution. Watt’s main contribution was his idea of equipping an engine with a
governor so as to regulate its rotational speed. However, although the gov-
ernor was able to reduce unstable engine motion, it could still cause hunting
oscillations. In the middle of the 19th century, James Clerk Maxwell, a
Scottish mathematical physicist, tackled the problem of designing a stable
governor [1]. He described a governor as a linear ordinary differential equa-
tion and mathematically formulated its stability. Moreover, he derived a
mathematical condition for the governor to be stable. After his pioneering
work, the Laplace transformation was employed for analyzing and controlling
linear systems, i.e., systems that can be described by linear ordinary differ-
ential equations, and a good number of fundamental results were obtained
for the systems [2]. This framework is now known as classical control theory.

In the middle of the 20th century, a new approach to analyze and con-
trol linear systems, modern control theory, was pioneered by Rudolf Emil
Kalman, an electrical engineer in the U.S. Modern control theory deals with
linear systems in the time domain, whereas the classical one does so in the
frequency domain. Although modern control theory is less intuitive than the
classical one, it allows us to analyze and control linear systems in greater de-
tail. Accordingly, a variety of fundamental concepts, including observability
and controllability, have been defined and thoroughly investigated in the time
domain. Modern control theory has since spread to control engineering [3].

Although both of these control theories deal with linear systems, most
of the practical systems have more or less nonlinearities. Hence, there have
been many attempts to establish a control theory for nonlinear systems. Some

1



2 Chapter 1

early works approximated nonlinear systems by linear ones and employed lin-
ear control theory for the systems. While this method is effective for systems
that have small nonlinearities and is currently used for many practical con-
trol problems, it is not sufficient for more precise control of nonlinear systems
and cannot be used for systems that have significant nonlinearities.

The principal difficulty in controlling nonlinear systems is that we cannot
generally calculate explicit solutions of nonlinear ordinary differential equa-
tions. In the late 19th century, the French mathematician Henri Poincaré
revealed that the three-body problem is not solvable generally; i.e., we cannot
obtain the explicit solution of the nonlinear differential equation describing
the motions of three point masses that interact with each other. However,
he also showed that we can still figure out the qualitative properties of dif-
ferential equations and emphasized the importance of this.1 Many mathe-
maticians and scientists followed his paradigm, which came to be known as
dynamical systems theory. Most notably, the Russian mathematician Alek-
sandr Mikhailovich Lyapunov showed in his work [10, 11] that the stability
of a nonlinear system is guaranteed by the existence of a function called the
Lyapunov function. Although the dynamical systems theory was developed
independently of control theory, it was considerably utilized for nonlinear
control theory. In particular, Lyapunov’s theory forms the basis of the sta-
bility analysis and stabilization of nonlinear systems [12,13].

The concept of optimality was also introduced to control theory. A gen-
eral formulation of the optimization problem was first established during
World War II in the area of operations research. Richard Ernest Bellman and
Lev Semenovich Pontryagin, mathematicians in the U.S. and the U.S.S.R.,
respectively, introduced the theory of optimization into nonlinear control the-
ory in the late 1950s, and this framework is now known as optimal control
theory. They showed [14–16] that an optimal controller, which minimizes the
value of a prescribed objective function, can be obtained by solving certain
equations. Optimal control theory formed the basis of modern control theory
and nonlinear control theory [17–19].

A variety of mathematical theories besides those stated above have been
utilized for nonlinear control theory. However, despite a lot of effort, there are
still many open problems in nonlinear control theory. For example, we cannot
generally check the stability of nonlinear systems because there is no method
of explicitly constructing a Lyapunov function. We also cannot design an
optimal controller for general nonlinear systems because the corresponding
equations cannot be solved generally.

Analysis and (differential) geometry in mathematics have been the main

1According to [4, 5], these works are included in [6–9].
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tools in nonlinear control theory [12, 13, 20, 21]. In general, analytical ap-
proaches tend to yield approximate solutions to mathematical problems, and
geometric approaches tend to yield non-constructive procedures for solving
the problems. In other words, these approaches are not suitable for comput-
ing exact solutions to nonlinear control problems. Since it is difficult in many
open problems to compute exact solutions, it seems that another approach
should be employed.

Besides the above mathematical tools, the theory of abstract algebras
and algebraic geometry have been used for nonlinear control theory. For
example, Michael Fliess introduced the theory of differential algebras into
nonlinear control theory [22] and also defined the concept of differential flat-
ness [23]. As a result of his work, the differential algebraic framework has
been widely utilized for nonlinear control theory, including the analysis of
input-output invertibility [24], the analysis of system equivalence [25], and
the disturbance decoupling problem [26]. The concept of differential flat-
ness has been associated with many control problems, e.g., controllability
analysis [23], feedforward linearization [27], and trajectory planning [28].
Further applications of Fliess’s framework are included in [29, 30]. Other
algebraic approaches have also been proposed. The nonlinear transfer func-
tion was formulated in [31] and utilized for the model matching problem [32]
and accessibility/observability analysis [33]. Solutions of the Hamilton-Ja-
cobi equation were characterized within algebraic context by [34]. Nonlinear
systems described by partial differential equations were analyzed by using al-
gebraic analysis in [35]. Further algebraic approaches are included in [36], in
which many control problems, including the realization problem, the model
matching problem, and the input-output linearization, are discussed.

In general, compared to analytic and geometric approaches, algebraic
approaches are more suitable for the computation (especially the symbolic
calculation) of exact solutions to control problems because they originated in
the methodology of symbolic calculation. Indeed, the techniques in computa-
tional algebra, including the theories of Gröbner bases [37–39] and quantifier
elimination [40], have been employed for the symbolic computations of exact
solutions to several control problems [39, 41–43]. Accordingly, in this dis-
sertation, we aim to develop a framework for computing exact solutions to
nonlinear control problems by employing the theory of algebras. We require
here that the computation consist of a finite number of arithmetic opera-
tions. We place particular focus on two problems. The first one concerns the
stability analysis of discrete-time nonlinear systems with state-dependent co-
efficient matrices. We will obtain a necessary and sufficient condition for the
triangularizability of the systems by using the theory of Lie algebras and
derive sufficient conditions for the local and global stabilities of triangulariz-
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able systems. The second one concerns controller design. We will formulate
a particular inclusion of polynomials that represents, in a unified manner,
the conditions for controllers to satisfy their respective requirements in sev-
eral nonlinear control problems, e.g., the realization problem of a vector field
and the model matching problem. After that, we will derive an algorithm
for designing the state feedback controllers satisfying the inclusion by using
the theory of commutative algebras and Gröbner bases. The extension of
the algorithm to the output feedback case is not straightforward because
it requires solving a linear equation over a subalgebra that has no solution
method. Even so, by providing a procedure for solving the linear equation,
we will derive the extended algorithm for designing the output feedback con-
trollers satisfying the inclusion.

1.2 Composition of this dissertation

This dissertation is composed as follows. In Chapter 2, the basic concepts in
commutative algebras, modules, and algebraic geometry are summarized. In
Chapter 3, the stability of discrete-time nonlinear systems with state-depen-
dent coefficient matrices is investigated. The theory of Lie algebras is utilized
for checking the triangularizability of the systems, and sufficient conditions
for the stability of the systems are derived. In Chapter 4, we formulate the
Lie derivative inclusion to represent several nonlinear control problems in a
unified manner and give an algorithm for solving the inclusion by using the
theory of Gröbner bases. In Chapter 5, the Lie derivative inclusion is ex-
tended to the case of static output feedback. Although a difficulty in solving
the inclusion appears, we provide a new algorithm for solving the inclusion.
Chapter 6 presents the conclusions of this dissertation. The supplementary
algorithms employed for solving the Lie derivative inclusion are included in
the appendix.



Chapter 2

Commutative Algebras,
Modules, and Algebraic
Geometry

2.1 Commutative algebras and modules

This section summarizes basic concepts in commutative algebras and modules
for the sake of completeness. These concepts and further ones are detailed
in [44–47].

Definition 2.1. A law of composition ⊤ on a set S is a mapping

(s, s′) 7−→ s⊤s′

∋ ∋

S × S −→ S.

Definition 2.2. A law of composition ⊤ is said to be

(i) associative if (s⊤t)⊤u = s⊤(t⊤u) for all s, t, u ∈ S.

(ii) commutative if s⊤t = t⊤s for all s, t ∈ S.

Definition 2.3. Let T and S be two sets. A law of (left) action ⊥ of T on
S is a mapping

(t, s) 7−→ t ⊥ s

∋ ∋

T × S −→ S.

Definition 2.4. An identity (element) of a set S under a law of composition
⊤ is an element e ∈ S satisfying s⊤e = e⊤s = s for all s ∈ S.

5
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Definition 2.5. A semigroup is a set together with an associative law of
composition.

Proposition 2.6. An identity of a semigroup S under its law of composition
is unique if it exists.

Definition 2.7. A monoid is a semigroup having an identity under its law
of composition.

Definition 2.8. Let S be a monoid with a low of composition ⊤ and e ∈ S
be its identity. An inverse (element) of s ∈ S under ⊤ is an element s′ ∈ S
satisfying s⊤s′ = s′⊤s = e.

Proposition 2.9. Let S be a monoid. An inverse of an element s ∈ S under
its law of composition is unique if it exists.

Definition 2.10. A group is a monoid G such that each element in G has
its inverse under the law of composition of G.

Definition 2.11. A group is said to be abelian if its law of composition is
commutative.

Definition 2.12. A subgroup of a group G is a subset of G such that it
contains the identity of G and is itself a group under the law of composition
of G.

Definition 2.13. A ring is a set R together with laws of composition + and
× satisfying the following properties:

(i) R is an abelian group w.r.t. +,

(ii) R is a monoid w.r.t. ×,

(iii) a×(b+c) = a×b+a×c and (a+b)×c = a×c+b×c for all a, b, c ∈ R.

The laws of composition + and × are called the addition and the multipli-
cation, respectively.

As usual, for a ring R, its additive identity and multiplicative identity are
denoted by 0 and 1, respectively. Moreover, for an element a ∈ R, its additive
inverse and multiplicative inverse are denoted by −a and a−1, respectively.

We henceforth let ab denote a× b as usual.

Definition 2.14. A ring R is called a commutative ring if its multiplication
is commutative.
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Definition 2.15. A field is a commutative ring K ⊋ {0} such that any
element a ̸= 0 ∈ K has its multiplicative inverse.

Example 2.16. The set of all polynomials over a ring R with several in-
determinates X1, . . . , Xn, denoted by R[X1, . . . , Xn], is a commutative ring
with its usual addition and multiplication.

Example 2.17. The set of all real numbers and that of all complex numbers
are fields and denoted by R and C, respectively.

We henceforth consider only commutative rings rather than noncommu-
tative ones. Accordingly, in what follows, we let the word “ring” refer to
“commutative ring”.

Definition 2.18. An ideal of a ring R is a subset I ⊂ R satisfying the
following properties:

(i) x, y ∈ I =⇒ x+ y ∈ I,

(ii) a ∈ R, x ∈ I =⇒ ax ∈ I.

Definition 2.19. For given elements r1, . . . , rk of a ring R, the ideal gener-
ated by the set of generators {r1, . . . , rk} is the ideal

⟨r1, . . . , rk⟩R := {r ∈ R : r = a1r1 + · · ·+ akrk, ai ∈ R}.

Theorem 2.20 (Hilbert’s basis theorem). Let K be a field. Any ideal I of
K[X1, . . . , Xn] is finitely generated, i.e., there exist finitely-many generators
p1 . . . , pk ∈ K[X1, . . . , Xn] such that I = ⟨p1 . . . , pk⟩K[X1,...,Xn]

.

Definition 2.21. Let R and R′ be rings, and let 1 and 1′ be their multi-
plicative identities, respectively. A ring homomorphism from R to R′ is a
map f : R → R′ satisfying the following properties:

(i) f(a+ b) = f(a) + f(b) for all a, b ∈ R,

(ii) f(ab) = f(a)f(b) for all a, b ∈ R,

(iii) f(1) = 1′.

A bijective ring homomorphism is called a ring isomorphism.

Definition 2.22. Let R and R′ be two rings. If a ring isomorphism R → R′

exists, the rings R and R′ are said to be isomorphic, a fact denoted by R ≃ R′.
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Definition 2.23. An R-algebra is a ring A such that a ring homomorphism
ϕ : R → A exists. The homomorphism ϕ is called the structure morphism of
A.

Example 2.24. The polynomial ring R[X1, . . . , Xn] over a ring R is an R-
algebra. The structure morphism is given by the natural embedding R ↪→
R[X1, . . . , Xn].

Definition 2.25. Let R be a ring. Let A and A′ be R-algebras having
structure morphisms ϕ and ϕ′, respectively. An R-algebra homomorphism
from A to A′ is a ring homomorphism f : A → A′ satisfying f ◦ ϕ = ϕ′. A
bijective R-algebra homomorphism is called an R-algebra isomorphism.

Definition 2.26. Let R be a ring, and let A and A′ be R-algebras. If an R-
algebra isomorphism A → A′ exists, the algebras are said to be isomorphic,
a fact denoted by A ≃ A′.

Definition 2.27. Let R be a ring and I be an ideal of R. Define the equiv-
alence relation ∼ on R by

x ∼ y
def⇐⇒ x− y ∈ I.

The factor ring of R modulo I, denoted by R/I, is the quotient set R/∼
together with the ring structure defined by

a+ b := a+ b,

ab := ab,

for all a, b ∈ R, where · denotes the equivalence class of its argument.

When a = b ∈ R/I, we write “a = b mod I”.

Theorem 2.28 (Homomorphism theorem for rings). Let R and R′ be rings
and f be a ring homomorphism R → R′. Then, ker f is an ideal of R, and

R/ ker f ≃ Im f.

Definition 2.29. Let R be a ring and M be an abelian group with a low of
composition ∔. Suppose there is a law of action ×̇ of R on M . The group
M is called an R-module if ×̇ satisfies the following properties:

(i) 1 ×̇x = x for all x ∈ M ,

(ii) a ×̇(b ×̇x) = (ab) ×̇x for all a, b ∈ R and x ∈ M ,
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(iii) (a+ b) ×̇x = a ×̇ x∔ b ×̇x for all a, b ∈ R and x ∈ M ,

(iv) a ×̇(x∔ y) = a ×̇x∔ a ×̇ y for all a ∈ R and x, y ∈ M .

As usual, for an R-module M , the symbol “+” describing the addition
of R is also used to denote the law of composition ∔ of M , and it is also
called the addition of M . The additive inverse of an element x ∈ M and the
additive identity of M are also denoted by −x and 0, respectively, similarly
to rings. Moreover, for elements a ∈ R and x ∈ M , we henceforth let ax
denote a ×̇x similarly to rings.

Example 2.30. The set Rn of all column vectors with n components in a
ring R is an R-module with its usual addition and operation.

Definition 2.31. Let R be a ring and M be an R-module. An R-submodule
of M is a subgroup N of M satisfying the property that

a ∈ R, x ∈ N =⇒ ax ∈ N.

Definition 2.32. Let R be a ring and M be an R-module. For given ele-
ments m1, . . . ,mk ∈ M , the R-submodule generated by the set of generators
{m1, . . . ,mk} is the R-submodule

⟨m1, . . . ,mk⟩R := {m ∈ M : m = a1m1 + · · ·+ akmk, ai ∈ R}.

Definition 2.33. Let R be a ring, and M and M ′ be R-modules. An R-
module homomorphism from M to M ′ is a map f : M → M ′ satisfying the
following properties:

(i) f(x+ y) = f(x) + f(y) for all x, y ∈ M ,

(ii) f(ax) = af(x) for all a ∈ R and x ∈ M .

A bijective R-module homomorphism is called an R-module isomorphism.

Definition 2.34. Let R be a ring, and let M and M ′ be R-modules. If
an R-module isomorphism M → M ′ exists, the R-modules are said to be
isomorphic, a fact denoted by M ≃ M ′.

Definition 2.35. Let R be a ring and M be an R-module. Let N be an
R-submodule of M . Moreover, define the equivalence relation ∼ on M by

x ∼ y
def⇐⇒ x− y ∈ N.
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The factor module of M modulo N , denoted by M/N , is the quotient set
M/∼ together with the R-module structure defined by

x+ y := x+ y,

ax := ax,

for all a ∈ R and x ∈ M , where · denotes the equivalence class of its
argument.

When x = y ∈ M/N , we write “x = y mod N”.

Theorem 2.36 (Homomorphism theorem for modules). Let R be a ring and
M be an R-module. Let f be an R-module homomorphism M → M ′. Then,
ker f is an R-submodule of M , and

M/ ker f ≃ Im f.

2.2 Algebraic geometry

This section summarizes basic concepts in algebraic geometry for the sake of
completeness. These concepts and further ones are detailed in [37,38,48].

Proposition 2.37. Let K be a field and suppose K is of infinite cardinality.
Let K[X] := K[X1, . . . , Xn] be a polynomial ring over K with indeterminates
X1, . . . , Xn. Then, for any polynomials p, q ∈ K[X], the following statements
are equivalent.

(i) p = q as polynomials in K[X].

(ii) p(x1, . . . , xn) = q(x1, . . . , xn) for all [x1, . . . , xn]
T ∈ Kn.

In other words, the set K[X] can be identified with the set of all polynomial
functions on Kn.

Throughout this section, we let K be a field of infinite cardinality and
K[X] := K[X1, . . . , Xn] be a polynomial ring over K with indeterminates
X1, . . . , Xn.

Definition 2.38. An algebraic set in Kn is a subset of Kn defined by the
zeros of several polynomials in K[X].

Proposition 2.39. Let p1, . . . , pk be polynomials in K[X] and put I =
⟨p1, . . . , pk⟩K[X]. Let V be a subset of Kn. Then, the following two state-
ments are equivalent.
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(i) V = {x = [x1, . . . , xn]
T ∈ Kn : pi(x1, . . . , xn) = 0, i = 1, . . . , k}.

(ii) V = {x = [x1, . . . , xn]
T ∈ Kn : p(x1, . . . , xn) = 0, p ∈ I}.

In other words, algebraic sets are characterized by ideals.

Definition 2.40. Let V be an algebraic set in Kn. The vanishing ideal of V
is the ideal I of K[X] consisting of all the polynomials vanishing on V , i.e.,

I := {p ∈ K[X] : p(x1, . . . , xn) = 0 (∀[x1, . . . , xn]
T ∈ V )}.

Proposition 2.41. Let V be an algebraic set in Kn and I be its vanishing
ideal. Then, for any polynomials p, q ∈ K[X], the following statements are
equivalent.

(i) p = q mod I.

(ii) p(x1, . . . , xn) = q(x1, . . . , xn) for all [x1, . . . , xn]
T ∈ V .

In other words, the set K[X]/I can be identified with the set of all polynomial
functions on V .





Chapter 3

Stability Analysis by Using Lie
Algebras

3.1 Introduction

Lyapunov’s stability theory forms the basis of the stability analysis and sta-
bilization of nonlinear systems. Lyapunov’s direct method [12,13,49] is used
to check the stability of general nonlinear systems while Lyapunov’s indirect
method [12, 13], which deals with linearized systems, is used to check local
stability. However, the direct method is heuristic with respect to finding a
Lyapunov function, and the indirect method cannot check global stability.
That is, there is no systematic method of checking the stability of general
nonlinear systems.

In this chapter, we focus on discrete-time nonlinear systems with state-
dependent coefficient matrices. First, a necessary and sufficient condition
for the upper triangularizability of the systems is obtained by using the
theory of Lie algebras [44, 50, 51]. Then, sufficient conditions for local and
global asymptotic stabilities are derived for upper-triangularizable systems.
In many cases, the stability conditions can be checked by a finite number
of arithmetic operations of matrices and the evaluation of the asymptotic
behavior of functions rather than heuristic procedures such as Lyapunov’s
direct method.

The idea discussed in this chapter was first proposed in [52] for continu-
ous-time systems, where the upper triangularizability was checked by using
the theory of Lie algebras and the local stability of the systems was discussed.
Although our results could be seen as discrete-time analogues of the results
in [52], we include new results: we give not only a sufficient condition but
also a necessary condition for the upper triangularizability of the systems as

13
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well as a sufficient condition for global asymptotic stability, which are not
given in [52]. Moreover, the stability conditions given in this chapter do not
require the transformation matrix for triangularization explicitly, whereas it
is necessary in [52] in which the required transformation matrix is not given.

The present local and global stability conditions do not require that a
system have differentiability, although they do require a system to have con-
tinuity at the origin. In other words, a system is allowed to have nondiffer-
entiability at any point in the state space and to have discontinuity at any
point except the origin. Hence, the conditions are applicable to systems in
which Lyapunov’s indirect method does not work. In fact, under the assump-
tion of the upper triangularizability of systems, the local stability condition
is a generalization of Lyapunov’s indirect method. In contrast, the differ-
entiability is assumed in [52]. To the best of the author’s knowledge, the
converse Lyapunov theorem for discontinuous discrete-time systems has not
been presented. At least, a certain discontinuous discrete-time system hav-
ing a globally asymptotically stable equilibrium point at the origin does not
admit any smooth Lyapunov function (see [53]). Hence, the present stability
conditions might be able to ensure the local or global stability of a system
that has no Lyapunov function. Even if the converse Lyapunov theorem held,
it would be very difficult to find Lyapunov functions.

Systems with state-dependent coefficient matrices can also be seen as
generalizations of switched linear systems. The stability of such systems has
been thoroughly investigated in [54] and [55] by Lie algebraic analysis. How-
ever, when we regard the nonlinear systems as switched linear systems, the
switching signals of the systems may have non-compact images, whereas [54]
and [55] assume compactness. Therefore, the results in [54] and [55] cannot
be applied to the present problem.

This chapter is composed as follows. In Section 3.2, we describe the
system examined in this chapter. In Section 3.3, we give a necessary and
sufficient condition for systems to be upper triangularized. In Sections 3.4
and 3.5, we derive sufficient conditions for the local and global asymptotic
stabilities for upper-triangularizable systems. Section 3.6 presents several
numerical examples. This chapter includes the entire content of journal ar-
ticle 1 in the list of publications, which was written by the author. The
copyright of the article is owned by IEEE1.

1 c⃝2014 IEEE. Reprinted, with permission, from T. Yuno and T. Ohtsuka, “A Sufficient
Condition for the Stability of Discrete-Time Systems with State-Dependent Coefficient
Matrices,” IEEE Transactions on Automatic Control, 2014.
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3.2 System description

This section describes the system treated in this chapter. Consider a discrete
time system of the form

x(k + 1) = A(x(k))x(k), x(0) = x0 ∈ Cn (3.1)

with the matrix-valued function A : Cn → Cn×n. For example, if a nonlinear
system of the form x(k+1) = f(x(k)) is smooth at the origin, the system can
be described by (3.1) in a neighborhood of the origin. Another example is
the closed-loop system of a linear system of the form x(k+1) = Âx(k)+ B̂u
under a control input u = K(x(k))x(k) with a state-dependent feedback gain
K(·). Note that the continuity of system (3.1) is not required herein.

In the next section, we will discuss the possibility of A(x) to be trans-
formed into an upper-triangular form by a nonsingular linear transformation
x = Py using an appropriate constant matrix P . Accordingly, we will deal
with an upper-triangular system obtained by such a transformation, i.e., a
system of the form

y(k + 1) = T (y(k))y(k), y(0) = P−1x0 ∈ Cn, (3.2)

T (y) =


λ1(y) a12(y) · · · · · · a1n(y)
0 λ2(y) a23(y) · · · a2n(y)
...

. . .
...

...
. . . a(n−1)n(y)

0 · · · λn(y)

 ,

λi : C
n → C (i = 1, 2, . . . , n),

aij : C
n → C (1 ≤ i < j ≤ n).

It is necessary to consider the entries of T (y) in the complex space C
because the transformation is not always possible over R. If the nonsingular
transformation is possible over R, all the following discussions are still valid
even if C is replaced with R.

Note that the solution of system (3.2) is given by

y(k) =

(
k−1∏
i=0

T (y(i))

)
y(0), (3.3)

where the product
∏k−1

i=0 T (y(i)) is defined by

k−1∏
i=0

T (y(i)) := T (y(k − 1))T (y(k − 2)) · · ·T (y(1))T (y(0)).
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Remark 3.1. The representation of a system in form (3.1) is not unique. Note
that all the following discussions may be affected by the choice of A(x). For
example, a certain system has two different descriptions such that one is
triangularizable while the other is not [52].

3.3 Upper triangularizability

In this section, we discuss the condition for system (3.1) to be transformed
into upper-triangular system (3.2). First, we recall several basic concepts in
Lie algebras. Next, we give the condition by using Lie algebras. An algorithm
for checking the condition is also included.

3.3.1 Lie algebras

In this subsection, we recall several basic concepts in Lie algebras. The
concepts in Lie algebras are detailed in [44, 50, 51]. See also Chapter 2 for
understanding basic concepts in commutative algebras.

Let K be an arbitrary field. Lie algebras and related concepts are defined
as follows.

Definition 3.2. A Lie algebra over K is a vector space g over K in which a
law of composition

(X, Y ) 7−→ [X,Y ]

∋ ∋

g× g −→ g

is defined and satisfies the following properties:

(i) [·, ·] is K-bilinear,

(ii) [X,Y ] + [Y,X] = 0 for all X,Y ∈ g,

(iii) [X, [Y, Z] + [Y, [Z,X]] + [Z, [X, Y ]] = 0 for all X, Y, Z ∈ g.

The image [X, Y ] of elements X,Y ∈ g is called the Lie bracket of X and Y .

Definition 3.3. A subalgebra of a Lie algebra g is a subspace h of g satisfying
the property that

X, Y ∈ h ⇒ [X, Y ] ∈ h.
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Definition 3.4. Let g be a Lie algebra and S be a subset of g. The subal-
gebra generated by S is the smallest subalgebra of g containing S w.r.t. set
containment.

Definition 3.5. An ideal of a Lie algebra g is a subspace a of g satisfying
the property that

X ∈ g, Y ∈ a ⇒ [X, Y ] ∈ a.

Let g be a Lie algebra. For any subspaces A and B of g, let [A,B] denote
the subspace generated by the set {[A,B] ∈ g : A ∈ A, B ∈ B}. Moreover,
define the symbol Dk as follows:

D0g := g, Dkg := [Dk−1g,Dk−1g].

Definition 3.6. Let g be a Lie algebra. The derived series of g is the series
defined by

g = D0g ⊃ D1g ⊃ · · · ⊃ Dkg ⊃ · · · .

The Lie algebra g is said to be solvable if Dkg = {0} for some k ∈ N. The
smallest number k satisfying this condition is called the length of the derived
series of g.

Proposition 3.7. If a Lie algebra is solvable, then so are all its subalgebras.

Definition 3.8. Let g and g′ be Lie algebras over K. A Lie algebra homo-
morphism from g to g′ is a K-linear map f : g → g′ satisfying the property
that

f([X, Y ]) = [f(X), f(Y )]

for all X, Y ∈ g. A bijective Lie-algebra homomorphism is called an Lie
algebra isomorphism.

Definition 3.9. Two Lie algebras g and g′ are said to be isomorphic if a Lie
algebra isomorphism g → g′ exists, a fact denoted by g ≃ g′.

Example 3.10. The set of all n×nmatrices with entries in a fieldK, denoted
by Kn×n, is a Lie algebra with the Lie bracket [X,Y ] := XY − Y X (X, Y ∈
Kn×n).

Example 3.11. Let V be a K-vector space and EndK(V ) be the set of all
K-linear transformations on V . The set EndK(V ) is a (noncommutative)
ring with its natural addition and the multiplication defined by composition
of maps. In fact, EndK(V ) is a Lie algebra with the Lie bracket [X,Y ] =
XY − Y X. This Lie algebra is called the general linear Lie algebra over
V , and denoted by gl(V ). In particular, the Lie algebra Kn×n is naturally
isomorphic to gl(Kn) as a Lie algebra.
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3.3.2 Upper triangularizability condition

This subsection gives a condition for system (3.1) to be transformed into
upper-triangular system (3.2). First, we show the following proposition that
the simultaneous upper-triangularizability of the set A = {A(x) ∈ Cn×n :
x ∈ Cn} is equivalent to the upper triangularizability of the Lie algebra gen-
erated by A . Let L(A ) be the Lie algebra generated by A over C. Note
that the dimension of L(A ) is at most n2 because L(A ) ⊂ Cn×n.

Proposition 3.12. The following statements are equivalent.

(i) There exists a nonsingular constant matrix P ∈ Cn×n that makes
P−1A(x)P upper triangular for all x ∈ Cn. That is, the set A is
simultaneously upper-triangularizable by P .

(ii) There exists a nonsingular constant matrix P ∈ Cn×n that makes
P−1XP upper triangular for any element X ∈ L(A ).

We omit the proof here because it can easily be shown from the definition
of the Lie algebra. Note that statement (i) in the above proposition is simply
the upper triangularizability of system (3.1).

Remark 3.13. In Proposition 3.12, a matrix P can be chosen that satisfies
both (i) and (ii).

Proposition 3.12 and Lie’s theorem [50] result in the following theorem.

Theorem 3.14. System (3.1) is upper triangularizable if and only if L(A ) is
solvable.

Proof. (if): Suppose L(A ) is solvable. Then, by Lie’s theorem [50], there
exists a nonsingular constant matrix P ∈ Cn×n making P−1XP upper tri-
angular for all X ∈ L(A ). By Proposition 3.12, A is simultaneously upper-
triangularizable by P .
(only if): Suppose A is simultaneously upper-triangularizable by a nonsin-
gular matrix P ∈ Cn×n. By Proposition 3.12, P−1XP is upper triangular
for any X ∈ L(A ). Let t ⊂ Cn×n be the Lie algebra consisting of all the
upper-triangular matrices in Cn×n. It is well known that t is a solvable Lie
algebra [50]. Since the map σ : L(A ) → t defined by X 7→ P−1XP is an in-
jective homomorphism of Lie algebras, Imσ is isomorphic to L(A ). It is well
known that any subalgebra of a solvable Lie algebra is again solvable [50].
Since Im σ is a subalgebra of the solvable Lie algebra t, Imσ is solvable.
Thus, L(A ) is solvable.
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Remark 3.15. Let gl(V ) be the general linear Lie algebra of a finite-dimen-
sional C-vector space V , and let L be a subalgebra of gl(V ) satisfying
L ̸= {0}. Then, there are two types of statement of Lie’s theorem in the
theory of Lie algebras: the first one claims that if L is solvable, then V con-
tains a common eigenvector for all the endomorphisms in L. The second one
claims that if L is solvable, then the representation matrices of L relative to
a suitable basis of V are upper triangular. In fact, the second statement is a
corollary of the first statement [50]. In the proof of Theorem 3.14, we used
Lie’s theorem in the sense of the second statement. This form of statement
can be found in [50, p.16, Corollary A].

Remark 3.16. The R-scalar version of Theorem 3.14 can also be derived:
consider the system x(k + 1) = A(x(k))x(k) with the real-matrix valued
function A : Rn → Rn×n, and assume that all the eigenvalues of A(x) are
real for all x ∈ Rn. Let L(AR)R be the real Lie algebra generated by AR =
{A(x) ∈ Rn×n : x ∈ Rn} over R. Then, the system is upper triangularizable
by the real matrix P ∈ Rn×n if and only if L(AR)R is solvable.

Remark 3.17. The “(only if)” part of Theorem 3.14 was not given in [52],
whereas the “(if)” part has been given in the literature.

As shown above, to check the upper triangularizability of a given system,
it suffices to check the solvability of L(A ) of the system. A procedure for
checking the solvability of L(A ) is included in the next subsection.

Remark 3.18. This subsection is not concerned with whether the system is
of continuous-time or discrete-time. Therefore, the above discussion can also
be applied to continuous-time systems.

3.3.3 An algorithm for checking the solvability of L(A )

This subsection gives an algorithm for checking the condition for a system to
be upper triangularized. According to the previous subsection, the condition
is the solvability of L(A ). Let V (A ) denote the vector space generated by
A . Let m be the dimension of L(A ) and ♯ denote the cardinality of a set.

First, we obtain a basis of V (A ). This can be achieved by the direct
method shown in Example 3.36 in Section 3.6 or by the numerical method:
let vec : Cn×n ∼→ Cn2

be an isomorphism of vector spaces. Since a basis of
V (A ) is a maximal linearly independent subset of A , we can find a basis of
V (A ) by solving the following optimization problem.

maximize rank
[
vec(A(x1)) vec(A(x2)) · · · vec(A(xn2

))
]

such that xi ∈ Cn (i = 1, . . . , n2)
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Second, we calculate a basis of L(A ) as follows. Let L0 be a basis of
V (A ). Put C0 := {[Xi, Xj] : Xi, Xj ∈ L0} and let L1 be a maximal linearly
independent subset of L0∪C0. Similarly, put C1 := {[Xi, Xj] : Xi, Xj ∈ L1}
and let L2 be a maximal linearly independent subset of L1 ∪ C1. Repeating
this process, we obtain a maximal linearly independent subset Lk ⊂ Lk−1 ∪
Ck−1 for each k. Note that Lk ⊂ L(A ) and ♯Lk ≤ ♯Lk+1 for all k. Since the
dimension of L(A ) is finite, this process stops at some p, i.e., ♯Lp = ♯Lp+1 =
· · · for some p. Then, Lp is a basis of L(A ). Indeed, L0, . . . , Lp satisfy

A ⊂ V (A ) ⊂ spanL0 ⊂ · · · ⊂ spanLp−1 ⊂ spanLp ⊂ L(A ),

and the equality ♯Lp = ♯Lp+1 implies Cp ⊂ spanLp. That is, spanLp =
L(A ).

Finally, we check the solvability of L(A ). Let B0 be a basis of L(A ).
Then, DL(A ) is generated by the set {[Xi, Xj] : Xi, Xj ∈ B0, i < j} as a C-
vector space. Indeed, any element of DL(A ) has the form

∑
finite sum aij[Yi, Yj]

for some aij ∈ C, Yi, Yj ∈ L(A ), and elements Yi and Yj are linear combina-
tions of B0; therefore, we have

∑
finite sum aij[Yi, Yj] =

∑
1≤i<j≤m bij[Xi, Xj] for

some bij ∈ C and Xi, Xj ∈ B0 by applying the bilinearity and anticommuta-
tivity of the Lie bracket. Thus, if we choose a maximal linearly independent
subset B1 of {[Xi, Xj] : Xi, Xj ∈ B0, i < j}, then B1 is a basis of DL(A ).
Similarly, D2L(A ) is generated by {[Xi, Xj] : Xi, Xj ∈ B1, i < j} and we
can choose a basis B2 from the set. Repeating this process, we obtain a basis
Bk for DkL(A ). When L(A ) is solvable, the length of the derived series of
L(A ) does not exceed the dimensionm. Indeed, since L(A ) is a vector space,
the derived series satisfies dimDkL(A ) ≥ dimDk+1L(A ), and the equal-
ity dimDkL(A ) = dimDk+1L(A ) implies DkL(A ) = Dk+1L(A ) = · · · .
Hence, to check the solvability of L(A ), it suffices to check if DmL(A ) = {0}.
Since the equality DkL(A ) = {0} is equivalent to Bk = ∅, we can check the
solvability of L(A ) by checking if Bm = ∅.

3.4 Local asymptotic stability

This section gives a local asymptotic stability condition for upper-triangular-
izable systems. Before describing the condition, let us show several properties
of upper-triangular matrices with zero diagonal components, i.e., nilpotent
upper-triangular matrices. We also decompose the coefficient matrix T (y) of
system (3.2) into suitable form. Moreover, we give a lemma concerning the
convergence of a sequence. These are needed to derive the stability condition.

Proposition 3.19. Nilpotent upper-triangular matrices have the following
properties:
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(i) The matrix product of n nilpotent upper-triangular n× n matrices is a
zero matrix,

(ii) The matrix product of a diagonal matrix and a nilpotent upper-trian-
gular matrix is again nilpotent upper-triangular.

We omit the proof because it is obvious.

Remark 3.20. Note that property (i) in the above proposition is different
from the nilpotent property of a single matrix.

Next, we decompose the coefficient matrix T (y) of system (3.2) into
T (y) = Λ(y) + N(y) with Λ(y) = diag(λ1(y), λ2(y), . . . , λn(y)) and N(y) =
T (y) − Λ(y). Note that N(y) is a nilpotent upper-triangular matrix. Let
Λi := Λ(y(i)) and Ni := N(y(i)) for simplicity. Then, solution (3.3) is writ-
ten as

y(k) =

(
k−1∏
i=0

(Λi +Ni)

)
y(0).

We define the coefficient matrix on the right-hand side of the above equation
as

Φk :=
k−1∏
i=0

(Λi +Ni). (3.4)

The following lemma is used to derive the stability condition. Let
(
k
l

)
=

k!
l!(k−l)!

be a binomial coefficient.

Lemma 3.21. For any λ ∈ [0, 1) and any l ∈ N,

lim
k→∞

(
k

l

)
λk = 0.

In particular, for any ν ∈ R,

lim
k→∞

n−1∑
i=0

(
k

i

)
λk−iνi = 0.

Proof. It is obvious when λ = 0. Hence, let λ ̸= 0 and k > l+1 without loss
of generality. Let a := 1/λ. Then, we have a = 1+h for some h > 0 because
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a > 1, and we have

(
k

l

)
λk =

(
k
l

)
ak

=

(
k
l

)
(1 + h)k

=

(
k
l

)∑k
i=0

(
k
i

)
hi

<

(
k
l

)(
k

l+1

)
hl+1

=
1

hl+1

k!

l!(k − l)!

(l + 1)!(k − (l + 1))!

k!
=

1

hl+1

l + 1

k − l
→ 0 (k → ∞).

The latter statement follows from

n−1∑
i=0

(
k

i

)
λk−iνi =

n−1∑
i=0

((
k

i

)
λk

)
λ−iνi.

Now, we derive a sufficient condition for local stability. The main theorem
given later needs the following lemma.

Lemma 3.22. Consider system (3.2). The origin is locally asymptotically
stable if there exists r > 0 such that the following conditions are satisfied:

(i) sup
∥y∥<r

|λi(y)| < 1 (i = 1, . . . , n),

(ii) sup
∥y∥<r

∥N(y)∥ < ∞,

where ∥·∥ is the Euclidean norm or an operator norm induced from it.

Proof. By Proposition 3.19, in the case of k ≥ n, the coefficient matrix Φk

can be expanded as follows:
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Φk = Λk−1Λk−2 · · ·Λ2Λ1Λ0

(
k

1

)
+ Λk−1Λk−2 · · ·Λ2Λ1N0

+ Λk−1Λk−2 · · ·Λ2N1Λ0

...

+Nk−1Λk−2 · · ·Λ2Λ1Λ0

(
k

2

)
+ Λk−1Λk−2 · · ·Λ2N1N0

+ Λk−1Λk−2 · · ·N2Λ1N0

...

+Nk−1Nk−2 · · ·Λ2Λ1Λ0

...

(
k

n− 1

)
+ Λk−1Λk−2 · · ·Λn−1Nn−2 · · ·N1N0

...

+Nk−1Nk−2 · · ·Nk−n+1Λk−n · · ·Λ1Λ0,

(3.5)

where
(
k
l

)
represents the number of terms in the above.

Condition (i) implies sup∥y∥<r ∥Λ(y)∥ < 1 because

∥Λ(y)∥ =
√

λmax(Λ(y)∗Λ(y)) = max
1≤i≤n

|λi(y)|

for any y ∈ Cn. Put

λ = sup
∥y∥<r

∥Λ(y)∥ < 1 and ν = sup
∥y∥<r

∥N(y)∥ . (3.6)

Assume that a solution from some initial state satisfies ∥y(i)∥ < r (0 ≤ i ≤ k)
for some k ≤ n− 2. Then, from (3.4) and (3.6), we have

∥Φk+1∥ =

∥∥∥∥∥
k∏

i=0

(Λi +Ni)

∥∥∥∥∥ ≤
k∏

i=0

(∥Λi∥+ ∥Ni∥) ≤ (λ+ ν)k+1

≤ max
{
1, (λ+ ν)n−1

}
.

Moreover, assuming that the solution satisfies ∥y(i)∥ < r (0 ≤ i ≤ k) for
some k ≥ n− 1, we have

∥Φk+1∥ ≤
n−1∑
i=0

(
k + 1

i

)
λk+1−iνi. (3.7)
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Indeed, ∥Λi∥ ≤ λ and ∥Ni∥ ≤ ν (0 ≤ i ≤ k) hold by conditions (i) and (ii);
thus, we have

∥Φk+1∥ ≤ λk+1 +

(
k + 1

1

)
λkν + · · ·+

(
k + 1

n− 1

)
λ(k+1)−(n−1)νn−1

=
n−1∑
i=0

(
k + 1

i

)
λk+1−iνi,

by applying the triangular inequality and submultiplicativity of the operator
norm to (3.5).

Now, put

L = sup
k≥n

n−1∑
i=0

(
k

i

)
λk−iνi and M = max

{
1, (λ+ ν)n−1, L

}
.

The constant L is well defined because of Lemma 3.21. According to the
above discussion, if ∥y(i)∥ < r (0 ≤ i ≤ k) for some k ≥ 0, then ∥Φk+1∥ ≤ M .
If we choose the initial state to be M ∥y0∥ < r, we find that the solution
satisfies

∥y(k)∥ ≤ M ∥y0∥ < r (∀k ≥ 0) (3.8)

by induction. Moreover, sup∥y∥<ε ∥Λ(y)∥ ≤ λ and sup∥y∥<ε ∥N(y)∥ ≤ ν hold
for any ε > 0 such that ε < r; therefore, if we choose the initial condition to
be M ∥y0∥ < ε, then ∥y(k)∥ ≤ M ∥y0∥ < ε (∀k ≥ 0) holds similarly to the
above discussion. Hence, the origin is stable.

Equation (3.7) holds for any k ≥ n − 1 owing to (3.8). Then, by
Lemma 3.21, we have

∥Φk∥ ≤
n−1∑
i=0

(
k

i

)
λk−iνi → 0 (k → ∞).

Therefore, the statement follows from ∥y(k)∥ = ∥Φky(0)∥ ≤ ∥Φk∥ ∥y(0)∥.

The proof of Lemma 3.22 also shows that the ball B = {y ∈ Cn : ∥y∥ <
r/M} is contained in the domain of attraction. We state this fact as a
proposition below.

Proposition 3.23. Under the conditions in Lemma 3.22, the ball B =
{y ∈ Cn : ∥y∥ < r/M} is contained in the domain of attraction. Here,
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∥·∥ is the Euclidean norm or an operator norm induced from it, and

M = max
{
1, (λ+ ν)n−1, L

}
, L = sup

k≥n

n−1∑
i=0

(
k

i

)
λk−iνi,

λ = sup
∥y∥<r

∥Λ(y)∥ , ν = sup
∥y∥<r

∥N(y)∥ .

Now we are in a position to give a sufficient condition for the local
asymptotic stability of system (3.1). The following theorem follows from
Lemma 3.22.

Theorem 3.24. Consider system (3.1) and assume it is upper triangulariz-
able in the sense discussed in Section 3.2. Let ρ(x) be the spectral radius of
A(x). The origin is locally asymptotically stable if there exists s > 0 such
that the following conditions are satisfied:

(i) sup
∥x∥<s

ρ(x) < 1,

(ii) sup
∥x∥<s

∥A(x)∥ < ∞,

where ∥·∥ is the Euclidean norm or an operator norm induced from it.

Proof. System (3.1) can be transformed into (3.2) by setting x = Py. Then

P−1A(x)P = T (y) = Λ(y) +N(y), ρ(x) = max
1≤i≤n

|λi(y)| .

Since ∥P−1∥−1 ∥y∥ ≤ ∥x∥ ≤ ∥P∥ ∥y∥ and(∥∥P−1
∥∥ ∥P∥

)−1 ∥A(x)∥ − ∥Λ(y)∥
≤ ∥N(y)∥ ≤

(∥∥P−1
∥∥ ∥P∥

)
∥A(x)∥+ ∥Λ(y)∥ ,

we have

∃s > 0, sup
∥x∥<s

ρ(x) < 1 ⇐⇒ ∃r > 0, sup
∥y∥<r

max
1≤i≤n

|λi(y)| < 1,

∃s > 0, sup
∥x∥<s

∥A(x)∥ < ∞ ⇐⇒ ∃r > 0, sup
∥y∥<r

∥N(y)∥ < ∞.

Therefore, conditions (i) and (ii) are equivalent to the conditions in Lemma 3.22.

Remark 3.25. Condition (ii) in Theorem 3.24 cannot be removed. See Ex-
ample 3.37 in Section 3.6.
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Remark 3.26. Condition (ii) in Theorem 3.24 implies that f(x) := A(x)x is
continuous at the origin, for the following reason: by condition (ii), there
exists a constant b > 0 such that ∥A(x)∥ < b for all x satisfying ∥x∥ < s.
Therefore, if ∥x∥ < s, we have ∥f(x)∥ ≤ ∥A(x)∥ ∥x∥ < b ∥x∥, so that f is
continuous at the origin. However, the differentiability of f is not required.
See Example 3.36 in Section 3.6.

Remark 3.27. Unlike Lyapunov’s indirect method, Theorem 3.24 does not
require the differentiability of f(x) := A(x)x at the origin. Therefore, under
the assumption of the upper triangularizability of systems, Theorem 3.24 is
a generalization of Lyapunov’s indirect method.

3.5 Global asymptotic stability

This subsection gives a global asymptotic stability condition for upper-trian-
gularizable systems. As stated in the proof of Lemma 3.22, if we choose the
initial state of an upper-triangular system as ∥y0∥ < r/M , then ∥y(k)∥ ≤
M ∥y0∥ < r (∀k ≥ 0), and the ball B = {y ∈ Cn : ∥y∥ < r/M} is contained
in the domain of attraction. Accordingly, let us consider the expansion of B.
If B can be expanded to Cn, the origin is globally asymptotically stable.

Lemma 3.28. Consider system (3.2). The origin is globally asymptotically
stable if the following conditions are satisfied:

(i) sup
y∈Cn

|λi(y)| < 1 (i = 1, . . . , n),

(ii) lim
r→∞

(
sup∥y∥<r ∥N(y)∥

)n−1

r
= 0,

where ∥·∥ is the Euclidean norm or an operator norm induced from it.

Proof. First, we prove two properties of global asymptotic stability excluding
the boundedness of the solutions, namely, the local stability of the origin and
the attractivity of the solutions.

If we take an arbitrary r > 0, the conditions in Lemma 3.22 are satisfied
by conditions (i) and (ii); thus, the origin is locally asymptotically stable.
Hence, the result of Proposition 3.23 follows. Put

λ(r) = sup
∥y∥<r

∥Λ(y)∥ < 1 and ν(r) = sup
∥y∥<r

∥N(y)∥ . (3.9)

These functions are well defined for any r > 0 because of the above conditions
(i) and (ii). Note that condition (ii) can be described as limr→∞ (ν(r))n−1 /r =
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0. After replacing λ and ν in Proposition 3.23 with λ(r) and ν(r) of (3.9),
respectively, consider the ball B(r) (r > 0) defined by B(r) = {y ∈ Cn :
∥y∥ < r/M(r)} with M(r) = max

{
1, (λ(r) + ν(r))n−1 , L(r)

}
and L(r) =

supk≥n

∑n−1
i=0

(
k
i

)
(λ(r))k−i (ν(r))i. Since the conditions in Lemma 3.22 hold

for arbitrary r > 0 because of conditions (i) and (ii), the ball B(r) is con-
tained in the domain of attraction for any r > 0. Thus, if

lim
r→∞

r

M(r)
= ∞ or lim

r→∞

M(r)

r
= 0 (3.10)

is satisfied, then B(r) can be expanded to the whole space Cn. The con-
stant λg = supy∈Cn ∥Λ(y)∥ < 1 is defined because of conditions (i) and (ii).
Concerning the factors defining M(r), we have

(λ(r) + ν(r))n−1

r
≤ (λg + ν(r))n−1

r
≤

n−1∑
i=0

(
n− 1

i

)
λn−1−i
g

(ν(r))i

r
→ 0

(r → ∞),
(3.11a)

L(r)

r
=

1

r

(
sup
k≥n

n−1∑
i=0

(
k

i

)
(λ(r))k−i (ν(r))i

)
= sup

k≥n

n−1∑
i=0

(
k

i

)
(λ(r))k−i (ν(r))

i

r

≤ sup
k≥n

n−1∑
i=0

(
k

i

)
λk−i
g

(ν(r))i

r

≤
n−1∑
i=0

(
sup
k≥n

(
k

i

)
λk
g

)
λ−i
g

(ν(r))i

r
→ 0 (r → ∞). (3.11b)

Indeed, according to Lemma 3.21, the coefficient supk≥n

(
k
i

)
λk
g in the bottom

line of (3.11b) can be defined. If ν(r) is bounded, then (3.11) is obvious. If
ν(r) is not bounded, ν(r) is monotonically increasing with respect to r (by
definition), and thus ν(r) > 1 (r ≫ 0); therefore, (ν(r))i /r ≤ (ν(r))n−1 /r →
0 (r → ∞) for i ≤ n− 1, and hence (3.11) follows. Since

M(r)

r
= max

{
1

r
,
(λ(r) + ν(r))n−1

r
,
L(r)

r

}
for any r > 0 because of the definition, (3.10) is satisfied by (3.11), and
therefore B(r) can be expanded to the whole space Cn. That is, every
solution starting from any initial state converges to the origin.

Lastly, we prove the boundedness of solutions. Since (3.10) holds, there
exists r > 0 such that M(r) ∥y0∥ < r for any initial state y0 ∈ Cn. Then,
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as stated in the proof of Lemma 3.22, inequality (3.8) holds and thus the
boundedness of solutions is guaranteed.

The above lemma results in the following theorem, which gives a global
asymptotic stability condition.

Theorem 3.29. Consider system (3.1) and assume it is upper triangulariz-
able in the sense discussed in Section 3.2. Let ρ(x) be the spectral radius of
A(x). The origin is globally asymptotically stable if the following conditions
are satisfied:

(i) sup
x∈Cn

ρ(x) < 1,

(ii) lim
s→∞

(
sup∥x∥<s ∥A(x)∥

)n−1

s
= 0,

where ∥·∥ is the Euclidean norm or an operator norm induced from it.

Proof. Similarly to the proof of Theorem 3.24, we obtain

sup
x∈Cn

ρ(x) < 1 ⇐⇒ sup
y∈Cn

max
1≤i≤n

|λi(y)| < 1,

lim
s→∞

(
sup∥x∥<s ∥A(x)∥

)n−1

s
= 0

⇐⇒ lim
r→∞

(
sup∥y∥<r ∥N(y)∥

)n−1

r
= 0

Therefore, conditions (i) and (ii) are equivalent to the conditions in
Lemma 3.28.

Remark 3.30. Let A(x) = [aij(x)]1≤i,j≤n. The eigenvalues of A(x), which are
functions of x, are described by the linear combinations of the functions aij(x)
because the eigenvalues align in the diagonal part of the triangularized matrix
T (x) = P−1A(x)P . Therefore, spectral condition (i) in Theorems 3.24 and
3.29 can be checked by observing particular linear combinations of aij(x).
Moreover, if all the elements aij(x) are negligible at infinity compared with
the (n − 1)th root of ∥x∥, then condition (ii) in Theorem 3.29 is satisfied,
provided that sup∥x∥<s |aij(x)| < ∞ for all 1 ≤ i, j ≤ n and s > 0. See
Example 3.36 in Section 3.6 for an example.

Remark 3.31. Theorem 3.29 also guarantees the uniqueness of an equilibrium
point. Moreover, Theorems 3.24 and 3.29 do not explicitly require the trans-
formation matrix for triangularization, whereas the results in [52] require the
transformation matrix, which is not explicitly given.
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Remark 3.32. Condition (ii) in Theorem 3.29 cannot be removed. See Ex-
ample 3.38 in Section 3.6. However, the condition is not necessary. See
Example 3.39 in Section 3.6.

Remark 3.33. Theorem 3.29 does not require the compactness of A . This
means that Theorem 3.29 can be applied to the problem to which the results
in [54] and [55] cannot be applied. Indeed, although the system in Exam-
ple 3.38 satisfies the Lie-algebraic stability condition in [54] and [55], it is
unstable because A is not compact. See Example 3.38 in Section 3.6.

Remark 3.34. To the best of the author’s knowledge, the converse Lyapunov
theorem for discontinuous discrete-time systems has not been presented.2

At least, a certain discontinuous discrete-time system having the globally
asymptotically stable equilibrium point at the origin does not admit any
smooth Lyapunov function (see [53]). Hence, Theorems 3.24 and 3.29 might
be able to ensure the local or global stability of a system that has no Lya-
punov function. Even if the converse Lyapunov theorem held, it would be
very difficult to find Lyapunov functions.

Theorem 3.29 naturally results in the following corollary applied in the
case of a bounded coefficient matrix. To the best of the author’s knowledge,
this corollary has not yet been reported.

Corollary 3.35. Consider system (3.1) and assume it is upper triangular-
izable. The origin is globally asymptotically stable if the following conditions
are satisfied:

(i) sup
x∈Cn

ρ(x) < 1,

(ii) sup
x∈Cn

∥A(x)∥ < ∞.

3.6 Examples

This section shows four examples. The first example, included in the first
subsection, is the application of the global asymptotic stability condition.
The remaining examples, included in the second subsection, investigate the
case where one of the conditions in the present theorems is not satisfied.

2The paper [56] mentions that the converse Lyapunov theorem for the global asymptotic
stability of discontinuous discrete-time systems was proved in [57] in which the stability
of sampled-data systems is investigated. However, it is unclear whether or not the result
in [57] yields the converse theorem.



30 Chapter 3

3.6.1 How to apply the global stability condition

The following example demonstrates how to apply Theorem 3.29. Let V (A )
denote the vector space generated by A .

Example 3.36. Consider the following system:

x(k + 1) = A(x(k))x(k), x(0) = x0 ∈ R3, (3.12)

A(x) =

1 + 1
2
cosx2

3
√

|x3|+ h(x1)
1
2
sinx2 − 1

2
cosx2 − 1

0 1
3
h(x1) 0

1 3
√
|x3| 1

2
sinx2 − 1

 ,

with x = [x1 x2 x3]
T and h(x1) = − sgn(x1). The characteristic polynomial

of A(x) is

det (A(x)− p(x)In) =(
p(x)− 1

2
sin x2

)(
p(x)− 1

2
cosx2

)(
p(x)− 1

3
h(x1)

)
. (3.13)

Note that, since the system has nondifferentiability at the origin, the lin-
earized system does not exist. Therefore, Lyapunov’s indirect method is in-
applicable to this system. Note also that, although Lyapunov’s direct method
can be employed for this system, it is very difficult to find a Lyapunov func-
tion. Since the eigenvalues of A(x) are real values because of (3.13), we can
consider all discussions to be over R (see Section 3.3). The matrix A(x) can
be decomposed into

A(x) = E1 +
1

2
(sinx2)E2 +

1

2
(cosx2)E3 +

3
√

|x3|E4 + h(x1)E5,

where E1, . . . , E5 are constant matrices:

E1 =

1 0 −1
0 0 0
1 0 −1

 , E2 =

0 0 1
0 0 0
0 0 1

 , E3 =

1 0 −1
0 0 0
0 0 0

 ,

E4 =

0 1 0
0 0 0
0 1 0

 , E5 =

0 1 0
0 1/3 0
0 0 0

 .

These matrices are linearly independent, and V (A ) is a subset of span{Ei :
1 ≤ i ≤ 5}. In fact, {Ei}1≤i≤5 is a basis of V (A ) because it can be verified
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that Ei ∈ V (A ) for 1 ≤ i ≤ 5 as follows: putting A(x1, x2, x3) := A(x) for
x = [x1, x2, x3]

T, we have

E1 =
1

2
A(0, 0, 0) +

1

2
A(0, π, 0) ∈ V (A ),

E2 = A(0, π/2, 0)− A(0,−π/2, 0) ∈ V (A ),

E3 = A(0, 0, 0)− A(0, π, 0) ∈ V (A ),

E4 = A(0, 0, 1)− A(0, 0, 0) ∈ V (A ),

E5 = A(1, 0, 0)− A(0, 0, 0) ∈ V (A ).

Since the solvability of L(A ) is verified using the algorithm given in Sub-
section 3.3.3, the system is upper triangularizable. The spectrum condition
supx∈Rn ρ(x) < 1 follows from (3.13). Let ∥·∥2 be the Euclidean norm of vec-
tors, and ∥·∥1 be a matrix norm defined by ∥C∥1 :=

∑
i,j |cij| for any square

matrix C = [cij] ∈ Rn×n. Then, we have

∥A(x)∥1 =
∣∣∣∣1 + 1

2
cos x2

∣∣∣∣+ ∣∣∣ 3
√

|x3|+ h(x1)
∣∣∣

+

∣∣∣∣12 sin x2 −
1

2
cosx2 − 1

∣∣∣∣+ ∣∣∣∣13h(x1)

∣∣∣∣
+ |1|+

∣∣∣ 3
√
|x3|
∣∣∣+ ∣∣∣∣12 sinx2 − 1

∣∣∣∣
≤ 2 3
√

|x3|+ 8 = 2 6

√
x2
3 + 8 ≤ 2

6

√
∥x∥22 + 8.

Therefore, sup∥x∥2<s ∥A(x)∥1 ≤ 2
6
√
s2 + 8 holds, and we have(

sup
∥x∥2<s

∥A(x)∥1

)2

≤ 22
(

6
√
s2
)2

+ (lower order terms)

= o(s) (s → ∞).

Hence,

lim
s→∞

(
sup∥x∥2<s ∥A(x)∥1

)2
s

= 0.

The norm equivalence in R3×3 implies

lim
s→∞

(
sup∥x∥2<s ∥A(x)∥2

)2
s

= 0,
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where ∥·∥2 is the operator norm induced from the Euclidean norm. Hence,
the conditions of Theorem 3.29 are satisfied. Consequently, we can conclude
that the system is globally asymptotically stable. See also Remark 3.30 in
Section 3.5.

3.6.2 The case where one of the conditions in the the-
orems is not satisfied

The following examples investigate the case where one of the conditions in
the present theorems is not satisfied.

Example 3.37. Consider a system having the following coefficient matrix:

A(x) =

[
1/2 h(x)
0 1/2

]
, h(x) :=

{
0 if x2 = 0,

1/x2 if x2 ̸= 0.

This system does not satisfy condition (ii) in Theorem 3.24, whereas it is
already triangular and satisfies condition (i). In fact, it can easily be checked
that this system is unstable.

Example 3.38. Let ∥·∥1 and ∥·∥2 be the norms defined in Example 3.36.
Consider a system with the following coefficient matrix:

A(x) =

1/2 0 (x1 + x2x3)
2

−x1 1/2 −2x1x2 − x2
2x3

0 0 1/2

 .

By taking

P =

0 1 0
1 0 0
0 0 1

 ,

this system can be upper triangularized. Indeed, we have

P−1A(x)P =

1/2 −x1 −2x1x2 − x2
2x3

0 1/2 (x1 + x2x3)
2

0 0 1/2

 .

From the above, we see that the eigenvalue of A(x) is 1
2
(triple root) for all

x ∈ R3. Now, we evaluate ∥A(x)∥2. Since

∥A(x)∥1 = 3

∣∣∣∣12
∣∣∣∣+ |−x1|+

∣∣−2x1x2 − x2
2x3

∣∣+ ∣∣(x1 + x2x3)
2
∣∣

≥ |−x1| ,
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we have

sup
∥x∥2<s

∥A(x)∥1 ≥ sup
∥x∥2<s

|−x1| = s.

Therefore,

lim
s→∞

(
sup∥x∥2<s ∥A(x)∥1

)2
s

≥ lim
s→∞

s2

s
= ∞.

The norm equivalence in R3×3 implies

lim
s→∞

(
sup∥x∥2<s ∥A(x)∥2

)2
s

= ∞.

That is, this system does not satisfy condition (ii) in Theorem 3.29, whereas
it is triangularizable and satisfies condition (i). In fact, this system is not
globally asymptotically stable. This example has been given in [58] as a
counterexample to the Markus-Yamabe conjecture [59].

Example 3.39. Let ∥·∥1 and ∥·∥2 be the norms defined in Example 3.36.
Consider a system with the following coefficient matrix:

A(x) =

[
1/2 x2

0 1/2

]
.

Since

∥A(x)∥1 =
∣∣∣∣12
∣∣∣∣+ ∣∣∣∣12

∣∣∣∣+ |x2| = 1 + |x2| ,

we have

sup
∥x∥2<s

∥A(x)∥1 = 1 + s.

Therefore,

lim
s→∞

sup∥x∥2<s ∥A(x)∥1
s

= lim
s→∞

1 + s

s
= 1 ̸= 0.

The norm equivalence in R2×2 implies

lim
s→∞

sup∥x∥2<s ∥A(x)∥2
s

̸= 0.

That is, this system does not satisfy condition (ii) in Theorem 3.29, whereas
it is already triangular and satisfies condition (i). However, it can be verified
that this system is globally asymptotically stable (see [60, Theorem B]). This
implies that the sufficient condition (Theorem 3.29) is not a necessary one.





Chapter 4

Lie Derivative Inclusion with
State Feedback

4.1 Introduction

We deal with two problems in this chapter. One aims to control a dynamical
system so that a prescribed subset of the state space will be invariant for the
resulting closed-loop system. The other aims to control a dynamical system
so that the resulting closed-loop system will have a prescribed vector field on
a given subset of the state space. It will be shown that the two problems can
be represented by a particular inclusion of polynomials and that this inclusion
can be solved in a finite number of arithmetic operations of polynomials. By
using this representation, all the controllers required in the problems can be
exactly computed in a unified manner, even though the problems are totally
different from each other. Although the first problem has already been solved
in [41,42], our method of solving it is simpler than that of [41,42]. Since the
above two problems have several control applications, as stated below, the
controllers required in the applications can also be exactly computed in a
finite number of arithmetic operations of polynomials.

The first problem concerns invariant sets. The notion of an invariant set
comes up in many problems in control engineering. For example, it is closely
related to Lyapunov theory on differential equations, particularly, LaSalle’s
invariance principle [12]. It is stated in [61] that a positively invariant set
plays an important role in the analysis of dynamical systems described by
differential inclusions. Further applications of invariant sets are summarized
in the survey paper [62]. There have been many studies [63–65] concerning
the computation of invariant sets of given dynamical systems. Meanwhile,
the following problem can be posed: ‘given a dynamical system, obtain a

35
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controller such that a prescribed subset of the state space is invariant for
the resulting closed-loop system.’ This problem has several control applica-
tions. For example, when the state of a controlled system must belong to a
given constraint set, the state constraint is always satisfied by the controller
rendering the constraint set invariant. Such a controller can also solve the
model matching problem.

The second problem concerns the realization of a prescribed vector field
on a given subset of the state space. To show that this problem is associated
with control problems, we can consider, for example, the realization of a pre-
scribed stable limit cycle. In control engineering, it is important to design a
controller such that the resulting closed-loop system has the prescribed sta-
ble limit cycle. For example, a controller for a biped robot is often designed
to mimic passive dynamic walking [66–69] described by a stable limit cycle
in the state space. Realizing the prescribed stable limit cycle consists of
reaching two goals: the prescribed periodic orbit and its stabilization. Here,
we will focus on the first goal, i.e., the problem of designing a controller such
that the resulting closed-loop system has the prescribed periodic orbit. A
periodic orbit can be represented by the combination of a closed curve in the
state space and a vector field along the curve. Hence, the problem can be
solved by designing a controller such that the resulting closed-loop system
has the vector field on the closed curve corresponding to the periodic orbit.
More generally, we can consider the following problem: ‘given a dynamical
system and a subset of the state space, obtain a controller such that the
resulting closed-loop system has a vector field with prescribed components
on the subset.’ We consider cases in which all the components of a vector
field or only some of them are prescribed. Through the generalization, we
can also deal with a path-following control problem (explained in the follow-
ing sections). The remaining problem of realizing a stable limit cycle, i.e.,
stabilization of the periodic orbit, is also discussed in this chapter.

In both problems, we assume that the given system is a polynomial dy-
namical system and that the controller is one of polynomial-type state feed-
back. Moreover, we assume that the given subset of the state space is al-
gebraic. As is well known, polynomial dynamical systems can represent a
variety of objects [70]. In particular, many non-polynomial dynamical sys-
tems can be described as polynomial dynamical systems via immersion [71].
Moreover, algebraic sets can represent a variety of typical subsets, including
lines, hyperplanes, ellipses, and spheres. Therefore, the above assumptions
are reasonable as a first step in tackling the problems.

This chapter is organized as follows. First, the above two problems are
mathematically formulated in Section 4.2. The notation used in this chapter
is also described. In Section 4.3, we formulate the Lie derivative inclusion
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with state feedback and show that the problems can be represented by the
inclusion. In Section 4.4, we give the procedure (Algorithm 4.23) for solving
the inclusion and prove Theorem 4.25 to show that the algorithm indeed
solves the inclusion. As a result, all the required state-feedback controllers
can be exactly represented by using free polynomial parameters. Section 4.5
outlines the behavior of the resulting closed-loop system outside the given
algebraic set when the prescribed vector field is realized on the given set.
In particular, if necessary, we can separately deal with the realization of
the vector field and the stabilization of the set. Two examples are given in
Section 4.6 to demonstrate how to obtain the controllers.

This chapter requires some knowledge of the theories of commutative
algebras (see Chapter 2) and Gröbner bases [37–39]. This chapter includes
the entire content of journal article 2 in the list of publications, which was
written by the author. The copyright of the article is owned by ISCIE.

4.2 Notation, system description, and moti-

vating problems

In this section, we define the notation used in this chapter and describe
the system examined herein. After that, we mathematically formulate the
problems mentioned in the introduction. The first problem is to obtain a
state feedback controller such that a prescribed algebraic set in the state
space is invariant for the resulting closed-loop system. The second problem
is to obtain a state feedback controller such that the resulting closed-loop
system has a prescribed vector field on a given algebraic set in the state
space.

4.2.1 Notation and system description

Throughout this chapter, we will use the following notation. Let R =
R[X1, . . . , Xn] be a polynomial ring over R with indeterminates X1, . . . , Xn.
The free R-module of all the column vectors with n components in R is de-
noted by Rn. We will consider only the standard operations in Rn. The
set of all n × m matrices with entries in R is denoted by Rn×m. For given
polynomial vectors m1, . . . ,mr ∈ Rn (resp. polynomials m1, . . . ,mr ∈ R),
let ⟨m1, . . . ,mr⟩R denote the R-submodule of Rn (resp. the ideal of R) gen-
erated by the set of generators {m1, . . . ,mr}. For a given polynomial vector
v ∈ Rn, we distinguish between a polynomial vector v and a polynomial map
v(·) according to these notations. We further distinguish between the inde-
terminates X1, . . . , Xn of v and the variables x = [x1, . . . , xn]

T ∈ Rn of v(·).
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For a given polynomial Φ ∈ R, the derivation of Φ w.r.t. Xi is denoted by
∂Φ/∂Xi. Let ∂Φ/∂X be the row vector [∂Φ/∂X1, . . . , ∂Φ/∂Xn]. For a given
polynomial Φ ∈ R and a polynomial vector f ∈ Rn, let LfΦ := (∂Φ/∂X)f .
For given integers s1 and s2 such that s1 > s2 ≥ 1, let Prjs1s2 : Rs1 → Rs2 be
the projection map defined by Rs1 ∋ [ω1, . . . , ωs1 ]

T 7→ [ω1, . . . , ωs2 ]
T ∈ Rs2 .

The following notation is commonly used in (real) algebraic geometry [72].

Definition 4.1. Let J be a given ideal of R. The real radical of J is the
ideal

R
√
J :=

{
ρ ∈ R : ∃N ∈ N ∃c1, . . . , cr ∈ R,

ρ2N + c21 + · · ·+ c2r ∈ J
}
.

Let J be an ideal of R representing a given algebraic set A ⊂ Rn, i.e.,
an ideal such that A = {x ∈ Rn : ρ(x) = 0 (∀ρ ∈ J)}. It is well known [72]
that the vanishing ideal I of A is the real radical of J , i.e., I = R

√
J . Several

algorithms for computing the real radial of a given ideal are given in [73–76].
We henceforth assume that the vanishing ideal I of a given algebraic set A
can be computed.

We will deal with a system of the form

ẋ = f o(x, u) = f(x) +G(x)u (4.1)

with f ∈ Rn and G = [g1, . . . , gm], gi ∈ Rn (i = 1, . . . ,m). We write
f o(·, ·) = [f o

1 (·, ·), . . . , f o
n(·, ·)]T.

4.2.2 Controlled invariance of a prescribed algebraic
set

Consider an autonomous system of the form

ẋ = F (x) (4.2)

with F ∈ Rn. Let ϕ(t, x0) denote the solution of (4.2) at time t with the
initial condition x(0) = x0 ∈ Rn. Denote by E(x0) the maximal existence
interval of ϕ(·, x0). We define the notion of the invariance of a set as follows.

Definition 4.2. A set A ⊂ Rn is said to be invariant for system (4.2) if
x0 ∈ A implies ϕ(t, x0) ∈ A for all t ∈ E(x0). A set A ⊂ Rn is said to be
positively invariant for system (4.2) if x0 ∈ A implies ϕ(t, x0) ∈ A for all
t ≥ 0 such that t ∈ E(x0).
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Remark 4.3. We do not require the existence of ϕ(t, x0) for all t ∈ (−∞,∞),
whereas a lot of literature (e.g. [12, 62]) does require it for the definition of
invariance. The same sort of definition appears in [41, 42, 77]. When A is
compact, our definition is equivalent to those ones in [12,62].

Now, let us return to system (4.1) and define the notion of the controlled
invariance of a set.

Definition 4.4. A set A ⊂ Rn is said to be controlled invariant (resp.
positively controlled invariant) for system (4.1) if there exists a state feedback
controller u ∈ Rn such that A is invariant (resp. positively invariant) for
the resulting closed-loop system of (4.1).

We will prove the following lemma to show that invariance and positive
invariance are equivalent for algebraic sets.

Lemma 4.5. Let A ⊂ Rn be a given algebraic set. Then, the following
statements are equivalent:

(i) A is invariant for system (4.2).

(ii) A is positively invariant for system (4.2).

Proof. The implication (i) ⇒ (ii) is obvious. Suppose that statement (ii)
holds. Then, x0 ∈ A implies ϕ(t, x0) ∈ A for all t ≥ 0 such that t ∈ E(x0).
Fix an initial state x0 ∈ A . Let I = ⟨ρ1, . . . , ρk⟩R ⊂ R be the vanishing ideal
of A . Then, we have that ρi(ϕ(t, x0)) = 0 for i = 1, . . . , k and for all t ≥ 0
such that t ∈ E(x0). Since F (·) is real analytic, so is the function ϕ(·, x0) in
E(x0) (see, e.g., [78]). In particular, the function ρi(ϕ(·, x0)) is real analytic in
E(x0). Therefore, from the identity theorem, it follows that ρi(ϕ(t, x0)) = 0
for i = 1, . . . , k and for all t ∈ E(x0). This means ϕ(t, x0) ∈ A for all
t ∈ E(x0), which implies that statement (i) holds.

According to the above lemma, we do not need to distinguish between
the invariance and the positive invariance of an algebraic set. Hence, in what
follows, we will consider only the invariance of an algebraic set.

We shall consider the following problem.

Problem 4.6. Let I = ⟨ρ1, . . . , ρk⟩R ⊂ R be the vanishing ideal of a given al-
gebraic set A ⊂ Rn. Then, given a system of form (4.1), determine whether
A is controlled invariant for system (4.1). Moreover, if A is controlled in-
variant, obtain a state feedback controller u ∈ Rm for system (4.1) such that
A is invariant for the resulting closed-loop system.
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Definition 4.7. A solution of Problem 4.6 is a state feedback controller
u ∈ Rm rendering A invariant for the resulting closed-loop system of (4.1).
Problem 4.6 is said to be solvable if a solution to it exists.

We give two examples indicating the relation of the above problem to con-
trol problems. Example 4.8 concerns the state constraint, and Example 4.9
concerns the model matching problem.

Example 4.8 (State constraint). Let X be a given subset of Rn. Suppose
that the state of system (4.1) must satisfy the constraint x(t) ∈ X . Assume
that X is an algebraic set; i.e., the constraint is given by algebraic equa-
tions. Then, a solution of Problem 4.6 with A = X is a feasible input for
system (4.1).

Example 4.9 (Model matching problem). Let Rp = R[X1, . . . , Xnp ] and
Rr = R[X1, . . . , Xnr ] with given positive integers np and nr. Suppose we
have a controlled plant of the form{

ξ̇ = fp(ξ) +Gp(ξ)u,

yp = hp(ξ)
(4.3)

with ξ = [ξ1, . . . , ξnp ]
T ∈ Rnp , fp ∈ R

np
p , Gp ∈ R

np×m
p , and hp = [hp

1, . . . , h
p
p]

T,
hp
i ∈ Rp (i = 1, . . . , p). On the other hand, suppose the reference model is{

ζ̇ = f r(ζ),

yr = hr(ζ)
(4.4)

with ζ = [ζ1, . . . , ζnr ]
T ∈ Rnr , f r ∈ Rnr

r , and hr = [hr
1, . . . , h

r
p]

T, hr
i ∈ Rr (i =

1, . . . , p). Now, let us consider the problem of obtaining a dynamic state
feedback controller for plant (4.3) such that yp(ξ(0)) = yr(ζ(0)) implies
yp(ξ(t)) = yr(ζ(t)) for all t ≥ 0. The problem can be solved as follows.
Put n := np + nr, and let R := R[X1, . . . , Xn] be a polynomial ring with
indeterminates X1, . . . , Xn. Let x = [x1, . . . , xn]

T := [ξT, ζT]T ∈ Rn be the
state of the extended system

ẋ = f(x) +G(x)u (4.5)

with

f(x) =

[
fp(ξ)
f r(ζ)

]
, G(x) =

[
Gp(ξ)
O

]
.
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We regard f as an element of Rn and G as an element of Rn×m. The poly-
nomials hp

i and hr
i with i = 1, . . . , p are regarded as elements of R. Then,

define the ideal J of R as

J :=
⟨
hp
1 − hr

1, . . . , h
p
p − hr

p

⟩
R

and define the algebraic set A = {x ∈ Rn : ρ(x) = 0(∀ρ ∈ J)}. We can now
consider Problem 4.6 with system (4.5) and the above A . Accordingly, a
solution u = ũ ∈ Rm of Problem 4.6 can be seen as a dynamic state feedback
controller for system (4.3) defined by{

ζ̇ = f r(ζ),

u = ũ(ξ, ζ)
(4.6)

such that yp(ξ(0)) = yr(ζ(0)) implies yp(ξ(t)) = yr(ζ(t)) for all t ≥ 0. Hence,
a solution of Problem 4.6 leads to a solution to the model matching problem
mentioned above.

4.2.3 Realization of a prescribed vector field

The second problem is the realization of a prescribed vector field. It is
described as follows.

Problem 4.10. Let I = ⟨ρ1, . . . , ρk⟩R ⊂ R be the vanishing ideal of a given
algebraic set A ⊂ Rn. Given a system of form (4.1) and a polynomial vector
fd = [fd

1 , . . . , f
d
n′ ]T ∈ Rn′

with a positive integer n′ ≤ n, determine whether
there exists a state feedback controller u ∈ Rm such that

fd
1 (x) = f o

1 (x, u(x)),

...

fd
n′(x) = f o

n′(x, u(x)),

(4.7)

for all x ∈ A . Moreover, if such a controller exists, it should be able to be
computed explicitly.

Definition 4.11. A solution of Problem 4.10 is a state feedback controller
u ∈ Rm satisfying (4.7). Problem 4.10 is said to be solvable if a solution to
it exists.

Remark 4.12. Let fd′ ∈ Rn′
be another polynomial vector such that fd′(x) =

fd(x) on A . Then, a solution of Problem 4.10 with fd′ is identical to that
with fd. Hence, the use of a specific polynomial vector fd does not lose
generality.
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Remark 4.13. When I = {0} and n′ = n, Problem 4.10 is one of obtaining a
state feedback controller such that the vector field of the resulting closed-loop
system of (4.1) coincides with a prescribed one on the whole space Rn.

Remark 4.14. Here, the prescribed vector field need not be tangential to the
given algebraic set.

Let us now give examples indicating how Problem 4.10 is related to control
problems. Example 4.15 concerns the realization of a prescribed periodic
orbit, and Example 4.17 concerns a path following control problem.

Example 4.15 (Realization of a periodic orbit). Consider a system of
form (4.1) with n = 2, and put

fd :=

[
x2

−ω2x1

]
and I :=

⟨
X2

1

A2
+

X2
2

A2ω2
− 1

⟩
R

with arbitrary parameters A,ω ∈ R. Then, Problem 4.10 is one of realizing a
simple harmonic oscillation with amplitude A and frequency ω/2π via state
feedback.

Remark 4.16. The above example differs from the synthesis problem of sys-
tems having a prescribed limit cycle (e.g., [79–81]) and the controller design
for systems having some limit cycle (e.g., [82,83]). In the above example, an
arbitrary periodic orbit in the state space can be prescribed, instead of the
harmonic oscillation, under the assumptions that the dynamical system is of
polynomial and the orbit is an algebraic set.

Example 4.17 (Path-following control). Consider a system of the form
ẋ1 = f1(x1, x2, θ) +G1(x1, x2, θ)u,

ẋ2 = f2(x1, x2, θ) +G2(x1, x2, θ)u,

θ̇ = f3(x1, x2, θ) +G3(x1, x2, θ)u.

(4.8)

The above system is intended to describe some object moving on the plane
R2. Here, [x1, x2]

T ∈ R2 and θ ∈ R represent the position and orientation
of the object, respectively. The control input is denoted by u. This sort
of system can be found in the literature [84–86]. Let R3 := R[X1, X2, X3]
and R2 := R[X1, X2] be polynomial rings with indeterminates X1, X2, X3,
and assume that fi ∈ R3 and Gi ∈ R1×3

3 for i = 1, 2, 3. Let C ⊂ R2 be
a given geometric path defined by polynomials σi ∈ R2 (i = 1, . . . , k), i.e.,
C =

{
[x1, x2]

T ∈ R2 : σi(x1, x2) = 0, i = 1, . . . , k
}
, and v(·) : C → R2 be

the desired velocity on the path. The path-following control aims to design
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a controller such that the controlled object converges to and follows a pre-
scribed geometric path at the desired velocity. Accordingly, we will consider
the problem of determining whether the path and velocity are realizable by
state feedback and of computing the feedback controller explicitly. That is,
if it exists, the state feedback controller u ∈ R3

3 is such that the controlled
object indeed moves exactly along C at velocity v(·) provided that the object
starts from a point [x01, x02]

T in C at velocity v(x01, x02). From a practical
standpoint, it might be sufficient for the desired path and velocity to be ap-
proximately realized. However, ideally, the above situation is the main goal
of the path-following control; hence, the problem certainly has theoretical
importance. Suppose that v is an element of R2

2 and write v = [v1, v2]
T with

vi ∈ R2 for i = 1, 2. Regard vi and σj as elements of R3 for i = 1, 2 and
j = 1, . . . , k. Define the algebraic set A =

{
[x1, x2, θ]

T ∈ R3 : σi(x1, x2, θ)
= 0, i = 1, . . . , k

}
⊂ R3. Then, the above problem can be translated into

one of determining the existence of a feedback controller u ∈ R3
3 satisfying

v1(x1, x2, θ) = f1(x1, x2, θ) +G1(x1, x2, θ)u(x1, x2, θ),

v2(x1, x2, θ) = f2(x1, x2, θ) +G2(x1, x2, θ)u(x1, x2, θ),

for all [x1, x2, θ]
T ∈ A , and of computing the controller if it exists. This

problem can be represented by Problem 4.10 with

f =

f1f2
f3

 , G =

G1

G2

G3

 , fd =

[
v1
v2

]
.

Remark 4.18. The above two examples do not include the stabilization of the
given algebraic set. Stabilization is discussed in Section 4.5.

4.3 Lie derivative inclusion with state feed-

back

In this section, we formulate the Lie derivative inclusion and show that Prob-
lems 4.6 and 4.10 can be represented by the inclusion.

The Lie derivative inclusion is formulated as follows.

Definition 4.19. Let Φi,Ψi (i = 1, . . . , ℓ) be given polynomials in R and
Ii (i = 1, . . . , ℓ) be given ideals of R. Then, consider the system of inclusions

Lf+GuΦ1 ∈ Ψ1 + I1,

...

Lf+GuΦℓ ∈ Ψℓ + Iℓ

(4.9)
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with u ∈ Rm to be found. We call the above system the Lie derivative
inclusion with state feedback. A solution of (4.9) is a state feedback controller
u ∈ Rm satisfying (4.9). Inclusion (4.9) is said to be solvable if a solution to
it exists.

To figure out what the above inclusion means, let us consider the simple
equation

Lf+GuΦi = Ψi. (4.10)

The meaning of the equation is clear. If, for example, Φi(·) is positive definite
and Ψi(·) is negative definite, then u satisfying (4.10) is a stabilizing controller
for system (4.1) such that the resulting closed-loop system has the Lyapunov
pair (Φi(·),−Ψi(·)). If Φi is an arbitrary polynomial and Ψi is the zero
polynomial, then u satisfying (4.10) is a controller such that the resulting
closed-loop system has Φi(·) as a first integral. Now, consider the algebraic
set Ai = {x ∈ Rn : ρ(x) = 0, (∀ρ ∈ Ii)}. The inclusion

Lf+GuΦi ∈ Ψi + Ii

means that the equation

Lf+GuΦi(x) = Ψi(x) (4.11)

holds for all x in Ai. That is, inclusion (4.9) means that (4.11) holds on the
algebraic set Ai for i = 1, . . . , ℓ.

Remark 4.20. It is possible but difficult to utilize the Lie derivative inclusion
for the stabilization problem because a (control) Lyapunov pair of the system
must be prescribed.

Next, we show that Problem 4.6 is represented by the Lie derivative
inclusion. Let A ⊂ Rn be a given algebraic set and I = ⟨ρ1, . . . , ρk⟩R be the
vanishing ideal of A . A necessary and sufficient condition for the invariance
of an algebraic set is given by the following theorem [41,42,77].

Theorem 4.21. A given algebraic set A is invariant for system (4.2) if and
only if

LFρi ∈ I

for i = 1, . . . , k.

The following corollary is a straightforward consequence of the above
theorem.
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Corollary 4.22. A given algebraic set A is invariant for the resulting closed-
loop system of (4.1) with a controller u ∈ Rm if and only if u satisfies the
inclusion

Lf+Guρi ∈ I

for i = 1, . . . , k.

From this corollary, we have that the solutions of Problem 4.6 coincide
with the solutions of (4.9) with Φi = ρi, Ψi = 0, and Ii = I for i = 1, . . . , k.

Finally, we show that Problem 4.10 can be represented by the Lie deriva-
tive inclusion. Let {e1, . . . , en} be the canonical basis of Rn and rewrite (4.7)
as follows: 

fd
1 (x) = eT1 (f(x) +G(x)u(x)) ,

...

fd
n′(x) = eTn′ (f(x) +G(x)u(x)) .

Problem 4.10 requires the above set of equations to be satisfied for all x ∈ A .
This is equivalent to the following inclusions of polynomials:

eT1 (f +Gu) ∈ fd
1 + I,

...
eTn′ (f +Gu) ∈ fd

n′ + I.

The above inclusions can be derived from (4.9) by setting Φi = Xi, Ψi = fd
i ,

and Ii = I for i = 1, . . . , n′. That is, the solutions of Problem 4.10 coincide
with the solutions of (4.9) with Φi = Xi, Ψi = fd

i , and Ii = I for i = 1, . . . , n′.

4.4 Solution to the Lie derivative inclusion

with state feedback

In this section, we describe a procedure for solving the Lie derivative inclusion
with state feedback. Algorithm 4.23 is the procedure for solving the inclusion.
Theorem 4.25 shows that Algorithm 4.23 indeed solves the inclusion. As a
result, all the required state feedback controllers can be represented by using
free polynomial parameters. As shown in the previous section, the procedure
can be used to solve Problems 4.6 and 4.10.
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Write Ii = ⟨ρi1, . . . , ρiki⟩R for i = 1, . . . , ℓ and put d :=
∑ℓ

i=1 ki. Inclu-
sion (4.9) is redescribed as follows:

∂Φ1

∂X
(f +Gu) ∈ Ψ1 + ⟨ρ11, . . . , ρ1k1⟩R ,

...

∂Φℓ

∂X
(f +Gu) ∈ Ψℓ + ⟨ρℓ1, . . . , ρℓkℓ⟩R .

The above inclusion can be transformed into

Ψ1 −
∂Φ1

∂X
f ∈

(
∂Φ1

∂X
G

)
u+ ⟨ρ11, . . . , ρ1k1⟩R ,

...

Ψℓ −
∂Φℓ

∂X
f ∈

(
∂Φℓ

∂X
G

)
u+ ⟨ρℓ1, . . . , ρℓkℓ⟩R .

(4.12)

Now, put

Ψ :=

Ψ1 − ∂Φ1

∂X
f

...

Ψℓ − ∂Φℓ

∂X
f

 ∈ Rℓ,

G := [g1, . . . , gm] :=


∂Φ1

∂X
G
...

∂Φℓ

∂X
G

 ∈ Rℓ×m,

u =

u1
...
um

 ∈ Rm. (4.13)

Let {e′1, . . . , e′ℓ} be the canonical basis of Rℓ and put

ρij := ρije
′
i ∈ Rℓ (i = 1, . . . , ℓ and j = 1, . . . , ki). (4.14)

Then, it can easily be verified that a solution u of (4.12) is nothing but
u = [u1, . . . , um]

T satisfying the equation

Ψ = g1u1 + · · ·+ gmum + ρ11z11 + · · ·+ ρ1k1z1k1
...

+ ρℓ1zℓ1 + · · ·+ ρℓkℓzℓkℓ
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for some zij ∈ R (i = 1, . . . , ℓ and j = 1, . . . , ki). Indeed, from the definition
of ideals, u satisfies (4.12) if and only if there exist polynomials zij ∈ R (i =
1, . . . , ℓ and j = 1, . . . , ki) such that

Ψ1 −
∂Φ1

∂X
f =

(
∂Φ1

∂X
G

)
u+ ρ11z11 + · · ·+ ρ1k1z1k1 ,

...

Ψℓ −
∂Φℓ

∂X
f =

(
∂Φℓ

∂X
G

)
u+ ρℓ1zℓ1 + · · ·+ ρℓkℓzℓkℓ .

The above equation can be described in vector form,

Ψ = Gu+ ρ11z11 + · · ·+ ρ1k1z1k1
...

+ ρℓ1zℓ1 + · · ·+ ρℓkℓzℓkℓ ,

which is nothing but (4.12). Summarizing the above discussion, we find that
a solution u = [u1, . . . , um]

T of inclusion (4.9) can be obtained by solving

Ψ = g1ω1 + · · ·+ gmωm + ρ11ωm+1 + · · ·+ ρ1k1ωm+k1

...

+ ρℓ1ωm+(
∑ℓ−1

i=1 ki)+1 + · · ·+ ρℓkℓωm+d (4.15)

with variables ω = [ω1, . . . , ωm+d]
T ∈ Rm+d and by projecting u := Prjm+d

m (ω).
Since this is a linear equation with coefficients in the polynomial ring R, we
can determine whether there exists a solution and exactly compute the set
of all solutions of (4.15) as

ω∗ + ⟨mω
1 , . . . ,m

ω
r ⟩R ,

where ω∗ ∈ Rm+d and mω
i ∈ Rm+d (i = 1, . . . , r) with some r ≥ 1, by using

Algorithm A.8 in the appendix. Putting u∗ := Prjm+d
m (ω∗) ∈ Rm and mu

i :=
Prjm+d

m (mω
i ) ∈ Rm (i = 1, . . . , r), we obtain the set u∗ + ⟨mu

1 , . . . ,m
u
r ⟩R of all

the solutions of inclusion (4.9).
We can summarize to obtain the following algorithm for solving the Lie

derivative inclusion, which is a modification of Algorithm A.8 in the ap-
pendix.

Algorithm 4.23 (For solving the Lie derivative inclusion with state feed-
back).
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Given: the polynomial vector f ∈ Rn and polynomial matrix G ∈ Rn×m

of system (4.1). Polynomials Φi ∈ R and Ψi ∈ R, and ideals Ii =
⟨ρi1, . . . , ρiki⟩R ⊂ R for i = 1, . . . ℓ.

Obtain: a polynomial vector u∗ ∈ Rm and a set {mu
1 , . . . ,m

u
r} of polyno-

mial vectors mu
i ∈ Rm (i = 1, . . . , r), where the set u∗ + ⟨mu

1 , . . . ,m
u
r ⟩R

represents the set of all solutions of inclusion (4.9).

Step 1. Define the polynomial vectors Ψ ∈ Rℓ, gi ∈ Rℓ (i = 1, . . . ,m), and

ρij ∈ Rℓ (i = 1, . . . , ℓ and j = 1, . . . , ki) as (4.13) and (4.14).

Step 2. Compute a Gröbner basis {γ̃1, . . . , γ̃q} of the R-submodule⟨
g1, . . . , gm, ρ11, . . . , ρ1k1 , . . . , ρℓ1, . . . , ρℓkℓ

⟩
R

by using Buchberger’s algorithm [37,48].

Step 3. Compute a transformation matrix Q ∈ R(m+d)×q such that

[γ̃1, . . . , γ̃q] =
[
g1, . . . , gm, ρ11, . . . , ρ1k1 , . . . , ρℓ1, . . . , ρℓkℓ

]
Q.

This matrix can be obtained by tracing Buchberger’s algorithm in
Step 2 (see, e.g., [87]).

Step 4. Divide Ψ by (γ̃1, . . . , γ̃q), and let ω′ ∈ Rq and ω′′ ∈ Rℓ be the

quotient and the remainder of Ψ in the division, respectively.

Step 5. If ω′′ ̸= 0, terminate the algorithm because inclusion (4.9) is not
solvable; otherwise, proceed to the next step because inclusion (4.9) is
solvable.

Step 6. Put ω∗ := Qω′ and compute a set of generators {mω
1 , . . . ,m

ω
r } of

the syzygy module of the (m+ d)-tuple

(g1, . . . , gm, ρ11, . . . , ρ1k1 , . . . , ρℓ1, . . . , ρℓkℓ)

by executing the algorithm presented in [37].

Step 7. Put u∗ := Prjm+d
m (ω∗) ∈ Rm and mu

i := Prjm+d
m (mω

i ) ∈ Rm (i =
1, . . . , r).

Remark 4.24. All the calculations in the above algorithm are not approximate
but exact. Moreover, the algorithm consists of a finite number of arithmetic
operations of polynomials.
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The foregoing discussion proves the following theorem.

Theorem 4.25. The Lie derivative inclusion with state feedback is solvable
if and only if ω′′ = 0. Let u∗,mu

1 , . . ., and mu
r be the polynomial vectors

computed by Algorithm 4.23. Then, u∗ + ⟨mu
1 , . . . ,m

u
r ⟩R is the set of all

solutions of the Lie derivative inclusion with state feedback.

Remark 4.26. The above result can be interpreted as follows: let u∗,mu
1 , . . .

and mu
r be as above. Then, any state feedback controller u ∈ Rm satisfy-

ing (4.9) can be parametrized in the form

u = u∗ + c1m
u
1 + . . .+ crm

u
r (4.16)

with arbitrary polynomial parameters ci ∈ R (i = 1, . . . , r). Conversely, any
controller u of the above form satisfies (4.9).

Remark 4.27. Problem 4.6 was first solved in [41,42]. While the procedure in
the literature consists of computing all systems having a prescribed invariant
set and of solving a particular system of linear equations, our procedure
only needs to solve a single system of linear equations. Moreover, we solved
the problem in the framework of a more general concept, the Lie derivative
inclusion.

Remark 4.28. Consider Problem 4.6 and put h = [ρ1, . . . , ρk]
T ∈ Rk. Then,

Problem 4.6 can be regarded as one of obtaining a state feedback controller
for the system

ẋ = f(x) +G(x)u,

y = h(x),

such that the set A = {x ∈ Rn : y = 0} is invariant for the closed-loop sys-
tem. This problem can also be handled in the framework of the zero dynamics
algorithm [88]. Although our approach limits the systems to polynomial dy-
namical ones, it has several advantages over the zero dynamics algorithm.
First, the zero dynamics algorithm works only locally. That is, the resulting
controller only renders the set A ∩U invariant, where U ⊂ Rn is some neigh-
borhood of an a priori fixed point in A . Second, the zero dynamics algorithm
assumes several regularity conditions that ours does not. For example, when
A is not smooth at the origin, the zero dynamics algorithm cannot work
there because no locally maximal controlled-invariant manifold exists there.
Third, our approach can compute the set of all required controllers, unlike
the zero dynamics algorithm.
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4.5 Behavior outside the algebraic set

The previous section described a procedure for solving Problem 4.10 by solv-
ing the Lie derivative inclusion, that is, an algorithm for obtaining all state
feedback controllers realizing a prescribed vector field on a given algebraic
set. Although the procedure specifies the behavior of a closed-loop system
on the set, it does not specify anything about the behavior outside the set.
In this section, we discuss the behavior of a closed-loop system outside a
given algebraic set, especially the stability of the algebraic set, when the pre-
scribed vector field is realized on the algebraic set. Regarding stabilizability,
we assume that the given algebraic set is compact and the prescribed vector
field is such that the set is invariant for the resulting closed-loop system.

Consider Problem 4.10 and let u∗ ∈ Rm and mu
i ∈ Rm (i = 1, . . . , r)

be the polynomial vectors computed by Algorithm 4.23. Then, the set u∗ +
⟨mu

1 , . . . ,m
u
r ⟩R represents the set of all state feedback controllers such that the

resulting closed-loop systems have the prescribed vector field on the given
algebraic set A . By describing u∗ + ⟨mu

1 , . . . ,m
u
r ⟩R in parametrized form

(4.16), we can modify the behavior of a closed-loop system of (4.1) outside
A by changing c1, . . . , cr in R. Note that the vector field on A will still
be realized even after the ci’s have changed. In particular, if one wants to
locally (resp. globally) asymptotically stabilize the set A at the same time
as realizing a prescribed vector field on A , it suffices to find c1, . . . , cr so
that A is a locally (resp. globally) asymptotically stable set for the resulting
closed-loop system. Now, substituting u∗(x) + c1m

u
1(x) + · · ·+ crm

u
r (x) into

u of (4.1), we obtain the closed-loop system

ẋ = f(x) +G(x)
{
u∗(x) + c1m

u
1(x) + · · ·+ crm

u
r (x)

}
= {f(x) +G(x)u∗(x)}+ {G(x)mu

1(x)} c1 + · · ·+ {G(x)mu
r (x)} cr

= f̃(x) + G̃(x)c, (4.17)

where

f̃ = f +Gu∗ ∈ Rn,

G̃ = [Gmu
1 , . . . , Gmu

r ] ∈ Rn×r,

c = [c1, . . . , cr]
T ∈ Rr.

Since c is arbitrary, it can be seen as a new input to system (4.17). The
above discussion can be summarized into the following proposition.

Proposition 4.29. Consider Problem 4.10 with a system of form (4.1), a
polynomial vector fd = [fd

1 , . . . , f
d
n′ ]T ∈ Rn′

with n′ ≤ n, and an algebraic set
A ∈ Rn. Assume that A is compact, and fd is such that A is invariant for
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the resulting closed-loop system. Let u∗ ∈ Rm and mu
i ∈ Rm (i = 1, . . . , r) be

the polynomial vectors computed by Algorithm 4.23. Then, the state feedback
controller u = û ∈ Rm for (4.1) satisfies the following conditions:

(i) the controller u = û satisfies (4.7) on A , and

(ii) A is a locally (resp. globally) asymptotically stable set for the closed-
loop system,

if and only if there exist polynomials c1, . . . , cr ∈ R satisfying

(a) the controller û is described as û = u∗ + c1m
u
1 + · · ·+ crm

u
r , and

(b) c = [c1, . . . , cr]
T ∈ Rr is a state feedback controller for (4.17) such

that A is a locally (resp. globally) asymptotically stable set for (4.17).

The above proposition does not describe how to check the stabilizability
of A or how to stabilize A . Nevertheless, it has a certain significance in
the sense that we can separately deal with the realization of the prescribed
vector field on A and the stabilization of A . That is, if one wants to design
a state feedback controller u = û ∈ Rm for (4.1) such that the resulting
closed-loop system ẋ = f(x) + G(x)û(x) satisfies (4.7) on A and that A is
locally (resp. globally) asymptotically stable for the closed-loop system, it
suffices to follow this procedure:

Step 1. Compute u∗ ∈ Rm andmu
i ∈ Rm (i = 1, . . . , r) using Algorithm 4.23

with Φi = Xi, Ψi = fd
i , and Ii = I for i = 1, . . . , n′, where u∗ +

⟨mu
1 , . . . ,m

u
r ⟩R is the set of all solutions of Problem 4.10.

Step 2. Define system (4.17) and check the local (resp. global) asymptotic
stabilizability of A for system (4.17). If it is locally (resp. globally)
asymptotically stabilizable, proceed to the next step because there ex-
ists a controller which locally (resp. globally) asymptotically stabilizes
A for the original system (4.1) at the same time as realizing the pre-
scribed vector field on A ; otherwise, terminate the algorithm because
such a controller does not exist.

Step 3. Obtain a controller c = [c1, . . . , cr]
T ∈ Rr such that A is a locally

(resp. globally) asymptotically stable set for (4.17).

Step 4. Put û := u∗ + c1m
u
1 + · · ·+ crm

u
r .

Moreover, since Steps 2 and 3 are the stabilization of A for the input-affine
polynomial system (4.17), various stabilization methods (e.g. [12,89–92]) can
be employed.



52 Chapter 4

4.6 Examples

Two examples are given here to demonstrate how to solve the Lie derivative
inclusion with state feedback. The first example concerns Problem 4.6, the
second Problem 4.10.

4.6.1 Model matching problem

Let us return to Example 4.9, and suppose we have a controlled plant of
form (4.3) with

fp(ξ) =

 ξ21ξ2
ξ21 + ξ3
ξ2ξ3

 , Gp(ξ) =

ξ1 − 1 0
0 1
0 ξ3

 ,

hp(ξ) =

[
hp
1(ξ)

hp
2(ξ)

]
=

[
ξ21 − 1
ξ22 + ξ23

]
.

On the other hand, suppose we have the reference model of form (4.4) with

f r(ζ) =

[
ζ1ζ2
ζ22

]
, hr(ζ) =

[
hr
1(ζ)

hr
2(ζ)

]
=

[
−ζ21
−ζ22

]
.

Now, let R := R[X1, . . . , X5] be a polynomial ring with indeterminates
X1, . . . , X5 and x = [x1, . . . , x5]

T := [ξ1, ξ2, ξ3, ζ1, ζ2]
T ∈ R5 be the state

of the extended system (4.5) with

f(x) =

[
fp(ξ)
f r(ζ)

]
=


x2
1x2

x2
1 + x3

x2x3

x4x5

x2
5

 ,

G(x) =

[
Gp(ξ)
O

]
=


x1 − 1 0

0 1
0 x3

0 0
0 0

 .

The polynomials hp
i and hr

i with i = 1, 2 are regarded as elements of R, that
is,

hp
1 = X2

1 − 1, hp
2 = X2

2 +X2
3 , hr

1 = −X2
4 , hr

2 = −X2
5 .
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Next, define the ideal J of R as

J := ⟨hp
1 − hr

1, h
p
2 − hr

2⟩R =
⟨
X2

1 +X2
4 − 1, X2

2 +X2
3 +X2

5

⟩
R

and define the algebraic set A =
{
x ∈ R5 : ρ(x) = 0 (∀ρ ∈ J)

}
. The

vanishing ideal I of A is computed as

I =
R
√
J =

⟨
X2

1 +X2
4 − 1, X2, X3, X5

⟩
R

by using the algorithms presented in [73–76]. Now consider Problem 4.6 with
system (4.5) and the above A . A solution u = ũ ∈ Rm of the problem can
be regarded as a dynamic state feedback controller defined by (4.6) such that
yp(ξ(0)) = yr(ζ(0)) implies yp(ξ(t)) = yr(ζ(t)) for all t ≥ 0. We can solve
Problem 4.6 as follows. First, put

Φ1 := X2
1 +X2

4 − 1, Φ2 := X2, Φ3 := X3, Φ4 := X5,

and Ψi := 0 and Ii := I for i = 1, . . . , 4. Next, consider inclusion (4.9) and
execute Algorithm 4.23 as follows. In Step 1, we define

Ψ := [−2X3
1X2 − 2X2

4X5, −X2
1 −X3,−X2X3, −X2

5 ]
T

and

g1 :=


2X2

1 − 2X1

0
0
0

 , g2 :=


0
1
X3

0

 ,

ρ11 :=


X2

1 +X2
4 − 1

0
0
0

 , ρ12 :=


X2

0
0
0

 ,

ρ13 :=


X3

0
0
0

 , ρ14 :=


X5

0
0
0

 ,

ρ21 :=


0

X2
1 +X2

4 − 1
0
0

 , ρ22 :=


0
X2

0
0

 , . . .

. . . , ρ43 :=


0
0
0
X3

 , ρ44 :=


0
0
0
X5

 .
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We will omit the details of Steps 3–6 because of lack of space. In executing
those steps, we confirm that ω′′ = 0, which indicates the problem is solvable,
and obtain a particular solution of (4.15):

ω∗ = [X5, −X2
1 −X3, −2X5, −2X3

1 , 0, 2X1 − 2,

0, . . . , 0, X2
1 −X2 +X3, 0, . . . , 0, −X5]

T ∈ R18.

We also obtain a set of generators {mω
1 , . . . ,m

ω
r } in Step 6. However, we will

not write all of them down here and give only an example:

mω
i = [X2, 0, −2X2, 2X1 + 2X2

4 − 2, 0, . . . , 0]T ∈ R18.

In Step 7, the projection Prj182 (·) yields the set u∗ + ⟨mu
1 , . . . ,m

u
8⟩R of all

solutions of Problem 4.6 as follows:

u∗ =

[
X5

−X2
1 −X3

]
,

mu
1 =

[
X2

1 +X2
4 − 1

0

]
,mu

2 =

[
0

X2
1 +X2

4 − 1

]
,

mu
3 =

[
X2

0

]
,mu

4 =

[
0
X2

]
,mu

5 =

[
X3

0

]
,

mu
6 =

[
0
X3

]
,mu

7 =

[
X5

0

]
,mu

8 =

[
0
X5

]
.

According to Remark 4.26, any ũ in (4.6) solving the present problem can
be parametrized as

ũ(ξ, ζ) =

[
ζ2

−ξ21 − ξ3

]
+ c1(ξ, ζ)

[
ξ21 + ζ21 − 1

0

]
+ c2(ξ, ζ)

[
0

ξ21 + ζ21 − 1

]
...

+ c8(ξ, ζ)

[
0
ζ2

]
with arbitrary polynomial functions ci(·, ·) (i = 1, . . . , 8). Conversely, any ũ
of the above form solves the present problem.

4.6.2 Path following control

Let us return to Example 4.17, and put R := R3 = R[X1, X2, X3] and
x := [x1, x2, θ]

T ∈ R3. Suppose we have a system of form (4.8) defined by

ẋ = f o(x, u) = f(x) +G(x)u (4.18)
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with

f(x) :=

f1(x)f2(x)
f3(x)

 =

 x1 + x2
2

x2
1 + x1 − 1
x2x3

 ,

G(x) :=

G1(x)
G2(x)
G3(x)

 =

1 0
0 x2

0 x3

 .

Let the geometric path C and desired velocity v be given by

C := {[x1, x2]
T ∈ R2 : x2

1 + x2
2 − 1 = 0}, v(x1, x2) := [−x2, x1]

T.

These define the motion such that the controlled object moves along the unit
circle with unit speed. As is done in Example 4.17, we define the algebraic
set A = {x ∈ R3 : x2

1 + x2
2 − 1 = 0} and the polynomials v1 = −X2 and

v2 = X1. The vanishing ideal I of A is computed as

I = R

√
⟨X2

1 +X2
2 − 1⟩R =

⟨
X2

1 +X2
2 − 1

⟩
R

by using the algorithms presented in [73–76]. Put

fd :=

[
fd
1

fd
2

]
=

[
v1
v2

]
=

[
−X2

X1

]
.

Now, consider Problem 4.10 with (4.18) and the above fd and A . The aim is
to determine whether the path and velocity are realizable by state feedback
and to compute the feedback controller explicitly. We can solve Problem 4.10
as follows. First, put

Φ1 := X1, Φ2 := X2, Ψ1 := fd
1 = −X2, Ψ2 := fd

2 = X1,

and Ii := I for i = 1, 2. Next, consider inclusion (4.9) and execute Algo-
rithm 4.23 as follows. In Step 1, we define

Ψ := [−X2
2 −X1 −X2, −X2

1 + 1]T

and

g1 :=

[
1
0

]
, g2 :=

[
0
X2

]
,

ρ11 :=

[
X2

1 +X2
2 − 1

0

]
, ρ21 :=

[
0

X2
1 +X2

2 − 1

]
.
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We will omit the details of Steps 3–6 because of lack of space. In executing
those steps, we confirm that ω′′ = 0, which indicates the problem is solvable,
and obtain the set ω∗ + ⟨mω

1 ,m
ω
2 ⟩R of all solutions of (4.15):

ω∗ = [−X2
2 −X1 −X2, X2, 0, −1]T,

mω
1 = [X2

1 +X2
2 − 1, 0, −1, 0]T,

mω
2 = [0, X2

1 +X2
2 − 1, 0, −X2]

T.

In Step 7, the projection Prj42(·) yields the set u∗+ ⟨mu
1 ,m

u
2⟩R of all solutions

of Problem 4.10 as follows:

u∗ =

[
−X2

2 −X1 −X2

X2

]
, mu

1 =

[
X2

1 +X2
2 − 1

0

]
, mu

2 =

[
0

X2
1 +X2

2 − 1

]
.

According to Remark 4.26, any state feedback controller u solving the present
problem can be parametrized as

u(x) =

[
−x2

2 − x1 − x2

x2

]
+ c1(x)

[
x2
1 + x2

2 − 1
0

]
+ c2(x)

[
0

x2
1 + x2

2 − 1

]
with arbitrary polynomial functions ci(·) (i = 1, 2). Conversely, any con-
troller u of the above form solves the present problem.



Chapter 5

Lie Derivative Inclusion with
Static Output Feedback

5.1 Introduction

In the previous chapter, we formulated and solved the Lie derivative inclu-
sion with state feedback controllers. However, from the practical standpoint,
output feedback controllers are more desirable because the state of a system
cannot always be sensed in practical situations. Therefore, in this chapter, we
extend the results given in the previous chapter to the case of static output
feedback. However, the solution method presented in the previous chapter
cannot be applied to solving the Lie derivative inclusion within the context
of static output feedback because a solution of a linear equation over a sub-
algebra is needed to solve the inclusion, unlike the case of state feedback (see
Section 5.3). Although an algorithm for partially solving such an equation
has been proposed as a Singular [93,94] package, it requires very strict as-
sumptions regarding the cardinality of a set of generators of the subalgebra
and the algebraic independence of the set. To the best of the author’s knowl-
edge, no algorithm for fully solving a linear equation over a subalgebra has
been proposed. Hence, in this chapter, we give an algorithm for solving the
Lie derivative inclusion with static output feedback through more involved
techniques than the previous chapter. Similarly to the state feedback case,
the algorithm consists of a finite number of arithmetic operations of poly-
nomials. Moreover, the algorithm implicitly gives a procedure for solving a
linear equation over a subalgebra. As a result, all the static output-feedback
controllers solving the Lie derivative inclusion can be exactly computed, even
though the design of an output feedback controller is well known to be a dif-
ficult problem [95]. We also show that the realization of a prescribed vector

57
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field via static output feedback can be applied to the replacement of a state
feedback controller with a static output-feedback controller. This application
does not appear in the case of state feedback.

As in the previous chapter, we assume that the given system is a poly-
nomial dynamical one and that the controller is of polynomial-type static
output feedback. We also assume that the given subset of the state space is
algebraic.

This chapter is organized as follows. In Section 5.2, we define the no-
tation and describe the system treated in this chapter. After that, the two
problems posed in the previous chapter, which were associated with the Lie
derivative inclusion with state feedback, are reformulated in output feedback
form. In Section 5.3, we formulate the Lie derivative inclusion with static
output feedback and show that the two problems can be represented as the
inclusion. After that, we explain the difficulty in solving the Lie derivative
inclusion with static output feedback. In Section 5.4, we present the algo-
rithm (Algorithm 5.10) for solving the inclusion and prove Theorem 5.14 to
show that the algorithm indeed solves the inclusion. As a result, all the static
output-feedback controllers solving the inclusion can be exactly represented
by using free polynomial parameters. We also give the algorithm for comput-
ing the polynomial vectors required in Algorithm 5.10 and give the lemma
required for proving Theorem 5.14. In Section 5.5, an example is given to
demonstrate the implementation of Algorithm 5.10.

This chapter requires some knowledge of the theories of commutative
algebras (see Chapter 2) and Gröbner bases [37–39]. This chapter includes
the entire content of journal article 3 in the list of publications, which was
written by the author. The copyright of the article is owned by ISCIE.

5.2 Notation, system description, and prob-

lem modification

This section defines notation, describes the system treated in this chapter,
and modifies the problems posed in Chapter 4 into static output-feedback
form.

First, let us define the notation. Let S = R[Y1, . . . , Yp] be a polynomial
ring over R with indeterminates Y1, . . . , Yp. For a given positive integer s,
let Ss denote the free S-module of all the column vectors with s components
in S. For given positive integers s1 and s2, let Ss1×s2 denote the set of all
s1 × s2 matrices with entries in S. For a given polynomial vector v ∈ Ss, we
distinguish between a polynomial vector v and a polynomial map v(·) accord-
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ing to these notations. We further distinguish between the indeterminates
Y1, . . . , Yn of v and the variables y = [y1, . . . , yn]

T ∈ Rp of v(·). Moreover,
the notation defined in Subsection 4.2.1 is also used in this chapter.

Next, let us define the system examined in this chapter as follows:

ẋ = f o(x, u) = f(x) +G(x)u,

y = h(x).
(5.1)

Here, f ∈ Rn, G ∈ Rn×m, and h = [h1, . . . , hp]
T, hi ∈ R (i = 1, . . . , p). We

write f o(·, ·) = [f o
1 (·, ·), . . . , f o

n(·, ·)]T.
Now, let us modify the problems posed in Chapter 4 into static output-

feedback form. The first one is to render a prescribed subset invariant, and
the second one is to realize a prescribed vector field.

Consider system (5.1) and let us define the notion of controlled invariance
by static output feedback.

Definition 5.1. A set A ⊂ Rn is said to be controlled invariant by static
output feedback for system (5.1) if there exists a static output-feedback con-
troller u ∈ Sm such that A is invariant for the resulting closed-loop system
of (5.1).

We shall consider the following problem associated with Problem 4.6.

Problem 5.2. Let I = ⟨ρ1, . . . , ρk⟩R ⊂ R be the vanishing ideal of a given al-
gebraic set A ⊂ Rn. Then, given a system of form (5.1), determine whether
A is controlled invariant by static output feedback for system (5.1). More-
over, if A is controlled invariant by static output feedback, obtain a static
output-feedback controller u ∈ Sm for system (5.1) such that A is invariant
for the resulting closed-loop system.

Definition 5.3. A solution of Problem 5.2 is a static output-feedback con-
troller u ∈ Sm such that A is invariant for the resulting closed-loop system
of (5.1). Problem 5.2 is said to be solvable if a solution to it exists.

As stated in Subsection 4.2.2, the problem of state constraint and that of
model matching can be represented by Problem 5.2.

The second problem is associated with Problem 4.10, which is described
as follows.

Problem 5.4. Let I = ⟨ρ1, . . . , ρk⟩R ⊂ R be the vanishing ideal of a given
algebraic set A ⊂ Rn. Given a system of form (5.1) and a polynomial vector



60 Chapter 5

fd = [fd
1 , . . . , f

d
n′ ]T ∈ Rn′

with a given positive integer n′ ≤ n, determine
whether there exists a static output-feedback controller u ∈ Sm such that

fd
1 (x) = f o

1 (x, u(h(x))),

...

fd
n′(x) = f o

n′(x, u(h(x))),

(5.2)

for all x ∈ A . Moreover, if such a controller exists, it should be able to be
computed explicitly.

Definition 5.5. A solution of Problem 5.4 is a static output-feedback con-
troller u ∈ Sm satisfying (5.2). Problem 5.4 is said to be solvable if a solution
to it exists.

As stated in Subsection 4.2.3, the problem of realizing a prescribed peri-
odic orbit and that of a path-following control can be represented by Prob-
lem 5.4. We give another problem represented by Problem 5.4 in the following
example, which is the replacement of a state feedback controller with a static
output-feedback controller.

Example 5.6. (Replacement of a state feedback controller with a static
output-feedback controller) Consider system (5.1) and suppose that a state
feedback controller uX ∈ Rm for the system has already been given. Put

fd := f +GuX and I := {0}.

Then, Problem 5.4 represents the problem of obtaining a static output-
feedback controller u ∈ Sm such that the vector field of the resulting closed-
loop system coincides with that of the closed-loop system with uX .

5.3 Lie derivative inclusion with static out-

put feedback

In this section, we formulate the Lie derivative inclusion with static output
feedback, show that Problems 5.2 and 5.4 can be represented by the inclusion,
and explain the difficulty in solving the inclusion.

First, we formulate the Lie derivative inclusion with static output feed-
back. For a given positive integer r, let SbsrY 7→h : Sr → Rr denote the
map defined by the substitution Yi 7→ hi (i = 1, . . . , p). The Lie derivative
inclusion is defined as follows.
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Definition 5.7. Let Φi,Ψi (i = 1, . . . , ℓ) be given polynomials in R and I
be a given ideal of R. Then, consider the system of inclusions

Lf+GSbsmY 7→h(u)
Φ1 ∈ Ψ1 + I,

...

Lf+GSbsmY 7→h(u)
Φℓ ∈ Ψℓ + I

(5.3)

with u ∈ Sm to be found. We call the above system the Lie derivative
inclusion with static output feedback. A solution of (5.3) is a static output-
feedback controller u ∈ Sm satisfying (5.3). Inclusion (5.3) is said to be
solvable if a solution to it exists.

Remark 5.8. In the state feedback case, ideals are given independently for
each inclusion in (5.3). However, to solve Problems 5.2 and 5.4, it suffices
to use a single ideal I as inclusion (5.3). This treatment allows (5.3) to be
calculated in the factor ring R = R/I. See the proof of Theorem 5.14 in
Section 5.4.

Now, we demonstrate how Problems 5.2 and 5.4 can be represented by
the Lie derivative inclusion with static output feedback.

Let A ⊂ Rn be a given algebraic set and I = ⟨ρ1, . . . , ρk⟩R be the van-
ishing ideal of A . The following corollary is a straightforward consequence
of Theorem 4.21.

Corollary 5.9. A given algebraic set A is invariant for the resulting closed-
loop system of (5.1) with a controller u ∈ Sm if and only if u satisfies the
inclusion

Lf+GSbsmY 7→h(u)
ρi ∈ I

for i = 1, . . . , k.

From this corollary, we have that the solutions of Problem 5.2 coincide
with the solutions of inclusion (5.3) with Φi = ρi and Ψi = 0 for i = 1, . . . , k.

Let {e1, . . . , en} be the canonical basis of Rn and rewrite (5.2) as follows:

fd
1 (x) = eT1 (f(x) +G(x)u(h(x))) ,

...

fd
n′(x) = eTn′ (f(x) +G(x)u(h(x))) .

Problem 5.4 requires the above set of equations to be satisfied for all x ∈ A .
This is equivalent to the following inclusions of polynomials:

eT1 (f +GSbsmY 7→h(u)) ∈ fd
1 + I,

...
eTn′ (f +GSbsmY 7→h(u)) ∈ fd

n′ + I.
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The above inclusions can be derived from inclusion (5.3) by setting Φi = Xi

and Ψi = fd
i for i = 1, . . . , n′. That is, the solutions of Problem 5.4 coincide

with the solutions of inclusion (5.3) with Φi = Xi and Ψi = fd
i for i =

1, . . . , n′.
Finally, we explain the difficulty in solving the Lie derivative inclusion

with static output feedback. Given positive integers s and r, consider the
linear equation

γ0 = z1γ1 + · · ·+ zrγr

with given polynomial vectors γi ∈ Rs (i = 0, . . . , r), where z := [z1, . . . , zr]
T

∈ Rr is to be found. In Chapter 4, it was shown that solving the Lie derivative
inclusion with state feedback reduces to solving the above equation. More-
over, the above equation can be solved by using the technique of Gröbner
bases. On the other hand, in the case of static output feedback, the zi’s are
taken to be elements of S rather than R. Although an algorithm for partially
solving such an equation has been proposed as a Singular package (see [93]),
it requires very strict assumptions that p = n holds and {h1, . . . , hp} is alge-
braically independent. To the best of the author’s knowledge, no algorithm
for fully solving such an equation has been proposed. Hence, in this chapter,
we will give an algorithm for solving the Lie derivative inclusion with static
output feedback through more involved techniques than that with state feed-
back. The algorithm implicitly gives a procedure for solving such equations
where the zi’s are taken to be elements in S.

5.4 Solution to the Lie derivative inclusion

with static output feedback

In this section, we will describe an algorithm for solving the Lie derivative
inclusion with static output feedback. Algorithm 5.10 is the algorithm for
solving the inclusion. Theorem 5.14 shows that the algorithm indeed solves
the inclusion. As a result, all the required static output-feedback controllers
can be represented by using free polynomial parameters. The algorithm can
also be used to solve Problems 5.2 and 5.4, as explained in the previous
sections.

5.4.1 Solution algorithm

Before we describe the algorithm, let us define the following notation. Let
R = R/I be the factor ring of R modulo I, and H = R[h1, . . . , hp] be the sub-
algebra of R generated by {h1, . . . , hp}. For any element a ∈ R, let a denote
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the equivalence class [a] ∈ R. Similarly, for any element ξ = [ξ1, . . . , ξs]
T ∈ Rs

with some integer s ≥ 1, we use the same notation ξ to describe the element
[ξ1, . . . , ξs]

T ∈ R
s
. Let H be the subalgebra R[h1, . . . , hp] of R generated by

{h1, . . . , hp}. Furthermore, let FctI : Rm+1 → R
m+1

be the map defined by

Rm+1 ∋ ξ 7→ ξ ∈ R
m+1

. For a given positive integer r, let SbsrY 7→h : Sr → Rr

denote the map defined by the substitution Yi 7→ hi (i = 1, . . . , p), as was
defined before.

Let P be either of the rings R, S, or R. We further define the following
notation. For a given ideal J ⊂ P and a given integer s ≥ 1, let J⊕s be the
direct sum of s copies of J , i.e.,

J⊕s = {ξ = [ξ1, . . . , ξs]
T ∈ P s : ξi ∈ J (i = 1, . . . , s)}.

Note that, when J is described by J = ⟨µ1, . . . , µk⟩P with generators
{µ1, . . . , µk}, we can describe J⊕s in the explicit form

J⊕s = ⟨µ1e1, . . . , µke1⟩P + · · ·+ ⟨µ1es, . . . , µkes⟩P ,

where {e1, . . . , es} is the canonical basis of P s. In particular, J⊕s is a P -
submodule of P s. For given polynomial vectors vi ∈ P s (i = 1, . . . , r) with
some r ≥ 1, let SyzP (v1, . . . , vr) ⊂ P r be the syzygy module of the r-tuple
(v1, . . . , vr), i.e.,

SyzP (v1, . . . , vr) :=
{
ζ = [ζ1, . . . , ζr]

T ∈ P r : ζ1v1 + · · ·+ ζrvr = 0
}
.

For given integers s1 and s2 such that s1 ≥ s2 ≥ 1, let Prjs1s2 : P s1 → P s2 be
the projection map defined by P s1 ∋ [ω1, . . . , ωs1 ]

T 7→ [ω1, . . . , ωs2 ]
T ∈ P s2 .

We will give the algorithm for solving inclusion (5.3) in what follows. As
we will see in Theorem 5.14, the algorithm checks the solvability of (5.3)
and computes the set of all solutions of (5.3). The proof of Theorem 5.14
indicates that the solutions u = [u1, . . . , um]

T ∈ Sm of (5.3) coincide with
the solutions of the inclusion

e1 ∈ u1e2 + · · ·+ umem+1 + ⟨η1, . . . , ην⟩S + (⟨κ1, . . . , κν′⟩S)
⊕m+1 ,

where {e1, . . . , em+1} is the canonical basis of Sm+1, ηi ∈ Sm+1 (i = 1, . . . , ν)
are the polynomial vectors computed in Step 1 in Algorithm 5.10, and κi ∈
S (i = 1, . . . , ν ′) are the polynomials computed in Steps 2 and 3 in the
algorithm. Hence, the algorithm for solving (5.3) is based on solving the
above inclusion. The algorithm is as follows.

Algorithm 5.10 (For solving the Lie derivative inclusion with static output
feedback).
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Given: the polynomial vector f ∈ Rn, the polynomial matrix G ∈ Rn×m,
and the polynomials hi ∈ R (i = 1, . . . , p) of system (5.1). Polynomials
Φi ∈ R and Ψi ∈ R with i = 1, . . . , ℓ, and an ideal I = ⟨ρ1, . . . ,
ρk⟩R ⊂ R.

Obtain: a polynomial vector u∗ ∈ Sm and a set {mu
1 , . . . ,m

u
r} of polyno-

mial vectors mu
i ∈ Sm (i = 1, . . . , r), where u∗ + ⟨mu

1 , . . . ,m
u
r ⟩S is the

set of all solutions of (5.3).

Step 1. Compute a set {η1, . . . , ην} of polynomial vectors ηi ∈ Sm+1 (i =
1, . . . , ν) by using Algorithm 5.16 in Subsection 5.4.2. Write ηi =
[η(i,1), . . . , η(i,m+1)]

T (i = 1, . . . , ν).

Step 2. Define the R-algebra homomorphism π : S → R by

S ∋ α(Y1, . . . , Yp) 7−→ α(h1, . . . , hp) ∈ R. (5.4)

Step 3. Compute a set of generators {κ1, . . . , κν′} of kerπ by using Algo-
rithm A.6 in the appendix.

Step 4. Check if

1 ∈
⟨
η(1,1), . . . , η(ν,1)

⟩
S
+ ⟨κ1, . . . , κν′⟩S . (5.5)

If the above inclusion holds, proceed to the next step because (5.3)
is solvable; otherwise, terminate the algorithm because (5.3) is not
solvable.

Step 5. Let {e1, . . . , em+1} be the canonical basis in Sm+1.

Step 6. Set d = ν + (m+ 1)ν ′, and define the equation

e1 = z1e2 + · · ·+ zmem+1 + (zm+1η1 + · · ·+ zm+νην)

+ (zm+ν+1κ1e1 + · · ·+ zm+ν+ν′κν′e1)

...

+ (zm+ν+mν′+1κ1em+1 + · · ·+ zm+dκν′em+1)

with the variables z := [z1, . . . , zm+d]
T ∈ Sm+d.

Step 7. By solving the above equation using Algorithm A.8 in the appendix,

obtain polynomial vectors z∗ ∈ Sm+d and mz
i ∈ Sm+d (i = 1, . . . , r),

where z∗ + ⟨mz
1, . . . ,m

z
r⟩S is the set of all solutions z ∈ Sm+d of the

equation.
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Step 8. Put u∗ := Prjm+d
m (z∗) ∈ Sm and mu

i := Prjm+d
m (mz

i ) ∈ Sm (i =
1, . . . , r).

Remark 5.11. Checking if inclusion (5.5) holds is the ideal membership prob-
lem, which can be exactly solved [37,48].

Remark 5.12. All the calculations in the above algorithm are not approximate
but exact. Moreover, the algorithm consists of a finite number of arithmetic
operations of polynomials.

Remark 5.13. Although the above algorithm is applicable to the Lie derivative
inclusion with state feedback, Algorithm 4.23 is more preferable to solve it
because the computation of the above one is more complicated than that of
Algorithm 4.23.

We shall prove that the above algorithm indeed solves the Lie derivative
inclusion.

Theorem 5.14. The Lie derivative inclusion with static output feedback is
solvable if and only if (5.5) holds. Moreover, u∗ + ⟨mu

1 , . . . ,m
u
r ⟩S is the set

of all solutions of the Lie derivative inclusion with static output feedback.

Proof. Let π : S → R be the R-algebra homomorphism defined by (5.4) as
is in Algorithm 5.10. For a given integer s ≥ 1, the R-module R

s
can be

regarded as an S-module with the law of action S × R
s ∋ (α, ζ) 7→ π(α)ζ ∈

R
s
. We henceforth regard R

s
as an S-module in such a way. The R-algebra

homomorphism π induces the S-module homomorphism Π : Sm+1 → R
m+1

defined by

[ζ1, . . . , ζm+1]
T 7−→ [π(ζ1), . . . , π(ζm+1)]

T.

Note that Π = FctI ◦ Sbsm+1
Y 7→h, ImΠ = H

m+1
, and kerΠ = (kerπ)⊕m+1.

Inclusion (5.3) can be transformed into

Ψ1 −
∂Φ1

∂X
f ∈

(
∂Φ1

∂X
G

)
SbsmY 7→h(u) + I,

...

Ψℓ −
∂Φℓ

∂X
f ∈

(
∂Φℓ

∂X
G

)
SbsmY 7→h(u) + I.
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This is equivalent to the equation

Ψ1 −
∂Φ1

∂X
f =

(
∂Φ1

∂X
G

)
SbsmY 7→h(u),

...

Ψℓ −
∂Φℓ

∂X
f =

(
∂Φℓ

∂X
G

)
SbsmY 7→h(u).

(5.6)

Now, put

Ψ̃ :=

Ψ1 − ∂Φ1

∂X
f

...

Ψℓ − ∂Φℓ

∂X
f

 ∈ R
ℓ
,

G̃ := [g̃1, . . . , g̃m] :=


∂Φ1

∂X
G
...

∂Φℓ

∂X
G

 ∈ R
ℓ×m

,

u =

u1
...
um

 ∈ Sm. (5.7)

Then, (5.6) is transformed into

Ψ̃ = Sbs1Y 7→h(u1)g̃1 + · · ·+ Sbs1Y 7→h(um)g̃m = π(u1)g̃1 + · · ·+ π(um)g̃m.

Hence, the solutions of (5.3) are identical to the solutions u = [u1, . . . , um]
T ∈

Sm satisfying the equation

Ψ̃ = u1g̃1 + · · ·+ umg̃m (5.8)

with the law of action of the S-module R
ℓ
. Now, consider the S-submodule

M :=
⟨
Ψ̃, g̃1, . . . , g̃m

⟩
S
⊂ R

ℓ
. Let {e1, . . . , em+1} be the canonical basis of

Sm+1, and define the surjective S-module homomorphism χ : Sm+1 → M
by e1 7→ Ψ̃, e2 7→ g̃1, . . . , and em+1 7→ g̃m. By the homomorphism theorem,
we have Sm+1/N ≃ M , where N = kerχ. Using this isomorphism, we have
that (5.8) is equivalent to the equation

e1 = u1e2 + · · ·+ umem+1 mod N.
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That is, the solutions of (5.3) are identical to the solutions u = [u1, . . . , um]
T ∈

Sm satisfying the inclusion

e1 ∈ u1e2 + · · ·+ umem+1 +N. (5.9)

Now, let {η1, . . . , ην} and {κ1, . . . , κν′} be the sets computed in Step 1 and
Steps 2–3 in Algorithm 5.10, respectively. Note that ⟨κ1, . . . , κν′⟩S = kerπ.
Then, it can be verified that

N = ⟨η1, . . . , ην⟩S + (⟨κ1, . . . , κν′⟩S)
⊕m+1 (5.10)

as follows. By definition, we have

N = kerχ

=
{
[ζ1, . . . , ζm+1]

T ∈ Sm+1 : ζ1Ψ̃ + ζ2g̃1 + · · ·+ ζm+1g̃m = 0

under the law of action of the

S-module R
ℓ
}

=
{
[ζ1, . . . , ζm+1]

T ∈ Sm+1 : π(ζ1)Ψ̃ + π(ζ2)g̃1 + · · ·+ π(ζm+1)g̃m = 0

under the law of action of the

R-module R
ℓ
}

=
{
ζ ∈ Sm+1 : Π(ζ) ∈ SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H

m+1
}

= Π−1
(
SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H

m+1
)
.

On the other hand, by Lemma 5.17 in Subsection 5.4.2, we have

Π (⟨η1, . . . , ην⟩S) = SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H
m+1

.

Hence, we have

N = ⟨η1, . . . , ην⟩S + kerΠ = ⟨η1, . . . , ην⟩S + (kerπ)⊕m+1,

which implies (5.10). Now, let us consider (5.9). The above expression for
N implies that there exists a solution u satisfying (5.9) if and only if the
following inclusion holds:

e1 ∈ ⟨e2, . . . , em+1⟩S + ⟨η1, . . . , ην⟩S
+ ⟨κ1e1, . . . , κν′e1⟩S + · · ·+ ⟨κ1em+1, . . . , κν′em+1⟩S . (5.11)



68 Chapter 5

Noting that

⟨e2, . . . , em+1⟩S ⊃ ⟨κ1e2, . . . , κν′e2⟩S + · · ·+ ⟨κ1em+1, . . . , κν′em+1⟩S ,

we have that (5.11) is equivalent to

e1 ∈ ⟨e2, . . . , em+1⟩S + ⟨η1, . . . , ην⟩S + ⟨κ1e1, . . . , κν′e1⟩S .

Write ηi = [η(i,1), . . . , η(i,m+1)]
T (i = 1, . . . , ν). Then, by comparing the po-

sitions of components, we have that the above inclusion is equivalent to the
inclusion

1 ∈
⟨
η(1,1), . . . , η(ν,1)

⟩
S
+ ⟨κ1, . . . , κν′⟩S .

Therefore, the first statement of the theorem follows. In what follows, we
assume that (5.3) is solvable. Put d := ν + (m + 1)ν ′, and consider the
equation

e1 = z1e2 + . . .+ zmem+1 + (zm+1η1 + · · ·+ zm+νην)

+ (zm+ν+1κ1e1 + · · ·+ zm+ν+ν′κν′e1)

...

+ (zm+ν+mν′+1κ1em+1 + · · ·+ zm+dκν′em+1) (5.12)

with the variables z := [z1, . . . , zm+d]
T ∈ Sm+d. A solution of (5.9) is nothing

but the image of the projection Prjm+d
m : Sm+d → Sm of a solution z of (5.12).

Since (5.12) is a linear equation with coefficients in the polynomial ring S,
we can exactly compute the set of all solutions of (5.12) by Algorithm A.8
in the appendix as

z∗ + ⟨mz
1, . . . ,m

z
r⟩S ,

where z∗ ∈ Sm+d and mz
i ∈ Sm+d (i = 1, . . . , r) with some r ≥ 1. Putting

u∗ := Prjm+d
m (z∗) ∈ Sm and mu

i := Prjm+d
m (mz

i ) ∈ Sm (i = 1, . . . , r), we
obtain the set u∗ + ⟨mu

1 , . . . ,m
u
r ⟩S of all solutions of (5.9), i.e., the set of all

solutions of (5.3).

Remark 5.15. Theorem 5.14 can be interpreted as follows: let u∗,mu
1 , . . .

and mu
r be as above. Then, any static output-feedback controller u ∈ Sm

satisfying (5.3) can be parametrized in the form

u = u∗ + c1m
u
1 + . . .+ crm

u
r (5.13)

with arbitrary polynomial parameters ci ∈ S (i = 1, . . . , r). Conversely, any
controller u of the above form satisfies inclusion (5.3).
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5.4.2 Computing the set {η1, ..., ηℓ} in Algorithm 5.10

We use the notation defined so far. The following algorithm, which is a
modification of Algorithms A.2 and A.4 in the appendix, is used to derive
Algorithm 5.10 in the previous subsection.

Algorithm 5.16.

Given: the polynomial vector f ∈ Rn, the polynomial matrix G ∈ Rn×m,
and the polynomials hi ∈ R (i = 1, . . . , p) of system (5.1). Polynomials
Φi ∈ R and Ψi ∈ R with i = 1, . . . , ℓ, and an ideal I = ⟨ρ1, . . . ,
ρk⟩R ⊂ R.

Obtain: a set {η1, . . . , ην} of polynomial vectors ηi ∈ Sm+1 (i = 1, . . . , ν).

Step 1. Put

Ψ′ :=

Ψ1 − ∂Φ1

∂X
f

...

Ψℓ − ∂Φℓ

∂X
f

 ∈ Rℓ,

G′ := [g′1, . . . , g
′
m] :=


∂Φ1

∂X
G
...

∂Φℓ

∂X
G

 ∈ Rℓ×m.

Step 2. Let {e1, . . . , eℓ} be the canonical basis of Rℓ, and compute a set of
generators {b′1, . . . , b′ℓ′} of the syzygy module

SyzR(Ψ′, g′1, . . . , g
′
m, ρ1e1, . . . , ρke1, ρ1e2, . . . , ρke2, . . . , ρ1eℓ, . . . , ρkeℓ),

using the algorithm given in [37].

Step 3. Put bi := Prjm+1+kℓ
m+1 (b′i) ∈ Rm+1 (i = 1, . . . , ℓ′).

Step 4. Let {e1, . . . , em+1} be the canonical basis of Rm+1, and define the
R-submodule

L = ⟨b1, . . . , bℓ′⟩R + I⊕m+1

=
⟨
b1, . . . , bℓ′ , ρ1e1, . . . , ρke1, . . . , ρ1em+1, . . . , ρkem+1

⟩
R
.

Step 5. Set D = R[X1, . . . , Xn, Y1, . . . , Yp].
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Step 6. Let {e1, . . . , em+1} be the canonical basis of Dm+1, and define the
D-submodule

L′ =
⟨
b1, . . . , bℓ′ , ρ1e1, . . . , ρke1, . . . , ρ1em+1, . . . , ρkem+1

⟩
D

+ ⟨(Y1 − h1)e1, . . . , (Yp − hp)e1⟩D
...

+ ⟨(Y1 − h1)em+1, . . . , (Yp − hp)em+1⟩D .

Step 7. Compute a Gröbner basis L of L′ w.r.t. an elimination ordering for
{X1, . . . , Xn}.

Step 8. Put {η1, . . . , ην} := L ∩ Sm+1.

Lemma 5.17. Let {η1, . . . , ην} be the set computed by Algorithm 5.16. Then,

Π(⟨η1, . . . , ην⟩S) = SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H
m+1

. (5.14)

Proof. Note that Π = FctI ◦Sbsm+1
Y 7→h. Algorithm 5.16 can be divided into two

parts: the first half (Steps 1–3) corresponds to Algorithm A.2 and the latter
half (Steps 3–7) corresponds to Algorithm A.4. Consider the set {b1, . . . , bℓ′}
in Algorithm 5.16. Since the construction of {b1, . . . , bℓ′} in Algorithm 5.16
corresponds to Algorithm A.2 with (v1, . . . , vm+1) := (Ψ′, g′1, . . . , g

′
m), we have⟨

b1, . . . , bℓ′
⟩
R
= SyzR(Ψ′, g′1, . . . , g

′
m) = SyzR(Ψ̃, g̃1, . . . , g̃m). (5.15)

On the other hand, since the construction of {η1, . . . , ην} in Algorithm 5.16
corresponds to Algorithm A.4 with L := ⟨b1, . . . , bℓ′⟩R + I⊕m+1, we have

Sbsm+1
Y 7→h (⟨η1, . . . , ην⟩S) =

⟨
Sbsm+1

Y 7→h(η1), . . . , Sbs
m+1
Y 7→h(ην)

⟩
H

= L ∩Hm+1

=
(
⟨b1, . . . , bℓ′⟩R + I⊕m+1

)
∩Hm+1. (5.16)

Now, we prove that

FctI
(
L ∩Hm+1

)
= SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H

m+1
(5.17)

as follows. Take an arbitrary ξ ∈ Rm+1 such that ξ ∈ L ∩ Hm+1. Since

ξ ∈ Hm+1, it is obvious that FctI(ξ) = ξ ∈ H
m+1

. Moreover, since

ξ ∈ L = ⟨b1, . . . , bℓ′⟩R + I⊕m+1,
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there exist ai ∈ R (i = 1, . . . , ℓ′) and θ ∈ I⊕m+1 such that

ξ = a1b1 + · · ·+ aℓ′bℓ′ + θ.

Hence, we have

FctI(ξ) = ξ = a1b1 + · · ·+ aℓ′bℓ′ ∈
⟨
b1, . . . , bℓ′

⟩
R
,

which implies FctI(ξ) ∈ SyzR(Ψ̃, g̃1, . . . , g̃m). Thus, we have the inclusion

FctI
(
L ∩Hm+1

)
⊂ SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H

m+1
.

Conversely, take an arbitrary ζ ∈ R
m+1

such that

ζ ∈ SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H
m+1

.

Since (5.15) holds, there exist ai ∈ R (i = 1, . . . , ℓ′) such that

ζ = a1b1 + · · ·+ aℓ′bℓ′ .

Moreover, since ζ ∈ H
m+1

, there exists θ ∈ I⊕m+1 such that

a1b1 + · · ·+ aℓ′bℓ′ + θ ∈ Hm+1.

Setting ζ ′ := a1b1 + · · ·+ aℓ′bℓ′ + θ, we have

ζ ′ ∈
(
⟨b1, . . . , bℓ′⟩R + I⊕m+1

)
∩Hm+1 = L ∩Hm+1

and FctI(ζ ′) = ζ, which imply the inclusion

FctI
(
L ∩Hm+1

)
⊃ SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H

m+1
.

Therefore, we have that (5.17) holds. Thus, from (5.16) and (5.17), we have

FctI ◦ Sbsm+1
Y 7→h (⟨η1, . . . , ην⟩S) = SyzR(Ψ̃, g̃1, . . . , g̃m) ∩H

m+1
,

which implies (5.14).

5.5 Example

We give an example that demonstrates the implementation of Algorithm 5.10
as follows.
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Example 5.18. Suppose we have the system of form (5.1) defined by

f(x) =

 x1x2 + x2x
2
3

x3
1 + x3

2

−x1 + x3 + x3
1

 , G(x) =

x1 + 1 x2
3

0 x2

−x1x2 0

 ,

h(x) =

[
x2 + x1x3

x1x2

]
, (5.18)

the polynomial vector

fd(x) =

−x2

x1

0

 , (5.19)

and the algebraic set A = {x ∈ R3 : x2
1 + x2

2 = 1, x3 = 0}, and consider
Problem 5.4. The set A is the unit circle on the x1-x2 plane, and its vanishing
ideal of A is computed as

I = R

√
⟨X2

1 +X2
2 − 1, X3⟩R =

⟨
X2

1 +X2
2 − 1, X3

⟩
R

(5.20)

by using the algorithms presented in [73–76]. Put

Φ1 = X1, Φ2 = X2, Φ3 = X3,

Ψ1 = fd
1 = −X2, Ψ2 = fd

2 = X1, Ψ3 = fd
3 = 0

as are in Subsection 5.3. Now, we execute Algorithm 5.10 under the above
settings. In Step 1, we obtain the set {η1, η2, η3} as

η1 = [1, Y1, Y
2
1 − Y2]

T,

η2 = [Y 3
1 + Y1Y2 − Y1, Y

2
1 Y2 − Y 2

2 ,−2Y1Y
2
2 + Y1Y2]

T,

η3 = [Y 2
1 − Y2, Y

3
1 − Y1Y2,−2Y 2

1 Y2 + Y 2
1 ]

T.

In Steps 2 and 3, we obtain the set {κ1} as

κ1 = Y 4
1 − Y 2

1 + Y 2
2 .

In Step 4, we can verify that the following inclusion holds:

1 ∈
⟨
1, Y 3

1 + Y1Y2 − Y1, Y
2
1 − Y2

⟩
S
+
⟨
Y 4
1 − Y 2

1 + Y 2
2

⟩
S
,
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which indicates the present problem is solvable. In Steps 5 and 6, we define
the equation10
0

 = z1

01
0

+ z2

00
1

+ z3

 1
Y1

Y 2
1 − Y2

+ z4

Y 3
1 + Y1Y2 − Y1

Y 2
1 Y2 − Y 2

2

−2Y1Y
2
2 + Y1Y2


+ z5

 Y 2
1 − Y2

Y 3
1 − Y1Y2

−2Y 2
1 Y2 + Y 2

1

+ z6

Y 4
1 − Y 2

1 + Y 2
2

0
0

+ z7

 0
Y 4
1 − Y 2

1 + Y 2
2

0


+ z8

 0
0

Y 4
1 − Y 2

1 + Y 2
2


with the variables z := [z1, . . . , z8] ∈ S8. In Step 7, we obtain the polynomial
vectors z∗ ∈ S8, mz

1 ∈ S8, . . . , and mz
6 ∈ S8 as

z∗ = [−Y1,−Y 2
1 + Y2, 1, 0, 0, 0, 0, 0]

T,

mz
1 = [0, 0, 0, Y1,−Y2,−1, 0, 0]T,

mz
2 = [0, 0, 2Y1Y2 − Y1,−1,−Y1, 0,−1, 0]T,

mz
3 = [0, 0, Y 2

1 − Y2, 0,−1, 0, 0,−1]T,

mz
4 = [0, 0, 2Y 2

2 − Y2, 0, Y
2
1 + Y2 − 1,−1,−Y1, 2Y2 − 1]T,

mz
5 = [Y 4

1 − Y 2
1 + Y 2

2 , 0, 0, 0, 0, 0,−1, 0]T,

mz
6 = [0, Y 4

1 − Y 2
1 + Y 2

2 , 0, 0, 0, 0, 0,−1]T.

Finally, in Step 8, we obtain by projection the polynomial vectors u∗ ∈ S2,
mu

1 ∈ S2, and mu
2 ∈ S2 as

u∗ =

[
−Y1

−Y 2
1 + Y2

]
, mu

1 =

[
Y 4
1 − Y 2

1 + Y 2
2

0

]
, mu

2 =

[
0

Y 4
1 − Y 2

1 + Y 2
2

]
.

According to Remark 5.15, any static output-feedback controller u satisfy-
ing (5.2) is parametrized as

u(y) =

[
−y1

−y21 + y2

]
+ c1(y)

[
y41 − y21 + y22

0

]
+ c2(y)

[
0

y41 − y21 + y22

]
with arbitrary polynomial functions ci(·) (i = 1, 2). Conversely, any con-
troller u of the above form satisfies (5.2).
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Conclusions

6.1 Summary

In this dissertation, we aimed to develop a framework of computing exact
solutions to nonlinear control problems by employing the theory of algebras.
We required here that the computation consist of a finite number of arith-
metic operations.

In Chapter 3, we tackled stability analysis by using Lie algebras. We
focused on discrete-time nonlinear systems with state-dependent coefficient
matrices and derived sufficient conditions for local and global asymptotic sta-
bilities for upper-triangularizable systems. Although this result could be seen
as a discrete analogue of [52], we included new results: a necessary condition
for upper triangularizability and a sufficient condition for global asymptotic
stability. Moreover, the transformation matrix for triangularization is not
required explicitly for checking the conditions.

In Chapter 4, we dealt with two problems of input-affine polynomial dy-
namical systems. One aims to obtain a state feedback controller such that
a prescribed algebraic set is invariant for the resulting closed-loop system.
The other aims to obtain a state feedback controller such that the resulting
closed-loop system has a prescribed vector field on a given algebraic set. We
formulated the Lie derivative inclusion with state feedback to represent the
problems and solved it in a finite number of arithmetic operations of polyno-
mials by using the theory of Gröbner bases. As a result, all the state feedback
controllers required in the problems can be exactly described by using free
polynomial parameters. Since the above two problems have several control
applications, the controllers required in the applications can also be exactly
computed in a finite number of arithmetic operations of polynomials.

In Chapter 5, we extended the results in Chapter 4 to the case of static
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output feedback. Although there had been a certain difficulty in solving the
Lie derivative inclusion with static output feedback, we derived an algorithm
for solving the inclusion by removing the difficulty. By using the algorithm,
all the static output-feedback controllers solving the inclusion can be exactly
computed in a finite number of arithmetic operations of polynomials.

6.2 Discussion

We review the results given in this dissertation in regard to the following
points of view.

Theoretical importance
Since the stability conditions given in Chapter 3 do not require the differen-
tiability of a system, they are applicable to systems with which Lyapunov’s
indirect method does not work. In fact, under the assumption of the upper
triangularizability of systems, the local stability condition is a generalization
of Lyapunov’s indirect method. Moreover, to the best of the author’s knowl-
edge, a converse Lyapunov theorem for discontinuous discrete-time systems
has not been presented. At least, a certain discontinuous discrete-time sys-
tem having a globally asymptotically stable equilibrium point at the origin
does not admit any smooth Lyapunov function. Hence, the present stability
conditions might be able to ensure the local or global stability of a system
that has no Lyapunov function. Even if the converse Lyapunov theorem
held, it would be very difficult to find Lyapunov functions. The results in
the chapter also revealed that the present stability conditions can be applied
to systems that the results in [54] and [55] applied for switched linear systems
cannot, in which the image of the coefficient matrix of a system is assumed
to be compact.

The importance of the results given in Chapters 4 and 5 is that a particu-
lar inclusion of polynomials can represent several nonlinear control problems
in a unified manner and that the inclusion can be solved even within the con-
text of static output feedback. Moreover, the algorithm given in Chapter 5
can solve linear equations over a subalgebra, which had never before been
done.

Computability
Although the results of Chapter 3 have theoretical importance, there is a lack
of computability in the sense that the Lie algebraic condition for the trian-
gularizability of a system is not always checkable symbolically. Nevertheless,
in many cases, the triangularizability condition can be checked by a finite
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number of arithmetic operations of matrices. Moreover, to check the stabil-
ity conditions, it is enough to evaluate the asymptotic behavior of functions,
unlike heuristic approaches such as Lyapunov’s direct method.

On the other hand, a solution of the Lie derivative inclusion is completely
computable in a finite number of arithmetic operations by using the algo-
rithms given in Chapters 4 and 5, which are based on the theory of Gröbner
bases. This computability is highly significant in nonlinear control theory
because the computation of exact solutions of nonlinear control problems is
very difficult in general.

Practical applications
The stability conditions given in Chapter 3 are restrictive because they re-
quire the triangularizability of a system and are only sufficient conditions.
Hence, practical applications of the conditions have not yet been found.

In Chapters 4 and 5, the Lie derivative inclusion is defined for polynomial
dynamical systems and algebraic sets. As stated in the chapters, polynomial
dynamical systems can represent a lot of systems, and algebraic sets can rep-
resent a variety of typical subsets of the state space. Hence, the results given
in these chapters have a certain generality and applicability. A disadvantage
is that the proposed algorithms require heavy computational cost for higher
dimensional systems because the algorithms are based on the computation
of Gröbner bases.

6.3 Future recommendation

Since the Lie algebraic stability analysis in Chapter 3 depends on the choice
of the description of a system, the stability conditions do not reflect the es-
sential properties of systems. This suggest that the Lie-algebraic stability
conditions cannot be significantly extended in the theoretical sense. One
possible extension is to relax the stability conditions. For example, the sta-
bility of almost triangularizable systems in some sense can be investigated.
Another recommendation is the practical application of the stability analysis
of linear closed-loop systems equipped with a state-dependent feedback gain,
to which the results in Chapter 3 are applicable.

The Lie derivative inclusion can be formulated in more general rings,
e.g., the rings of analytic functions, rational functions, and meromorphic
functions. One direction for future study on the Lie derivative inclusion
is to obtain an algorithm for solving the inclusion in these rings. Another
direction is to find more practical problems that can be represented by the
Lie derivative inclusion. In particular, it is recommended to establish an
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algorithm that can compute approximate solutions, rather than exact ones,
of the Lie derivative inclusion. It is also recommended to formulate the
inclusion for systems having parameters.



Appendix

This appendix includes the supplementary algorithms employed for solving
the Lie derivative inclusion. In the following, the indexes of the symbols are
associated with those in Chapter 5.

A.1 Computing a syzygy module over a fac-

tor ring

Consider the following problem.

Problem A.1. Given an (m+ 1)-tuple (v1, . . . , vm+1) of polynomial vectors
vi ∈ Rℓ (i = 1, . . . ,m + 1), compute a set of generators {b1, . . . , bℓ′} of the

syzygy module SyzR(v1, . . . , vm+1).

The algorithm for solving the above problem is given below.

Algorithm A.2. (Computing a syzygy module over a factor ring) [94, Re-
mark 2.5.6]

Given: an (m+ 1)-tuple (v1, . . . , vm+1) of polynomial vectors vi ∈ Rℓ (i =
1, . . . ,m+ 1).

Obtain: a set of generators {b1, . . . , bℓ′} of the syzygy module

SyzR(v1, . . . , vm+1).

Step 1. Let {e1, . . . , eℓ} be the canonical basis of Rℓ, and compute a set of
generators{b′1, . . . , b′ℓ′} of the syzygy module

SyzR(v1, . . . , vm+1, ρ1e1, . . . , ρke1, ρ1e2, . . . , ρke2, . . . , ρ1eℓ, . . . , ρkeℓ),

using the algorithm given in [37].

Step 2. Put bi := Prjm+1+kℓ
m+1 (b′i) ∈ Rm+1 (i = 1, . . . , ℓ′).

Step 3. Put bi := FctI(bi) ∈ R
m+1

(i = 1, . . . , ℓ′).
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A.2 Intersecting a module with a subalgebra

Consider the following problem.

Problem A.3. Given an R-submodule L = ⟨w1, . . . , wℓ′+k(m+1)⟩R ⊂ Rm+1

and a subring H = R[h1, . . . , hp] ⊂ R, obtain a set of generators {η′1, . . . , η′ν}
of the H-module L ∩Hm+1.

The algorithm for solving the above problem is given below.

Algorithm A.4. (Intersecting a module with a subalgebra) [96]

Given: a set of generators {w1, . . . , wℓ′+k(m+1)} of an R-submodule L ⊂
Rm+1, and a set of generators {h1, . . . , hp} of a subalgebra H =
R[h1, . . . , hp] ⊂ R.

Obtain: a set of generators {η′1, . . . , η′ν} of the H-module L ∩Hm+1.

Step 1. Set D := R[X1, . . . , Xn, Y1, . . . , Yp].

Step 2. Let {e1, . . . , em+1} be the canonical basis of Rm+1, and form the
D-submodule

L′ =
⟨
w1, . . . , wℓ′+k(m+1)

⟩
D
+ ⟨(Y1 − h1)e1, . . . , (Yp − hp)e1⟩D
...

+ ⟨(Y1 − h1)em+1, . . . , (Yp − hp)em+1⟩D .

Step 3. Compute a Gröbner basis L of L′ w.r.t. an elimination ordering for
{X1, . . . , Xn}.

Step 4. Put {η1, . . . , ην} := L ∩ Sm+1.

Step 5. Put η′i := Sbsm+1
Y 7→h(ηi) (i = 1, . . . , ν).

A.3 Computing the kernel of an algebra ho-

momorphism

Consider the following problem.

Problem A.5. Given an R-algebra homomorphism π : S → R defined by
Yi 7→ hi, compute a set of generators {κ1, . . . , κν′} of kerπ.

The algorithm for solving the above problem is given below.
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Algorithm A.6. (Computing the kernel of an algebra homomorphism) [94]

Given: an R-algebra homomorphism π : S → R defined by Yi 7→ hi.

Obtain: a Gröbner basis {κ1, . . . , κν′} of kerπ.

Step 1. Set D := R[X1, . . . , Xn, Y1, . . . , Yp].

Step 2. Put βi := Yi − hi ∈ D (i = 1, . . . , p).

Step 3. Compute a Gröbner basis B of the ideal

⟨ρ1, . . . , ρk, β1, . . . , βp⟩D ⊂ D

w.r.t. an elimination ordering for {X1, . . . , Xn}.

Step 4. Put {κ1, . . . , κν′} := B ∩ S.

A.4 Solving a linear equation with polyno-

mial coefficients

Let P be either of the rings R or S, and let k and l be given positive integers.
Then, consider the following problem.

Problem A.7. Given γ0 ∈ P k and γi ∈ P k (i = 1, . . . , l), obtain a solution
z := [z1, . . . , zl]

T ∈ P l of the equation

γ0 = z1γ1 + · · ·+ zlγl. (A.1)

The algorithm for solving the above problem is given below.

Algorithm A.8. (Computing the set of all solutions of a linear equation
with polynomial coefficients) [37,39,87]

Given: polynomial vectors γi ∈ P k (i = 0, . . . , l).

Obtain: a polynomial vector z∗ ∈ P l and a set {mz
1, . . . ,m

z
r} of polynomial

vectors mz
i ∈ P l (i = 1, . . . , r) such that z∗ + ⟨mz

1, . . . ,m
z
r⟩S is the set

of all solutions of (A.1).

Step 1. Compute a Gröbner basis {γ̃1, . . . , γ̃q} of ⟨γ1, . . . , γl⟩S by Buch-
berger’s algorithm [37,48].
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Step 2. Compute a transformation matrix Q ∈ P l×q such that [γ̃1, . . . , γ̃q] =
[γ1, . . . , γl]Q. This matrix can be obtained by tracing Buchberger’s
algorithm in Step 1.

Step 3. Divide γ0 by (γ̃1, . . . , γ̃q), and let z′ ∈ P q and z′′ ∈ P k be the
quotient and the remainder of γ0, respectively.

Step 4. If z′′ ̸= 0, then terminate the algorithm because (A.1) does not
have a solution; otherwise, proceed to the next step because (A.1) has
a solution.

Step 5. Compute a set of generators {m′z
1 , . . . ,m

′z
r } of SyzP (γ1, . . . , γl) by

the algorithm given in [37].

Step 6. Put z∗ := Qz′ and {mz
1, . . . ,m

z
r} := {m′z

1 , . . . ,m
′z
r }.
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différentielle,” Journal de mathématiques pures et appliquées, pp. 375–
422, 1881.

[7] ——, “Mémoire sur les courbes définies par une équation différentielle,”
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