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Abstract

How do multicellular organisms determine the number of body parts precisely during their devel-
opment? The number, such as the finger number of human, the body-segment number in insects,
and the floral organ number in plants, might have been constrained during their evolution by the
ecological adaptation or the requirement of the developmental process. The determining process
of the number of body part is a fundamental question in morphogenesis of organisms asking the
relationship between evolution and development.

I focused on the floral organ number in flowering plants (angiosperms), because of their fas-
cinating features for studying the number-determination process. First, flower is a reproductive
organ that regulates speciation by the reproductive isolation in evolutionary process. Second, the
floral organ number is constrained to numbers specific to the phylogenetic clades. The floral organ
number in eudicots, the most diverged clade in angiosperms, is four or five, whereas it is three in
monocots and magnoliids, the rest clades. Thus the change of floral organ number may have led
to the branching of eudicots, or the change of developmental process associated with the branch-
ing may have changed the floral organ number. Either way, the floral organ number should have
clue to elucidate how the developmental process affect the evolution, or is affected by the evolu-
tion. Third, the floral organ number shows both robustness and stochasticity. Besides the specific
modal number of floral organ is conserved within the clade, it varies even within an individual in
some species. Therefore we can access this question from two sides, namely, the robustness and
stochasticity, by employing floral organ number as a target.

I employed the mathematical modelling approach to examine the robustness of floral organ
number, focusing on the arrangement of floral organs. I consulted models of phyllotaxis, the
arrangement of leaves around a stem, because of the similarity of developmental process between
phyllotaxis and the floral organ arrangement. Integrating the phyllotaxis models and the floral
development observed in eudicots, I proposed a mathematical model, and found that the four and
five are robust to parameter change compared to other numbers. This result suggests that the
dominance of four and five in eudicots comes from the properties of floral development.

With respect to the stochasticity, I performed field observations for variations of floral organ
numbers in wild populations. I calculated the statistical quantities for the data collected by myself
and prior researchers, and found that there are four types of variations (symmetric, positively
skewed, negatively skewed, and multi-modal variations), and there are three types in the relation-
ship between the average number (mean) and degree of variation (standard deviation) among the
populations. The latter implies that there are at least two sources of the stochasticity in floral
organ numbers in the developmental process. I applied four models based on plausible develop-
mental process to the variations and evaluated the best-fit model by statistical model selection. I
found that the model selected as the best is different depending on organ-type and genera, and
that a model I newly proposed based on the fate-determination process of floral organ primordia
is selected in the highest frequency for the organ number variations.
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1 General Remarks

The number of organs of multicellular organisms, such as the finger number of human, the body-segment number
in insects, and the floral organ number in plants, is a key to study evolution of organisms. The floral organ number
might have been constrained by the adaptation in the evolution, or by the requirement of the developmental process.
In this thesis, I focus on the number of the floral organ, since it associates with the evolution of angiosperms.

Flower and the evolution of flowering plants. Angiosperms, or so-called flowering plants, are largely divided
into three clades: The early divergent basal dicotyledons (basal dicots), monocotyledons (monocots), and the largest
group eudicotyledons (eudicots). Eudicots is subdivided into core eudicots, a monophyletic group with rather uniform
morphology, and basal eudicots represented by Ranunculales, which is a paraphyly branched early in the eudicot
evolution and has varied morphology.

Monocots

Angiospermmae

Magnolids

Eudicots

Core eudicots

RosidsAsterids

Basal eudicots

Figure 1.1: The phylogenetic tree of angiosperms [15].

As their informal name “flowering plants” indicates, angiosperms have flowers, which are reproductive structure
that regulates speciation by the reproductive isolation in evolutionary process. Several types of floral organs have
evolved to satisfy the reproductive function (Fig. 1.2A,B; see also Appendix A.6). The female organ that embraces
seeds is the carpel, which is denoted by a single character G. The gynoecium composed by carpel(s) usually occupies
the central part of the flower. stamens (A), which are the male organs to produce pollen, compose the androecium
surrounding the gynoecium. Gynoecium and androecium are surrounded by the perianth, which have been evolved
to attract pollinators such as insects and birds (animal-pollinating flowers), or to enable efficient access to wind
(wind-pollinating/anemophilous flowers), specifically in Angiospermae.

The flowers of the three clades of angiosperms, namely, basal dicots, monocots, and eudicots, have distinct
features. One of these features is the merosity, which represents the basic number of floral organs using the Greek
word méros (Fig. 1.2C). In eudicots, the floral organs are usually in the set of five (pentamerous). The tetramerous
and dimerous flowers are also found commonly in various eudicot taxa. Other numbers, such as three (trimerous),
six (hexamerous), and seven (heptamerous), are rare in core eudicots. On the other hand, monocots and magnoliids,
which occupies majority of basal dicots, develop trimerous flowers. Thus the change of floral organ number may
have led to the branching between the clades, or a change of developmental process associated with the branching
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Figure 1.2: Schematic representation of merosity of flower. A, B. Longitudinal (A) and lat-
itudinal (B) section of eudicot flower. C. Radial symmetric flowers. The number of symmetric axes
(merosity) is three (trimerous), four (tetramerous), five (pentamerous), and six (hexamerous), respec-
tively from left to right. For example, a corolla with a whorl composed of five petals is pentamerous,
or the merosity is five. The most frequently observed merosity is five or three, but four or two are not
uncommon. The angiosperms with whorled flowers are divided into two main groups by the merosity:
magnoliids and monocots with trimerous or dimerous, and eudicots with pentamerous or tetramerous
flowers. The studies for the morphological and evolutionary relationship between different merosities
can shed light to the understanding of angiosperm evolution.

may have changed the floral organ number.

The robustness of floral organ numbers: The peculiarity of five. At latest in Renaissance period, it is
known that the most common floral organ number is five. Familiar flowers, such as, pinks (Caryophyllales), cherry
blossoms (Rosales), Geranium (Geraniales), Azalea (Ericales), and Campanula, all have the pentamerous (five-
lobed) flower. After the birth of Linnean taxonomy, the floral organ numbers are related to plant taxa. For example,
Eicher wrote in 19th century, “The number within a whorl can vary from 2 to about 30, if we ignore the possibility
of increase by splitting. The most common number is 5-, 4-, and 3-merous: The pentamerous and tetramerous are
known to be very common to dicotyledons, whereas trimerous is common to monocotyledons” [83, p.9]. Therefore
the dominance of three, four, and five, — especially five — is the consensus of scientists.

It is not intuitively understandable, however, that the various flowers with various size (e.g. the floral meristem
size ranges from 50 to 3500µm [285, p. 47]) all have set-of-five floral organs. Turing [311] stipulated the question for
this dominance, showing that the pattern formations in the nature, such as those in vegetative whorls, rarely show
preference for specific number but depends mainly on the size ratio between the component and whole system.

The answer for the question has been sought for long time. Some philosophers and scientists, such as Kepler
and those in Pythagoras school, have believed the mystical meaning of number. They have looked for the meanings
in the intention of god or the creator, and tried to find hidden meanings of the these numbers. Others, and the
majority after the Renaissance, have related floral organ numbers to a series of numbers called Fibonacci sequence.
In a sight of contemporary science after Darwin, the evolutionary selection is more plausible as a scientific meaning
of the dominance of specific merosity. After Haeckel, the relationship between phylogeny and ontogeny, and the
impact of the development on the evolution, have gradually attracted attentions. But the reason why the numbers
do not show the same frequency is still largely a mystery.

In this thesis, I stand on the developmental point of view, and constructed a mathematical model, from which
I found that the dominance of five and four is originated from the developmental process.

Number determination process during floral development. Flower is a shoot comprising very short stem
and several lateral organs, which are in specific form such as sepal, petal, stamen, and carpel. As in other shoot
homologous to flower, i.e., vegetative and inflorescence shoots, the position of floral organ is determined by the
spatial distribution of plant hormone auxin (Appendix B.2). Although the central players of pattern formation
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are similar to vegetative and inflorescence shoots, there two important processes in floral development that are
not emphasised in the other shoots: The transition from helical initiation to whorled-type arrangement, and the
specification of floral organ identity.

Many eudicot species show helical initiation of floral organ primordia and semi-whorled arrange-
ment in blooming flower. Sepal primordia in pentamerous flowers in various clades from basal to core eudicots,
such as Ranunculaceae [229], Caryophyllaceae [174], and Solanaceae [130], show the one-by-one initiation in helical
order (Fig. 1.3). It results in pseudo-whorls with quincuncial aestivation, or even in radial symmetric whorls. It
is not simple development, because if there is no post-meristematic modification, it should result in spiral arrange-
ment (Fig. 1.3, the first row). Hereafter I refer this whorled-type arrangement initiating from helical initiation as
semi-whorled arrangement.

The semi-whorled arrangement stabilises floral organ number. How does the semi-whorl arrangement
affect the floral organ number? To relate them, fate-specification process of floral organ primordia must be referred.

The genetic model of the fate specification of floral organ primordia is known as ABCE model [60, 300]. The
essential concept of this model is, floral organ identity is specified by the combination of several classes of floral
organ identity genes, named A, B, C, and E class genes, which act in distinct regions within a floral meristem [60].
The change of expression patterns of these genes causes homeosis that transforms petal to sepal, sepal to leaf, and
so on. Thus this model shows the molecular substance of Goethe’s foliar theory, which insists that the floral organs
are the transformed leaves [110].

These ABCE genes express in a concentric manner. A genes express in the outer part of floral bud, whereas
the C genes express at the centre. B genes express in doughnut shape manner, in the intermediate position of
the floral bud. In consequence, the floral bud is divided into four concentric regions with expression of AE, ABE,
BCE, CE from outside to inside, corresponding to four floral organs in eudicots, namely, sepal, petal, stamen, and
carpel, respectively. Therefore, the primordia number within the expression domain of ABCE class genes directly
correspond to the floral organ number.

Standing upon these knowledge, let me compare the stability of floral organ number between spiral and semi-
whorled arrangement. If the floral organ arrangement is in the spiral position as in the first row of Fig. 1.3, the slight
shift of expression domain, which can be caused by the stochastic change of the floral bud size, heterogeneous cell
division pattern, or some more else, leads to the change of floral organ number. It is not plausible to high stability of
floral organ number in many eudicots, which show abnormal number in frequency of less than 0.1 %. On the other
hand, if the floral organs are in semi-whorled arrangement and the expression boundary of ABCE is located between
two successive semi-whorls, the number will not change by a little change of expression domain. In this concept,
the primordia number within a semi-whorl corresponds to the floral organ number with high robustness. Therefore,
semi-concentric arrangement of floral organ primordia stabilises the floral organ number, and the determination of
primordia number within a semi-whorl should be the critical process underlying robustness of floral organ number.

The establishment of whorled-type arrangement from helical initiation is striking process for both the
robustness and stochasticity of floral organ numbers. I have showed the importance of the semi-whorled
arrangement. Then, how do flowers achieve the semi-whorled arrangement and what parameters determine the
primordia number within the semi-whorl? Is there any special number, which shows high stability and robustness
to something? Is the stable number common to all species, or different among species? And does the discord of
semi-whorl position and expression boundary of ABCE genes really cause the variation in floral organ numbers?
To answer these questions, I performed a series of studies using theoretical approach.

First, I constructed a mathematical model of floral development and demonstrated the repulsion between organ
primordia spontaneously causes the formation of semi-whorled arrangement following helical initiation. The four and
five appears as the dominant primordia number within a semi-whorl that are stable to parameters change, compared
to other numbers. By counting of the frequency of floral organ number variation and calculating statistical quantities
for them, I found an evidence of stable numbers within a species or genus, which can differ among species. The
studies on variation also support the stable number within a semi-whorl, and showed a powerful variation source
in the identity determination process.
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Figure 1.3: Schematic diagram for pentamerous flower development. Sepal initiation (the first
row), arrangement of sepal (black) and petal (white) whorls in blooming flower (the second row). Green
circle represents a floral meristem (FM). Index numbers indicate the initiation order of five sepals. The
radial position of the organs (the third row), namely the distance between the organ and floral apex,
is spaced regularly in a spiral arrangement, whereas it has a gap between the fifth and sixth organs in
the pentamerous pseudo-whorled and whorled arrangement. Regarding the hypothetical time evolution
of the radial position (the fourth row), in all arrangements, the radial position increases with the
progression of floral development. In the spiral arrangement, the radial position of the organ is always
spaced regularly. In the pseudo-whorled and whorled arrangement subsequent to helical initiation, the
radial position of organs within a whorl becomes closer during growth. In the whorled arrangement
following simultaneous initiation, the radial position of the organs within a whorl is always identical.

Organisation of this thesis The modelling of developmental process is described in section 2. the robustness
of floral organ number is examined by the mathematical modelling approach, based on the phyllotaxis models that
have been advanced over two centuries. With respect to the stochasticity, the variations of floral organ numbers
observed by myself and prior researchers, including some studied that have been left behind for a century, and their
statistical quantities are discussed for several clades in section 3. I applied four statistical models to those variations
in floral organ numbers, and evaluated the best model by statistical model selection, which is discussed in section 4.
I reviewed the plant morphology and the development of lateral organs in Appendices. The morphology of the
plant aerial parts was captured the collection of unit structures, namely, the shoots consist of a stem and lateral
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organs (Appendix A). The phyllotaxis, the arrangement of lateral organs around a stem in a shoot, is dispensable
to discuss the floral organ number, hence I summarise the known phyllotactic pattern in the same section. In the
second review, the modern knowledge of molecular development of plant shoots is reviewed (Appendix B).

Scientific names. The phylogeny and the taxonomic names were based on APGIII [15] for order-level phylogeny,
and Angiosperm Phylogeny Group website (http://www.mobot.org/MOBOT/research/APweb/ at December 2014)
for more detail. For the scientific names of species, I consulted The Plant List (http://www.theplantlist.org/) by
major botanical gardens (the Royal Botanic Gardens, Kew and Missouri Botanical Garden, with many other
collaborators). I also consulted for Integrated Taxonomic Information System (http://www.itis.gov/) to search the
taxonomic information.

Symbols Throughout this thesis the following symbols are assigned to fixed meaning.
τ: the golden ratio (1 +

√
5)/2 (τ is used for different meaning)

ϕ: the divergence angle
d: the divergence fraction (dij is used for the distance)
N/A means the data not available

Floral formulae and floral diagrams The way to describe the composition of flower has been developed in
floral formulae [236]. It shows the structure of flower with the number of segments after abbreviated one-character
symbol of floral organ type (Tab. 1.1).

Table 1.1: The names and abbreviations for major floral organs and bract [236].

Symbol Whole Part Description

I Involucre Bract Leaves subtend the flower
K Calyx Sepal The outer (first) whorl, when the perianth whorls are dif-

ferentiated into two types. Usually green in colour.
C Corolla Petal A perianth whorl inside the calyx.
P Perianth/Perigon Tepal Outer floral organs cannot distinguish into sepal and petal
N Nectary Nectar-secreting organ. Often it is a derivation or a part

of a petal.
A Androecium Stamen Male structure that produces pollen.
A◦ Staminode Stamen-like structure with imperfect male function.
G Gynoecium Pistil/carpel Female structure that embraces ovules.
G◦ Pistillode Pistil- or carpel- like organ with imperfect female function.

Pistil Carpel Fused carpel in syncarpous flower.

In this thesis I used curly bracket to show the variation range of the number (Table 1.2) in addition to typical
use of floral formulae [236]. Using this formulae, we can treat the composition, modal number, and variation range
of a species in a text line. For example, P5 means the flower contains five tepals, whereas A(3) indicates there are
three carpels fused in a pistil. The positional relationship and spatial composition of floral organs are described by
the floral diagrams (Fig. 1.2A,B) [83], representing each organ type by a symbol.

Table 1.2: The description for floral formulae.

Symbol Description

( ) Fusion of organ within a whorl (sympetaly)
a{b− c} mode number a, variation b to c

5



2 Developmental Model of Floral Organ Number

2.1 Abstract

How organisms determine particular organ numbers is a fundamental key to the development of precise body
structures; however, the developmental mechanisms underlying organ-number determination are unclear. In many
eudicot plants, the primordia of sepals and petals (the floral organs) first arise sequentially at the edge of a circular,
undifferentiated region called the floral meristem, and later transition into a concentric arrangement called a whorl,
which includes four or five organs. The properties controlling the transition to whorls comprising particular numbers
of organs is little explored. I propose a development-based model of floral organ-number determination, improving
upon earlier models of plant phyllotaxis that assumed two developmental processes: the sequential initiation of
primordia in the least crowded space around the meristem and the constant growth of the tip of the stem. By
introducing mutual repulsion among primordia into the growth process, I numerically and analytically show that the
whorled arrangement emerges spontaneously from the sequential initiation of primordia. Moreover, by allowing the
strength of the inhibition exerted by each primordium to decrease as the primordium ages, I show that pentamerous
whorls, in which the angular and radial positions of the primordia are consistent with those observed in sepal and
petal primordia in Silene coeli-rosa, Caryophyllaceae, become the dominant arrangement. The organ number within
the outermost whorl, corresponding to the sepals, takes a value of four or five in a much wider parameter space than
that in which it takes a value of six or seven. These results suggest that mutual repulsion among primordia during
growth and a temporal decrease in the strength of the inhibition during initiation are required for the development
of the tetramerous and pentamerous whorls common in eudicots.

2.2 Introduction

How to determine the numbers of body parts is a fundamental problem for the development of complete body struc-
tures in multicellular organisms. Digit numbers in vertebrates are evolutionarily optimized for the specific demands
of the organism [271]; the body-segment number in insects is constant despite the evolutionarily diversified gene
regulation in each segment [68,200,240]; and five petals are indispensable to forming the butterfly-like shape that is
unique to legume flowers [209]. Studies of animal structures, such as vertebrate limbs and insect segments, strongly
suggest that crosstalk between pre-patterns (e.g., morphogen gradients) and self-organizing patterns underlies the
developmental process of organ-number determination [97,101,127,190,198,249,269,296]. In plant development, a
self-organization based on the polar transport of the phytohormone auxin [140, 228, 278] is conserved among seed
plants [106] and seems to be the main regulator of the development of a hierarchical body plan, called a shoot,
consisting of a stem and lateral organs such as leaves. The number of concentration peaks in most self-organizing
patterns, such as Turing pattern and the mechanisms proposed for plant-pattern formation, is proportional to the
field size [79, 140, 311]. Despite having a diversified field size for floral-organ patterning, the eudicots, the most
diverged clade among plants, commonly have pentamerous or tetramerous flowers containing five or four sepals
and petals (the outer floral organs), respectively, and rarely have other numbers of organs [91, 236]. Here, I fo-
cus on the developmental properties that so precisely and universally determine the floral organ numbers through
self-organizing processes.

2.3 Background

Phyllotaxis, the arrangement of leaves around the stem, provides insight into floral development, because studies of
floral organ-identity determination (see section B.5.3) [60] have verified Goethe’s foliar theory (section A), which
insists that a flower is a short shoot with specialized leaves [110]. The main phyllotactic patterns in the nature
are spiral and whorled (section A). Phyllotaxis has been attracted many researcher especially in mathematics,
physics, and and crystallography due to its capability and simplicity of mathematical expression (section A). In
this section I overview the history of researches on phyllotaxis consulting following reviews: the mathematical
representations summarised by Jean [137], the history of phyllotaxis theory by Adler [3], and modern reviews
focusing on auxin [156,305].
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2.3.1 History of phyllotaxis studies

The history of the study of phyllotaxis is the history of the ideas of those who proposed them, and the history of the
evolution of the ideas in the hands of those who exploited them. It is the history of the recognition of errors made,
and their later detection and correction. It is a history of dialectical movement between experimental-observational
and theoretical-mathematical viewpoints, between physical and chemical approaches, and the history of great trends
initiated by the pioneers.—Adler, I., Barabe, D., Jean, R. V. [3]

Mathematicians, physicists, and even botanists have found that it is necessary to elaborate mathematical models
based on botanical hypotheses in order to understand phyllotaxis. The spiral phyllotaxis is the most common type
in plants, therefore it has been the main target of their discussion. The history of phyllotaxis, as the regular pattern
of leaves, can be traced back to Greco-Roman period. Theophrastus (370 B.C. – 287 B.C.), who was a philosopher
and scientist in the Aristotle school, and Plinius (23 A.D. – 79 A.D.), who was a statesman and scholar and is
famous for his literary work Natural History, referred the regularity in leave arrangement as a primary feature of
plants.

Golden ratio and Fibonacci numbers are indispensable for reviewing history of phyllotaxis models. The golden
ratio τ was probably known in the Egypt or Greek, at latest 5th century B.C., and inherited to Greco-Roman
sciences. τ is such number that, when we divide a segment into two parts, both the ratio between a long part
and a short part of a segment and the ratio between the long part and whole segment become 1 : τ. A simple
algebra gives the exact value τ = (1 +

√
5)/2, and applying this division to a circle, we obtain the golden angle of

the smaller section as 360◦/(1 + τ) = 360◦/τ2 = 360◦(1 − 1/τ) ∼ 137.5◦. Meanwhile, Leonardo Fibonacci da Pisa
(1175 – 1240) discussed the monthly growth of a population of rabbits and showed a sequence now called Fibonacci
sequence: 1, 1, 2, 3, 5, 8, ... obtained by setting first two terms to 1 and summing two preceding terms for the rest
(F0 = F1 = 1, Fk = Fk−1 + Fk−2; Fk represents the k-th term of the sequence). The numbers within this sequence
is called Fibonacci numbers. A sequence 2, 1, 3, 4, 7, 11, ... obtained by the same rule but another initial condition
F0 = 2, F1 = 1 is known as Lucas sequence, also is associated with phyllotaxis together with 3, 2, 5, 7, 12, 19, .... The
golden ratio mathematically relates to Fibonacci sequence as shown in formula τ = lim

k→∞
(Fk+1/Fk).

After the Renaissance. In the period of Renaissance, the famous Leonardo da Vinci (1452 – 1519) described
some notes on the phyllotaxis. After this, the studies on phyllotaxis have been proceeded. As ever and after,
phyllotaxis is not a field only for botanists. For example, Johannes Kepler (1571 – 1630), who was astronomer and
fascinated by the number five, referred “the cycles of five leaves spiralling around a stem in plants, and the five
parts to the seed-bearing core of an apple” [3].

In the middle of 18th century, the systematic classification of phyllotaxis has started. A naturalist Bonnet
(1754) is designated as the first scientist who seriously studied the phyllotaxis [3]. He classified leaf arrangement
into five categories, following Calandrini [37, p. 159–166 & Pl. XX]. He put Alterne as the first category, indicating
the leaves are aligned in two lines on opposite sides of the stem, and if a leaf is at one of the line, the successive
leaf is at another line. Paires croisées is the second category that have a pair of leaves at one point, and the pair is
cross to the previous pair, what is now called decussate. The third category, Feuilles verticillées, is whorled pattern
with three or more leaves at one point, which subdivided by the number of leaves in a whorl. Quinconces has the
five lines along the stem, and if the first leaf is on the first line, the second leaf is on the third line, the third leaf
is on the fifth line, the fourth leaf is on the second line, the fifth leaf is on the fourth line, and the sixth leaf is on
the first line again. It can be expressed much simpler using what we call genetic spiral connecting the leaves by the
initiation order, with divergence of 2/5 or 144◦ between successive leaves. The fifth category is Spirales redoublées,
with several parallel spirals, which is subdivided by the number of spirals (what is known as parastichy, or can be
jugy) and the number of leaves in each round of a spiral. He explained the cause of phyllotactic patterns by the
function of leaves, insisting that the efficient transpiration of leaves requires the free circulation of air and the least
overlapping of leaves.

At the same era, the taxonomist Linné and a medical doctor Sauvages also proposed the classification of leaf
arrangement. Sauvages (in Mémoire sur une nouvelle méthode de connoitre les Plantes par les Feuilles, 1943,
from [37]) proposed four classes: Opposées that has leaves two by two, Verticillées with whorls of set of three, four,
etc. leaves, Alternes with alternate succession of leaves, and Éparses that lacks constant order. Linné listed several
classes: Stellata that means whorled phyllotaxy with more than two leaves surround a stem at one point (further
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divided into Terna, Quaterna, Quina, Sena, etc. by the number of the leaves within a whorl), Opposita, Alterna
with leaves one after another,Sparsa that lacks constant order, Conferta that the stem is covered by leaves without
space, Imbricata that the leaves crowded and erect to overlap others, Fasciculata having many leaves and shoots
at one point, Disticha that the leaves on only two side of the stem [166, sect. 83,C,m]. They used these classes to
the taxonomy of the plant species, since the leaves are the long-term characteristic, as opposed to flowers observed
only seasonally [259].

First systematic theory. Schimper (1830) studied the spiral arrangement of leaves around a mature stem and
introduced the concepts of genetic spiral, divergence angle and parastichy [3]. He insisted all divergence between
succession leaves is able to be represented in rational numbers (divergence fraction d). He calculated the divergence
fraction d = n/m by starting with a leaf, counting the number of leaves (m) until it reaches another leaf directly
above to the focusing one, and counting how many times round the stem (n). The rational fraction is obvious
consequence from this definition. However, he found interesting properties of these fraction that the divergence
angles are expressed by the ratio of two alternate terms of the Fibonacci sequence such as 1/3, 2/5 and 3/8.
Braun (1831, 1835), who was a friend of Schimper, followed the theory by Schimper. He examined whorled and
spiral arrangement, and found what are now known as conspicuous parastichies, multiple spirals in clockwise and
anticlockwise direction observed in many of phyllotactic patterns [42]. He stated, if the number of parastichy is
m (m-parastichy) in one direction and n-parastichies in another direction, m and n are consecutive terms of the
Fibonacci sequence. The observation Scimper and Braun that connected phyllotaxis to Fibonacci numbers are now
together called Scimper-Braun’s law.

Cylindrical-lattice representation. Bravais brothers (1837), who was a botanist and an officer, respectively,
represented leaf distribution as a point-lattice on a cylinder, which called cylindrical representation or Bravais-
Bravais lattice. They emphasised the importance of genetic spirals as fundamental spirals, and demoted eye-catching
spirals (parastichies) to the secondary spirals.

The Bravais-Bravais theorem states that the neighbouring two organs on n-parastichy differ n in the initiating
order. Therefore in a (m,n) system, the difference in initiation order of two organs is represented by tm + sn,
where t and s are integers. From this, they derived the relationship between the divergence angle in fraction d and
parastichy pair. When the difference in initiation order (the number of organs between the two +1) between an
organ at the origin and another organ almost above the origin is represented as tm + sn, d(tm + sn) represents
the distance of these two organs on the genetic spiral. Suppose that u and v are the integers respectively the
nearest to md and nd, which can be obtained as the separation of the successive two organs on the Bravais-Bravais
lattice. We obtain the approximation d(tm+ sn) ≈ tu+ sv, which gives d ≈ (tu+ sv)/(tm+ sn), the relationship
between divergence fraction and parastichies on Bravais-Bravais lattice. They also distinguished the number of
genetic spirals J , which represents jugy (jugacy or jugacity). They proved that if the the greatest common divisor
of m and n is greater than 1, there are more than one genetic spiral and the common divisor directly gives J . They
named alternate with only one genetic spiral (J = 1) unijugate, and the phyllotaxis with two (J = 2) and multiple
genetic spirals (J > 2) bijugate and multijugate, respectively [137, p. 141] (see section A.3). These theorem is
summarised in representation, later by Adler (1974), as J < 1, t, t + 1, 2t + 1, 3t + 2, ... >, where t > 1 and the
sequence in <> gives convergence on specific divergence.

They insisted the irrational divergence angles, especially the golden ratio 360◦/τ2 corresponds to the system
with J = 1 and t = 2 (< 1, 2, 3, 5, 8, ... >), are common in the nature instead of Schimper and Braun’s rational
divergence angles. They mentioned other irrational angles: approximately equal to 99.50155◦ corresponding to the
sequence with J = 1 and t = 3 (< 1, 3, 4, 7, 11, ... >), and another one of 77.57◦ corresponding to the sequence
J = 1 and t = 4 (< 1, 4, 5, 9, 13, ... >). The first two divergence angles can be expressed by a single formula:
ϕ = 360◦(1/((t− 1) + τ)), though they did not reach this expression.

Wiesner’s law — adaptive advantage of golden angle. Some researchers were suspicious of these mathemat-
ical ideas, such as Sachs (1882), who stated “If it was possible to put all leaf positions into this rule of divergence
angle, that is indeed a kind of natural law, which lacks any causal relationship, and is an unexplained wonder” in
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his botanical textbook (Beziehungen ausgezeichnetem Lehrbuch der Botanik, from [329]). In the consequence, some
attempts was made to show botanical advantages of golden spiral.

Wiesner (1875) showed relationship between divergence sequence 1/z, 1/(z+(1/1)), 1/(z+1/(1+1/1)), 1/(z+
1/(1+1/(1+1/1))), ... and generalised divergence fraction (2z−

√
5−1)/2(z2−z−1), where z can be considered to

be equivalent to above t in Adler’s notation. In compliance with Sachs’s question, he tried a functional explanation
for the irrational divergence fraction, which is now known as Wiesner’s law. He insisted that a spiral arrangement
with smallest possible number of z (z = 2) is the most common and is optimised to cover the region around the
axis (stem) with the least number of leaves [330]. It is in accord with Leonardo da Vinci and Bonnet, who claimed
the teleological cause of phyllotactic pattern, though he did not mentioned these precursors.

Package efficiency. Airy (1873) gave the idea of packing efficiency [6]. Standing on Darwinian point of view,
he stated the phyllotaxis must be the result of selection. The primary advantage to control the phyllotaxis is
efficient capture of sunlight, but many plants such as elm with distichous phyllotaxy rotate the branch to satisfy
this requirement. Hence he considered the advantage to operate the phyllotaxis should be in the earlier stage —
inside the bud, rather than mature stem. He described the advantage of having order of leaf arrangement inside the
bud as “economy of space, whereby the bud is enabled to retire into itself and present the least surface to outward
danger and vicissitudes to temperature”. Also he stated the 1/2 phyllotaxy (distichy) is the ancestral pattern,
since it is the simplest and is the least optimised for this packing advantage. He demonstrated his idea of packing
efficiency aligning spheres representing leaf primordia along with stretched rubber band, and relaxing the tension.
This simple demonstration leaded to a compact arrangement with Fibonacci-related divergence fraction, such as
(nearly) 1/3, 2/5, 3/8, and so on.

Later in 20th century, Ridley (1982) gave a mathematical treatment for the idea of packing efficiency in
sunflower head [232]. Starting from Vogel’s model [318] with two assumptions of the constant divergence angle and
of equal-sized seeds, he calculated the packing efficiency. He defined packing is the most efficient when the density
of the primordia is uniform for any local region in the capitulum, and analytically showed that the maximum of
the packing efficiency is achieved if and only if the divergence fraction is 1/τ2.

The centric representation: points on a disc. From the tip cut at right angles to the axis, we obtain the secret
of phyllotaxis [3] — Church (1904) firstly proposed the centric representation, which expresses leaves as points
inside a disc. Although the cylindrical representation and centric representation are mathematically equivalent,
he rejected some precursor’s idea. For example, he emphasised the importance of parastichies than the genetic
spiral, insisting “that impulses of energy travel away from the centre of the disc in spiral paths, and that new
leaves grow where the spirals intersect” [3]. Standing upon these concept, he found several important relationship
between patterns and parameters. He found that the parastichy pair (m,n) always satisfies n ≤ m ≤ 2n, where
the case n = m indicates whorled phyllotaxis. Also he referred the importance of the ratio of the radius of the
primordium assumed to be circular to the radius of the apex, and defined as the bulk ratio B [137, p. 89]. He studied
the phenomenon of transitions between different sequence resulting in the change of jugy J , called discontinuous
transitions [137, p. 164]. For example, Church observed (8, 5) (unijugate spiral) and 2(5, 3) (bijugate) systems in the
main axes of Podocarpus japonica. The transition to whorled or bijugate can be occurred by either adding or losing
parastichy: for example. for system of (7, 6), adding or losing a parastichy can lead to the transition to whorled
phyllotaxy (7, 7) or (6, 6), or to bijugate phyllotaxy (8, 6) = 2(4, 3) [137, p. 165]. He insisted that such change in
parastichy is caused by the enlargement or contraction of circumference of the apex, as represented by B. In other
words, Church’s bulk ratio B acts as the key parameter of transitions between different phyllotactic patterns.

Richards (1948, 1951) defined plastochrone ratio R for the ratio of the distances of two successive leaves
from the centre of the disc. He related this ratio to several other known indices, such as parastichy pair (m,n),
γ, which the angle of intersection of the parastichy pair, and r, which is called rise corresponding to the internode
length [137, pp. 77–79]. He further defined two indexes: Phyllotaxis index P.I. = 0.379− 2.3923 log logR and area
ratio A = 1/(2 lnR), which are often used for quantify the phyllotactic patterns [137, p. 90].

Inhibitory field hypotheses from botanical observations. The inhibitory field hypotheses birthed from
observation of shoot tip, has been experienced multiple revisions, and now is a widely accepted concept. Hofmeister
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(1868) observed the shoot apical meristem (SAM) in plants with spiral phyllotaxis and found the developmental
rules in the initiation of leaf primordia [131]. His observation can be summarised into three basic rules: the time
periodicity of primordia initiation, the initiation of a primordium at the largest available space at the edge of the
meristem, and the relative movement of primordia in a centrifugal direction from the apex due to the growth of
the stem tip. The most important rule in these three is the initiation of a new primordia at the furthest place
from pre-existing other primordia. Originally he stated it is “the least crowded space”, but later in the middle 20th
century, another idea was derived: “the largest available space”.

Snow and Snow (1931) removed the rule for time-periodicity and expanded inhibitory field theory to whorled
phyllotaxis. They suggested the rule of the furthest position is only a fundamental rule, and stated that, without any
temporal-restriction, when there are enough space to initiate a primordium, then a primordium arises. They phys-
ically isolated a leaf primordium of Lupinus albus, and found that the initiating position of a new leaf primordium
is influenced by the pre-existing leaf primordia adjacent to the site of initiation. This was confirmed later by the
laser ablation that the most influential primordium is not temporally but spatially adjacent primordium [226].

Wardlaw (1949) studied the phyllotaxis in the fern using surgical techniques, and obtained substantially con-
sistent results to Snows’ observation. He suggested that young primordia are inhibited by older adjacent primordia,
and that new primordia typically arise in regions of minimal stress [322].

Following these hypotheses, numerous mathematical models incorporating contact pressure [2, 265], chemical
inhibitor [31, 263, 311], and mechanical buckling of the epidermis [112, 197] were proposed to explain the observed
phyllotactic patterns.

Physical inhibitory field and contact pressure models: circles instead of points. The idea that the
pressure of the growing leaves against each other would compel the divergence to shift toward the particular values
that are observed in plants was developed by Schwendener (1878) [265] and van Iterson [313], which was re-
discovered and extended by Erickson (1973), and inherited into the Adler-Jean theorem.

van Iterson (1907) employed an idea of crystarography and constructed models of packing of circular or
curved leaf primordia on a cylinder surface, disc, and cone surface. He recognised the pattern by the “contact
spiral” (contact parastichy, see section A), not by the conspicuous parasitichy. He described the transition of
phyllotactic pattern by change of parameter b, the ratio of the diameter of the circle representing organs to the
circumference of the cylindrical surface [313, p. 26]. He stated the transitions are caused, not by the insertion of
parastichy as Church, but by the change of contact between circles: depending on b, the number or the difference
(in initiation order) of organs contacting to an organ changes. He also produced a phase-space diagram showing the
relationship between parameter b and and divergence angle ϕ (α, in his notation) [313, Taf. II]. This phase-space
diagram is inherited to show the model capacity in modern phyllotaxis studies.

Adler and Jean’s fundamental theorem. Adler (1974) stated the Fundamental Theorem of Phyllotaxis
(FTOP). He clarified the meaning of visible opposed parastichy pair in divergence fraction [2]. In the sequence
of normal phyllotaxis with the Fibonacci-type sequence J < 1, t, t + 1, 2t + 1, 3t + 2, 5t + 3, ... > (t ≥ 2 and J ≥
1 are integers) and Nt,k = Fkt + Fk−1 is the general term (Fk is the k-th term of the Fibonacci sequence <
1, 1, 2, 3, 5, 8, ... >), the (JNt,k, JNt,k+1) is visible and opposed if and only if Fk/JNt,k < d < Fk+1/JNt,k+1.
Calculation of the d for given t and J converges on a specific value of d as k increases. For example, d converges on
1/(1 + τ), the golden angle, when t = 2, J = 1. He also gave the relationship between visible opposed parastichy
pair and divergence fraction for the sequence of anomalous phyllotaxis in the form of J < t, 2t+ 1, 3t+ 1, 5t+ 2, ... >.

The Fundamental Theorem of Phyllotaxis was reworked by Jean (1984), and was given a specific formulation [3].
He formulated the FTOP as follows:

Let (m,n) be a parastichy pair, where m and n are relatively prime, in a system with divergence angle d. The
following properties are equivalent:

(1) There exist unique integers 0 ≤ v < n, amd 0 ≤ u < m such that |mv−nu| = 1 and d < 1/2 is in the closed
interval whose end points are u/m and v/n;

(2) The parastichy pair (m,n) is visible and opposed
This theorem gives the general form of the relationship between observed parastichy counts and the divergence
fraction.
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Chemical inhibitory field. Schoute (1913) proposed the chemical inhibitory-field theory, which insists that
the substance of inhibitory field is a chemical inhibitor secreted by pre-existing primordia.

In his celebrated work in 1952, Turing discussed the whorled phyllotaxis and floral organ number [311]. He
demonstrated the stationary wave formation on the ring by the reaction between two diffusible chemicals, what he
called morphogen, and stated this is what occurs around the meristem during the pattern formation in whorled
phyllotaxy. On the other hand, he discussed that this is not directly applicable for floral whorls, because in his
system all numbers should be occurred in the same frequency, contrary to the flowers that have high frequency on
five. He said it requires the phyllotaxis theory to show the mechanism of the dominancy of pentamerous flower,
and left some notes on phyllotaxis collaborating with Wardlaw [258].

One representative of Turing pattern is that generated by short-range activation and long-range inhibition [109],
and the spot pattern of this system was compared to the phyllotactic pattern. For example, Chapman and Perry
(1987) regarded the spots generated by reaction-diffusion system as primordia and found that the golden spiral
appears on the advected cylinder mimicking growing stem.

Dynamic pattern formation. Douady and Couder (1992, 1996) performed an experiment of likening
droplets of magnetic fluid to organ primordia. They showed that the constant drop of fluid to magnetic field
spontaneously generates the phyllotactic spirals, and that the transition of phyllotactic pattern occurs by the
change of the time interval of drip [245]. They performed a series of computer simulations in a developing field.
From the first model based on Hofmeister’s hypotheses, they found that one key parameter G = V0T/R0 (V0:
the initial velocity of the centrifugal replacement of primordia, T : time interval of primordia initiation, R0: the
size of meristematic area where the primordia entering is forbidden), which is related to Richard’s plastochrone
ratio R, governs the transition between phyllotactic patterns [78]. From a computational model based on Snows’
modification, they observed the alternate occurrence of spiral and spiral patterns depending on one parameter
Γ = l/R0, which is the ratio of the primordium size to R0 similar to Church’s bulk ratio B [79]. They found
transition between multiple divergence angle ϕ by the above parameters, whose phase diagram is almost equivalent
to that of van Itersons’s. Some limitation are exist, however, for example it cannot reproduce a transient leaf lobed
in two, which observed in the transition from trimerous whorl to tetramerous whorl in Abelia [80].

The message from phyllotaxis theories to contemporary plant sciences. As reviewed here, numerous
theories have been applied for the phyllotaxis. Many assumptions, namely, assuming stem as a cylinder, a disk, or
a cone, leaves as a points, circles, or spheres, interaction between primordia caused by physical touching, chemical
signal, or energy, etc., have been examined; teleological or evolutionary explanations for sun-light capture or packing
have been proposed; their mathematical or botanical aspects have been discussed. The history seems complicated,
but the message from these studies is simple: The inhibition between primordia is the fundamental source of
phyllotactic pattern. The molecular mechanism of inhibition has been sought since the latter part of 20th century,
which was the dawn of the auxin-based theories.

Models for auxin distribution. The main substance that is required and sufficient for organ primordia posi-
tioning is auxin, the major phytohormone in plants (see Section B.2). The heterogeneous spatial-distribution of
auxin, which is regulated both by directional transport and local biosynthesis, has been suggested as the leading
candidate of substance of the inhibitory field. Computational biologists have focused on the polar transport of
auxin, especially the polarisation of auxin efflux carrier, and two working hypotheses have been proposed.

Up-the-gradient/against-the-gradient hypothesis states that the the difference of auxin concentration
among the cells causes the polarisation of auxin efflux carrier. Jönsson et al. [140] and Smith et al. [278] sim-
ulated the auxin concentration distribution and polarisation of auxin efflux carrier PIN1 on growing tissue in the
computer and found that the PIN localisation depending on local auxin concentration is able to mimic the phyllotac-
tic patterns. In their scenario, the difference of the concentration between neighbouring cells is sensed by individual
cells, and the PIN1s are localised to the cell wall directing the neighbour with the highest auxin concentration.
This simple local mechanism is sufficient to generate global phyllotactic pattern, including several common patterns
such as golden spiral and decussate pattern. This Turing-like pattern [247] is unstable but can be stabilised if the
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activities of influx carrier [19] or boundary factors [214] are taken into account. However, this hypothesis is plausible
only at the meristem surface where the PIN1 expression is observed, and not for the other parts.

With-the flux/canalisation hypothesis proposes that auxin fluxes passing through their membranes causes
the polarisation of efflux carriers. A positive feedback loop is formed by the concentration of the efflux carriers on
the membranes with high flux, which enhances the flux. This hypothesis was firstly proposed by Sachs [246] for
the patterning of veins in leaves and stems, and applied for phyllotactic patterns by Stoma et al. [290]. Although
with-the-flux hypothesis can produce spatial periodicity, the primordia position corresponds to auxin minima [290],
which is inconsistent with observations [28]. Since the with-the-flux mechanism can explain auxin drain from the
epidermal layer of the primordia to internal pro-vascular tissue, a combination model applying two auxin-patterning
hypotheses to two different tissues, i.e., up-the-gradient mechanism to epidermal phyllotactic pattern and with-the-
flux mechanism to internal vascular and venational pattern, was suggested [25].

2.3.2 Floral organ positioning and phyllotaxis models

Similarity between phyllotaxis and floral organ patterning. Despite their simple rules and uncertain
molecular basis, the phyllotaxis models can account for several of the quantitative properties observed in floral
organ patterning. In the basal eudicots, spirals with Fibonacci sequence and the golden angle also appears in the
floral organs of several Ranunculaceae species [188,261]. The similarity also appears in core eudicots. For example,
several models showed that the divergence angle between successive leaves is 180 degrees for the first and second
leaves, 90 degrees for the second and third leaves, and oscillating thereafter, converging to the golden angle, 137.5
degrees, which agrees with the phyllotaxis of true leaves in Arabidopsis thaliana after the two cotyledons [80, 277].
Similar oscillatory convergence to a particular divergence angle occurs in the sepal primordia of the pentamerous
flower of Silene coeli-rosa, Caryophyllaceae. In S. coeli-rosa, the divergence angle is 156 degrees at first, and then
it oscillates, converging on 144 degrees [174]. The agreements between the phyllotaxis models and actual floral
development suggest that mathematical models can give useful clues to the underlying mechanisms of not only
phyllotaxis but also floral organ patterning.

Difference between phyllotaxis and floral organ patterning. There are at least three fundamental differ-
ences between real floral development and the phyllotaxis models. The first difference is the assumption of constant
primordium displacement during tip growth, which comes from Hofmeister’s hypothesis and has been incorporated
into most phyllotaxis models. Although the helical initiation was thought to always result in spiral phyllotaxis, many
eudicots form the whorled-type sepal arrangements in their blooming flowers subsequent to helical initiation [90]
(Fig. 1.3; e.g., Caryophyllaceae [174], Solanaceae [130], Nitrariaceae [238], and Rosaceae [96]). The remnants of
helical initiation are more obvious in the pseudo-whorls (e.g., Ranunculaceae [229]), where the distance between
each organ primordium and the floral center varies slightly even in the whorls of mature flowers, which usually
have more varied floral organ numbers [236,261], suggesting that post-meristematic modifications of primordia po-
sitions [214] play an essential role in generating the whorled arrangement and determining the floral organ number
during floral development. In contrast, most phyllotaxis models assume constant growth of the primordia, so that
the whorls appear only after the simultaneous initiation of several primordia [79]. The second difference comes
from the fact that floral development is a transient process, whereas most phyllotaxis models have focused on the
steady state of the divergence angle. Although the golden angle (137.5 degrees) is quite close to the inner angle of
regular pentagon (144 degrees), the developmental convergence from 180 degrees (cotyledon) to 137-144 degrees in
phyllotaxis requires the initiation of more than five primordia, both in A. thaliana leaves and in the mathematical
models [277, 278]. In contrast, the divergence angle between the second and third sepal primordia in pentamerous
eudicot flower development is already close to 144 degrees [174]. The third difference comes from the accuracy of
the floral organ number in many eudicots. Although the polar auxin-transport model reproduced both wild-type
and mutant A. thaliana floral organ positioning [314], the organ number in the model was more variable, even with
an identical parameter set (Fig. 3 in [314]), than that in experimental observations (Tab. 1 in [244]). Moreover,
among eudicot species, the appearance of pentamerous flowers is robust, despite the diversity of the meristem size
and the outer structures, including the number and position of outside organs such as bracts [236]. Together,
the differences between real floral development and previous phyllotaxis models indicate that floral development
requires additional mechanisms to determine the particular floral organ number.
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2.4 Model

To resolve the inconsistencies between the earlier models and actual floral development, I set out a simple modelling
framework, integrating Hofmeister’s rules with two additional assumptions, namely, the repulsion between primordia
that can repress primordium growth and the temporal decrease in initiation inhibition of new primordium, which
were proposed independently in the contact pressure model [2,125,234] and the inhibitory field model [114,277,301],
respectively, for phyllotaxis.
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Figure 2.1: Schematic diagram for the model. A. Geometric assumptions of the model. The
model illustrates the initiation (B) and growth (C) processes. B. A new primordium (i) is initiated at
the edge of the floral meristem (FM; green circle) where the initiation potential Uini takes the minimum
value. i, i− 1, and i− 2 are the primordium indices that denote the initiation order. Uini exponentially
decreases with time (α) and the distance between primordia (λini). C. Each primordium (k) moves at
the outside of the circular FM, depending on the growth potential Ug,k. Primordium k rarely moves
against the gradient (grey arrow), but mostly follows the gradient (black arrow; see the Model section).

Following Hofmeister’s rules as mathematically interpreted by Douady and Couder [78], I focused on initiation
and growth, the two processes of floral development. In the initiation process, each primordium emerges successively
at the least crowded position, depending on a potential function [78]. I assumed periodic initiation to examine how
the sequential initiation results in the whorled-type pattern. I allowed the primordia to move during the growth
process in response to the repulsion among the primordia, unlike earlier studies that assumed constant growth
depending only on the distance from the apex [31,78].

The initiation process Following the earlier models [78], I represented the meristem as a circular disc with
radius R0 and the primordia as points (Fig. 2.1A). A new primordium arises at the point along the edge of the
meristem (R0, θ), in polar coordinate with the origin at the meristem center, where θ gives the minimum value of
the inhibition potential Uini. As one of the simplest set-ups for sequential initiation [90], I followed the assumption
of earlier models for spiral phyllotaxis [78], which stated that new primordia arise sequentially with time intervals
τ , as opposed to the simultaneous initiation studied previously for whorled phyllotaxis [79] (Fig. 1.3). Although
the structures outside of the flower, such as bracts and other flowers, as well as the position of the inflorescence axis,
may affect the position of organ primordia, the pentamerous whorls appear despite their various arrangement [236].
Therefore, as the first step of modelling of floral organ arrangement, I assumed that whorl formation is independent
of any positional information from structures outside of the flower. Thus, I calculated the inhibition potential only
from other primordia.

The potential functions for the initiation inhibition by pre-existing primordia have been extensively analysed
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in phyllotaxis models [78, 278, 301]. The potential decreases with increasing distance between an initiating pri-
mordium and the pre-existing primordia, which can account for the diffusion of inhibitors secreted by the pre-
existing primordia [263,322], and the polar auxin transport in the epidermal layer, as proposed in previous models
of phyllotaxis [21,140,278] and the flowers [314]. I employed an exponential function

exp (−dij/λini) (2.1)

as a function of θ, where dij denotes the distance between a new primordium i and a pre-existing primordium j at
(rj , θj) as

dij =
√
R2

0 + r2j − 2R0rj cos (θ − θj). (2.2)

The function decreases spatially through the decay length λini exponentially, induced by a mechanism proposed
for the polar auxin transport, i.e., the up-the-gradient model [140,278]. Up-the-gradient positive feedback amplifies
local auxin concentration maxima and depletes auxin from the surrounding epidermis, causing spatially periodic
concentration peaks to self-organize [140, 278] and thus determine the initiation position of the primordia [28].
The amplification and depletion work as short-range activation and long-range inhibition, respectively [312], which
are common to Turing patterns of reaction-diffusion systems [311]. Since the interaction of local maxima in the
reaction-diffusion systems follows the exponential potential [82, 202], the up-the-gradient model likely explains the
exponential potential between the auxin maxima. The decay length λini depends not only on the ratio of the auxin
diffusion constant and the polar auxin-transport rate [140] but also on other biochemical parameters for polar
transport and the underlying intracellular PIN1 cycling [247]. The other mechanism, with-the-flux model, can be
responsible for the auxin drain from the epidermal layer of the primordia to internal tissue [25]. Since the drain
gets stronger as the primordia mature [25,104], the auxin drain could cause decay of the potential depending on the
primordia age. The auxin decrease in maturing organs can also be caused by controlling auxin biosynthesis [51,217].
Therefore, I integrated another assumption that the inhibition potential decreases exponentially with the primordia
age at the decay rate α (Fig. 2.1B). Temporally decaying inhibition was proposed previously to represent the
degradation of inhibitors [114,301] and account for various types of phyllotaxis by simple extension of the inhibitory
field model [277].

Taken together, the potential at the initiation of the i-th primordium is given by

Uini(θ) =

i−1∑
j=1

exp (−α (i− j − 1)) exp

(
− dij
λini

)
. (2.3)

The growth process Most phyllotaxis models have assumed, based on Hofmeister’s hypothesis, that the primor-
dia move outward at a constant radial drift depending only on the distance from the floral center without angular
displacement, which makes helical initiation result in spiral phyllotaxis [78]. I assumed instead that all primordia
repel each other, even after the initiation, except for movement into the meristematic zone following observation of
the absence of auxin (DR5 expression) maxima at the center of the floral bud [123] (Fig. 2.1C). The growth is not
limited at the peripheral zone away from the meristem, therefore there is no upper limit for the distance between
primordia and the center. The repulsion exerted on the k-th primordium is represented by another exponentially
decaying potential when there are i primordia (1 ≤ k ≤ i):

Ug,k(r, θ) =

i∑
j=1,j 6=k

exp

(
−dkj
λg

)
, (2.4)

where the decay length, introduced as λg, can differ from λini. The primordia descend along the gradient of potential
Ug to find a location with weaker repulsion. The continuous repulsion can account for post-meristematic events such
as the mechanical stress on epidermal cells caused by the enlargement of primordia [116,146] that is supported by
the fact that the ablation of surrounding primordia can enlarge the primordium width [226], or the gene expression
that regulates the primordial boundary [214]. The present formulation (Eq. 2.4) is similar to the contact pressure
model, which has been proposed for re-correcting the divergence angle after initiation [2,125,234]. Another type of
post-initiation angular rearrangement has been modelled as a function of the primordia age employed as i− j−1 in
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the present model (Eq. 2.3) and the distance between primordia with some stochasticity [189]. Eq. 2.4 accounts
for not only the angular rearrangement but also the radial rearrangement with stochasticity in both directions as
will be described in the next subsection.

Numerical experiments I modelled the initiation process numerically by calculating the potential Uini (Eq. 2.3)
for angular position θ incremented by 0.1 degree on the edge of the circular meristem. I introduced a new primordium
at the position where the value of Uini took the minimum, provided that the first primordium is initiated at θ = 0.
I modelled the growth process by using a Monte Carlo method [160] to calculate the movement of primordia in
the outside of the meristem depending on the potential Ug,k (Eq. 2.4, Fig. 2.1C). After the introduction of a
new primordium, I randomly chose one primordium indexed by k from among the existing primordia and virtually
moved its position (rk, θk) to a new position (r′k, θ

′
k) in the outer meristem (rk, r

′
k ≥ R0). The new radius r′k and

the angle θ′k were chosen randomly following a two-dimensional Gaussian distribution whose mean and standard
deviation were given by the previous position (rk, θk) and by two independent parameters, (σr, σθ/rk), respectively.
Whether or not the k-th primordium moved to the new position was determined by the Metropolis algorithm [160];
the primordium moved if the growth potential (Eq. 2.4) of the new position was lower than that of the previous
position (i.e., Ug,k(r′k, θ

′
k) < Ug,k(rk, θk)). Otherwise, it moved with the probability given by

PMP = exp (−β∆Ug) , (2.5)

where ∆Ug = Ug,k(r′k, θ
′
k) − Ug,k(rk, θk) and β is a parameter for stochasticity. This stochasticity represents a

random walk biased by the repulsion potential. A case PMP = 0 represents that primordia movement always
follows the potential (∆Ug < 0). The first primordium stays at the meristem edge r = R0 until the second one
arises when PMP = 0 because the growth potential is absent, while it can move randomly outside of the meristem
when PMP 6= 0. To maintain the physical time interval of the initiation process at τ steps for each primordium, the
number of iteration steps in the Monte Carlo simulation during each initiation interval was set to iτ , where i denotes
the number of the primordia. All programs were written in the C programming language and used the Mersenne
Twister pseudo-random number generator (http://www.math.sci.hiroshima-u.ac.jp/˜m-mat/MT/emt.html) [181].

2.5 Results of numerical simulations

Because the initiation time interval is set as constant, one possible scenario for allowing a whorled pattern should
involve decreasing or arresting the radial displacement of primordia (Fig. 1.3, forth row). Therefore, I focused on
the change in radial position and velocity, while angular positions were not taken into account.

Mutually repulsive growth promotes a whorled arrangement from sequential initiation at the proper
meristem size Numerical simulations showed that several whorls self-organised following the sequential initiation
of primordia. Although several previous phyllotaxis models showed the transition between a spiral arrangement
following sequential initiation and a whorled arrangement following simultaneous initiation [79,140,278], they were
not able to reproduce the emergence of a whorled arrangement following sequential initiation, which is the situation
observed in many eudicot flowers (see section B.5.2) [90,96,130,174,229]. In the present model, a tetramerous whorl
appeared spontaneously that exhibited four primordia almost equidistant from the meristem center (Fig. 2.2A,
left and middle), by arresting radial movement of the fifth primordium at the meristem edge until the seventh
primordium arose (arrowhead in Fig. 2.2A, right). Likewise, subsequent primordia produced the same gap in
radial distance for every four primordia (Fig. 2.2A, middle and right), leading to several whorls comprising an
identical number of primordia (Fig. 2.2A). The radial positions of all primordia were highly reproducible despite
stochasticity in the growth process (error bars in Fig. 2.2A–C, middle and right). Therefore, I identified the
whorled arrangement by radial displacement arrest (arrowhead in Fig. 2.2A, right).

I also studied the movement following Ug by the ordinary differential equations to confirm the independence
of the numerical methods (Fig. 2.3). The spontaneous emergence of whorled arrangement is also observed if the
primordia displacement is calculated by the ordinary differential equations.

The initiation order and angle of the first tetramerous whorl in the model reproduced those observed in Ara-
bidopsis thaliana sepals [279] (Fig. 2.4). The first primordium scarcely moved from the initiation point until the
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Figure 2.2: The spontaneous emergence of whorled-type pattern with increasing meristem
radius R0 and temporal decay rate α. Left panels: Spatial pattern after 15 primordia (red points)
initiated in an indexed order at the meristem edge (green circle; r = R0). Middle panels: Radial distance
(blue) from the meristem center as a function of the primordium initiation index (left panel) averaged
over 400 replicate Monte Carlo simulations. Error bars represent twice the S.D. Red points are a set
of representative samples. Right panels: Time evolution of the radial coordinates of each primordium
averaged over 400 replicates. Error bars show 2 S.D. The arrowheads in A and C indicate the growth
arrest of the fifth and sixth primordia, respectively. Colours denote the index of the primordia. Green
line in the left, middle and right panels denotes the meristem edge. (R0, α) = (20.0, 0.0) in A, (5.0, 0.0)
in B and (20.0, 2.0) in C. β = 1.0× 104, λini = λg = 10.0, τ = 300, and σr = σθ = 0.05 in A–C.
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Figure 2.3: The emergence of whorled-pattern using another method for numerical cal-
culation of growth process. The tetramerous (A) and pentamerous (B) pattern generated
by numerical integration (fourth-order Runge-Kutta method) of the ordinary differential equation
drk/dt = −∂Ug,k/∂rk, dθk/dt = −(1/rk)∂Ug,k/∂θk, which was used instead of the Monte Carlo method.
I confirmed (1) the emergence of whorled arrangements as shown in this figure (consistent with Fig. 2.2)
and (2) the dominance of the tetramery at α = 0 and the pentamery at α > 0 (consistent with Fig. 2.6).
λg = λini = 2.5. A. R0 = 3.0, τ = 17.5, α = 0.0. B. R0 = 4.5, τ = 25, α = 2.0.
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Figure 2.4: The time-course of tetramerous whorl emergence in the model simulation.
Parameters are the same to Fig. 2.2A.

17



second primordium arose because growth repulsion was absent. The second primordium arose opposite the first,
whereas the third and fourth primordia arose perpendicular to the preceding two. The angular position of the
primordia did not change once the whorl was established because the primordia within a whorl blocked the angular
displacement by the growth potential Ug (cf. Fig. 2.10 in the next section).

Introducing mutual repulsion among the primordia throughout the growth process caused the whorled arrange-
ment to spontaneously emerge (Fig. 2.2A). This was in contrast to the model of constant growth in which all
primordia arise depending only on the distance from the floral apex [78]. A study of post-meristematic regula-
tion by the organ-boundary gene CUC2 (section B.3.3) showed that the Arabidopsis plants up-regulating CUC2
gene have an enlarged primordial margin and have whorled-like phyllotaxis following the normal helical initiation
of primordia [214], suggesting that repulsive interactions among primordia after initiation are responsible for the
formation of the floral whorls.

In the present model, the meristem size R0 controls the transition from non-whorled (Fig. 2.2B) to whorled
arrangement (Fig. 2.2A). Radial spacing of the primordia was regular when R0 was small (Fig. 2.2B, middle)
because the older primordia pushed any new primordium across the meristem (Fig. 2.2C, left), causing continuous
movement at the same velocity (Fig. 2.2C, right). Above a threshold meristem size R0, a tetramerous whorl
appeared spontaneously via locking the fifth primordium at the meristem edge. The primordia number within each
whorl increased with increasing R0. In the A. thaliana mutant wuschel, which has a decreased meristem size, the
pattern of four sepals does not have square positions at the stage when the wild-type plant forms a tetramerous sepal
whorl [262]. Conversely, the clavata mutant, which has an increased meristem size, has excessive floral organs [262].
The present model consistently reproduced not only the transition from the non-whorled arrangement (Fig. 2.2B)
to the tetramerous whorled arrangement (Fig. 2.2A) but also the increase in the primordia number within a whorl
as the meristem size R0 increased.





1
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s






1
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s







1
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s










1
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s














1 5
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s


















1 5
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s





























1 5 9
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s








































1 5 9 13
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s


















1 5
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s




















1 5
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s

























1 5 9
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s
























1 5 9
0

20

40

60

80

100

Primordiaindex

R
a
d
iu
s

Figure 2.5: The time-course of pentamerous whorl emergence in the model simulation.
Parameters are the same to Fig. 2.2C.

Developmental preference for particular organ number within a whorl In order to study the organ
number within each whorl extensively, known as the merosity [239], I counted the number of primordia existing
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prior to the arrest of primordium displacement, which corresponds to the merosity of the first whorl (arrowheads
in Fig. 2.2A and C, right). I defined arrest of primordium displacement as occurring when the ratio of the initial
radial velocity of a new primordium immediately after initiation to that of the previous primordium was lower than
0.2. The definition does not affect the following results as long as the ratio is between 0.1 and 0.6. I found that the
key parameter for merosity is the relative value of R0 normalized by the average radial velocity V (see Appendix)
and the initiation time interval τ (Fig. 2.6). The arrest of radial displacement did not occur below a threshold
of R0/V τ (the left region coloured red in Fig. 2.6A, red circles), whereas the whorled arrangement appeared
above the threshold value of R0/V τ . As R0/V τ increased further, tetramery, pentamery, hexamery, heptamery,
and octamery appeared, successively (Fig. 2.6A).

The present model showed dominance of special merosity, i.e., tetramery and octamery in the absence of temporal
decay of inhibition (α = 0 in Eq. 2.3; Fig. 2.6A); pentamery in the presence of temporal decay (α > 0; Fig. 2.6B
and C), in contrast to previous phyllotaxis models for whorled arrangement in which the parameter region leading
to each level of merosity decreased monotonically with increasing merosity [79]. The major difference between α = 0
and α > 0 was that θ3, the angular position of the third primordium, took an average value of 90 degrees when
α = 0 (arrowhead in Fig. 2.6A bottom magenta panel) and decreased significantly as α increased (arrowhead in
Fig. 2.6A bottom cyan panel). In a pentamerous flower Silene coeli-rosa, the third primordium is located closer
to the first primordium than the second one [174]. This is consistent with the third primordium position at α > 0,
indicating the necessity of α, as I will discuss in the next section. We divided R0 by the average radial velocity V
(see the next section) and the initiation time interval τ to make a dimensionless parameter R0/V τ . The parameter
region R0/V τ for pentamery expanded with increasing α, whereas the border between the whorled and non-whorled
arrangements was weakly dependent on α (Fig. 2.6C). The tetramery, pentamery, and octamery arrangements
were more robust to R0/V τ and α than the hexamery and heptamery arrangements. Dominance of the particular
number also appears in the ray-florets within a head inflorescence of Asteraceae [170], in which radial positions
show the whorled-type arrangement [24]. Meanwhile, the leaf number in a single vegetative pseudo-whorl transits
between two to six by hormonal control without any preference [158].

Moreover, the transition between the different merosities occurred directly, without the transient appearance of
the non-whorled arrangement. This is in contrast to an earlier model [79] in which the transition between different
merosity always involved transient spiral phyllotaxis. The fact that the merosity can change while keeping its
whorled nature in flowers (e.g., the flowers of Trientalis europaea [182]) supports my results. To my knowledge, this
is the first model showing direct transitions between whorled patterns with different merosities as well as preferences
for tetramery and pentamery, the most common merosities in eudicot flowers.

Reconstructing the Silene coeli-rosa pentamerous whorl arrangement To further validate the present
model of the pentamerous whorl arrangement, I quantitatively compared its results with the radial distances and
divergence angles in eudicot flowers. Here I focus on a Scanning Electron Microscope (SEM) image of the floral
meristem of S. coeli-rosa, Caryophyllaceae (Fig. 2.7A–C) [174], because S. coeli-rosa exhibits not only five sepals
and five petals in alternate positions, which is the most common arrangement in eudicots, but also the helical
initiation of these primordia, which I targeted in the present model. In addition, to my knowledge, this report by
Lyndon is the only publication showing a developmental sequence for both the divergence angle ∆θk,k+1 = θk+1−θk
(0 ≤ ∆θk,k+1 < 360) and the ratio of the radial position, rk/rk+1, referred to as the plastochrone ratio [230], in
eudicot floral organs. Reconstructing such developmental sequences of both radial and angular positions is an
unprecedented theoretical challenge, while those which describe the angular position alone for the ontogeny of
spiral phyllotaxis (180 degree, 90 degree and finally convergence to 137 degree [277,278]; the ‘M-shaped’ motif, i.e.,
137, 275, 225, 275 and 137 degrees [32,113]) have been reproduced numerically.

By substituting the initial divergence angle between the first and second sepals of S. coeli-rosa into ∆θ1,2 = 156
but not any plastochrone data into the simulation (θ1 = 0 and θ2 = 156 degree), I numerically calculated the
positions of the subsequent organs (Fig. 2.7D). The observed divergence angle ∆θ2,3 = 132 degree indicates α > 0,
because ∆θ2,3 = ∆θ1,3 = (360 − 156)/2 = 102 degree at α = 0, in the present model setting r1 ∼= r2. Even when
r1 > r2, the divergence angle was calculated as ∆θ2,3 = 113 degree (r1 = R0 + 2V τ , r2 = R0 + V τ , R0 = 1,
V τ = 0.14, and λini = 0.05 estimated from the S. coeli-rosa SEM image [174]; see Fig. 2.8 for detail), which is
still less than the observed value. As α became larger, the inhibition from the second primordium became stronger
than that from the first one, making ∆θ2,3 consistent with the observed value in S. coeli-rosa (Fig. 2.7E, top).
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Figure 2.6: Merosity of the first whorl. A, B. The number of primordia before the first arrest
(arrowheads in Fig. 2.2A and C) is depicted by colors in the legend. The red region indicates a non-
whorled pattern. For simplicity, I set PMP = 0 (Eq. 2.5) so that primordia could not move against
the potential gradient Ug,k. λini = λg = 10.0, σr = σθ = 0.05. α = 0.0 (A) and α = 2.0 (B). The four
panels between A and B are representative examples of each merosity where the arrowhead indicates
the third primordium. C. Phase diagram of the first-whorl merosity according to α and R0/V τ at
V τ = (−0.5R0 + 50)/

√
2π (white line in A). The color code is the same as that in A and B. The region

of dimerous arrangement (green) increases as α increases, because the previous primordium becomes
the most dominant inhibitor so that the new primordium initiates just opposite to the previous one and
its growth is arrested by the second previous one.
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Lyndon [174]; the colors were modified. Numbers indicate the initiation order. K (sepals), C (petals),
S (stamens), AB (axillary bud). C. Average position of the S. coeli-rosa floral primordia reconstructed
from the divergence angle and plastochrone ratio measured by Lyndon (Table 1 in [174]). The smallest
number of measured apices is N = 9 for sepals, 5 for petals, 7 for stamens, and 2 for carpels. The
positions of sepals and petals are depicted in large squares, and those of stamens and carpels are depicted
in small squares. D. Spatial pattern of the model simulation. The first ten primordia are shown by
large circles, and the subsequent ten primordia are shown by small circles. τ = 600, R0 = 30.0, α = 3.0,
σr = 0.05, σθ = 5.0, λini = λg = 20.0, PMP = 0. The green line in D indicates the meristem boundary
in the simulation.
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∆θ1,3 are represented in blue and pale blue, respectively, whereas the calculated ∆θ2,3 and ∆θ1,3 are
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Figure 2.9: The comparison of phyllotactic values between the numerical result and the
real floral development. Divergence angle (top panel) and plastochrone ratio (middle) between two
succeeding primordia, and the distance from the center of the apex (bottom panel) in S. coeli-rosa
(blue squares) and in the model simulation (red circles). The order of petal initiation was estimated
from that of the adjacent stamens (S6-S10 in Fig. 2.7B) following the experimental report [174]. The
measurements agree with the model until the ninth primordium (open arrowhead). Error bars for the
divergence angle and plastochrone ratio of S. coeli-rosa denote the standard errors. Because the absolute
values of the S. coeli-rosa primordia radii were not published, the distance from the center is normalized
by the radius of the first sepal. The values of the parameters are the same as those in Fig. 2.7D. The
green line in the bottom panel indicates the meristem boundary in the simulation.
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For the subsequent sepals and petals, the model faithfully reproduced the period-five oscillation of the divergence
angle and the plastochrone ratio until the ninth primordium (Fig. 2.9), notably in the deviation of the divergence
angle from regular pentagon (144 degree) and the increase of plastochrone ratio at the boundary between the sepal
and petal whorls. Moreover, a similar increase in the plastochrone ratio occurred weakly between the second and
third primordia in the first whorl (closed arrowhead in Fig. 2.9), indicating a hierarchically whorled arrangement
(i.e., whorls within a whorl). Such weak separation of the two outer primordia from the three inner ones within a
whorl is consistent with the quincuncial pattern of sepal aestivation that reflects spiral initiation in most eudicots
with pentamerous flowers (e.g., Fig. 2D–E in [91]). Even with an identical set of parameters, the order of initiation
in the first pentamerous whorl can vary depending on the stochasticity in the growth process. The variations of the
initiation order in simulations may be caused by the absence of the outer structure, because the axillary bud seems
to act as a positional information for the first primordia (Fig. 2.7B). The positioning of the five primordia in the
first whorl was reproducible in 70% of the numerical replicates, within less than 20 degrees of that in S. coeli-rosa
or that of the angles in a regular pentagon. Mismatches in the inner structure (from the tenth primordium, i.e., the
last primordium in petal whorl) might be due to an increase in the rate of successive primordia initiation later in
development [261], which I did not assume in the present model. The agreements between the present model and
actual S. coeli-rosa development of sepals and petals in both the angular and the radial positions suggests that the
S. coeli-rosa pentamerous whorls are caused by decreasing inhibition from older primordia.

2.6 Analytical results

Mechanism for the tetramerous whorl emergence. A possible mechanism to arrest the radial displacement
of a new primordium, a key process for whorl formation (arrowheads in Fig. 2.2A,C), involves an inward-directed
gradient of the growth potential Ug,k (Eq. 2.4) of a new primordium so that its radial movement is prevented. To
confirm this for tetramerous whorl formation (Fig. 2.6A), I analytically derived the parameter region such that the
radial gradient of the growth potential at the angle of the fifth primordium Ug,5 (Eq. 2.4), which is determined by
the positions of the preceding four primordia, is inward-directed. For ease in the analytical calculation, I set α = 0
and PMP = 0.

Analytical derivation of the average radial velocity during growth. The radial velocity of primordia
averaged over the growth process is approximately derived by integrating Monte Carlo steps. The radial displace-
ment of the primordium k in a single Monte Carlo step given by x = r′k − rk follows a Gaussian distribution (see
Numerical experiments in the Model section) given by

1√
2πσ2

r

exp

(
− x2

2σ2
r

)
,

where the average and the standard deviation are zero (rk = r′k) and σr, respectively. At PMP = 0, when the radial
gradient of the growth potential Ug,k is negative, the Metropolis method always selects outward movement (see
Numerical experiments in the Model section) so that the actual movement follows a one-sided truncated Gaussian
distribution (x ≥ 0). The average radial velocity V is approximated as the expected value given by

V =

∫ ∞
0

x√
2πσ2

r

exp

(
− x2

2σ2
r

)
dx =

σr√
2π
. (2.6)

Hence, during the time interval τ of primordia initiation, all primordia move radially a distance of τσr/
√

2π on
average.

Intuitive estimation of first four primordia. Because I set the angular position of the first primordium
to zero (θ1 = 0), the second primordium arose at the opposite side of the meristem (θ2 = 180) farthest from the
first primordium. The third and fourth primordia were initiated at the middle positions relative to the preceding
primordia (i.e., at θ3 = 90 and θ4 = 270 degrees, respectively) at α = 0 due to symmetric repression by the first
and second primordia. Regarding the radial direction, the first primordium was not affected by any other primordia
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until the second primordium arose; therefore, the first primordium stayed at the meristem edge R0 at PMP = 0
(see the Model section). After initiation of the second primordium, the primordia repelled each other symmetrically
following the growth potential (Eq. 2.4). Thus, the times spent for movement until the fifth primordium arose were
3τ for the first and second primordia and 2τ and τ for the third and fourth primordia, respectively. The average
velocity of radial movement from the meristem edge was V = σr/

√
2π (Eq. 2.6) for these four primordia after

initiation of the second primordium. Since the fourth primordium is in the local minimum in the angular direction
(Fig. 2.10), the angular position will not be changed until the fifth primordium arises. Thus, the positions of these
four primordia (ri, θi) in polar coordinates are given by

r1 = R0 + 3τσr/
√

2π, θ1 = 0

r2 = R0 + 3τσr/
√

2π, θ2 = 180

r3 = R0 + 2τσr/
√

2π, θ3 = 90

r4 = R0 + τσr/
√

2π, θ4 = 270,

(2.7)

which agreed with the numerical results with an error of less than several percent regardless of the parameter spaces.
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Figure 2.10: The growth potential Ug,4 is shown as a function of the angular position θ at the radius
of the fourth primordium in Fig. 2.12B. The small panel shows the landscape of potential Ug,5 at the
corresponding time (identical to the upper panel of Fig. 2.12B). Arrowheads indicate the position of
the fourth primordium.

The angular position of the fifth primordium. Hereafter I demonstrate a case V τ = 6.0. By substituting
Eq. 2.7 into the function for the initiation potential Eq. 2.3, the function becomes

Uini(θ) =

4∑
j=1

exp

(
− d5j
λini

)
=

4∑
j=1

exp

−
√
r2j +R2

0 − 2rjR0 cos(θj − θ)

λini

 , (2.8)

The angle θmin taking the local minimum of the potential yielded the angular position of the fifth primordium, i.e.,
θ5 = θmin. The angle θmin underwent a pitchfolk bifurcation at R0 = 2 and τ = 300 and split from 90 degrees
into 45 and 135 degrees (Fig. 2.11). At R0 > 2, the minimum around ∼ 135 degrees was selected instead of ∼ 45
degrees as the initiating position of the fifth primordium without losing the generality because the potential was
symmetrical around θ = 90 at α = 0. Thus the position of the fifth primordium becomes θ5 = 90 when R0 ≤ 2,
whereas θ5 ∼ 135 when R0 > 2.

Calculation of potential gradient in radial direction that can cause the arrest of primordium
displacement. I calculated the potential for the fifth primordium in radial direction by substituting Eq. 2.7 and
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Figure 2.11: The minima and maxima of Uini when the fifth primordium arises. After the
initiation of four primordia at the positions given by Eq. 2.7, the angular positions that occupy the
local minima (blue) and maxima (red) of potential Uini at the edge of the meristem (Eq. 2.8) are
plotted as a function of R0. Blue solid circles denote the global minima, which represent the position of
the fifth primordium, whereas the blue open circles around 200 and 340 degrees at R0 > 15 signify the
local minima. Solid black diamonds correspond to Fig. 2.12A–C.

the position of the fifth primordium θ5 into Eq. 2.4. The function becomes

Ug,5(r, θ5) =

4∑
j=1

exp

(
−d5j
λg

)
=

4∑
j=1

exp

−
√
r2j + r2 − 2rjr cos(θj − θ5)

λg

 . (2.9)

The potential exhibited a uni-modal (2 < R0 < 10; Fig. 2.12A) or bi-modal (R0 < 2, R0 > 10; Fig. 2.12B and
C) shape. At R0 < 10, the potential gradient at the initiation position of the fifth primordium ∂Ug,5(r, θ5)/∂r|r=R0

is outward-directed (Fig. 2.12A), providing almost constant growth resulting a non-whorled arrangement in the
simulations (Fig. 2.6A, red region). At R0 > 10, I defined the radial position of the local maximum closest to the
fifth primordium as rmax (open arrowhead in Fig. 2.12B and C; red squares in the upper half of Fig. 2.12D) and the
local minimum as rmin (blue circles in Fig. 2.12D; 0 < rmin < rmax). The potential gradient ∂Ug,5(r, θ5)/∂r|r=R0

has a negative value when R0 < rmin or rmax < R0 (Fig. 2.12C), causing the fifth primordium to constantly
move outward. On the other hand, the potential gradient was positive, i.e., directed inward (Fig. 2.12B), when
rmin < R0 < rmax (between the two solid arrowheads in Fig. 2.12D), causing the arrest of radial movement of
the fifth primordium. The values of rmin and rmax, analytically calculated as function of R0 and τ (solid black
line in Fig. 2.12E), were faithfully consistent with the parameter boundaries between the non-whorled pattern
and the tetramerous-whorled pattern and between the tetramerous-whorled and pentamerous-whorled patterns,
respectively, in the numerical simulations (Fig. 2.12E). Thus the inward-direct gradient of the growth potential
(Eq. 2.4), which works as a barrier to arrest the outward displacement of the fifth primordium, causes the formation
of tetramerous whorl.

Mechanism for the pentamerous whorl emergence The inward radial gradient of the potential Ug,k (Eq. 2.4)
also accounted for the emergence of pentamerous whorls at α > 0. Unlike the case of α = 0, the angular position
of the third primordium θ3 at the global minimum of Uini deceased from 90 degrees as α increased (Fig. 2.13A).
For example, the recursive calculations for the minimum of Uini gave the angular positions of the two subsequent
primordia, θ3 ∼= 62 and θ4 ∼= 267, respectively, at α = 2.0 (τ = 300, R0 = 20.0, and PMP = 0). Those angular
positions are consistent with the numerical results (e.g., Fig. 2.2C and 2.5). The gradient of the growth po-
tential ∂Ug,5(r, θ5)/∂r at the edge of the meristem for the fifth primordium that arose at θ5 ∼= 129 was negative
(Fig. 2.13B). Therefore, the fifth primordium moved outward at constant velocity so that the tetramerous whorl
was unlikely to emerge. The inward-directed potential at the position of the new primordium first appeared when
the sixth primordium arose around 343 degrees which was derived by the recursive calculation (Fig. 2.13C). The
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Figure 2.12: The potential landscape captures tetramerous whorl formation. A–C. Colour-
coded potential landscape (upper panel; legend) and the section (bottom panel) at the angle where
Uini takes the global minimum so that the fifth primordium arises (white dashed line in upper panel;
Eq. 2.9). The green line shows the meristem edge with a diameter of R0. The direction of the potential
at the position where the fifth primordium arises, denoted by the red circle, is inward in B but outward
in A and C (bottom panel). R0 = 5.0 (A), 15.0 (B), 45.0 (C). D. Radial positions that take the
local minima (rmin, blue circles) and maxima (rmax, red squares) of potential Ug,5 (Eq. 2.9). Between
R0 = rmin and rmax, indicated by the two arrowheads, the potential at the meristem edge decreases
inward as in B. Black diamonds correspond to the initiating position of the fifth primordium of A–C.
PMP = 0, τ = 300, σr = 0.05, σθ = 0.0 in A–D. E. Superposition of the analytical result onto the
numerical results (Fig. 2.6A). Solid lines show the crossovers rmin = R0 and rmax = R0, respectively
(arrowheads in D). PMP = 0, σr = 0.05. σθ = 0.05 for numerical result, σθ = 0.0 for analytical result.

first primordium (the rightmost potential peak in Fig. 2.13C) prevented the outward movement of the sixth pri-
mordium (red point in Fig. 2.13C). Arrest of radial displacement of the sixth primordium was maintained until
the seventh primordium arose to allow the radial gap between these primordia to appear (i.e., a pentamerous whorl
emerged). Likewise, the other merosities can be explained by similar recursive calculations of the angular position
from the initiation potential (Eq. 2.3) and the radial gradient of the growth potential (Eq. 2.4).
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Figure 2.13: The potential landscape captures pentamerous whorl formation. A. The angular
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2.7 Discussion

2.7.1 Relevance and difference to phyllotaxis models

Based on these analytical results (Fig. 2.12 and 2.13) and the dimensionless parameter G = τV/R0, which
represents the natural logarithm of the Richard’s average plastochrone ratio R [78,230], I quantitatively compared
the present model against previous phyllotaxis models assuming simultaneous initiation based on the initiation
potential [79]. The tetramerous and pentamerous whorls appeared in, at most, 1.3-fold and 1.2-fold ranges of G,
respectively, in the earlier studies (Fig. 4D in [79]); however, they appeared in much wider ranges in the present
model (i.e., 3-fold to 5-fold and 1.2-fold to 5-fold ranges of G, respectively; Fig. 2.6C). Here, another key parameter
is the temporal decay rate of the initiation inhibition α that shorten the transient process approaching to the golden
angle (Fig. 2.13A) than those of spiral phyllotaxis [80,277]. λini, representing the gradient of the initiation potential
(Eq. 2.3), little affects the border between the whorled and non-whorled arrangements at α = 0 (Fig. 2.14A
and B); λini affects the border only when α 6= 0 (Fig. 2.14C and D). The independency of λini at α = 0 is
consistent with the result shown by the previous model, which did not incorporate temporal decay of the potential
and indicated that the phyllotactic pattern depends little on the functional type of initiation potential [78]. On the
other hand, the gradient of the growth potential (Eq. 2.4) regulated by λg causes a drastic transition between the
whorled and non-whorled arrangements (Fig. 2.14E and F). Unlike G, λini, and α (Fig. 2.13A), λg hardly affects
the angular position, as demonstrated in the previous sections, but it controls how far the growth potential works
as a barrier to determine the merosities of the whorls (Fig. 2.14E and F). Thus, λg, α, and G differentially regulate
phyllotaxis of the floral organs, suggesting the involvement of distinct molecular or physiological underpinnings.

2.7.2 Propriety of assuming two inhibitions

We employed two inhibitory potentials between the primordia dividing the primordial development into two stages.
The first is the initiating stage represented by the initiation potential Uini. Since the plant hormone auxin is both
required and sufficient for the initiation of organ primordia at the periphery of meristem (Appendix B.2), spatial
distribution of auxin should be the substance of the initiation potential. Then, is it proper to assume the inhibition
on initiation site by pre-existing auxin maxima and organ primordia? The computational models based on the polar
transport of auxin have properties similar to spot-type of Turing-type reaction-diffusion pattern [247]. Therefore
it can be thought as Turing-pattern formation, which produces new spot(s) in new region expanded by growth of
the tissue [50]. In this pattern formation, the new spot(s) are made with specific distance from pre-existing spots.
Although it is different from the present model in the time-periodicity, the resulting spiral patterns are equivalent
between with and without time-periodicity [78, 79]. Therefore I equated the inhibition represented as initiation
potential Uini with the spatial distribution of auxin.

In phyllotaxis models, the auxin patterning is usually thought as only one source of primordia pattern formation
at the periphery of the meristem (e.g. [140]). However, there is an evidence of the post-meristematic modification of
organ position by the boundary gene expression such as CUP-SHAPED-COTYLEDON (CUC ) [214]. Peaucelle et
al. showed that the inadequate expression of boundary genes causes the disruption of phyllotactic pattern without
affecting the initial position of primordia [214]. Therefore there is another determination process of organ position
that independent from the auxin patterning, as I expressed as the growth potential Ug. Of course the boundary
gene expression is the strong candidate for the Ug. Also the contact-pressure between primordia, which is caused
by physical contact, is a candidate for Ug since the efficient packing of growing organs in a floral bud should affect
the toughness of the bud that required for protection of reproductive structure [6].

2.7.3 The initiation potential and the temporal decay of initiation inhibition

We have seen that both the temporal decay of initiation inhibition controlled by α and the mutual repulsion of
growth regulated by λg are responsible for the formation of tetramerous and pentamerous whorls following sequential
initiation. These mechanisms can be experimentally verified by tuning α and λg. Here, I discuss several candidates
for the molecular and physiological underpinnings.

The temporal decay of the initiation inhibition α is probably caused by the transient expression of genes in
incipient primordia, which transiently increase the auxin level in the incipient primordia and decrease it in the
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Figure 2.14: Effects of λini, λg, and α on merosities. Superposition of the analytical result (the
solid lines are identical to Fig. 2.12E: λini = λg = 10.0, α = 0.0, σθ = 0.05, σr = 0.05, PMP = 0)
and the numerical result (the following parameters are different from the solid line: A. λini = 5.0, B.
λini = 20.0, C. α = 2.0 D. α = 2.0, λini = 20.0, E. λg = 5.0, F. λg = 20.0 ). The colors follow
Fig. 2.6. λg and α affect the boundary lines between each whorl as well as that between non-whorls
and tetramerous whorls (E and F), whereas λini hardly affects at α = 0 (A and B). At α 6= 0, α and
λini synergistically affect the phase boundaries (C and D).

maturing primordia. This activity decreases the involvement of older primordia in competing for auxin at the
initiation site, leading to decreased initiation inhibition by the older primordia. The following two gene families of
Arabidopsis controlling the depletion and biosynthesis of auxin exhibit transient expression and affect floral organ
arrangement, thus satisfying the requirements for α.

Auxin drain into inner tissue. NAKED PINS IN YUC MUTANTS (NPY ) gene families control auxin-
mediated organogenesis [53, 103]. The transient expression of NPY1 / MACCHI-BOU 4 (MAB4 ), NPY3, NPY5
in the incipient primordia in wildtype plants (Fig. 2E in [52]; Fig. 3A-B in [53]) indicates that auxin depletion is
stronger in maturing primordia, which corresponds to α > 0 in the present model. In the mab4 /npy1 npy3 npy5
triple mutants, loss of PIN1 localization towards the inner tissue leads to suppressed auxin drain such that the auxin
level becomes rather flat regardless of primordia age (Fig. 1L-M in [104]), indicating α ∼= 0. Wild-type flowers,
which corresponds to α > 0, have a tetramerous arrangement, whereas the mutants, corresponding to α ∼= 0, show
randomized flowers, e.g., the mab4 /npy1 mutant possesses a disrupted tetramerous sepal whorl (Fig. 1N and Table
2 in [103]), and the npy1 npy5 double mutant exhibits more severe defects with more petals and fewer sepals (Fig. 3
and Fig. S2 in [53]).

Auxin local biosynthesis. AINTEGUMENTA / PLETHORA (ANT/PLT ) genes up-regulate local auxin
biosynthesis via the YUCCA pathway [217,222]. The AINTEGUMENTA-like 6 (AIL6 )/ PLT3 expression decreases
as the primordium ages (Fig. 1J in [154]; Fig. 1B-C in [195]), suggesting that auxin polar transport is much weaker
in the maturing floral organ primordia, as represented by α > 0. The ant4 ail6 double mutant produces disrupted
tetramerous whorls with a random number of floral organs (Fig. 2 and Table 1 in [154]).
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Table B.2: MADS-box genes

Abbrev. Name Class Description

AP1 APETALA1 A Arabidopsis thaliana
SQUA SQUAMOSA A Antirrhinum majus ortholog of AP1
AP2 APETALA2 A Arabidopsis thaliana

PI PISTILLATA B Arabidopsis thaliana
GLO GLOBOSA B Antirrhinum majus ortholog of PI
AP3 APETALA3 B Arabidopsis thaliana
DEF DEFICIENS B Antirrhinum majus ortholog of AP3

Silky1 [11] Si1 B Zea mays, high sequence similarity to AP3 and DEF

AG AGAMOUS C Arabidopsis thaliana

SEP SEPALLATA E Arabidopsis thaliana

classes in the family: AP2 -like, ERF -like, and RAV, where the flower-related genes AP2 and ANT [84, 150] are
included in AP2 -like class. The phylogeny of AP2 -like transcription factors has two clades; euAP2 lineage and
ANT lineage [149], and latter is further divided into PLT clade and ANT clade.

Floral quartet model. The fact that all MADS-domain proteins bind to DNA sequence-specifically as dimers
leads an idea that they bind to DNA as heterodimers, such as a heterodimer between A and B as ABCE model
expected for petals. However, the MADS proteins bind to DNA only as AP1-AP1 homodimers (A-A homodimer),
AG-AG homodimers (C-C homodimer), and AP3-PI heterodimers (B-B heterodimer), but not as AP3/PI-AP1
(B-A heterodimer) nor AP3/PI-AG (B-C heterodimer) [233]. A report from Antirrhinum majus showed that the
protein complex actually binds to DNA as a protein tetramer (A-A-B-B tetramer), composed of a DEF-GLO
heterodimer (B-B heterodimer) and a SQUA-SQUA homodimer (A-A homodimer) [81]. After a report of E-class
genes [216], “floral quartet model” was suggested, stating that tetramers of ABCE class proteins composed of two
protein dimers recognise two different sites on DNA and specify floral organ identity [300]. The formation of the
complexes AP3/PI/AG/SEP3 (BCE) and AP3/PI/AP1/SEP3 (ABE), which are postulated for stamens and petals,
respectively, was supported in yeast three- and four-hybrid assays [132]. Moreover, over-expressing PI + AP3 (B)
with AP1 (A) or SEP3 (E) leads to the transformation of vegetative leaves to petaloid organs, over-expressing PI
+ AP3 with AG + SEP3 (CE) transforms into staminode organs [132]. Although there is no in planta evidence
of multimeric complexes of these proteins, the floral quartet model has been widely accepted as the basic model of
molecular mechanism underlying the fate determination of floral organ primordia [299].

Application of ABCE model to other species. ABCE model has been developed focusing mainly on core
eudicot species Arabidopsis thaliana and Antirrhinum majus, and has been shown it is applicable to other clades.

Gymnosperms. B and C class genes have been identified in gymnosperms such as conifers, which develop
male and female cones separately as their reproductive structure without any perianth organs. B class genes are
expressed only in male cones, whereas C class genes are expressed in both male and female cones (Fig. B.2B).
Hence the last common ancestor of gymnosperms and angiosperms had B and C class genes, and their function is
common to extant eudicots: C class gene confers a reproductive identity, and B class gene specifies male organ.

Basal dicots. AP3 and PI (B class) genes are isolated in magnoliids and some species from the basal an-
giosperms, namely, Austrobaileyales, Nymphaeales, and Piperales [286]. The expression of MADS genes are observed
in the most basal angiosperm genus Amborella, in addition to above basal dicot orders, and have been shown that
they express in broader region compared to eudicots and monocots [148] (Fig. B.2C).
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Monocots. There are two main floral forms in monocots, namely, animal-attracting petaloid type and wind-
pollinated type, each quite distinct from most eudicot flowers. The petaloid monocots, such as the tulip, iris,
and lily, produce flowers with very unified structure, with trimerous gynoecium and surrounded by two whorls
trimerous stamens and two whorls three petaloid perianth organs that called tepals. ABCE model is also applicable
to petaloid monocots whose perianth whorls have similar appearance in contrast to core eudicots that have clear
difference between green sepals and coloured petals. The striking difference between monocots and eudicots is
found in the expression of B genes (Fig. B.2D). In Tulipa gesnerriana (Liliaceae) [142] and Agapanthus praecox
ssp. orientalis (Agapanthaceae; Amaryllidaceae in APG) [196], B genes (ApGLO and ApDEF in Agapanthus) are
expressed in not only the second and the third whorls as in Arabidopsis, but also in the first whorl. These results
agree with the concept of ABCE model, since A and B class genes that specify petals in eudicots are expressed in
the first and the second whorl in petaloid monocots, leading to development of petaloid tepals in these two whorls.

The other group, the wind-pollinated monocots, including the grasses such as maize, rice, and wheat, produce
male and female flowers separately. They have a lemma and a palea in the first whorl instead of sepals, which
protect the developing flower. In the second whorl, a pair of small globular structures called the lodicules is often
found, which forces the palea and lemma to open and allows reproductive organs, stamens or carpels in the centre
of the flower, to access the wind. In grass plants, the combination of the MADS boxes is the same to those in
eudicots, where the lemma and palea are equivalent to the sepals, and lodicules correspond to petals [167].

Basal eudicots. The expression of B gene was examined in basal eudicots such as Ranunculales and shown
that it is not as uniform as in core eudicots. For example in Papaver nudicaule, two B class genes PnPI-1 and
PnAP3-1 are expressed in the petal primordia until the initiation of stamen primordia, whereas another B class
gene, PnAP3-2, is expressed at low level in the petals until stamens arise, once disappears, and turns on later in
development along the petal edges [153]. Ranunculus species have two AP3 and two PI, whose expression patterns
considerably vary among species. In R. bulbosus, all four genes are expressed in low level in petal primordia when
the stamens start to mature, and increases in later stages. These genes also show high levels of expression in
the stamens. On the other hand, in R. ficaria, RfAP3-1 has extremely low petal expression until blooming time,
whereas RfAP3-2 is expressed at low levels earlier in petal development and vanish earlier than R. bulbosus, and also
expressed in high levels in stamens. The expression of the RfPI-1 and RfPI-2 genes is comparatively low in both
petal and stamen primordia [153]. These variation might be a cause of diverse floral composition in Ranunculales.

B.5.4 Development of zygomorphic flowers

The transition between radial symmetry and zygomorphy has occurred multiply during the evolution of angiosperms.
The studies on Fabaceae showed the difference of the initiation order of the floral-organ primordia between zygo-
morphic and radial symmetric flowers, whereas studies on “peloric” mutants of Antirrhinum shows a group of genes
represented by CYCLOIDEA (CYC ) play central roles in the molecular mechanism of zygomorphic development.

The initiation order of floral-organ primordia in Fabaceae. The floral development in Fabaceae (FA-
BALES) species show several different types of the organ initiation order, correlating with the symmetry.

Subfamily Faboideae. Subfamily Faboideae have specific butterfly-shaped zygomorphic flowers. Five petals
differentiate into three distinct morphologies, depending on the position in the flower. A single adaxial petal forms
a banner with two lobes, lateral two petals form wings, and abaxial two petals are fused together and make up a
keel (Fig. B.1K, right). The floral organs of Glycine max cv. Ransom initiate in unidirectional order: One abaxial
sepal primordium appears first, followed by two lateral sepals, and then two adaxial sepals (Fig. B.1K, left). Petal
primordia arise in the same direction but the alternate position to the sepals, i.e., two abaxial petals, two lateral
petals, and one adaxial petal [65]. This initiation order is observed in several other species in Faboideae [310],
suggesting the conservation in legume flowers. The unidirectional initiation order leads to the different maturity of
primordia in adaxial and abaxial side of a flower, thus it can be considered as one of the sources of zygomorphy.

Subfamily Mimosoideae. Mimosoideae have tetramerous or pentamerous radial symmetric flowers with
many stamens. This subfamily is subdivided into four tribes: Acacieae, Ingeae, Mimoseae, and Mimozygantheae,
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and shows various initiation order ranges from helical initiation common in other eudicots to directional initiation as
in zygomorphic flowers of Faboideae. In tribe Mimoseae, sepals initiate either helically (Fig. B.1H), simultaneously
(Fig. B.1F), or in ring meristem (Fig. B.1G) [225]. In tribe Acacieae, sepals initiate in helical order [74], but some
species exceptionally show bidirectional initiation [225] (Fig. B.1L). In tribe Ingeae, helical initiation is majority
but a few species show simultaneous initiation [225]. On the other hand, petals initiate simultaneously in above
three tribes, except for a few species that occasionally show helical initiation [225]. The radial symmetry in this
family can be considered as an atavism since the other subfamilies with zygomorphic flowers forms a paraphyly
to Mimosoideae in the phylogeny of Fabaceae [289]. The complication of several types of initiation order may
reflect the intermediate stage of transition between zygomorphic flower associating with unidirectional initiation
and actinomorphic flower with helical initiation.

The molecular basis of floral development with zygomorphy. The genes involving zygomorphy were firstly
identified in Antirrhinum, which has pentamerous-zygomorphic flower with one adaxial (dorsal) sepal. The initiation
order of their sepal is bidirectional, but it is different from bidirectional initiation in Mimosoideae (Fig. B.1L,M).
The wild type Antirrhinum flower have two adaxial petals considerably larger than the two lateral and one abaxial
petals, whereas in the peloric mutant the all petals become the same size, and also the number of petals and
sepals increases to six. The plants with this phenotype have mutation in CYC/DICH family genes, which expresses
adaxial petal primordia and causes the differentiation into adaxial fate [172].

CYC/DICH family genes are also responsible for the differentiation of florets in Asteraceae capitulum. CYC -like
genes in Asteraceae, such as the GhCYC2 in Gerbera hybrida, and the RAY1 and RAY2 in Senecio vulgaris, are
expressed only in outer floret primordia that differentiate into ligulate florets [147, 159]. The function of GhCYC2
can be explained by an analogy with MADS boxes in floral development, because of the concentric expression and
the capacity for homeosis indicated by transformation of disk into ray-like florets by over-expression of GhCYC2 [44].

These two floret types in Asteraceae are different in symmetry: tubular florets have radial symmetry, whereas
the ligulate florets are in zygomorphy. Together with Antirrhinum results, CYC/DICH family genes are key factor
for controlling zygomorphy, widely in core eudicots.

Acknowledgement

I am deeply grateful to Associate Prof. K. Fujimoto for the continuous instruction and discussion.
Advice and comments given by Prof. T. Kakimoto have been indispensable help for my research.
I would like to show my appreciation to Prof. M. Kikuchi, Prof. M. Ueda, and Prof. S. Kondo
for insightful suggestions. Also I would like to express my gratitude to Dr. H. Fujita and Dr.
N. Nakayama for continuing interest and encouragement. This work was supported by Grant-in-
Aid for JSPS (Japan Society for the Promotion of Science) Fellows. Finally, I would like to offer
my special thanks to whom helped me the field observation and the continuance of the research,
including Setsubunso Fureai Matsuri in Maibara City, others who cannot be mentioned to protect
the natural habitats, and my parents, for their heartwarming support.

87



References

[1] Adam, H., Marguerettaz, M., Qadri, R., Adroher, B.,
Richaud, F., Collin, M., Thuillet, A.-C., Vigouroux,
Y., Laufs, P., Tregear, J. W., and Jouannic, S. Di-
vergent expression patterns of miR164 and CUP-SHAPED
COTYLEDON genes in palms and other monocots: Impli-
cation for the evolution of meristem function in angiosperms.
Molecular Biology and Evolution 28, 4 (2011), 1439–1454.

[2] Adler, I. A model of contact pressure in phyllotaxis. Jour-
nal of Theoretical Biology 45, 1 (1974), 1–79.

[3] Adler, I., Barabe, D., and Jean, R. V. A history of the
study of phyllotaxis. Annals of Botany 80 (1997), 231–244.

[4] Aida, M., Ishida, T., Fukaki, H., Fujisawa, H., and
Tasaka, M. Genes involved in organ separation in Ara-
bidopsis: an analysis of the cup-shaped cotyledon mutant.
The Plant Cell Online 9, 6 (1997), 841–857.

[5] Aida, M., and Tasaka, M. Genetic control of shoot organ
boundaries. Current Opinion in Plant Biology 9, 1 (2006),
72–77. Growth and development / edited by David R Smyth
and Thomas Berleth.

[6] Airy, H. On leaf-arrangement. Proceedings of the Royal
Society of London 21 (1873), 176–179.

[7] Akaike, H. A new look at the statistical model identifi-
cation. Automatic Control, IEEE Transactions on 19, 6
(1974), 716–723.

[8] Allen, E., and MacDowell, E. C. Variation in mouse
embryos of 8 days gestation. The Anatomical Record 77, 2
(1940), 165–173.

[9] Alvarez-Buylla, E. R., Azpeitia, E., Barrio, R.,
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Flora, oder allgemeine botanische Zeitung 18 (1835), 145–
192.

[43] Bringmann, M., Landrein, B., Schudoma, C., Hamant,
O., Hauser, M.-T., and Persson, S. Cracking the elu-
sive alignment hypothesis: the microtubuleellulose synthase
nexus unraveled. Trends in Plant Science 17, 11 (2012), 666
– 674.

[44] Broholm, S. K., Tahtiharju, S., Laitinen, R. A. E., Al-
bert, V. A., Teeri, T. H., and Elomaa, P. A TCP do-
main transcription factor controls flower type specification
along the radial axis of the Gerbera (Asteraceae) inflores-
cence. Proceedings of the National Academy of Sciences 105,
26 (2008), 9117–9122.

[45] Burkill, I. On the variation of the flower of Ranunculus ar-
vensis. Journal of the Asiatic Society of Bengal 71 (1902),
93–120.

[46] Burnham, K. P., and Anderson, D. R. Model selection
and multimodel inference: a practical information-theoretic
approach. Springer, New York, 2002.

[47] Burnham, K. P., Anderson, D. R., and Huyvaert, K. P.
AIC model selection and multimodel inference in behavioral
ecology: some background, observations, and comparisons.
Behavioral Ecology and Sociobiology 65, 1 (2011), 23–35.

[48] Cai, Y.-f., Li, S.-w., Liu, Y., Quan, S., Chen, M., Xie,
Y.-f., Jiang, H.-z., Wei, E.-z., Yin, N.-w., Wang, L.,
et al. Molecular phylogeny of Ranunculaceae based on
internal transcribed spacer sequences. African Journal of
Biotechnology 8, 20 (2009).

[49] Champagne, C., and Sinha, N. Compound leaves: equal
to the sum of their parts? Development 131, 18 (2004),
4401–4412.

[50] Chapman, J., and Perry, R. A diffusion model of phyl-
lotaxis. Annals of botany 60 (1987), 377–389.

[51] Cheng, Y., Dai, X., and Zhao, Y. Auxin biosynthesis by
the YUCCA flavin monooxygenases controls the formation
of floral organs and vascular tissues in Arabidopsis. Genes &
Development 20, 13 (2006), 1790–1799.

[52] Cheng, Y., Qin, G., Dai, X., and Zhao, Y. NPY1, a BTB-
NPH3-like protein, plays a critical role in auxin-regulated
organogenesis in Arabidopsis. Proceedings of the National
Academy of Sciences 104, 47 (2007), 18825–18829.

[53] Cheng, Y., Qin, G., Dai, X., and Zhao, Y. NPY genes and
AGC kinases define two key steps in auxin-mediated organo-
genesis in Arabidopsis. Proceedings of the National Academy
of Sciences 105, 52 (2008), 21017–21022.

[54] Chitwood, D. H., Nogueira, F. T., Howell, M. D.,
Montgomery, T. A., Carrington, J. C., and Timmer-
mans, M. C. Pattern formation via small RNA mobility.
Genes & Development 23, 5 (2009), 549–554.

[55] Chuck, G., Lincoln, C., and Hake, S. KNAT1 induces
lobed leaves with ectopic meristems when overexpressed in
Arabidopsis. The Plant Cell Online 8, 8 (1996), 1277–1289.

[56] Clark, E., Manulis, S., Ophir, Y., Barash, I., and
Gafni, Y. Cloning and characterization of iaaM and iaaH
from Erwinia herbicola pathovar gypsophilae. Phytopathol-
ogy 83, 2 (1993), 234–240.

[57] Clark, S., Jacobsen, S., Levin, J., and Meyerowitz, E.
The CLAVATA and SHOOT MERISTEMLESS loci com-
petitively regulate meristem activity in Arabidopsis. Devel-
opment 122, 5 (1996), 1567–1575.

[58] Clark, S., Running, M., and Meyerowitz, E. M.
CLAVATA1, a regulator of meristem and flower development
in Arabidopsis. Development 119 (1993), 397–418.

[59] Clark, S., Running, M., and Meyerowitz, E. M.
CLAVATA3 is a specific regulator of shoot and floral
meristem development affecting the same processes as
CLAVATA1. Development 121 (1995), 2057–2067.

[60] Coen, E., and Meyerowitz, E. M. The war of the whorls:
genetic interactions controlling flower development. Nature
353 (1991), 31–37.

[61] Cooney, T., and Nonhebel, H. Biosynthesis of indole-3-
acetic acid in tomato shoots: Measurement, mass-spectral
identification and incorporation of −2H from −2H2O into
indole-3-acetic acid, d- and l-tryptophan, indole-3-pyruvate
and tryptamine. Planta 184, 3 (1991), 368–376.

[62] Cronk, Q. The Molecular Organography of Plants. Oxford
Biology. OUP Oxford, 2009.

89



[63] Cronquist, A. The evolution and classification of flowering
plants, 2nd ed. New York Botanical Garden, 1988.

[64] Cronquist, A., et al. The evolution and classification of
flowering plants. Thomas Nelson & Sons Ltd., London, 1968.

[65] Crozier, T. S., and Thomas, J. F. Normal floral ontogeny
and cool temperature-induced aberrant floral development
in Glycine max (Fabaceae). American journal of Botany
(1993), 429–448.

[66] Cunninghame, M. E., and Lyndon, R. F. The relation-
ship between the distribution of periclinal cell divisions in
the shoot apex and leaf initiation. Annals of Botany 57, 6
(1986), 737–746.

[67] Dadpour, M. R., Naghiloo, S., and Neycharan, S. F.
Inflorescence and floral ontogeny in Jasminum fruticans
(Oleaceae). Australian Journal of Botany 59, 5 (2011), 498–
506.

[68] Davis, G., and Patel, N. Short, long, and beyond: molec-
ular and embryological approaches to insect segmentation.
Annual Review of Entomology 47 (2002), 669–699.

[69] de Candolle, A. P. Organographie végétale, ou De-
scription raisonnée des organes des plantes; pour servir
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Botanische Jahrbücher für Systematik, Pflanzengeschichte
und Pflanzengeographie 108 (1987), 417–438.

[91] Endress, P. K. Evolutionary diversification of the flowers
in angiosperms. American Journal of Botany 98, 3 (2011),
370–396.

[92] Engler, A., Krause, K., Pilger, R. K. F., and
Prantl, K. A. E. Die Natürlichen Pflanzen-
familien nebst ihren Gattungen und wichtigeren
Arten, insbesondere den Nutzpflanzen, unter
Mitwirkung zahlreicher hervorragender Fachgelehrten,
vol. Teil 2, Abt. 1. Leipzig, W. Engelmann, 1889.
http://www.biodiversitylibrary.org/bibliography/4635.

[93] Eshed, Y., Baum, S. F., and Bowman, J. L. Distinct mech-
anisms promote polarity establishment in carpels of Ara-
bidopsis. Cell 99, 2 (1999), 199 – 209.

[94] FC, L. Variation in the number of ray-flowers in the white
daisy. The American Naturalist 32 (1898), 509.

[95] Fleming, A., McQueen-Mason, S., Mandel, T., and Kuh-
lemeier, C. Induction of leaf primordia by the cell wall
protein expansin. Science 276 (1997), 1415–1418.

90



[96] Foster, T., Johnston, R., and Seleznyova, A. A mor-
phological and quantitative characterization of early floral
development in apple (Malus×domestica Borkh.). Annals of
Botany 92, 2 (2003), 199–206.

[97] François, P., Hakim, V., and Siggia, E. D. Deriving struc-
ture from evolution: metazoan segmentation. Molecular Sys-
tems Biology 3, 1 (2007), 154.

[98] Franck, D. H. The morphological interpretation of epi-
ascidiate leaves: An historical perspective. The Botanical
Review 42, 3 (1976), 345–388.

[99] Friis, E., Crane, P., and Pedersen, K. Early Flowers and
Angiosperm Evolution. Cambridge University Press, 2011.

[100] Fu, Y., Xu, L., Xu, B., Yang, L., Ling, Q., Wang, H.,
and Huang, H. Genetic interactions between leaf polarity-
controlling genes and ASYMMETRIC LEAVES1 and 2 in
Arabidopsis leaf patterning. Plant and Cell Physiology 48,
5 (2007), 724–735.

[101] Fujimoto, K., Ishihara, S., and Kaneko, K. Network evo-
lution of body plans. PLoS ONE 3, 7 (07 2008), e2772.

[102] Fukushima, K., and Hasebe, M. Adaxial-abaxial polarity:
The developmental basis of leaf shape diversity. genesis 52,
1 (2014), 1–18.

[103] Furutani, M., Kajiwara, T., Kato, T., Treml, B. S.,
Stockum, C., Torres-Ruiz, R. A., and Tasaka, M. The
gene MACCHI-BOU 4/ENHANCER OF PINOID encodes
a NPH3-like protein and reveals similarities between organo-
genesis and phototropism at the molecular level. Develop-
ment 134, 21 (2007), 3849–3859.

[104] Furutani, M., Nakano, Y., and Tasaka, M. MAB4-
induced auxin sink generates local auxin gradients in Ara-
bidopsis organ formation. Proceedings of the National
Academy of Sciences 111, 3 (2014), 1198–1203.

[105] Gallois, J.-L., Woodward, C., Reddy, G. V., and
Sablowski, R. Combined SHOOT MERISTEMLESS and
WUSCHEL trigger ectopic organogenesis in Arabidopsis. De-
velopment 129, 13 (2002), 3207–3217.

[106] Galván-Ampudia, C. S., and Offringa, R. Plant evo-
lution: AGC kinases tell the auxin tale. Trends in Plant
Science 12, 12 (2007), 541–547.

[107] Gälweiler, L., Guan, C., Müller, A., Wisman, E.,
Mendgen, K., Yephremov, A., and Palme, K. Regulation
of polar auxin transport by AtPIN1 in Arabidopsis vascular
tissue. Science 282, 5397 (1998), 2226–2230.

[108] Garcia, D., Collier, S. A., Byrne, M. E., and Mar-
tienssen, R. A. Specification of leaf polarity in Arabidopsis
via the trans-acting siRNA pathway. Current Biology 16, 9
(2006), 933 – 938.

[109] Gierer, A., and Meinhardt, H. A theory of biological
pattern formation. Kybernetik 12, 1 (1972), 30–39.

[110] Goethe, J. W. V. Versuch die Metamorphose der Pflanzen
zu erklaren. Ettinger, Gotha, 1790.
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J., Huijser, P., Salinas, J., and Martı?nez-Zapater,
J. M. Tomato flower abnormalities induced by low tempera-
tures are associated with changes of expression of MADS-box
genes. Plant Physiology 117, 1 (1998), 91–100.

[170] Ludwig, F. Ueber Variationskurven und Variationsflächen
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nunculaceen. Planta 17 (1932), 315–371.

[262] Schoof, H., Lenhard, M., Haecker, A., Mayer, K. F.,
Jürgens, G., and Laux, T. The stem cell population of
Arabidopsis shoot meristems is maintained by a regulatory
loop between the CLAVATA and WUSCHEL genes. Cell
100, 6 (2000), 635–644.

[263] Schoute, J. C. Beitrage zur Blattstellungslehre. I. Die The-
orie. Recueil Des Travaux Botaniques Neerlandais 10 (1913),
153–325.

[264] Schruff, M. C., Spielman, M., Tiwari, S., Adams, S.,
Fenby, N., and Scott, R. J. The auxin response factor
2 gene of arabidopsis links auxin signalling, cell division,
and the size of seeds and other organs. Development 133,
2 (2006), 251–261.

[265] Schwendener, S. Mechanische Theorie der Blattstellungen.
W. Engelmann, Leipzig, 1878.

[266] Sehr, E. M., and Weber, A. Floral ontogeny of Oleaceae
and its systematic implications. International journal of
plant sciences 170, 7 (2009), 845–859.

[267] Seo, M., Akaba, S., Oritani, T., Delarue, M., Bellini,
C., Caboche, M., and Koshiba, T. Higher activity of an
aldehyde oxidase in the auxin-overproducing superroot1 mu-
tant of Arabidopsis thaliana. Plant Physiology 116, 2 (1998),
687–693.

[268] Sharma, B., Guo, C., Kong, H., and Kramer, E. M.
Petal-specific subfunctionalization of an apetala3 paralog in
the ranunculales and its implications for petal evolution. New
Phytologist 191, 3 (2011), 870–883.

[269] Sheth, R., Marcon, L., Bastida, M. F., Junco, M., Quin-
tana, L., Dahn, R., Kmita, M., Sharpe, J., and Ros,
M. A. Hox genes regulate digit patterning by controlling
the wavelength of a Turing-type mechanism. Science 338,
6113 (2012), 1476–1480.

[270] Shibata, T., and Fujimoto, K. Noisy signal amplification
in ultrasensitive signal transduction. Proceedings of the Na-
tional Academy of Sciences of the United States of America
102, 2 (2005), 331–336.

[271] Shubin, N., Tabin, C., and Carroll, S. Fossils, genes and
the evolution of animal limbs. Nature 388, 6643 (1997), 639–
648.

[272] Shull, G. A quantitative study of variation in the bracts,
rays, and disk florets of Aster Shortii, A. novae-angliae, A.
puniceus, and A. prenanthoides. The American Naturalist
36 (1902), 111–153.

[273] Sieber, P., Wellmer, F., Gheyselinck, J., Riechmann,
J. L., and Meyerowitz, E. M. Redundancy and special-
ization among plant micrornas: role of the mir164 family
in developmental robustness. Development 134, 6 (2007),
1051–1060.

[274] Siegfried, K., Eshed, Y., Baum, S., Otsuga, D., Drews,
G., and Bowman, J. Members of the YABBY gene family
specify abaxial cell fate in Arabidopsis. Development 126, 18
(1999), 4117–4128.

[275] Sinha, N., Williams, R., and Hake, S. Overexpression of
the maize homeo box gene, knotted-1, causes a switch from
determinate to indeterminate cell fates. Genes & Develop-
ment 7, 5 (1993), 787–795.

[276] Smith, L., Greene, B., Veit, B., and Hake, S. A dominant
mutation in the maize homeobox gene, knotted-1, causes its
ectopic expression in leaf cells with altered fates. Develop-
ment 116, 1 (1992), 21–30.

[277] Smith, R., Kuhlemeier, C., and Prusinkiewicz, P. Inhi-
bition fields for phyllotactic pattern formation: a simulation
study. Canadian Journal of Botany 84 (2006), 1635–1649.

[278] Smith, R. S., Guyomarc’h, S., Mandel, T., Reinhardt,
D., Kuhlemeier, C., and Prusinkiewicz, P. A plausible
model of phyllotaxis. Proceedings of the National Academy
of Sciences of the United States of America 103, 5 (2006),
1301–1306.

[279] Smyth, D. R., Bowman, J. L., and Meyerowitz, E. M.
Early flower development in Arabidopsis. The Plant Cell 2
(1990), 755–767.

[280] Sokal, R., and Rohlf, F. Biometry (fourth edition). WH
Freman and company: New York (2012).

[281] Soltis, D. E., Chanderbali, A. S., Kim, S., Buzgo, M.,
and Soltis, P. S. The ABC model and its applicability to
basal angiosperms. Annals of Botany 100 (2007), 155–163.

[282] Souer, E., van Houwelingen, A., Kloos, D., Mol, J.,
and Koes, R. The No Apical Meristem gene of petunia is
required for pattern formation in embryos and flowers and is
expressed at meristem and primordia boundaries. Cell 85, 2
(1996), 159 – 170.

[283] Spencer, W. P. Variation in petal number in the blood-
root, Sanguinaria canadensis. American Naturalist 78, 774
(1944), 85–89.

[284] Srinivasan, C., and Mullins, M. Flowering in Vitis: Con-
version of tendrils into inflorescences and bunches of grapes.
Planta 145, 2 (1979), 187–192.

[285] Steeves, T., and Sussex, I. Patterns in Plant Develop-
ment. Cambridge University Press, 1989.

[286] Stellari, G. M., Jaramillo, M. A., and Kramer, E. M.
Evolution of the APETALA3 and PISTILLATA lineages
of MADS-box?containing genes in the basal angiosperms.
Molecular Biology and Evolution 21, 3 (2004), 506–519.

[287] Stepanova, A. N., Robertson-Hoyt, J., Yun, J., Be-
navente, L. M., Xie, D.-Y., Doleal, K., Schlereth, A.,
Jrgens, G., and Alonso, J. M. TAA1 -mediated auxin
biosynthesis is essential for hormone crosstalk and plant de-
velopment. Cell 133, 1 (2008), 177 – 191.

[288] Stepanova, A. N., Yun, J., Robles, L. M., Novak, O., He,
W., Guo, H., Ljung, K., and Alonso, J. M. The Arabidop-
sis YUCCA1 flavin monooxygenase functions in the indole-
3-pyruvic acid branch of auxin biosynthesis. The Plant Cell
Online 23, 11 (2011), 3961–3973.

[289] Stevens, P. F. Angiosperm phyllogeny website. version
13, september 2013 [and more or less continuously updated
since]. http://www.mobot.org/MOBOT/research/APweb/,
2001 onwards.

96



[290] Stoma, S., Lucas, M., Chopard, J., Schaedel, M.,
Traas, J., and Godin, C. Flux-based transport enhance-
ment as a plausible unifying mechanism for auxin transport
in meristem development. PLoS computational biology 4, 10
(2008), e1000207.

[291] Sugiura, N. Further analysis of the data by Akaike’s infor-
mation criterion and the finite corrections. Communications
in Statistics-Theory and Methods 7, 1 (1978), 13–26.

[292] Swain, P. S., Elowitz, M. B., and Siggia, E. D. Intrinsic
and extrinsic contributions to stochasticity in gene expres-
sion. Proceedings of the National Academy of Sciences 99,
20 (2002), 12795–12800.
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racemose ················ 69
radial symmetry····· 73
ray floret ···········70, 87
rise ························· 66

S
SAM······················· 74
Schimper-Braun’s law

8
sepal··················· 5, 71
shoot ······················ 63

apical meristem74
simple

inflorescence···· 70
leaf·················· 68

spike······················· 69
stamen ··············· 1, 71
stele ··················64, 74
stem ··················63, 64
sympodial ·············· 63
syncarpous ············· 71

T
tepal··················· 5, 71
terminal flower ······· 70
tricussate ··············· 66
trifoliate ················· 68
trijugate ················· 66
true whorl ·············· 67
tunica··········74, 75, 79

U
umbel ····················· 69
unijugate············ 8, 66

V
vascular bundle ·64, 77
vegetative

shoot··············· 64
visible opposed

parastichy pair 66

W
whorled

phyllotaxis ······ 66
Wiesner’s law ··········· 9

Z
zygomorphy 73, 86, 87
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Gene Name Index

A
AGAMOUS (AG) ············ 76, 85
AINTEGUMENTA (ANT)··· 76,

79, 84
AINTEGUMENTA-like (AIL)79
AP2/ERF ························ 79, 84
APETALA (AP)·············· 85, 86
APETALA3 AP3 ··················· 61
ARGONAUTE (AGO) ·········· 75
ARGONAUTE(AGO)············ 75
ASYMMETRIC LEAF (AS) 79,

81
ASYMMETRIC LEAVES1/

ROUGH SHEATH2/
PHANTASTICA
(ARP) ················79, 81

AUXIN RESPONSE FACTOR
(ARF) ················79, 81

AUXIN-RESISTANT (AXR) 79
AUXIN1/LIKE-AUX1

(AUX/LAX) ············ 77

B
BREVIPEDICELLUS (BP) ·· 79

C
CLAVATA (CLV) ············ 75, 76
CRABS CLAW (CRC) ·········· 81
CUP-SHAPED COTYLEDON

(CUC)················75, 80
CUPULIFORMIS (CUP) ······ 80
CYCLOIDEA (CYC) ······ 86, 87

D
DEFICIENS (DEF)··············· 85

E
EARLY EXTRA PETALS

(EEP) ······················ 80
ETTIN (ETT) ······················· 81

F
FILAMENTOUS FLOWER

(FIL)························ 81
FLOZZY (FZY)····················· 78

G
GLOBOSA (GLO)················· 85
GOBLET (GOB) ··················· 80

I
INNER NO OUTER (INO)··· 81

K
KANADI (KAN) ··················· 81
KNOTTED-1 (KN1) ············· 75
KNOX1 ···························· 75, 79

L
LATERAL SUPPRESSOR

(LAS)······················· 75

M
MADS box······························ 84
MIR164·································· 80

N
NO APICAL MERISTEM

(NAM) ····················· 80

P
PHABULOSA(PHB) ············· 80
PHANTASTICA (PHAN) 79, 81
PHAVOLUTA(PHV) ············· 80
PIN-FORMED (PIN) ············ 77
PISTILLATA (PI)····· 61, 85, 86

R
REGULATOR OF AXILLARY

MERISTEM (RAX) 75
REVOLUTA(REV) ··············· 80
ROUGH SHEATH (RS) ·· 79, 81

S
SEPALLATA (SEP) ········ 83, 85
SHOOTMERISTEM (STM)·· 75
SQUAMOSA (SQUA) ··········· 85

T
TRYPTOPHAN AMINO-

TRANSFERASE OF
ARABIDOPSIS1
(TAA1) ··············77, 78

W
WUSCHEL (WUS)·········· 75, 76

Y
YABBY (YAB) ······················ 81
YUCCA (YUC) ····················· 78

Z
ZWILLE/PINHEAD/AGO10

(ZLL) ······················· 75
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Taxonomic Index

A
Acacieae ··································86
Adoxa ······································70
Agapanthaceae························86
Agapanthus ·····························86
Amaryllidaceae ·······················86
Anemone···························35, 36

flaccida ······················36, 53
hepatica ·········· see Hepatica
hupehensis

var. japonica ················36
nemorosa ·························36
nikoensis ··························36
ranunculoides ··················36

Anemoneae ·····························35
Angiospermae ·····················1, 63
Anthemidae·····························41
Antirrhinum ·····················80, 87
Asparagales·····························86
Asteraceae·························41, 70
Asterales ·································41
Astereae ··································41
Asteroideae ·······················41, 70

B
basal dicots ······························ 1
Bryophyta ·······························63

C
Carduoideae ····························70
Cichorioideae ····················41, 70
Coreopsideae ···························41

D
dicots ······································· 1

E
Eranthis ··································38

hyemalis ··························38
pinnatifida ·················38, 53

eudicots···································· 1

F
Fabaceae ·································86
Fabales ····································86
Faboideae································86
Ficaria ····see Ranunculus ficaria

G
Gerbera ···································87
Glycine ···································86
Gymnospaermae ·····················63

H
Helenieae·································41
Heliantheae ·····························41
Helleboreae ·····························35
Hepatica ··································36

nobilis ······························36

I
Ingeae ·····································86

J
Jasminum ·······························72

multiflorum ······················57

L
Lacandonia ·······················71, 83
Leucanthemum ························41

vulgare ·····························41
Liliaceae ··································86

M
Microseris ·······························55
Mimoseae ································86
Mimosoideae ···························86

monocot ··································86
monocots·································· 1

N
Nyctanthes

arbor-tristis ·····················57

O
Oleaceae··································57

P
Papaver ···································86
Papaveraceae ··············39, 57, 86
Petunia ·····························78, 80

R
Ranunculaceae ··················35, 86
Ranunculales·····················35, 86
Ranunculeae····························35
Ranunculoideae·······················35
Ranunculus ·····························35

bulbosus ········· 43, 53, 55, 86
ficaria ··················35, 53, 86

S
Sanguinaria

canadensis ·················39, 57
Sanguinaria

canadensis ·······················83
Senecioneae ·····························41
Shibateranthis ·········see Eranthis
Spermatophyta ·······················63

T
Thalictroideae ·························35
Trifolium ································68
Trithuria ···························71, 83
Tulipa ·····································86
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