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Abstract

In this thesis we discuss the superconformal quantum mechanics arising from
the M2-branes. We begin with a comprehensive review of the superconformal
quantum mechanics and emphasize that conformal symmetry and supersymmetry
in quantum mechanics contain a number of exotic and enlightening properties
which do not occur in higher dimensional field theories. We see that superfield and
superspace formalism is available for A/ < 8 superconformal mechanical models.
We then discuss the M2-branes with a focus on the world-volume descriptions
of the multiple M2-branes which are superconformal three-dimensional Chern-
Simons matter theories. Finally we argue that the two topics are connected in M-
theoretical construction by considering the multiple M2-branes wrapped around
a compact Riemann surface and study the emerging IR quantum mechanics. We
establish that the resulting quantum mechanics realizes a set of novel N' > 8
superconformal quantum mechanical models which have not been reached so far.
Also we discuss possible applications of the superconformal quantum mechanics
to mathematical physics.
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Chapter 1

Introduction and Overview

1.1 Historical background

The pursue of Theory of Everything that describes our nature and achieves uni-
fication of all fundamental interactions, i.e. electroweak, strong and gravitational
interactions has been a mission agitating theoretical physicists. Historically much
of significant developments in theoretical physics were achieved by overcoming
the inconsistency between existing concepts. The special relativity was established
from the crisis between classical mechanics and electrodynamics, the general rel-
ativity was proposed by reconciling the special relativity and Newtonian gravity
and quantum field theory was acquired by combining quantum mechanics and the
special relativity. However, we are now confronting another contradiction between
quantum field theory and the general relativity. Although a quantum field theory
as the standard model successfully describes and predicts almost all phenomena
controlled by electroweak and strong forces, the general relativity describing the
gravity that is the remaining fundamental interaction seriously disagrees with the
quantum field theory. This indicates that quantum field theory cannot lead to the
correct quantization of gravity. Therefore it is expected that the standard model is
regarded as the low-energy effective theory of a more fundamental theory.

String theory has been proposed as the promising candidate for such a fun-
damental theory since it can naturally describe all fundamental interactions. In
string theory all particles are recognized as various vibrational modes of only two
different types of fundamental strings; the open strings which have two endpoints
and the the closed strings which have no endpoint. One of the most beautiful
structures in string theory is that Yang-Mills gauge theories which govern the elec-
troweak and strong interactions as the standard model arise from the vibrations of
the open strings while the general relativity that describes the gravitational inter-



action appears from the vibrations of the closed string. Among the massless states
of the open string there are spin-one particles which behave as gauge bosons while
among the massless states of the closed string there is a spin-two particle which
can be identified with graviton [ 2].

However, the bosonic string theory is not realistic since the vibrations of the
bosonic strings yield only bosonic particles. The lack of fermionic particles can be
resolved by introducing supersymmetry in string theory, i.e. the superstring the-
ory. The spectrums of superstrings contain both bosonic and fermionic particles.
Hence string theory supports the existence of the supersymmetry.

One of the most fascinating predictions in superstring theory is the existence of
the extra dimension in space-time. It turns out that the unitarity and the Lorentz
invariance of space-time in which the superstrings live are guaranteed only for ten-
dimensional space-time. In other words, flat space superstrings can only exist in
ten dimensions. In order to reconcile the difference between the ten-dimensional
space-time in string theory and the four-dimensional space-time in our instinctive
knowing physics, the notion of compactification has been proposed. The idea is
that since the six extra dimensional compact spatial directions are much smaller
than the four-dimensional space-time, the original (1 + 9)-dimensional space-time
effectively looks like (1 + 3)-dimensional space-time. For the six-dimensional
spaces Calabi-Yau manifolds are known to possess phenomenologically promis-
ing properties.

Ten-dimensional superstring theory is not a single theory but rather a set of
possible five theories; (i) type IIA, (ii) type IIB, (iii) type I (iv) SO(32) heterotic
(v) Eg x Eg heterotic. When the both left-moving and right-moving modes are
taken as superstrings, there are two possibilities; opposite handedness or the same
handedness. The former theory is called type IIA while the latter is called type IIB.
Type I superstring theory is obtained by the orientifold projection that mods out
left-right symmetry of type IIB superstring theory. When the left-moving mode
is chosen as the bosonic string and the right-moving mode is taken as the super-
string, consistency allows only two different theories; SO(32) heterotic and Eg x Eg
heterotic superstring theories. The type II superstring theories have d = 10, N = 2
supersymmetry and the type I and heterotic superstring theories possess d = 10,
N =1 supersymmetry [[|

It has been argued that the five superstring theories are connected with each
other. T-duality relates a pair of the two type II superstring theories and also a pair

For d = 10, N' = 1 supersymmetry a consistent local gauge symmetry group is characterized
by the Lie algebras s0(32) and Eg X Eg.



of the two heterotic superstring theories. S-duality relates the type I superstring
theory to the SO(32) heterotic superstring theory and the type IIB superstring the-
ory to itself. T-dualities and S-dualities generates a discrete non-abelian group, the
so-called U-duality group [3} 4]. Remarkably the U-duality groups are recognized
as discretization of global symmetry groups of supergravity. In fact it is known
that type IIA and IIB superstring theories are the ultraviolet (UV) completions of
d = 10 type IIA and IIB supergravities [ whereas type I and heterotic superstring
theories are the UV completions of 4 = 10 type I supergravities.

From the supergravity point of view, it is interesting to note that d = 10 type
ITA supergravity arises by dimensional reduction of d = 11 supergravity [8, [g} 10].
d = 11 supergravity [11] is furnished with a particular interest since d = 11 is the
highest space-time dimension which realizes a consistent supersymmetric theory
containing particles with spins > 2 [12]. 4 = 11 supergravity possesses a single
32-component spinor supercharge and its Lagrangian is unique if we require that
the theory contains at most two-derivative interactions. Therefore the relation be-
tween superstring theory and d = 10 supergravity indicates the existence of the
UV completion of d = 11 supergravity. It has been argued that in the strong string
coupling limit an eleventh direction arises in type IIA superstring theory and the
resulting eleven-dimensional theory is referred to as M-theory [13), 4} [14] Pl Con-
versely M-theory reduces to type IIA superstring theory upon the compactification
on a spatial circle. Up until now M-theory is the most prospective candidate for
the fundamental theory in that it may explain the origin of strings and unify the
tive superstring theory. However, a familiar perturbative method in string theory
is not applicable because M-theory describes the strong coupling region of string
theory.

As the fundamental string is a fundamental object in ten-dimensional super-
string theory, the membrane appears to play a fundamental role in M-theory. This
membrane is called M2-brane. Indeed d = 11 supergravity contains a three-form
gauge field, which leads to two stable extended objects as solitonic solutions; elec-
tric membrane and magnetic five-brane. Moreover it has been pointed out [15]
that the M2-brane is identified with the fundamental string when M-theory is
compactified on a circle and reduces to type IIA superstring theory. In spite of the
prospective importance for the membranes in M-theory a number of attempts for
the quantization of the membranes does not work well hitherto.

2Originally type IIB supergravity was discovered [5] and constructed [6] [7] as the low-energy

limit of type IIB superstring theory.
3The letter “M” proposed by E. Witten embodies several possible meanings; membrane, matrix,

magic and mother.



Although M-theory is much less understood than string theory due to the diffi-
culty of the quantization of the membranes, we can still obtain several insights and
clues from string theory and supergravity. In addition to the fundamental string,
string theory also contains extended objects, the so-called D-branes on which open
strings can end [16]. In fact ten-dimensional supergravities possess the solutions
describing the geometries around such branes. There is a remarkable conjecture,
the so-called AdS/CFT correspondence [17, 18} [19] which states that there is the
correspondence between string/M-theory on certain supergravity geometries with
anti-de-Sitter (AdS) factors and certain conformally invariant quantum field theo-
ries. The most basic evidence for the AdS/CFT correspondence is the equivalence
between type IIB superstring theory on the AdSs x S supergravity geometry con-
structed as a set of N coincident D3-branes and the d = 4, N = 4 superconformal
U(N) Yang-Mills gauge theory. Namely the low-energy dynamics for the world-
volume of the planar N D3-branes in flat space-time can be effectively described
by (14 3)-dimensional maximally supersymmetric U(N) Yang-Mills gauge theory
[20].

Similarly, in the near-horizon limit 4 = 11 supergravity solutions describing
planar M2-branes in flat space-time contain the AdS, factors and the low-energy
dynamics of the M2-branes are expected to be described by the (1 + 2)-dimensional
conformal field theories. As the eleven-dimensional flat background geometry can
possess 32 space-time supercharges, the world-volume effective field theory of
planar M2-branes should preserve half of the supersymmetry. Also the gauge
degrees of freedom are needed to describe the internal degrees of freedom of
multiple M2-branes. Thus the low-energy effective field theories of planar Ma2-
branes are d = 3, N/ = 8 superconformal gauge theories. The candidates for such
effective field theories of world-volume dynamics of multiple M2-branes have been
proposed as three-dimensional superconformal Chern-Simons matter theories, the
so-called BLG-model [21), 22} 23} 24, 25] and the ABJM model [26].

In order to obtain new AdS/CFT examples it is desirable to consider more
general supergravity solutions describing the wrapped branes around certain cy-
cles which may be curved. However, in the generic setup where the branes are
wrapping an arbitrary manifold, all of the supersymmetries are destined to break
down. In other words, specific background geometries of branes and specific cycles
wrapped by branes must be chosen to preserve supersymmetry. Mathematically
the supersymmetric cycles are characterized by the calibration [27]. There is a re-
markable observation [28] that topologically twisted field theories may give rise to
the world-volume theories of wrapped branes. For the Euclidean D3-branes wrap-



ping four-manifold there are three calibrated cycles embedded in special holon-
omy manifolds; (i) special Lagrangian submanifold in Calabi-Yau four-fold, (ii)
coassociative submanifold in G, manifold and (iii) Cayley submanifold in Spin(7)
manifold. Each of them corresponds to three distinct topological twisting proce-
dures [* (i) geometric Langlands (GL) twist [33| 34, 35, 36]], (ii) Vafa-Witten twist
[37] and (iii) Donaldson-Witten twist [38]. The world-volume of D3-branes can be
put on the product of two Riemann surfaces C x ¥,. For the compact Riemann
surface 2 of genus ¢ > 1 the field theories on the D3-branes are partially twisted
on the curved Riemann surface to preserve supersymmetry. Since the compact
manifold wrapped by branes introduces into the theory the typical energy scale as
its volume, one can consider an additional limit where the energy is much smaller
than the inverse size of the cycles. The resulting effective field theories then reduce
to the two-dimensional topological sigma-models whose target space is specified
by the BPS equations [28, 39, 40, |36} 41, 42, 43 44].

When the Euclidean M2-branes wrap a compact curved three-manifold, the
three-dimensional effective theories on the branes are fully twisted [45]. The SO(3)
Euclidean symmetry on the world-volume is topologically twisted in terms of
the SO(3) subgroup of the R-symmetry. For the M2-branes wrapping compact
Riemann surface ¥, of genus g supersymmetry is unbroken if the Riemann sur-
face is chosen as holomorphic curve in Calabi-Yau manifold, which are the only
known supersymmetric two-cycles. From the supergravity point of view, the so-
lutions which describe the M2-branes wrapping compact Riemann surfaces have
been studied [46, 47, 48] by using the gauged supergravity method [40]. The ba-
sic observation [49, 50] is that the dimensional reduction of d = 11 supergravity
on a seven-sphere can be truncated to give rise to the four-dimensional SO(8)
gauged supergravity where SO(8) gauge symmetry corresponds to the isometry
of the seven-sphere. Since the planar M2-branes take the form of AdS, x S7, the
non-trivial coupling of the external SO(8) gauge field which is nothing but an
R-symmetry of the world-volume theory of the planar M2-branes may realize the
curved geometries of the form AdS, x ¢ instead of AdSs. Thus the uplift of the
four-dimensional SO(8) supergravity solutions can be used to construct the d = 11
supergravity solutions describing the M2-branes wrapped on holomorphic curves.
Correspondingly the three-dimensional effective superconformal field theories are
partially twisted for ¢ # 0 [517]. The SO(2) Euclidean symmetry on the curved
Riemann surface is topologically twisted in terms of the SO(2) subgroup of the

4Also see [29, (30, 31, 32] for interesting applications of the topological twisted N' = 4 super
Yang-Mills theories.
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R-symmetry. Furthermore it is shown [51] that in the limit where the size of the
Riemann surface goes to zero, superconformal quantum mechanical models arise
as the low-energy effective theories. This thesis explores the new connection be-
tween the M2-branes and the superconformal quantum mechanics.

We should note that conformal symmetry and supersymmetry in one-dimensional
tield theory, i.e. quantum mechanics, contain a bunch of intriguing properties
which do not appear in higher dimensional field theories, as we will discuss in
this thesis.

Although supersymmetric quantum mechanics was originally studied as the
simple testing model for non-perturbative breaking of supersymmetry [52, 53], su-
persymmetric quantum mechanics is much more interesting itself. Supersymmetry
is closely related to the translational symmetry as the square of the supercharges
generates the momentum. However, in one dimension there are no spatial di-
rections and the translational symmety generator is just the Hamiltonian, which
reflects the reduced Poincaré symmetry in one-dimension. The reduced Poincaré
symmetry looses the constraints for supersymmetry in one dimension and leads
to richer structures than higher dimensional field theories. Indeed there exist su-
persymmetric quantum mechanical models which cannot reached via naive di-
mensional reductions from higher dimensional field theories. In parallel with that,
there may be a large number of supermultiplets in one-dimension (see Table
and there is no relationship between the physical bosonic degrees of freedom and
fermionic degrees of freedom in supersymmetric quantum mechanics. These prop-
erties are special in one dimension.

Conformal symmetry in one-dimension also exhibits unique features. The re-
duced Poincaré symmetry identifies the generator of a translation with the Hamil-
tonian H and does not allow for the generator of a rotational symmetry. There-
fore the one-dimensional conformal symmetry is generated by the Hamiltonian H,
the dilatation generator D and the conformal boost generator K, all of which to-
gether form the s[(2,R) algebra. Therefore the one-dimensional conformal group
is SL(2,R) = SO(1,2). The first detailed analysis of conformal mechanics ap-
peared in [54]. The conformal mechanical models are typically characterized by
the inverse-square potential P} Inverse-square potential in quantum mechanics
is a jewellery box in theoretical physics and mathematics containing black hole
physics [65, 66}, 67, 68, |69, 170, [71), [72, 173, [74, [75) 176, [77], AdS, /CFT; correspondence
[78, 179, 180, 81, 182}, 83, [84) |85, 186} 87], QCD [88, 89|, quantum Hall effect [go, 91],

5The treatment of the inverse-square potential in quantum mechanics was discussed in [55} [56}
57,58} 59, (60, (61}, (62} (63, [64].
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Tomonaga-Luttinger liquid [92], string theory [93} 94} 95} 96, 97, 98], spin chains
[99, 100, 101}, 102, [103) 104} [105) 106], Efimov effect [[107, 108 [109, [110], mesoscopic
physics [111, 112], quantum dot [113], quantum chaos [114], fractional exclusion
statistics [115) 116], random matrix model [117, (118, 119, 120], Seiberg-Witten the-
ory [121, 122], Jack polynomial [123| 124}, 125} 126, [127, [128] [129], and relevant
algebraic and integrable structures [130, 131, [132, [133]. One of the well-known
such quantum mechanical models is the Calogero model [134, [135] which is the
multi-particle system with the pairwise inverse-square interaction ﬂ It was firstly
proven in [148] 149] that the Calogero model has the SL(2,R) conformal symme-
try. The Calogero model and its generalizations can be viewed as a system of
free indistinguishable particles [145]. The indistinguishableness implies that the
permutation group acting on the configuration of the particles is treated as a dis-
crete gauge symmetry in the system and therefore the Calogero model and its
generalized models can be obtained from gauged matrix models [150, 151]. This
observation is used to find new conformal mechanical systems by starting gauged
matrix models or gauged quantum mechanical models and reducing the systems
via Hamiltonian reduction [152, [137].

Since the appearance of the seminal works [153} [154] on superconformal quan-
tum mechanics (SCQM), there has been a great deal of efforts to construct super-
conformal quantum mechanics. The superconformal quantum mechanical models
are characterized by the superconformal group, i.e. the Lie supergroup which
contains one-dimensional conformal group SL(2,R) and R-symmetry group as
factored bosonic subgroups. One of the most powerful methods to build up su-
perconformal mechanical systems is the superspace and superfield formalism. In
fact for N' < 8 supersymmetric cases it does work and several superconformal
quantum mechanical systems are constructed. For N/ = 1 supersymmetric case,
the superconformal group is OSp(1|2) and there is no non-trivial one particle su-
perconformal quantum mechanics. For /' = 2 supersymmetric case, the supercon-
formal group is OSp(2]|2) = SU(1,1|1) and the simplest one particle model is the
pioneering work of [153, [154]. For N' = 4 supersymmetric case, the generic super-
conformal group is D(2,1;«) which is a one-parameter family of supergroup. The
superspace and superfield formalism keeping track of the exceptional supergroup
can be derived by the non-linearlizations technique [155) 156, [157] and several
models have been constructed. In the case of N' = 8 there exist four different
superconformal groups; SU(1,1[4), OSp(8|2), OSp(4*|4) and F(4). Such several

®See [136) 137, [138] for the enlightening reviews on (super)conformal mechanics and also see
[139, 140, 141} (142, [143) [144, [145) [146| [147] for excellent reviews on the Calogero model.
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choices of superconformal group cannot occur in higher dimensional field theories
and thus present a various families of N' = 8 superconformal quantum mechanics.
However, for N > 8 the superspace and superfield formalism is not unrealistic and
unsuccessful. One of the signals for such difficulty is that the number of bosonic
and fermionic component fields in the supermultiplets typically becomes greater
than the number of supersymmetry when /N is larger than eight (see Table[3.4). In
spite of the depression of the superspace and superfield formalism, several N' > 8
superconformal quantum mechanical models have been constructed via reduction
of the three-dimensional quiver type superconformal Chern-Simons matter theo-
ries [51]. As mentioned before, these superconformal quantum mechanical models
may capture the low-energy dynamics of the multiple M2-braens wrapped on a
compact Riemann surface. We will spell out the details of these superconformal
quantum mechanical models in this thesis.

1.2 What I did

The organization of this thesis consists of three parts. In part I and II we will review
two main subjects; the superconformal quantum mechanics and the M2-branes.
The original part of the author’s work based on [51] is part III, in which we will
discuss the new connection between the two subjects, that is the superconformal
quantum mechanics emerging from M2-branes.

Part I contains two chapters; chapter 2| and 3] In chapter 2] we will discuss
various aspects of conformal quantum mechanics. We will start with section
by studying the DFF-model [54] and its SL(2,R) conformal symmetry and then in
section [2.2| we will explore the quantum properties of the system. In section |2.5/we
will see that the conformal mechanical models can be derived from the gauged me-
chanical system via Hamiltonian reduction or Routh reduction. In section [2.6| we
will review the observation [65] that in the near horizon of the extreme Reissner-
Nordstrom black hole the motion of the charged particle can be described by the
conformal mechanics (2.6.10). In section [2.7]we will present the non-linear realiza-
tion technique which is useful to construct (super)conformal quantum mechanical
models and then review the statement in [74] that DFF-model is equivalent
to the black hole conformal mechanics in [65]. We will extend the anal-
ysis to the multi-particle models, i.e. the sigma-models in section We will
review the discussion in [69] that the target space of the conformal sigma-model
possesses a homothety vector field whose associated one-form is closed. We will
argue that the gauging procedure for the multi-particle model, the matrix model
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yield the Calogero model in section In chapter [3 we will turn to the discussion
on the superconformal quantum mechanics. We will recall the Lie superalgebra
and Lie supergroup and then discuss the one-dimensional superconformal group
(see in Table in section In section [3.2] we will explain the exisotic struc-
tures of supersymmetry in one-dimension, which allows us to construct various
supermultiplets.

Part II, which is comprised of two chapters; chapter] and [5, is devoted to the
low-energy effective field theories of the M2-branes. We will review the BLG-
model in chapter 4 and the ABJM-model in chapter |5 We will present our no-
tations and conventions and also the several conjectural statements for the BLG-
model and the ABJM-model in these chapters.

Part III is the most important part of this thesis. It is based on the author’s
work of [51], in which we will engage in the superconformal quantum mechani-
cal models arising from the M2-branes. We consider the multiple membranes on
a compact Riemann surface and study the IR quantum mechanics by taking the
limit where the energy scale is much lower than the inverse size of the Riemann
surface. In chapter [p| we will demonstrate that the resulting quantum mechan-
ics from the BLG-model compactified on a torus is the N/ = 16 superconformal
gauged quantum mechanics. Furthermore we will find the OSp(16|2) supercon-
formal quantum mechanics from the reduced system. Similarly in chapter [7] we
will investigate the IR quantum mechanics from the ABJM-model compactified on
a torus, which turns out to be the N' = 12 superconformal gauged quantum me-
chanics. By the Hamiltonian reduction, or the Routh reduction we will also find
the SU(1,1|6) superconformal quantum mechanics from the gauged quantum me-
chanics. In chapter |8 we will present various examples of the topological twisting,
which is the important concept to describe curved branes in string theory and M-
theory. In chapter [g| we will survey the M2-branes wrapped on a curved Riemann
surface which is taken as a holomorphic curve in a Calabi-Yau manifold to pre-
serve supersymmetry. We will present a prescription of the topological twisting
for the case where the Calabi-Yau space is constructed as the direct sum of the line
bundles over the Riemann surface. In chapter [10, we will complete the analysis of
the M2-branes wrapped around the holomorphic Riemann surface in a K3 surface.
We will find the A/ = 8 superconformal gauged quantum mechanics which may
describe the motion of the two M2-branes wrapping holomorphic curve in a K3
surface. Finally in chapter 11 we will present conclusion and discuss the future
directions.
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Part I

Superconformal Mechanics
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Chapter 2

Conformal Mechanics

In this chapter we will review the conformal quantum mechanics. The simplest
model is the so-called DFF model [54]. In section and [2.4] we will learn
from the DFF model several remarkable features of the conformal symmetry in
one-dimension, which cannot occur in higher dimensional field theories. Then in
section [2.5| we will argue the alternative formulation of the conformal mechanical
models as the gauged mechanical models. As an interesting application of the con-
formal quantum mechanics we will discuss the relationship between the conformal
mechanics and black hole in section and introduce the non-linear realization
method to construct (super)conformal quantum mechanics in section Finally
we will extend the analysis to the multi-particle conformal mechanical models in

section [2.8 and

2.1 SL(2,R) conformal symmetry

In d-dimensions a scale invariant Lagrangian for a scalar field ¢ has the form

1 24
L= anq)ay(]) — Ypi-2 (2.1.1)
where 7 is a dimensionless coupling constant. In one-dimensional case we get the
Lagrangian
1
L= 5 (xz — %) . (2.1.2)

This simple quantum mechanical model is the so-called DFF-model [54]. To keep
particles from falling into the origin, the coupling constant <y should be positive
classically. As we will see in the following discussion, quantum mechanically
the uncertain principle gives rise to the minimum value v = —1, however, the
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normalizability of the wavefunction of the ground state requires that - is positive.
So we will denote v = ¢? for convenience. The Lagrangian leads to the

equation of motion

The action

_ _1 2 &
s_/IdL_E/m<x xﬂ

is invariant under the transformations

t,_at+[3
gt 46
Yt = (1)

yt+06

1. translation

The subgroup of the matrix

(27)

witha =1, =4,y =0,6 =1 yields
t'=t+a,
x'(t) = x(t).

This corresponds to the translation.

. dilatation

The subgroup of the matrix

This is the dilatation.
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(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

where the real numbers «, B, v and J form a real 2 x 2 matrix with determinant

A=% 7]  deta=1.
)

(2.1.7)

(2.1.8)

(2.1.9)

(2.1.10)

(2.1.11)



3. conformal boost

The subgroup of the matrix

< (1) _10 ) (2.1.12)

witha =1, 8 =0, v = —c, § = 1 corresponds to the transformations
b
—ct+1’
t)
"t = X : 1.
vy = 2 (21.13)

This is the conformal boost transformation.

From a set of finite transformations (2.1.9), and we see that the

action (2.1.4) is invariant under the infinitesimal one-dimensional conformal trans-

formations

ot = f(t) = a+ bt +ct?, (2.1.14)

ox = %fx = %(b + 2ct)x. (2.1.15)

The passive transformations (2.1.14)) and (2.1.15) lead to the active transformations

ot =0, (2.1.16)
ox = %fx — fx. (2.1.17)

Noting that a, b and ¢ are the infinitesimal parameters of the translation, the di-
latation and the conformal boost, we can compute the Noether charges, i.e. the
Hamiltonian H, the dilatation operator D and the conformal boost operator K

2 2

-
H = > + 2’ (2.1.18)
D =tH — 411 (xp + px), (2.1.19)
K =t*H - %t(xp + px) + %xz (2.1.20)

where p = % is the canonical momentum. The operators D and K are the constants
of motion in the sense that

oD JK
FT [H,D] =0, T [H,K] = 0. (2.1.21)
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One can carry out the canonical quantization by establishing the equal time

commutation relation
[x,p] =i. (2.1.22)

Using the commutation relation (2.1.22), we can show that

[H,D] = iH, (2.1.23)
K, D] = —iK, (2.1.24)
[H,K] = 2iD (2.1.25)
and
i[H,x(t)] = x(t), (2.1.26)
(D, x(£)] = tx(t) — %x(t), (2.1.27)
i[K, x(t)] = 2x(t) — tx(t). (2.1.28)

If we express the time independent part of D and K as

Dy := —= (xp + px), (2.1.29)

Ky := =x?, (2.1.30)

i[H,x(t)] = x(t), (2.1.31)
(Do, x(t)] = —%x(t), (2.1.32)
i[Ko, x(t)] = 0. (2.1.33)

These equations are regarded as the Heisenberg equations. The equation (2.1.31)
is familiar for general quantum mechanical systems and yields the variation of
the operator with respect to time while the equation gives rise to the scale
dimension of the operator.

Note that the explicit time dependence of D and K can be absorbed into the

similarity transformations
D = eifHDOe—ifH’ K = eitHKOe—itH (2134)

So we will use the time independent parts as the explicit expressions for D and K
and drop off the subscripts.
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Defining

1 /K
Ty = 5 (E + aH) , (2.1.35)
T, =D, (2.1.36)
1 /K
T, = 5 (; — aH) (2.1.37)

where a is a constant with dimension of length, we find from (2.1.23)-(2.1.25) the

explicit representation of the so(1,2) algebra
[T;, Tj] = i€ T" (2.1.38)

where €;j is a three-index anti-symmetric tensor with €91 = 1 and g;; = diag(1, -1, -1).
If we introduce

1 /K

Ly = > (E + aH) =T, (2.1.39)
1 /K ) )

Ly = AV aH+2iD | =T, +iT;, (2.1.40)

then we get the explicit representation of the s[(2,R) algebra in the Virasoro form

[Ly, Ln] = (m — 1) Liytn (2.1.41)
with m,n = 0, &. Note that

1 1

H = B Lo — 5 (L+ +Lo)|, (2.1.42)
1

D= (L+—L), (2.1.43)

1
K=a [LO + 5 (Ly + L_)] . (2.1.44)

Recall that in the representation theory the Casimir invariants play an impor-
tant role since their eigenvalues may characterize the representations. The one-
dimensional conformal group SL(2,IR) is of rank one and therefore possesses one
independent second-order Casimir invariant. The second-order Casimir operator
C, of the s1(2,R) algebra is given by

Co=Ts—T? — T3
=Lo(Lo—1) — Ly L_

:%mk+wﬂ—D2
2
3
= gz T3 (2.1.45)



2.2 Spectrum

It is known that the quantum formalism based on the Hamiltonian H is awkward
to describe the conformal quantum mechanics. The spectrum of H is continuous
due to the existence of D ['| This is because if |E) is an eigenstate of energy E, then
e®P|E) is that of energy ¢?*E with a being an arbitrary real parameter. Thus the
spectrum contains all E > 0 eigenvalues of H.

The corresponding wave functions are given by

YE(x) = C\/E]\/m (\/ﬁx> (2.2.1)

where C is a normalization factor and J, is the Bessel function of the first kind.
For each of the eigenstates with the eigenvalues E > 0 there exists a normalizable
plane wave.

On the other hand, the wavefunction of the zero energy state is given by

Yolx) = Cx bV (22.2)

where C is a constant value. To make matters worse, this eigenfunction is not even
plane wave normalizable and this makes it difficult for us to regard the state with
E = 0 as the ground state.

However. it is important to note that [54] any combination

G =uH 4+ vD + wK (2.2.3)

of the three conformal generators is a constant of motion in the sense that

%—f +i[H,G] = 0. (2.2.4)

This implies that the transformations generated by G leave the action invariant.
Hence we may use the operator G as the new Hamiltonian to study the evolution
of the system.

The switching from H to the new evolution operator G can be interpreted as a
redefinition of the time and the coordinate. Let us introduce a new time parameter

dt
T=—
u + ot + wt?

* For the DFF-model this can be readily seen from the behavior of the inverse-square

potential as x — oo (Figure [2.2).
2 Due to the infinite repulsive potential at the origin, we here consider the solution ¢(x) satis-

(2.2.5)

fying the boundary condition §g(x)|y—=o = 0.
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and a new variable

q(t) = *(t) (2.2.6)

Vi + ot +wi2

Then we find the action of G on the operator and on the state given by

M0 _ 6,90 227)
GI¥ (1)) = i%]‘f’(r)) (2.2.8)

as required. Although the operator G may describe the evolution in the new time
T, it is not yet complete to justify the passing to the new description. We need to
examine whether the new Hamiltonian and the new coordinates cover the whole
evolution in time from t = —oo to 4-co. From (2.2.5) we can express the new time
parameter as

t ar’

T= S —
to U + ot! + wt!

+ Tp. (2.2.9)

This integral depends on the zeros of the denominater and the result is classified
by the discriminant

A = v* — 4uw. (2.2.10)
We find
( 1 2wt+v—\/Z v—\/E
ﬁ(ln‘m —ln Z)-l—\/g‘) fOI'A>O
T=1{ 2 <’can_1 200 _ tan—1 L) for A <0 2.2.11
A V1Al V18] ( )
L (Zw%—l—v - %) for A =0

where we normalize as p = 0. For A > 0, the parameter T cannot sweep the
whole time region —oo < t < co. This unpleasant feature is associated with the
fact that the corresponding operators are non-compact and their spectrums are
physically unacceptable. The dilatation operator D belongs to this class. When
A < 0, T can be defined over the whole time interval —co < t < co. The corre-
sponding operators in this case generate a compact rotation and their spectrums
have physically satisfactory characteristics. In the case of A = 0, the whole time
interval —co < t < oo can be described over —co < T < o0, however, there exists
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Figure 2.1: The new time parameter T as a function of the original time ¢. The red
curve represents the non-compact case A > 0, which cannot sweep over the whole
time t. The blue curve corresponds to the compact case A < 0 covering all the time
region. Green curve denotes the case A = 0, which contains one singular point in
T.
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one singular point in T at t = —5Z.. This is the case for the Hamiltonian H and the
conformal boost operator K. These three cases are illustrated in Figure
In terms of the new set of coordinates and (2.2.6), we can rewrite the

action as

1 2 1
S:/dr —q’z—g—2+—<9+wt> q2+§(v+2wt)qq]

<o oS i g G o) )

= /dTLT (2.2.12)

up to the total T derivative. Note that the dot denotes T derivative in (2.2.12). The
new Lagrangian L. leads to the new Hamiltonian

oL,
Hr =g 34 — L+
1 2 A
=5 <t72 + ‘2—2 — Zqz) (2.2.13)
with
G(x(t),x(t)) = He(q(7, )4(7))- (2.2.14)

Note that Ly = Ty is the compact generator satisfying A = —1 < 0. Qualita-
tively one can see that the potential energy of this new Hamiltonian Ly acquires
the minimum and assymptotes to infinity (Figure [2.2). The new time coordinate T
and variable g(7) associated with the generator Ly are given by

t
T=2tan ! (—) , (2.2.15)

a
t

2 x(t)
e

As we will discuss in section in the black hole interpretation T can be identified

(2.2.16)

with the proper time of the test particle near the horizon of the extremal black hole
[65].

The fact that the operator L is regarded as the new Hamiltonian of the system
can be paraphrased as the group theoretical statement that infinite dimensional
unitary representations in terms of Hermitian operators of the non-compact group
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potentials

Figure 2.2: The potentials for the original Hamiltonian H and the new Hamilto-
nian L. The red line is the potential for H and the blue one is for Ly.

SL(2,R) are characterized by the discrete eigenvalues of the Casimir operator C,
and of the compact generator L

We now look for the eigenvalues and eigenstates of Ly. Let us denote the
eigenvalues and eigenstates of Ly by r, and |n)

Lo|n) = ry|n). (2.2.17)

From the s[(2,R) algebra (2.1.41) one can show that

LoL_|ry) = (rn —1)L_|ry), (2.2.18)
LoLt[rn) = (rn + 1)Ly |rn), (2.2.19)
L_Ly=—-Co+Lo(Lo+1), (2.2.20)
LyL_ = —Cy+ Lo(Lyp—1). (2.2.21)

The relations (2.2.18) and (2.2.19) imply that the operators L_ and L play the role
of the annihilation and creation operators respectively. Since the norm of the states

L. |r,) must be positive or zero, we require that

0< |Li|7’n>|2
=—Cyp+ru(rn£1). (2.2.22)

Assuming that there exists one positive eigenvalue r, among the allowed eigen-
values, the creation operator L yields the infinite chain of states

rn), lra+1), rat2), - (2.2.23)

3The diagonalization of the non-compact operator requires the continuous basis [158) 159 [160|
161]).
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To

Figure 2.3: The Ly spectrum. The ground state has eigenvalue ry and the excited
states generated by L are equally spaced with unit one.

If we require the existence of the ground state, the spectrum need to be bounded
below and the chain must terminate. This means that

L_|rg) =0 (2.2.24)
and
LyL_|rg) = [-Ca+ro(ro —1)]|r0) = 0. (2.2.25)
Therefore the eigenvalues of L are given by a discrete series (see Figure
rm=ro+n, n=20,12,--- (2.2.26)
Cy =ro(ro —1). (2.2.27)

In the following discussion we will thus simplify the expression as |n) = |ry).

Combining the relation and the expression (2.1.45), we find two possible

values for rg as the choice of the positive or negative signs for the square root.
However, it turns out that only the positive sign for the square root should be

1 1
ro =3 (1 +1/¢2+ ZL) . (2.2.28)

To see this let us determine the lowest eigenfunction y(x). From the equation

(2.2.24) and the explicit expressions for L

selected.

x> 1. d 1
L_ = LO— Z — Ex% — Z’ (2.2.29)
2
X 1 d 1
L+_LO_Z+§xﬁ+Z, (2.2.30)



we see that p(x) satisfies the equation

2
{x% + r_ <2r0 — —)} Po(x) = (2.2.31)

Let us choose our units so that a = 1. The generic solution is given by
2 2
o(x) = Ce™ 7 x%0~ 2 (2.2.32)

where C is the constant of integration. The presence of the infinitely repulsive
potential barrier at the origin and the confinement property of the wavefunction
requires that

lim ¢o(x) = 0, (2.2.33)
lim ¢} (x) = 0. (2234)
x—0
These conditions lead to
3
o> (2.2.35)

which is only satisfied by the positive root solution. Note that (2.2.35) is equivalent
to the condition v > 0 for the coupling constant as we mentioned. Also one can
determine C by the normalization condition fooo | (x) |2 dx =1as

[ 2
= F2r); (2.2.36)

Therefore the eigenfunction of the ground state is given by

=\ / e x TVE T, (2.2.37)

This is illustrated in Figure [2.4f Curiously a particle in the Ly ground state has

zero probability of existing at x = 0.
From and (2.2.27) one can see that the raising and lowering operators
Ly act as

Lijn) = \/rn(rnjzl) —ro(ro—1)|n£1), (2.2.38)
which leads to the relation

F(2r0)
n!T' (2rg + n)

n) = (L+)"]0). (2:2.39)
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Yo(z)

Figure 2.4: Wavefunction y(x) of the Ly ground state.

Upon the repeated application of the creation operator L, on the ground state |0),
the eigenfunctions of the excited states found to be [54]

T(n+1) _1(®\"° _2 0,1 (2
=y x72 | — 20 [2'0 - 2.
¥n(x) 2T (n + 2rp) * ( a ) ¢ " a (2240)

where L7 is the associated Laguerre polynomial.

Now consider the thermodynamical aspect of the DFF-model. As we have
been discussing, it has been proposed that Ly = 1(aH + X) is treated as the new
Hamiltonian instead of the original Hamiltonian H in the DFF-model. The surface
of the constant value of Ly in the classical phase space is given by

p= i\/ZLo — % — a2x? (2.2.41)

and illustrated in Figure [2.5][1
Thus the volume of the phase space with the “energy” below L can be evalu-

ated to be

_ [T g
T(Ly) = 2/0 dx\/ZLo -2 e
=7 (LO — g) . (2.2.42)

a

4 Note that the phase space is restricted to either x > 0 or x < 0 region due to the infinite
potential at the origin.
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(@) Lo = 10,50,100;¢ = 1,a = 1. (b) g2 =1,100,500; Ly = 50,2 = 1.
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(c) a> =1,5,25;Lg = 50,¢ = 1.

Figure 2.5: The surface of the constant value of Ly in the classical phase space. The
horizontal axis denotes the canonical variable x while the vertical axis represents
the canonical momentum p. The volume of the phase space with “the energy”
below Ly decrease with increase in the coupling constant ¢ and the deformation
parameter 4. Qualitatively g keeps a particle away from the origin whereas a sucks
it into the origin.
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According to the additional term —7rg, the result is slightly modified from a simple
harmonic oscillator. This corresponds to the fact that the Lp-ground state of the
DFF-model is raised by the increase of the coupling constant g as in (2.2.28). As
seen form Figure the volume of the phase space with “the energy” below L
decrease with increase in the coupling constant ¢ and the deformation parameter a.
Therefore qualitatively ¢ keeps a particle away from the origin whereas a sucks it
into the origin. These features are in accord with the behavior of the wavefunction
o(x) of the ground state given in (see also Figure [2.4).

In quantum mechanics the Lp-spectrum is the discrete value given in (2.2.26).
By summing over the spectrum one obtains the partition function

(=) 3 e—ﬁro
Z=1Y ePo= 1 (2.2.43)
n=0

2.3 Time evolution

So far the DFF-model has been studied in the x space, i.e. the stationary
problem at t = 0. Now let us consider the state |t) which is characterized by the
time t. Let us define the time-dependent function

Bn = (t|n), (2.3.1)
on which the action of the Hamiltonian is realized with the time derivative
d

H = e (2.3.2)

Combining the expression (2.3.2) with the s[(2,R) algebra (2.1.23) and the form of
the Casimir operator (2.1.45), one finds the action of the dilatation operator D and
the conformal boost operator K on B, as

I

D = (ztE + zro) , (2.3.3)
o d .

K= (it ¥ + 2irpt | . (2.3.4)

Thus the compact operator Ly acts on B,(t) as

i 2\ d t
Ly = 5 [(a + ;) T —|—2roa} . (2.3.5)
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From the expressions (2.3.2)-(2.3.5) we can write the actions of the corresponding
operators on the state |t) as

HIt) = —i |8, (236)
DIty = —i (t% + ro) ), (2.3.7)
K|t) = (t % + 2rot> 1), (2.3.8)
Lolt) = —% Ka—l— tz) jt + 2rp— } |t). (2.3.9)

Then the explicit expression (2.3.5) for the operator Ly leads to the differential
equation

i

2\ d
5 {(a—i— ) T + 2rg— } Bn = uPn- (2.3.10)

and its solution is given by

Bn(t) = (—1)" [W] : (Zl;i)rn <1 +1%)r0. (2.3.11)

Using the above solution (2.3.11) one finds 2-point function [54]

F(t, tr) = (|t )
- Z .Bn tZ)
_ _T@ro)a® 1 e
T Rith =) (4 — )2 (2.3.12)

The expression (2.3.12) indicates that the 2-point function is the value of two op-
erators whose effective dimensions are ry. Note that the 2-point function satisfies
the set of conditions

d d
(a_tl + 8_152) Fz(tl,tz) = O, (2313)
02 412 L or) Bt b) = 0 (2.3.14)
8t1 2a ro | F2(t1,12) =0, 2.3.14
5 0 0
+ 15— 4 2r9(ty + t2) | Fa(ty, t2) = 0. (2.3.15)
8t1 dtr

Now we want to consider the E space. The eigenstate |E) is defined by

HI|E) = E|E) (2.3.16)
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and we can expand the eigenstate |n) of the compact operator L as

) = / dEC, (E)|E) (2.3.17)
where we have defined
Cn(E) := (E|n). (2.3.18)

Note that the eigenvalue E of the original Hamiltonian H is continuous as we have
already mentioned. Requiring the s[(2,R) algebra (2.1.23) and the realization of

the Casimir operator (2.1.45), we get

. d 1
D|E) = —i (EE + E) |E), (2.3.19)
@2 d 1\*1
Then we can write the compact operator Lj as
1 @2 d 1)1
LO = 5 [—E@ — d_E + E + (7"0 — E) E] (2.3.21)
and the explicit expression for C,(E) can be found by solving the equation
1 @2 d 1\*1
If we set
Ch = 2r0E70*%e*qun(E), (2.3.23)

then we see that the function ¢, satisfies the differential equation |

NPu + (2r0 = 1)@y + ngn = 0 (2.3.24)
of the associated Laguerre polynomial Lot Putting all together we obtain

['(n+4+1) (aE)™
I'(n+2ry) E

5The associated Laguerre polynomials L (x) are defined by the solution of the differential equa-

Cu(E) =270 e "L (24E). (2.3.25)

tion
dk+2 dk+1 dk

X k2 Ak

with 0 <k <.
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Figure 2.6: The probability density po(E) of the ground state in E space. The
blue, red and brown lines denote the cases with ry = %, 3 and 10. They have the

maximum values at E = ry — %

Note that the function C,(E) has the following properties:

Y Cu(E)Cy(E') =6(E—E'), (2.3.26)

" AEC,(E)C5(E) = Sy (2.3.27)
__nhp %77’0 0 ﬂ iE

Cu(E) =2E 5t 1Bu(t). (2.3.28)

Let us discuss the probability density p,(E) in E space defined by
on(E) = Ca(E)I*. (2:3.29)

For n = 0, i.e. for the ground state of Ly, the probability density po(E) is given by

4rr0 ro— — ro— 2
po(E) = prgyy B e 1207 (2E)| (23.30)

with a = 1. This is shown in Figure
The distribution of E of the ground state is peaked at

1
Eo=ro—5 (2.3.31)
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Figure 2.7: The probability densities p,(E) of the excited states for ry = % in E
space. The red, blue and green lines correspond to the densities with n = 10, 20
and 30. The number of peaks increases with the increase of the excited levels.

and its effective width is ]

1
I'=2v/Ey=2y\/ro— 5 (2.3.32)

shows that the peak of the distribution of E increases with the increase of
1o Or g. implies that the width grow and the probability dense spread in E
space with ro.

The expectation values for the ground state |0) can be evaluated and we find

(H)o = (0|H|0) = 1o (2.3.33)

(AE)* == (H?)o — (H)} = (2.3-34)

w N.loﬁm

For n > 0 the probability density p,,(E) with g = 5 is illustrated in Figure
The red, blue and green lines represent the case with n = 10, 20 and 30 respectively.
In this case several peaks appear due to the presence of the n-th order polynomial.
The expectation value of H in the excited state |n) is calculated to be [54]

(H)n = (n|H|n) = ry. (2:3.35)

The state |E) provides us with the further properties of the state |t). From
the expression (2.3.12) ant the relation (2.3.28) with the use of the Hankel integral

6 : - : - 8 ._ _ po(Eg)"
The effective width I is defined by ¢ := DR
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representation of the gamma function

1 L
ok E/Cdt(—t) et (2.3.36)

we can show that

(t|Ey =270 W)Y it

W (2.3.37)
Using the two relations (2.3.28) and (2.3.37) we see that
© dt 1 (aH\*"°

[ amt=5 (%) 2339)

This indicates the incompleteness of the state |t).

2.4 Operator

Now consider the tensor operator B(f) with the mass dimension A. As seen from

the set of the Heisenberg equations (2.1.31)-(2.1.33), the s[(2,R) invariance of the

operator implies that

i[H, B(t)] = %B(t), (2.4.1)
i(D, B(t)] = t%B(t) + AB(E), (2.4.2)
iK, B()] = tz%s(t) + 2AB() (2.4.3)

where D = tH + Dy and K = t2H — 3 {x,p} + Ko. This is the SO(1,2) Wigner-
Eckart theorem. We now want to compute the 3-point function

F3(t;ta, t1) = (t2|B(t)|f1)
= Y Buy(t2) B, (t1) (ma|B(t) 1) (2.4-4)

ni,ny

In analogy with (2.2.15) and (2.2.16) it is convenient to introduce the new variables

T=2tan ', (2.4.5)
b(1) = B(t)(1+ 2)2 (2.4.6)
with the relations
db
1D Lo, b)), 247
b(t) = €'LoTh(0)e o7, (2.4.8)
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By using the above expressions we can show that

1 1—it\"M ™
oalBO) = s (1) (elBOm). @as)
The equation (2.4.9) enables us to rewrite the 3-point function (2.4.4) as

F(m + 21’0)F(7l2 + 21’0)
F(t;tr, 1) = —1)mtr
(i, t) = ) (—1) \/ T,

ny,Mp

_ 1 21’0 1 27‘0
lenlzgz( +Zl) ( +ZZ)

24702%70
1 2A
x 2728 | ZEE e | B(0) ) (2.4.10)
where we have defined
_1—1t_ it _1—1t1_ 71'1.14
=15 , Z;j = T e 'Y, (2.4.11)

On the other hand, the one-dimensional conformal s[(2,R) covariance of the
3-point function implies that

(881‘ + aitl + ai) F(t;tp, 1) =0, (2.4.12)
( a—i—tla —I—tza + 2At + 2rg t1—|—t2> (t;tp,11) =0, (2.4.13)
ot oty oty ’ o
<t22+tza + 2 2 9 + 2At 4 2rg(ty + £) >F (t;ty, 1) = 0. (2.4.14)
5 Ty 281‘2 ot + 12 3(tt2, t) 4.14
As the first condition says that F3(t;ta,t1) = F3(t — t1,t — tp, t1 — t2), we

impose the ansatz F3 = f (t —t1)"1(t — t2)*2(t — t2)*® with f being an arbitrary
constant value. Then the remaining two conditions and restrict to
the form of the 3-point function as
1
(t—t1)2(ty — £)B(H — tp) 2270
_p-A-ng (1+2)*(1+z)*(1+ Zi)zro . (2.4.15)
(z —21)%(220 — 2)P (21 — 2p) ~B+210

Combining the two expressions and for the 3-point function, we

obtain the relation

Fs(tty, 1) = fi¥ 0t

T 2ro)T 2 _ 1
)3 (—1)n1+n2\/ o :101)!11312 * rO) [Mzp2aA —+ z z"lfn2<n2’B(0)’n1>
ninyp
ZVOfZZVO (1+ Z)ZA
(z —21)2(zp — 2)A(z1 — zp)~A+2r0°

(2.4.16)



By redefining the variables z; — zz;, we can factor out the time t dependence and
thus we shall take t = 0 or equivalently z = 1 in the following discussion. Then
the left hand side can be regarded as the double Taylor series expansions and one
can write the quantity (1,|B(0)|n;) as the coefficients of the expansions as

<1’12‘B(0)‘1’11> = (27{1,)2 \/F(Tll T 21:01)'1;?;12 T 270) (_1)”1+n2221’o+A

2r0+n1 1 (le+1)
2 )

X %Cl dzy A dzo (1—21)5(z2 — 1)B(21 — z2) 51200 (2.4.17)

where C; is the suitable anti-clockwise contour for the coordinates z; = co and C
is for z;. Changing the pair of the variables z; = u% and z, = w,, we find the
expression

(27ti)? \| T(nq + 2ro)T (12 + 2rg

« ?{ dw, jg duwn (1 — w1w2)Af2r0
G w1 Joy T (1= w1)3(wy — 1)°

(13 B(O) |y = - ¢ ! (g

(2.4.18)
2 W,

where the integral are carried out around the contours C; for w; and C; for ws.
Applying the Cauchy theorem, the integration (2.4.18) can be calculated to be [54]

Iny!
1n2|B(0)|n 22r0+A T
< 2| ( )| 1> f\/ 27’0—|—H1 P(2r0+n2)

minim o} A—2r —A —A
—1) 0 L (24
SR (M2 (L) (W) e

For n1 = ny = 0 we can read off the explicit formula for the constant f as
f =272 (2r0)(0| B(0)]0). (2.4.20)

Inserting (2.4.20) into (2.4.15) and reviving the constant factor 4, we finally get the
formula for the 3-point function

2rp+A T2 2rg
F3(t,}t2, tl) = <0|B(O)|O> (%) (t _ tl)A(t2 _( Z)OA)EZtl _ tz)—A—l—ZrO
1

)5t — DA (G — 1) B2 (2.4.21)

From the above form (2.4.21) we see that the 3-point function F; consists of the
two operators with the same mass dimension 7y and the third operator B with the

mass dimension A.
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As seen from (2.3.12) and (2.4.21), the structures of the 2- and 3-point functions
suggest that there exists the averaging state and the corresponding operator with

the mass dimension ry. Let us define the operator O(t) which acts on the Lo-
vacuum to create the state |t):

1t) = O(t)]0). (2.4.22)

Making use of the formulae (2.3.11) and (2.2.39), we can write

O(t) = N(t) exp [—z(t)L+] (2.4.23)
where
N(t) = +/T(2r) <z(t)T“)2m. (2.4.24)
Then the 2- and 3-point functions are given by
By(t1, 1) = (hi]fa) = (0|07 (1) O(t2)[0), (2.4.25)
(£t t1) = (ta2| B(t)|t1) = (0|0 (1) B(t) O(t2)|0). (2.4.26)

Therefore the averaging state is the Ly ground state |0) and the corresponding
operators are Of(t) and O(t). We should note that the conformal invariant corre-
lation functions can be built up although the averaging state |0) is not conformally
invariant and the operators O(t) and O'(t) are not primary operators. This is
the significant difference from other higher dimensional conformal field theories
where one can assume the existence of the normalizable and invariant vacuum
states. For quantum field theories we generally treat with the Fock spaces which
are underlying on the empty no-particle vacuum states. However, in quantum
mechanics we deal with the Hilbert space which is the subspace of the Fock space
with the fixed number of the particle. This fact prevents us from constructing the
normalizable and invariant empty vacuum state in conformal quantum mechanics.
Noting that

[L_, e ZOL+] = ¢=Z(OL+ (—2Z(t)L0 + Zz(t)L+) , (2.4.27)
[Lo, e *W+] = —e7 2Lz (1)L, (2.4.28)
we see that the state |t) is the eigenstate of the operator L_ + Z(f)Lo

(L- +Z(t)Lo) [1) = —roz(b)]t) (2.4.29)

7Such construction of the state |t) has also been considered in [162] 163} [164]
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with the eigenvalue —rpz(t). We see that the state |t) is similar to the coherent
state |a) which satisfies L_|a) = a|a), however, the additional term z(¢)L deviates
from it. In fact the coherent state |a) can be constructed as

o) =10 &)

=1C0) ¥ g (1) 10) (2.430)
Let us define the state

|¥) := e H|t = 0) = e~ Ho%e 1+ 0). (2.4.31)

By using the relations
Loe H? = ¢~Ha (5 + iD) , (2.4.32)

2a
(% + iD) el =l (LO — %L) , (2.4.33)
one finds that

Lo|¥) = ro|¥). (2.4.34)

Thus the state |¥) defined by (2.4.31) is proportional to the Ly vacuum state |0)
¥) = Cl0) (2:435)

where the proportional constant C can be determined by noting the relation (2.3.37)
as

I'(2r,
C= 2§—r00) (2.4.36)

up to a phase factor. Then we obtain the alternative description for the state |f)
£y = ¢t = 0)
— etheHa (C|0>)
= /T(2rg)2720el O H o) (2.4.37)

Let us consider the 4-point function

Fy(t1,to, t3,t4) = (t1|B(t2)B(t3)|ts)
= (0[O (t1)B(t2)B(t3)O(t4)|0) (2.4.38)
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where the two different fields B(t) and B(t) carry the mass dimension A and A
respectively. It is calculated to be [87]

F(Zro)

ity ta 13, ta) = (0]B(0)[0)(0]B(0)[0) -7

‘ A ~1 =x"0 o F (4, A; 2r9; X)
(t13) 2770 (t2a) 2770 (b12) A170 (t34) AF70(f14) 20 A4

= p(t1, ta, t3,t4) X" 2Fi (A, A; 2r0; x) (2.4.39)

where the parameter 4 set to be one and we have introduced the expressions ¢;; :=

ti—tjand x := % 2F1 (A, A; 2r¢; x) is the hypergeometric function that possesses

the Mellin-Barnes representation

() 1 /+i°° T'(a+s)T'(b+s)T(—s)

2F1 (a, b, c, X) = W% e S F(C T S) (—x)s_ (2440)

Note that the single Mellin integral appears in the formula of the 4-point function
(2-4.39). This reflects the fact that four points lead to a single invariant in one-
dimension in contrast to the two invariants in higher dimensions.

It is known that 4-point functions F; can be expressed by the superposition of
the conformal blocks, or the conformal partial waves G in higher dimensional con-
formal field theories [165]]. The conformal block G can be determined by requiring
that it is the eigenfunction of the quadratic Casimir of the conformal group. As
seen from the formula (2.4.39), we can easily read off a single conformal block as

871 f]
G = x'Fi (A, A; 2rp; x), (2.4.41)
which satisfies the differential equation

Cz [p(tl, fz, t3, t4)G] = 1’0(7’() — 1)p(t1, t2, f3, t4)G. (2.4.42)

2.5 Gauged conformal mechanics

It has been pointed out [137] that the DFF-model can be obtained by the
gauged quantum mechanics. Let us consider a simple complex free particle La-

grangian

1.
L= EZ'Z (2.5.1)

8 For higher dimensional field theories, the conformal block can be obtained through the oper-
ator product expansion.
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where z is a complex one-dimensional field. The system (2.5.1) is invariant under
the following U(1) transformations
i)\z

7 =ez, Z=e (2.5.2)

where A is a real parameter. Let us gauge this symmetry by promoting A — A().
Then the gauge invariant Lagrangian is given by

1
L= EDQZDOZ + cAp
1 . .
=5 (2 +iApz) (z —iAoZ) + cAp (2.5.3)

where Ap(t) is the one-dimensional U(1) gauge field. The term cAy is a Fayet-
Iliopoulos (FI) term with c being a constant. This term is gauge invariant itself up
to total derivative.

The action (2.5.3) is invariant under the one-dimensional conformal transfor-

mations
ot = f(t) = a+ bt +ct?, (2.5.4)
ox = %fx, (2.5.5)
5Ag = —f Ao. (2.5.6)

Here the transformation of the gauge field Ay(t) is the same as that of the time
derivative d.

Note that the Lagrangian is quadratic in the U(1) gauge field Ay and
contains no time derivative of Ag. This immediately implies that the gauge field
Ay is identified with the auxiliary gauge field. Hence we attempt to integrate out
the auxiliary gauge field. However, we should be careful of the exclusion of the
auxiliary field because it is a gauge field. We need to integrate out the auxiliary
gauge field in two steps; firstly we fix a gauge to eliminate residual degrees of
freedom and then solve the equation of motion of the auxiliary gauge field or
impose the resulting Gauss law constraint to ensure the consistency of the gauge
fixing. Let us choose the gauge such that

z(t) = z(t) = x(1). (2.5.7)
Then the Lagrangian (2.5.3) becomes
1, 155
L= 2x + 2on + cAp. (2.5.8)
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Using the algebraic equation of motion for the auxiliary gauge field A

c
Ap = 2 (2.5.9)

we can integrate out gauge field and obtain the reduce Lagrangian

1/, ¢
L= 5 (x2 — ;) . (2.5.10)

This is nothing but (2.5.2), the DFF-model Lagrangian. Thus the conformal invari-
ance is preserved under the gauging procedure. This procedure, i.e. the integra-
tion of the auxiliary gauge field can be interpreted as the reduction process for the
mechanical systems with symmetry. Let us summarize the basic concepts of the
classical theory of Hamiltonian dynamical systems.

A manifold M is said to be endowed with a Poisson structure if there is
an operation assigning to every pair of functions F,G € F(M) a new function
{F,G} € F(M) which is linear in F and G and has the following properties

1. skew symmetry

{F,G} = —{G,F} (2.5.11)
2. Jacobi identity
{F,{G,H}}+{G,{H,F}}+{H,{F,G}} =0 (2.5.12)
3. Leibniz rule
{F,GH} = {F,G} H+ {F,H}G. (2.5.13)

As the above three identities (2.5.11)-(2.5.13) are the axioms of the Lie algebra, the

space F (M) is nothing but an infinite dimensional Lie algebra. Then a dynamical
system on M, the so-called Hamiltonian dynamical system can be introduced as

X = {H(x),xi} = X (2.5.14)

where x' are local coordinates on M, H(x) is the Hamiltonian of the dynamical
system and the vector field X!, is referred to as a Hamiltonian vector field. For
such system we have

F={H,x} (2.5.15)
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and the functions which satisfy {H,F} = 0 are conserved quantities, i.e. the
integrals of motion.

The important class of phase spaces is known as a symplectic manifold (M, w),
which possesses closed nondegenerate differential two-form w, i.e. symplectic
forms and their Poisson structures are given by

{F(x),G(x)} = wijaiPajG
= w(Xf, Xg). (2.5.16)

Suppose that a Lie group G acts on M. Then one can represent the correspond-
ing Lie algebra g of G in the Lie algebra of vector fields on M. In other words there
is a vector field Xz on M to each ¢ € g. If one can associate a function Hz on M
to each Xz obeying the conditions

Xe = {Hg,x'}, (2.5.17)
Hgy = He + Hy, (2.5.18)
Hie,y = {He Hy ), (2.5.19)

the action of G is called Hamiltonian and H; the Hamiltonian function. Namely
an action of G on M is called Hamiltonian if the map ¢ + Hg is a homomorphism
of the Lie algebra g into the Lie algebra F(M). It is known that any symplectic
action of Lie group G is Hamiltonian if H?(g,R) = 0.

Since the Hamiltonian function Hs of G depends on ¢ € g linearly we may
write it as

He (x) = (u(x),¢) (2.5.20)

where the notation (f,¢) denotes the value of f at ¢ € g and u(x) belongs to g*,
the dual of the Lie algebra g. Therefore there is a map

p:M—g* (2.5.21)

for any Hamiltonian action of G on M. This is called the moment map .
If we have the Hamiltonian action of a Lie group G on M which leaves the
Hamiltonian H(x) invariant, the quadruple

{iM,{, } HG} (2.5.22)

is called a Hamiltonian system with G-symmetry. There is an important property
of Hamiltonian system with G-symmetry [166]
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If the Hamiltonian H(x) is invariant under a Hamiltonian action of a
Lie group G on M, then the moment map y(x) is an integral of motion.

This is a generalization of the well-known Noether’s theorem. Since the symme-
tries give rise to the integrals of motion, one can reduce the dynamical system to
one with fewer degrees of freedom [167, 166, 168, [169]]. Suppose we have a Hamil-
tonian action of G on a symplectic manifold M and the corresponding moment
map u : M — g*. We consider the inverse image of a point ¢ € g* for y and
represent this set by M,

M. =p (o). (2.5.23)

We require that c is a regular value of u. This implies that either the differential of
u at every point of M. maps the tangent space to M onto g* or M, is empty [} In
this case M, is a smooth submanifold of M. The isotropy subgroup of ¢ consists
of the elements g of G for which

Adyc =c. (2.5.24)

Put in another way, the isotropy subgroup is the subgroup relative to the coadjoint
action which leaves M, invariant. Let us denote this isotropy subgroup by

Ge={g:Adjc=c}. (2.5.25)

Now that the space M. decomposes into orbits of the action of G, we can define
the reduced phase space by

M. = M,./G.. (2.5.26)

It has been shown in [166), [168] that if the isotropy subgroup G, is compact and
acts on M, without fixed points, the reduced phase space is shown to
symplectic manifold and that the reduced field, the vector field on the reduced
phase space M, remains Hamiltonian vector field on it and the corresponding
Hamiltonian function pulled back to M. coincides with the original Hamiltonian
function restricted to M_.

An Abelian version of the Lagrangian reduction with the integrals of motion
was firstly proposed by Routh [171]. Recall that there are two formulations for
the classical dynamical system; the Lagrangian formalism and the Hamiltonian
formalism. The Lagrangian is a functional of coordinates and their time deriva-
tives and it leads to the equations of motion as a set of second order differential

9In [170] it has been discussed that almost all ¢ are regular values.

44



equations while the Hamiltonian is a functional of coordinates and their canonical
momenta and leads to the equations of motion as a set of first order differential
equations at the cost of the twice number of the equations.

Suppose we have a system whose Lagrangian is independent of some subset
of coordinates. We will refer them as cyclic coordinates and denote by y' and the
remaining non-cyclic ones by x’. The Lagrangian can be written as

L(x'y', 2,95 t) = L(x, &, ;1) (2.5.27)
Note that the canonical momenta of the cyclic coordinates v

oL

Pyi = a_yl (2.5.28)

are conserved quantities. In this case the differential equations associated with
these momenta are trivial and therefore the Hamiltonian formulation is more ad-
vantageous.

The Routhian R is regarded as the new Lagrangian , which is the mixture
of the Lagrangian with the Hamiltonian. More precisely it is defined by setting
pyi = hi = constant and performing a partial Legendre transformation on the
cyclic coordinates y;

R(xi, % hi;t) ==L — Zhiy'i. (2.5.29)
i

Let us consider the Euler-Lagrange expressions for the Routhian
4 (3R _oR
dt \ 9% dx’
_d (AL aLayy d (o
S dt \oxi  9yioxi) dt \ 'ox
oL oL ¢ oy
- —— - .~ - hl_-. e
(axz e ax’) 9 (2.5.30)

The first and fourth terms cancel by the original Euler-Lagrange equations and the
oL
oy
This shows that the Euler-Lagrange equations for L(x, %, y) together with the

remaining terms vanish by the definition of the canonical momenta ; =

conserved quantities h; = p,; are equivalent to the Euler-Lagrange equations for
the Routhian R(x,x). The Euler-Lagrange equations for the Routhian are called
the reduced Euler-Lagrange equations because the phase space M with variables
{x,y'} is now reduced to the small phase space M with variables {x'} [*°l Note

°In other words the naive substitution of the conserved quantities into the original Lagrangian
spoils the role of the Lagrangian.
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that the Hamilton equations for the cyclic coordinates yield the trivial statement;
the constant property of h; (i.e. Ji; = 0) and the definition of k; (i.e. h; = g—;).

Now let us go back to the gauged mechanical Lagrangian and apply the
Routh reduction ['?} We will parametrize the complex variable z as z = ge'? where
g > 0and 0 < ¢ < 27 are real variables. We then can write the Lagrangian
as

1 1, . . 1
L = qu + E(qgo)z +q¢Ag + quA% + cAy. (2.5.31)

By choosing the temporal gauge Ay = 0, we get

1, 1,
L=35q+5(q¢9) (2:5.32)
and the Gauss law constraint
¢ =q*¢p+c=0. (2.5.33)

Note that the conserved quantity h := g—é = ¢*¢ appears in the Gauss law. The
Gauss law constraint is the result of fixing the gauge action on the phase space.
Thus it is interpreted as the moment map condition. Since the variable ¢ is cyclic
coordinate, we can now apply the Routh reduction and derive the reduced
action. We find the new Lagrangian as the Routhian

1/, ¢
R=3 (q - q_z) : (2.5.34)
Again this is exactly the DFF-model Lagrangian (2.5.2)) (or (2.5.10)) as expected.

Therefore upon the reduction procedure of the gauged mechanical model we get
the conformal mechanics (DFF-model).

2.6 Black hole

An interesting connections between black holes and conformal mechanical mod-
elds have been proposed in [65]] Let us consider the d = 4 Einstein-Maxwell
theory which has the action

S = % /d4x\/—_g (R — F2> . (2.6.1)

't The application of the Routh reduction in the gauged mechanical systems was discussed in

[51]-
12 Also see [66] for the conjectural relation between black holes and the Calogero model.
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The theory admits a single extreme Reissner-Nordstrom black hole solution with

the metric in isotropic coordinate

1N\ 2 1\2
ds? — _ (1 + %) ar + (1 + %) (dp2 + p2d02> (2.6.2)

and the gauge field

—1
A= (1 + %) dt (2.6.3)

where Q is the black hole charge, [, is the Planck length with the black hole mass
M = %, and dO? = d6? + sin® 0dg? is the SO(3) invariant metric on S%. In the
near-horizon limit the metric (2.6.2) becomes the Bertotti-Robinson (BR) metric

2 2

/

ds? = — (L) dr + (&> do? + (|Qll,)* d0?, (2.6.4)
1Qllp P

which is SO(1,2) x SO(3) invariant conformally flat metric on AdS; x S?. Defining

the horospherical coordinate as (¢, ¢ = Qilp) for AdS; part, we can express the BR

metric (2.6.4) as

2 2 7.2 (|Q|lr’)2 2 2 102
ds* = —¢*dt* + ngb + (|1Ql1p) " dQ (2.6.5)
where the quantity |Q|l, is interpreted as the S? radius and also as the radius
of the curvature of the AdS, space. To go further, let us introduce a new radial

coordinate r by

¢ = (g)z (2.6.6)

Putting together the black hole solutions and now become
ds? = — (g)él dt* + (g) 2 dr? + M?dQ?, (2.6.7)
A = (g) 2 dt (2.6.8)

where we have chosen the unit so that [, = 1 and M = |Qy|.
Now we consider the test particle with mass m and charge q. The world-line
action of the particle is

5 — —m/ds+q/A. (2.6.9)

47



Putting the black hole solutions (2.6.7) and (2.6.8) into (2.6.9)), we find the action

2 -2 _4
S:/dt (g) q—m\/l— (g) 72 — M? (g) (62 + sin” 6¢?)

(2.6.10)
The action is invariant under the conformal transformations [74]
1 1
ot =f(t)+c <W> r=a+bt+c?+c (W) r, (2.6.11)
1. 1
or = Efr = E(b + 2ct)r, (2.6.12)
60 =d6¢p = 0. (2.6.13)

The corresponding conformal generators, the Hamiltonian H, the dilatation oper-
ator D and the conformal boost operator K are given by

~(2M\? \/ , | rPpEt4l?
H—<T) [ 7 A

2
_p,my
=2f + 22 f" (2.6.14)
1
D=—7(pr+pr), (2.6.15)
K = %fr2 (2.6.16)

where we have introduced

2
2_ 2, P

, 2.6.1
Po sin? 0 ( 7
1 1
f = 5 [\/mz + m (7’2}7% + 4L2) +4q], (2.6.18)
2_ 2 2
B yme—q 4L
v =4M - + — (2.6.19)

It can be shown that three generators H, D and K form the one-dimensional con-
formal s((2,R) algebra under the Poisson brackets.

It has been pointed out [65] that this conformal mechanical model give
rise to the DFF-model in the specific limit 3] Considering the limit

M —oo, (m—gq)—0, M>*(m—gq)=fixed (2.6.20)

3However, the physical meaning of this particular limit is not clear and we will see that the
mechanical model (2.6.10) and the DFF-model can be realized as two different non-linear
realizations of the one-dimensional conformal group SL(2,R).
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and noting that f — m in this limit, we obtain the DFF Hamiltonian

2
_ Pr 14
H = o T 52 (2.6.21)
with the coupling constant
4 1
v =8M?(m —q) + —l(lnj ) (2.6.22)

Here [(I +1),1 € Z is the quantum number of the operator L2. Note that this
quantization corresponds to the freezing of the s? angles, 0, ¢, i.e. 0 = const., ¢ =
const. Therefore the DFF-model describes the radial motion of the AdS, x
S? particle, i.e. the particle near the horizon of the extreme Reissner-Nordstrom
black hole in the limit (2.6.20).

Let us discuss the procedure proposed by DFF to cure the problem of the ab-
sence of the ground state for the Hamiltonian H from the perspective of the particle
motion near the black hole horizon. Firstly we see that the metric is singular
at ¢ = 0, however, this is just a coordinate singularity and ¢ = 0 is a non-singular
degenerate Killing horizon of the time-like Killing vector field %. To see this we
recall the definition of the AdS; space as a Lobachevski-like embedded surface in
a three dimensional Minkowski space (see Figure

—(x%)? 4+ (x1)? — (x2)? = —R2. (2.6.23)

Using the hypersurface coordinate (¢, t) defined by

X0 = te, (2.6.24)
R2 — 242

xt =22+l = R—(qu, (2.6.25)

xT=x2—xl = R¢, (2.6.26)

we obtain the AdS; factor of the BR metric with |Qll, = R. The horospher-
ical coordinates (f,¢) can only cover the half of the AdS, region. At ¢ = 0 the
metric is singular and ¢ > 0 or ¢ < 0 should be chosen. Correspondingly
the coordinate x~ is restricted to x~ > 0 or x~ < 0. Since the coordinate x?, x*
and x~ are smooth on the hypersurface, at the horizon ¢ = 0 the time coordinate
t is ill-defined. To avoid such situation, let us define new coordinates

1

t = §(X+ + x_)’ ty = XO, t =1t +ity, (2627)
1

r= E(x+ —x7). (2.6.28)
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Figure 2.8: AdS, space viewed as a hyperboloid of one sheet in a three dimensional
Minkowski space.

Then the equation (2.6.23) becomes
—t?+r*=-R? (2.6.29)
and thus we can write

t = eR\/RZ+ 12 (2.6.30)

with T € R being a new coordinate. In terms of these coordinates the BR metric

(2.6.5) can be written as

2.2 2
ds? = — (R I; ! ) dr? + (RZR——HQ) dr? + R?dO>. (2.6.31)

In fact this shows that the horizon is not a true singularity as we mentioned.

Now we want to get further insights of conformal mechanics from black hole
viewpoint. As seen from the expression (2.6.24), the classical analog of an eigen-
state vector of the Hamiltonian H in conformal mechanics is an orbit of a time-like
Killing vector k = 2 in the AdS, region outside the horizon (¢ # 0) and the en-
ergy eigenvalue E is the value of k?. This implies that the ground state |E = 0) of
H with E = 0 in conformal mechanics corresponds to the orbit of k with k> = 0
which is a null geodesic generator of the event horizon. Therefore the absence of
the ground state |[E = 0) can be interpreted as the fact that the orbit of k? =
cannot be covered by the static coordinate t as we discussed.

In classical general relativity it is a general procedure to demonstrate that the
horizon is not a true singularity by changing the coordinate system. Note that
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the AdS; isometry SO(1,2) is linearly realized on the coordinates (xo, xl,xz) as

rotations dx* = AM,x" whose generators J* = ix[#9"] form the s0(1,2) algebra

va’]po] — (UV[P]U]V — UV[P]‘T]P‘> (2.6.32)

with ##*¥ = diag(—1,+1, —1). Then we can find new generators in our new coor-
dinates (t1, tp,7) and the corresponding operators in the DFF-model as follows:

1. rotation: t{ < tp

This rotation is expressed as the U(1) rotation of the complex coordinate t

t = e% v/ R2 + r2 = ei‘x{; (2633)

with & € R being the infinitesimal parameter. and thus yields the time T
translation

v =T+ Ra. (2.6.34)

Since it generates compact rotation in the non-compact SO(1,2) symmetry
group, the corresponding generator J1'2 is identified with the L¢ in the con-
formal mechanics.

2. rotation: (t1,tp) <> r

In this case the rotations are expressed as two boost operations

St=B, or = % (Bt" + p*t) (2.6.35)

where B € C is the infinitesimal parameter. The complexified generator
Jh" £i]J%2" can be regarded as L. in the DFF conformal mechanics.

Therefore from the black hole perspective the DFF prescription can be thought
of as the different choice of time coordinates in which the world-lines of static
particles can pass through the black hole horizon.

2.7 Non-linear realization

The non-linear realization [155, [156, [157, [172] is a useful method to construct the
non-linear invariant Lagrangian. The basic idea is the following:

1. Start from the Lie (super)group G that reflects the symmetry in the theory.
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2. Find the invariants under G from the Cartan forms w belonging to the (su-
per)coset G/ H where H is the stability subgroup of G.

3. Construct the invariant Lagrangian under G in terms of the Goldstone fields
associated with the (super)coset Cartan forms w.

By making use of the non-linear realization, it has been showed [74] that the DFF-
model and the black hole conformal mechanics are essentially equiv-
alent modulo redefinition of the time coordinates and the variables at classical
level. Moreover the non-linear realization approach provides us with a powerful
method to construct the irreducible supermultiplets for superconformal mechan-
ical models. Much of the irreducible constraints and transformation laws can be
automatically obtained from the non-linear realization technique.

Let G be a Lie (super)group and H be its subgroup. We call Y; the generator
of H. and X; the generator of the remaining generators. We assume that the
commutator [X;, ;] is a linear combination of X; alone

X, Yj] = fiXi (2.7.1)

where fZ’; are the structure constants. (2.7.1) implies that the remaining generators

X; form the representation of the subgroup H, which we will call the stability
subgroup. Then a group element ¢ of G can be represented uniquely by [155] [156|

157, [172]

§=e¢e
=gh (2.7.2)

where /1 is an element of H, x - X := Y_; x'X; and x' are the coordinates parametriz-
ing the coset space G/H. The actions of the group G can be realized by left
multiplications on the coset G/H. This fact is the key statement of the non-linear
realization method.

Now we want to apply the basic statement to find the non-linear realiza-
tion of G symmetry group and to construct the G-invariant Lagrangian. In order
to achieve this, we classify the parameters x’ in two classes

; (super)space coordinates if X; is (super)translation ( )
xt = 2.7.3
Goldstone (super)fields  otherwise.

In other words, the (super)space and time coordinates are the parameters of the
(super)translation generators while the remaining coset parameters are treated as
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the (super)fields. We should note that the number of the Goldstone (super)fields
is not always same as the number of the coset generators. In fact some of the
Goldstone (super)fields may be expressed by other Goldstone (super)fields. This
phenomenon is known as the inverse Higgs effect [173].

For one-dimensional conformal algebra s[(2,IR) given by (2.1.23)-(2.1.25), the

stability subgroup H is trivial and thus the coset is parametrized by the coordinates
for all generators

= eitHeiz(t)Keiu(t)D.

8= (2.7.4)

Since we are now considering one-dimensional field theory, i.e. quantum mechan-
ics, we introduce time coordinate t for the Hamiltonian H. The remaining two
coordinates z(t) for K and u(t) for D are Goldstone fields.

Then we can find the realization of the conformal group in our coset (2.7.4).
The translation H is realized by acting on g by gy = €/ from the left

g -§= elaH eitHeiz(t)Keiu(t)D. (2.7.5)
We thus obtain the translations
ot =a, (2.7.6)
ou =20, 6z =0. (2.7.7)
The dilatation D is realized by acting on g by go = ¢’’P from the left
g0-§= eibD . eitHeiz(t)Keiu(t)D
— (¢bDyitH p=ibD) (4ibD gizKo=ibD) ,ibD yiuD
_ ei(t+bt)Hei(z+bz)Kei(u+b)D_ (2.7.8)
One finds the dilatations
ot = bt, (2.7.9)
ou=>=, 6z = —bz. (2.7.10)
The conformal boost K is realized by acting on g by go = 'K from the left
20" g~ — eicK . eitHeizKeiuD
— ez'tH(efitHeicKeitH)eizKeiuD
_ ei(t+ct2)Hei(z+c—2ctz)Kei(u+2ct)D_ (2.7.11)
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We get the conformal boost transformations
ot = ct?, (2.7.12)
ou = 2ct, 0z = ¢ — 2ctz. (2.7.13)

Let us discuss the construction of the G-invariant expressions. To this end we
introduce the Maurer-Cartan form () for the coset G/H defined by

Q=g ldg
= o X (¥ X)
= iw'X; +i@'Y;. (2.7.14)
Then one can show [155, [156, 157, 172] that the forms w’ on the coset transform
homogeneously and therefore any expression constructed with w' is invariant un-
der G. On the other hand it turns out [155) [156| 157, [172] that the forms @' on
the stability subgroup H transform like connections and can be used to construct

covariant derivatives.
The Maurer-Cartan forms for the coset (2.7.4) is

Q=g 'd§ =i(wygH + wgK + wpD) (2.7.15)
where
wy =e Y, (2.7.16)
wp = du — 2zdt, (2.7.17)
wg = e* (dz + zzdt> . (2.7.18)

Alternatively the Maurer-Cartan forms associated with the generators T;,i = 0,1, 2

defined (2.1.35)) are given by

1
wo = wk + Mwg, (2.7.19)
wy = EwK — mwy, (2.7.20)
wy = Wp (2.7.21)

where m is a constant parameter. Since the form w;, w; are the coset forms,
they transform homogeneously. we can impose the following SL(2,R) invariant

conditions
w1 =0, (2.7.22)

wy = 0. (2.7.23)

4 Although the choice of wp = 0 also yields the SL(2,R) invariant constraint, it does not lead to
the good dynamical systems.
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The first condition (2.7.22) turns out to be the equation of motion for the system
and the second condition leads to the relation

1

z= Eu, (2.7.24)

which implies that the Goldstone field z(t) can be represented by the other Gold-
stone field u(t). This is the inverse Higgs effect [173]. In terms of the remaining
Maurer-Cartan forms wy, one can construct the SL(2,R) action [174]

S:—c/wo

:—c/dt z+z>+mce‘”]

= /dt [xz — F} (2.7.25)

where we have used the relation and introduced

e?, (2.7.26)

N\»—\

H= (2.7.27)

The action (2.7.25) is just the DFF-model (2.1.4 .

Let us introduce

=
m
c

X 1 A
K =mK — EH' D =mD (2.7.28)

where m is a constant parameter. Then the one-dimensional conformal s((2,R)
algebra can be written as

[H,D] = imH, (2.7.29)
[K,D] = —2iH — imK, (2.7.30)
[H,K] = 2iK. (2.7.31)

5 — piTH i¢(1)D (1)K (2.7.32)

and acting the corresponding elements on the coset (2.7.32) from the left, one can
find the SL(2,R) transformations for the new coordianates

ST=a+b+ct+ chezmq”, (2.7.33)

op = (b +2c7), (2.7.34)
_ 1 me¢

00 = mce (2.7.35)



where g, b, ¢ are infinitesimal constant parameters. Note that the transformation of
the new time coordinate T contains the additional term %cezm‘l’ , which is similar to

(2.6.11). We can read the Maurer-Cartan forms for the coset [74]

1+A% A
oy = Pdr —2— "~
Oy = ¢ dt 21 — Azdcp, (2.7.36)
1+ A? A
N IS A S——
@p =1 d¢ 21 —A2¢ dr, (2.7.37)
. A _ dA
where
A = tanh Q). (2.7.39)
Let us impose the SL(2,R) invariant conditions as
wp =0, (2.7.40)
which results in the inverse Higgs effect [173]
O = Ze_m‘f’1 i (2.7.41)
So the Goldstone field A or () can be expressed by ¢
1
A = drpe™? (2.7.42)

1+ /1 —e2P(0:)2

Using the non-vanishing Maurer-Cartan forms, one can construct the SL(2,R)
invariant action [74]

2
S = / {(q — i)y — chbkl
= — / dte ™ {,u \/ 1— €2 (9:¢)2 — q} . (2.7.43)

We see that the action is the conformal mechanical model which
describes the radial motion of the AdS, x S2 particle [65].

Therefore we see that the two mechanical model and the DFF-model
can be realized as two different non-linear realizations of the one-dimensional

conformal group SL(2,R). From this point of view, we can conclude that the two
conformal mechanical models are equivalent up to the redefinition of the time
coordinate and the physical variable.



2.8 Multi-particle conformal mechanics

Let us study the conformal mechanical models with many degrees of freedom for

different particles. Generically n-particle quantum mechanics can be viewed as a

sigma-model with an n-dimensional target space M. So we will see the conditions

[69] for the target space M for the existence of conformal operators D and K.
Consider the Hamiltonian

1
H = >pag"py+V(x). (2.8.1)

Here g,;(x) is the metric of the target space M where the indices a,b =1,--- ,n
label the particles.

Pa = gabxb (2.8.2)
are the canonical momenta obeying
(X7, pp] = i6ap, [x,x"] =0, [pa, pp] = 0. (2.8.3)

The Hermitian conjugate of p, are

1
t _
Pa —ﬁp\@

= pa —ily, (2.8.4)

where I, is the Christoffel symbol constructed from g,
Let us assume that the theory has a dilatational invariance of the form

ot = bt, ox* = =D%(x)b, (2.8.5)

which is a generalization of (2.1.14) and (2.1.15) with b being an infinitesimal pa-

rameter for the dilatation. Then the dilatation generator D is given by

_ 1 a tyat
D= (D pa+piD ) . (2.8.6)

Under the canonical relations (2.8.3) we find the commutation relation of the
Hamiltonian (2.8.1) and the dilatation generator (2.8.6) as [69]

i i i
[H,D] = ;LP:; <£D8ub> po+5LpV + §V2VaD“ (2.8.7)
where L; is the Lie derivative

Lp&ay = chab,c + Dc,agcb + Dc,bgac~ (2.8.8)
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From the s[(2,R) algebra (2.1.23) and the expressions (2.8.1), (2.8.7), the existence

of the dilatation generator D requires that

Lpgab = 28ab, (2.8.9)
LpV(x) =-2V(x), (2.8.10)
V2V,D = 0. (2.8.11)

A vector field D is called homothetic vector field or similarity vector field on M
[l A homothetic vector field generates a similarity transformation group. It is
shown that along any integral curve of a homothetic vector field the space-like,
time-like or null character of the tangent vector does not change and that there
is necessarilly a singularity in each orbit of the similarity transformation group
(175, [176) [177]-

Furthermore the remaining commutation relations and lead to
[69]

LpK = 2K, (2.8.13)
D,dx" = dK (2.8.14)

respectively. As the solutions to the equations (2.8.13) and (2.8.14)), one can express
P Y; q 3 p

the conformal boost generator K as the norm of D?

K= %gubD”Db. (2.8.15)

The equation (2.8.14) means that the one-form D = D,dx" is exact, however, it is
shown [69] that closed homothety vector field D is always exact. So it is enough to
impose the closeness condition for the homothetic vector field D

d (D.dx") = 0. (2.8.16)

Therefore we can conclude that in order to obtain conformal quantum mechan-
ical sigma-models,

o the target space M must admit a homothety vector field D whose associated
one-form D,dx" is closed [%; (2.8.9) and (2.8.16)

I5Note that

conformal Killing field if Lxgu = p(%)u
X = { homothetic vector field if Lxg. = cQup (2.8.12)
Killing vector field if Lxg =0
where p(x) is a function on M and c is a constant on M.

®The vector field D with the required properties for conformal mechanical sigma-model is re-
ferred to as a closed homothety vector field in [69]
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e the potential V(x) must satisfy (2.8.10)

e D? must obey the vanishing condition (2.8.11).

2.9 Calogero model

One of the most celebrated multi-particle conformal mechanical models is the
Calogero model, which is the system of multi-particles scattering on the line with
inverse-square potentials [134, [135]. The Hamiltonian is given by

:2 PZ+Z

— ) (2.9.1)
z<] ]

where the indices i =1, - - - , n label the particles and 7 is a coupling constant.

In what follows we will discuss that the Calogero model and its generalization
can be obtained from gauged matrix models. This formulation not only indicates
the intimite relationship between the conformal quantum mechanical models and
the gauged quantum mechanical models but also provides us with non-trivial
(super)conformal mechanical models.

Let us start with the gauged matrix model action

S = / dt {Tr(DXDX) + % (ZDZ — DZZ) + cTrA| . (2.9.2)

Here X2(t), Yz = X}, a = 1,---,n are the bosonic Hermitian (n x n) matrices,
e . . —b

Z4(t), Z" = (Z,) are bosonic complex matrices and A(t), (A,) = A} are the U(n)

gauge fields with n> component fields. c is a real constant parameter. In the action

the covariant derivatives are defined as

DX := X +i[A, X], DZ =7 +iAZ, D7 :=7 —iZA. (2.9.3)

Note that in the third term, the Fayet-Iliopoulos term the non-abelian traceless part
of the gauge field A drops out and only the U(1) part has contributions.

The action ( is invariant under the one-dimensional SL(2,R) conformal
transformatlons

ot = f(t), 639 = —f9o, (2.9.4)
X = % fX, 52 =0, A =—fA (2.9.5)
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where f(t) = a+ bt + ct?> with a, b, c being infinitesimal real parameters. The action
(2.9.3) is invariant under the U(n) gauge transformations

X — ¢Xg !, (2.9.6)
Z— g7, Z—7Zg, (2.9.7)
A— gAg ! +igg! (2.9.8)

where ¢ € U(n). Let us impose a partial gauge fixing condition
X} = xa0, (2.9.9)

where x, are real component fields since X are Hermitian matrices. Then the action

becomes
S = / dt)
a,b

.. I (—=a. =4
xaxa+§(Z 7, —7 Za>

+ (xg — x)? AL AL — 77 AV Z), + cAY|. (2.9.10)

By noting that the action (2.9.10) is invariant under the U(1)" gauge transforma-

tions

Xg — Xg, (2.9.11)
Zy — M7, 7" — eiMZ" (2.9.12)
Al — AT — A, (2.9.13)
where A,(t) are local parameters, we further impose the gauge fixing condition as
Z,=27". (2.9.14)

Then the action reduces to
S= /dth: [x% + (xg — xp)2 AL AT — 7,7, AL + CAZ] . (2.9.15)

a

At this stage we attempt to integrate out the gauge field A. From the action (2.9.15)
we obtain the equations of motion for A% and for A%,a # b as

(Z)?=c (2.9.16)
ZuZ

Substituting the equations (2.9.16) and (2.9.17) into the action (2.9.15) and rescaling

x, appropriately, we obtain the Calogero model action

S:%/dt[;xﬁ—z :

a£b (%0 — xb)z

2
(2.9.18)
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Chapter 3

Superconformal Mechanics

In this chapter we will proceed to the superextension of the conformal quantum
mechanics; the superconformal quantum mechanics. Firstly in section 3.1 we will
recall the basic facts about Lie superalgebra and Lie supergroup and will clarify
the one-dimensional superconformal group. Then in section [3.2| we will stress that
supersymmety in one-dimension possesses many peculiar properties. In section
and we will review the persistent efforts to construct N' = 1, 2,
4 and 8 superconformal quantum mechanics by using the superspace and super-
tield formalism and also review the interesting topics which are relevant to those
superconformal mechanical models.

3.1 Superalgebra and supergroup

In d-dimensional superconformal field theories the ordinary supersymmetry and
the conformal symmetry lead to a second supersymmetry. The corresponding
generator S, with «, 3, - - - being spinor indices can be found by taking the com-
mutator of the conformal boost operator K, with space-time indices p, v, - =
0,1,---,d — 1 and the original supersymmetry Q,

(K, Qu] = (Ty)P Sp (3.1.1)

where I', is a d-dimensional gamma matrix. Additionally the ani-commutator
of supersymmetries Q, and S, generates the bosonic symmetry, the so-called R-
symmetry. In general these generators form the superconformal algebras which
are isomorphic to the simple Lie superalgebras. Hence it is expected that one
can specify the corresponding Lie superalgebras, i.e. the superconformal algebras
which characterize the superconformal field theories.
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3.1.1 Lie superalgebra

A superalgebra is a Z,-graded algebra g = g5 @ g7. This means that if a € g,,
begp a,peZ= {0,1}, then ab € fu+p- We say that a is of degree & and write
dega = a. g is a Lie algebra, which is called the even or bosonic part of g while
g7 is called the odd or fermionic part of g, which is not an algebra.

A Lie superalgebra is the superalgebra endowed with the product operation
[, ] possessing the following axioms:

1. graded anticommutativity
0,0 = —(=1)**[b,a (3.1.2)
2. generalized Jacobi identity

(a, b, c]] = [[a,0], ] + (~=1)*[b, [a, c]] (3-1.3)

where a € gq, b € gg. The product [a,]] is referred to as the Lie superbracket or
supercommutator for two elements a,b € g.

Let V = V5 ® V5 be Z>-graded vector space where dim V; = m and dim V; =
n. Then the algebra EndV is endowed with a Z,-graded superalgebra structure.
Hence the Lie superbracket [, | satisfying and turns EndV into a Lie
superalgebra [(m, n). The Lie superalgebra I(V) plays the same role as the general
linear Lie algebra in the theory of Lie algebra. Let ey, - - ,em;epnt1,- -, em+n be
a basis of V, formed by the bases of Vj; and V7. In this basis the matrices of an
element a from the Lie superalgebra [(m, n) can be written in the form

a= < i; § > (3.1.4)

where « and ¢ are gl(m) and gl(n) matrices and B and <y are m x n and n x m
rectangular matrices. On the Lie superalgebra gl(m, n) the supertrace is defined by

str(a) = tra — trd. (3.1.5)

In terms of the supertrace (3.1.5), we can define the bilinear form Bg associated
with the representation R of g by

Br(a,b) = str(R(a),R(b)), Va,beg (3.1.6)

where R(a) is the matrix of the elements a € g in the representation R. As a special
case the Killing form K can be defined as the bilinear form on g associated with
the adjoint representation

K(a,b) = str(ad(a),ad(b)), Va,beg. (3.1.7)
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The Lie superalgebra g is called simple if it contains no non-trivial ideal. The
Lie superalgebra g is called semi-simple if it contains no non-trivial solvable ideal.
If a Lie superalgebra g = g5 ® g7 is simple, the representation of g5 on g5 is faithful
and {QP QT} = gp- If the representation of gy on g7 is irreducible, then g is simple.
Unlike the Lie algebras, semi-simple Lie superalgebra cannot be written as the
direct sum of simple Lie superalgebras. However, there is a construction which
allows us to build finite-dimensional semi-simple Lie superalgebras in terms of
simple ones [178§].

It is known that simple Lie superalgebras are classified into two families; the
classical Lie superalgebras and (non-classical) Cartan type superalgebras. The sim-
ple Lie superalgebra is said to be classical the representation of the Lie algebra gj;
on gg is completely reducible.

For the classical Lie superalgebras there are further classifications. Firstly the
representation of gz on g7 can be either (i) irreducible or (ii) the direct sum of two
irreducible representations of g;. The superalgebra of the case (i) is called the type
I and that of the case (ii) is called type II. In addition, the Lie superalgebra g is
called basic if there is a non-degenerate invariant bilinear form, the Killing form
K on g while strange if it is not basic. The basic Lie superalgebras is divided into
(a) four infinite series: A(m,n), B(m,n), C(n) and D(m,n), that is sl(m + 1|n +
1), osp(2m + 1|2n), osp(2]2n) and osp(2m|2n); (b) three exceptional series: 4o-
dimensional F(4), 31-dimensional G(3) and 17-dimensional D(2,1;«) which is a
one-parameter family of superalgebras. The strange algebras split into two infinite
families P(n) and Q(n).

For the Cartan type superalgebras there are four infinite families W(n), S(n),
H(n) $(n), where the first three series are analogous to the corresponding series of
simple infinite-dimensional Lie algebra of Cartan type and 5(n) is a deformation
of S(n).

Summarizing the above, the classification of simple Lie superalgebra is illus-

trated in Figure

3.1.2 Lie supergroup

To begin with, let us introduce a supermatrix. A supermatrix M is defined as the
matrix whose entries valued in a Grassmann algebra I' = I' @ I'; of the form

A B
M = ( c D ) (3.1.8)
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simple
Lie superalgebra

/\

classical Cartan type
Lie superalgebra Lie superalgebra
W(n)
S(n)
basic strange H(n)
Lie superalgebra Lie superalgebra g(n)
A(m,n) F(4) P(n)
B(m,n)  G(3) Q(n)
C(n) D(2,1;«)
D(m,n)

Figure 3.1: The classification of simple Lie superalgebra.

where A,B,C and D are m X p, m X q, n X p and n X q matrices respectively. The
supermatrix M is said to be even and of degree o if A,D € I and B,C € Iy
whereas it is called odd and of degree 1if A,D € I'y and B,C € I7.

The general linear supergroup GL(m|n) consists of even invertible supermatri-
ces M and its product is defined by the multiplication rule of the supermatrices:

p+q
(MN);j = Y MyNy; (3.1.9)
k=1

where M and N are two (m+n) X (p+¢) and (p +q) x (r +s) supermatrices and
(MN);; denotes the (i,j) entry of the (m +n) x (r +s) supermatrix MN.
The operations for the supermatrices are defined as follows:



1. transpose M’ and supertranspose M*!

At Ct
M = ( B D >, (3.1.10)
([ at ¢
if M is even
Mt — At (_1)degMct B —Bt Dt
- _(_1)degMBt Dt - At _ct
t , if M is odd
Bt D
(3.1.11)

2. supertrace str(M)

tr(A) —D if Mi
str(M) = tr(A) — (=1)98Mr(D) = x(4) BT even (3.1.12)
tr(A)+D if M is odd

3. superdeterminant sdet(M)

__det(A—BD7!C) det(A)
)=~ GtD)  ~ det(D—CATB) (3.1.13)

sdet(M

4. adjoint M" and superadjoint M*

M' = (M), (3-1.14)
MF = (MH*, (3.1.15)

The relation between the Lie superalgebra g and the corresponding Lie su-
pergroup G is analogous to the theory of the Lie algebra. Consider the complex
Grassmann algebra I'(n) of order n with n generators 1,6y, - - - , 0, obeying the anti-
i 0
each complex coefficient 7;,...;, is an even (odd) value of m, the corresponding ele-

commutation relations {6;,6;} = 0. If in the element 17 = Yo, Y, <..i,, 7iy---iy 0 .
ment is called even (odd). In general I'(n) can be decomposed into even and odd
parts as a vector space; I'(n) = I'(n)5 @ I'(n)1. The Grassmann envelope G(I') of
the Lie superalgebra g is constructed as a formal linear combinations ) ; #7;a; where

a; is a basis of g and #; € I' such that the elements a; and 7; are both even or
odd. The Lie supergroup G associated with the superalgebra g is realized as the
exponential mapping of the Grassmann envelope G(I') of g; the even generators
of the superalgebra g corresponds to commuting parameters, i.e. even elements
of the Grassmann algebra and the odd generators of the superalgebra g to anti-
commuting parameters, i.e. odd elements of the Grassmann algebra [179].
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3.1.3 Superconformal algebra

The requirements for the corresponding superconformal algebra have been pro-
posed in [12]:

1. The d-dimensional conformal algebra so(d,2) should appear as a bosonic
factored subgroup.

2. The fermionic generators should be spinor representations of the conformal
algebra so(d, 2).

First of all we can see that these conditions can be satisfied for the simple classical
Lie superalgebras. The detail list of the classical Lie superalgebras is given in Table
[180] 181) 182} [183) [184].

The unitary superalgebra A(m —1,n —1) or sl(m,n) with m > n > 0 possesses
an even part sl(m) @ sl(n) @ u(1) and an odd part (m,7) @ (m, n) as a representa-
tion of the even part. The unitary superalgbra A(n —1,n —1) with n > 1 has an
even part sl(n) @ sl(n) and an odd part (n,7) & (i, n).

The orthosymplectic superalgebras consist of three infinite series B(m, n), C(n+
1) and D(m,n). The superalgebra B(m,n) or osp(2m + 1|2n) with m > 0, n > 1
possesses an even part so(2m + 1) @ sp(2n) and an odd part (2m 4+ 1,2n). The su-
peralgebra C(n + 1) or osp(2|2n) with n > 1 contains an even part s0(2) @ sp(2n)
and an odd part 2n @ 2n as twice the fundamental representation 2n of sp(2n).
The superalgebra D(m,n) or osp(2m|2n) with m > 2,n > 1 has an even part
s0(2m) @ sp(2n) and an odd part (2m, 2n).

The superalgebras D(2,1;a) with a # 0,—1,00 is a one-parameter family of
superalgebras of rank 3 and dimension 17. It is a deformation of the superalgebra
D(2,1) that corresponds to the case of « = 1. It has an even part s[(2) & s((2) &
s[(2) and an odd part (2,2,2) as the spinor representations of s[(2) & s[(2) @ s[(2).
The three s[(2) factors appear as the anticommutator of the fermionic generators
with the relative weights 1,x and 1 — a.

The superalgebra F(4) is 40-dimensional algebra of rank 4 and possesses an
even part s[(2) @ 0(7) and an odd part (2, 8) as the spinor representations of s[(2) &
0(7).

The superalgebra G(3) is 31-dimensional algebra of rank 3 and has an even
part s[(2) @ Gy and an odd part (2,7) as the representations of s((2) & Go.

By scanning through the list in Table we can find the superconformal al-
gebras which satisfy the required conditions. For d = 1 superconformal field
theory, that is superconformal quantum mechanics, the bosonic conformal algebra
is 50(1,2) = sl(2,R) = su(1,1) = sp(2) and richer superconformal structures are
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| g g% o1 K | type|
Am—1,n—-1) Ap1® A1 0u(1)dmn (m,n) basic I
@ (m,n)

su(m—p,pin—q,q) | su(m—p,p) Bsu(n—q,q) B u(l)dmn, basic |

su*(2m|2n) su*(2m) @ su*(2n) ®s0(1,1)0mn basic I

sl'(n|n) sl(n,C) basic I

B(m,n) B ®Cy (2m+1,2n) | basic I

m>0,n>1

C(n+1) Cn ®u(l) 2n @ 2n basic I
n>1

D(m,n) D,, & Cy (2m,2n) basic I

m>2,n>1,m#n+1

osp(m — p, p|n) so(m—p,p) ®sp(n) basic I

osp(m*|n—gq,q) so*(m) ®usp(n —q,q) basic I

D(2,1;a) AlD AL DA (2,2,2) basic II

0<a<l

DF(2,1;u) so(4—p,p) ®sl(2) basic II

F(4) A1 @ B3 (2,8) basic I

FP(4) so(7 —p,p) ®sl(2) basic I
p=20,3

FP(4) so(7—p,p) ®su(2) basic I
p=12

G(3) A1D Gy (2,7) basic I

Gp(3) g2,p Dsl(2) basic I

p=—14,2

P(m—1) sl(m) (m®@m) | strange | I
m>3

Q(m—1) su(m) adjoint strange | I
m>3

Q(m—1) sl(m) strange | I

Q((m—1)%) su*(m) strange | I

UuQ(p,m—1—p) su(p,m—p) strange | II

Table 3.1: The list of the classical Lie superalgebras g = gz ©® g7 with Killing forms

K.



allowed due to the small conformal group. Note that so(1,2) may be contained
as an even part g; for the series of the Lie superalgebra g = osp(m — p, p|n) and
thus the corresponding R-symmetry algebras are the series of the non-compact
sp(n). Therefore if we consider the classical Lie superalgebras with compact R-
symmetry algebras, the corresponding supergroups can be represented in terms

SL(2,R) B 116)
C R-symmetry |’ '

( Ssu(1,1) B > ’ (3117

C R-symmetry

( sp(2) B ) (3.1.18)

C  R-symmetry

of supermatrices as

where B and C are fermionic matrices. Two supermatrices (3.1.17) and (3.1.18) cor-
respond to the infinite series of the Lie superalgebra and provide us chains of the

one-dimensional superconformal groups. The remaining supermatrices
may cover the exceptional Lie superalgebras and other special cases. The one-
dimensional superconformal groups are tabulated in Table [183) [184), [136].

In the cases of N' < 4 supersymmetry the superconformal groups are essen-
tially unique series of OSp(2|\) as the isomorphism SU(1,1|1) = OSp(2|2) is
taken into account.

For N/ = 4 supersymmetry the structure of the superconformal group be-
comes large as the exceptional Lie superalgebra D(2,1; ) is a one-parameter fam-
ily. Note that SU(1,1|2) for N' = 4 case is not simple as SU(m,n|m + n) is not
even semi-simple. The quotient PSU(1,1|2) = SU(1,1|2)/U(1) is simple and we
denote it just by SU(1,1]2). As D(2,1;—1) and D(2,1;0) are semi-direct product
SU(1,1]2) x SU(2) and they are not simple, they are excluded in the Table

With N = 8 supersymmetry one-dimensional superconformal groups can be
realizes as four different supergroups; OSp(8]2), SU(1,1|4), OSp(4*|4) and F(4).

When the highly extended supersymmetry with A/ > 8 exists in the quan-
tum mechanics, one can have three distinct series of one-dimensional supercon-
formal groups for even N ; OSp(N'|2), SU(1,1|%) and OSp(4*|%). The super-
group OSp(4*|%/) is the exceptional series which does not appear in the theo-
ries with fewer supersymmetries. It has an even part SO*(4) x USp(N') where
the non-compact bosonic subgroup SO*(4) = SL(2,R) x SU(2) contain the one-
dimensional conformal group SL(2,R).
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supersymmetry supergroup R-symmetry
N =1 OSp(1]2) 1
N = Su(1,11) u(1)
N = 0Sp(3]2) SUu(2)
N =4 Su(1,12) SU(2)
D(2,1;a),a # —1,0, | SU(2) x SU(2)
N =5 0Sp(5)2) SO(5)
N =6 Su(1,1|3) SU(3) x U(1)
0Sp(6]2) SO(6)
N =7 OSp(7]2) SO(7)
G(3) Gy
N =38 0Sp(8]2) SO(8)
SU(1,14) SU(4) x U(1)
OSp(4*]4) SU(2) x SO(5)
F(4) SO(7)
N >38 OSp(N|2) SO(N)
su@ly) | su¥) xu(q)
OSp(a*|¥) | su(2) xsp(¥)

Table 3.2: The simple classical Lie supergroups that contain the one-dimensional
conformal group SL(2,R) as a factored bosonic subgroup. For N' > 8 supercon-
formal quantum mechanics there are three different superconformal groups.



3.2 One-dimensional supersymmetry

Now we want to discuss the concrete construction of superconformal quantum me-
chanical models. To this end we should note that in one dimension the supersym-
metry is realized containing various peculiarities which do not appear in higher
dimensional cases regardless of whether a conformal symmetry exists or not. It
is known that the supersymmetry of a sigma-model imposes strong restrictions
on its target space. However, the restrictions of one-dimensional supersymmet-
ric sigma-models are generically weaker than higher dimensional sigma-models.
In other words, more couplings among the fields are allowed in one dimension.
This is because in higher dimensional cases the Lorentz symmetry rules out par-
ticular couplings, however, in one dimension there is no Lorentz symmetry group
and much more couplings are possible. Moreover we cannot expect the relation
between the number of bosonic and fermionic fields as in higher dimensional su-
persymmetric field theories.

3.2.1 Supermultiplet

One of the most powerful methods to construct supersymmetric quantum me-
chanics is to appeal the superspace and superfield formalism. In what follows we
will consider a particularly reasonable class of supermultiplets [185) 186} 187] and
discuss how many components we need to realize the \/-extended superalgebra [
which satisfy

[6.4,0.8] = —2ie’ePd; (3.2.1)

where A,B,---=1,---,N denote the R-symmetry indices and e are a set of real
anti-commuting supersymmetry parameters.

Now consider the scalar multiplets ® which consist of a set of d physical bosons
x;(t) and a set of d fermions y:(t) wherei =1,--- ,dand i = 1,--- ,d denote the
multiplicities, i.e. the numbers of the bosons and the fermions respectively and
suppose that their supersymmetric transformations are given by

5€Axi = —Z.EA(LA)Z']'II)]?, (3.2.2)
Sentp; = €*(Ra)/%; (3-2:3)

~ .

where (L4)/ and (Ry4); are real d x d matrices. Then the algebra (3.2.1) imposes

TAlso see [188) [189| [190] for the classification of the supermultiplets.
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constraints on the matrices L4 and R4 as

(LARB + LBRA)ij = —251435;, (324)

(RaLg + RpLa){ = —25AB5§- (3.2.5)

From the algebraic point of view there is no relationship between two matrices L 4
and R4, however, if we require that the kinetic action for the scalar multiplet ®
with the form

1 P
S = / dt {Exf — %zpftp;} (3.2.6)

is invarinat under the supersymmetric transformations (3.2.1), we obtain the rela-
tion

(L1)T = —(Ra)". (3-2.7)

Likewise let us consider the spinor multiplets ¥ which are composed of a set
of d real fermions A; and a set of d real bosons y; possess the supersymmetry
transformations

Seah; = €*(Ra){yj, (3.2.8)
OeaYi = —ieA(LA)ij}\j- (3.2.9)

Then one finds the same constraints for the two matrices L4 and R4 as and
(3.2.5). In addition if we require that the quadratic part of the action for the spinor
multiplet ¥

i, . 1
S = /dt {_EAfAf—i_ Eyiyl} (3.2.10)

is invariant under the supersymmetry transformations (3.2.8) and (3.2.9), then we

find the precisely same relation as (3.2.7).
Hence the existence of the scalar supermultiplets ® and Y is rooted in the

algebra [| defined by three conditions (3.2.4), (3.2.5) and (3.2.7). It is known that

there is a minimal value of d, called dys for which A linearly independent real

d x d matrices L4 and R4 satisfying the relations (3.2.4), (3.2.5) and (3.2.7) exist.

We see that djs translates into the minimal number of the bosonic or fermionic

2In [186) 187, [191] this algebra of dimension d and rank N is called GR(d, N') algebra since the
one of the two matrices, say L, satisfies a general real (GR) Pauli algebra (3.2.4), (3.2.5) with the
other matrix R4 determined by the relation (3.2.7).
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n 112, 3 |4] 5 6 7 |8
log,n | 0| 1]log,3|2|log,5 |log,6 |log,7 |3
r oj1} 2 |2 3 3 3 |3
o) 1112] 4 [4] 8 8 8 |8

Table 3.3: Hurwitz-Radon function p(2") where r is the nearest integer greater than
or equal to log, n.

N |1]2]3]4|5]6|7[8]9]10][11]12] 13 |14 15 ] 16 |
dy|1]2]4]4/8|8]8[8]16]32]64]64]128]128]128] 128

Table 3.4: Then minimal numbers d s of the component fields in the N -extended
supermultiplets.

component fields in the supermultiplets for a given the number of supersymmetry
N. The value of d s is given by [189, [187]

dy =16"p(2") (3.2.11)
where the number of supersymmetry is written as a mod8 decomposition
N =8m +n. (3.2.12)

Here p(2") is the so-called Hurwitz-Radon function [192, 193] define by ]

2r+1 n=0 mod4
p(2") = {2r n=1,2 mod4 (3.2.14)
2r+2 n =3 mod4.

with r being taken as the nearest integer greater than or equal to log, n (see Ta-
ble [3.3). The results are summarized in Table [3.4] From Table [3.4] one can see that
when NV = 1,2,4, 8 the minimal numbers d s of the component fields coincide with

3The Hurwitz-Radon function p(2") yields the largest integer p for which the square identities

can

(a%—l—---—i—a%) (b%—l—---—l—b%r):c%—i----c%r (3.2.13)
hold where ay,- - ,a, and by, - - -, byr are the independent indeterminates and c; is a bilinear form
inay,---,apand by, - - -, byr. The Hurwitz-Radon function also appears in topology [194] and linear

algebra [195]. See also [196} 197, [198]].
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the numbers A of supersymmetries. As we will see in the following, the super-
space and superfield formalism works well for these four cases. Note that when
N > 8 the minimal numbers d s of the supermultiplets are greater than the num-
bers N of supersymmetries and the corresponding supermultiplets become much
more complicated and the superspace and superfield formalism is unsuccessful at
present.

3.2.2 Automorphic duality

One of the most significant features in one-dimensional supersymmetric field the-
ories, i.e. quantum mechanical models is the fact that the the equal number of
bosonic and fermionic physical degrees of freedom, which is valid in higher di-
mensional field theories, does not take place. This is because in one dimension
there is the duality which allows us to convert any physical field to auxiliary field
and vice versa [186] 187, 191]. Consequently even if we consider the N' = 1,2,4,8
supersymmetric cases, where dy = N is realized, a number of supermultiplets
can be constructed in one-dimension.
To see this let us take the most basic d = 1 N = 1 superalgebra

[0¢,, 0e,] = —2i€1€20t. (3.2.15)
We introduce A" = 1 superspace R(!') parametrized by
RIY = (t,0) (3.2.16)

where t is time and 6 is a real Grassmann coordinate. The covariant superderiva-
tive D is defined by [

. d 0 .
D = l@ — 95, {D,D} = —2io; (3.2.17)

and the supercharge Q is realized as

0 0

Q= i@ + 95, {Q, Q} = 2io; (3.2.18)

in the superspace.

In this case there are two irreducible representations of (3.2.15); the scalar mul-
tiplet ® and the spinor multiplet ¥. The scalar multiplet contains a real bosonic
field x as the lowest component and a real fermion ¥ as the highest component

4This convention yields {Q,Q} = 2H and leads to simple forms of the supersymmetric La-
grangian and its supersymmetric transformation.
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while the spinor multiplet ¥ includes a real fermion A as the lowest component
and a real boson y as the highest component. Namely the multiplets can be de-
scribed by

D = x 410y, (3.2.19)
Y = A+ 0y. (3.2.20)

The supersymmetry transformation laws for the scalar multiplet ® are é® =
—i[eQ, @], which yield

dex = i€y, (3.2.21)
Oep = €x (3.2.22)

and those for the spinor multiplet ¥ are 6¥ = —i[eQ, ¥], which give rise to

S = ey, (3.2.23)
Sy = ie. (3.2.24)

One can write the supersymmetric action for the scalar multiplet ® as
1 .
S = —5 /dtd@ D®P (3.2.25)

and also write that for the spinor multiplet ¥ as
S— —% / dtd0¥DY. (3.2.26)

In component fields the above supersymmetric action (3.2.25) and (3.2.26) can be
expressed by

S= % / dt [x%iq)ﬂ (3.2.27)
and
S = %/dt [i)\/\ +y2} (3.2.28)

respectively.
As described in [187], there is a useful operation which maps between the two
irreducible N' = 1 multiplets

—D® — VY. (3.2.29)
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In component fields this map is realized by performing the following replacements

(% 9) = (y,A). (3-230)
We see that the supersymmetry transformations (3.2.21) for the scalar multiplet
and the transformations (3.2.23) for the spinor multiplet are exchanged under the

replacement (3.2.29) and that the action (3.2.27) for the scalar multiplet and the ac-
tion (3.2.28) for the spinor multiplet transform into the other under the operation

(3.2.29). Therefore a map (3.2.29) or (3.2.30) is the operation which replace a scalar

multiplet ® with a spinor multiplet ¥ and vice-verse. This is called the automor-
phic duality (AD) map because the operation corresponds to the automorphism
on the space of the representations of the superalgebra. Intriguingly the AD map
(3.2.30) make it possible to convert the physical field x into the auxiliary field y and
vice versa. It has been pointed out [191] that this remarkable property in quantum
mechanics can be interpreted as the Hodge duality in one-dimension. In general
the Hodge duality maps a differential p-form (), in d-dimension into a differential
(d —p —2)-form Qy_,_, in d-dimension by the Hodge star operation as

*:dQp — dQy 0. (3.2.31)

If we consider a scalar field, a zero-form in one dimension, then the Hodge duality
gives rise to a dual (—1)-form. Formally the exterior derivative of a 0-form
or a scalar x is a (—1)-form. Therefore if we denote the component field of the
(—1)-form by y, we then get the relation

X =1. (3.2.32)
This is just the AD map given in (3.2.30).

According to the existence of the AD map in quantum mechanics, we will use
the notation (n, N, N' —n) for N' = 1,2,4,8 supermultiplets. Here the first entry
denoted by #n is the number of physical bosons in the supermultiplet, the second
number A represents the number of fermions which is equal to the number of
supersymmetry and the last one N/ — n is the number of bosonic auxiliary fields.
Using this notation, the N' = 1 scalar multiplet ® is (1,1,0) and the spinor multi-
plet ¥is (0,1,1).

3.3 N =1 Superconformal mechanics

3.3.1 One particle free action

Consider the ' = 1 n particle quantum mechanical system which is described by
the n-dimensional scalar superfield (1,1,0). In general the N' = 1 superfield can
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be thought of as a map from the superspace R(1IV) to the target space M. In terms
of component fields we can write the multiplet as

D(t,0) = x'(t) + 0y (t) (3.3.1)

where i,j,--- = 1,--- ,n. Also consider the (0,1,1) spinor superfield ¥* which is
a section of the bundle on M with rank k given by

Y4(t,0) = A"(t) + 0y*(t) (3.3.2)
where a,b,--- =1,---, k. We attach the mass dimension as the following:
1
=1, 6] = 5,
1
@] =0, (] =,
1
[D] =3, 0] = 1. (3-3.3)

Then the most general N/ = 1 action with dimensionless couplings up to cubic
terms is given by

1 L i . )

. ) -
_ %hab‘I’”V‘Fb + ol YT+ fip by

i i o
+ Emmb‘I’”‘I’bDCIDZ + EnijaDCI)ZDCIDJ‘I’” (3.3-4)

where g;; is a metric on M and hgy, is a fibre metric on the bundle. The covariant
derivative for the fermions are defined by

V¥ = DY* + DO (A;)", ¥ (3.3-5)

with (A;)?, being the connection on the bundle.

Note that for the one particle case where the corresponding target space M =
R has no non-trivial bundle over it, the ' = 1 superspace action is described by
just a free action (3.2.27). This corresponds to the statement that it is not possible to
construct one-particle OSp(1|2) superconformal quantum mechanics with inverse-
square type potential [65, 67, [137].

5See also [199, [70] for the V' = 1 superfield action.
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3.3.2 Multi-particle model
Let us focus on the sigma-model action constructed only from the (1,1,0) scalar
supermultiplet &' [199, 200, (69} [136] [/
1 o o
S = /di’d9 |:—§gi]'DCDZq)] + gcijkDCDquﬂDCDk}
1 . i Dyl , 1 .

= /dt [Egiszx] +o¢ (gijd_lf - xkcz’jkll’]) - gazcijk'lfll/]ll/]]%bk] (3.3.6)

where the covariant derivative is defined as

Dy .
V= g T (3:37)

with F;k being the Christoffel symbol on M.
Instead of the space-time indices i for the fermions i’ we shall introduce the
tangent space indices « = 1, - - - , nn by redefining the fermions * as

Y= eyt (3.3.8)

Note that ®* commute with x' and p' while ¢ does not commute with x’ and p’

[pi, V] = —i (wi{; - ka> ¢ (3:3.9)

Then the action can be written as
1o i 1 B i
5= /dt [Egijx’x] +5 (@xﬁlp“’%’ﬁ + xlwiaﬁ’ab“ll’ﬁ)
i 1 o
— Exlci57¢“¢ﬁ — 6el(galcijkelaefﬁekytp(sgb“gbﬁp”*] (3.3.10)

where w is the spin connection and cju := cijkef e - From the fermionic kinetic
terms in the action we see that the covariant derivatives of the fermions
contains the connection with torsion c. Although this is similar to the two-dimensional
(1,0) supersymmetric sigma models [201], the torsion ¢ here is not necessarily
closed as opposed to two-dimensional case. This indicates that there exist new su-
permultiplets in one dimension which have no higher-dimensional ancestors. The
canonical momenta p; is expressed as

o1 :
pi = gii¥ + 5 (wijk — cije) Py (3.3.11)

®The (1,1,0) supermultiplet is also called N = 1B superfield.
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where wjjy := wige]-/;ekf The action (3.3.6) is invariant under the supersymmetry

transformations
ox' = —iey, (3.3.12)
(51pi = ex'. (3.3.13)

By means of the Noether’s method we find the supercharge
. i -
Q= y'TL; — Zeiy'y'yt (33-14)
where we have defined
IT; = gij¥/. (3.3.15)

Note that the supercharge Q is Hermitian though I1; is not Hermitian. Using the
canonical relation for the fermions

{weyp} = oo (3.3.16)
and the relations (2.8.3) for bosons, one finds

{Q,Q} =2H. (3:3.17)

where the Hamiltonian is

H = %pig”bpb, (3:3.18)
which agrees with the bosonic sigma-model Hamiltonian with the bosonic
potential V(x) vanishing.

At this stage we consider the condition so that the theory is the OSp(1]2)
superconformal quantum mechanics. The corresponding osp(1|2) superalgebra is
characterized by the following (anti)commutation relations:

[H,D] = iH, K, D] = —iD, [H,K] = 2iD, (3.3.19)
QH) =0, QDl=-3Q0  [QK=-i5, (320
(S, H] = iQ, [S,D] = %s, S,K] =0, (3.3.21)
(0,0} =2H, {Q,8} = —2D, (5,5} = 2K. (3.3.22)

From the commutation relation (3.3.20) and the expressions (3.3.14) and (2.8.15) we

can read the superconformal charge S

S=y'D; (3.3.23)
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where D; has been introduced in (2.8.5) as the generalized dilatation. From the
anti-commutator (3.3.22) we obtain the modified dilatation generator

1 .
D= (DTI,- n nij) (3.3.24)

with p; being replaced with II;. Using the new dilatation generator (3.3.24),
S, D] = S is satisfied, however, [Q, D] yields

i

QD] = —5Q = seiD'ylp + O (). (3:3.25)

Thus the OSp(1|2) superconformal symmetry imposes the condition so that the
second quadratic term in 1 must vanish

Dicij =0, (3.3.26)

which means that c is orthogonal to D. With the constraint (3.3.26)), the commutator
becomes

i 1
[Q,D] = _EQ ¥ Pyt (Lp —2) Cijks (3-3-27)
which implies that

£Dcijk = 2Cijk' (3328)

Then one can check that the remaining (anti)commutation relations (3.3.19)-(3.3.22)

are satisfied and there are no further constraints for the OSp(1|2) symmetry im-
posed on the target space M.

Therefore the conditions so that the N' = 1 sigma-model action (3.3.10) real-
izes the OSp(1|2) superconformal quantum mechanics are the conformal condition

(2.8.9), (2.8.16) and the additional two constraints on the torsion ¢

Dicij =0, (3-3-29)
Lpcijx = 2¢ijk. (3-3-30)

3.3.3 Gauged superconformal mechanics

As a generalization of the gauged mechanics for the DFF-model and the
gauged matrix model for the Calogero model, we will discuss the superex-
tension of the N' = 1 supersymmetric gauged mechanical model. As we will
see this gauging procedure allows for the explicit construction of the non-trivial
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N = 1 superconformal quantum mechanics [152,[137]. Consider the matrix super-
tield gauged mechanics action

S=—i / dtdo [Tr (ViXDX) + é (EDZ - DZZ) +cTrA|. (3.3.31)

Here we have introduced

e the A/ = 1 Grassmann-even Hermitian n x n matrix superfield X?(t,8) which
satisfies (X)" = X and transforms as the adjoint representation of U(n)

e the ' = 1 Grassmann-even complex superfield Z,(t,0) which satisfies Z =
Z" and transform as the fundamental representation of U(n)

e the N/ = 1 Grassmann-odd anti-Hermitian n x n matrix superfield .A%(t,6)
which satisfies (A)" = —A and transforms as the adjoint representation of
U(n).

The covariant derivatives are defined by

ViX = DX +i[A;, X), (3-3-32)
DX = DX +i[A, X], (3-3-33)
DZ =DZ+iAZ (3-3-34)
where[7]
D= 9 + ieg, {D,D} = 2ioy, (3-3-35)
00 ' ot
A = —iDA — AA. (3.3.36)

The superconformal boost transformations are found to be

ot = —inbt, 50 = nt, (3:3-37)
o(dtdf) = —in6(dtdo), 0D = in6D, (3-3-38)
SX = —inbXx, SA =inbA, (3.3.39)
6Z =0. (3-3-40)

The action (3.3.31) is invariant under the U(n) gauge transformations

X — e xe ™A, (3.3.41)
Z etz (3-3.42)
A — e Ao — et (De_iA> , (3-3.43)
Ap — e Aem N — et (ate_iA> (3-3.44)

7Note that the notation here is different from 1}
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where AL(t,0) is the Hermitian n x n matrix gauge parameter. The N’ = 1 super-
fields X, Z and A can be expanded in the component fields as

X =xb+ioyl, (3.3-45)
Z, =2z,+6¢,, (3.3.46)
Ab =i(Zh +0AD). (3.3-47)

From the gauge transformation (3.3.43) we can fix the gauge so that
Ay = i6(Ao)5(t). (3.3-48)

Inserting (3.3.48) into the action (3.3.31), performing the integration over 6 and
integrating out the auxiliary fields &, ¢, we find the V' = 1 gauged superconformal

matrix model action
S = /dt {Tr (DxDx) — iTr (D) + % (zDz — Dzz) 4 cTrAg (3-3-49)
where the covariant derivative is defined by
Dx = % +i[Ao, ], Dy = i + [Ao, ). (3.3.50)

Note that the action (3.3.49) is the supersymmetric generalization of (2.9.2) that
describes the Calogero model.

Instead of the gauge choice (3.3.48), we can fix the gauge as

xr = .00, (3.3-51)
Z,=Z" (3.3.52)

as we have discussed in (2.9.9) and (2.9.14) for the bosonic gauged matrix model.
In this gauge the theory contains n? real N = 1 superfields A, a # b and X, while

the superfields Z, and A are auxiliary. The superfield action (3.3.31) reads [137]

S = —i/dtde [22‘@,1})@ + % Y (Z”Dza - DZ“ZQ) — i) (X — ) DALAS
a a a,b

=Y (K= X)) (AA) A+ Y 2T A2, + CZA[Q]“] . (3:353)
a,b a,b a
For n = 1, one particle case, the action (3.3.53) becomes free action

S= i / AtdoX DX (3.3.54)
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and the theory has no bosonic potential in the component action.
In the case of n = 2, that is two particles case, the action (3.3.53) is written as

1. 1
5= —i/dtd@ S DX, — S A DA
1. 1 A
+ EX_DX_ — §A+DA+ — (:(—:1(—:2/1/—1r (3-3-55)
where
X=X — A, Xyi=X + A, (3-3.56)
A= X (AT + A, A= iX (AT — A) (3-3-57)

and €; = £1, e, = £1 are the constans appearing in the constraint Z; Z, =
Note that the superfield action (3.3.55) is a sum of two free N’ = 1 supermultiplets
(X4, A_) and two interacting N' = 1 supermultiplets (X_,.A). It has been ar-

gued that the superfield action (3.3.55) is the ' = 1 superfield form of the off-shell
N = 2 superconformal mechanics based on the supermultiplet (1,2,1) [152, 137].

_ce1e
—

For n = 3 it has been shown [152, [137] that the N = 1 superfield action (3.3.55)
cannot be connected to the known N' = 2 or ' = 3 superconformal mechanical
modelds and that in the bosonic limit it yields the three particle Calogero model
for the component fields x, = A;]|.

3.4 N =2 Superconformal mechanics

3.4.1 One particle model

The N = 2 superspace R(1/?) contains time coordinate ¢ and two Grassmann coor-
dinate 6,6

R = (t,0,9). (3-4.1)

The covariant superderivatives D and D are

.0 =0 — .0 0 — .
D = Z% — 9&, D = la—a — 9&, {D/ D} — _2lat (342)

while the two supercharges Q and Q are given by

9 -9 ~ .9 0 _ .
Q=izg+03, Q=iz+og, {Q,Q} = 2io; (3-4-3)
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in the superspace.
Now consider the N = 2 superfield (1,2,1) in the superspace (3.4.1)

®(t,0,0) = x(t) +i0p(t) + i0p(t) + 00y (t). (3.4.4)

The (1,2,1) supermultiplet is also called N = 2A multiplet. This supermultiplet
is related to the two-dimensional (1,1) supersymmetry. Making use of the (1,2,1)
supermultiplet (3.4.4), we can write N' = 2 supersymmetric action in the form

1 o
= / dtdods [DODD — W(D)] (34.5)

where W(®) is a superpotential that is some function of the superfield ®. In
component the superfield action (3 can be written as

- %/‘7“ [XZHW—Z'WWZ— "(x)y — W (x )tplp} (3.4.6)

To obtain the conformal invariant action, let us consider the superpotential in the
form

W(®) = fIn . (3.4.7)

Then the action becomes

2 (3-4.8)

o 5T
/dt {x +ll[Jl[) P+ y> — f]/ M}
By solving the algebraic equation of motion of y, one can integrate out the auxiliary
field y. Then we find the one-particle N' = 2 OSp(2|2) superconformal mechanical
model [153} [154]

U =209)). .49

xz

1 P
:z/dt [a‘c2+up¢—zqnp—

In the superspace the generators of the superconformal group can be realized



by the following expressionsﬂ

H = i%, (3.4.10)
D=i <t% + %9% + %6% + A) , (3.4.11)
K=i (tZ% + t@% + téa% + 2tA) , (3.4.12)
Q= i% + 5%, Q= ia% + 9%, (3.4.13)
S=tQ— 9@% +2A8, S=tQ— 59;—5 +2A6, (3.4.14)
B = —z'e;—@ + iéa%. (3.4.15)

One can show that these generators form the su(1,1|1) superalgebra

[H,D] =iH, [K,D]= —iK, [H,K]=2iD, (3.4.16)
[B,H] =0, [B,D]=0, [B,K]=0, (3-4.17)
[H, 9] =0 [D’g] - _%9’ K, Q_]: _iS’ (3.4.18)
[H,Q] =0, [D,Q]=-4Q, [K,Q] =15,
H,S]=iQ, [D,S]=14S, [KS]=0,
H, 5] s DS 2 . 5) B (3-4-19)
[H,5] =iQ [D,S] =355, [K,S]=0,
{Q,0} =2H, {S,S} =2K, {Q,S}=2D - B, (3.4.20)
[B, Q] =iQ, [B,S] =18,
[B,Q] = —iQ, [B,S] = —iS. (3-4.21)
The supersymmetry transformations for the (1,2,1) multiplet which follow
from §® = —i[eQ + €Q, ®] are expressed in the component fields as
ox = iey + i€y, (3.4.22)
O = ex — ie];c, (3-4.23)
Sp =€x+ iéé (3.4.24)
8Note that in [153] the Hamiltonian is expresses by {Q,Q} = —2H while in our notation the

additional sign does not appear.
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Applying the Noether’s method, we find the explicit expressions for the super-
charges Q, Q, the three SL(2,R) conformal generators H, D, K and we also intro-
duce the superconformal charges S, S and the SO(2) R-symmetry generator B as

follows:
Q=1y (_ip n £> ) Q=9 (ip + £> , (3-4.25)
S =axy, S = Xy, (3-4.26)
H= % {pz + @] (3-4.27)
D— _Lli(xp + px), (3.4.28)
1.
K=52, (3-4.29)
B = %[Ab, . (34-30)

Note that the potential in the Hamiltonian H is shifted as a quantum effect. Under

the canonical relations

[x,pl =i, v ¥} =1, (3-4.31)

the set of operators (3.4.25)-(3.4.30) form the o0sp(2|2) superalgebra (3.4.16)-(3.4.20).

Let us study the spectrum of the one-particle OSp(2|2) superconformal quan-
tum mechanics (3.4.9). In general supersymmetric quantum mechanics has the
Hamiltonian H which can be written as the sum of squares of the Hermitian su-
percharges Q4,A = 1,--- , N. This implies that the energy of any state is positive
or zero [202, [52]. If H|Q) = 0, then we have 0 = (Q|H|Q) = Y ,(Q|Q41Q) =
Y4 1Q4|Q)|?, which is only possible if Q4|Q) for any A. Conversely if a state |Q))
is annihilated by Q4, then H|Q)) = Q%4]Q) = 0, i.e. its energy is zero. Therefore
the supersymmetry generated by Q4 is broken if the system has no normalizable
ground state of H. Now consider the equations defining the ground state of H

QlQ) = Q|Q) =0. (3.4-32)

Using the explicit expressions (3.4.25) and (3.4.26), the equation (3.4.32) is written

as

<2in — é) Q) =0 (3-4-33)

which can be interpreted as the first order differential equation of x. Then the
generic solution of (3.4.33) leads to the x-depgroundence of the ground state of H
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as

Q) = x~2/B|phys) (3.434)

where |phys) is any x independent state. Noting that the SO(2) R-symmetry
operator B has eigenvalue —i—% and —%, we see that the ground state of H may have
the two different x dependence

x~f|phys) for B=1
) = { ? (3-4-35)

xf|phys) for B=—1.
As the wavefunction will blow up for either large or small x region, there is no
normalizable state of H and therefore the supersymmetry generated by Q, Q is
spontaneously broken. Note that the wavefunction with E > 0 energy can be

exactly solved by using the result of DFF-model. Comparing the quantum Hamil-
tonian with the DFF-model Hamiltonian (2.1.18), we find the relation

f(f+1) for B=3
f(f—=1) for B=—

The appearance of two sectors, i.e. the doublet structure of the eigenstates of H

(3-4.36)

N[ —

&> =f(f+2B) = {

corresponds to the fact that H commutes with two operators Q and Q. From the
expression we find the eigenfunctions

Cv/x - (v2Ex) for B=1
PEp(x) = { \/_]\/E< ) 2

CVAl sy (VEx) for B=-}, 6437

These wavefunctions are shown in Figure From Figure [3.2] we see that there
are several peaks of the wavefunctions with the nearest one from the origin being
the maximum value. For large coupling constant f the relative positions of the
particle gradually become far from the origin. At high energy E the number of
peaks increases and the probability of the position of the particle is averaged.
Then we can follow the previous discussion for the DFF-model to solve the
problem of the absence of the ground state. Instead of the original Hamiltonian
we now regard the compact operator Ly = %(H + K) as the new Hamiltonian.
Looking at the formulae (2.2.26), (2.2.28) and the relation (3.4.36), one finds

m{

(G+1) for B=]

(3+F) for B=-} (34.38)

Nl— N—
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0sf — B=1/2f=1E=1
—— B=-1/2f=1E=1
— B=1/2f=1E=10
B=-1/2f=1E=10
— B=1/2f=100E=1
B=—1/2.f=100E=1

Figure 3.2: The eigenfunctions ¢r p(x) of the original Hamiltonian H with E # 0.
There are two sectors labeled by B = } and B = —3.

Figure 3.3: The level structure of the spectrum of the new Hamiltonian Ly. The
spectrum is equally spaced. For a fixed B the equal space is 1 while the space with
AB # 1is 3.



The level structure of the spectrum of Ly has two series corresponding to the two

11

different eigenvalues B = —5,5. So it can be represented on the plane of the
eigenvalue of B and L (see Figure[3.3). In order to understand the appearance of
the half integer shift in an algebraic way, let us define the fermionic operators [154]

M:Q—szlp<—ip+£—x),

M:§—§:¢(ip+£—x),
N:Q+§:1p(ip+£+x),
:Q+S:1/J(—ip+£+x>.

Then we find the following anti-commutation relations

{M,M} =: 4Ty = 4L + 2B — 2f,
{N,N} =: 4T, = 4L, — 2B + 2f,
{M,N} =4L, =2(H - K+2iD),
{M,N} =4L_ =2 (H - K-2iD),
{M,N} ={M,N} =0.

and the commutation relations

Lo M) = —3M, Lo M) = 31,
[LoN] = —3N, Lo N] = 3N,
[TiN] = N, TN =7,
[T2,N] = —N, [To,N] =N,
[T, M] = [T1, M] =0,

[T, N] = [T, N] = 0,

T L] =L, T L] =Ly,
[To,L_ | =—L_, [To,Ly] = Ly.

(3-4-39)
(3-4-40)
(3.4-41)

(3.4-42)

(3-4-43)
(3-4-44)
(3-4-45)
(3-4.46)
(3-4-47)

(3-4-48)

(3-4-49)
(3-4.50)
(3.4.51)
(3.4.52)
(3.4.53)
(3-4-54)
(3.4.55)

Let us consider the ground states eliminated by the supercharges. Since there
are now three sets of the supercharges; (Q,Q), (M, M) and (N, N), we find six
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possible candidates for the x dependence of the ground states |()):

(x~/|phys)  for (H,Q,Q,B=1)
xf|phys) for (H,Q, Q B=—3)
x‘fe%|phys> for (T,
xfe~= ]phys> for (Ty, M, M, B = —3)
(T2,
(

[} (3.4.56)

x~fe~ |phys> for (T,

x@ﬂmw> mezNNB:_%

where |phys) is a x independent state. We see that only the set of generators
(T1, M, M, B = —3) can yield the normalizable eigenfunction of the ground state.
In order to obtain the normalizable ground state, |phys) need to be the eigenstate

with B = —1. Let us define a state |0) annihilated by the operator §

P[0) = 0. (3-4.57)

Then B|0) = —1]0) and we thus can choose the state |0) as [phys). Given the state
|0), one can build up a tower of states by multiplying the operator ¢. Since the
square of the Grassmann variable is zero > = 0, the fermionic generators form
the two-dimensional space spanned by

0), |0) (3.4.58)

and ¢ and ¢ are identified with the lowering operator and raising operator for
fermionic excitation respectively. Therefore we obtain the normalizable ground

state
a2
Q) = x/e"7|0) (3.4.59)
which satisfies
MIQ) = MQ) =0, (3.4.60)
N[Q) =0, (3-4.61)
P|Q) =0. (3-4.62)

Having found the eigenfunction of Ly, we see from (2.2.32) and (3.4.59) that the
ground state |Q)) is the eigenstate of Ly with the eigenvalue

—%<f+%) (3.4.63)
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Figure 3.4: The bosonic excitations and the fermionic excitations in the L spec-
trum. For a fixed B, i.e. for the bosonic excitation generated by Ly and L_, the
space is one unit. For a fermionic excitation generated by N, N, M and M the
space is half a unit.

and obtain the two series labeled by B. We observe from the commutation
relations that the fermionic generator M, N decreases L by % while M, N
increase Ly by 3. As seen from the relations , the fermionic excitation for
the ground state |()) can be generated by only N. In addition, there are bosonic
excitations. As in the DFF-model, L increases Ly by one and L_ decreases Ly
by one. While the fermionic excitations shift the eigenvalue of B, the bosonic
excitations does not. The excitations in the Ly spectrum are drawn in Figure

From the relations (3.4.43), (3-4-44), (3-4.52) and (3.4.53) one can see that the two
sets of new supercharges (M, M) and (N, N) yield the bosonic operators T; and T,

respectively. Since the bosonic operators T; and T, are compact, one may also use
Ty or T as the new Hamiltonian. However, unlike the compact operator Ly, T; and
T, enjoy the double structures of their spectrums according to the commutation

relations and (3.4-53).

Now consider the spectrum of T;. By noting the relations (3.4.43) and (3.4.60),
we see that the ground state |()) has zero eigenvalue of T;. According to the

commutation relations (3.4.50) and (3.4.54), one finds that for the T; spectrum the
bosonic and fermionic excitations have the same spacing equal to one, which are

generated by L, L_ and N, N respectively. Note that M, M commute with T; and
do not play the role of the raising and lowering operators. The T; spectrum is
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T

Figure 3.5: The level structure of T spectrum and its bosonic and fermionic exci-
tations. Each of the bosonic and fermionic excitations has the equal space of one
unit. The ground state |()) has zero eigenvalue.

given by the two series

0,1,2,--- forB=—}
Ty = . (3.4.64)
1,2,--- for B = 3,
which is illustrated in Figure For all non-zero T; states, there are degenerate
structures. In other words the bosonic and fermionic states are always paired
at the excited level of T;. This is due to the relations (3.4.52), which ensure the
preservation of the supersymmetry generated by M and M. Therefore one can
interpret the pairing structure of T; spectrum at excited states as the consequence
of the preserved supersymmetry generated by M and M.
Similarly the spectrum T, holds the doublet structure because T, commute with
N and N and the corresponding supersymmetry is preserved as seen from (3.4.53).
In this case the bosonic excitation is generated by L,,L_ whereas the fermionic
one is generated by M, M. Also one can see from and that both
bosonic and fermionic excitations are produced with equal spacing of one unit. In
this case, however, there is no normalizable zero T; state. The normalizable ground
state |()) has the eigenstate of T, with the eigenvalue (4f + 2). The T, spectrum is
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2

Figure 3.6: The level structure of T, spectrum and its bosonic and fermionic exci-
tations. Each of the bosonic and fermionic excitations has the equal space of one
unit. The ground state |Q)) has eigenvalue (4f + 2).

given by

4f +2+n forB=—1
T = 12 (3.4.65)
4f +3+n forB =3

wheren =0,1,2,---. The T, spectrum and its excitation are shown in Figure

3.4.2 Multi-particle model

Now we want to discuss the N/ = 2 superconformal sigma-model. Let us start
with n (1,2,1) supermultiplets ®,a = 1,--- ,n ﬂ The generic action without
superpotential terms takes the form [200]

5= / td?0 [ (3 + b)jD® DY + ;D DY + ;DS DY | (3.4.66)

where g;; is the metric and bj, l;; and m;; are the two-forms on the target space M.
Note that the terms of [;; and m;; correspond to the non-Lorentz invariant terms in
two-dimensions. Notice that the target space M of the (1,2,1) supermultiplet, or
N = 2A multiplet is a real manifold.

9The (1,2,1) supermultiplet is also called N/ = 2A multiplet while (2,2,0) chiral supermultiplet
is also called N = 2B multiplet [200].
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We have already defined the two covariant derivatives D and D for N’ = 2
supersymmetry in (3.4.2), however, more generally in terms of the two N = 1
covariant derivatives Dy, D, the N/ = 2 two covariant derivatives can be chosen as

D,®' = I';D®/ (3.4.67)

where I is an endomorphism of the tangent bundle of M. Then the anti-commutation
relations {D;, D;} = 2id; impose the conditions

?=—1, (3.4.68)

N(I) =0 (3-4.69)

where N(I) is the Nijenhuis tensor of the endomorphism I. The condition (3.4.68)

implies that I is the almost complex structure and the condition (3.4.69) further

shows that the I is an (integrable) complex structure. Thus N’ = 2 supersymmetry
requires a complex structure I on the target space [199].

To go further let us follow the strategy in [201] and express the second super-
symmetry transformation in terms of the N' = 1 superspace formalism as [69]

ox' = —ieli]'l[)j, (3.4.70)
St = —e [Ii]-xf — gk (aklij) ¢f] : (3.4.71)

Following the Noether’s procedure, we obtain the second supercharge
2 = P I E'-P iCik 'y 6¢ P LT i 1 i Crmn 2’7’] Cijk (3-4.72)

where I1; := gijxf . Then it turns out that the A/ = 1 action |i is invariant under
the N = 2 supersymmetry transformations if we have [200, 203]

i = I"1'18u, (3-4.73)
Vﬁf ') =0, (3-4.74)
dji (Iqum\kz}) — 21" [0} Cjpay = 0 (3-4.75)

where VEJF) is the connection with torsion ¢ on M; F;.k + ci]-k. The first constraint
(3.4.73) requires that the metric ¢ on M is Hermitian with respect to the complex
structure I. The second condition is a generalized Yano tensor condition
with torsion This corresponds to the vanishing of {Q1, Q2 } where Q; is the N’ =
1 supercharge given by (3.3.14). The third condition (3.4.75) yields the restriction

9For vanishing torsion the equation (3.4.74) coincides with the Yano tensor condition as in [204]
g q 3-4-74 4

93



on torsion and complex structure, however it has no geometrical interpretation so
far.

It is known that the N' = 2 supermultiplets in one dimension are related to the
N =1 supersymmetry in two dimensions

WdN =246 2d N = (1,1),
1d N =2B & 2d N = (2,0) (3.4.76)

by the dimensional reduction. Note that two-dimensional (2,0) supersymmetry
sigma-models requires the first condition (3.4.73), however, the last two conditions

(3-4-74) and (3.4.75) do not appear in two-dimensional (2,0) sigma-models. Instead
of (3.4.74)), there appears the covariant constant condition of I with respect to the

connection V()

viHr, =o. (3-4.77)

Now we consider the AN/ = 2 superconformal condition. Promoted from the

osp(1|2) algebra (3.3.19)-(3.3.22), the su(1,1|1) algebra (3.4.18)-(3.4.21) contain the

U(1) R-symmetry generator B. From the commutation of the supercharges Q; in
(3.3-14) and Q5 in (3.4.72) with the conformal boost generator K we can read the
superconformal charges

51 = ¢iDi, SZ = lPlI]ZD] (3478)

Then the R-symmetry generator B can be found from the commutator of Q and S,
as

B = D5IT; — il;jp'yp/ — iDbeyep ", (3-4.79)
The constraint can be found from the commutation relation [D, Q;] = %Qz, which
leads to

Lpl; =0. (3-4.80)

This implies that D preserves the complex structure I, that is D acts holomorphi-

cally. Combining the constraint (3.4.80) with the other required conditions (3.3.29)
and (3.4.74), we also find

Ll =0, Lpgij =0, (3.4.81)

which means that D’ := D/ [ j generates a holomorphic isometry.
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Therefore the SU(1,1|1) superconformal quantum sigma-model with vanish-
ing bosonic potential can be realized if the conformal invariant conditions (2.8.9),
(2.8.16), the ' = 2 supersymmetry invariant conditions (3.4.73)-(3-4.75) and the
SU(1,1|1) superconformal invariant conditions (3.4.80), (3.4.81) are satisfied. The

last additional constraints on the target space M require that D acts holomorphi-
cally and D' : D/T'j generates a holomorphic isometry.

3.4.3 Freedman-Mende model

Let us consider 7 (1,2,1) supermultiplets ®,,a = 1,--- ,n and a simple superfield
action given by

_1 2
S_z/dtde

i D®,DP, — W(C[D)] (3.4.82)

a=1

where W(®) is the superpotential. In terms of the component fields the action
(3-4.82) is expressed as

s-1fa [z (2 + i — 8,0

a=1
1Y _
a=1 a,b
where 9, := 887”. Taking into account the superconformal boost transformation on
the (1,2,1) multiplet
6@, = —i (76 +770) ©, (3.4.84)

and the invariance of the measure ¢ (dtdf0) = 0 we find that the action (3.4.83) is
invariant under the superconformal boost transformation only if we have

0,0,W(®) =c (3-4.85)

with ¢ being a constant. It has been shown [205] that ¢ characterizes the central
charge in su(1,1|1) superconformal algebra and that the superpotential W(®P) is a
harmonic function of ®, if quantum Hamiltonian contain boson-fermion interac-
tion but no boson-boson interaction.

It is interesting to note that the superpotential [206]

W(®) =f) In(Ps—Dp) (34.86)
a#b
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where f is a constant gives rise to the Freedman-Mende model [207]
1 n . f2+HAfpayp
a=1 a#b a b

This is the N/ = 2 superconformal generalization of the Calogero model. For
the Freedman-Mende model the central charge Z in the su(1,1|1) superconformal
algebra can be identified with

Z=n(n—-1)f. (3-4-88)

The Freedman-Mende model is the supersymmetric rational A, Calogero model
in the sense that the original Calogero model is obtained by projecting the super-
symmetric Hamiltonian onto the zero fermion sector.

If we have the superpotential

W(®) = fln (Zd)a@a) (3.4.89)

with f being a constant, then we find [208]

U=20F)] (40

X

1 al = T
5= 5/””; {"‘5 + i, 0 — 1,0 —

Unlike the Freedman-Mende model (3.4.88), the interaction terms are not pairwise
but still possess the inverse square behavior. This is the N' = 2 superconformal
mechanics describing the motion of the n-particle center of mass and the corre-
sponding central charge Z in the superconformal algebra su(1,1|1) is [208]

Z =2f. (3-4.91)

3.4.4 Gauged superconformal mechanics

We start with the A/ = 2 matrix superfield gauged mechanical action [152, 209, [137]
S = /dtdZQ {Tr (DXDX) + %Zez"z —cTrV|. (3.4.92)

Here we have

e the NV = 2 Grassmann-even Hermitian 1 x n matrix superfield X?(t,6,6)
which satisfies (X)" = X and transforms as the adjoint representation of
U(n); the (1,2,1) supermultiplet
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e the N = 2 Grassmann-even chiral superfield Z,(t.,0), ?”(tR,é), thr =t =+
i06 which transform as the fundamental representations of U(n); the (2,2,0)
supermultiplets

e the A/ = 2 Grassmann-even complex 7 x n matrix bridge superfield b%(t,6,0)
which satisfies b := b'.
Note that gauge superfields are described by the complex n X n matrix bridge

superfields b or by the prepotential V' defined by

€2V _ e*ibeib. (3493)

The covariant derivatives are defined by

DX = DX +i[A, X], DX = DX +i[A, X] (3.4.94)
where []
0 -0 — J .. 0 = .
D= 5 10E, D= ~3 + zeg, {D,D} = —2io; (3.4.95)
where the connections A are deduced from the bridge superfields
A= —ielt (De*i5> , A= —ie (53’”’) . (3.4.96)
The superconformal boost transformations are [210]
6t =—i(n0+706)t, 50 = —n(t+i609), (3.4.97)
00 = —n(t — i06), o(dtd*0) =0, (3.4.98)
6X = —i(nf+70) X, 5Z =0, (3.4-99)
ob =0, 6V =0. (3.4.100)

The action (3.4.92) is invariant under the U(n) transformations [152, 209, 137]

eb N eerzbe , eb N eerzbe , 62V N ezAEZV /\, (3'4.101)

X — ehxe A, Z ez, Z — Ze M, (3.4.102)
Here A is the Hermitian n X n matrix gauge parameter and A are the complex
n X n gauge parameters.
Alternatively if we use the A gauge invariant superfields V, Z and the new
Hermitian n X n matrix superfield
Y =ebxeb, (3.4.103)
"The notation here is different from .
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the action can be written as
S = /dtd29 {Tr (5)/62VD)?€2V> + %?eZVZ — cTrV} (3-4.104)

where the covariant derivatives are
DY = DY + e 2Y(De*V)Y, DY =Dy — YV (56_2‘/) ) (3.4.105)

The N = 2 superfields V, Y, Z and Z can be expressed in terms of the com-
ponent fields as

V =0v+0F—0Z+60A, (3.4.106)
Y =x+0p— 0y + 060y, (3-4.107)
Z =z +2i07 + i60z, (3.4.108)
Z =7z +2i07 — i00z. (3.4.109)

According to the gauge transformation (3.4.101), let us choose the gauge so that
V(t,6,0) = 00A(t). (3.4.110)

After integrating out the auxiliary fields ¢, { and performing the Grassmann inte-
grations, we get the A/ = 2 superconformal gauged mechanical action

sz/w

Tr (DxDx) + % (zDz — Dzz)

+iTr (pDy — Dyy) — cTrAg (3.4.111)

where the covariant derivatives are

Dx = x +i[Ap, x], Dz =z + iAoz, (3.4.112)
Dy = ¢ + [y, Ao, D = + [y, Ag]. (3-4.113)

The action (3.4.111) is the supersymmetric generalization of the Calogero model
whose bosonic part agrees with the Calogero model (2.9.2). The action is invariant
with respect to the U(n) gauge transformations

x —gXg™, z— gz, (3-4.114)
Y — gy, Ag — gAog ' +igg! (3.4.115)
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where ¢ € U(n). By fixing the gauge as in (2.9.9) and (2.9.14), z,z and the non-

diagonal part of x are eliminated and thus we have

n physical bosons x{,

2n? physical fermions 1,02,@2. (3-4.116)

This is different from the Freedman-Mende model (3.4.88) which possesses n phys-
ical bosons and 2n physical fermions. which can be realized as

(n,2n%,2n> —n) = n(1,2,1) @ (n*> —n)(0,2,2). (3.4.117)

It has been pointed out [211] that the supermultiplet (3.4.117) can be obtained from
n (1,2,1) supermultiplets by gauging procedure.

3.5 N =4 Superconformal mechanics

As we have discussed in subsection the most general superconformal alge-
bra of N' = 4 superconformal quantum mechanics is D(2,1;a). As opposed to
the N/ = 1 superconformal algebra osp(1|2) and N = 2 superconformal algebra
su(1,1|1) = osp(2]2), the Lie superalgebra D(2,1;«) is a one-parameter family
of superalgebra characterized by a real parameter a. In order to construct the
corresponding family of N' = 4 superconformal quantum mechanical modelds
parametrized by «, it is desirable to find the inequivalent irreducible off-shell su-
permultiplets in a systematic way.

To this end there is the methodical way proposed in [212] by means of the non-
linear realizations technique [155} 156, [157]. We shall start from the superconformal
algebra D(2,1;a), wihch contains three conformal charges H, D, K which form
s[(2,R), four supercharges Qi,éi, i = 1,2, four superconformal charges Si,§i and
two commuting sets of su(2) R-symmetry generators J, ], J3 and I, 1, I3

[H,D] = iH, [K,D]= —iK, [H,K]=2iD, (3.5.1)
[H,Q] =0, D,Q1=-3Q,  [KQ]=-is, (52
[H,57 = iQ, D, S| = %Qi, K, S =0, (3.5.3)

12 Here we use the notation in [183} 213 212], which is slightly different from our previous ' =1
and NV = 2 cases in that the signs of the anti-commutators (3.5.4) and the covariant derivatives

and the supercharges (3.5.29).
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{Q.Q} =-2H, {55} =-2K, {Q, S/} = —2(1 4 a)e',
{Q1/§2} = 20(7 {Qllgl} = —2D — 2“]3 + 2(1 + “)13/
{Q*51} = —2a], {Q%S2} = —2D+2af3+2(1+a)l;, (3.5-4)

1 1

[]3/ Ql] = __Qll []3/ Qz] = _QZ’ U/ Ql] = _iQZI U!QZ] = in/

2 2
[J3,51] = —%51, [J3, 5] = %sz, [J,8Y = —iS%,  [],5,] = iSy,
15,Q1=-3Q,  [LQ1=-Q, [S]=-35 [S]=-i5, G55
[]3/]] = l]/ []3/7] = _171 U/T] = _2i]3/
I3, 1] =i, I3, 1] = —i], [I,I] = —2i]3. (3.5.6)

The R-symmetry group contains two SU(2) factors generated by J, ], J3 and I, I, I.
Looking at the commutation relations (3.5.5), ] corresponds to the rotations indices
i of 6; while I mixes 8; with their complex conjugates.

Here we take bosonic conformal generators H, D, K as Hermitian operators

(H)'=H, (D)" =D, (K)'=K (3.5.7)

while the other operators are chosen so that

Nr=T7 (Ja)" = —Ja (3.5.8)
(' =1, (L)' = -5, (3.5.9)
@ =Q,, (S1) = S,. (3.5.10)

The parameter a only appears in the anti-commutation relations , from
which we see that two su(2) R-symmetry algebras appear with relative weights a
and —(1+ «). Note that the conformal algebra s[(2, R) has relative weight 1. Thus
the transformation

e —(1+a) (3.5.11)
exchanges the role of two R-symmetry algebras; | «<» I. On the other hand, the
transformation

1
we (3.5.12)

is not well-defined for our real D(2,1;a) superalgebra because it exchanges the
role of the non-compact conformal algebra s[(2,R) and the compact R-symmetry
algebra su(2).
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In particular we have the isomorphism

su(1,1|2) +su(2) fora =—-1,0
D(2,1;a) 2 { osp(4*]2) fora =1,-2 (3.5.13)
osp(4[2) fora = —3

At « = —1 and « = 0 one of the R-symmetry su(2) algebra is decoupled and the
superalgebra D(2,1; —1) is isomorphic to the semi-direct sum su(1,1|2) + su(2)
In this case one can extend the su(1,1|2) superalgebra by adding the central
charges. To see this let us put the su(2) generators J, ] and J3 as

Z=ua], Z=u], Z3 = a3 (3.5.14)

where Z, Z and Z3 commute with everything. Then the new generators Z, Z and
Z3 only appear in the anti-commutations (3.5.4) and they now become

{Q,Q} = —26H, {55} = ~2K, (Q, 5/} = —26/T,
{Q}, 8} =22, {Q!,5,} = —2D — 275 + 215,
{Qzlgl} - _2ZI {QZIEZ} =—-2D +2Z3 +2I3 (3515)

Hence the three generators Z, Z and Zj are identified with the central charges.
Note that we can only have single nonvanishing central charge by taking into
account the SU(2) transformation on the three central charges.

As its name suggests, D(2,1;«) is regarded as a deformation of the super-
algebra D(2,1) = osp(4]|2) that corresponds to the case a = 1, however, we
are now considering the even part of D(2,1;«) as sl(2) @ su(2) @ su(2) not as
s[(2) @ sl(2) @ sl(2). The first s[(2) factor is the conformal algebra and the re-
maining two factors are replaced with the compact algebras su(2). Consequently
s0*(4), the non-compact version of the original factor so(4) shows up for a = 1.
We see that the case of & = —% is self-dual under the transformation 1} In
our case this degenerate case realizes the so(4) = su(2) @ su(2) factor and all the
other cases can be thought of as the deformations of D(2,1; 3) = osp(4]2).

Using the generators of D(2,1; ), let us consider the supercoset of D(2,1; «)

g = oitHeiuDpizK HiQH0 Qi ST H'S; i) +i] Pl (3.5.16)

where the parameters ¢, Oi,éi are the coordinates of the ' = 4 superspace R4
and the other parameters u,z,¢;, ', ¢, and ¢ are the N’ = 4 Goldstone super-

fields. Note that the R-symmetry group SU(2) generated by (I, I, I3), which mixes

BWe use @ for the direct sum and + for the semi-direct sum.
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the fermionic charges with their conjugates, is taken into the supercoset but con-
sidered as the stability subgroup. Note that our chice of the supercoset is
allowed for the case of & # 0 where the generators (], ], J3) exist.

From the supercoset one can extract left-covariant Cartan one-form )

O =g ldg. (3.5.17)

Expanding () over the generators, we find the the corresponding one-forms [212]

wp = idu — 2 _id(?i + idai — 2izdf, (3.5.18)
2 2
e i /. . - .
wy = T AR <1dA+w]+A2w]—Aw]3> , (3.5.19)
_ S
wy = 1T AR (sz—i—w]—l—A w]+Aw]3>, (3.5.20)
wpy, = d¢ + —— = [i (AAA — AdA) + (1 — AA) @y, — 2 (AW; — Ady)] (3.5.21)
+ AA
where
. o2l .
wr = 20 _i’bzdg — gbl (d92 — lpzdt)] , (3.5.22)
A [— -2  _9
wy =2« 1p2d91 — (d() — gbzdt)} , (3.5.23)
. T =2 — — .
@), =20 [P1d0 — P°d6y — Podf” + P d6, + (¢1¢1 - zp21p2> dt} . (35.24)
AF = dt + i <6id5i n éidei) , (3.5.25)

tan /@@
== .5.26
T (3.5.26)

For the NV = 4 superspace R(!1*) parametrized by [210]
R = (1,6,8), 0 =1, ij=1,2 (3-5.27)
we will introduce the covariant derivatives
' 0 —i d — 0 0 . — '
i 2 = i D\ = 2jsi
D' = 36; +160 — 5 D;= o —i—lGJat {D ,D]} 215]8t. (3.5.28)

The supercharges Q and Q can be expressed by

- ] —i d — d ]
! L — 0. i i
0= Py Q=S {QQ}=-2up 652

in the superspace.
By acting a particular element on the supercoset element (3.5.16) from the left,
we can find the corresponding transformations.
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1. supersymmetry transformations

Acting the element
ge = @90 ¢ D(2,1;0), (3:5:30)

we obtain the supersymmetry transformations

5t =i (0 —€b), (3.5.31)
00; = €;, (3-5:32)
50" =€ (3-5-33)

2. superconformal boost transformations

Acting the element

gy = e (3.5:34)
one finds the superconformal boost transformations [213| 212} 214]
6t = —it (10 +76) + (14 2a) (60) (76 —776) , (3.5.35)
66; = n;t — 2iad;(67) + 2i (1 + ) 6; (017) — i(1 + 2a)7,;(60), (3.5.36)
ou = —2i (n0 +70), (3-5.37)
op = 2u [ 19, — 720, — 10 + 120"
_ =2 _ 1\ —
+ (701 — 0" ) A+ (702 — o ) A] : (3:5:38)
SA = i lezﬁl — 0+ (52;71 - 91ﬁ2> A2
- (51’71 — 07 + 07 — 52’72> A] (3.5:39)
and
5(dtd49) 2i (70 + 770) dtd*o, (3.5.40)
=i[(2+a)(y0) -|—zx (67)] D
—2i(1+a)(70)D — 2ia [ ] DF, (3.5.41)
=i[(2+ a)(770) + a(67)D }
_ 1=k
—2i(14 ) (6n)D; — 2in [77(1'9k) + G(iek)] D". (3.5.42)
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At this stage we are ready to derive the irreducible off-shell supermultiplets
which allow us to construct the D(2, 1; ) superconformal mechanics. The strategy
is to extract the irreducible superfields from the Goldstone superfields u, z, ¢;, @i, QP
by imposing the appropriate constraints. Since the number of the fermionic Gold-
stone superfields is four which coincides with the minimal number of the fermionic
fields in N = 4 supermultiplets, we attempt to reduce the number of the bosonic
Goldstone superfields. It has been discussed [213) 212] that such irreducibility con-
dition can be achieved by requiring that all spinor derivatives of all bosonic super-
tields are expressed in terms of the fermionic fields ; and Ei. From the equations

(3.5.18)-(3.5.22)), we see that this requirement corresponds to the constraints on the

corresponding Cartan forms wp, wj, Wy wy;.

3.5.1 (4,4,0) supermultiplet

Let us begin with the most general case where the supercoset (3.5.17) holds all
four bosonic Goldstone superfields u, ¢ ,¢ and ¢. If we require that the all spinor
covariant derivatives of these bosonic superfields can be expressed by ¢;,3', then

(3.5.18)-(3.5.22) lead to

wp = wj| = wj| = wj, =0 (3-5-43)

where | represents the restriction to spinor projection. The set of constraints (3.5.43)

can be rewritten as

pigl =0,  D'gP=0, Digl=0, D'P =0 (G54
where
| edlaig) A o exlan=io)
q eV 1 V1+ AN
e%(txu—&—i(p) _ e%(”‘“_"i‘lj)

= —F——, = (3.5.45)
" A 2= T AN

are identified with four N' = 4 superfields. This multiplet was discussed in [199,
200, 215, 216} 212, 217, 211, 218 219] and was considered in N' = 4 harmonic
superspace [214]. The constraints (3.5.44) lead to the following independent fields:

(3.5.46)

q 4 physical bosons
Diqirﬁiqi, Diﬁi,ﬁzﬁi 4 fermions.
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The superfield g; contains 4 bosonic, 4 fermionic fields and no auxiliary fields and
is diagnosed as the (4,4,0) supermultiplet. Since g' and their set of constraints
(3.5.44) are similar to the d = 4 N' = 2 hypermultiplet, it is also called hypermulti-
plet. However, the conditions for the (4,4, 0) multiplet defines the off-shell
multiplet as opposed to the d = 4 N/ = 2 hypermultiplet.

Remarkably it has been discussed that all other N' = 4 supermultiplets can
be obtained from (4, 4,0) multiplet via reduction process either on the component
action [217] or on the superfield action [217), 218, 219]. Accordingly the (4,4,0)
multiplet can be viewed as a fundamental multiplet.

Since we know the superconformal boost transformations (3.5.35)-(3.5.39) for

the original Goldstone supertfields, we can read off the superconformal boost trans-
formations for the superfields ¢/, 7.

oq" = 2ia (81— 0'7;) 4. (3-5.47)
This leads to the transformations 6(q7) = —2ia(16 + 776)(4g), which cancel the

transformation (3.5.40) of the integration measure. Therefore we can write super-
conformally invariant superfield action

§= / dtd*0 (q7)" . (3-5.48)

Note that this vanishes when « = —1 due to the constraints (3.5.44). For a« = —1
the superconformal superfield action is given by [217), 212]

In (gg
S — / dtd*o # (3.5.49)

It is worthwhile to remark that these two expressions (3.5.48) and (3.5.49) can be
written uniformly by adding the overall factor as

1
o

1 .
H—a/dtd 0 (qq)* . (3-5.50)

One can check that is regular for any a and coincides with at
o= —1

Although there is a superpotential term for the (4, 4,0) multiplet [214] which is
a Wess-Zumino type term [4] of first order in time derivative, it does not produce
any non-trivial potential for physical bosons. Therefore one cannot construct N =
4 superconformal mechanics with the non-trivial potential for the physical bosons
by using the (4,4,0) multiplet only. On the other hand, it has been discussed
[217, [218] that the gauged action of the (4,4,0) multiplet generates more generic
actions.

4 The superfield Wezz-Zumino type potential term for all N' = 4 multiplets can be represented
manifestly only in the harmonic superspace [137].
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3.5.2 (3,4,1) supermultiplet

Let us set ¢ = 0 in the supercoset (3.5.16). This enforces us to put the corre-
sponding subgroup U(1) C SU(2) into the stability subgroup and thus the result-
ing supercoset involves SL(2,R) x SU(2)/U(1). To realize the spinor covariant
derivatives of the remaining bosonic superfields u, A, A, we should impose the

conditions
wp = wj| = wj| =0. (3.5.51)
The set of conditions (3.5.51) can be expressed as
Dl =, DUvib =0 (3.5.52)

where

A A i 1— AA
vIlo e By e B y12 Ll AL
1+ AA 1+ AA 735 1ran 855

Note that the N = 4 superfields V/ is real and satisfy the relations
Vil = v, Vil = ey V¥, V2= Vi, = e, (3.5.54)

The superfield V/ obeying the constraints (3.5.52) was firstly introduced in [220]
and later discussed in [221, 222} [70, 213} 212, 214, 211}, [218]. The constraints
give rise to the independent components

vl yiz yli2 3 physical bosons
D'V12, D212 D'V12, D°V!2 4 fermions (3.5.55)
DD’ Vi 1 auxiliary boson

Thus we can identify the superfield V¥ with the (3,4,1) supermultiplet. Since the
constraints (3.5.52) are obtained by the dimensional reduction from the constraints
of the d = 4 N/ = 2 tensor multiplet [223], the (3,4, 1) multiplet is also called tensor

multiplet
From (3.5.37)-(3.5.39), one can read the D(2,1;a) superconformal boost trans-

formations of Vi

oV = —2ia [ (10 +776) VI + (18 ~7,0%) VI* + (8" —70%0,) VIH] (.5.56)

15 The superfield V/ can also be obtained by the dimensional reduction from d = 4 N = 1 vector
multiplet [221] as the spatial component of d = 4 Abelian gauge vector connection superfield.
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The superfield action for the kinetic term is given by [213| 214, 212]

1
Sun = [ dtdo (V2)% (6:557)
where V2 is defined in (3.5.54). The action (3.5.57) vanishes for # = —1. The
superfield action for the kinetic term in the case of « = —1is
1
Skin = —3 /dtd49 (V2) 2 In V2. (3.5.58)

It has been pointed out [213] that both of the action (3.5.57) and (3.5.58) can be

described in a unified form as

)2, (3.5.59)

Skin = 1

The superconformally invariant potential term for the (3,4, 1) multiplet can be
written as [213]]

Spot = —iV2 / dtd*0 { / dyd, W J_] (3.5.60)

where )V is the prepotential satisfying
Vil = DD, W= —W. (3.5.61)

Note that the constraints (3.5.52) are solved by an unconstraint prepotential V.
Alternative way to obtain the potential term for the (3,4,1) multiplet has been
proposed as an integral over the analytic harmonic superspace [214].

Combining the kinetic terms (3.5.59) and the potential terms (3.5.60), we find
the bosonic superconformal actions in component fields as [213]

2
_ 3
Shosonic = M 1+a (Skin)bosonic + V(Spot)bosonic
AA 1 AA — AN
/ " Py ane 4! 1+ AA

_1 2,52 2 (32 -2-2_1/_2 ,
_Z/dt {40( Ui+ ur (19 + sin 194)) W2+21/cosz9(p

o1 12 e XX
= [ dt l (X)X X — — - + 2iV } (3.5.62)
] e sy xR X
where
A = tan geiq’ el = r, (3.5.63)
e \/_y 5.
X: X
8ii(X) = 6; + (4a® — 1) =1 (3.5.64)

| X2

107



Observing the two explicit expressions (3.5.45) and (3.5.54) for the two super-

fields ¢' and V¥ in terms of the initial Goldstone superfields, we can express the
superfields V7 as

1 _ . /a1sl 2 . /522 12 _ L (12, 21
Vi = —iv2g'g', VP2 =-ivagg, v \@(qq+qq)- (3.5.65)

Also one can check that if the the irreducible constraints (3.5.44) for the (4,4,0)
multiplet are satisfied by g/, 7', then the constraints (3.5.52) for the (3,4, 1) multiplet

are also solved by (3.5.65) [214]. However, it is important to note that (3.5.65) are
not general but rather special solutions to the(3,4,1) multiplet. So the generic

(3,4,1) multiplet cannot be covered by (3.5.65).

3.5.3 (2,4,2) supermultiplet

Now we will put u = 0, z = 0, ¢ = 0 in the supercoset (3.5.16). Then the supercoset
contain only two bosonic fields ¢, ¢ or equivalently A, A, which parametrize the
two-sphere S?> ~ SU(2)/U(1). The condition that the spinor covariant derivatives
of ¢,  can be expressed in terms of ¢, ¥ is

wy| = wy| = 0. (3.5.66)
For a # —1 these the conditions are written as
D'A = —AD?A, DyA = AD;A. (3.5.67)

Under the constraints (3.5.67) the superfield A, A yields the independent compo-
nent fields

AN 2 physical bosons
—D'A,D1A,D?A, —D>A 4 fermions (3.5.68)
D1D?A,D,D'A 2 auxiliary bosons,

which implies the (2,4, 2) supermultiplet. This multiplet is called non-linear chiral
multiplet because the constraints can be viewed as the modified chirality
conditions so that they are also covariant with respect to D(2,1; «). Note that, apart
from the non-linear realization of D(2,1;«), the N' = 4 chiral multiplet (2,4,2) is
constructed by a complex superfields ¢, ¢ obeying the constraints

D¢ =0, Dj¢ = 0. (3.5.69)
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It has been discussed that one cannot construct superconformal superfield ac-
tions out of the (2,4,2) multiplet alone due to the absence of the dilaton u [212].
In order to obtain superconformal superfield actions, the coupling to some other
N = 4 supermultiplets is needed.

In terms of the hypermultiplet g, g, the superfield A, A can be written as
1 —
q ~ Zhl
A=-T1 A=—1L (3.5.70)
q* p)

These are just the special solutions to the constraint equations (3.5.67) for the non-
linear chiral multiplet.

3.5.4 (1,4,3) supermultiplet

Let us retain the dilaton u alone in the supercoset (3.5.16). This corresponds to
putting two SU(2) R-symmetry factors into the stability subgroup. The irreducible

condition

wp| =10 (3.5.71)

just implies that the four spinor derivatives of u is expressed by the four fermionic
Goldstone superfield ¢, . Therefore the equation (3.5.71) does not impose any
constraints on the superfield u. The independent component fields are [210]

et 1 physical bosons
Diu,Dju 4 fermions (3-5.72)
[D(i,ﬁj)]eu, [D!, D;]e* 3 auxiliary bosons

and this means the (1,4,3) supermultiplet. However, as was shown in [210], one
should impose additional irreducible constraints on the dilaton u

D'Dje~ = D;D'e~" = [D, D;]e*" =0 (3.5.73)

for the minimal (1,4, 3) multiplet. It has been pointed out [213] that if we build up
the u superfield out of the (3,4,1) superfield V¥ satisfying (3.5.52) as

—ou 1

e ==, (3-5.74)

VAL
then u automatically obeys the minimal constraints (3.5.73). Substituting the re-
lation (3.5.74) into (3.5.60) and (3.5.58), we obtain the superconformal superfield
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action

S = /dtd49 e (3.5.75)
for « # —1 and

S = /dtd49 etu (3.5.76)
for « = —1. By putting the overall factor, we can express the superconformal

superfield actions for both cases as [213]

1
5= 11— / dtd*e e, (3.5.77)

Combining and (3.5.49), one can check that the superfield action (3.5.77)
is invariant under the superconformal boost transformations. Note that is
not defined at &« = 0 because of our choice of the supercoset and it should
be treated separately [2171), [218].

Inserting the appropriate set of component fields which solve the minimal con-
straints into the superfield action (3.5.77), integrating over the Grassmann
coordinates ;,8 and integrating out the auxiliary fields, one finds the one particle
D(2,1; a) superconformal mechanical model [227, 137]

il
2 vy ety ;/;(III}’) : (3.5.78)

S= %/dt Wi (wigb"—@p") +3(1+20)

Although the action does not possess bosonic potential at the classical level,
upon the quantization the anti-commutation for the fermions may yield a purely
bosonic potential term. We see that the potential terms just flip the overall sign
under the transformation « (3.5.11).

As we have already seen (3.5.13), when « = —1,0 the N = 4 superconformal al-
gebra D(2,1; «) is isomorphic to the semi-direct sum of su(1,1|2) and su(2), which
implies that one of the SU(2) symmetry is broken and the superalgebra su(1,1|2)
allows for the central charge. So the irreducible constraints for the bosonic Gold-
stone superfields can be weakened by adding the central charge [224, 137]. The
constraints (3.5.73) can be modified as

D'Dje" =0, D,D'e =0, (D!, Dje™ = ¢ (3.5.79)

or
D'De " =, Eiﬁie_"‘” =g, (D', Djle " =0 (3.5.80)
16Tn the original work in [210] only the SU(1,1|2) invariant action with « = —1 was considered.
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where c is the central charge of the su(1,1|2) superalgebra. The two constraints
correspond to the case where the broken SU(2) symmetry is taken as the rotation
of # coordinates and 6 coordinates respectively [210]. The solutions to the new
constraint equations acquire the additional term proportional to #0c. Then one
obtains the one particle SU(1,1|2) superconformal mechanical action [210, 223

1371
1
_E/w

Note that the additional contribution from the central charge c yields the inverse

(3.5.81)

M]

x2

W+ (%‘/’Z - ¢i¢i> -

square type bosonic potential at the classical level.

3.5.5 (0,4,4) supermultiplet

Although we have seen that the irreducibility conditions for the supermultiplet can
be systematically obtained by means of the non-linear realization method, there is
a further possible supermultiplet (0,4,4) 7| It is described by a fermionic analytic
superfield in the harmonic superspace (HSS) [214].

The harmonic superspace (HSS) is the extension of the original superspace by
introducing the new commuting harmonic coordinate ul.i, i = 1,2 parametrizing
the internal degrees of freedom as the two-sphere S? ~ SU(2)/U(1) with SU(2)
being the R-symmetry [225].

HR24) = (t,,6%,07,07,0 ,u,u;)

= (Cuf,u ,67,0) (3.5.82)

where
tai=t—i(070 +60°0), 0% =0uk, 0 =0ut, (3.583)
utus =1, ul*u]._ — u;rui_ = €jj. (3.5.84)

The significant property is the existence of an analytic subspace (ASS), which is
the quotient of H1+24) by {=,0 }

AR (142]2) _ (g M)
= (t4,0%,8,uf,u,). (3.5-85)

7 At least the author does not know the (0,4, 4) supermultiplet based on the non-linear realiza-

tion of the superconformal group D(2,1;x).
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The covariant derivatives in the analytic basis of HSS, (¢, u, 9_,5_) are defined by
0 —t 0

+_ %2 - __ %
DY == D e (3-5.86)
0 9 — 0 J
D™ = ————2i0 — D =— -2 — 5.
R TIY gt 7 ota (3:587)
and the harmonic covariant derivatives in the analytic basis of HSS are
D** = o+ 4 2igrgt 0 ot 0 4 gt 0

. 5.88
Aty L 90T T g7 (3.5.88)

The constraints for the (0,4,4) superfield Y7%({,u), a = 1,2 ['°| are givne by
[214]

DHryte — . (3-5-89)
The solution of the constraint is written as
Y7, u) = 1/)1"%1;r + 0T + @*E“ + 2i9+§+1/)mu; (3.5.90)
and the independent component fields are

= (3.5.91)
&,z 4 auxiliary bosons.

{W” 4 fermions

The (0,4,4) superfield ¥17 has been discussed in [217), 218, 227]. The action takes
the form

S = % / dudl~"¥YT¥

= /dt [itpi”tﬁm + C“Ea] : (3-5.92)
Although the action (3.5.92) contains only the kinetic term of the free fermions and
the quadratic term of the bosonic auxiliary fields, if we appropriately couple the

(0,4,4) multiplet to the other N' = 4 supermultiplets, we may produce bosonic
potentials [211), 218} 227].

3.5.6 Multi-particle model
WDYVYV equation

We have seen that the superspace and superfield formalism based on the non-
linear realization technique is useful to build up N = 4 superconformal mechan-
ical models possessing D(2,1; ) symmetry. However, it is known that the direct

BThe indices a = 1,2 denote the doublet of the extra SU(2) called the Pauli-Giirsey group [226].
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generalization of the one particle analysis does not work well for the construction
of the D(2,1; ) multi-particle superconformal mechanical systems |9, Hence it is
insightful to investigate the construction for the N = 4 multi-particle superconfor-
mal mechanics in the component level.

Let us consider N particles on R with canonical variables x* and their momenta
pp wherea =1,-- -, N label the particles. The N = 4 supersymmetry leads to two
complex fermions gbf’,@al, i = 1,2. In addition, we also consider a one pair of
bosonic isospin variables u', i = 1,2 which parametrize the internal degrees of
freedom P9

Now we impose the ansatz for the supercharges Q; and Gi of the form [228§]
Qi = patpf + Ua(x) Kijtp™ + iFope (x) " 95, (3-5:93)
. e T i
Q' = pa™ + Ua ()K" — iFupe (x) " 9 (3-5-94)
where U, (x) and F,;.(x) are homogeneous functions of degree —1 in x* and
i, _ _
Kij = 5 (uitt + uji;) . (3-5.95)
Let us consider the Dirac brackets
—bi 1 - L
pd=o,  {un g} = st {Wm)=-id. (596

Then the N = 4 superalgebra

{Qi@] } = 2i6/H (3.5.97)
implies that [229 228]
daUp — dpU, =0, (3-5.98)
daFyeqg — pFocg =0 (3-5-99)
and
FeaeFepd — FepeFeaqd = 0, (3.5.100)
aaub - udub - FabcuC = 0. (3.5.101)

91In the case of & = —1,0 with SU(1,1|2) symmetry, the standard N = 4 superspace description

can be generalized to the multi-particle case [228]].
20Tt has been discussed [228] that isospin variables is needed in order to obtain the multi-particle

D(2,1;«) superconformal mechanics for « # —1,0. See [229] for « = —1,0, i.e. SU(1,1|2) super-
conformal mechanics.
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The first set of equations (3.5.98) and (3.5.99) can be solved by
Up(x) = 9,U(x), Fape(x) = 0200 F (x) (3.5.102)

where U(x) and F(x) are the prepotentials, the scalar functions defined up to
polynomials of degree 0 and 2 in x? respectively. Therefore we have two non-
linear differential equations and for the prepotential U(x) and
F(x). Quite interestingly the equation (3.5.100) is the so-called Witten-Dijkgraaf-
Verlinde-Verlinde (WDVYV) equation [230, [231]]. It has been established that the so-
lution of WDVV equations determines the structure of a Frobenius manifold. The
other equation describes the so-called twisted periods U, of the Frobenius
manifold [232, 233]

Under the conditions and the Hamiltonian can be written as

1 1 .
H = Zpapa + _]l]]ijuﬂuﬂ
—dj
- Zuasz]¢al¢ 5 abcdlpmwz IPCIP I, (3'5-104)

We should note that the N' = 4 superconformal algebra D(2,1;«) has not been
taken into account so far. So the WDVV equation and the twisted period equation
are just the requirement for the conservation of N' = 4 supersymmetry.

To realize D(2,1; «) superconformal algebr_a\ let us introduce the conformal gen-
erators D, K, superconformal generators S;, 5" and the R-symmetry generators Jj;

D= _411 {xPpa}, K = x"x,, (3.5.105)
S; = —2x"y?, 5 = —2x”¢m, (3-5.106)
Jij = Kij + 2igf, 5, (3.5.107)
I = iy, Iy = —zlpmt,bf, I, = igbf@m. (3.5.108)

From the dilatation invariance we require the homogeneity

dp(x"Us) = (x"0a + 1)Uy =0, (3-5.109)
Ip(x"Faeq) = (x70g + 1) Fyeg = 0. (3.5.110)

21 Any function j satisfying

agﬂ _ cd a F*( ) _

p(p;v)
op*?

(3.5.103)

is called twisted period of the Frobenius manifold where p“ are periods.
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The remaining D(2,1; &) superconformal algebra (3.5.1)-(3.5.6) then leads to
x"U, = 2, (3.5.111)
X" Fope = — (1 4+ 2a) pe.. (3.5.112)

For & # —3 the prepotential F is non-vanishing and any two values of a are
related by a rescaling under the transformation (3.5.11). In this sense the two
conditions and can be viewed as the normalization conditions.
In the case of # = —% which realizes the OSp(4|2) superconformal mechanics, the
prepotential F cannot be normalized. This corresponds to the fact that under the
reflection 1} o = —1 is self-dual P Therefore we can utilize the families of
the solutions (U, F) along with the expression to construct N = 4 multi-
particle superconformal mechanics. Since the number of independent equations

are given by[137]
5(N—1)(N—2)%(N—3) for WDVV equation
. . . (3.5.113)
5(N=1)(N-2) for twisted periods,

when N > 4, ie. the system contains more than four particles, the non-trivial
WDVV equation appears and the twisted periods equation gives
rise to the non-trivial conditions.

At this stage we with to look for the solution F to the WDVV equation (3.5.100)
and the twisted periods U, defined by (3.5.101). However, up to date it is an open
mathematical problem to list up all the solutions to the WDVV equation and only
part of the solutions are known [234, 235, [236} 237, [238, 239, 240]. In [234] it was
shown that one can construct the solutions to the WDVV equation by
imposing the ansatz

F(x) =) fuK(a - x) (3.5.114)
14
where
—12%1n22 rational case
K(z) = { —iLis(e*?) + z® trigonometric case (3.5.115)
—}Lﬁig;(eziz 1T) elliptic case

with f, € Rand « - x = a”x,. Here {a} are the covectors constructing a deformed
Lie (super)algebra root system 3| Liz is the trilogarithm and Li3 is an elliptic gen-
eralization [242) 243) 244}, 245]. Among the above known solutions to the WDVV

??The induced metric defined in lb is degenerate for a = —3.
231t is known that the root systems of some Lie superalgebras give rise to the solutions to the

WDVV equation [237, 241].
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equation, only the rational case satisfies the normalization conditions (3.5.111) and
(3.5.112). Thus the D(2,1; ) superconformal models may arise for

1
F(x) = =3 ) fala- x)%In |a - x|? (3.5.116)
14
The ansatz (3.5.116) defines the constant metric
Qab = —XFegp = )_ fak Q . (3.5.117)
[14

Then it was established [235] that certain deformations of root systems can solve
the WDVV equation and the corresponding collections of covectors {a}
is called V-systems [246].

On the other hand, it was observed [233] that the ansatz for the twisted periods
U,

U(x) =) ugln Pg(x) (3.5.118)
B

can solve the equation (3.5.101) where Pg(x) are homogeneous polynomials of
degree ng in x and ug is chosen so that } g ngug = 2u.

Now let us assume that a # —% and consider the special solutions to the
twisted periods as the form

U(x) =) upIn(a-x) (3.5.119)

where the same covectors « are chosen for U(x) and F(x). Then the normalization

conditions and reduce to

Y =20, (3.5.120)
44

Zf,xocatxb = (14 2a)dy (3.5.121)

14

and we get the potential term
KUK;j w- B
V(x) = LN wpug—o > E— (3.5.122)

5 L) (b

By requiring the invariance under permutations of the particle labels, the WDVV
solutions F based on deformed root systems of the Lie algebras A,, BCD,, and EF,
and the Lie superalgebras have been discussed [247]. It is an interesting question
to reveal the geometrical understanding for the relevant WDVV solutions and the
relation to the construction of the N = 4 superconformal mechanical models.
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On the contrary, we cannot apply the same method to the OSp(4|2) supercon-
formal mechanical models for o = —% since some formulae become singular. One

of the illness is the degenerate induced metric

Y far®@a =0, (3.5.123)
[\4

which can be seen from (3.5.117) and (3.5.121)). Since this implies the degenerate

covectors e, it is natural to consider the degenerate limit of the deformed root sys-
tems which solve the WDVV equation. By observing that there exists a degenerate
limit in the moduli space of the deformed A, root systems, the prepotentials for
the OSp(4|2) superconformal mechanics have been proposed as [247]

1 a by\2 a by2 1 a 2 a 2
= — - — - — - -X
F(x) N Kb(x x7) In(x" — x7) N ;(Nx X) In(Nx )7,
(3.5.124)
1
U(x) = ~5N ;ln (Nx" — X) (3.5.125)
where X = ), x*. Correspondingly we get the potential [247, [137]
y 2
KYKij 1 1 1
V(x) = =3 ; (Nx*—X)2 N (; Nx — X>
KYKjj 1 1
= - . .5.126
N L [N X Nxb—x] (3:5.126)

We should note that the potential (3.5.126) does not take the form of the Calogero
type pairwise interaction albeit it is the inverse-square type interaction.

Sigma-model

We shall study the N/ = 4 superconformal sigma-model which is more general
multi-particle A" = 4 superconformal quantum mechanical system 4]

In order to find the condition on the target space geometry, we assume that the
second, third and fourth supersymmetry transformations are expressed as [200]

oD = er(Ir)iquDj (3.5.127)

where @' is the (1,2,1) superfields and €, r = 1,2,3 are the supersymmetry pa-
rameters and I, are the endomorphisms of the tangent bundle of the target space.

24Note that in the N' = 4 superconformal multi-particle mechanical models relevant to the

WDVYV equation, the metric is trivial due to the ansatz (3.5.93), (3.5.94).
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The corresponding AN = 4 supermultiplet is referred to as N = 4B multiplet. This
is related to the two-dimensional N’ = (4,0) supersymmetry. Then the V' = 4
superalgebra imposes the conditions [199, 200]

LI + L1, = _251’51 (3-5-128)
N(L,I) =0 (3.5-129)

where a N(F, G) is Nijenhuis concomitant [248, 249]
N(F,G)(X,Y) = [FX,GY] — F[X,GY] — F[GX, Y] + FG[X,Y] + G <+ F (3.5.130)

where X,Y are vector fields on M. Thus the target space M possesses three
complex sructures I, which have vanishing mixed Nijenhuis tensors and obey the
Clifford algebra (3.5.128). Furthermore the three complex structures turn out to
satisfy the algebra of imaginary unit quaternions

ITIS = _51/5 + erstlt (3.5.131)
or the su(2) R-symmetry algebra
I, Is] = 2€"™'1! (3.5.132)

since one can construct a third complex structures from other two by multiplica-
tion.
Also the supersymmetry invariance of the action requires that

gij = (1) (1)’ 8. (3.5.133)
v (1) =0, (3.5.134)
a[i (Imfc|m|kl]> - Z(Ir)m[ia[mcjkl}} =0. (3.5.135)

The first condition(3.5.133) implies that the metric ¢ on M is Hermitian with re-
spect to the three complex structures. The second condition is a gen-
eralized Yano tensor condition with torsion and the third condition is
imposed on torsion and complex structures.

It has been pointed out [200] that the above constraints on the target space
M are similar to the defining conditions for a weak hyperkihler manifold with
torsion (HKT) [250]. A weak HKT manifold is a Riemannian manifold {M, g, c}
with a metric g, a torsion three-form ¢ and three complex structures I, r = 1,2,3
which obey the following conditions

*1f ¢ is closed in addition to (3.5.131), (3.5.133), (3.5.136), it is called a strong HKT[250, 200].
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1. the three complex structures I, satisfy the algebra of imaginary of unit quater-

nions
2. the metric is Hermitian with respect to the three complex structures;
3. the complex structures are covariant constant
V,(<+)(Ir)ij =0 (3.5.136)
with respect to the covariant derivative V(*) with the torsion.

We see that the conditions for the weak HKT geometry are only different from
the constraints on the target space M in that the covariant constant properties for

the complex structures (3.5.136) are replaced with (3.5.134) and (3.5.135). It turns
out that the equation (3.5.136)) always solves the constraints (3.5.134) and (3.5.135).

Therefore a weak HKT geometry satisfies the constraints (3.5.130)-(3.5.135) on the

N = 4B supersymmetric sigma-models.
Although it is known that the N/ = 4 supermultiplets in one-dimension hold
the connections to the ' = 2 supersymmetry in two-dimensions as

1d N =4A < 2d N = (2,2),
1d N =4B < 2d N = (4,0), (3-5.137)

we have seen that the target space M of the ' = 4B sigma-model is not the HKT
geometry in two-dimensions, but rather a weak HKT geometry. This shows that
there are one-dimensional supermultiplets which cannot be obtained from higher-
dimensional supermultiplets.

Furthermore the D(2,1;a) superconformal algebra (3.5.1)-(3.5.6) imposes the
additional conditions [69]

. 2 i
EDV(Ir)l]- = _H—(XerSt(It)i]/ 'CDrgij =0 (35138)

where D" := Di(I’)ij d;. These conditions (3.5.138) can be viewed as the general-
izations of the N = 2 superconformal constraints (3.4.81).

3.5.7 Gauged superconformal mechanics

Consider the N' = 4 matrix superfield gauged mechanical action in the harmonic
superspace [152]

S =Sy + Swz + Spr (3.5.139)

26Here the value &« = —1,0 are excluded.

119



where

1 _1
Sy = —m/yHTr (X vc) , (3.5.140)
Swz = %/VA_Z)V02+Z+, (3.5.141)
S= Lo [ W DTV
F=5C [y T (3-5.142)

where the integration measures are defined

up = dudtd®e, 'l ? = dudg-? (3.5.143)

with harmonic superspace parametrized by the coordinates (3.5.82)-(3.5.85). The

superfields are

e the N’ = 4 Grassmann-even Hermitian n x n matrix superfield Xub (t, Gi,gi, u®)
which obeys

DX =0, DD X=0, <D+5_ +5+D*) X =0 (35144)
which is the (1,4, 3) supermultiplet
e the N/ = 4 Grassmann-even analytic superfield Z; (g, u) which satisfies
pDttzt =, DTzt =0, D'zt =o, (3.5.145)

which is the (4,4,0) supermultiplet and Z* being its Hermitian conjugation
preserving analyticity [226)] 214]

e the N/ = 4 Grassmann-even 1 x n matrix gauge superfield V;"+%(Z, u)

e the unconstrained real analytic superfield Vy({, u) defined by
a5+
/duVo(tA,GJF,G ’ui)leizeiuii,éizé"uii = Tr (X) (3.5.146)

where the covariant derivative D' is given by
DTtX =D X +i[VTT, X, (3.5.147)
Dtz = Dt Et pivttzt (3.5.148)

The first term Sy of the action (3.5.139) is the superconformal action (3.5.77) for
the (1,4,3) superfield X. The second term Syyz is the Wess-Zumino (WZ) term

describing Z;" [z11]. The third term Sy is the Fayet-Iliopoulos (FI) term for the
gauge superfield V.
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The superconformal boost transformations are [214), 211]

Ota =a Aty 804 = —nTta +2i(1+ oc)17*9+5+, ou = ATu,  (3.5.149)

OpH = PH (2/\ - : “A()) , oy =0, (3.5.150)
SX = — Aok, SZT =AZT, VTt =0 (3.5.151)
where
Azzm(ﬁw+—q—ﬁj, (3.5.152)
ATT =DTTA = 2ia (ﬁ+9+ — 17+§+> , (3.5.153)
Ag=2A—-D ~ATT, (3.5.154)

The action (3.5.139) is invariant under the U(n) transformations [152]

X — ehxe ™, (3.5.155)
Zt ezt (3.5.156)
Zt etz (3.5.157)

VTt s oAy Tt iA _ il <D++€fi/\> (3.5.158)

where Al(Z,u™) is the Hermitian analytic matrix gauge parameter. From the

gauge freedom (3.5.155)-(3.5.158) let us fix the gauge as

7t
VIt = 20707 A(tn). (3-5.159)

Integrating out the auxiliary fields by means of their algebraic equations of motion
and performing the Grassmann integral, we obtain the D(2,1; a) superconformal
mechanics [209]

sz/m

w2 (z;z')? ll)@jz(izj) 2 ¢i¢j¢(i¢j) Sy
2 + 2 2 + 5(1 - 2zx)T —A (ziz — c) . (3.5.160)

P g (2 =) — i~
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Using the Noether’s method the set of generators are evaluated to be [209]

1, @) +27 202y

H = 4p 14 —4x2 — (x—xz ,
Y'Y (14 20)2
— (1+2«) T T2 ' (3.5.161)
D =tH — 31 {x,p}, (3.5.162)
1
K =t*H - Et {x,p} + 22, (3.5.163)
T
Q' = py' + ch lp] +i(1+ 2“)—<1,b]1i v >, (3.5.164)
_ _ Z(iZ; _j 9y,

Qi =ry; - ZZWU—fPi(l + Zw)w, (3.5.165)
St =tQ' — 2xy’ (3.5.166)
= tQ; — 2xy (3.5.167)

Ji =i (z(izk) + 21,0(@1{)) , (3.5.168)

M= —ilPi#’k, (3.5.169)

12 = iy'y, (3.5.170)

i .

" = —E[EDMPZ] (3.5.171)
where (-) denotes the Weyl ordering. One can show that under the canonical
relations

) . ) L 1 .
wi=i Eal=g {lRl=—50  Gsm

the generators form the D(2,1; a) superalgebra [209].

3.6 N = 8 Superconformal mechanics

Up to now much less has been known about higher extended N/ > 4 supersymmet-
ric quantum mechanics. A study on N > 4 supersymmetric quantum mechanics
was initiated in [220] within the on-shell Hamiltonian approach. As we have dis-
cussed in subsection the N/ = 8 supersymmetry is the maximum case in
which only the same number of supersymmetry is required for the component
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fields in the minimal supermultiplet In other words, the N' = 8 supersym-
metry is the highest supersymmetric case in which the superspace and superfield
formalism is applicable. In fact off-shell actions of the N/ = 8 superconformal me-
chanical models are only known for a few cases. From the Table [3.2| we see that
there are four different possible superconformal group for ' = 8 superconformal
mechanics

1. SU(1,1[4)
2. 0Sp(8]2)
3. OSp(4°[4)
4 F(4).

As we will see, the OSp(4*|4) superconformal mechanics has been constructed
from the (3,8,5) and the (5,8, 3) supermultiplets [252} 253] and F(4) superconfor-
mal mechanics has been proposed from the (1, 8,7) supermultiplet [254].

3.6.1 On-shell SU(1,1|%) action

It has been discussed [210, [255) 224} [137] that the on-shell one particle component
action of the SU(1, 1|%/), N > 4 superconformal mechanical models generically

sz/m

where the fermionic fields ¢’ are the spinor representation of the R-symmetry

take the form

@i (99— ') - (361)

x2

Ei@ﬂq

group SU(%/) It has been pointed out [224] that the generators of the supercon-
formal group SU(1, 1|%/) can be found from those of the SU(1,1|2) jus by replac-
ing the SU(2) spinor ¢ with the SU(%/) spinors and c is a constant parameter.
Correspondingly the supercharges Q', Q; and the Hamiltonian H can be expressed

?7Note that this statement has not been strictly proven without the assumptions for the particular

forms of supersymmetric transformations (3.2.2), (3.2.3) and the relevant algebras.
28 The relevant D-module representations for the d = 1 N = 2, 4 and 8 superconformal algebras

have been discussed in [2571].
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as

Q =y (p ~ it Y ) , (3:6.2)

Gz_wi p+21c+fﬂ’b>l (363)
2 +_ i

H= % oL ;L;M (3.6.4)

However, it has not been completely understood how to realize the on-shell action
(3.6.1) from the off-shell superspace and superfield formalism.

3.6.2 Superspace and supermultiplet

The N = 8 superspace R(11®) is parametrized by [252} 253]

RS = (1,0, 04), (6i0) = 6", (8aa) = 8" (3-6.5)

with i,a,a, A = 1,2. In terms of (3.6.5) four commuting SU(2) factors of the R-
symmetry will be manifest. The covariant derivatives are defined by

; 0 0 0
ia __ ‘nia aA _
D" = 20, + 16 3 \Y 30s (3.6.6)
and they satisfy
o D d
ia b\ _— ~;.ij.ab aA gBB | _ ~; .ap AB
{D ,D } 2ielle 57 {V ,V } 2ie*Pe 5 (3.6.7)

Although the N = 8 superfields are useful to find the irreducibility constraints
and the transformation properties, it is hard to reproduce the supersymmetric
action in terms of the component fields because of the large dimension of the
integration measure. The efficient strategy is to split the N' = 8 supermultiplets
into the N' = 4 supermultiplets and to deal with the N/ = 4 superspace and
superfield formalism. Such decompositions of the ' = 8 supermultiplets in terms
of the N = 4 supermultiplets can be written as the direct sum [252} [256]

(n,8,8 —n) = (n1,44—m)® (np,4,4—ny) (3.6.8)

with n = nj + ny. Here n represents the number of physical bosonic fields in the
N = 8 supermultiplets while 17 and 7, denote the numbers of physical bosons in
the two N = 4 supermultiplets respectively.
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(0,8,8) supermultiplet

The (0,8, 8) supermultiplet is described by two real fermionic superfields ¥#4, Zi*
satisfying the constraints

vieAgh) — o, plieg] — o, (3.6.9)
vyl — o, Dilrgh) — o, (3.6.10)
VAAYs = DEY, V*EL = —D"Y. (3.6.11)

(3.6.11) implies that the covariant derivative with respect to 9,4 can be represented
by the covariant derivatives with respect to 0;,.
The (0, 8,8) supermultiplet possesses a unique splitting

(0,8,8) = (0,4,4) & (0,4,4). (3.6.12)

In order to describe the (0,0,8) supermultiplet in terms of the N' = 4 superfields,
we pick up the appropriate ' = 4 superspace as

R = (t,0;,) c RU®) = (¢,6;,, 9,4). (3.6.13)

Expanding the superfields in 4, the constraints (3.6.11) leave the independent
N = 4 superfields

waA — TaA|19:0’ gia — Ei“|l9:(). (3.6.14)

Then the constraints (3.6.9) and (3.6.10) imply that

peigie =, Doy ~o. 6615)

The conditions (3.6.15) correspond to the constraints (3.5.89) for (0,4,4) supermul-
tiplets on the superfields &, 4.

The N = 8 supersymmetric action can be written as
5 — / dtd*0 067 iy + 0703201 | (3.6.16)
Although the action (3.6.16) is not manifestly invariant due to the existence of the
Grassmann coordinates, one can show that it is invariant.
(1,8,7) supermultiplet

The (1,8,7) supermultiplet is described by a single scalar superfield U/ obeying the
conditions

vWyghiy =o, Diepitlyy = o, (3.6.17)
DDy = —VYViy (3.6.18)
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The condition reduce the manifest R-symmetry into three SU(2) factors
due to the identification of the indices A and i of the covariant derivatives V*4
and D™,

The (1,8,7) has a unique decomposition into the A/ = 4 multiplets as

(1,8,7) = (1,4,3) © (0,4,4). (3.6.19)

By choosing the A/ = 4 superspace R as in 1} and expanding the super-
fields in ®'4, we find the projected N = 4 superfields

u=Uls=o, P = VUl (3.6.20)
obeying
Dliayie — D!@pit)y =, (3.6.21)

which are viewed as the constraint equations and (3.5.72). Thus we can
identify ¥* and u with the (0,4,4) and (1,4, 3) superfields respectively.

The general N' = 8 supersymmetric component action of the (1,8,7) super-
multiplet can be found in [190]. The harmonic superspace action can be found in
[257, [258, 226].

Taking into account the decomposition (3.6.19) of the (1,8,7) supermultiplet,
N = 8 superconformal mechanical model has been constructed by combining
the two supermultiplets (1,4,3) and (0,4,4) for D(2,1;a& = —1) [254]. Since the
possible N/ = 8 superconformal group into which one can embed D(2,1;a = —1)
is only F(4), the resulting N/ = 8 superconformal mechanical model is identified

with F(4) superconformal mechanics.

(2,8,6) supermultiplet

The (2,8,6) supermultiplet contains two scalar bosonic superfields U/, ® which
satisfy

v0aighiy = o, vAivhe =, (3.6.22)
ViU = D"®, Vid = —DY (3.6.23)
where the indices i, A being identified and the indices 4, a being identified and thus

only two SU(2) factors are manifest. The (2, 8, 6) multiplets can be regarded as the
two (1,8,7) multiplets with the additional conditions because the two constraints

(3.6.22) and (3.6.23) lead to
pliapitep — 0, Diapiblyy — 0, (3.6.24)
D“Dly = —vIviy, DDl = — VIV, (3.6.25)
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The (2,8,6) multiplet has two different decompositions

(2,8,6) = {(1’ 43)®(1,4,3) (3.6.26)
(2,4,2) ).
1. (1,4,3) ® (1,4,3)

Choosing the N' = 4 superspace (3.6.13) and expanding the superfields in
94, we find from (3.6.22) and (3.6.23) the independent A" = 4 superfields

u=Uly=o, ¢ = Pls—o (3.6.27)
satisfying
Di@pit)y = o, DUepiby =, (3.6.28)

which are the constraints equations (3.5.73). Therefore the two superfields u,
¢ are regarded as the (1,4, 3) superfields.

The action can be written as

5= / dtd*e F(u, ¢) (3.6.29)
where the function F satisfies the Laplace equation
d’F  9%F
— +-5 =0 6.
23 o 0 (3.6.30)

2. (2,4,2) ®(0,4,4)

To realize the decomposition (2,8,6) = (2,4,2) & (0,4,4) we need to modify
the choice of the N' = 4 superspace and the superfields. Let us introducethe
covariant derivatives

Din _ % <Dia _ iV”’) ’ Bt _ % (Di“ n ivai) (3.6.31)
and the superfields V,V as
V=U+id, V=U-—id. (3.6.32)
Then we find a set of constraint equations
D'V =0, vy =0, (3.6.33)
D,V =0, ViV =0, (3.6.34)
DDV =V, V'V, D'VIV =D'V'V =0 (3.6.35)
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where we have defined

f.=D? (3.6.36)

V= D2, vV =-D" (3.6.37)

D! := Dil, D

Considering a new set of coordinates for the ' = 4 superspace as

R = (1,6, + 01,0, — i0,) < R, (3.6.38)

we find from the constraints (3.6.33)-(3.6.35) the independent N = 4 super-
fields

o=V, =Y, (3.6.39)
Y ="'V, ¥ = -V (3.6.40)
satisfying
Div =0, D5 =0, (3.6.41)
Diy/ = 0, Dy =0, Diy/ = —D'yl (3.6.42)

Thus we can identify the two sets of the superfields, v,7 and wi,ﬁi with the
(2,4,2) and (0,4, 4) superfields.

The invariant action is given by

Sz/ﬁM%ﬁ—%/ﬁM%M@—%/ﬁM%%?. (3.6.43)

We should note that the form of the action (3.6.43) depend on the choice of
the N/ = 4 superspace. Although the superfield action (3.6.43) looks different
from the previous action (3.5.92), it turns out to be the same in the component
level.

(3,8,5) supermultiplet

The (3,8,5) supermultiplet includes the three bosonic superfields V¥ = Vii obey-

DYk — o, v, ViR = 0 (3.6.44)

and three SU(2) factors are manifest. (3.6.44) yield to a further condition

at<DfDﬂvﬁ4-v$vaﬁ)::o, (3.6.45)
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which leads to [252]
ViV VY = 6m — DID;, VI (3.6.46)

where m is a constant parameter.
The (3,8,5) multiplet has two decompositions

,4,1 ,4,4
(3,8,5) = { 3416044 (3.6.47)
(1,4,3) ® (2,4,2).

1. (3,4,1) @ (0,4,4)

Let us choose the N' = 4 superspace (3.6.13) and expand the superfields
in ¢;,. Then the constraints leave in V' the four bosonic and four
fermionic N = 4 superfields

oll = Vi, G = ViV, (3-6.48)
A = ViV, VY| (3-6-49)
which obey
DY) =, pliel =, (3.6.50)
A = 6m — D!D,v". (3.6.51)

Since (3.6.50) are identified with the constraint equations (3.5.52) and (3.5.89),

we see that the superfields v/ and &, are the (3,4,1) and (0,4,4) superfields
respectively. The remaining equation is the conservation law type
condition which gives rise to a constant m. As observed in [210], this is the
reminiscent of the d = 4 N/ = 1 tensor multiplet constraints [259].

To write down the invariant action let us project out the A' = 4 superfields
(/) and & onto the harmonic superspace as

) 1

ot = v’]ufru;r, ot = §D__v++, v =D "o, (3.6.52)
. _+ p—

¢t =¢'uf, ¢ =cuf. (3.6.53)

Then the OSp(4*|4) superconformal action is given by [252]

S— / dtd*e/o2

1 - €+E+ o+
— — [ dud +12m
7a ] e

(14 c——0++)3 VIt o0 (14+VI4+c —07F)
(3.6.54)
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where

dudl™~ = dudt ,do+de ", (3.6.55)
ctet = cikufuki, ¢* = const., (3.6.56)

ottt =0T 4ot (3.6.57)

. (1,4,3) @ (2,4,2)

To obtain the decomposition (3,8,5) = (1,4,3) @ (2,4,2), we shall introduce
the new covariant derivatives

D" = \% (Dlﬂ + iV‘ﬂ) , D, = V1V2 (Dg - iv§> , (3.6.58)
Ve = % (DZ“ n iV”2> ) vV, = é (D; . iv;) (3.6.59)

and the set of coordinates closed under the action of D%, D,
R = (t,01, — i021,0" +i9™") c RO, (3.6.60)
Defining the N = 4 superfields as
v = —2iV?, ¢ =V, 9 =V%2, (3.6.61)

we find the constraints (3.5.73) for the (1,4,3) supermultiplet and the con-
straints (3.5.69) for the (2,4,2) chiral supermultiplet

D°D,v =0, D,D"v =0, (3.6.62)

D% =0, D, . (3.6.63)

from the constraints (3.6.44). Therefore the superfields v can be viewed as
the (1,4, 3) superfield and ¢ as the (2,4,2) superfield. From the constraints

(3.6.62) and it follows that

0 —

= [D?,D,] v =0. (3.6.64)
Combining (3.6.46) and (3.6.64), we obtain the constant m [210]

[D?, D)o = —2m. (3.6.65)

In this case the N = 8 supersymmetric free action takes the form [252]
_ 1 49 (2 —
S = 1 /dtd 6 (v 24)4)) . (3.6.66)
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However, the action (3.6.66) is not invariant under the superconformal trans-
formations. Following the strategy of [260, 213], the OSp(4*|4) superconfor-
mal action is given by [252]

1 — —
S=-7 /dtd49 [vln (v + /02 + gocp) — /02 +4g0g0} (3.6.67)

whose bosonic part is

4imeg
v+ /0> + 9@
(5.6.68)

Sbosonic - /dt Z)Z + 44)6 — 7712 — 2imo — )

1
V0% +4¢

Therefore the (3,8,5) supermultiplet can describe the OSp(4*|4) superconfor-
mal mechanics [252]. By means of the non-linear realization method parametrize
a coset of the supergroup OSp(4*|4) such that SO(5) C OSp(4*|4) belongs to the
stability subgroup while one out of three Goldstone bosons is the coset parame-
ter associated with the dilatation, the dilaton and the remaining two Goldstone
bosons parametrize the R-symmetry coset SU(2)r/U(1)g. Although the action
(3.6.54) and have different manifest N' = 4 superconformal symmetries
OSp(4*|2) and SU(1,1/|2) respectively, both of them form OSp(4*|4) superconfor-
mal group together with the hidden symmetries. Hence the two superfield actions

(3.6.54) and (3.6.68) exhibit different symmetry aspects of the same N = 8 super-
conformal mechanics. Note that the two actions (3.6.54) and (3.6.68) produce the

same actions (3.6.68) in terms of the component fields as they can be obtained from
the single N = 8 superfield formulation.
(4,8,4) supermultiplet

The (4, 8,4) supermultiplet includes a four superfields Q** which obeys
D" @b — g, Vol —o. (3.6.69)

The constraints (3.6.69) are manifestly covariant with respect to the three SU(2)
factors for the indices i,a and «.
There are three different decompositions of the (4, 8,4) supermultiplet

(4,4,0) © (0,4,4)
(4,8,4) = ¢ (3,4,1) © (1,4,3) (3.6.70)
(2,4,2) ® (2,4,2).
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1. (4,4,0) @ (0,4,4)

Making the choice of the N = 4 superspace (3.6.13) and expanding the super-
fields in 9;,, the constraints (3.6.69) yield the independent A/ = 4 superfields

qazx — Qam" Lpia — vzix Qauc| (3.6.71)

satisfying the constraint conditions (3.5.44)) for the (4, 4,0) supermultiplet and
(3-5.90) for the (0,4,4) supermultiplet

Dilaghla — o, Diayb)i = 0, (3.6.72)

Thus the superfields g’ and ¢ are the (4,4,0) and (0,4,4) superfields re-
spectively.

2. (3,4,1) 4 (1,4,3)
Let us introduce the N = 8 superfields V™, V as

QM — (ngub . GMV, Vub — Vbu (3.6.73)
and pick up the N = 4 superspace
R = (1,61, + i1, 020 — i02,) < RIS, (3-6.74)

Correspondingly we will consider the covariant derivatives D%, D" and V", V*
as

(D%, D") = (Dlﬂ,ﬁz“), V", V) = (D%@“) (3.6.75)

where D"“,ﬁia are defined in (3.6.31). Then the constraints (3.6.69) lead to

the independent N = 4 superfields
o™ =P, v=Yy (3.6.76)
which are subjected to
D) =, DY) — (3.6.77)
DDy = 0. (3.6.78)

Thus the superfields "’ and v are the (3,4,1) and (1,4, 3) superfields respec-
tively.

The supersymmetric invariant free action is given by

S = / dtd*e {vz — gv”bvab} . (3.6.79)
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3. (2,4,2) ®(2,4,2)
We shall define the new set of N = 8 superfields W, ® in terms of V, yab
introduced in as

w=VH, W = V%, (3.6.80)

_2 3,12 =_ 2/ 3.0
q>_3<v+zv ) P 3(V 2v> (3.6.81)

and the new set of the A/ = 4 covariant derivatives D!, V' as

Di = % (Dﬂ +5“> , D = % (Diz +5i2) , (3.6.82)
V= % (Dil — 5ﬂ> , v = —% (Diz — 5i2> (3.6.83)

where Di“,ﬁia are introduced in (3.6.31). Then the constraints (3.6.69) pro-

vides us with the two independent (2,4,2) superfields

w=W| ¢ =Pl (3.6.84)
The free supersymmetric action can be written as
s = [ ata*o [w - ¢g] . (3.6.85)

The (4,8,4) supermultiplet can be constructed by reducing two-dimensional
N = (4,4) or heterotic V' = (8,0) sigma model [261].
(5,8,3) supermultiplet

The (5,8,3) supermultiplet is described by the five bosonic superfields V., U
which satisfy

DV, = —5'Viy, VAV, = —6tDiU. (3.6.86)

The constraints (3.6.86) are covariant not only with respect to three SU(2) factors
for the indices 7,4, « but also with respect to the SO(5) R-symmetry. The SO(5)
R-symmetry transformations mix the spinor derivatives

The (5,8,3) supermultiplet may have two decompositions

1/ 413 4 4
(5,8,3) = (3.6.87)
(3,4,1) ® (2,4,2)

—
~—
D
—
=
=
(=)
~—



1. (1,4,3) ® (4,4,0)

Using the N/ = 4 superspace (3.6.13) and carrying out the expansion of the
superfields in 9;,, we find the independent N/ = 4 superfields

Vaa = Vaal, u=1Ul (3.6.88)
which satisfy
Dilaghle — Diep?y = o, (3.6.89)
Hence we obtain the (4,4,0) superfield v,, and the (1,4, 3) superfield u.

2. (3,4,1) @ (2,4,2)

In order to present the decomposition (5,8,3) = (2,4,2) & (2,4,2), we intro-
duce the new set of superfields W, W and W*f as

1
web — (v + Vi), W = eV + il (3.6.90)
and the new N = 4 superspace
R = (1,0, + 8, 6™ — i8*) < RIS, (3.6.91)

Then the constraints (3.6.86) leave us with the independent N = 4 superfields

p=W, P = Wb (3.6.92)

which obey
D =0, Dup =0, (3.6.93)
Dghr) = 0, D whr) = 0. (3.6.94)

Here the N = 4 covariant derivatives D%, D, are defined as
D* =D Dy =Dia (3.6.95)

in terms of the covariant derivatives introduced in (3.6.31). Therefore the
N = 4 superfields ¢ and w*f are the (2,4,2) superfield and the (3,4,1)
superfield respectively.

The N = 4 supersymmetric free action is given by [252]
5= / dtd*o {wz - Zcpﬂ . (3.6.96)
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The OSp(4*|4) superconformal action can be written as [252]

In (\/EJr \ w2 4 %4@)

TR (3-6.97)

s =2 [ dtd*
whose bosonic part has the form
 Wutbap + 569
— .
2+ 9)

The action (3.6.98) can be regarded as a conformal invariant type of the SO(5)
invariant sigma-model action of [262].

Shosonic = | d (3.6.98)

The (5,8,3) supermultiplet can be obtained by the dimensional reduction of
the d = 4 N' = 2 Abelian multiplet [262]. The three extra physical scalar fields
originate from the spatial component fields of the d = 4 gauge vector potential.

Using the non-linear realization technique, it has been shown [252] that the
(5,8,3) supermultiplet can parametrize a coset of OSp(4*|4) such that the four out
of five Goldstone bosons parametrize the SO(5)/SO(4) coset while the remaining
one Goldstone boson is the dilaton.

(6,8,2) supermultiplet

The (6,8,2) supermultiplet has two tensor superfields V/, W subjected to the
conditions

DiViF) = o, vivik = o, (3.6.99)

DI“Wh) =, vt — g, (3.6.100)

DIV = V"W, VIVI = —Dpw. (3.6.101)

The conditions identify the eight fermions in V¥ with those in W* and

also reduce the number of the auxiliary fields to two.
The (6,8,2) supermultiplet can be decomposed as

(6,8,2) = {Esl 1)@ 641 (3.6.102)

1. (3,4,1) @ (3,4,1)
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Using the N = 4 superspace (3.6.13) and expanding the superfields in 9, we
can project out the N/ = 4 superfields

il — Vil W — Y (36.103)
obeying
paliyik) — o Dilagbe) = 0, (3.6.104)

Thus we obtain the two (3,4, 1) superfields v/ and w*.

The supersymmetric free action reads
S = /dtd49 (vz — wz) . (3.6.105)

2. (4,4,0)® (2,4,2)

This decomposition can be realized by combining the (2,4, 2) chiral multiplet
¢, ¢ and the (4,4,0) hypermultiplet .

The invariant free action takes the form

5= / atd*0 (7% — 49%) . (3.6.106)

(7,8,1) supermultiplet

The (7,8,1) supermultiplet contains two different types of superfields V7, Q™
which obey

Dliayik) =, velipik) — o, (3.6.107)

Dilagab) — ¢ VE“ 0P —, (3.6.108)

DIV =iV, Q™, V4V = —iD, Q™. (3.6.109)

The constraints (3.6.107) extract the (3,8,5) and (4, 8,4) supermultiplets from the
superfields V/ and Q™ respectively. The constraints (3.6.108) identify the fermions

in the superfields V7 and Q" and reduce the number of the auxiliary fields to one.
The (7,8,1) supermultiplet has a unique splitting

(7,8,1) = (3,4,1) ® (4,4,0). (3.6.110)

By using the A = 4 superspace (3.6.13) and expanding the superspace in ¢, we
find the independent N = 4 superfields

o'l = V|, g™ = Q™| (3.6.111)
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which satisfy the constraints
D?(iyik) =, Di(”qb)"‘ = 0. (3.6.112)

We thus obtain the (3,4,1) superfield v/ and the (4,4,0) superfield g**.
The invariant free action is given by [253]

S = /dtd49 {02 — %qzl . (3.6.113)

(8,8,0) supermultiplet

The (8,8,0) supermultiplet possesses two real bosonic superfields 974, ®* which

obey
0 gyf) _ Agpb) _
Dl@* =, v CD? =0, (3.6.114)
DilaghA =, velageB) — o, (3.6.115)
VPl = D04, VeAQL = DY, (3.6.116)

Similar to the (0,8,8) supermultiplet, the two conditions (3.6.115) and (3.6.116)

means that the covariant derivatives with respect to ¢,4 can be written in terms of
the covariant derivatives with respect to 8;,.
The (0, 8,8) supermultiplet has a unique decomposition

(8,8,0) = (4,4,0) & (4,4,0). (3.6.117)

Choosing the N = 4 superspace (3.6.13) and expanding the superfields in 9,
one find the independent ' = 4 superfields

qu — QaA|, (Pilx — q)ioc’ (3.6.118)
satisfying the constraints for (4,4,0) supermultiplet
D”(i¢j)"‘ =0, Di(“qb)A =0. (3.6.119)

This implies that the (8,8,0) supermultiplet can be decomposed as the sum of the
two (4,4,0) supermultiplets as in (3.6.117).
The invariant free action can be written as [253]

S = /dtd46 [qz — cpz] . (3.6.120)
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3.6.3 Multi-particle model

Let us consider the N = 8 supersymmetric sigma-model
Suppose we have the extended supersymmetry transformations as the form

oD = eA(IA)iqu)j (3.6.121)

where @' is the (1,2,1) superfields and e A=1,---,7 are the supersymmetry
parameters and I4 are the endomorphism of the tangent bundle of the target space.
This N = 8 supermultiplet is called ' = 8B multiplet. This is related to the two-
dimensional ' = (4,0) supersymmetry. The closure of the N/ = 8 superalgebra
requires that [200]

Iplg + Iglqg = —26 45, (3.6.122)
N(I4, Ig) =0 (3.6.123)

where a N(F,G) is Nijenhuis concomitant defined in (3.5.130). Thus the target

space M has seven complex structures I, which have vanishing mixed Nijenhuis

tensors and the underlying algebraic structure is associated with that of octonions.
The invariance of the action under the N' = 8B supersymmetry leads to

8ij = (IA)ki(IA)ljgkl/ (3.6.124)
VE;L)(IA)]{]' =0, (3.6.125)
8[1- (Im]'C|m|kl]> - Z(IA)m[ia[ijle =0. (3.6.126)

The first condition(3.5.133) implies that the metric ¢ on M is Hermitian with re-
spect to the seven complex structures. The second condition (3.5.134) is a gen-
eralized Yano tensor condition with torsion and the third condition is
imposed on torsion and complex structures.

The Riemannian manifold {M, g, c} with a metric g, a torsion three-form c and
three complex structures Iy, A = 1,---,7 which obey the conditions (3.6.122)-
is called Octonionic Kdhler with torsion manifold (OKT) [200].

29The N = 8 superconformal sigma-model has not been well understood. We will only discuss
the N = 8 supersymmetric sigma-model in this thesis.
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Part 11

M2-branes
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Chapter 4

BLG-model

The dominant theme of this chapter and the next chapter is the world-volume
theories of the multiple planar M2-branes [} We will begin in this chapter with
the BLG-model [21), 22, 23| 24, 25], which is one of the candidate descriptions of
the low-energy dynamics of the multiple planar M2-branes. In section we
will set our notations and conventions and review the basic properties. In section
we will focus on the study of the .44 BLG-model that is the non-trivial finite
dimensional Lie 3-algebra with positive definite metric, which may describe two

membranes.

4.1 Construction

The BLG-model is a three-dimensional A/ = 8 supersymmetric Chern-Simons mat-
ter theory found by Bagger, Lambert [21, 22, 23] and Gustavsson [24, 25]. It is
characterized by a Lie 3-algebra A, which is a generalization of a Lie algebra. The
action has a manifest N' = 8 supersymmetry and the SO(8)g R-symmetry. It has
been shown [264] that the SO(4) BLG theory has an OSp(4|8) superconformal
symmetry at the classical level.

The field content is

e 8 real scalar fields X! = XIT*
e 16 (8 on-shell) real fermionic fields ¥ ; = ¥ ;,T*

e gauge fields A, = AWbT“b.

'See [263] for the excellent review on the world-volume theories of the multiple planar M2-
branes.
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Here 7%, a = 1,--- ,dimA is a basis of the Lie 3-algebra A and 7 ab is the fun-
damental object in A which will be introduced in (4.1.18). Under the SO(8)g
R-symmetry the bosonic scalar fields X!, 1 =1,.---,8 are the vector represen-
tations 8, while the fermionic fields Y 4, A=1,---,8 are the conjugate spinor
representations 8. respectively.

They also carry the (dim.A)-dimensional representations of the Lie 3-algebra.

The gauge fields A, are 3-algebra A valued world-volume vector fields. They

are antisymmetric under two indices a,b of the Lie 3-algebra; A, = — Ay, [
The mass dimensions of the field content and the supersymmetry parameter € are
given by
X =5 Md=1 [4]=1 [d=—, (411
Y i, is defined as an SO(1,10) Majorana fermion and its conjugate is given by
¥:=vTc, (4.1.2)
where C is a SO(1,10) charge conjugation matrix satisfying
¢t =, crMe—t = —(rMT, (4.1.3)
Gamma matrix ' is the representation of eleven-dimensional Clifford algebra
{T", 1%} = 2¢MV (4.1.4)
rt0.=ro9, (4.1.5)

where gMN = yMN = diag(—1,+1,+1,---,+1). '™ can be decomposed as

"=4tel® u=0,12
- (4.1.6)
MM=oL,eM?2 1=3,--,10

where

0 1 01 1 0
0 ; 1 2 1.
v ( 1 0)—1(72/ ’)’—<1 0)—0'1/ ’)’—<0 1>—(73 (4.1.7)

and ' is an SO(8) 16 x 16 gamma matrix whose chirality matrix is [? := 18,
The fermionic field ¥ is a real % 2l2) = 32-component Majorana spinor of eleven-
dimensional space-time, obeying the chirality conditionf|

My — 9. (4.1.8)

*For the A, algebra we have a one-to-one correspondence between the fundamental object 7°

and the element T of the associated Lie algebra so(4). Hence Ajap is Lie s0(4)-valued. Moreover

matter fields X!, ¥ ;, are interpreted as the fundamental representations 4 of so(4).
3 32 supercharges in M-theory is broken to 16 due to the existence of M2-branes and ¥ is

identified with the Goldstino corresponding to the broken supersymmetry. Therefore the chirality
condition on ¥ is opposite to that of supersymmetry parameters €.
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Although at this stage ¥ contains 16 independent real components, the number is
reduced to 8 when we treat it on-shell. From (4.1.6) it follows that

1-'012 — I"34-'-10 — ]IZ ® 1':'9 (419)

and
3410y — g, (4.1.10)

Thus V¥ is the conjugate spinor representation 8, of the SO(8)g R-symmetry group.

4.1.1 Lie 3-algebra

The construction of the BLG model is based on the Lie 3-algebra .A. The Lie 3-
algebra is an N-dimensional vector space endowed with the totally antisymmetric
multi-linear triple product [A, B, C] satisfying the fundamental identity

[A,B[C,D,E]] = [[A,B,Cl,D,E] +[C,|A,B,D|,E] + [C,D,[A,B,El, (41.11)

which is a generalization of the Jacobi identity in Lie algebra and requires that the
gauge symmetry 45X = [A, B, X] acts as the derivatiorf]

§AB([C/ D, E]) = [5ABCI D, E] + [C, 5ABD/ E] + [C, D,éABE]. (4.1.12)

The supersymmetry algebra of the BLG model is closed on-shell when the fun-
damental identity is satisfied [22]. Let us introduce the basis {T"}1<,<n
of 3-algebra. Then the 3-algebra is specified by the metric #*’ and the structure
constant £,

h = (17, 1Y), (4.1.13)
[T%, T°, T¢] = f¢ 7. (4.1.14)

In terms of the structure constant, the fundamental identity can be ex-
pressed as

fabcgfdegf — fdeagfbcgf _|_fdebgfcagf + fdecgfabgf (4.1.15)
— 3fd"[“gfbc]8f, (4.1.16)

which turns out to be equivalent to the relation [265]]

S (4.1.17)

4Jacobi identity [A, [B,C]] = [[A, B], C] + [B, [A, C]] ensures that the transformation 64 X = [A, X]
behaves as derivation 54 (B, C] = [64B, C] + [B,64C].
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Here we will define the fundamental object 7 = 7 as
T.-X:=[T"T"X], VXeA (4.1.18)
The fundamental object induces derivation and gives the adjoint map
adpp : X — [T% T, X], VX € A (4.1.19)
If we require that the action of the derivation on the scalar product is invariant
T (T, T% = (T - T, T%) + (T, 7 - T%) =0, (4.1.20)
then we obtain the relation
(T%, [T%, T¢, T%]) = —([T%, T?, T¢], T%). (4.1.21)

A Lie 3-algebra is called “metric” if it satisfies the relation (4.1.21). This metric
property is assumed for all of the BLG theories. In terms of the structure constant,

is rewritten as
fabcd _ f[ubcd]‘ (4.1.22)

This antisymmetry of f*? indicates that the symmetry algebra is contained in
s0(N). To be more precise, we rewrite the fundamental identity (4.1.11) as

adp(adcpX) —adcp(adapX) = ad((a,8,),0)+(c,[4,8,0) X (4.1.23)
or equivalently
adr(adsX) —ads(ad7X) = ad7sX, V7T,S e A?A, X <€ A (4.1.24)

Introducing the coordinates of the (dim A x dim .4) matrices [T", T%, | =: T"%2 =:
adg,s, € EndA as

adgung = (TM%2)] = 1, (4.1.25)
T a4y, Tk — [Tﬂ1, T“Z/ Tk] = falazleZ, (4126)

then the equations (4.1.23) and (4.1.24) may be written in the form

(Th%), (Tb1b2)],s( _ _falaz[bllfb2] i, (4.1.27)
which means that
(77102, (ThE)Jf = ZChoabg  (TE12); (4-1.28)
where
cuabib - — fuaalb [Clgfj]], (4.1.29)
Although is the same form of the commutator in the Lie algebra, this does

by

not mean C*1%2b1 cic, are the structure constants of the Lie algebra g because
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1. C%hib2 . may not be antisymmetric under (aq,a,) < (b1, )
2. 7% may not be the basis of the Lie algebra g.

However, it has been shown [266] that when the Lie 3-algebra is simple, Cmazbib, c16o
are antisymmetric in the upper indices

a1a;|b by)
le[l[ 52]

Cl C2

_fbﬂ’z[ﬂl[ 57! (4.1.30)

17 ¢

and define the structure constants of Lie algebra g. Moreover one can find the
cases where 7 €12 can be viewd as the basis of g.

4.1.2 Lagrangian

The BLG-model Lagrangian is
1

£ =—5DI'X""DyX; + %?QFZBDV‘PBQ
+ i? oD XEXD¥ g £ — V(X) + Lrcs (4.1.31)
where
VIX) =g PR XX XXX, (4132
Eres =56 (f¥ Amdudrea + 54 ST A Ay ) G133

The covariant derivative is defined as

Dy Xa = 0uXa — Apuea[T, T, X,
=0, X, — Al X, (4.1.34)

where AZb = f Cd“bAycd. Alternatively we can express the Lagrangian in terms of
the trace and the triple product of Lie 3-algebra:

—_

1 —
L =—-(D,x',Drx" + 5 (T, T'D,¥)

N

i vl v/ 1 I v] yK I 5] xK
+ (Tt 2, ¥)) — = (1%, %0, x5, %!, X, %))
1 - 2 JOS
+ Eeﬂm [Tr (AwbavAﬂAb) + §Tr (AyabAﬁgA’j\gﬂ (4.1.35)

Although the kinetic term of the gauge fields is similar to the conventional Chern-
Simons term, it is twisted by the structure constant of the 3-algebra. Notice that the

144



gauge fields are non-propagating since it has at most first order derivative terms.
This is consistent with the degrees of freedom required from supersymmetry.
From (4.1.31), we obtain the equations of motion

i— 1
DDy X} — SE X, fo, 4 2 fre 08 x]XEXIXXK =0, (4-1.36)
1
"D, ¥, + 5r” X!xhe, f =0, (4.1.37)
~ 1—
o+ €un (XIDMX) + E\Pcrwd) Feib —. (4.1.38)
Here the field strength of the gauge field is defined as
)Xy = [Dy, Dy] X, (4.1.39)
Combining the definition (4.1.34) of the covariant derivative, we can express it as
ﬁﬁva = aVAlp)ta - aﬂAsa - AZcAsa + AgcA;a- (4-1-40)

The field strength satisfies Bianchi identity
" D,Fl,, = 0. (4.1.41)

The stress-energy tensor can be computed as

1
Ty = DﬂXc{DvXIa — Ny (ED/\XMD/\Xé + V(X)) (4.1.42)
where we set fermionic fields to zero. Thus bosonic part of the Hamiltonian den-
sity is
1 1
H = Top = 5DoX""XoX; + 5D X""D*X; + V(X) (4.1.43)

and the momentum density is

pa = Tox = DoX"D, XL, (4.1.44)

4.1.3 Gauge transformation

The gauge transformations of the BLG-model are given by

OAXE =Ay[T¢, T, X",

:AcddebaXIg = /~\2X;€, (4.1.45)
OAY, =A[T¢, T, Y],
=Acaf CdbaTb = ALYy, (4.1.46)
SnAL, =0, AL, — AVAS, + AL AS
=Dyl (4-1.47)
§ﬁ5va == [\?ﬁfm + ﬁﬁchgr (4.1.48)
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where AL := fedb ./\cd is a gauge parameter. Lagrangian 1b is invariant up to
a total derivative terms under the above gauge transformations.

4.1.4 Supersymmetry transformation

The N = 8 supersymmetry transformations of the BLG-model are

oX! = iEAquB‘FBu, (4.1.49)
1

0¥ 4, = DyXITHTL ep — gxéxixff fred T ep, (4.1.50)

51‘1251 = e, T, X0 5, F . (4.1.51)

Here €4, A = 1,---,8 is the unbroken supersymmetry parameter obeying the
chirality condition
012 = 134 10¢ — ¢, (4.1.52)

This implies that €4 is a two component three-dimensional Majorana spinor and
transforms as the spinor representation 8; of the SO(8)r R-symmetry. Lagrangian
(4.1.31) is invariant under the supersymmetric transformations up to a total deriva-
tive.

Using the equations of motion (4.1.36), (4.1.37) and (4.1.38), we find the follow-
ing relations from (4.1.49), (4.1.50) and (4.1.51)):

[61,6,] X} = 0" DaX; + AL X], (4.1.53)
(61,620 = 0" Do+ ALY, (4.1.54)
(61,62 A5, = v iy, + Dusg (4-1.55)
where v} = —2ig,I"*¢; and AZ = —2ig,[ /K¢y Xg Xfi( f cdb , are identified with a trans-

lation parameter and a gauge parameter respectively. Thus the supersymmetry
transformations close into a translation (the first term) and a gauge transformation
(the second term) on-shell and the theory is invariant under 16 supersymmetries
and SO(8)r R-symmetry at the classical level.

Allowing the supersymmetry parameter € to has x dependence and taking su-
persymmetry variations of the action, we obtain

1
08 = —i / d°xDye (DVXZZFVI"II"V‘I’“ - gxgxixf f“deI“UKFV‘I’d> : (4.1.56)
This gives
1
J#F = —D,XT'T'THY? — gxgxﬁxf fabedpl/Kring (4.1.57)
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Then the supercharge is

1
Q= / dx?x]? = — / P (DVXZZI"VI"II“O‘F“ + XIX) XK f“deI"UKFO‘I’d> . (41.58)

From 1' one can check that Q has the correct mass dimension [Q] = % and J°
has [J9] = g The supercharge Q is the SUSY generator in the sense tha

iep|QF, @3]  (bosonic field)

5e® = i[eQ, d} = B
‘ ie{QF, CIDE} (fermionic field)

(4.1.59)
where P, Q, - - - are 11-dimensional spinor indices. As an example, we can generate
the SUSY transformation for the scalar fields X!
ox! =ie[Q, XI]
—ie {— / d?x0, X! () T'T'TO¥ (x), X! (x’)}
— _ e / 2% (x) [80X) (x), X! (x')]

:iEF]/d2x‘I’(x)5U§(x — ') = ieT!y. (4.1.60)

4.1.5 Mz2-brane algebra

Now we want to discuss the algebraic structure of the M2-brane by studying the
BLG-model. Noting thatﬁ

iEp{Q”, Q% = [ @@, { Q")) }
- / x(5J°9(x)), (4.1.61)
we obtain [267, 268]
{QP, QQ} = — 2P, (T*T%)PQ 4 7, T1/T®

+ ZaI]KL(rI]KLFaFO)PQ + ZI]KL(FI]KL)PQ (4162)

where « is the two-dimensional spatial indice of the M2-brane world-volume and
P* is the energy momnetum vector P := [ d?xT%. The central charges are given

5 The symbol [A, B} means AB — (—1)?BBA in a Z,-graded algebra.
®The central charges are proportional to the world-volume of M2-branes and can be infinite for
infinitely extended M2-branes. Focusing on the charge density, we can avoid the infinities.
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Zip=— /(;lszr (DaXIDﬁXIG“ﬁ — DoxXX[x!, X/, XK]), (4.1.63)
1

Zajke = 5 / xTe (DpX [, X, XHe ), (4.1.64)
1

Ziyi = 4 /dszr (1M, 1, 7], [xM, XK, x1]) (4.1.65)

Introducing the expression

=I

- |

I = (_? Ad ) (4.1.66)
FBB O

where (T4 )T = T , are 8 x 8 real zamma matrices satisfyin
AA AA g ymg
-1 = -] I
Taallsp+ Tl = 26648,

—=I =I
Tial g+ T ap = 2675 (4.1.67)

we can rewrite (4.1.63) and (4.1.64) as surface integrals [267]

ZI4B] — _ / Px9,Tr (X!, DpX! ) e (1)) 42, (4.1.68)
zZAP = _% / d2x0, Tr (XI, (x/, xK, XL]> o (TKE)AB (4.1.69)
where the symmetric central charge is traceless ABZP(,AB) = 0and A,B,--- =

1,---,8 are the SO(8) indices. (4.1.62) and (4.1.63)-(4.1.65) are the field realization
of the M2-brane algebra and the central charges [269]. These are useful tools to

investigate five constitutes in M-theory, that is M-wave, M2-brane, M5-brane, M-
KK monopole, Mg-brane.

1. 748l

ZABl is a world-volume o-form transforming 28 of SO(8). o-form corre-
sponds to a o-brane (point) on the M2-brane. 28 defines a 2-form or 6-form
in the transverse space to the M2-brane. In the case of 2-form, o-brane is the
result of the intersection with two another M2-brane over a point and defines
the 2-plane along which the second M2-brane is aligned [270].

01 2 3 45 6 7 8 9 10
M2 o o o X X X X X X X X (4.1.70)
M2 o X X o o X X X X X X
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When choosing 6-form, o-brane acquires the interpretation as the intersection
of M2-brane with M-KK monopole over a point [271].

—_
(@)

0
Mz o
MKK o

X X \O

5 6 7 8
X X X X
o o o o

o X W=

1 2 3
o o X X (4.1.71)
X X o X

(AB)
2. ZV

Z;{AB) is a world-volume 1-form and 35" of SO(8). 1-form corresponds to a
1-brane (string) on the M2-brane. 35" defines a 4-form in the 8-dimensional
transverse space. 1-brane is determined by 4-plane along which four of the
spatial spaces of the M5-brane are aligned. Thus 1-brane has the interpreta-
tion as the intersection of M2-brane with Ms-brane.

01 2 3 4 5 6 7 8 9 10
M2 o o o X X X X X X X X (4.1.72)
Ms o o X o o o o X X X X

3. ZIjKL

Due to the total antisymmetry and the fundamental identity, Zjjx;, = Zjjq

vanishes when we consider trace elements.

However, it is discussed [268] that if we take into account constant back-
ground configurations of X! that take values in non-trace element such
configurations may give rise to BPS charges although non-abelian fields are
infinite dimensional and have an infinite normfl

4. Py
P, is a 1-form on a world-volume and a singlet 1 of SO(8). 1-form corre-
sponds to a 1-brane (string) on the M2-brane. 1 defines a o-form or 8-form
in the transverse space. In the case of o-form, 1-brane can be viewed as the

7Configurations with non-trace elements are discussed in the matrix theory conjecture for M-
theory in the light-cone quantization [272].

8By the novel Higgs mechanism, we can reduce Zjjx to the form Tr[X!, X/][X!, X/] which is
similar to D4-brane charge in the Do-brane action in the matrix model. It is natural to think that
Zjjk1, is identified with Dé6-brane charge because the BLG theory action reduces to the D2-brane
action rather than Do-brane action. Furthermore D6-brane is uplifted to M-KK monopole, so Zjjx;,
is expected to produce the energy bound of the configuration of M2-brane and M-KK monopole.
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intersection of M2-brane with an M-wave over a 1-dimensional string.

01 2 3 4 5 6 7 8 9 10
M2 o o o X X X X X X X X (4.1.73)
MW o0 o X X X X X X X X X

In the case of 8-form, 1-brane is the intersection of the M2-brane with Mo-
brane over a string.

01 2 3 4 5 6 7 8 9 10
M2 o o o X X X X X X X X (4.1.74)
Mg o o X o o o o o o o o

4.2 Ay BLG-theory

If we assume that

1. the metric i of the 3-algebra A is positive definite so that the kinetic term
and the potential term are all positive,

2. the dimension N of 3-algebra A is finite,

then the 3-algebra A is uniquely determined by [273, 274]

fabcd _ Z%e,abcd _ feabcd, (4.2.1)
hab — étlb (4.2.2)

with a,b = 1,--- ,4. Here €™ is an antisymmetric tensor and k is the integer
determined by the quantization of the Chern-Simons level for a non-simply con-
nected gauge group SO(4) [275]. The correct normalization can be checked by
using the expression and noting that the coefficient of the Chern-Simons
term is 4%.

The 3-algebra characterized by and is called the A4 algebra. For
the A4 algebra we do not distinguish superscripts and subscripts since gauge in-
dices a,b,- - - are raised and lowered with Kronecker delta. However, A and A
should be distinguished because of the existence of f. The corresponding BLG
theory has no continuous coupling constant but admit a discrete coupling k. The
uniqueness up to the Chern-Simons level k makes it difficult to describe an arbi-
trary number of coincident M2-branes because the rank of the gauge algebra is

expected to be related to the number of M2-branes in analogy with D-branes.
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In terms of the antisymmetric tensor €, let us introduce the dual generators

1

Maya, := Eealazblszblbz (4.2.3)

for the fundamental object 7. Then from the relation

n

n . .
elrin k+1 i iﬁ _ _1)ktngh i 51'" 2
]1 ]H ; ]k ]1]k]n k:Zl( ) ]1]k] (4- -4-)

we obtain the commutation relations
[Ma1a2’ Mblbz] = _5ﬂ1b2M€lzb1 - 5ﬂ2b1 Malbz + (sﬂlbl Mﬂsz + 5a2b2Ma1b1 (425)

The algebraic relation is recognized as commutators of semisimple so0(4)
algebra. Thus from the ordinary Lie algebra point of view, the A4 BLG theory
is based on the so(4) gauge algebra. It has been discussed [276] that for the Ay
BLG-model there are two possible inequivalent gauge groups G;

12

SO(4) (SU(2) x SU(2))/Z,
G = ' (4.2.6)
Spin(4) = SU(2) x SU(2).

4.2.1 Quiver gauge structure

Now we want to discuss the connection between the BLG-model based on the Lie
3-algebras and the ordinary gauge theories based on the Lie algebras. This has
been accomplished by the remarkable observation [277] that the A4 BLG-model
can be rewritten as an ordinary gauge theory with quiver type gauge group and
matters in the bifundamental representation 7}

Since in the A, theory the Higgs fields X! and ¥ are the fundamental repre-
sentation 4 of the so(4) we can denote them by the four-vectors

x{ \Pl
I

I X | T

X = xé , Y = ¥, | (4.2.7)
x} Yy

In terms of the Pauli matrices ¢{™} one may express these in the bi-fundamental

9This alternative expression of the A; BLG-model triggered the discovery of the ABJM-model.
“°Pauli matrices 0; are given in (4.1.7) and normalized such that Tr(c;0;) = 2j;.
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representation (2,2) of the su(2) @ su(2) gauge algebra as

1 ~ 1 xb+ixd  xf +ixd
X =2 (2l +ixlo’) = = 4 s 2l
QLA FinT) =5 | il
1 w iy 1 Ya+i¥3 T2+it
Y =— (¥4l +i¥;0") = = . 2.8
p (Tala + %) 2(—‘{’2+i‘F1 ¥, —i¥3 (4-28)
They obey the reality conditions
Xi/ﬂ :Gaﬁ€ﬁ‘a(xl+)&ﬁ,
Y5 =€apeps (Y1), (4.2.9)

where &, 8 = 1,2 and &, B = 1,2 denote bi-fundamental representation (2,2) of the
su(2) x su(2) gauge algebra.

In order to find the adjoint gauge field for each su(2) gauge symmetry factor,
we decompose gauge fields A, into the sum of the selfdual and anti-selfdual

parts
1 _
A = _ﬁ(A;ab + Awb) (4.2.10)
where
1
- da+ _ 4+
*Ayab _Eeﬂbc Aycd - Ayab’
_ 1 _ _
*Awb :EeadeAycd = _A;mb (4.2.11)

and * is the Hodge star acting on the gauge indices and satisfying *> = 1. Noting
that Aff’ =f cdab Aycq, we also have

A = — (AT — A, (4.2.12)
Then we define
A=A ,05,
Ay I:A;4,-‘7i- (4.2.13)

Using the expressions (4.2.8) and (4.2.13), we rewrite the original BLG-theory La-
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grangian as
£=—Tr (D*X"*D,X") +iTr (¥'T/D,¥)

2 _ _
~SifTr (‘I’+TI] XIXIty + FrUXIwtx! + FTUw It )
_ gszr (X[IXHXHXK’rX]XH)

Here the covariant derivative is defined by
D, X' =0,x" +iA, X" —iX'A,. (4-2.15)

Notice that now the twisted Chern-Simons terms in the original BLG-model is
decomposed into two ordinary Chern-Simons terms for A and A with opposite
signs. This observation was crucial for the discovery of the ABJM-model as it
opens up the highly extended supersymmetric Chern-Simons matter theories with
quiver type gauge group. We see that the theory becomes weakly coupled in the
large k limit since after rescaling A — /fA, all interaction terms are proportional
to positive power of f = 27”

The Lagrangian is invariant under a new set of supersymmetry trans-
formations

oX! =ier’y, (4.2.16)
4

§¥ =D, X'T'Te + ?”XI Xt XKrUKe, (4.2.17)

6A, =feT!(X¥" —¥x™), (4.2.18)

6A, =feT, T (¥TX! — XT¥). (4.2.19)

4.2.2 Superconformal symmetry

It has been proven [264] that the A4 BLG theory has OSp(8|4) superconformal
symmetry that contains the SO(8)r R-symmetry group and the three-dimensional
Sp(4) = Spin(2,3) conformal symmetry group as bosonic factor groups at the
classical level. To see the superconformal symmetry explicitly, we replace super-
symmetry parameter €4 by I'"x,174 where 774 is a superconformal symmetry pa-
rameter and add a term —I'' X!y to ¥, in the supersymmetry transformations of
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the BLG-model. Then the superconformal symmetry is given by

ox! :iﬁfﬂxyTI‘Fa, (4.2.20)
1

0¥, =D, XTI 2, — gx,{xixff fred TURpVx,p — Ty, (4.2.21)

5/11;“1 :iﬁxVFVFyFIXCI‘I’ddeba (4.2.22)

and one can check that the action (4.1.31) is invariant under the superconformal

transformations (4.2.20)-(4.2.22) up to total derivative terms.

4.2.3 Parity invariance

Although Chern-Simons theories are parity violating, we can make the A4 BLG
Lagrangian (4.2.14)) parity invariant by defining parity transformation as a spatial
reflection together with interchange of two SU(2) gauge groups [264) 22, 277]. This

implies that we assign an odd parity to f?. In particular, under the reflection
2 2

x“ — —x° we require that
xI - x1, A§, — — A5, (4.2.23)
Aty = Abys foret — —fried, (4224)
A’fb — A’fb, Y, — ILY¥,. (4.2.25)

Then (4.2.14) turns out ot be parity conserving.

4.2.4 Moduli space

The vacuum moduli space of the theory is the configuration space that minimise
the potential modulo gauge transformations. For the .44 BLG-model it was ini-
tially investigated in [277, 278, 275]. Since A4 BLG theory has the Euclidean inner
product, the potential is positive definite and the potential is minimal when

XL xI, xK =o. (4.2.26)
[ 4

From the fact that the bosonic scalar fields X! are eight vectors in an R* rotated
by the gauge symmetry SO(4), the triple product XéXl{Xf produces a new vec-
tor perpendicular to the three vectors X, Xl]7 and XX whose length is the signed
volume of the parallelepiped spanned by the three vectors in R* (see Figure .
The bosonic potential is proportional to the square of this volume summed over
each possible triple of vectors. Therefore the bosonic potential vanishes if and only
if all the three vectors lie in the same plane. This space is labeled by ordered sets
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Figure 4.1: The parallelepiped spanned by the three vectors X/, X£ and XX. A new
vector produced by the triple product has the length as the signed volume of the
parallelepiped. The triple product is zero if and only if all the vectors lie in the

same plane.

of eight vectors in the same plane. One can assume that all vectors lie in the x;-x;
plane without losing generality where x, are the coordinates of T%. Then eight x;
coordinates ] and the eight x; coordinates r} form two octuplets which are rotated
into each other by the residual O(2) symmetry. Thus, up to gauge transformation,
the vacuum moduli space is parametrized by

I

"

[
X =rlT! /T2 = ig , il e RS, (4.2.27)

0

In the bi-fundamental notation (4.2.8), is expressed as
1 zZI 0 1 r +irl 0

x = - 2 . .2.28
\/5(0 21) \/§< 0 rl—irk (4.2.28)

Then one can see that the residual gauge symmetries ¢ € SO(4) that preserve the
form X! is the block diagonal form

8= (%1 X ) (4.2.29)
&2

where ¢1,92 € O(2) act on (x1,x2) and (x3, x4) respectively, with detg; = detg».
Since g, acts trivially on (4.2.27), we can ignore it and simply look at g; € O(2).
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Let us discuss the residual gauge symmetry in the diagonal configurations
(4.2.28). The residual O(2) gauge symmetry in which g is contained consists of
two types of symmetries:

1. simultaneous rotation on z! (continuous symmetry)

U(1)1p: 2! — 2!, 6¢€0,2m) (4.2.30)

2. simultaneous complex conjugation (discrete symmetry)

2l -7 (4.2.31)

However, the continuous symmetry Uj, is generically broken down for the di-
agonal configuration (4.2.27). Therefore the remaining component of gauge field
become massive by the Higgs mechanism. To see this we shall write down the
effective action. Let us firstly define the gauge field B, associated with the bro-
ken U(1)1y that rotate z! and the preserved gauge field C, associated with the
preserved U(1) by

_471

By, :—TA?f, (4.2.32)
4
Cyu :ZTA}JZ. (4.2.33)

Note that because of € in the covariant derivative (4.1.34) the broken U(1)1,
gauge field is associated with A;’f not A}f. Substituting the configurations ,

(4.2.32) and (4.2.33) into the BLG Lagrangian (4.1.31), one can write the kinetic

terms on the moduli space and the twisted Chern-Simons terms as [278) 275]

1 k
Liin + L1cs = —§|DVZI|2 + EG-ZWABVE)VCA (4.2.34)

where D, z! = 9,z! +iB,z..

Moreover we can replace the unbroken gauge field C with its dual photon ¢
that plays a role of a Lagrange multiplier to impose the Bianchi identity €#*9,,G,,
on the field strength G, := 9,,C, — 9,C,, by introducing the additional term E

1
Lguar = EO’GVW‘ay Gya- (4.2.35)

"In the original work of [278} 275] the normalization is chosen as L, = %ae”’”\ay Gy, so that
o € [0,27). However, this does depend on the two choice of the gauge group; SU(2) x SU(2) and
(SU(2) x SU(2))/2Z; as pointed in [276].
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Combining (4.2.34) and (4.2.35)), we can write the low-energy effective action as
[278, 275]

1 1
'Ckin + KTCS + Edual = —E\Dyzl\z + EGWM (kBy — BVU)GM. (4236)
The action (4.2.36) is invariant under the U(1)1, gauge symmetry transformations
I

zl — 2] oc— o0 +ko, B, — By +9,0. (4.2.37)

Using the equation of motion for G,

o
B, = & (4.2.38)
the action (4.2.36) further reduces to
L= —1|8 2l — izla o|?. (4.2.39)
207
By defining the fields
w! = e_ifazl, (4.2.40)

we can absorb the Lagrange multiplier o and the action (4.2.39) finally becomes
1 —
L= —anwlaywl. (4.2.41)

As a next step we need to determine the periodicity of ¢ which yields the gauge
symmetry of the moduli parameter z! as seen from the redefinition (4.2.40). The
periodicity of o occurs from the Dirac quantization of the flux of the field strength.
Let us consider the case where some field ¢ couples to a U(1) gauge field A, as
D,¢ = 0,¢ +1iA,¢p. If we go around a closed path v, then ¢ is parallel transported
into ¢, = ¢t Aq’) — el JeF ¢ where D is a two-dimensional surface whose boundary
is v and F is the field strength of A. Since the choice of the surface ¥ is not unique,
we require that g := [ F = 2717Z. This is the Dirac quantization for the charge g.
Now we are interested in the Dirac quantization of the field strength G = dC of
the preserved gauge field C since it yields the periodicity for ¢ as we see from the
action (4.2.36). However, in our case the charge of the field strength G = dC turns
out to be different as the Dirac value. The result is given by [275) 276]

(4.2.42)

/ e 4nZ  for Spin(4) = SU(2) x SU(2)
z 2nZ  for SO(4) = (SU(2) x SU(2))/Zs.
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This is because at the generic point of the moduli space the U(1) gauge field C
sits inside the diagonal SO(3) € (SU(2) x SU(2))/Z; or SU(2) x SU(2) and the
Higgs fields does not transform as the adjoint representations of the U(1) but that
of the SO(3). This situation is similar to the "t Hooft-Polyakov monopoles [279]
where all the fields transform in the adjoint representation of SU(2) = SO(3). For
the SU(2) x SU(2) group G is thus essentially the sum of two independent field
strengths and we need the additional factor 2 as [;. G € 47Z. For the (SU(2) x
SU(2))/Z; gauge group the phase is equal to one only up to a Z; action and we
require that [ G € 2wZ. Noting that dG = 1€"19, G, and lifting the relation
to the integral of dG over the three-manifold, we get

(4-2.43)

47t Z  for SO4) = (SU(2) x SU(2))/Zo.

1 27 for Spin(4) = SU(2) x SU(2
L[5, { or Spin(4) = SU(2) x SU(2)

Since ¢ appears in the action 1) as the coupling to ;—neway Gy, which takes
the discrete value in (4.2.42), ¢ must be periodic as

o+ for Spin(4) = SU(2) x SU(2)
o~ (4-2.44)

o+27 for SO(4) = (SU(2) x SU(2))/Zo>.

Combining the periodicity (4.2.44) and the expression (4.2.40), we can read the
gauge identification of z! from the continuous transformation (4.2.30) as

ZI

I

{eTzI for Spin(4) = SU(2) x SU(2) (4-2.45)

ezl for SO(4) = (SU(2) x SU(2))/Zo.

At this stage we have two types of the gauge equivalences; one is from the
continuous symmetry yielding Zy; or Z; and the other is from the discrete
one corresponding to Z,. Since both of them do not commute, we finally
obtain the moduli space My of the A4, BLG-model with the Chern-Simons level k
as [276]

My =

R8 xR8 ; _
{DLM for Spin(4) = SU(2) x SU(2) 240

REE for SO(4) = (SU(2) x SU(2))/Zs.
For generic k we do not know whether these moduli spaces can have a geometrical

interpretation of the M2-branes. However, for k = 1,2,4 there is a conjectural
space-time interpretation of the M2-branes.
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Chapter 5

ABJM-model

In this chapter we will review the ABJM-model [26] which may describe an arbi-
trary number of M2-branes. We will introduce the notations and conventions in
section We will turn to the analysis of the moduli space in section Then we
will discuss the conjectural duality between the BLG-model and the ABJM-model
in section [5.3}

5.1 Construction

The ABJM-model is a three-dimensional N = 6 superconformal U(N); x U(N)_y
Chern-Simons-matter theory proposed as a generalization of the BLG-model in
that it may describe the dynamics of an arbitrary number of coincident M2-branes
[26]. The theory has manifestly only N/ = 6 supersymmetry and the corresponding
SU(4)r R-symmetry at the classical level. It has been discussed that [26), 280, [281]]
at k = 1 and k = 2 these symmetries are enhanced to N' = 8 supersymmetry and
SO(8)r R-symmetry as a quantum effect. The theory contains

e 4 complex scalar fields Y4
o 4 Weyl spinors ¢4
e 2 types of gauge fields A, A,,.

Here the upper and lower indices A, B, - - - = 1,2,3,4 denote 4 and 4 of the SU(4)g
respectively. The matter fields are N x N matrices so that Y4 and ¢4 transform
as (N, N) bi-fundamental representations of U(N); x U(N)_, gauge group, while
Y} and ¢ do as (N,N). A, is a Chern-Simons U(N) gauge field of level +k
and Ay is that of level —k. Also in the theory there is a U(1)p flavor symmetry
and the corresponding baryonic charges are assigned +1 for bi-fundamental fields,
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U(N) | U(N) | SU(4)r | U(1)s
YA | N N 4 +1
Yi | N N 4 —1
WA N N 4 +1
pt4 | N N 4 —1
A, | N? 1 1 0
Ayl 1 N? 1 0

Table 5.1: The symmetries and their representations for fields in the ABJM-model.
The bold letters for U(N), U(N) and SU(4)g symmetries denote the represen-
tations for the symmetry groups and the quantities for U(1)p symmetry are the
corresponding charges.

—1 for anti-bi-fundamental fields and 0 for gauge fields. The symmetries in the
ABJM-model are summarized in Table

5.1.1 Lagrangian

The Lagrangian of the ABJM-model is given by [282]

[’AB]M = TI‘(D;,Y;DVYA) - Z'TI'(QIJ-I-A’)/”D#IPA) - errm - Vbos
k 2i A A 20 A A A

where

2711
Vierm = — TTr (YI\YAIP-rBlPB - ll]-l-BYAYIll/JB

—2Y3YPy g+ 2YAY iy ay™®

_ €ABCDY}L\1PBY51PD + eABCDYA¢+BYC¢+D>, (5.1.2)
Vios = — %Tr(YAY;YBYgYCYg YR YAYSYBYYC

+ 4 YEY YR YPYE - ey vy PYivert). (5.1.3)

Here we use the Dirac matrix (y*) L= (ion,01,03). The spinor indices are raised,

o = (—:"‘/595, and lowered, 0, = eaﬁ()ﬁ with €12 = —e;, = 1. Note that this makes
the Dirac matrix 7" g = (7")a"€gy = (—Io, —03,01) symmetric and guarantees the
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Hermiticity of the fermionic kinetic term. The covariant derivatives are defined by

DA =0, YA +iA YA —iYAA,, Dypa = 0,4 +iAupa —ipaA,,
DuY} = 0, Yh —iAu YA +iYjAy, D™ = 0,9™ —iAp™ +ip™A, (5.14)

5.1.2 Supersymmetry transformation
The supersymmetry transformation laws are
oY4 = iwByp, (5.1.5)
oY} = ip™Bwap, (5.1.6)
Spa = —y"wapD, Y + 27" [—wAB(YCYgYB —YBY1Y©) 2wCDYCY;YD] )
(5.1.7)
o™t = DY w Byt + 27” [—(YBYCYé — YY)t + ZYBYAYéwCD} , (5.1.8)

7T
64y = 7 (=Y P pwan + w0 Pyari), (5.1.9)
A T
5Ay = P (—thrAYB'yywAB + wAByyYZgDB) . (5.1.10)

The parameter w4p is defined by
wap = €;(T)ap, w8 :=¢(I™*)48 (5.1.11)

where the SL(2,R) spinor € i=1,---,6 transforms as the representation 6 under
the SU(4)g and T" is the six-dimensional 4 x 4 matrix satisfying

(T ap = —(T")pa, (5.1.12)
%GABCD(ri)CD — _(l—vi'r)AB — (l—vi*)AB, (5.1.13)
{ri, ri } — 25, (5.1.14)

Note that the supersymmetry parameter w4p obeys

€ wep.- (5.1.15)

5.2 Moduli space

In order to determine the vacuum moduli space of the U(N); x U(N)_; ABJM-
model, we need to consider the minimum of the scalar potential. Since the poten-
tial turns out to be a perfect square, the potential is minimal when the potential
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vanishes. The vanishing condition of the bosonic potential is given by

YEY Y =, (5.2.1)
YCY;RYD =0. (5.2.2)

The generic solution is given by diagonal configurations

YA = diag(y{, - -, y{) (5.2.3)

up to gauge equivalences. The configurations are the full moduli space
because for generic diagonal elements one obtains positive definite mass matrix
for the off-diagonal elements and all off-diagonal elements turn out to be massive.
The solutions break the gauge group U(N) x U(N) to U(1)N x U(1)N x Sy
where Sy is the Weyl group of U(N) that permutes the diagonal elements of all
matrices. At a generic point of the moduli space, only a U(1)N subgroup that does
not act on the eigenvalues remains unbroken and its gauge transformations keep
There are gauge transformations that Y4 diagonal. Quotienting by such gauge
symmetries, one finds The moduli space of the U(N); x U(N)_; ABJM-model is
[26]

= Sym™(C*/Zy). (5.2.4)

This can be identified with the moduli space of N indistinguishable M2-branes
moving in C*/Z; transverse space. Therefore the ABJM-model is expected to
describe the low-energy world-volume theory of N coincident M2-branes probing
an orbifold C*/Zy. The four complex scalar fields Y# represent the positions of
the membranes in C*.

The orbifold Z; acts on the four complex coordinates y* as

yh = YA, (5.2.5)

This preserves SU(4) rotational symmetry, which is realized as the R-symmetry in
the ABJM theory. The action of the Z; on the fermionic fields is

P — ezn(sl+si+53+s4)1p (5.2.6)
where s; = j:% are the spinor weights. The chirality projection implies that the
sum of all s; must be even, which produces an eight-dimensional representation.
The spinors that are left invariant by the orbifold have 2?:1 s; = 0, mod k. This
selects six out of eight spinors, so the M2-brane theory has 12 supercharges. This
agrees with ABJM theory. Therefore this is consistent to the conjecture that the
ABJM theory is dual to M-theory on AdSy X S”/Z; with N units of flux [26].
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5.3 Duality between BLG and ABJ(M)

In [276] it has been discussed that if N and k are co-prime, then the vacuum
moduli space of the U(N); x U(N)_; theory is equivalent to that of the SU(N) x
SU(N)/Zy theory. Consequently there are conjectural dualities between the ABJ(M)
theory and the BLG theory

U(2); x U(2)_1 ABJM theory < SO(4) BLG theory with k = 1, (5.3.1)
U(2)2 x U(2)_2 ABJM theory < Spin(4) BLG theory with k = 2, (5.3.2)
U(3)y x U(2)_» ABJ theory < SO(4) BLG theory with k = 4. (5.3.3)

These proposed dualities have been tested by the computations of the supercon-
formal indices [283]. Hence we may regard the SO(4) BLG-model with k = 1 as
the world-volume theory of two planar M2-branes propagating in a flat space.
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Part 111

SCOM from Mz2-branes
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Chapter 6
N = 16 Superconformal Mechanics

Let us turn to the most important part of this thesis in which we will see how
the two subjects discussed so far are connected with each other. We will initiate
our study in this chapter by considering the BLG-model wrapped on a torus and
derive the IR quantum mechanics by shrinking the torus. We will see that the IR
quantum mechanics is the N' = 16 superconformal gauged quantum mechanics
and also find the OSp(16/2) superconformal quantum mechanics from the reduced
systems.

6.1 N = 16 gauged quantum mechanics

We shall start our analysis of the wrapped Mz2-branes with the case where the
two membranes wrap a torus T? and propagate in a transverse space with an
SO(8) holonomy group. For a torus there is no non-trivial spin connection and the
world-volume theory of M2-branes is given by the BLG action defined on
Ms; =R x T~

A torus is a compact Riemann surface of genus one and it is characterized by
two periods which are defined as the integration of a holomorphic differential w
along two canonical homology basis 4, b of a torus (see Figure [6.1). Let us define

/Qw =1, /bw =T. (6.1.1)

Here 7 is the moduli of the torus and it should not be real.

the periods by

We now want to consider the limit in which T? has vanishingly small size
and derive the low-energy effective one-dimensional theory on IR. In order to
obtain such a theory we need to determine the configurations with the lowest
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Figure 6.1: A torus with two canonical homology basis a and b.

energy. Since we are now considering supersymmetric theories, the low-energy
configurations can be determined by solving the BPS equations. As we are inter-
ested in bosonic BPS configurations, we require that the background values of the
fermionic fields vanish. Then the bosonic fields are automatically invariant under
their supersymmetry transformations. Therefore the BPS equations correspond to
the vanishing of the supersymmetry transformations for fermionic fields.
Also we discard the terms which include the covariant derivatives with respect to
time because we are now interested in the low energy dynamics as a fluctuation
around gauge invariant static configurations. Then one finds the BPS equations

D.x!I=0, D:xl=o, (6.1.2)
[x!,x7, xK] =o. (6.1.3)
To go further we consider the SO(4) BLG-model that may describe two M2-

branes. In this case the Higgs fields transform as fundamental representations
of the SO(4) gauge group and we assume that these Higgs fields have non-zero

values. Then the generic solution to (6.1.3) is given by X! = (X!, X},0,0) ", For
these solutions, the remaining BPS equations (6.1.2)) reduce to

9. X1 + ALX3 =0, 0. X4 — ALx1 =, (6.1.4)
ALX{ + A%X; =0, AL X{+ A2, X5 =0, (6.1.5)
and their complex conjugates. First of all, the equations (6.1.4) tell us that the sum

of the squares (X!)? + (X1)? for I = 1,---,8 is independent of the locus of the
Riemann surface. Thus we can write

XI2 4 ixI+2 = ALoi(0+9(z2)) (6.1.6)

where 7,0 € R are constant on the torus and represent the configuration of
the two membranes in the I-th direction while ¢(z,z) may depend on z and Z.
Furthermore the equations enable us to write AL, = 9,¢. The second set
of equations forces us to turn off four of six gauge fields; Al, = A2, =
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Al, = A2, = 0. These components of the gauge field become massive by the
Higgs mechanism. Note that the above set of solutions automatically satisfies the
integrability condition for (6.1.2) because the gauge field A, is flat.

One can find further restrictions by noting that the flat gauge fields A!

4
torus have specific expressions. Cutting a torus along the canonical basis a and b,

> ON a

the sections of a flat bundle are described by their transition functions, i.e. constant
phases around a and b. Thus they can be completely classified by their twists ¢27¢,
e~2™% on the homology along cycles a, b where ¢ and { are real parameters. This
space is the torus C/L; where L is the lattice generated by Z + tZ. It is referred
to as the Jacobi variety of T? denoted by Jac(T?). The twists on the homology can
be described as a point on the Jacobi variety. Hence the flat gauge field can be

expressed in the form [284]

~ Q)
—w, A%z =27 w (6.1.7)

T—T T—T
where © := { + T¢ is the complex parameter representing the twists on the ho-
mology along two cycles. Subsequently we can write

z—2rT ©

T—T T—T

¢(z,z) =21 z. (6.1.8)
Since the angular variable ¢(z,Z) in the X! XI-plane characterizes the ratio of two
bosonic degrees of freedom for the two membranes, it must take same values mod-
ulo 27tZ under the shifts z — z+ 1 and z — z 4+ T around two cycles. Therefore
both the coordinates ¢ and  are required to be integer values. From the expres-
sion 1} the discretization of these coordinates implies that Aiz and A%z are
quantized. We therefore conclude that the generic BPS solutions are given by

x4 cos(0! + ¢(z,2))
wer_ | Kb || s+ ezz) |
0 0
0 0
0 -2 w, 0 0
. 2% w 0 0 0
A, = TaT z 0 0 3 (s (6.1.9)
) 21(2,2)
0 0 ~A%(z7) 0

Note that the Abelian gauge fields A3, and A2, which are associated with the pre-
served U(1) symmetry do not have any constraints from the BPS conditions. Tak-
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ing into account the bosonic configurations (6.1.9) and the supersymmetry trans-
formations (4.1.49), we can write down the fermionic partners

—+
Yia ‘I’i
TiB oL ‘?B
Y, = , ¥ = 6.1.10
+ 0 0 ( )
0 0

where ¥ is the conjugate spinor defined by ¥ := ¥7C in terms of the SO(8)
charge conjugation matrix C. Y% and ¥ are the SO(2)g spinors with the positive
chiralities while ¥ and ¥ * carry the negative ones. Both of them transform as
8. of the SO(8)r. The subscripts A, B are just the label of the gauge indices 1 and
20

Under retaining the above static BPS configurations and , we now
wish to consider the evolution of time and compactify the system on T2. Substitu-

tion of the configurations (6.1.9) and (6.1.10) into the action (4.1.31)) yields

S:/dt/ P2z
R T2

1 i
5DoX!"DoX} — é‘YMDO‘PM

Kap K
S t02tzze T g

(Aizj% - A%2A§4> (6.1.11)

where the Greek letters « = 4, — denote the SO(2)f spinor indices. The terms in
the first line of the action come from the kinetic terms of the BLG action
while those in the second correspond to the twisted topological Chern-Simons
terms.

Firstly since the gauge fields Al, and AL, are quantized and their time deriva-
tives do not appear in the action, these fields are just auxiliary fields. Exploit-
ing the equations of motion they can be excluded and we find the constraints
;lg’4 = 1@4 = 0. Hence the corresponding field strength [, has no time depen-
dence. In order to dimensionally reduce the theory on the torus, we rescale the
fields as

na

x' = RX!, ¥, =R, ¥ =R¥" (6.1.12)

where R is the circumference of the torus. Note that they get the canonical dimen-
sions in the reduced theory; the bosonic variable X! has mass dimension —1/2
and the fermionic variable ¥’ acquires mass dimension 0.

'In order to avoid the confusion coming from the various possible explicit numerical subscripts,
we here relabel the gauge indicesa = 1,2 asa = A, B.
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Let us carry out the integration on the torus with respect to the coordinates z, z
by applying the Kaluza-Klein ansatz for the Abelian gauge field A}? and omit the
unimportant primes on the fields. Then we find the effective action

S:/ﬂ
R

1 i )
5DoX!"DoX} — %‘I’MDO‘YM — kCy(E)AL, . (6.1.13)

Here

1 )
Ci(E) = /Tz c1(E) := E/Tz P22F3, (6.1.14)

is the Chern number resulting from the integration of the first Chern class c¢;(E)
of the U(1) principal bundle E — T2 over the torus, which is associated with
the preserved U(1) gauge field A%,. Hence the last term in the action is
recognized as a Fayet-Iliopoulos (FI) term as in (2.5.3).

The action (6.1.13) is invariant under the one-dimensional conformal transfor-

mations
ot = f(t) = a+ bt +ct?, 69y = — [y, (6.1.15)
1, - -
oxl = 5 XL 0AY, = —fAL,, (6.1.16)
0¥, =0, ¥ =0 (6.1.17)

where f(t) is a quadratic function of time with real infinitesimal parameters 4, b
and c.
The action (6.1.13) is also invariant under the N =16 supersymmetry transfor-

mations

oxXl =ie Ty , —ie T'¥ ., 6A% =0, (6.1.18)
0¥ 1, = —DoX!Te_, 0¥ _, = DoXIT'e,. (6.1.19)

Therefore the low-energy effective theory (6.1.13) is the N' = 16 superconformal
gauged quantum mechanics with the FI term.

6.2 Reduction

As we have already argued, gauged conformal mechanics and the Calogero model
reduce to conformal mechanical models with inverse-square type potentials after
integrating out the auxiliary gauge fields. In fact our gauged mechanical action
(6.1.13) is quadratic in the U(1) gauge field A}, and does not contain the time
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derivative of the Abelian gauge field. So A}, can be identified with an auxiliary
tield and has no contribution to the Hamiltonian. Namely, the Hamiltonian is
invariant under the action of the corresponding U(1) gauge group on the phase
space M. This implies that the corresponding moment map y : M — u(1)* is
the integral of motion [166] and we can reduce the original phase space M to a
smaller phase space M, = u~!(c) with fewer degrees of freedom by fixing the
inverse of the moment map at a point ¢ € u(1)*

In order to obtain our reduced system, we shall eliminate the auxiliary field
Al, in two steps; first we choose a specific gauge and then impose the Gauss law
constraint to ensure the consistency of the gauge fixing. Let us choose the temporal
gauge Ag = 0. Together with the solutions

il _ kCi(E) + x (120! + ¥, ¥ un
02~ Yr(rh)? ’

(6.2.1)

to the equations of motion for AO, we can read off the Gauss law constraint

¢o := kCy(E 2 )20 + ¥, ¥, 5 = 0. (6.2.3)

This equation is the moment map condition. To see the physical meaning of
this constraint, we observe that (r1)26! represents the “angular momentum”, the
SO(2)-charge corresponding to the rotation in the X! X!-plane while the fermionic
bilinear term i¥'4 ¥,3 produces the charge of the SO(2) rotational group of the two
types of fermionic variables ¥4 and Y. Accordingly the equation (6 says that
the total SO(2) charge which rotates the internal degrees of freedom for the two
M2-branes is fixed by the Chern-Simons level k and the Chern number C; (E).
With the constraint function ¢y, one can write a new Lagrangian by adding A¢y

where A is the Lagrange multiplier. The resulting action is

S:/IRdtZZ 242 2191 ‘I"I’M

<kc1 +Z )26! +i?f;\1fa3>]. (6.2.4)

The absence of the variables 6!’s in the action (6.2.4) immediately implies that

they are cyclic coordinates and their canonical momenta p, = (r1)?0! are just the

integrals of motion.

2 The components of the moment map form a system being in involution since the gauge group
is Abelian. So we do not need to divide by the non-trivial coadjoint isotropy subgroup to obtain
the reduced phase space.
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At this state we can eliminate cyclic coordinates from the Lagrangian by intro-
ducing the Routhian. As we have discussed in section [2.5 the Routhian is a hybrid
between the Lagrangian and the Hamiltonian, defined by performing a Legendre
transformation on the cyclic coordinates

R(rll T;I/ hl/ T) = L(rI/ 7:‘I/ 91/ T) - Z glpgl. (625)
I

Due to the partial Legendre transformation, the variables ! and ¥ still follow
the Euler-Lagrange equations while the cyclic coordinates 6! and their momenta
h! := pyi obey the Hamilton equations. However, the latter set of equations results
in trivial statements; the constant property of h! (i.e. i' = 0) and the definition of
h! (e 61 = %). So classically the Routhian is not really R(r!,#, 1!, ¥) but rather

R(r!,#,¥) along with the integrals of motion h!’s. Hence we can rewrite (6.2.4) as

1, 1w (M2 igaayg _
S = /Rdt [5 ;(rf)2 -5 ;% — E‘YM‘I’M +A (kCl(E) + ;hf + z‘f‘;‘pfaB)] .
(6.2.6)
Integrating out A, we finally obtain the reduced effective action
S = % / dt|d* + Y (#)* — i¥""¥ua
R [£K
. 2
 [KCL(E) + Lypx ' + 1% Y us] (h1)? 6

% NG

Here we have taken the SO(8) charge conjugation matrix C as an identity matrix
for simplicity Bl We have defined g := rX where K denotes the specific direction in
which /X is automatically determined by other conserved quantities i!’s. Note that
the terms appearing in the numerator of the potential are the integrals of motion,
namely they commute with the Hamiltonian.

Let us study the classical properties of the theory (6.2.7). The action (6.2.7)

3For the symmetric charge conjugation matrix one can reduce it to an identity matrix by an
appropriate unitary transformation.
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leads to the classical equations of motion

[kC1(E) + Xrsx W+ 1Y% ¥ ,p)?

§= 7 , (6.2.8)
o (r)?
7l — T (6.2.9)
. kCi(E W+ iye ¥
. szf; ARLELELLN (6.2.10)
. kCi(E hl 4+ ivs Y
Y5 = kG )+ZI7;I§ T4 D‘B]‘PM. (6.2.11)

Making use of the equations of motion and (6.2.11)), one can check that the
differentiation of the Gauss law constraint with respect to time ¢ vanishes.
In other words, ¢y is the constant of motion.

The canonical momenta are

oL . oL |
pi= % =4, pri=oq= i, (6.2.12)
oL i
aa ., __ _ ‘wuaa
Tt = 9. Z‘I’ . (6.2.13)

The fermionic momenta 7** do not depend on the velocities but on the fermionic
degrees of freedom themselves. Hence one can read second-class constraints

p1t =T — %‘I”"“ =0. (6.2.14)

Under the constraints, we get the Dirac brackets

[9,Plpp =1, [7‘1, P]} bB o), (6.2.15)
[TMA/ nﬁbB} DB = E(Stxﬁ(sub(SAB/ [TMA/ TﬁbB} DB = —1(5043551[,5143. (6.2.16)

The action (6.2.7) is invariant under the following one-dimensional conformal

transformations
ot = f(t) = a+ bt +ct?, 59y = — f 9o, (6.2.17)
_ 1 1_ 1.
0q = 2fq, or = 2fr , (6.2.18)
oY = 0. (6.2.19)

Here the constant parameters 4, b and c are infinitesimal parameters of translation,
dilatation and conformal boost respectively. The corresponding Noether charges,
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the Hamiltonian H, the dilatation operator D and the conformal boost operator K
are found to be

. 2
H— 1 [pz N (kC1(E) 4+ Lrx ' + Y% ¥up)

I\2
+ Z (p% + %)] , (6.2.20)

2 9? 7K
1
D =tH — 1 (qp -+ pq) + Z (rlm + pﬂ’I)] , (6.2.21)
I#£K
2 1 I I 1], I\2
K:tH—Et (qp+pq)+z<rp1+p1r> +§ c]+2(r) . (6.2.22)
I#K I#K

The action (6.2.7) is invariant under the following fermionic transformations

i i
Sg=— (e Y _4—€" Y y)+—= (e Y_p—€e"¥yp), 6.2.2
q A ( A +4) /2 ( B +B) ( 3)
orl = icosb! (e*f’l‘I’_A - e*f’I‘I’JFA) +isin@! (e*f’l‘I’_B — effI‘I’JrB) ,
(6.2.24)
1 hK il nhy .
¥ = —— (q‘——)é i — ——Y, hi — (f’lcos(ﬂ—sinel—> I’Ief-,
+AA V2 q +A /24 +BA I;( 1 A
(6.2.25)
1 hK il hhy
oY -:—('——)e_~———‘1’_ i + (?1c0591—51n91—> Ile, 4,
AA 2 q q A NGY, BA 1;< 1 +A
(6.2.26)
1 hK il hh\ .
Y L. :——<'—|——>e i+ —-Y, i — (?Isinﬂl—l—cosOI—) Fle;,
+BA V2 q q +A /24 +AA 1;< 1 A
(6.2.27)
0¥ i = 1 (q—i—ﬁ) € 4 —|—L£‘I’ i+ ) (iflsin91+c0591h—1) e
—BA \/E q —A \/zq —AA (7% rl +A
(6.2.28)
where we have defined
tody
Tgy . p,l
0'(t):=h / IO (6.2.29)
[ = <‘P+A€+ — ‘P*Ae,> — <‘I’+Be+ - ‘P*Be,> . (6.2.30)

We should note that the supersymmetry is generically non-local in the sense that
the transformations contain the integrals of the function of the non-local variables
rl’s with respect to time. The non-locality is the consequence of the Routh reduc-

tion. Hence the infinite number of the associated conserved charges may exist and
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things may become much more exotic ff| However, as seen from the (6.2.20), the
motion in the K-th direction endowed with the local supersymmetry and others
with non-local ones are essentially decoupled because their Hamiltonians com-
mute with each other. Thus we can treat them separately. This indicates that the
theory possesses the local conserved supercurrents and the non-local supercur-

rents which are in involution.

6.3 OSp(16/2) superconformal mechanics

We shall focus on the study of the motion in the K-th direction which is associ-
ated with the local charges and investigate the algebraic structure of the symmetry
group in the quantum mechanics. From now on we will consider the case where
the all independent conserved charges h!’s are zeros. This is realized when the in-
ternal degrees of freedom for two M2-branes are unbiased. Note that for the pur-
pose of the exploration of the algebraic structure for the K-th motion, this specific
charge assignment does not affect the following discussion since non-vanishing
h!’s can only give rise to a constant shift of the coupling constant in the potential.
From one can read the effective action for the dynamics in the K-th direction

(kC1(E) + Y% ¥,5)
q2

g1 / dt [qz _ iy, 6.3.1)
2 Jr

We see that our reduced action contains the inverse-square potential which

is similar to the known A > 4 superconformal mechanical potentials discussed in

(also see [210, 255, 224, [137]).

We shall study the existing symmetry in the effective action (6.3.1). The action
may be rewritten as SU(1,1|16) superconformal quantum mechanics in the
form of (3.6.1). However, we should note that the same form of the Lagrangian
does not necessarily lead to the same symmetry in the theory if we have additional
constraints or symmetries. In fact in our setup the bilinear terms for fermions are
treated as conserved quantities due to the Gauss constraint (6.2.3). This implies
that the gauge indices 4,b,--- = A, B should be distinguished from other indices
a,B,--- and A, B, - and prevents us from forming 32 supercharges. Put it an-
other way, our theory describes the radial motion of the wrapped membranes and

4The action (6.2.7) is invariant under the fermionic transformations (6.2.23)-(6.2.28), however,

the Gauss constraint (6.2.14) may not be invariant under those transformations. Although in that
case the original system may be modified, we here just want to study the reduced system without

the auxiliary gauge field.
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thus we have at most 16 supercharges on the branes by the projection. So we
will only focus on the remaining A/ = 16 supersymmetry due to the constraint.
The simplest way to read the consistent supersymmetry for the wrapped branes
is just look at the supersymmetry transformations for the original BLG-model.
From (4.1.49)-(4.1.51) we see that the action is invariant under the following
N = 16 supersymmetry transformation laws

i _ i _
5q = 7 (eY_a—€"¥ia)+ 7 (e"Y_p—€"¥ip), (6.3.2)
1 .8 i1
oY a4 = VAL + ) AT ﬁfﬂm (6.3.3)
1 ) i1l
oY a4 = ﬁ (‘7 + %) € A~ EaT,BA, (6.3.4)
1 /. ¢ il
oY g = VG q— q €4t ﬁgTJrAA' (6.3.5)
oY _p4 = . (17 - g) €_4i+ LAT—AA (6.3.6)
V2 q V28
where we have defined
g :=kCy(E) + i¥%¥up. (6.3.7)

Unlike the transformations (6.2.23)-(6.2.28), the supersymmetry transformations
(6.3-2)-(6.3.6) are local and we therefore can apply the conventional Noether’s pro-
cedure. By means of the Noether’s method, the corresponding supercharges are

calculated to be

1 1
Qii= /2 <P + %) Y oait 2 (P - %) Y. pir (6.3.8)
1 1
Q4= 7 (P + %) Y u4— N <P - %) Y pa- (6.3.9)

Since the action (6.3.1) is invariant under the conformal transformations 5t = f(t),
0q = % f g and 6¥,, = 0, three generators, the Hamiltonian H, the dilatation gener-
ator D and the conformal boost generator K are explicitly expressed as

. 2
o 1, [kCl(E) + ZT%‘F“B}
H=1p+ - : (63.10)
1
D=—Har} (6.3.11)
K = %qz (6.3.12)
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where {, } represents an anti-commutator.
In order to quantize the theory, we impose the (anti)commutation relations for

the canonical variables obtained from the Dirac brackets (6.2.15) and (6.2.16)

[9,p] =1, {‘I’aaA/‘f’ﬁbB} = 0uBOab0 g (6.3.13)

The combination of the conformal symmetry and the supersymmetry leads to
the superconformal symmetry. Let us define the superconformal boost generators

1
S+a= 51 (ini+Yipa), (6.3.14)
1
S_ 4= —\ﬁq (Y_aa+¥_pa)- (6.3.15)

Because of the extended supersymmetry the theory has the internal R-symmetry
which rotates the fermionic charges. Let us define the R-symmetry generators by

Uup) as = 1¥0ai ¥ (6.3.16)

Notice that the R-symmetry generators satisfy the relations

U++)ag = —U++)pas (6.3.17)
(J-=)ap = —U--)par (6.3.18)
U+=)ag = —U-+)gaA (6.3.19)

and therefore the matrices J1 4, [-_ and J_; contain 28, 28 and 64 independent
entries respectively while || yields no independent ones because of the relations
(6.3.19). Therefore the R-symmetry matrix totally carries 28 + 28 4- 64 = 120 ele-
ments.

Using the canonical (anti)commutation relations and considering the
Weyl ordering for the fermionic bilinear terms, one can find the complete set of

(anti)commutators among the generators

[H,D] = iH, [K,D]= —iK, [H,K]=2iD, (6.3.20)
[(Jap) ap- Hl =0, [(Jap) as DI =0, [(Jup)ap Kl =0, (6.3.21)

[Jap) i Uns)ep) = i(Jyp)esdasd ap — i(Jus) ApSpSpes
+i(Jop) ppdardac — i(Jay) 40505 (6.3.22)

[H’ QpcA] =0, [D/ thA] = _%QacA’ [K/ QaA] = iSaA" (6-3-23)
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[H/ SocA] = _ierA/ [D/ SIXA] = %SaA/ [K/ S(xA] =0, (6'3'24)

{Quar Qpst = 2Hbupd 4,
{Sui Spat = 2Kéupd 45
{QuarSpst = —2D6upb 45 + (Jup) 15/ (6.3.25)

[Uap) ap Qyel =1 (Qm%%c - ng;%%c) /
[(Jup) g Syel =1 (SaA5ﬁ753C - 55350475/;@) : (6.3.26)

The Hamiltonian H, the dilatation generator D and the conformal boost gener-
ator K satisfy the one-dimensional conformal algebra (6.3.20).

As the superpartners of the conformal generators there are sixteen supercharges
Q,4i and as many superconformal generators S,,. As seen from and
, the R-symmetry generators (/,p) 45 commute with the bosonic generators
H, D and K while they yield the rotations of the fermionic generators Q, ; and
S,i- The commutation relation implies that (J,4) 43 obey the so(16) alge-
bra. Therefore we can conclude that the theory is the OSp(16]2) invariant
N = 16 superconformal mechanics. In fact this fits in the list of the possible simple
supergroup for superconformal quantum mechanics, which we have already given
in Table

It is true that the quantum mechanics possesses the N = 16 superconfor-
mal symmetry, however, it is not clear that the theory actually captures the
dynamics of the wrapped membranes around a torus since it is not totally same
as the superconformal gauged quantum mechanics due to the reduction
process.

Note that the original SO(8) R-symmetry is now enhanced to SO(16) in our
quantum mechanics. It is not so strange as a similar phenomenon has been already
observed in d = 11 supergravity. In d = 11 supergravity the original tangent
space symmetry SO(1,10) can break down into the subgroup SO(1,2) x SO(8)
through a partial choice of gauge for the elfbein. However, it has been pointed
out in [285| 286] 287] that one can find the enhanced SO(1,2) x SO(16) tangent
space symmetry by introducing new gauge degrees of freedom. It would be an
intriguing open question to investigate whether such enhanced R-symmetry of our
quantum mechanics reflects that of d = 11 supergravity.
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Chapter 7

N = 12 Superconformal Mechanics

Similar to the previous chapter, we will consider the ABJM-model wrapped on a
torus and derive the IR quantum mechanics by shrinking the torus in this chap-
ter. We will derive the IR /' = 12 superconformal gauged quantum mechanic-
saAA and extract the corresponding SU(1,1|6) superconformal quantum mechan-
ics from the reduced systems.

7.1 N = 12 gauged quantum mechanics

We now want to consider an arbitrary number of M2-branes wrapped around a
torus, which may be described by the U(N); x U(N)_; ABJM-model on R x T?.
The theory may describe the dynamics of N coincident M2-branes with the world-
volume M3 = R x T? moving in a transverse space with an SU(4) holonomy. The
crucial point is now that the volume of the torus yields a typical energy scale in the
theory and we can take a further limit where the energy is lower than the inverse of
the size of the torus. Such low-effective theory describes the fluctuations around
static BPS configurations obeying the BPS equations. From the supersymmetry
transformations (5.1.7), for fermions we find the following set of the BPS
equations:

D.YA =0, D:YA=0, (7.1.1)
YOV Yy — yBYLyC =, (7.1.2)
YEYiyP =o. (7.1.3)

To satisfy the algebraic equations (7.1.2) and (7.1.3), the bosonic Higgs fields Y
and Y}, should take the diagonal form

Y4 =diag(yf, - yR), Y} = diag(1, -, Fan) (7.1.4)
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where yZ is a complex scalar field. For the above diagonal configurations, all the
off-diagonal elements are massive and the gauge group U(N) x U(N) is sponta-
neously broken to U(1)N [26]. Let us define

A‘;i—ﬂ = A‘uaa + Ayaa, A_ = ‘ua{Z - Ayaa (7'1'5)

where the indices a = 1, - - - , N characterize the gauge degrees of freedom, i.e. the
internal degrees of freedom of the multiple M2-branes. Note that all the couplings
involve the gauge fields .A,, while the other gauge fields .4/, are associated with

the preserved U(1) gauge group. In terms of the expressions Q7.1.4[) and (7.1.5), we
can rewrite the equations (7.1.1) as

Qv +iAyd =0, 029 0, — 1A 4, = 0, (7.1.6)
o=y +iAzys =0, Y pa — 1A 40 = 0, (7.1.7)
Azgp = Azab = Az = Afab =0 for a #b. (7.1.8)

The first and second lines correspond to the equations for diagonal elements and
last one is for the off-diagonal elements. The general solutions to the equations

(7.1.6) and (7.1.7) are given by
ya = riel(oez2 400, (7.1.9)
A, = —0:04(2,2) (7.1.10)

where 74, 82 € R have no dependence on z and Z while ¢,(z,z) € R is a function
of z and z. The expression (7.1.10) ensures the flatness of the U(1) gauge field A; .

Hence ¢, A2, and A, take the form [284]

®‘Z_z + 27 ®’Z_
T—T T—

¢a(z,Z) = =27 (7.1.11)

0, _
— .
T—T

Ao =27

za

A, = (7.1.12)

Here 7 is the moduli of the torus defined in and©®, :=(,+7é,a=1,--- ,N
are the coordinates of the product space of the N Jacobi varieties characterizing the
N U(1) flat bundles. For the bosonic Higgs fields to describe the positions of the
membranes, we should impose the single-valuedness of y4 as

ya(z+1,2+1) =yi(2,2),
Va(z+1,2+7T) = yi (2,2). (7.1.13)

These conditions require that ¢, and {, are integers, which result in the quantiza-
tion of the variables ¢,, A;, and AZ . Then the resulting static BPS configurations
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are
YA — dlag(yiq, e ,yfo dlag ( i(¢1(z, Z)+9 ) L ’rﬁei((pN(z,Z)—i—Gg)) ,
i Y Y z,Z 2,7)+64
Y} = diag(fay, -+, Fay) = diag (rfle (1A L pleilonERH00)

A, =diag (Az11,- - , AzNN)
Az = A;+ azqo = diag (Azll + azﬁ"lz o JAZNN azGON) . (7.1.14)

By the supersymmetry the above bosonic configurations are paired with the fermionic
fields

P4 =diag (Pra1, -, PLaN), d1ag( tAl L JiAN> (7.1.15)

where the subscripts =+ label the SO(2)f spinor representation.

Inserting the set of BPS configurations (7.1.14) and (7.1.15) into the ABJM action

one finds

N

— 2
S—/]Rdt R»NY

A a=1

DoyfADoya ¢+A‘ZDO¢+Aa - Z.'~P1;AQD07~,’J—ALI

4 ("4011 Zzu+ A AL — %AMA;;)] (7.1.16)

Recall that A, and A are quantized and their time derivative terms do not show
up in the action. Thus we can treat them as auxiliary fields and integrate out them.
Consequently we get constraints A, = A2 = 0, which imply that the gauge fields
Af, and AZ on the Riemann surface have no time dependence.

Taking these constraints into account and proceeding the integration over the
torus, we obtain the low-energy effective action

5= [ dt [Do7s Doyt = 9™ A" Dotpsa + KC1 (Ea) Ay, | (7.1.17)

Here the repeated indices are summed over and «, 3, - - - = +, — denote the SO(2)g
spinor indices. The covariant derivatives are defined by

Doy =y + iAoy, Dol pq = Yaa — iA0H aar
DO’~P0¢A11 = l/]zan + i-AaulPocAar Doll)lf = .3;;14 - l'.AaalI)lf. (7.1.18)
and
1 1 n
Ci(Eq) == 7 /T2 Frzaa = in /T2 Fr (7.1.19)
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is the Chern number of the a-th U(1) principal bundle E, — T? over the torus
associated with the preserved U(1) gauge fields A.,,.
The action (7.1.17) is invariant under the one-dimensional conformal transfor-

mations
ot = f(t) = a+ bt +ct?, 099 = —fy, (7.1.20)
5z = %fyé‘/ 0 aq = %fm (7.1.21)
Ohana =0, sytd —, (7.1.22)
Ao, = —f A, (7.1.23)

and N = 12 supersymmetry transformations

oy = iw B, g, O 4, = i Bw,ap, (7.1.24)
(SIPIXAH = wocABDO]/E/ 54)1? = —DoyBawol?B, (7.1.25)
0Ay,, =0 (7.1.26)

where the supersymmetry parameters w ap := €;(T") ap and w_ 4 := €_;(T*) B
transform as 64 and 6_ under SU(4) x SO(2)r respectively. Therefore the low-
energy effective theory is described by the N/ = 12 superconformal gauged quan-

tum mechanics (7.1.17).

7.2  Reduction

The low-energy effective action (7.1.17) is quadratic in A, and contains no time
derivatives of A,. So they are auxiliary fields and we want to integrate them out.
Let us fix the gauge as A;, = 0. Then the algebraic equations of motion of A,
yield the Gauss law constraints, the moment map conditions

¢oa := kCy(E,) + 22(1’;4)29;4 + leJr“A“lpaAa =0 (7.2.1)
A A

fora=1,---,N. Note that although the set of equations has the same form
as that of (6.2.3), the physical meaning of these constraints are different because the
angular variable 6/'’s are defined not in the abstract space of the internal degrees
of freedom as in (6.2.3), but in the actual configuration space of the a-th M2-brane
in the A-th complex plane.

Defining the conserved charges hZ' := 2(rZ)204, using the above constraints
and following the reduction procedure as in the derivation of (6.2.7), we can
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integrate out the auxiliary gauge fields A, and find the reduced effective action
with the inverse-square type interaction

S = /IR dtai‘i [x% — % Z <¢+aAa¢aAa - ¢+Aa¢aAa>

A#B

b Y g (A — A,

A#B
~ [kCi(Ea) + Xazs hi + L azp 0" Pana + /\mmw]z 'y (hg)*
4x3 AFB 4("214)2 '
(7.2.2)
Here x, := rB describes the motion of the a-th M2-brane in the B-th complex

plane in which the corresponding “angular momentum” k% is determined by the
assignment of the other preserved charges. We have also introduced the fermionic
variable Ay, := y,p, with A = B, which turns out to be the superpartner of rs,

C =1,2,3, as we will see the supersymmetry transformations (7.2.27) and (7.2.28).
The action (7.2.2)) leads to the following equations of motion

2
[kcl (Eﬂ) + ZA;&B hzlzq + ZA;AB 1P+aAalPocAa + Amu}\zxu}

Xa = 413 ’ (7-2.3)
a
i hA)2
i = 4((:514))3' (7.2.4)
) _kCl(E )+Z hA"’E IPMAIZ”L’ A —|—)L+‘m)\
Yopa =1 ‘ A7B Zﬁ#B — M’qbaAa/ (7.2.5)
a
ena _ _ KC1(Ea) + XEazphi + Yazp 0"V Yona + A" A0 44, 6
pr = o Pt (7.2.6)
-kcl (Eﬂ) + ZA;AB hf + ZA;AB IPMAalpaAa + )\1-0“1)\0411
aa — 1 2xa )\aa, (7.2.7)
ytea kcl(E‘Z) + ZA#B h:? + ZA#B l/)-hXAallJlXAa + )L-hxaADUZ toa
AT = —i oy AT (7.2.8)
a

Using the fermionic equations of motion (7.2.5)-(7.2.8), we can check that the Gauss
law constraint (7.2.1) has no time dependence, i.e. ¢, = 0.
The canonical momenta are given by

JdL , oL )
pa = a—.xa = 2xﬂ, Pfﬁ = ﬂ = zrflql (7'2'9)
oL i oL i
Aa ,__ _ ta A ~ - —
XAA e alPDCAu — E 14 ﬂ, 7T0(AIZ . — W — Ell)[an, (7.2.10)
J i N oL i
.= —— = )\t I = — = —Aua- 2.
a/\‘m 2 aa a)ﬁ'ﬂiﬂ 2 xa (7 2 11)
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The fermionic canonical momenta provide the second class constraints
i
2

i - i

éxa = Haa - §A+aa — 0, 4)4“& = Hlxa - EAIXH — 0. (7.2.13)

Taking account into the constraints (7.2.12)) and (7.2.13), we find the Dirac brackets

- i
Qb%Aa = ﬂaAa - ¢+Aa =0, PouAn = TTuAa — Elpzan =0, (7-2-12)

(%0, 7”18 = Sap, 2, P8l pp = 6450a (7.2.14)

[lPaAa/ waBb} DB = iaaﬁéABéabz |:ADCL1/ /\’rﬁb} DB = i(saﬁ&ab- (7-2~15)

The action (7.2.2)) possesses the one-dimensional conformal invariance

ot = f(t) = a+ bt +ct?, 599 = —fy, (7.2.16)

1. 1.
0x, = §fx”' (51’;,4 = Efrf, (7.2.17)
OPpna =0, syted — o, (7.2.18)
OAga =0, SATE = 0. (7.2.19)

Using the Noether’s procedure we find the SL(2,R) generators

2
— - p_g (kcl (Eﬂ) + ZA#B thz4 +Xa IPMAalpaAa + /\'I'zxa)\m)
H = Z 4 +
a=1

42
P2 (hdt)?
1 N
D= " Z {%a, pa} + Z {T?,P{l}] ’ (7.2.21)
a=1 A#B

N
K=Y |x+ ) (rf)zl : (7.2.22)

a=1 A#B

Note that we have absorbed the time dependent part of D and K by using the
similarity transformations (2.1.34).

Also the action (7.2.2) is invariant under the following fermionic transforma-
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Ox, = é <€“Ctpac,z + elctp;“"c) , (7.2.23)
5rC = % Kw,xcp%m) o5 4 (wi”‘Dwacp) 05 (eac M) 05 _ (elc AZ"‘) eieg} ,
(7.2.24)

2rD

a

~ kCi(Es) + Xpp hP 4+ wtPay, p, + AT4aA,, i1
—+ \/E (xa —1 78 2%, = €Zc - Ex—ilﬁaCa,

(7.2.25)

.D -hfi_) oD
&szCa: Ty +i—5 e T WycD

D

swieC — D ha —ifP CD

wa == \Ta _127’D e Wy
a

D taD t .
+ \/E (xa + l.kcl(Ea) +ZD;£B ha +71b ‘ u'abocDa +A MAM) €1XC + L L taC

2x, V2x, 't
(7.2.26)
, ChS Y\ e
oA = —€c (rff + 12—“C> el (7.2.27)
L
+ c_ . hy 05 _aC
A = — (?a — 12—”C) e Maeh (7.2.28)
Ta

with C,D = 1,2,3. Here €*¢ and their Hermitian conjugate eic are infinitesimal

fermionic parameters and we have defined

tgy
0 () = hf;/ m/ (7.2.29)
l, = ep, — eyl (7.2.30)

7.3 SU(1,1|6) superconformal mechanics

Since the non-local quantities are included in the fermionic transformations (7.2.23)-
(7.2.28), there may exist infinitely many conserved non-local charges. However, we
see from that the Hamiltonian describing the motion in the B-th complex
plane associated with the variable x, and the local charges commute with the oth-
ers associated with the variables 7$’s and the non-local charges. Therefore they
are decoupled with one another and we thus can analyze the dynamics in the B-th
direction separately. As in the subsection it is convenient to assign the con-
served charges h,‘;‘ and AT¥ ), to be zeros. Then the low-energy dynamics in the
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B-th complex plane is described by the action

taAa 2
/ dt Z [ iyt AT L — (kC1(Ea) + ¥ Pana) ]

xAa 2
4xg

(7.3.1)

where A = 1,2,3 denote the R-symmetry indices. Note that the action has
the same structure as [210, 224, [137] for SU(1, 1|%/), N > 4 superconformal
quantum mechanics.

The action has the invariance under the N' = 12 supersymmetry trans-
formation laws

Ox, = % ( "‘AtpAa + eaAngr"‘A) (7.3.2)
SPona = V2 (J’ca — lig_;a) €qp — \;Eia Yadar (7.3-3)
Spatt = ¢_(m+4§g)e -+;%£§2”* (7.34)
where
8a = kC1(Eq) + " s, (7:3:5)

The supersymmetry transformations (7.3.2)-(7.3.4) are generated by the super-
charges

Qua = \;— (P - ga) YaAa (7.3-6)
NaA L a & taA
Q" = NG (P + xa) P (7.3-7)

Also the action ({7.3.1) has the one-dimensional conformal invariance. The cor-
responding Noether charges are now expressed as

N 2 kC Ea taAa wAa 2
H=Z[&+( ! )ijz "’A)], (738)
1 N
D - _Z Z {xar Pa}/ (739)
a=1
N
K=Y 2 (7:3.10)
a=1

According to the Dirac brackets (7.2.14) and (7.2.15), quantum operators of the
canonical coordinates and momenta obey the quantum brackets

(X0, p') = 8, {$ena 9P} = —bupdanda (7:311)
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Combining the supercharges and the conformal generators, we find the super-

conformal boost generators
SuA = \/Ei qu¢aAaz
a
S~O(A = \/El Zxagb;mA.
a

The R-symmetry generator is given by

(]zx,B)AB =i Z ¢ZﬁBlpaAa-

(7.3.12)

(7.3-13)

(7.3.14)

Note that (7.3.14) is a complex 6 x 6 matrix witha, p = +, —and A,B =1,2,3 and

it contains 36 complex valued elements.

Under the canonical relations (7.3.11) and the Weyl ordering [} the generators

form the following algebra

[H,D] = iH, [K,D]= —iK, [H,K]=2iD,
[(Jap) aB, Hl =0, [(Jap)aB, D] =0, [(Jup)as K] =0,

[(Jap) aB, (Jys)cD] = i(Jas) ADOp,0BC — i(J48)CBO26 4D,

[H, roA] =0, [D, QaA] = _%QaA/ [K/ QaA] = 1544,
[H,Q"4] =0, [D,Q*]=—40", [K Q] =i54,

[H/ SIXA] = _iQaA/ [D/ Sch] = %Sa ’ [K/ SzxA] = 0/
[H, gaA] — _ithA, [D, gaA] — %gzx ,

{Qua, QPP} = 2H4,56 4,

{San, SPP} = 2Ké,p0 a5,

{Qua, SPP} = —2D6,p6 48 — 2(Jup) 4B/
{Q", Spp} = —2Db,pdas — 2(J15) a8,

[(Jap) 4B, Qyc] = iQuadp,0BC, [(Jap) AB, Sv,c] = iSaadpy0BC,

[(]aﬁ)AB/ QN’YC] = —l'QND‘A&‘B,Yégc, [(]Dcﬁ)AB/ S”'y,C] = —igaAélB,},éBc.

'One needs to pick up constant shifts as a quantum effect.
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(7.3.16)

(7.3-17)

(7.3.18)

(7.3.19)

(7.3.20)

(7.3.21)



The Hamiltonian H, the dilatation generator D and the conformal boost gener-
ator form the one-dimensional conformal algebra so(1,2) = s[(2, R) = su(1,1). As
each of the supercharges Q,4 and Q" = —(Qua)t contain six real components,
there exist twelve supercharges. They are the square roots of the Hamiltonian H.
In addition, there are as many superconformal charges S,4 and 5%, which are
the square roots of the conformal boost generator K. The anti-commutators of the
fermionic charges generate an extra bosonic R-symmetry generators (J,5) a3. They
form the u(6) algebra (7.3.17). Thus the action describes the SU(1,1|6) in-
variant N/ = 12 superconformal mechanics. In fact this belongs to the list of the
simple supergroup for superconformal quantum mechanics, which we have shown

in Table

Following the AdS,/CFT; correspondence, we expect that the superconformal

quantum mechanical models (6.1.13) and (7.1.17) may be related to AdS, x T?
solutions, the so-called magnetic brane solutions [288, 289]. It may be interesting

to check those correspondences.
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Chapter 8

Curved Branes and Topological
Twisting

In this chapter we will investigate the topological twisting and its relevant ap-
plication as the world-volume description of curved branes in string theory and
M-theory, which was firstly pointed out in [28]. In section we will discuss
various topological twisting procedures. In section we will explain that the
topologically twisted theories may yield the world-volume theories of the curved
branes.

8.1 Topological twisting

Topological twisting is a modification of the Euclidean rotational group of a su-
persymmetric theory through an embedding into a global symmetry of the theory.
The resulting theory will be topological if the twisted supersymmetry generators
include at least one space-time scalar. Equivalently one can regard the twisting
procedure as a gauging of an internal symmetry group in which a global sym-
metry is promoted to a space-time symmetry. In many cases, gauging can be
performed by coupling of the internal symmetry current to the spin connection of
the underlying manifold to the Lagrangian. We will give many examples of the
topological twisting in the following.

811 d =4, N =2SYM theories

Let us consider topological twisting of d = 4, N/ = 2 super Yang-Mills (SYM)
theories [290]. We take My = R* whose rotational symmetry group is Spin(4)g =
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SU(2); x SU(2)y. The global symmetry of the theory is U(2)g ~ SU(2) x U(1)
R-symmetry. The field content is

e complex scalar field ¢
e 2 complex fermionic fields AL, Agi
e gauge field Ay,

where « are indices of the fundamental representation of SU(2); and & are indices
of the fundamental representation of SU(2),. i denotes the fundamental represen-
tation of SU(2)g. These indices are raised and lowered with the antisymmetric
tensor €aps €4pr €ij such that €1, = €2 = 1. All fields are the adjoint representation
of compact group G. The scaling dimensions are

9]=1 [pl=1=35 [A=1 ld=-3 (8.1.1)

where € is a supersymmetry parameter.
The supersymmetry transformations are

5A, = —ik: Cuaa€™ + i€ 0 A, (8.1.2)
oM, = oty P F + iellg, 9] + V20l Dypeles, 8:1:3)
Oy =0 ﬁelﬁF — iegi[¢, §] + V2D, 0L, peije”, (8.1.4)
6P = V26" Ay, (8.1.5)
5§ = V2N, (8.1.6)

where ¢! and €;; are supersymmetry parameters that transform as (2,1,2) and
(1,2,2) respectively.
The Lorentzian action is given by

1, 1 -
- /Md xTr(—L—LFWFVV Xt DAY — D,gDI

1 1
o z[(,b/ 4)]2 - Eael] [/\M /\]] + T(PEZJ [/\oczx/\ ]) (817)

Here Tr is an invariant quadratic form on the Lie algebra.
The classical N/ = 2 theory has a U(2) symmetry acting on the two fermion
(A, A). The center U(1)g C U(2) is anomalous. On a given 4-manifold My and for
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a given instanton numberk, the total violation AU of the U(1)g charge is given by
the dimension of the Yang-Mills instanton moduli space [290]. For SU(2) this is

AU = dim M = 8k — g(x +0) (8.1.8)

where x and ¢ are the Euler characteristic and signature of M} This was first
discussed in [290].

The fields and supersymmetry parameters transform under SO(4)r x U(2)gr =~
SU(2); x SU(2), x SU(2)g x U(1)g as

$:(1,1,1)24(1,1,1)» (8.1.9)
P,A:(2,1,2)1 5 (1,2,2) 1 (8.1.10)
ni(2,2,1) (8.1.11)
€:(2,1,2)19(1,2,2) 1. (8.1.12)

To perform the topological twisting, we leave SU(2); undisturbed and pick a ho-
momorphism
mr:SU(2), — SU(2)g, (8.1.13)

SU(2)) c SU(2), x

and replace SU(2), by a diagonal subgroup SU(2); = (14 7)(
~ SU(2); x SU(2)", the

SU(2)g. Then under the new rotational symmetry SO(4)%
fields and supersymmetry parameters transform as

b — (1,128 (1,1) 5 (8.1.14)
YA —(2,2)10(1L,1)_18(1,3) (8.1.15)
Ay —(2,2)o (8.1.16)
€ —(2,2)1®(1,1)_1®(1,3)_. (8.1.17)

Thus the bosonic field content is
e complex scalar field ¢: (1,1), © (1,1)_»
e gauge field A,: (2,2)9
and the fermionic field content is
e scalar field #: (1,1)_1
o 1-form ¢;: (2,2);

o 2-form (self-dual antisymmetric 2-tensor) x;/,: (1,3) 1.

'The quantity XTW is always integer.
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From (8.1.17), one can see that there exists one BRST charge.

Ind =4, N =2 SYM theories, the possible anomalies are related to the global
SU(2) anomaly [291], which only appear when the corresponding moduli space
is not orientable [290]. In Donaldson-Witten theory the moduli space is given by
anti-self-dual connections, which is orientable [292]. Thus the twisted theory is
anomaly free.

The twisted Lagrangian is

L= Tr(jIF,XﬂF”‘ﬁ — %Da(pD“O — i Dap" + iDapg X

. , | :
— 590 ) = 50190 4] = 590001 — 5o, a]2>. (8.1.18)

For the closure of supersymmetry algebra, it it necessary to introduce an aux-
iliary field T;; = Tj;. It has scaling dimension [T] = 2 and transform (1,1,3)o
under SU(2); x SU(2), x SU(2)g x U(1)r. After twisting they transform (1,3)
and identified with a 2-form.

Twisted V' = 2 supersymmetric gauge theories have an off-shell formulation
such that the action can be expressed as a Q-exact expression up to a f-termP]
where Q is the BRST charge.

812 d=4N =2SCFTonC x X

We now consider a four-dimensional AN/ = 2 superconformal field theory (SCFT)
on My = C x X whose holonomy group is reduced to U(1)¢c x U(1)x, where C and
2 are Riemann surfaces. This has been discussed in [293]. The global symmetry of
the theory is SU(2)r x U(1)g R-symmetry and U(1)p symmetry. The field content
is

e complex scalar field in the adjoint representation: ¢, ¢

2 complex scalar fields in representation R, RV of G (squarks): gq,§

gauge field A,

2 gauginos: ¥, A

e 2 complex left-handed quarks in representation RY, R of G: g, 5

2 Because of the chiral anomaly inherent to the R-symmetry of N' = 2 SYM theories, observables
are independent of f-term up to rescaling. Thus one can ignore 6-term.
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Uu1)x
@ 0
[ 0
P +
/\ _
q +
‘7 —
Pq 0
Y5 O

Table 8.1: The U(1); C SU(2)r charge assignments for d = 4, N' = 2 SCFT field
content.

e 2 complex right-handed quarks in representation R, R" of G: ¢, §5.

Before topological twisting, fields transform under U(1)c x U(1)y x SU(2)g X
U(l)R X U(l)B as

@, ¢ = Too20 D 1oo—20 (8.1.19)
4,9 : 2000— D 2000+ (8.1.20)
Ay Ta000 D 12000 D L0200 D Lo—200 (8.1.21)
PY,A24 0D2_140 (8.1.22)
PA:2 P2, g (8.1.23)
Yo7l @1 Bl D1 (8.1.24)
(VAP SRS W ) SN S (8.1.25)

. To perform the topological twisting, we pick a homomorphism 7 : U(1)r —
SU(2)r x U(1)g x U(1)p and replace U(1)p by U(1)y = (1+ ) (U(1)g) C U(1)g X
SU(2)g x U(1)g x U(1)5.

To pick a homomorphism, we consider the maximal torus U(1)% of SU(2)g

SU(2)g D U(1)k. (8.1.26)

We assign U(1)% charge for each field as in Table Then all of the U(1) charges
are summarized in Table In Table 8.2} the subscripts + indicate the upper and
lower components of spinors. If X is flat, we should twist only U(1)¢ and there

30ur assignment is different from that in [293] where the both charges for g, § are —.
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Ul | UD)s | U, | U)r | U(1)pg | section
¢ 0 0 0 2 0 Oc ® Oy
[ 0 0 0 -2 0 Oc ® Oy
e |+ — - + 0 Ké ® Kg%
po | — + + + 0 K_% ® K%
Ar |+ - - + 0 Ké ® Ky
Al - + - + 0 K¢ 1 I<2

[0 - - - 0 Kc2 ®Kz
[ - -~ —~ 0 Ki @ K2
Ay — — + — 0 KE% ® K%%
Ao |+ - - - 0 KZ ® K2
q 0 0 + 0 - Oc ® Oy
q 0 0 — 0 + OC ® Oz
Yot |+ - 0 - -~ Ké ® Ky
g - + 0 — — K. 2 ® K2
Pi+ + — 0 — + K2 ® K .
Y- | — - 0 - + | K¢ 2 ®K2
Yo | - — 0 + + ch ® K?f
Y|+ - 0 + - K% ®K§1
Yo |~ - 0 + - ch ® K%Z
Y|+ + 0 + - Kg @ K2

Table 8.2: U(1)g charge assignments for d = 4, N’ = 2 SCFT field content. The
subscripts + indicate the upper and lower components of spinors. We denote the
trivial bundle as O and the canonical bundle as K.
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A-twist B-twist

fields | U(1)¢ | U(1)5 | U(D)g | U(D)s
@ 0 0 2 0
[ 0 0 -2 0
P+ 2 - 2 -
P 0 + 0 +
Ay 0 — 2 -
A -2 + 0 +
P, -2 — -2 —
¥ 0 + 0 +
Ay 0 — -2 —
A 2 + 0 +
q + 0 0 0
q — 0 0 0
Pg+ + - 0 -
P — + -2 +
P+ + - 0 -
Py — + 2 +
(7 e A
P, + + 2 +
(7T A
Py + + 2 +

Table 8.3: The spin of the fields for A-twisted and B-twisted d = 4, N’ = 2 SCFT
on C x X.

are two types of twisting

A-twist :U(1)c — U(1)k (8.1.27)
B-twist :U(2)c — U(1)g. (8.1.28)

The field content of A-twist and B-twist listed in Table If both C and X are
curved, we should also twist U(1)y. Although there are many possibilities for
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AA-twist BA-twist BB-twist BA+-twist
fields | U(1)¢ | u(g [ u()z [u()s | UM)e [u@y [ u@); [ Uy
@ 0 0 2 0 2 2 2 0
[ 0 0 -2 0 -2 -2 -2 0
I 2 0 2 0 2 0 2 0
P 0 2 0 2 0 2 0 2
Ay 0 -2 2 -2 2 0 2 -2
A -2 0 0 0 0 2 0 0
P, -2 -2 -2 -2 -2 -2 -2 -2
P 0 0 0 0 0 0 0 0
Ay 0 0 -2 0 -2 -2 -2 0
A 2 2 0 2 0 0 0 2
q — — 0 — 0 0 0 0
g — - 0 — 0 0 0 0
gt + — 0 — 0 -2 0 -2
g - - -2 + -2 0 -2 0
(1 + — 0 — 0 -2 0 0
- - - -2 + -2 0 -2 2
[ — — 0 — 0 0 0 0
¥, + - 2 - 2 2 2 2
. — — 0 — 0 0 0 -2
. + + 2 + 2 2 2 0

Table 8.4: The spin of the fields for AA, BA, BB-twisted 4d N’ =2 SCFT on C x X.

twisting, we consider the following cases

The results of twisting are given in Table

AA-twist :
BA-twist :
BB-twist :
BA+-twist :
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U(1)c — U(1)p, U(1)s — U(1)k
U(l)c — U(1)r, U(1)s — U(1)g
U(l)c — U(1)r,U(1)z — U(1)r
U(1)c — U(1)g, U(1)s — U(1)x x U(1)p

(8.1.29)
(8.1.30)
(8.1.31)
(8.1.32)



A-twist

After twisting, the bosonic scalar fields ¢, @, g, § remain scalars and the left-handed
quarks ¢, 7 remain sections of

1 1 1
KE® Ky ? + Ko @ Kg (8.1.33)

and the right-handed quarks ,, §, are sections of

1

1 1 1 1
K-* ®@ Ky ? + K& @ Ks. (8.1.34)

1 _1
On the other hand squarks g, § become sections of K& and K- *. The gauginos ¢
reduces to sections of

Ke® Kg% +O0c® Ké (8.1.35)
and A become sections of

Oc ®1<g% +K;! ®K§. (8.1.36)
Their right-handed partners are sections of

K ®Kg 1100w Ké (8.1.37)

Oc ®K£% + Kc ®Ké (8.1.38)

In the original theory, we have eight supercharges. Since the transformations of
supercharges under R-symmetry are identical to those of gauginos and only scalars

on C survive in the twisted theory, (8.1.35)-(8.1.38) shows that there remains four

supercharges
1 1
Oc¢ ®K§, Oc ®K22,
1 _1
Oc®Ki, Oc®Kg?2. (8.1.39)
Two of them transform as spinors of positive chirality on X and the other two
transform as those of negative chirality on X. Therefore if one takes into account
the dimensional reduction to ¥, the theory on X has (2,2) supersymmetry.
B-twist

After the twisting the bosonic scalars ¢ becomes section of K¢ and squarks g, § are
unchanged. The quarks ¥, and 1; become sections of

_1 1
Oc ®Kyg? + Kt @ K3 (8.1.40)

_1 1
Oc ® Ky * + Kc ®@ Ks. (8.1.41)
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The gauginos ¢ and A are sections of

1 1
Kc®Ks? +0Oc ® Ky (8.1.42)
_1 1
Kc® Ky +Oc ® Ky (8.1.43)
and ¢ and A are sections of
_1 1
K'®Kg? 4+ Oc ® K2 (8.1.44)
1 1
K:' @K% 4+ Oc ® KZ. (8.1.45)

From (8.1.42)-(8.1.45), we see that there are four supercharges

1 1

Oc®Ks, Oc®@Ks (8.1.46)
1 1

Oc®KZ, Oc®KSE, (8.1.47)

which transform as spinors of the positive chirality on X. Thus the theory on X
can have (4,0) supersymmetry.

AA-twist

After twisting, we have

¢ € T(Oc ® Oy) (8.1.48)
7eT(KE@K:?), FeT(Ke oK) (8.1.49)
¥y € I‘(K(%j ® Kg% + Kg% ® K%), ¥y € (Ké ® Kg% + Kg% ® Ké) (8.1.50)
§, €DK @Ky ? +KE@KY), §,€T(K @K +KE0KE)  (B.150)
Y eT(Kc® Oz +O0c®Ks), AeT(Oc@Ks'+K:' @ Ox) (8.1.52)
PeT(K' @K'+ 0c®0s), AeT(Oc®Os +Ke®Ky). (8.1.53)

In other word, the fields transform under U(1) x U(1) as

¢, ¢ — 10 ® 1o (8.1.54)
PA—=TnD 1l ®dly2D1 2 (8.1.55)
P,A—1 3 2 D1gg D 1o @1 (8.1.56)
7,§— 14 ST (8.1.57)
Yo 14Ol L B D1 4 (8.1.58)
%I% -1 _ 101 _ 14y, (8.1.59)

Therefore the bosonic field content is
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e 2 scalar fields ¢, o: 1pp @ 1gp
e gauge fields A;, Ayp: 10 ® 120 © 1gp © 1o_2
e spinor fields §,4: 14+ ©1__

and the fermionic field content is

scalar field #: 1gg

1-forms ¥z, P 120 D12 D12 D1 20

e 2-form x: 1 5 » D1y

spinor fields ¢, 3, %%i 2141+ B1__D14y)

Focusing on the vector multiplet, one can check that the field content is same as
that of N = 2 twisted Donaldson-Witten theory as expected.

In the twisted theory we have two supercharges. Both of them are right-handed
in 4-dimensions. Noting the spin of U(1)c x U(1)x for ¢_, Ay

P (++) A, (0,0) (8.1.60)
Ayt (= —) 225 0 0), (8.1.61)

one can see that the two supercharges have the opposite chiralities on both C and
2.

BA-twist

After twisting we obtain

¢ € T(Kc® Ox) (8.1.62)
gET(Oc®KsY), §€T(0Oc®Kst) (8.1.63)
g, 7 € T(Oc ®1<g% +K;! ®Ké) (8.1.64)
P 5 €T(Oc® K}S% + Ke ® Ké) (8.1.65)
Y ET(Kc®Os +Oc®Ky), AET(Ke®@Ks!+Oc® Os) (8.1.66)
PET(KI @K'+ 0c®0s), AeT(Ke'®Os+ Oc @Ks). (8.1.67)

Therefore there exists two supercharges. One is left-handed and the other is right-
handed in 4-dimensions. From the fact

— (0,0) (8.1.68)
p_:(+,+)— (0,0), (8.1.69)



it turns out that two supercharges have the same chirality on 2~ and the opposite
chirality on C.

8.1.3 d =4, N =4 SYM theories

Let us start with d = 10, N’ = 1 SYM theory. d = 4, N' = 4 SYM theory is most
easily derived by dimensional reduction from ten dimensions [f|
The field content of d = 10, N' = 1 SYM theory is

e gauge field A
e 16 fermionic fields (gauginos) ¥

The gauge field A is a connection on a G-bundle E. The fermionic field ¥ is
a positive chirality spinor field with values in the adjoint representation of G,
that is a section of ST ® ad(E). We should note that the ten-dimensional spin

representations

real and dual to each other : Lorentz signature

165 and 16, are (8.1.70)
complex conjugate : Euclidean signature
The gaugino Y is a ten-dimensional positive chirality spinor field
'y =y (8.1.71)
where
.= riz-10, (8.1.72)
The conjugate is given by
¥:.=v'C (8.1.73)
where C is a ten-dimensional charge conjugation matrix satisfyingf|
cl=¢, crMc—'=1M. (8.1.75)

4+ From Nahm'’s theorem [12], ten-dimensional is the maximum possible dimension for SYM

theory.
5Although there is another definition given by

cl=—-c, crMc1=—_1M (8.1.74)

which corresponds to C4, we choose C_ in (8.1.74).
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physics convention mathmatics convention
D =d—iA’ (A':Hermitian) | D = d + A (A:anti-Hermitian),
F=i(D)?>=dA" —iA'nNA F=D*>=dA+AANA

Table 8.5: The physical and mathematical definitions of connection and field
strength. The relations are given by —iF’ = F,—iA’ = A. Although the anti-
Hermitian fields A are unnatural for G = U(1), they may avoid unnatural factors
i

The Lagrangian of Euclidean d = 10, N' = 1 SYM theory is given by

1 1 1
L==Tr ( =FynEMN + ¥TMD ) ¥ (8.1.76)
e? 4 2
where M,N,--- =1,2,---,10 are indices of ten-dimensional space-time and we
defind]
DM“P = E)M‘P — Z'[AM,IY], (8.1.77)
FMN = GMAN - 8NAM — Z[AM, AN] (8178)

The 16 supersymmetries are
SAN = YT e = —eTp ¥ (8.1.79)
1
5 = EFM]\,rMN(-:. (8.1.80)

To consider the dimensional reduction of d = 10, N' = 1 SYM theories to four
dimensions, we decompose the gamma matrices under SO(10) D SO(4)r x SO(6)

as
=~k 7
7 . (8.1.81)
MN=mnot!
where y =1,2,3,4and I =5,6,7,8,9, 10. [ are six-dimensional gamma matrices
satisfying
(P41 =25Y, (THt =T1! (8.1.82)
. . I 0
{7 = if126 = | ™4 (8.1.83)
0 —I4

® This is preferred convention in physics (see Table .
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and y* are four-dimensional gamma matrices

{2 =201, (YT =t =l (8.1.84)
The charge conjugation matrix C and the chiral matrix are decomposed as

C=CaC, (8.1.85)
=" xf7 (8.1.86)

where C is the four-dimensional charge conjugation matrix satisfying
C'=-C, Cyc ="' cycl=00)" (8.1.87)

and C is the six-dimensional charge conjugation matrix

A A

CT=-¢, Cri¢ct=(Ht, cf’ct=—-(1"T (8.1.88)
The global symmetry of the theory is SU(4)r R-symmetry. The field content is
e 6 real scalar fields ¢!(I = 5,6,---,10)
e 16 fermionic fields (gauginos) 1PA(A =1,2,3,4)
e gauge field A,

where indices I, ],--- and A, B, - - - are 6 and 4 of SU(4)r R-symmetry.
Performing the dimensional reduction of (8.1.76), we obtain the Lagrangian of
d =4, N =4 SYM theories

1 1 1 1 1— |
L= ;Tr(;LFwFW + 5 DupiD ¢! — 2 [0, 91ll¢', 9" +5 9T Dy — 9T g, w])
(8.1.89)

where ¢; := A;(5 <1 <10) and y,v = 1,2,3,4. If G is simple and if we require
that Lagrangian is quadratic in derivatives, the above Lagrangian is unique except
for the change of parameter e. However, we may have 0-term that measures the
topology of the G-bundle E

e i0

Lo= 7 67T2Tr(F AF) = WTr(*FHVFW), (8.1.90)

7Here we choose C as C_.
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which is 0 times the second Chern class or instanton number of the bundlefl The
parameter e and 6 combine into a complex parameter

0  4mi
T = E 6_2 (8191)
The Lagrangian (8.1.89) is invariant under 16 supersymmetries
opr = PpI'ie = —elpyp, (8.1.92)
0A, = yYI'ye = —elyyp, (8.1.93)
1 .
69 = SEuF"e + Dy ' Te - %[4)1, /)T e. (8.1.94)

Before topological twisting, fields transform under SO(4)r x SU(4)r ~ SU(2); x
SU(2), x SU(4)g as

¢:(1,1,6) (8.1.95)
¥:(2,1,4)®(1,2,4) (8.1.96)
Ay :(2,2,1). (8.1.97)

To perform the fully topological twisting, we pick a homomorphism 7 : SO(4)g —
SU(4)r and replace SO(4)g by SO(4); = (1+ 7)(SO(4)g) C SO(4)g x SO(6)R.

The choice of 7t amounts to embedding SO(4)r ~ SU(2); x SU(2), in SU(4)r
as

7T SU(2); x SU(2), — ( SUSZ)[ su(zz)r ) ) (8.1.98)

which leads us to consider the decomposition
SU(4) D SU(2) x SU(2) x U(1). (8.1.99)

Under (8.1.99), we still have several possible embedding determined by telling how
the 4 of SU(4)g transforms under SU(2); x SU(2),. Up to an exchange of left and
right, there are three inequivalent transformations of 4 of SU(4)r under (8.1.99).

(i) GLtwist 4=(2,1)1®(1,2)1
(ii) VW twist 4= (1,2);® (1,2)_1 (8.1.100)
(iii) DW twist 4= (1,2)0® (1,1)1 ® (1,1) 4

8In N/ = 4 SYM theories 6-terms are observable because there is no chiral anomaly and we
cannot shift them. This situation is different from V' =2 SYM.
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Geometric Langlands (GL) twist

GL twist has the branching

Z:::(z,l)_lea(l,igy (8.1.101)
1. fermionic fields
Noting that
(2,1)0x ((2,1) 1@ (1,2)1) =(1,1) 1 (3,1)_1®(2,2) (8.1.102)
and
(1,2)0 x (1)1 @ (L,2.1)) = (221 @ (L,1) 18 (1,3)_1,  (8.1.103)

one can see that the fermionic fields transform under SU(2); x SU(2); x U(1)
as

(1,1)_18(3,1) 182218 (2218 1,1) 18 (13) 1.  (81.104)

Similarly one can obtain the transformations of supersymmetries. Thus, from
(8.1.104) we see that GL twist leads to two unbroken BRST charges which
have the same U(1) charge.

2. bosonic fields
The bosonic scalar field 6, of SO(6)r is produced by the product of SO(6)
spinor 8 =4+ 4 as
8x8=(4+4)x (4+4)
=4 x4+4x4+4x4+4x4
=([1] + 3]) + ([0] + [2]) + (0] + [2]) + ([1] + [3])
=(6+10) + (1+15) + (1 +15) + (6 +10). (8.1.105)

Note that 6, is the antisymmetric product of 4

(4+4)
1

(21)18(1,2) 1) @ ((21)1 9 (1,2)-1)),
(L1)28(1,1) 2@ (2,2)0) ®((3,1)28(2,2)0® (1,3)2)),
(1,129 (1,1)2® (2,2)0. (8.1.106)

Thus the bosonic field content consists of
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e 2 scalar fields: (1,1)2® (1,1)_»
e 1-form: (2,2)g
e gauge field : (2,2)

and the fermionic field content is
e 2 scalar fields: (1,1)_1® (1,1)_4
e 2 1-forms: (2,2); ©(2,2);
e 2 2-formsf]: (3,1)_1 & (1,3)_1.

Under decomposition SO(10) D SO(4)r x SO(4) x SO(2), the decomposition
of the ten-dimensional gamma matrices is given by

" =9"@7° ® —03
=Tyl (8.1.107)

where y =1,2,3,4 and i = 1,2. ¢; are Pauli matrices and * are four-dimensional
gamma matrices defined by (8.1.84). The charge conjugation matrix C is decom-
posed as

C=CoCon (8.1.108)

Under the decomposition (8.1.107), ten-dimensional chirality matrix is expressed
as

= — (75 Y ® (73) . (8.1.109)

1. bosonic fields

For the bosonic fields we redefine

Dy = Parp, (n=1,2,3,4), (8.1.110)
Ay = \%(Ay +id,), (8.1.111)
Q= %(4)9 -+ i(‘blo), E = %(4)9 — i4)10). (8.1.112)

9Note that this is not self-dual.
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2. fermionic fields

Noting the fermionic field content of GL twist, one can decompose the 10-
dimensional fermionic field ¥ under the decomposition SO(10) D SO(4)g x
SO(4) x SO(2) as[“]

1 1 5 _
quoc = ﬁ (7’]04][4;7(1 + 1}’;{04’)’%(7 + Ewac’)’%g + wytx’)’gq + @,X’y?,q> C 1 (8.1.113)

where p, g and « are indices of SO(4)g, SO(4) and SO(2) respectively. #y, (a
are scalars (1,1)- @ (1,1) - and ¢y, wy, are 1-forms (2,2); @ (2,2)4 and
Xuv = —Xvp is a 2-form (3,1) - @ (1,3) .

From the decompositions (8.1.107) and the chirality condition (8.1.71) for the

femionic fields, we see that

o3 =1, 03Py = Py, (8.1.114)
O3Xuv = —Xuv, 03Wy = Wy, (8.1.115)
030 = —( (8.1.116)

Therefore ¢, w;, have U(1) ghost charge +1 and 7, x,v, { have U(1) charge
—1. This is consistent to the results of the fermionic field content for GL
twist.

3. supersymmetries

For the sypersymmetries we can also expand as

1 1 - ~ _
€pqa = E (GaH4pq + €‘u(x’)/gq + Eeywx')’gg + 6740/)”/[5 + Ga’)/gq> C 1. (8.1.117)

From the decompositions (8.1.107) and the chirality condition for the super-
symmetries, we see that

03€ = —€, 03 = —€ (8.1.118)

Therefore both BRST charges € and € have U(1) charge —1 as expected.

°The inverse of charge conjugation matrices C~! is included just because of the convenience of
the calculation.
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The BRST transformation is given by

0A, = —2(ewh) — 2(eyt), (8.1.119)
6P, = —2i(ey") — 2i(Ew"), (8.1.120)
S¢ = 2i€r,{ + 2i€0, 1, (8.1.121)
0§ = 2iec_{ + 2ieo_1, (8.1.122)
1 . .
on = iD,dHé — E[(pl,cp]] (eije), (8.1.123)
51,[7]4 = —Z'Dygbi((Tie) — i[q)y, (Pl] (U'Z'é), (8.1.124)
+i[Dy, Pyle — i€yypo [P, DUIE, (8.1.125)
dwy = —iDy¢i(0i€) + i[Dy, ¢i] (7€), (8.1.126)
. 1,
00 = —iD,P'e — E(eije)[gbi, qu] (8.1.127)
where we introduce
1
oy = —(0q +i0cm), 8.1.128
+ ﬁ( 1+ 1i07) ( )
1
o_ = —(0q —ion). 8.1.12
\/E( 1 2) ( 9)

Vafa-Witten (VW) twist

VW twist corresponds to the following branching:

4=(1,2)1®(1,2)_,
4=(1,2)_19(1,2);. (8.1.130)
1. fermionic fields
Noting that
(2,1)0 x ((1,2).1®(1,2)1) = (2,2)_1 D (2,2); (8.1.131)
and

(1,2)0 x (121 @ (1,2) 1) = (L1 @ (131 & (1L,1) 1 & (1,3) 1, (B.1.132)

it turns out that the fermionic fields transform under SU(2); x SU(2); x U(1)
as
(2, 2)_1 S5, (2, 2)1 S5, (1,1)1 S5, (1, 3)1 S5, (1,1)_1 S5, (1, 3)_1. (8.1.133)

Therefore VW twist gives rise to two unbroken BRST charges which have the
opposite U(1) charge.
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2. bosonic fields

The bosonic scalar field 6, of SO(6)r is given by the antisymmetric product

of 4

6, =(4 x4),
=((1L,2)19(1,2)-1) x ((L,2)19(1,2)-1)),
=(((L1)® (1,3)0® (L,1)2® (1,1) 2) ® ((1,3)2© (1,1)o D (1,3)0 © (1,3) 2)),
=(1,1)0® (1,3)o® (1,1)2 (1,1) _». (8.1.134)

Thus the bosonic field content consists of

e 3 scalar fields: (1,1) 2 @ (1,1)g @ (1,1)2
e 2-form : (1,3)g
e gauge field : (2,2)g

and the fermionic one is

e 2 scalar fields: (1,1)+ & (1,1)—
e 1-form: (2,2)_ ©(2,2)+
e 2 2-from: (1,3)_ ®(1,3);.

Donaldson-Witten (DW) twist
DW twist has the branching

4= (1,200 (1L,1); ® (1L,1) 4
4— (1, 2)0 ) (1,1)_1 D (1, 1)1. (81135)

1. fermionic fields

Noticing that
(2,1)ox ((L2)o® (1L,1)-1® (1,1)1) =(2,2)0® (2,1)-1® (2,1); (8.1.136)
and

(1,2)0 x ((1,2)0 @ (L1)1© (1,1) 1) = (L)o@ (1,3)0 @ (1,2)1 © (1,2) -1,

(8.1.137)
one can see that fermionic fields transform under SU(2); x SU(2), x U(1) as

(2,2)0® (2,1) 1 ® (2,1)1 B (L,1)o® (2,3)0 B (1,2)1 @ (1,2)_1, (8.1.138)

which implies that DW twist allows one unbroken BRST charge.
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2. bosonic fields

The bosonic scalar field 6, of SO(6)r is given by the antisymmetric product
of 4

(4x4),

(L2)o® (1L, 1)1®(L,1)-1) x ((1,2)o® (1L, 1)1 & (1,1)-1)),

(2(L1)o® (1,2)1©(1,2)-1) & ((1L,1)o D (1,3)0® (1,2)1 ® (1,2)-1 & (1,1)2 8 (1,1)2)),
2(1,1)p (1,2); ©(1,2) 1. (8.1.139)

Thus the bosonic field content consists of

e 2 scalar fields : (1,1)p & (1,1)o
e 2 spinor fields : (1,2); & (1,2) 1
e gauge field : (2,2)

8.1.4 d=4, N =4 SYM theories on C x %

Now we discuss a d = 4, N' = 4 SYM theory on My = C x . We consider the
twisting by using the embedding

U(1l)e — U(1)g. (8.1.140)

The assignment of U(1) charges are given in Table 8.6 where +, — signs denote
upper and lower components of spinors and right-handed fermions indicated with
bars. Under U(1) x U(1)y x SU(2), the fields transform as

¢ — 100 D300 D 120 B 1 29 (8.1.141)
P — 2 D2 D2+ D224 (8.1.142)
P—2 D25 D2y OS2 (8.1.143)
Ay — T ® 12 ® 1p-2. (8.1.144)

The bosonic field content is
e 2 complex scalar fields ¢, ¢: 1y @ 3o
o 1-form @y, Dz : 10D 1 o9
e gauge field A,, Az, Ay, Az : 120 @120 © 1op © 12

and the fermionic field content is
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U)c | UM)s | UM)r | UD)e | UD)y
ot | 0 0 0 0 0
$* | 0 0 0 0 0
s 0 0 0 0 0
Pt 0 0 0 0 0
¢° 0 0 0 2 2
P° 0 0 0 -2 -2
o+ + 2 —~
i+ - + 2 —~
T+ — + 0 —~
1+ — + 0 —~
P - + + 0 +
il + + 0 +
vl - + — —2 +
- + - —2 +
Yol T S I
Lol I B e e
v - - - —2 -
oo+ |+ + 2 +
o+ |+ + 2 +
v+ - + 0 +
A e 0 -

Table 8.6: U(1) charges for VW partial twisting.

209



e 8 scalar fields %, X%, 7%, X%} : 20— © 204 @ 20— D 204+
e 1-form /\Z,_,X%+,X%,XZJ+ 12 B2 9. B2 5 B2y

where a = 1,2 are the indices of the fundamental representations of the unbroken
SU(2), symmetry.

One can see that there are eight BRST charges. Four of them transform as
spinors with positive chirality on X corresponding to x% and X% and the others,
that is #” and 7? transform as those with negative chirality on X. Therefore we
can regard the theory on X has (4,4) supersymmetry.

8.1.5 d =3, N =4 SYM theories

The global symmetry of the theory is SO(4) ~ SU(2); x SU(2); R-symmetry. In
order to understand the symmetry, it is convenient to construct d = 3, N’ = 4
theories by dimensional reduction from d = 6, N' = 1 supersymmetric gauge
theories. SU(2); is the double cover of rotational symmetry SO(3) in the three
reduced coordinates and SU(2); is the R-symmetry in six-dimensional N' = 1
SYM theories [294), 295, 296, 297, [298].

The field content is

e 3 scalar fields ¢’
e fermionic field ¢
e gauge fields A,

Before topological twisting, fields transform under SU(2)g x SU(2); x SU(2),

as
¢:(1,3,1) (8.1.145)
Y :(2,2,2) (8.1.146)
A, :(3,1,1). (8.1.147)

To perform the fully topological twisting, we pick a homomorphism 7 : SU(2)g —
SU(2); x SU(2), and replace SU(2)g by SU(2); = (1+ )(SU(2)g) C SU(2)g x
SU(2)1 x SU(2);.

We many have two choices of 7 as

(i)A-twist SU(2)r — SU(2)
(ii)B-twist SU(2)p — SU(2)1
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A-twist

After twisting, the fields transform under the new symmetry SU(2)% x SU(2); as

¢ —(1,3) (8.1.148)
P —(1,2) & (3,2) (8.1.149)
Ay —(3,1). (8.1.150)

There are two BRST charges and this is just the dimensional reduction of Donaldson-
Witten theory (twisted d = 4, N' = 2 theory). The field content is same as d = 3
super BF model [299, 300, 301 [302] associated with the Casson invariant.

B-twist

After twisting, the fields transform under the new symmetry SU(2)% x SU(2); as

¢ —(3,1) (8.1.151)
Y —(1,2) @ (3,2) (8.1.152)
Ay —(3,1). (8.1.153)

In B-twist we also have two BRST charges. As B-twist is related A-twist under the
exchange of SU(2); and SU(2),, it is expected that B-twist may be regarded as a
mirror discription of the Casson invariant because d = 3, N’ = 4 mirror symmetry
has mirror pair under this exchange.

8.1.6 d =3, N =8 SYM theories

The global symmetry of the theory is Spin(7)g R-symmetry. If we construct the
theories by the dimensional reduction of d = 10, N' = 1 SYM theories, this is
recognized as double cover of rotational symmetry SO(7) in the seven reduced
coordinates. The field content is

e 7 scalar fields ¢’
e fermionic field ¥
e gauge fields A,

Before topological twisting, fields transform under SU(2)g x Spin(7)r as

¢ :(1,7) (8.1.154)
¥ :(2,8) (8.1.155)
Ay :(3,1). (8.1.156)
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To perform the fully topological twisting, we pick a homomorphism 77 : SU(2)g —
Spin(7)r and replace SU(2)g by SU(2)y = (1+m)(SU(2)g) C SU(2)g x Spin(7)g.

The homomorphism 7t is determined by the decomposition of Spin(7) under
SU(2) and the embedding of SU(2) in Spin(7). Although there are many possible
decompositions, we consider the following branchings

Spin(7) D SU(2)1 x SU(2), x SU(2)3. (8.1.157)

Under (8.1.157), 7 and 8 of Spin(7) decomposed as [303]
7=(2,21)&(1,13) (8.1.158)
8=1(2,12)%(1,22). (8.1.159)

Then one can consider two different types of embedding with the residual global
symmetry [*| SU(2) x SU(2)

A-twist : SU(2)g — SU(2)3

B-twist : SU(2)r — SU(2);. (8.1.160)
A-twist
After twisting the fields transform under SU(2)% x SU(2); x SU(2); as

¢—(1,2,2)®(3,11) (8.1.161)
v —(1,2,1)®(3,21) 4 (1,1,2) 4 (3,1,2). (8.1.162)

The bosonic field content consists of
e 4 scalar fields: (1,2,2)
e 1-form: (3,1,1)
e gauge field: (3,1,1)
and fermionic fields are
e 4 scalar fields: (1,2,1) ®(1,1,2)
e 4 vector fields: (3,2,1) & (3,1,2).

Thus in A-twist, there are four BRST charges transforming as two SU(2) dou-
blets. It turns out that A-twist topological theories is the dimensional reduction of
twisted d = 4, N/ = 4 theories with GL twist and VW twist.

Note that SU(2)g — SU(2); is same as B twist.
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B-twist

After twisting, the fields transform under SU(2)% x SU(2), x SU(2)3 as

$ —(2,2,1) & (1,1,3) (8.1.163)
¥ —(1,1,2) (8.1.164)

D
—~~
@
=
N
~—
D
—~~
N
N
N
~—

The bosonic field content is
e 3 scalar fields: (1,1,3)
e 2 spinor fields: (2,2,1)
e gauge fields: (3,1,1)
and the fermionic field content is
e 2 scalar fields: (1,1,2)
e 2 vector fields: (3,1,2)
e 4 spinor fields: (2,2,2).

In B-twist, we have two BRST charges transforming as a SU(2) doublet. B-twist
topological theories are the dimensional reduction of twisted d = 4, N' = 4 theories
with DW twist.

8.1.7 d =3, N =8 SYM theorieson R x &

Now consider a three-dimensional N/ = 8 SYM theories on M3z = R x X.
Before twisting, fields transform under SO(2)g x Spin(7)g as

¢ 7 (8.1.165)
P8, D8 (8.1.166)
A], 1 ,B1)PD1s. (8.1.167)

To determine the homomorphism, we consider the decomposition of Spin(7) un-
der SO(2) as

A-twist : Spin(7) D SO(5) x SO(2) (8.1.168)
B-twist : Spin(7) D SO(3) x SO(4) D SO(3) x SO(2)1 x SO(2), (8.1.169)
C-twist : Spin(7) D SO(6) D SO(2)1 x SO(2)2 x SO(2)3 (8.1.170)
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A-twist

Under (8.1.168), 7 and 8 of Spin(7)g decomposed as

7=5d1 ,81, (8.1.171)
8=4, D4 . (8.1.172)

Then after twisting, fields transform under SO(2)g x SO(5)r as

70 =5 @1 ,®1, (8.1.173)
8, D8 — 4 DAy DD, (8.1.174)
1,811, -1 ,P1yP15. (8.1.175)

Thus there are eight BRST charges in A-twisted d = 3, N/ = 8 SYM theory on
R x 2.

B-twist
Under (8.1.169), 7 and 8 of Spin(7)g decomposed as

7 =300 P 1o 2D 1 D1 D1 2 (8.1.176)
8=2,, D2, P2 D2 _. (8.1.177)

We normalize SO(2)1,SO(2), charges by dividing by two and simply take a sum
of all of the charges including the original rotational SO(2)f charges. Performing
this twisting, fields transform under SO(2)% x SO(3)g as

70 — 30 P 2(1+) b 2(1_) (81178)
8y ®8. —2,82(24) B2(20) B2(2-) B2 (8.1.179)
1,811, -1 ,81,P1,. (8.1.180)

Thus there are four BRST charges in B-twisted d = 3, N' = 8 SYM theory on R x X.

C-twist

Under (8.1.170), 7 and 8 of Spin(7)r decomposed as

7 =100 D 1200 D 120 © 1020 D Loo2 D Loo—2 D 1ooo (8.1.181)
8 = 1+++ ) 1++7 ) 1+7+ ) 1+77 ) 17++ ) 17+7 o) 177+ ) 1___. (8.1.182)
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We normalize SO(2)1,50(2),50(2)3 charges by dividing by three and simply
take a sum of all of the charges including the original rotational SO(2)r charges.
Performing this twisting, fields transform under SO(2)} as

70 — 3(1%) D 3(1_%) ® 1y (8.1.183)
8. D8 —2(1y) ® 2(1%) S¥ 2(1_%) S¥ 1% @ 1_% (8.1.184)
1,181, -1 ,B1E1s. (8.1.185)

Thus there are two BRST charges in B-twisted d = 3, N’ = 8 SYM theory on R x X.

8.1.8 d =2, N =8SYM theories

The global symmetry of the theory is Spin(8)g R-symmetry. The field content is
e 8 scalar fields ¢

e fermionic fields ¢
e gauge field A,,.

Before topological twisting, fields transform under SO(2)r x Spin(8)g as

¢ : 80 (8.1.186)
lp . 8c+ @ 85_ (8.1.187)
AV 1, P 1. (8.1.188)

To perform the topological twisting, we pick a homomorphism 7 : SO2)r —
Spin(8)r and replace SO(2)g by SO(2)r = (14 71)(SO(2)g) C SO(2)g x Spin(8)r.
The homomorphism 7t is determined by the decomposition of Spin(8) under
SO(2) and the embedding of SO(2) in Spin(8). Although there are many possible
decompositions, we consider the following two types of branching

A-twist : Spin(8)r D SO(6)r x SO(2)1 (8.1.189)
B-twist : Spin(S)R D SO(4)1 X 50(4)2 D) 50(4)1 X SU(Z)l X SU(Z)Z
D SO(4); x SU(2)1 x SO(2), (8.1.190)
A-twist
Under (8.1.189), 8,, 8; and 8. of Spin(8)r decomposed as
8 =60D1, B1_» (8.1.191)
8, =4, D4 (8.1.192)
8. =4_ d4,. (8.1.193)
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Then the choice of 71 amounts to SO(2); — SO(2); and the fields transform under

SO(Z)E X SO(6)R as

8, —60P1,P1_»
8; —4p D4
8. —4o D4y

(8.1.194)

(8.1.195)
(8.1.196)

There are eight supercharges transforming 4 of SO(6)g. This is just the dimen-

sional reduction of A-twisted d = 3, N' = 8 SYM theory.
To see this, let us consider the further decomposition

SO(6)g ~ SU(4)g D SU(2)1 x SU(2), x U(1).

Under (8.1.197), 6 and 4 decomposed as

(2,2)0® (L1)2® (L,1) 2
(2,1)+ ®(1,2)-
(2,1)_ @ (1,2),.

WO o
I

Then the fields transform under SO(2)% x SU(2)1 x SU(2); as

8, — (2,2)0® (1,1)o® (1,1)g® (1,1)2 ® (1,1) >
8 — (21)0@ (1,2)0® (2,1)—28 (1,2)
8. — (21)o® (1,2)0® (2,1)2®(1,2),

~—~

Thus bosonic field content is
e 6 scalar fields: 2(1,1)o @ (2,2)0
e 1-form: (1,1), @ (1,1)_»

and the fermionic field content is
e 8 scalar fields: 2(2,1) ©2(1,2)g

e 4 1-forms: (2,1),® (2,1) 23 (1,2)2  (1,2) _».

(8.1.197)

(8.1.198)

(8.1.199)
(8.1.200)

(8.1.201)
(8.1.202)

(8.1.203)

The two bosonic scalars 2(1,1)¢ correspond to the third components of the gauge

field and 1-form in three dimensions. Also the four fermionic scalars (2,1)y &

(1,2) are the third components of the 1-form in three dimensions.

2As in (8.1.100), we have other possible decompositions. (8.1.197) is same as GL twist.
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B-twist

Under (8.1.190), 8,, 8; and 8 of Spin(8) decomposed as

8, =(4,1) ® (1,4)

=(4,1,1)®(1,2,2) = (4,1)0® (1,2)+ ® (1,2)— (8.1.204)
8 =(2,2)® (2,2

=(2,2,1) 9 (2/,1,2) = (2,2)0® (2/,1)+ ® (2,1) - (8.1.205)
8. =(2,2") @ (2,2)

=(2,1,2) ® (2/,2,1) = (2,1)+ ® (2,1)- & (2/,2)o. (8.1.206)

Then the choice of 71 amounts to SO(2)r — SO(2); and the fields transform under
SO(2)F x SO(4)r x SO(2); as

8, — (41)0® (1,2)+ & (1,2)— (8.1.207)
8 — (2,2)_ @ (2,1)0® (2,1) » (8.1.208)
8 — (2,1)2® (2,1)0® (2,2)+. (8.1.209)

The bosonic field contnt is
e 4 scalar fields: (4,1)o
e 4 spinors: (1,2)4 @ (1,2)—
and the fermionic field content is
e 4 scalar fields: (2/,1)9 @ (2,1)g
e 8 spinors: (2,2)_ @ (2/,2) 4
e 2 1-forms: (2/,1)_»® (2,1),.

There are four BRST charges in B-twist.

8.1.9 d =3, N =4 Chern-Simons matter theories

Gaiotto and Witten gave a general prescription for coupling Chern-Simons theory

to hypermultiplets, which allows for a new large class of three-dimensional N' = 4

supersymmetric gauge theories [304]. Gaiotto-Witten theory can be regarded as a

three-dimensional N = 4 gauged sigma-model with a hyperkihler target space X.
The field content is

e gauge field A}/
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e hypermultiplet boson g2

e hypermultiplet fermion £
o twisted hypermultiplet 672?

e twisted hypermultiplet {2

where m is the adjoint indices raised by invariant quadratic form k" of the gauge
group. The gauge group is a subgroup of Sp(2n) and we denote the anti-Hermitian
generators of the gauge group by (+")4(A,B,---=1,---,2n), which satisfy

[, 8] = f™" 4P, tap = wact$ (8.1.210)

where w4 are the anti-symmetric invariant tensor.

The hyper-multiplet fields satisfy the reality condition
(%1?)* = e'xﬁwAqu, (8.1.211)
(p)" = €dﬁwAB¢g (8.1.212)

where (&, B; &, B) are the indices of SU(2) x SU(2) R-symmetry.
For N = 4 supersymmetry, '/ satisfy the fundamental identity

kmnt’&BtTCl)D =0 (8.1.213)

where A,B,C, - - - are symmetrized. (8.1.213) is nothing but the Jacobi identity for
three fermionic generators of a Lie superalgebra

[M™, M"] = f™ MP, (8.1.214)
[M™, Qa4 = Qp(t"™)5, (8.1.215)
{Qa,QB} = thgMp. (8.1.216)

Lagrangian of the Gaiotto-Witten theory is given by

1 1

+wap (e DaiDaf + ieP gD,y )

m

. aB o . 1 myu
— k€™ €T it s — oo Fonp (™) B (1" )y (P ) (8.1.217)

3An overall coefficients of the Lagrangian should satisfy an integrality condition to make the
quantum theory well-defined. But here we suppress them.
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where

P‘Zzﬁ = %quqgf (8.1.218)
Jug = tﬁgﬂlflﬁg, (8.1.219)
Pl = thgti g (8.1.220)

are the momentum map multiplet.
The Euclidean Lagrangian is

] 1
L=~ e <kmnA;j’aVAK +3 fmnpA;ngAﬁ)
— wap (~e**DyDaf + ie*Py D'y}
. 6 m 1
+ lkmneaﬁew]ﬁy]gg + Efmnp(um)%(u”)g(up)l- (8.1.221)

Note that it differs from the Lorentzian Lagrangian (8.1.217) by the factor (—i) for
Chern-Simons term and an overall sign for the matter terms. Now the fermionic
tields do not obey the reality conditions.

The supersymmetry transformations are

oql = ity (8.1.222)
1

o = (D"l + SRR ) e 8.1.223)

SAY = i€ Y jug- (8.1.224)

The supersymmetry parameter € transforms as (2,2) in SU(2) x SU(2) R-symmetry
and satisfies the reality condition

(eh)* = —e“ﬁe&ﬁeg. (8.1.225)

The supersymmetry transformations are same as in the Lorentzian case.

Furthermore we can add twisted hyper-multiplets (44, ¢2) to Gaiotto-Witten
theory. This is regarded as a non-linear sigma model [304]. The Lagrangian is

1 1
L= Eem (kmnA;?avAg +3 fmnpA,TAzAﬁ)

+wap (—e**DalDaf + iy D'y} ) +wap (—e* Dl + e § Dy 3 )

— ik <€oq5€"y(5]-217]-25 + etiﬁe’y&fm ]7/;15 + 4€oc'y€[35]-21/3]7217 _ eécv'eﬁ&ﬁgﬁpnw _ ea’yeﬁéyzﬁp'w)

by
1 . ; .
— =5 Fnp (W AN+ ()5 ()5 ()
1 1 . ;
— S () ) — S o) () (8.1.226)
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where the twisted moment map is defined by

pt = eaﬁ(tmtn)Aquqg, (8.1.227)
= edﬁ(tmtn)AB%Aﬁg- (8.1.228)

The supersymmetry transformation is

g2 = iyl (8.1.229)
1

oy = (Dw"qi‘ + g(tm)‘é‘qﬁ(u’“)f) i (8.1.230)

o7 = (Dm;? + 5 (B} <um>,€) ei — (B Bqa(em e, (81.231)

SAY = ie" vy (ai + Jia)- (8.1.232)

The topological twisting for Gaiotto-Witten theory was discussed in [305) [306].

1. flat target space X

If the target X is flat, Gaiotto-Witten theory has SU(2) x SU(2) R-symmetry.
The topologically twisted theory is equivalent to the pure Chern-Simons the-
ory whose gauge group is a supergroup [305]. In other words, the topologi-
cally twisted Gaiotto-Witten theory is obtained from the supergroup Chern-
Simons theory by gauge fixing the odd part of the supergroup and the even
part of the supergroup gives rise to gauge group G.

2. general target space X

For general target X, Gaiotto-Witten theory has SU(2) R-symmetry. The
topologically twisted Gaiotto-Witten theory can be interpreted as a gauged
Rozansky-Witten theory [307], that is a hybrid of Chern-Simons and Rozansky-
Witten theory [305]. It is associated to a quadruple:

(a) G: a compact Lie group

(b) x: invariant metric on the Lie algebra

(c) X: hyperkdhler manifold with a tri-holomorphic action of G

(d) I: complex structure on X such that the complex moment map with

respect to the complex symplectic form () is isotropic with respect to x

Before twisting, fields and supercharges transform under SU(2)g x SU(2); X
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SU(2), as

g:(1,2,1) (8.1.233)
P:(2,1,2) (8.1.234)
Q:(2,22). (8.1.235)

We may also have fields of twisted hypermultiplet, which transform as

§:(1,1,2) (8.1.236)
P (2,2,1). (8.1.237)

Depending on which SU(2) factor we use, we may think two types of twisting

A-twist : SU(2)g — SU(2), (8.1.238)
B-twist : SU(2)g — SU(2);. (8.1.239)

However, if both hypermultiplet and twisted hypermultiplet are present, A-twist
and B-twist are the same. We call it AB-twist.

A-twist

After A-twisting, the fields and supercharges transform under SU(2)% x SU(2) as

q—(1,2) (8.1.240)
p—(1,1)8(31) (8.1.241)
Q—(1,2)®((3,1). (8.1.242)

Thus in the bosonic field content we have
e 2 scalar fields: (1,2)
and in the fermionic field content we include
e scalar field (1,1)
e 1-form (3,1).
There are two BRST charges in A-twisted theory.

1. bosonic fields

In A-twist all of the hypermultiplet scalars remain scalars.
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2. fermionic fields

We decompose the fermionic fields under SU(2)g x SU(2); x SU(2); as

1
()i = — (¥ Lo+ ¥ @) ) 3!

(8.1.243)

where o/, & are the indices of SU(2)g, SU(2), respectively. A =1,2,---,2nis

again the index of Sp(2n).

3. supersymmetries

For the supersymmetries we expand as

V2
B-twist
After B-twisting, the fields tranform under SU(2); x SU(2) as
q—(21)

P —(2,2)
Q— (1,2) &) (3,2).

Thus the bosonic field content is
e spinor field: (2,1)

and the fermionic field content is
e 2 spinor fields (2,2).

We have two BRST charges in B-twisted theory.

AB-twist
After twisting, the fields transform under SU(2)% x SU(2); as
q—(1,2)
p— (1,1) @ (3,1)
q—(21)
P —(22)
Q—(1,2)®(3,2).

Thus the bosonic field content is
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(8.1.244)

(8.1.245)
(8.1.246)

(8.1.247)

(8.1.248)
(8.1.249)
(8.1.250)
(8.1.251)
(8.1.252)



e 2 scalar fields : (1,2)
e spinor field: (2,1)
and the fermionic field content is
e scalar fields : (1,1)
e 1-form: (3,1)
e 2 spinor fields: (2,2).

Again we have two BRST charges in AB-twisted theory.

8.1.10 d = 3, N =5 Chern-Simons matter theories

Three-dimensional N > 5 theories can be understood in the Gaiotto-Witten frame-
work by adding twisted hypermultiplets [308]. The target spaces of N' > 5 theories
are only flat spaces and their orbifolds.

We may consider the decomposition of SO(5)g R-symmetry under SO(3) ~
SU(2) as

SO(5) D SO(2) x SO(3) (8.1.253)
SO(5) D SO(4) D SU(2)1 x SU(2)5. (8.1.254)

Under (8.1.253), 5 of SO(5)r decomposed as
5=351_,d1,. (8.1.255)
Noting that
20X (B30D1281) =200 40D 2, B2, (8.1.256)

we see that there are no BRST charges.
On the other hand, under (8.1.254), 5 and 4 of SO(5)r decomposed as

5=4+1=(22)a(1,1) (8.1.257)
4=4=(2,1)®(1,2). (8.1.258)

This is nothing but the AB-twist in d = 3, ' = 4 Chern-Simons matter theory.
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8.1.11 d = 3, N = 6 Chern-Simons matter theories

We may consider the decomposition of SO(6)g R-symmetry under SO(3) ~ SU(2)
as
SO(6) D SO(3)
50(6) > SO(2)

O(3) (8.1.259)
0(4) S SO(2) x SU(2); x SU(2)a. (8.1.260)

xS
xS
Under (8.1.259), 5 of SO(5)r decomposed as

6=(31) @ (13). (8.1.261)
Noting that
2X3=204D23D2, (8.1.262)

we see that there are no BRST charges.
On the other hand, under (8.1.260), 6 of SO(6)r decomposed as

6=40D1 D1, =(2,2)0® (1,1)_2® (1,1),. (8.1.263)
As seen from the appearance of (2,2), this is nothing but the AB-twist in d = 3,

N = 4 Chern-Simons matter theory.

8.1.12 d = 3, N = 8 Chern-Simons matter theories

To perfom the topological twisting, we put the BLG theory on a three-dimensional
Euclidean space. The fermionic fields and supersymmetry parameters are defined
as eleven-dimensional fermions and their conjugate are given by

¥ :=v'C (8.1.264)
where C is a eleven-dimensional matrix satisfying
ct=—-c, crMct =TT, (8.1.265)
Gamma matrix '™ is the representation of eleven-dimensional Clifford algebra
{rM, N } = 2gMN  [11 . 71210, (8.1.266)

'™ can be decomposed under SO(11) D SO(3) x SO(8) as

Fi =0; f9
{FHS Cpef (8.1.267)
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where T? := '8, Note that

28 =i = j1el). (8.1.268)

The fermionic fields ¥ are 8. of SO(8)g, so they satisfy the chirality condition
oy — g, (8.1.269)
2%y — —jy. (8.1.270)

The Euclidean BLG Lagrangian is given by

1 I g iy
S uxIly = u _ - iyl x]
£ = (DpX!, DMX") = S(¥,T"D, ¥) 4(‘1’1" [X,X,‘I’])

1 i ~ 2 S
+ ([XI, x/, xK), 1x1, %/, XK]) — et [Tr (AwbaVAﬁb> +3h (Awanggg>] ,

(8.1.271)
which differs from Lorentzian case by the factor (—i) for the Chern-Simons terms
and a overall sign factors for matter terms.

The supersymmetry transformations are

oX! = ier'y,, (8.1.272)
1

0¥, = D, X!TMTe — gxéxgxff fhed TUK, (8.1.273)

AL, = €T, T XY 7, (8.1.274)

This is exactly same as in the Lorentzian transformations (4.1.49)-(4.1.51). € is the

unbroken supersymmetry parameters obeying'|

r3te —¢, (8.1.275)

%¢ = je (8.1.276)

Before topological twisting, fields and supersymmetry parameter transform
under SU(2)g x SO(8)g as

X:(1,8) (8.1.277)
¥:(28) (8.1.278)
€:(2,8). (8.1.279)

Although there are many possible ways of the twisting, we consider the following
decomposition SO(8)g under SO(3) [303]

A-twist :5O(8) D SO(5) x SO(3) (8.1.280)
B-twist :5SO(8) D G, D SU(2); x SU(2)». (8.1.281)

4 This convention is different from that in [306]. There are two choices for T = +£T128 We
take I¥ = +T128,
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A-twist

Under (8.1.280), we can obtain the decomposition of 8,, 8 and 8, as

8, =(51)®(1,3) (8.1.282)
8 = (4,2) (8.1.283)
8. = (4,2). (8.1.284)

Then the transformations under SO(3)% x SO(5) of the fields are

X — (1,5) @ (3,1) (8.1.285)
¥ — (1,4) @ (3,4) (8.1.286)
e— (1,4) @ (3,4). (8.1.287)

The bosonic field content is
e 5 scalar fields : (1,5)
e 1-form: (3,1)
and the fermionic field content is
e 4 scalar fields : (1,4)
e 4 1-form: (3,4).

Therefore there exists four supercharges.
We decompose the gamma matrices under SO(11) D SO(3)r x SO(5) x SO(3)
as

It = ;i QIy @I ®
"B =Lyl o (8.1.288)
Ht9 = LI®@o®os

where 0; are Pauli matrices and * are five-dimensional gamma matrices satisfying
{7, 7'} =261 = 1P, (8.1.289)
The charge conjugation matrix can be expressed as
C=mRCRmnxI), (8.1.290)
where 7 is a three-dimensional charge conjugation matrix

(2)" = —0202(7i0{1 = —(o2)" (8.1.291)
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and C is a five-dimensional charge conjugation matrix
(O)F = —cCyFCct = (+MT. (8.1.292)
The chirality matrix is given by
M8 —— " IeIelen). (8.1.293)

1. bosonic fields

For the bosonic fields we redefine

¢! .= X!(I = 4,5,6,7,8),
OF = XF8(u=1,2,3) (8.1.294)

2. fermionic fields

We expand the elven-dimensional fermionic fields ¥ under the decomposi-
tion SO(11) D SO(3)g x SO(5) x SO(3) as

1 p—
Fpug = E (lpzxﬂpq + Titxo-ipq) op3 ! (8.1.295)

where p, g, « are indices of SO(3)g, SO(5), SO(3) respectively. ¢, and ¥, are
scalars (1,4) and a 1-form (3,4).

B-twist

Under (8.1.281), we can obtain the decomposition of 8,, 8 and 8. as

8, =7+1=(1,3)e(2,2)a(1,1) (8.1.296)
8, =7+1=(1,3)%(2,2)®(1,1) (8.1.297)
8:=7+1=(1,3)8(2,2)&(1,1). (8.1.298)

Choosing the homomorphism as SU(2)r — SU(2);, the transformations under
SO(3)% x SU(2),, of the fields are

X—(1,3)®(22)®(1,1) (8.1.299)
Y —(2,3)®(1,2)®(3,2)®(2,1) (8.1.300)
€e—(2,3)®(1,2)®(3,2)® (2,1). (8.1.301)

The bosonic field content is
e 4 scalar fields: (1,3) & (1,1)
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e 2 spinor fields : (2,2)
and the fermionic field content is
e 2 scalar fields : (1,2)
e 4 spinor fields : (2,3) @ (2,1).
e 2 1-form: (3,2).

Therefore there exists two supercharges.

8.1.13 d =2, N = (2,2) non-linear sigma-model

There are two types global symmetry in the theory, which are called U(1)y vector
R-symmetry and U(1)4 axial R-symmetry
The field content is

e scalar fields ¢!(z,2)
e fermionic fields ¢’ (z,2), pL (z,2)

The bosonic field ¢!(z,Z) is a map from 2-dimensional genus g Riemann surface =
to a target space X of metric g

¢'(z2): 2 — X (8.1.304)

where z,Z are the local coordinates on X. The fermionic field ¢! is a section of
K? @ ¢*(TX) and 9! is a section of K~2 @ ¢*(TX)

l[JIi (z,2) € F(Ki% ® ¢*(TX)) (8.1.305)

where TX is the holomorphic tangent bundle to X. K and K~ ! are the canonical
and anti-canonical bundle on X (i.e. the bundle of (1,0) and (0,1) forms) and K2
and K~ are square roots of these.

15 Although SO(2)f rotational symmetry acts on the variables z,z, 6 and 6 simultaneously, one
can construct two U (1) groups that act only on a subset of variables and leave the measure invariant
and keep the chiral fields to be chiral

(9+I§+) _ (e—ia9+’eia§+)
Uy : 8.1.
(Dv {(9,9_) s (gt oig (8.1.302)
6+,87) — (e-ipt, e ")
Ul)a: . 8.1.
(D)a {(6,6_) L (e, -5 (8.1.303)
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Here we consider the case where we have N' = (2,2) supersymmetry, which
require that X is Kahler. We denote the local complex coordinates by ¢' and their

complex conjugate by cp’T = @i. As the complexified tangent bundle TX has a
decomposition as TX = TWX @ T"!X, (8.1.305) becomes

y € T(KE @ ¢(T10X)),

y €T(KE @97 (T01)),

yLET(KE @' (TH0X)),

¢ e T(K 2 ®¢"(T"X)) (8.1.306)

and ¢!, and l[JZt are left- and right-moving fermionic fields respectively.
The action is

§=2t /Z d*z (Egnaqulach’ +igapl Dol +iggy) Dayly + Rijkzwww’iw’_)
(8.1.307)

where t is a coupling constant or a string tension depending on the overall volume
of X and Ri}ki is the Riemann tensor of target space X.

Originally fields transform under SO(2)r x U(1)y x U(1)4 as in Table
Likewise supersymmetry generators transform as Table Depending on which
R-symmetry we use, there are two homomorphisms for the twisting

A-twist :U(1)g — U(1)y (8.1.314)
B-twist :U(1)g — U(1) 4. (8.1.315)

The results of the twisting are summarized in Table [8.g|and Table

16 From (8.1.302) and (8.1.303), the vector R-rotations and the axial R-rotations of superfield are
given by

eV L (M 0,07 o eV D(xH, e 00 0T (8.1.308)
eiﬂPA . q)(x],l, Gilgi) —s eiﬁq/\q)(xﬂ,eq:iﬁgi,eiiﬁéi) (81309)

where Fy, F4 are the generators of the vector and the axial R-symmetry and gy, g4 are the vector
and the axial R-charges respectively. Therefore we see that

P e = €TV, P ey = P90 (8.1.310)
Pl = Y Pl ey = PTG (8.1.311)
lpi—new = em(quV)lPiozd/ lpi—new = eiﬁ(flqu)lpiold (8.1.312)
Pl = eI P = e 1yl (8.1313)

Setting gy = g4 = 0, we obtain the U(1)y and the U(1) 4 charges in Table
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ULe [ UMy [UMa| £
o | 0 0 0 | O
pio| o+ - + | K2
pl| - - - Kz
yio| + + - |k
yl - + + | Kz

Table 8.7: U(1) charges of the d = 2, N' = (2,2) sigma model fields. L is the
complex line bundle on X in which the fields take values. O is the trivial bundle
and K is the canonical bundle.

ULe [ UMy [UMa| £
Qv | + — + | K
ol - | - | - |
Q.| + + - | K2
Qo | - + + K

Table 8.8: U(1) charges of the d = 2, N' = (2,2) sigma model supersymmetry
generators.

Table 8.9: The spin of field for A-twisted and B-twisted d = 2, N’ = (2,2) sigma

model.

A-twist B-twist
fields | U(1), £ |U(), L
¢ 0 o 0 O
P 2 K 2 K
P 0 o | -2 k1
¥ 0 O 0 O
. | —2 Kl 0o 0O
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A-twist B-twist
fields | U(1); £ |[UM); L
Q.4 2 K 2 K
Q_ 0 @ -2 K1
Q. 0 O 0 O
Q. -2 K1 0 @

Table 8.10: The spin of the supersymmetry generators for A-twisted and B-twisted

d=2,N =

A-model

(2,2) sigma model.

After performing A-twist, the bundles in which the fermionic fields take values

are modified as

Yl e
g e
¢ e
YL e

B-model

(8.1.316)

B-twist changes the bundles in which fermionic fields take values as

Yl e
¢ e
Yl e
e

I'(K® ¢*(TX)),
L (¢p*(T"'X)),
I(K'®¢*(T'X)),
I(¢

*(T91X)). (8.1.317)

These topological twisted theories are known as A-model and B-model topo-

logical sigma-models, or topological string theories [309, 230, 310, 311]

8.2 Curved branes and twisted theories

Let us consider the gauge theories arising from the dimensional reduction of ten-
dimensional N' = 1 SYM theory to (p + 1) dimensions. It is known that these
theories describe the low energy world-volume dynamics of flat Dp-branes [20].

7See [312] for the detailed review on the topological string theory.
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On the other hand, when one consider curved branes wrapping around a non-
trivial cycle C in the ambient manifold X, the cycle has to be identified with a
calibrated submanifold and satisfy some stringent conditions to preserve some
fraction of the supersymmetries.

As discussed in [28]], curved world-brane theories are obtained by topological
twisting along the directions where the world-volume is curved. To see this, we
remember that the bosonic scalar fields are associated with translations of the
D-brane. Thus when D-brane wrap around curved cycle C in X, there are only
(10 — dim X) actual scalar fields and the other translational modes are identified
with the section of the normal bundle N to C in X. Therefore these modes should
be twisted if the normal bundle is non-trivial and so are their superpartners.

From the above observations, for given supersymmetric cycles C and their am-
bient manifolds X, one can determine

1. the bosonic field content
2. the number of scalar supercharges

of the world-volume topological gauge theories of D-branes. On the contrary, one
can check whether there exists supersymmetric cycles with the required properties
for given topological gauge theories.

Noting that there is a global invariance under the rotational SO(10 — dim X)
symmetry [*°| of the uncompactified dimensions, the original R-symmetry SO(9 —
p) should be decomposed as

SO(9—p) C SO(10 —dim X) x SO(dim X — p —1). (8.2.1)

Then, under the branching of R-symmetry, we try to perform topological
twisting by using the second factor SO(dim X — p — 1) corresponding to the nor-
mal bundle N¢ in X. A relevant information is given by Table

The preserved fraction of supersymmetries are derived as follows. The holon-
omy group of K3 surface is SU(2), so the spinor of SO(4) is decomposed under
SO(4) D SU(2)y x SU(2) x U(1) D SU(2)y as

4=(21)_-®(1,2)+=201d1. (8.2.2)

Thus 2 of 4 supercharges are constant spinors and we have ; BPS background.

8 When one considers Euclidean D-branes, the invariant rotational symmetry is SO(1,9 — dim X)
because curved D-branes do not wrap the time direction.
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SUSY

ambient manifolds (dimensions) holonomy submanifolds
Calabi-Yau 2-fold (4) SU(2) € SO(4) holomorphic curve (2)
Calabi-Yau 3-fold (6) SU(3) C SO(6) Lagrangian (3)
G, manifold (7) G, C SO(7) coassociative (4)
associative (3)
Spin(7) manifold (8) Spin(7) C SO(8) Cayley (4)
Calabi-Yau 4-fold (8) SU(4) C SO(8) Lagrangian (4)
Hyperkéhler manifold (8) Sp(2) C SO(8)
CY, x CY, (8) SU(2) x SU(2) € SO(8)
Calabi-Yau 5-fold (10) SU(5) C SO(10) Lagrangian (5)

= —| =
5= i 5w ool 5= 00l g0l sl Nl

Table 8.11: The ambient manifolds and the examples of calibrated submanifolds
that preserve the fraction of supersymmetry. Note that all of the Calabi-Yau mani-
folds include holomorphic submanifolds as calibrated submanifolds.

The holonomy group of Calabi-Yau 3-fold is SU(3), so the spinor of SO(6) is
decomposed under SO(6) D SU(3) as

4=3D1. (8.2.3)

Thus 1 of 4 supercharges is constant spinor and we have 1 BPS background.
The holonomy group of Calabi-Yau 4-fold is SU(4), so the spinor of SO(8) is
decomposed under SO(8) D SU(4) as

8, D8 =601D1D4D4 (8.2.4)

Thus 2 of 16 supercharges is constant spinor and we have § BPS background.
The holonomy group of G, manifold is Gy, so the spinor of SO(7) is decom-
posed under SO(7) D G; as

8=1D7 (8.2.5)

Thus 1 of 8 supercharges is constant spinor and we have § BPS background.
The holonomy group of Spin(7) manifold is Spin(7), so the spinor of SO(8) is
decomposed under SO(8) D Spin(7) as

8, B8 =7D1D8 (8.2.6)

Thus 1 of 16 supercharges is constant spinor and we have % BPS background.
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The holonomy group of Calabi-Yau 5-fold is SU(5), so the spinor of SO(10) is
decomposed under SO(10) D SU(5) as

16016’ =1 5D5D10_ B15s D5 3D 10, (8.2.7)

Thus 2 of 32 supercharges is constant spinor and we have % BPS background.

8.2.1 D3-branes and twisted d = 4, ' = 4 SYM theories

The first example is the low-energy effective field theories of the D3-branes wrapped
on curved four-manifold. A set of these descriptions can be obtained by the three
distinct topologically twisted d = 4, N’ = 4 SYM theories.

1. GL twist D-brane

The fact that dimC = 4 and that there are two scalar fields means that the
theory describes 4-cycle C in 4 4 (6 — 2) = 8-dimensional manifold X. The
existence of two preserved BRST charges indicates that 8-manifold preserve
Z = 1 of the supersymmetry. From the above facts and Table Xisa

Calabi-Yau 4-fold and C is a special Lagrangian submanifold™]

Moreover it it known that in the case where special Lagrangian submanifold
is embedded in Calabi-Yau 4-fold, the normal bundle N can be identified
with the cotangent bundle T/ [313]. This is consistent to the fact that the

remaining four scalar fields combine to form one 1-form on C.

Note that a global U(1) ghost number symmetry corresponds to the rota-
tional symmetry of the two uncompactified dimensions. The two scalars
having opposite U(1) charges are identified with the 2-dimensional vector
and the 1-form is a U(1)-singlet.

2. VW twist D-brane

The fact that dim C = 4 and that there are three scalar fields means that the
theory describes 4-cycle C in 4 + (6 — 3) = 7-dimensional manifold X. The
existence of two preserved BRST charges indicates that 7-manifold preserve
% = % of the supersymmetry. From the above facts and Table Xisa Gy
manifold and C is a coassociative submanifold.

It is known that for a coassociative 4-submanifold in G, manifold, the nor-
mal bundle is (1,3) [313]. This is consistent to the results obtained by the
twisting.

9Special Lagrangian submanifold is a submanifold for which the real part of the holomorphic
form restricts to the volume form on the submanifold.
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twist submanifold (dimension) | ambient manifold (dimension) | SUSY
GL twist Lagrangian (4) Calabi-Yau 4-fold (8) % =2
VW twist coassociative (4) G, manifold (7) % =2
DW twist Cayley (4) Spin(7) manifold (8) %—2 =1

Table 8.12: Three types of topological twists for d = 4, N' = 4 SYM theories, curved

D3-branes (submanifolds) and ambient manifolds.

3. DW twist D-brane

The fact that dimC = 4 and that there are two scalar fields means that the
theory describes 4-cycle C in 4 4 (6 —2) = 8-dimensional manifold X. The
existence of one preserved BRST charge indicates that 8-manifold preserve
11—6 = 11—6 of the supersymmetry. From the above facts and Table X is a

Spin(7) manifold and C is a Cayley submanifold.

It it known that for the Spin(7) manifold the normal bundle is S @ V where
S, is a spin bundle of a given chirality and V is a 2-dimensional bundle [28].
When V is trivial, this becomes S @& S, thatis (1,2)+ & (1,2)—.

These results are summarized in Table

8.2.2 D2-branes and twisted d = 3, N’ = 8 SYM theories

The D2-branes wrapped on three-manifold are given by the topologically twisted
d =3, N =8 SYM theories.

1. A-twist

The fact that dimC = 3 and that there are four scalar fields means that
the theory describes 3-cycle C in 3 + (7 — 4) = 6-dimensional manifold X.
The existence of the four preserved BRST charges indicates that 6-manifold
preserve 14—6 = 1 of the supersymmetry. From the above facts and Table
X is a Calabi-Yau 3-fold and C is a special Lagrangian submanifold.

Also it is known that the normal bundle N can be identified with the cotan-
gent bundle T [313]. This is consistent to the fact that the remaining three
scalar fields combine to form one 1-form on C.

A global SU(2); x SU(2), ~ SU(4) ghost number symmetry corresponds to
the rotational symmetry of the four uncompactified dimensions. The four
scalars transform as a 4, of SO(4) and the 1-form is an SO(4)-singlet.
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twist | submanifold (dimension) | ambient manifold (dimension) | SUSY

A-twist Lagrangian (3) Calabi-Yau 3-fold (6) 14—6
16
8

4
2

B-twist associative (3) G, manifold (7)

Table 8.13: Two types of topological twists for d = 3, N' = 8 SYM theories, curved
D2-branes (submanifolds) and ambient manifolds.

2. B-twist

The fact that dimC = 3 and that there are three scalar fields means that
the theory describes 3-cycle C in 3 + (7 — 3) = 7-dimensional manifold X.
The existence of the two preserved BRST charges indicates that 7-manifold
preserve % = % of the supersymmetry. From the above facts and Table
X is a Gp manifold and C is an associative submanifold.

Also it is known that for an associative 3-submanifold in G, manifold, the
normal bundle is No = S ® V where S is a spinor bundle of C and V is a
rank two SU(2)-bundle. This is consistent to the fact that the twisted bosonic
spinors (2,2,1) are an SU(2)-doublet of spinors on C.

Again a global SU(2)3 ~ SO(3) symmetry corresponds to the rotational sym-
metry of the four uncompactified dimensions. The three scalars transform as
a 3, of SO(3) and the twisted bosonic spinors (2,2,1) are SO(3)-singlet.

These results are summarized in Table

8.2.3 D2-branes and twisted d = 3, N' = 8 SYM theories on R x %

The low-energy effective theories of the D2-branes wrapping on the holomorphic
Riemann surface ¥ are the partially twisted d = 3, N' = 8 SYM theories:

1. A-twist

The fact that dim% = 2 and that there are five scalar fields means that the
theory describes 2-cycle ¥ in 2 + (7 — 5) = 4-dimensional manifold X. The
existence of the eight preserved BRST charges indicates that 4-manifold pre-
serve 1% = % of the supersymmetry. From the above facts and Table , X
is a K3 surface and X is a holomorphic curve.

2. B-twist

The fact that dim¥ = 2 and that there are three scalar fields means that
the theory describes 2-cycle X in 2 4+ (7 — 3) = 6-dimensional manifold X.
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twist | submanifold (dimension) | ambient manifold (dimension) | SUSY

3 . 16 __
A-twist holomorphic (2) K3 surface (4) > =38
B-twist holomorphic (2) Calabi-Yau 3-fold (6) 14—6 =4
C-twist holomorphic (2) Calabi-Yau 4-fold (8) %6 =2

Table 8.14: Three types of topological twists for d = 3, N/ = 8 SYM theories on
R x %, curved D2-branes (submanifolds) and ambient manifolds.

The existence of the four preserved BRST charges indicates that 6-manifold
preserve 1+ = 1 of the supersymmetry. From the above facts and Table ,
X is a Calabi-Yau 3-fold and X is a holomorphic curve.

3. C-twist
The fact that dim> = 2 and that there are one scalar field means that the
theory describes 2-cycle ¥ in 2 + (7 — 1) = 8-dimensional manifold X. The
existence of the two preserved BRST charges indicates that 6-manifold pre-
serve = = 1 of the supersymmetry. From the above facts and Table , X
is a Calabi-Yau 4-fold and X is a holomorphic curve.

These results are summarized in Table

8.2.4 Relationship between d = 4 and d = 3 twists

The d = 4 twisting and the d = 3 twisting are connected via dimensional reduction.
1. DW twist and B-twist

Let us define Cayley 4-form in local coordinates IR® as [312, 313]
Qcayley = dx0123 4 (dx01 — dx23) A (dx45 — dx67>
+ (deZ + dxls) A (dx46 + dx57>
+ (de3 - dxlz) A <dx47 - dx56> 4567 (8.2.8)

where dx/* := dx' A dx/ A dx*, etc. Then one can define Spin(7) manifold to
be the subgroup of GL(8) that preserve Qcgy,,- Integrating over the fibre x0,
we obtain

7 Qcayley = dx' 2B 4+dx! A (dx45 — dx67>
+dx? A (dx46 + dx57>

Hdx3 A (dx47 — dx56> (8.2.9)
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On the other hand, the associative 3-form ()¢5 characterizing associative 3-
manifolds of G, manifolds is defined as [314]

(%g:df%+m4AQMm—dﬁﬁ
+dx® A (dx02 + dx13>
+dx® A (dx03 — dx12> (8.2.10)

Thus
H*QCayley — Quss. (8.2.11)

Therefore DW twist is related to B twist by the dimensional reduction.

. VW twist and A-twist

VW twist theory corresponds to coassociative submanifolds of G, manifolds
characterized by the Hodge dual g4-form Qcpuss = *{yss, which is expressed

as [313]
Oconss = dx"12 — dx% A (dx()l _ dx23>
+ dx* A (dXOZ 1 dx13>
et e

0

Integrating this over x*, one obtains

71 Qonss = dx'® — dx'® - dx?46 — dx3, (8.2.13)

On the other hand, the holomorphic volume form of a Calabi-Yau 3-fold
characterizing special Lagrangian submanifolds is

Osiag =dz' A dz? A dZ?
_ (dxm _ gy #53 _ 156 _ dx426> 4 (dx423 14513y gy612 dx456) .

Thus
H*Qcoass - ReQSlag. (8.2.14)

Therefore VW twist is associated with A twist by the dimensional reduction.

. GL twist and A-twist

Suppose that the Calabi-Yau 4-fold is locally of the form
CY, = CY; x T?. (8.2.15)
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Then special Lagrangian of CY; wrapping around one of the circles reduce
to special Lagrangian submanifolds of CY3 by the double dimensional re-
duction. Therefore GL twist is related to A-twist by the double dimensional
reduction.

8.2.5 Di-branes and twisted d = 2, ' = 8 SYM theories
The world-volume theories of the Di-branes wrapped on holomorphic Riemann
surfaces are topologically twisted d = 2, N' = 8 SYM theories.

1. A-twist

The fact that dim C = 2 and that there are six scalar fields means that the
theory describes 2-cycle C in 2 + (8 — 6) = 4-dimensional manifold X. The

existence of the eight preserved BRST charges indicates that 4-manifold pre-
8

serve & = 1 of the supersymmetry. From the above facts and Table X
is a K3 surface and C is a holomorphic curve.
Let us consider the normal bundle N¢. Noting that
Tx =Te @ Ng, (8.2.16)
c1(Tx) =0 (8.2.17)
for holomorphic genus g curve C in Calabi-Yau n-folds X, we see that
c1(N¢) = —c1(Tp) =29 — 2. (8.2.18)
Alternatively as A" Ty is trivial, one has
ATy =Te NI Np =1, (8.2.19)
which gives the condition of the canonical bundle K¢ on C
A"INe = K¢ (8.2.20)
because Te = K, L
If X is a K3 surface and C is a holomorphic curve, then n = 2 and N¢ has
rank one and becomes
Ne = K. (8.2.21)
This is consistent to the fact that remaining two scalar fields combine to form
a single one-form on C.

A global SO(6)r ghost number symmetry corresponds to the rotational sym-
metry of the six uncompactified dimensions. The six scalars transform as a
6, of SO(6) and the one-form is an SO(6)-singlet.
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twist | submanifold (dimension) | ambient manifold (dimension) | SUSY

A-twist | holomorphic curve (2) K3 surface (4) 8
4

B-twist | holomorphic curve (2) Calabi-Yau 3-fold (6)

16
2

16
!

Table 8.15: Two types of topological twists for d = 2, N' = 8 SYM theories, curved
D1-branes (submanifolds) and ambient manifolds.

2. B-twist

The fact that dimC = 2 and that there are four scalar fields means that
the theory describes 2-cycle C in 2 + (8 — 4) = 6-dimensional manifold X.
The existence of the four preserved BRST charges indicates that 6-manifold
preserve 14—6 = }1 of the supersymmetry. From the above facts and Table
X is a Calabi-Yau 3-fold and C is an holomorphic curve.

In this case becomes
A2 Ne = Ke (8.2.22)
and generally this is solved by
Ne = Ké RV (8.2.23)
where V is a rank two bundle with trivial determinant.

These results are summarized in Table

8.2.6 Mz2-branes and twisted BLG theory

The low-energy description of the two M2-branes wrapping curved three-fold are
as follows:

1. A-twist

The fact that dimC = 3 and that there are five scalar fields means that the
theory describes 3-cycle C in 3 + (8 — 5) = 6-dimensional manifold X. The
existence of the four preserved BRST charges indicates that 6-manifold pre-
serve 1 = 1 of the supersymmetry. From the above facts and Table X

is a Calabi-Yau 3-fold and C is a special Lagrangian submanifold.

Also it is known that the normal bundle N can be identified with the cotan-
gent bundle T; [313]. This is consistent to the fact that the remaining three
scalar fields combine to form one 1-form on C.
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twist | submanifold (dimension) | ambient manifold (dimension) | SUSY

A-twist Lagrangian (3) Calabi-Yau 3-fold (6) 14—6
16
8

4
2

B-twist associative (3) G, manifold (7)

Table 8.16: Two types of topological twists for BLG model, curved M2-branes
(submanifolds) and ambient manifolds.

A global SO(5) ghost number symmetry corresponds to the rotational sym-
metry of the four uncompactified dimensions. The five scalars transform as
a 5, of SO(5) and the 1-form is an SO(5)-singlet.

2. B-twist

The fact that dimC = 3 and that there are three scalar fields means that
the theory describes 3-cycle C in 3 + (8 — 4) = 7-dimensional manifold X.
The existence of the two preserved BRST charges indicates that 7-manifold
preserve % = % of the supersymmetry. From the above facts and Table
X is a G, manifold and C is an associative submanifold.

These results are summarized in Table and same as that of D2-brane in-

stantons (Table [8.13).
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Chapter 9

Curved M2-branes and Topological
Twisting

In this chapter we will return to the study of the M2-branes and discuss that the
topologically twisted A4 BLG-model may describe the two wrapped M2-branes
around a holomorphic Riemann surface in Calabi-Yau manifold based on the work
of [51]. We will study the preserved supersymmetry on the wrapped branes
around a holomorphic Riemann surface inside a Calabi-Yau manifold in section

and In section [9.4] we will specify the appropriate twisting procedures

for our wrapped M2-branes.

9.1 Mz2-branes wrapping a holomorphic curve

Now we are ready to discuss the M2-branes wrapping curved Riemann surface.
Recall that the BLG action and the ABJM action (5.1.1) may describe the
dynamics of probe membranes propagating in a fixed background geometry with
an SO(8) and an SU(4) holonomy respectively. For both cases, the world-volume
Mj is considered as a flat space-time IR'Z or R x T2. Now let us consider more gen-
eral situations where curved M2-branes reside in some fixed curved background
geometries. If we naively put the theory on a general three dimensional manifold,
all supersymmetries are broken. However, here we shall wrap the M2-branes on a
Riemann surface X, of genus ¢ that can preserve supersymmetry (i.e. supersym-
metric two-cycles) as the form

Mz =R x (Z¢ C X) (9.1.1)

where R is viewed as a time direction and X is a real 2(n + 1)-dimensional space
preserving supersymmetry with vanishing three-form gauge field. Thus far the
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only known supersymmetric two-cycles, i.e. calibrated two-cycles, in special holon-
omy manifolds are holomorphic two-cycles in Calabi-Yau spaces. The correspond-
ing two-form calibrations are Kédhler calibrations. Accordingly we will take the
ambient space X as an (n + 1)-dimensional Calabi-Yau space and the other space
as flat. Namely the geometry of the M-theory is taken as

RY72" % CY,pyq. (9.1.2)

9.2 Supersymmetry in Calabi-Yau space

As a first step to count the number of preserved supersymmetries in our setup,
one should know the dimension of the vector space formed by the corresponding
Killing spinor e, that is the amount of supersymmetries in the background geom-
etry. Since we are now considering the background geometries with vanishing
four-form flux, the Killing spinor equation is given by

Vme = <8M + inPQrPQ> e=0 (9.2.1)

where wypo, M,N,P,Q = 0,1,---,10 is an eleven-dimensional Levi-Civita spin
connection. This leads to the integrability condition

1
[Vm, Vile = ZRMNPQFPQ(‘: =0, (9-2.2)

which implies that a Killing spinor € transforms as a singlet under the restricted
holonomy group H C Spin(1,10) generated by Rpnpol'’. Therefore the amount
of preserved supersymmetries in the special holonomy manifold is equivalent to
the number of singlets in the decomposition of the spinor representation 32 of
Spin(1,10) into the representation of the holonomy group H. In our case the
background geometries are taken as Calabi-Yau (1 + 1)-folds with the holonomy
H=SU(n+1),n=1,2,3,4 and the decompositions are as follows.

1. CY5

In this case the geometry is of the form R x CY5. This splits the Spin(10) into
SU(5) and the corresponding decomposition of the spinor representation is
given by

16 =10_ @33 @1 _5
16/ =10, 5 3P 1. (9.2.3)
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Here the capital letters denote the representations of the SU(5) and the sub-
scripts stand for the U(1) charges which appear after the decomposition
Spin(10) — SU(5) x U(1). The existence of two singlets implies that the

2 _ 1 -
space R x CY5 preserves 35 = 1 supersymmetries.

Let us define an explicit set of projections defining the Killing spinors. To
this end we need to specify how the Calabi-Yau spaces live in the eleven-
dimensional space-time. We shall consider the situations where the Calabi-
Yau manifolds fill in the order (x!,x?), (x?,x10), (27, x8), (x°,x%) and (a3, x%).
Then the Killig spinors can be defined by the eigenvalues +1 for the follow-
ing set of commuting matrices

12910 91078 7856 5634
r r =", I

(9-2.4)

4 7

The corresponding Killing spinors for CYs5 can be defined by the projection

1—-12910€ — F91078€ — F7856€ — I-'5634€ — —¢. (9.2,5)

Note that this implies that ["'%¢ = e.

. CYy

For this case the geometry is the product form R'? x CY;. This leads to the
decomposition of the Spin(8) into SU(4) and that of the spinor representa-

tion

8 =601, D1 >
8 =4_D4,. (9.2.6)

We see that the decomposition provides two singlets from sixteen compo-
nents. Thus the geometry R x CY, can preserve 1% = % supersymmetries.
In this case the projection for the Killing spinor is given by

12910, _ 91078, _ 7856, — _ (9.2.7)

. CY3

In this case the geometry is given by R x CY3. This decomposes the Spin(6)
into SU(3) and correspondingly spinor representation decomposes as

4=3 @13
4=3,D1_3. (9.2.8)
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The appearance of two singlets from eight components means that there
are 2 = 1 supersymmetries in the product space R* x CY3. Therefore the

Killing spinor can be defined by the projection

I—~12910€ — r91078€ — —¢. (929)

4. CYZ

For this case the geometry is the product space R x CY;. The decomposi-
tion of Spin(4) into SU(2) x SU(2) gives rise to that of the spinor represen-
tation

2’ =(1,2). (9.2.10)

The presence of two singlets under one part of the SU(2) implies that there
are 421 = % supersymmetries in the geometry R'® x CY,. The corresponding

Killing spinors satisfy the projection

12910 — ¢ (9.2.11)

9.3 Calibration and supersymmetric cycle

As a next step we shall consider the situation where the M2-branes wrapping a
Riemann surface ¥, propagate in a Calabi-Yau space without back reaction. In
order to hold supersymmetry on the world-volume, ¥, turns out to be a cali-
brated two-cycle, i.e. holomorphic curve of a Calabi-Yau manifold. To see this let
us briefly review the background material concerning a calibration. In general a
calibration on a special holonomy manifold X is a differential p-form ¢ obeying

[27]

dp =0, (9.3.1)
¢lc, < Vollc,, VCp (9-3:2)

where C; is any p-cycle in X and Vol is the volume form on the cycle induced from
the metric on X. Here the inequality is defined locally, namely ¢|c, = a - Vol¢, for
some a € R, and ¢l¢, < Vol|¢, if a < 1. A p-cycle ¥ is said to be calibrated by ¢ if
it satisfies

¢lz = Vol|s. (9-3-3)
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We remark that a calibrated submanifold is a minimal surface in their homology
class because

Vol(%) = /Z(P = /M . do + /Z ¢ = /Z ¢ < Vol(X) (9-3-4)

where ¥/ is another p-cycle in the same homology class such that oM, ;1 = X — ¥

It is known that Calabi-Yau (1 + 1)-folds admit two different types of calibra-
tions; the Kahler form | and the real part of holomorphic (17 4 1,0)-form Q). One
can construct calibrations as bilinear forms of spinors [315, 316

Jmn = i€’ Tyne, (9.3-5)

(2]\/11...]\/111le = €TFM1-~-M2(H+1>€- (9.3.6)

Now we consider the condition so that a bosonic configuration of membranes is
supersymmetric. Since one can always add a second probe brane without breaking
supersymmetry if it is wrapped on the supersymmetric cycle which the original
probe brane is wrapping, a simple way to find such condition is to analyze an
effective world-volume action of a single membrane [317]. The action for a super-
membrane coupled to d = 11 supergravity is given by [318]]

= / Px E\/—hhwayxMava TN — %\/—h

—ivV/—hh"'®r,Vv,0 + %GV”)‘CMNpayXMavXNGAXP +- | (93.7)

where hy,, 4, v = 0,1,2 is the metric of the world-volume, h = det(h,,), gmn, M =
0,1,---,10 is the d = 11 space-time metric. XM is a space-time coordinate and ®
is a fermionic space-time coordinate. Cynyp is a three-form gauge field, which is
now taken to be zero in our background geometries. The action is invariant
under the rigid supersymmetry transformations

5. XM = jerMe, (9.3.8)
0.0 = ¢ (9.3.9)

where € is a constant anti-commuting eleven-dimensional spinor. Also the action

(9-3.7) has a local fermionic symmetry, called x-symmetry. The x-symmetry trans-
formation is given by

6, XM = 2i0TMP, x(x), (9.3.10)

0x© = 2P, k(x) (9.3.11)
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where «(x) is a d = 11 spinor and the matrices

1 1
UVA M N p
Py (1 + oV ayx 0, X" 0\ X FMNP) (9.3.12)

are projection operators satisfying
p? =1, PP =0, P,+P =1 (9.3.13)

To extract the physical degrees of freedom, we must choose the suitable gauge
that fixes the local world-volume reparametrization and the local xk-symmetry. Let
us fix the reparametrization by choosing ¥’ = X". Then the projection operator
(9.3.12) can be expressed as

Py =_(1£T) (9-3.14)

N —

where

1
= ————
24 /det(h;;ij)

Here hyjj,i,j = 1,2 is the metric of the Riemann surface wrapped by the M2-

roeifaiXManNFMN. (9-3.15)

brane and ,/det(hy;;) is the area of the surface. As a next step we want to fix
the local x-symmetry on the world-volume. In order for a bosonic world-volume
configuration to be supersymmetric, the global supersymmetry transformations
(9-3-9) need to be compensated for by the x-symmetry transformations

(e + 0x) ©® = € + 2P, x(x) = 0. (9.3.16)

Acting P_ on both sides we find that

P e=

e =0. (9.3.17)

Therefore the supersymmetry preserved by the M2-branes is given by the Killing
spinor € which obeys the projection (9.3.16). Noting that I? = 1 and I'T =T, we
find that

2
> 0. (9.3.18)

1-T _ ,1-T)a-T) [1-T
2 € 4 €=

+
€ ——€ — —€
2

By normalizing the Killing spinors such that e'e = 1, the inequality (9.3.18) can be
rewritten as

Vol(Zg) > ¢ (9-3.19)
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M3 supersymmetry
R x (Xy C K3)
R x (X; C CY3)
R x (Xy C CYy)
R x (X; C CY5)

N[N ||

Table 9.1: The amounts of the preserved supersymmetries for the M2-branes wrap-
ping holomorphic curves %, in Calabi-Yau spaces. Note that the M2-branes can
wrap a holomorphic curve in a CY5 without loss of the supersymmetries.

where Vol(X,) = /det(hy;j) is the area of the Riemann surface and ¢ is the dif-
ferential two-form defined by

1
=5 (eTpine) dXM A dXN. (9.3.20)

Hence the two-form satisfies the condition for the calibration and
has the bilinear expression for Kéhler calibration | (see (9.3.5)). Moreover it can be
shown that the two-form (9.3.20) obeys the other required condition for the
calibration by noting the explicit expression [l Therefore we can conclude
that the two-form (9.3.20) is a Kdhler calibration and that the supersymmetric two-
cycle 2o wrapped by the M2-branes is a calibrated two-cycle, i.e. a holomorphic
curve. Notice that is precisely the chirality condition T""?¢ = ¢ imposed
on the supersymmetry parameters in the BLG-model (see (4.1.52)).

At this stage we are ready to count the number of preserved supersymmetries
in our M2-brane configurations by combining the two different types of projec-
tions; the projections (9.2.5), (9.2.7), (9.2.9) and for the background Calabi-
Yau manifolds and the projection (9.3.16) (or (4.1.52)) for the membranes wrapped

around a calibrated two-cycle X,. In most of the cases wrapped branes break half
of the supersymmetries preserved by the special holonomy manifolds according
to the additional projection for the branes wrapping calibrated cycles. However,
for the Calabi-Yau 5-fold the projection condition for the M2-branes does
not give rise to a further constraint on the surviving two Killing spinors. This im-
plies that M2-branes can wrap a holomorphic curve in a Calabi-Yau 5-fold without
breaking down the supersymmetry. The amounts of preserved supersymmetries
by the M2-branes wrapping holomorphic curves %, in Calabi-Yau spaces are sum-
marized in Table Upon the dimensional reduction to IR, the arising quantum
mechanics on R will have the same number of supersymmetries.

It can also be checked by using the supersymmetry algebra [319].
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9.4 Topological twisting

In general a quantum field theory on the curved M2-branes interacts with gravity,
however, it is also possible to get a supersymmetric quantum field theory on R x
Y., by taking the appropriate decoupling limit /, — 0 while keeping the volume
of X, and that of X fixed. In order to derive such low-energy effective theories on
the curved world-volume, we recall how the BLG-model describes the dynamics
of the flat M2-branes. In the BLG-model the fields and supercharges transform
under SO(2)g x SO(8)g as

Xé . 8'00
Ta . 8C+ @ 8C—
€: 84 D8s—. (9.4.1)

The eight scalar fields X!’s transform as the vector representations of the R-symmetry
SO(8)r which represents the rotational group of the transverse space of the M2-
branes. In other words, they are sections of the normal bundle, which is trivial
in this case. However, corresponding to the geometry given in (9.1.1), now the
tangent bundle Tx of the ambient Calabi-Yau manifold X is decomposed as

Tx =T ® Ny (9-4.2)

where Ty, is the tangent bundle over the Riemann surface %, and Ny is the normal
bundle over the surface. Therefore we need to take into account the existence of
the non-trivial normal bundle of calibrated cycles and to introduce new dynamical
variables instead of the original scalar fields. These transitions from scalars, i.e.
trivial normal bundle to the non-trivial normal bundles are intimately connected
with the way in which the field theory on R x X, realizes supersymmetry. Along
with the coupling to the curvature on the Riemann surface, there now exists a cou-
pling to an external SO(2n) gauge group, the R-symmetry background. Thus one
can preserve supersymmetry on the holomorphic Riemann surface by choosing
the SO(2) Abelian background from the SO(2n) appropriately.

There is a beautiful observation that such an effective description for curved
branes can be obtained by topological twisting [28]. Here we attempt to twist
the BLG-model to obtain the low-energy descriptions for the curved M2-branes
Schematically topological twisting procedure can be achieved by replacing the
original Euclidean rotational group SO(2)r on the Riemann surface by a different

? For the ABJM-model the geometric meaning of the topological twisting is less clear because the
classical SU(4)r R-symmetry reflects the orbifolds. In this paper we will focus on the BLG-model.

249



subgroup SO(2)% of SO(2)g x SO(8)g. Although there are many possible ways to
pick such subgroups, here we will consider the following decomposition

SO(8) ©SO(8 — 2n) x SO(2n)
DSO(8 —2n) x SO(2)1 X -+ - x SO(2),. (9-4.3)

The SO(8 — 2n) is a rotational group of the Euclidean space perpendicular to the
Riemann surface, while the SO(2); are diagonal subgroups of the external SO(2n)
gauge group. The meaning of this decomposition is that the Calabi-Yau manifold
X enjoys the decomposable line bundles as the form

X=L1® DLy — L. (9-4-4)

Under the decomposition (9.4.3), the R-charges for 8,, 8; and 8, are determined as
follows:

1. SO(8) D SO(6) x SO(2);

8, =60P1,P1_»
8 =4 4. (9-4.5)

2. SO(8) O SO(4) x SO(2)1 x SO(2),

8y =400 D1l ©1p2 D1 D1 2
8 =244 D2, _Pd2__®2
8 =2_.®2 @2, 92 ,. (9.4.6)

3. SO(8) D SO(2) x SO(2)1 x SO(2), x SO(2)3

8v =2000 D Loo2 D 1oo—2 @ Lo20 D Lo—20 D 1200 D 1200
8 =111+ P14y -0 01 1Bl Bl __ D1 4 D1 44
8=1_ 1,91 191l __ 91l 0L, 0l Sl Sl (947)

4. SO(8) D SO(2)1 x SO(2)3 x SO(2)3 x SO(2)4

8v =1o002 D Looo—2 D 10020 P 1oo—20 P Lo200 © To—200 P 12000 D 12000

8 =111+ Pl -0 Pl - B 1 P1 DL 4 O
8=1 4y 1l 4 Sl 1 ®1 4 Sl 1S Sl Bl .
(9-4.8)
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With one of the decompositions (9.4.5)-(9.4.8), we can now define a new generator
s', i.e. the SO(2)} charge by

s'i=s5-) aT. (9-4.9)

Here s denotes a generator of the original rotational group SO(2)g, T; represents
a generator of the subgroup SO(2); diagonally embedded in the external gauge
group SO(2n) and a;’s are the constant parameters characterizing the twisting
procedures. From now on we normalize these charges s’, s and T; such that they
are twice as the usual spin on the Riemann surface. Since a;’s are related to the
degrees of the line bundles L;’s as

2|lg—1la; for g#1
deg(;) = | 8~ e for 8 (9.4.10)
a; for g =1

and the degrees correspond to the first Chern classes, the conditions that X is
Calabi-Yau are given by

. -1 for g=0
Z a;=40 for g=1. (9-4.11)
= 1 for g>1

Note that the Calabi-Yau conditions (9.4.11) simultaneously ensure the existence of
the covariant constant spinors in the twisted theories. One can easily check that the

topological twists underlying the decompositions (9.4.5), (9.4.6), (9.4.7) and (9.4.8)
preserve 8, 4, 2 and 2 supersymmetries as we expect for K3, CY3, CY; and CYs.

Therefore given the decomposable line bundle structures of the Calabi-Yau
manifolds (9.4.4), we can determine the topological twisting procedure from the
two conditions and (9.4.11). For a K3 surface, i.e. foray = a3 = a4 =0,
the local geometry is T*%, and a single twisting parameter a; is uniquely deter-
mined by the Calabi-Yau condition. For other Calabi-Yau spaces the Calabi-Yau
conditions are not so powerful and there are infinitely many ways of the twisting
characterized by 4;, or the degrees of the line bundles.
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Chapter 10

SCOM from Mz-branes in a K3
surface

In this chapter we will give further detailed investigation on the wrapped Ma2-
branes on the holomorphic Riemann surface of genus ¢ > 1 in a K3 surface. Firstly
we will discuss the field content and the supersymmetry in the twisted theory and
their consistency in section Then we will derive the twisted theory in section
Finally we will compactify the twisted theory on the Riemann surface and
find the IR quantum mechanics in section The theory turns out to be the
N = 8 superconformal gauged quantum mechanics.

10.1 K3 twisting

In order to obtain the world-volume description for the membranes wrapping a
curved Riemann surface of genus ¢ > 1 embedded in a K3 surface, we should
carry out the topological twisting utilizing the decomposition (9.4.5). Requiring
the existence of covariant constant spinors, the twisting procedure can be uniquely
determined since the external gauge field is nothing but an SO(2) Abelian back-
ground in this case. Note that the twisting for £, = IP! can be realized just by the
orientation reversal.

The decomposition SO(2)g x SO(8)gr — SO(2) x SO(6)r yields the new field
content and the supersymmetry parameters characterized by the following repre-
sentations for the twisted field theory with ¢ > 1:

X! 18,0601 P11
€:84 B8 — 4 Dd D4 oD
Y:8.®8_ —4,3 Zo @ 4y @Z,Q. (10.1.1)
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The results of the topological twisting for the components of fields and supersym-

metry parameters are shown in Table [10.1] and [10.2] respectively. In the twisted

theory the bosonic field content is six scalar fields ¢! transforming as 69 and one-
forms ®,, ®; transforming as 1, & 1_5. The fermionic field content is eight scalar
fields 1[1,7\ as 49 ® 4y and one-forms ¥,, ¥> as 4, ®4_,. The supersymmetry pa-
rameters are eight scalars €, € as 49 @ 4y and one-forms &,, ez as 4, G 4_,.

Here and hereafter we distinguish 4 and 4 in terms of tildes over the fermionic
objects.

We should note that there are six bosonic scalar fields and eight fermionic scalar
charges in the twisted theory. Since a Riemann surface is a real two-dimensional
manifold and there are six scalar fields, the theory should describe the circum-
stance where the two-cycle lives in a 2 + (8 — 6) = 4-dimensional curved manifold
X. The existence of eight scalar supercharges indicates that the four-manifold
preserves % = % of the supersymmetries. This is the case where a holomorphic
Riemann surface ¥, is embedded in a K3 surface.

Locally the K3 geometry is the cotangent bundle T*%,. The remaining two
scalar fields combine to yield one-forms on the Riemann surface. They represent
the motion of the M2-branes along the non-trivial normal bundle Ny over the
Riemann surface inside the K3 surface. Under the SO(6) rotational group of the
six uncompactified dimensions, the six scalars transform as vector representations
6, and the one-forms are just singlets. We take the eleven-dimensional space-time
configuration as

0123 4 5 6 7 8 9 10
K3 X o o X X X X X X o
(10.1.2)
M2 o o o X X X X X X X
Zg X 0 0 X X X X X X X X

where o denotes the direction in which the geometrical objects extend, while x
denotes the direction in which they localize. Note that the projection (9.2.11) for the

K3 surface encodes the configuration (10.1.2). The world-volume of the M2-branes

1

extend to a time direction x* and spacial directions x!, x2. The spacial directions

xl 2

are tangent to the compact Riemann surface in the K3 surface. The normal
geometry of the M2-branes is divided into two parts; one is the normal bundle Ny
inside the K3 surface, extending to two directions x”, x'° and the other is the flat

Euclidean space transverse to the K3 surface, labeled by X3, a8,
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SO(2)g | SO(2)1 | SO2): | L
P! 0 0 0 O
¢? 0 0 0 O
®° 0 0 0 O
Pt 0 0 0 O
¢° 0 0 0 O
P° 0 0 0 O
P 0 2 -2 | K1
o, 0 -2 2 K
¥4 1 —1 2 K
Y., 1 —1 2 K
¥ ,5 1 —1 2 K
¥, 1 —1 2 K
A 1 1 0 @
Ay 1 1 0 @
A3 1 1 0 @
A4 1 1 0 O
¥, —1 1 -2 | K!
$., | -1 1 -2 | K1
F., | —1 1 -2 | K1
Y. | -1 1 -2 | K
P —-1 —1 0 O
P2 —1 —1 0 O
3 —1 -1 0 O
N —1 —1 0 O

Table 10.1: The twisting for bosonic scalar fields X!’s and fermionic fields ¥’s of
the BLG-model when the Riemann surface of genus ¢ > 1 is embedded in a K3
surface. L is the complex line bundle over ¥, in which the fields take values. O
and K are the trivial bundle and the canonical bundle respectively.
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SO(2)g | SO(2)1 | SO2)r | L
€1 1 1 0 @
€ 1 1 0 @)
€3 1 1 0 @)
€4 1 1 0 @
e 1 —1 2 K
.0 1 -1 2 K
.3 1 -1 2 K
.4 1 -1 2 K
& —1 -1 0 @)
& -1 -1 0 O
é; —1 -1 0 O
&y —1 -1 0 @)
€21 —1 1 -2 | K!
e | —1 1 -2 | K1
e | —1 1 -2 | K1!
€0 | —1 1 -2 | K1!

Table 10.2: The twisted supersymmetry parameters of the BLG-model probing a
K3 surface. The eight covariant constant spinors play the role of BRST generators
in the twisted theory. The result is consistent to the fact that a holomorphic curve
inside a K3 surface can preserve a half of the supersymmetries (see Table9.1).
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10.2 Twisted theory

The space-time configuration breaks down the space-time symmetry group
SO(1,10) to SO(2)g x SO(6)g x SO(2)1. Then the SO(1,10) gamma matrix can be
decomposed as

"=9*2f’"®@0 u=0,1,2
M2 —Leflerm I=1,---,6 (10.2.1)
'=-Leoloy i=1,2

where | I is the SO(6) gamma matrix obeying

(L1} =200, (THt=T1! (10.2.2)
. . Iy O
[7 = —if126 = 4 . (10.2.3)
0 —1I4

Similarly the SO(1,10) charge conjugation matrix C is expressed as
C=exC®e¢ (10.2.4)
where € := ioy is introduced as the charge conjugation matrix with the relations
el = —¢, eytet=—(yM7T (10.2.5)
while C is the SO(6) charge conjugation matrix satisfying
cr=-¢ crict=aht, Ccrect=—-1"T. (10.2.7)
Under the decomposition (10.2.1), the SO(8) chiral matrix becomes

1012 — 3410 _ L, & 17 . (10.2.8)

*(d + 1)-th component of d = t + s dimensional gamma matrices can be defined by [320]

l-'d+1 = /(_1)52;t1-'12---d

where s and ¢ are correspond to the dimension of space and time respectively. In the above case
s =6and t = 0. Note that minus sign should be included in (10.2.3) since we are now considering

the decomposition of (4.1.6).

2 In even dimensional space-time, a charge conjugation matrix can be defined in two ways.

Instead of (10.2.7), we may define

A A

CT=¢, Crict=—(hHr. (10.2.6)

However, Majorana spinors are only allowed for (10.2.7).
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For the twisted bosonic fields we set

cpl = X1+2 (10.2.9)
1 1

O, = —(X° —ix10), Oy = — (X2 +ix10), 10.2.10
1 1

A, = —(A1—iAy), Az = — (A1 +iA 10.2.11

z \/E( 1 2) Z \/E( 1 2) ( )

where the bosonic scalar fields ¢!’s transform as the vector representations 6, of
the SO(6) global symmetry and the indices I = 1,-- -, 6 label the flat transverse
directions. The bosonic one-froms, ®, and ®; are the SO(6)-singlets and they
describe the motion in the normal geometry Ny of the Riemann surface inside the
K3 surface. These Higgs fields ¢, ®, and @z are the 3-algebra valued.

Next, consider the twisted fermionic objects. Originally the fermionic fields ¥
are SL(2,R) spinors that transform as the spinor representations 8. of the SO(8)r
R-symmetry. After the decompositions Spin(1,10) — Spin(2) x Spin(6) x Spin(2),
as seen from , the fermionic fields ¥ are split into the representations 4, 4,
4y and 4_,, whose component fields are denoted by ¥, A, ¢ and ¥z respectively.
Accordingly they can be expanded as

¥ = spalrae )P+ ialrie ) = —Ra(ye )P = ¥ (ye )
(10.2.12)
where the three indices &, A and B denote the SO(2)g spinor, the SO(6)r spinor
and the SO(2); spinor respectively. Here we have introduced the matrices v+, 7~
and -* defined by

T+ = %(Hz +02), = %(Hz — ), (10.2.13)
7= %(71 + iryz) = % ( i —11' ) , (10.2.14)

7= %(71 —iy?) = % ( 1Z j ) i (10.2.15)
As seen from (10.2.12), the above matrices enable us to carry out the topological
twisting, or in other words the identification of the index a with the index . The
matrices 74 and 7* are associated with the conjugate spinor representations 8.
and yield 49 and 4_,, while the other pair of matrices y_ and < are associated
with 8.4 and give rise to 4, and 4;. Together with the decomposition and
the chirality condition for ¥, one can check that the expansion (10.2.12)
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leads to the relations; I7y = ¢, I7%; = —¥;, 71 = —A and [7¥, = ¥,. For the
Ay algebra all of these fermionic fields are the fundamental representations of the
SO(4) gauge group. We define the conjugate of the SO(6) spinors as

pi=9TC, 1:=ATC, V.:=¥IC, ¥.:=V¥IC (10.2.16)
Likewise, the supersymmetry parameters originally transform as the SL(2,R)
spinor representations of the rotational group of the world-volume and 8; of the
SO(8) R-symmetry in the BLG-model, while in the twisted theory they reduce to
the four distinct representations 4, 4,,4_, and 4y. Thus we can write supersym-
metry parameters as
afp _ e —1\ap | - z,.—1\ap i —ap _ = z . —1\apB
€, = —=F€ € +i€ez € — —=€4(y-€ — i€ € .
A \/E A(’)’—i— ) zA(7 ) \/E A(’)’ ) zA(7 )
(10.2.17)

Here again the indices «, A and B label SO(2)g, SO(6)r and SO(2); respectively.
Since € and € are fermionic scalars on an arbitrary Riemann surface, they are
identified with supercharges and hence the effective theory will be endowed with
the corresponding eight supercharges.

Plugging the expressions (10.2.1)), (10.2.9), (10.2.10), (10.2.11) and into
the original BLG Lagrangian (4.1.31), we find the topologically twisted BLG La-
grangian

= 2 (Dug!, Dog) — (D=, D) + (D=, Dyz) — 2(D P Do)

+ (A, Doy) + (F=, Do¥) — (¥, Do¥2) — 2i(¥s, D) + 2i(A, D:¥-)
AT LA AT B)
+2i(gl, (@5, ¢!, ¥2]) - 2i(ALY, [@2, ¢, F2])
+i(A, [z, Dz, y]) — 2i(¥a, (@2, Pz, Fuo))
— (0965, 10),98) 5 (129", '), (@2 0", 9))
— 5 (192, @0, 1) [0, 05,01)) 5 (2, 9'), 92, P, o]
b (92, @0, ] 95, P, @) + 5 (02, D, o], [, P, @) + L,

(10.2.18)

Here we have introduced ( , ) as the trace form on the 3-algebra introduced in

4.1.13) and we have defined the covariant derivatives D, := %(Dl —iDy) and
D; := %(D1 +iD,).
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Substituting the expressions (10.2.1), (10.2.9), (10.2.10), (10.2.11), (10.2.12) and

into the supersymmetry transformations (4.1.49)-(4.1.51) for BLG theory,
we can read off the following BRST transformations

ol = el A, — iefyp,, (10.2.19)
0D, = —iéY,,, (10.2.20)
o0&z, = —ie¥s,, (10.2.21)

. A 1 ATTK ~ AT~
0P, = zDOcp;Fe —2D:®,,€ + ‘ [cpl,(p], cpK]aFUKe + [P, D3, 4>I]QFI€, (10.2.22)

) . o1 . .
oA, = 1D04>£Fle — 2D, ®5,& — 8[431,47], cpK]aFUKe + [P, CIDZ,cpI]aI”Ie, (10.2.23)

L 1 . 1
0.0 = —Dy¢'T1e — iDy®.e + = [D,, ¢!, ¢/, T Ve + 3 [ Pu, P, e, (10.2.24)

2
V- — Dootlfle 4 iDubo & 1 Libe ol o)1 FUe 1 Lip 1z

0¥z, = Dz, 1" € + iDyPz,€ + Z[CIDZ,cp ,P I E+ 3[<I>w,<I>w,<I>Z]a€, (10.2.25)

SAb, = —ellply, f, — E IR fN, — 26D Vg fN, + 28Dz W g f,, (10.2.26)

0AL, = 2iellpl¥ 4 f  + 2ied, Ay fP (10.2.27)

OAL, = —2iElpl¥ 4 o 4 218D py fC . (10.2.28)

10.3 Derivation of quantum mechanics

In the previous section we have derived the topologically twisted BLG-model as
the low-energy effective field theories on the curved M2-branes. Now we attempt
to reduce the theory further to a low-energy effective one-dimensional field theory
on R. As mentioned in the analysis for the membranes wrapped around a torus,
when the size of the Riemann surface shrinks, only the light degrees of freedom
are relevant. To keep track of them we have to find the static configurations that
minimize the energy, that is the zero-energy conditions. We can replace the zero-
energy conditions by a set of BPS equations. In addition, we set all the fermionic
fields to zero because we are interested in bosonic BPS configurations. Then the
BPS equations, which correspond to the vanishing conditions of the BRST trans-

formations (10.2.22)-(10.2.25) for the fermionic fields, are

DZ(pI =0, DZ([)I =0, (10.3.1)
D,®: =0, DzP,=0, (10.3.2)
[¢'. ¢/, 9% =0, (10.3.3)
(@2, @z,¢'] =0, [®,¢,¢/] =0, [0z¢,¢/]=0, (10.3.4)
[Dy, Op, D2] =0, [Py, Py, Pz| =0. (10.3.5)
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Note that due to the algebraic equations (10.3.3), (10.3.4) and (10.3.5), all the
bosonic Higgs fields have to lie in the same plane in the SO(4) gauge group. Thus

we can write them as
o' = (9,920,007, @, = (D), 20,07, &= (L, d%0,0)7. (103.6)
From the supersymmetry we can write the corresponding fermionic partners as

= (¢!, ¢%0,0)7, A= (AL, A2,0,0)T, (10.3.7)
¥, = (Y1, ¥2,0,0)7, ¥, = (¥1,9%,0,0)7. (10.3.8)

The configurations (10.3.6)-(10.3.8) generically break the original SO(4) gauge group

down to U(1) x U(1). Taking into account these solutions and the BPS equations
d10.3.1[), 410.3.2[) we find that AL, = A2, = Al, = A2, = 0. This implies that these
components of the gauge field now become massive by the Higgs mechanism.

Then we should follow the time evolution for remaining degrees of freedom in the
low-energy effective theory.

To achieve this consistently we further need to impose the Gauss law constraint.
This requires that the gauge field is flat; F.z = 0. Recall that we are now consider-
ing the case where the genus of the Riemann surface is greater than one. In that
case the generic flat connections are irreducible. As long as we only consider ir-
reducible flat connections, the Laplacian has no zero modes. Accordingly it is not
allowed for scalar fields to have non-trivial values and it is required that ¢! = 0
To sum up, the above set of equations over the compact Riemann surface of genus
g > 1 reduces to

Fx =0, (10.3.9)
0:P,1 + A%zcbzz =0, (10.3.10)
0:0,, — AL D, = 0. (10.3.11)

We now want to determine the generic BPS configuration obeying (10.3.9)-
(10.3.11). Since we are now considering a compact Riemann surface of genus
g, there are ¢ holomorphic (1,0)-forms w;, i = 1,---,¢ and g anti-holomorphic
(0,1)-forms @;. Let us normalize them as

/ a)] = 51']', A CU] = Ql] (10'3'12)
aj i

with a;, b; being canonical homology basis for H1 (Xg) (see Figure[10.1). The matrix
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Figure 10.1: A Riemann surface X, of genus g. 4; and b; generate Hy ().

Q) is the period matrix of the Riemann surface. It is a ¢ X ¢ complex symmetric
matrix with positive imaginary part. The equation imposes the flatness
condition for the U(1) gauge field AL,. The space of the U(1) flat connection on
a compact Riemann surface is the torus known as the Jacobi variety denoted by
Jac(Zg). The flat gauge fields can be expressed in the form [284]

AL, = —2n 'i1 (Q— Q);l Ow;, AL=2n ‘il (Q— ﬁ);l @iw]- (10.3.13)
L= L=
where @ := ' + ﬁ,-jqu represents the complex coordinate of Jac(Xy) which char-
acterizes the twists 2™¢" and e~ 2™¢" around the i-th homology cycles a; and b;.
Notice that & — & +mi, ' — ' +n' for n', m' € Z gives rise to the same point on
Jac(Xg). This implies that Jac(Xg) = C8/Ln where L is the lattice generated by
Z8 + OZ8. We define a function

8

= =1/ =iz
p:=-2m) (Q- Q)i]. <®1f]~(z) — ®lf]-(z)> (10.3.14)
ij=1
where f;(z) := [w; is the holomorphic function of z that obeys the relations

fi|a]. = 4;; and fi|b]- = (;;. We then can express the flat gauge fields as

A =0:9, Az = 9:9. (10.3.15)

The above expressions (10.3.13) for the U(1) flat connection allows us to write the

3 Such BPS solutions with the irreducible connections have been considered in the four-
dimensional topologically twisted Yang-Mills theories defined on the product of two Riemann
surfaces [321, [36| 293] and the corresponding decoupling limit for the brane description has been
argued in [40].
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generic solutions to the equation (10.3.10) and (10.3.11) in the following forms:
&
D,1(z,z) —iP,n(z,2) —¢iP(z2) Z xhwi,
i=1

D1 (2,Z) + i,y (2,2) =¥ i xhw; (10.3.16)
i=1
where xi\, xt, € C are constant on the Riemann surface. Since we take the limit
where the Riemann surface ¢ shrinks to zero size, the space-time configurations
of the membranes should be expressed as single-valued functions of z and z in the
low-energy effective quantum mechanics. In other words, & and ' can only be
integers and therefore the U(1) flat gauge fields Al, and AL, are quantized. The
single-valuedness condition requires that the point of the Jac(X,) is fixed.
Putting all together, the general bosonic BPS configurations are given by

' =0
1 (migoi | igyi 1 (ei‘Pfi +e*i"’7i)
5 (e71Pxl, +e'Pxly) 2 A B
8 I (=il _ i@ g _ i plemi i
@Z _ Z 2 (e xA e xB) wi/ ¢Z — Z 2 <€ xA e xB> wl,
i—1 0 i=1 0
0 0
0 0:¢(z,%) 0 0
_ —02¢9(z,2) 0 0 0
A, = - 10.3.1
: 0 0 0 A(z7) (10:3.17)
0 0 —A3,(z,2) 0

where A3, and A2, are the Abelian gauge fields associated with preserved U(1)
symmetry and they do not receive any constraints from the BPS conditions.
By virtue of the supersymmetry we can write the corresponding fermionic

fields from the bosonic configurations (10.3.17) as

=0, A =0,
[ [ A
i i _ wi _L oyt
v, =Y | 2 (¥4 —¥5) w, Y=Y 2 (Y4~ ¥3) w;.  (10.3.18)
i=1 0 i=1 0
0 0

By inserting the BPS configuration (10.3.17) and (10.3.18) into the twisted action
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(10.2.18), we find

S:/dt/ P2z
R Jx,

(D@, Dyds,) + (?Z, DO%) . (‘TP; Do‘i{m>

kqips K
27T 02+ zz4 47

- (AézA% - A%ZA;L) : (10.3.19)

Since the gauge fields Al,, AL, are quantized and there are no their time derivatives
in the effective action, we can integrate them out as the auxiliary fields. They give
rise to the constraints ;1§4 = ;124 =0.

In order to perform the integration over the Riemann surface, we use the Rie-

mann bilinear relation [322]

Zgw/\n:ié{/aiw/biq—/biw/ain}. (10.3.20)

By carrying out the integration over the Riemann surface ¥; we find the gauged

quantum mechanical action

S— /R dt [Z (Im Q) (Doxf”Dofi; L ¥ DY) — ?”DO‘P{;) — kCy(E) AL,
L]

(10.3.21)

Here the indices 2 = A, B stand for the two internal degrees of freedom for the
two M2-branes. The covariant derivatives are defined by

Dox'y = &4 +iAL,x,, Doxly = iy — iAlxk, (10.3.22)
DoY)y = ¥, + ALY, DY = ¥ —iAL Y%, (10.3.23)
DY, = ¥, — ALY, Doy = ¥i, + i Al %% (10.3.24)

and the Chern number Ci(E) € Z is associated to the U(1) principal bundle
E — % over the Riemann surface

1 -
GE) = [ a(®) = [ dar, (10.3.25)
g g

The action (10.3.21) has the invariance under the one-dimensional SL(2,R) confor-

mal transformations

ot = f(t) = a+ bt +ct?, 69y = — £y, (10.3.26)
o, = 3, 6y = ~fAby, (10327)
oYl =0, o¥i =o0. (10.3.28)
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The action (10.3.21) is also invariant under the A" = 8 supersymmetry transforma-

tion laws

53‘; = 21'5‘?2, (5%2 = 2i€‘i’fl, (10.3.29)
oY = —iDyxle, 0¥ = iDgxié, (10.3.30)
6AL, = 0. (10.3.31)

We thus conclude that the ' = 8 superconformal gauged quantum mechanics
may describe the low-energy effective motion of the two wrapped M2-
branes around X, probing a K3 surface.

We see from the action that the U(1) gauge field A},, due to the ab-
sence of the kinetic term, is regarded as an auxiliary field. In consequence the
gauge field has no contribution to the Hamiltonian. Hence the corresponding
gauge symmetry yields an integral of motion as a moment map y : M — u(1)*
and we can reduce the phase space M to M. = u~!(c) by fixing the inverse of the
moment map at a point ¢ € u(1)*. Choosing a temporal gauge A}, = 0, we find
the action

S = /]R dty  (ImQ),; (xi%{; +FY) ?%’{1) (10.3.32)
ij
and the Gauss law constraint

g0 := kC1(E) +i)_ (ImQ);, [Kﬁ +2 (‘?Z‘T’Q - ?is‘?é)} =0 (10.333)
L]

where

Kjj := <3‘c2?{4 - x%?{é) - <xi3x; - x%?%) : (10.3.34)
The constraint equation requires that all states in the Hilbert space are
gauge invariant. In this case the symmetry of the system is not so large as in
the previous superconformal gauged quantum mechanical models and
(7.1.17). It is curious to know whether the superconformal gauged quantum me-
chanics (or together with (10.3.33)) have a reduced Lagrangian
description with an inverse-square type potential. However, our result may drop
a hint on the obstructed construction of SCQM that a large class of SCQM could
be formulated as “gauged quantum mechanics” with the help of auxiliary gauge
tields as in [150, 151} [152].
It might be helpful to determine the corresponding supermultiplet for our
N = 8 superconformal quantum mechanics (10.3.21). We, however, do not fully
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understand it because our derivation does not rely on the superfield formulation
and the reduced quantum mechanical description has not been acquired so far.
Judging from the representations of the physical variables under the re-
maining R-symmetry SO(6), the corresponding supermultiplet may be inferred as
the g sets of (2,8,6) multiplet. However, after integrating out the single auxiliary
gauge field A}, the physical degrees of freedom may be reduced and thus the
supermultiplets may be modified.
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Chapter 11

Conclusion and Discussion

11.1  Conclusion

In this thesis we have established the new connection between two subjects; the
superconformal quantum mechanics and the M2-branes by examining the IR su-
perconformal quantum mechanics resulting from the multiple M2-branes wrapped
around a compact Riemann surface ¢ after shrinking the size of the Riemann sur-
face.

We have seen that conformal symmetry and supersymmetry in quantum me-
chanics, i.e. one-dimensional field theory are rather out of the way in that they
contain numerous unfamiliar features which are not observed in higher dimen-
sional field theories.

Instead of the morbid Hamiltonian, one can label the state in terms of the
eigenstate of the compact operator Ly = (H + K) and the second Casimir opera-
tor of the SL(2,R) conformal symmetry group. Although one cannot assume the
existence of both normalizable conformally invariant states and invariant primary
operators due to the fact that the quantum mechanics is based on the Hilbert space
not on the Fock space, the 2-point, 3-point and 4-point functions which satisfy the
conformal constraints can be constructed by using those two defects [86] 87]. We
have also discussed the interesting observations [65, 66] that the motion of the par-
ticle near the horizon of the extreme Reissner-Nordstrom black hole is described
by the (super)conformal mechanics. This indicates that (super)conformal quan-
tum mechanics may caputure the information of the dual AdS, gravity. Obviously
further surveys are needed to understand AdS,/CFT; correspondence.

Due to the reduced Poincaré symmetry, one-dimensional supersymmetry has
the special properties that (i) the number of the component fields in the supermul-
tiplet is larger than the number N of supersymmetry if N is greater thatn eight
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and that (ii) the number 1 of physical bosonic component fields is not necessarily
same as that of the fermions. These facts allow us to construct various supermulti-
plets (n, N, N'—n) only for N' = 1, 2,4 and 8 supersymmetric quantum mechanics.
Indeed we have argued that for such supersymmetric quantum mechanics there
have been continuous attempts to construct superconformal mechanical models by
appealing the superspace and superfield formalism.

We have shown that the IR quantum mechanics arising from the BLG-model
and the ABJM-model wrapped on a torus are the N' = 16 and N = 12 supercon-
formal gauged quantum mechanical models respectively. Furthermore after the
integration of the auxiliary gauge fields, we found that the OSp(16|2) quantum
mechanics and SU(1,1]6) quantum mechanics emerge from the re-
duced theories. Both of them are A/ > 8 superconformal quantum mechanical
models which have not been available by the superspace and superfield formalism
so far. It is interesting to investigate their spectrums, wavefunctions and correla-
tion functions for those new superconformal mechanical models.

We have also surveyed the membranes wrapped around a genus ¢ # 1 Rie-
mann surface. In this case the surface is singled out as a calibrated holomorphic
curve in a Calabi-Yau manifold to preserve supersymmetry. We have found that
the IR quantum mechanical models have N =8,4 2and 2 supersymmetries for
K3, CY3, CYy and CY5 respectively. Especially when the Calabi-Yau manifolds are
constructed via decomposable line bundles over the Riemann surface, the K3 sur-
face essentially allows for a unique topological twist while for the other Calabi-Yau
manifolds there are infinitely many topological twists which are specified by the
degrees of the line bundles.

We have especially analyzed the two membranes wrapping a holomorphic
genus ¢ > 1 curve embedded in a K3 surface based on the topologically twisted
BLG-model. We have found the new N = 8 superconformal gauged quantum
mechanics that may describe the low-energy dynamics of the wrapped
M2-branes in a K3 surface. It is known that [150, 151 [152] there are the connec-
tions of the gauged quantum mechanics to the conformal mechanical models, the
Calogero model and their generalizations. An interesting question is what type of
interaction potential, if it exists, may characterize our superconformal “gauged”
quantum mehcanics (10.3.21). The structure of the resulting theory may indicate
that generic SCQM takes the form of superconformal gauged quantum mechanics
along with auxiliary gauge fields.

267



11.2 Future directions

There may be a number of future aspects of the present work. In the following we
will briefly discuss the possible three applications.

11.2.1  AdS,/CFT; correspondence

AdS;,1/CFT; correspondence [17] is an important example of the holographic
principle [323].

For d = 2 it has been shown [324] that the Hilbert space of the any quan-
tum gravity on an asymptotically AdS; space-time is a representation of the two-
dimensional conformal group and that the central charge of the d = 2 CFT is given
by

3l
" 26
where [ is the AdS; radius and G is Newton constant. The relationship between the
BTZ black hole and the state in the two-dimensional CFT indicates that the entropy
of the black may be defined as the logarism of the degeneracy of the corresponding

c (11.2.1)

states in the CFT. In this perspective the entropy of the d = 3 Baddos-Teitelboim-
Zanelli (BTZ) black hole is computed by counting the states of the d = 2 conformal
tield theory on the boudnary of AdS; [325]

S=2m,/ chR + 274/ C% (11.2.2)

where ng and 7 are the eigenvalues of the Virasoro generators Ly and Lo respec-
tively. For large Ly one can use the Cardy formula to evaluate the degeneracy of
the states and it has been shown [326, 327, 328, 329] that the result agrees with the
one obtained by Wald’s formula [330} 331,332, 333

The case of d = 1, i.e. AdS,/CFT; correspondence [78, 334, 180, [79, 181} 83, 182}
335, 336 337, [75, 84, [85, 338} 339} 340, 347} [76) 342} 343} 3441 is less understood,
however, it is extremely significant case of AdS;,1/CFT; correspondence in that
all known extremal black holes contain the AdS, factor in their near horizon ge-
ometries [345} 346]. The two candidates for the CFT; have been proposed

(i) conformal quantum mechanics
(ii) a chiral half of a d = 2 CFT.

For the former only the global SL(2,R) acts nontrivially on the Hilbert space,
while in the in latter case one copy of the Virasoro generators acts nontrivially on
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the Hilbert space. In [341] the central charge for the CFT; which corresponds to
the quantum gravity with a U(1) gauge field on AdS, has been given by

3kE24
c= 1 (11.2.3)

where [ is the AdS; radius, E is the electric field and k is the level of the U(1) cur-
rent. The expression is similar to for AdS;/CFT; correspondence. It has
been discussed [78,341] that the latter idea of the non-trivial action of the Virasoro
could be consistent and AdS,/CFT; correspondence reduces to the CFT,/CFT;
duality on the strip. As discussed in [78} 341], this idea could be true when AdS,
is generated as a S' compactification of AdSs, however, there may be other types
of the AdS, which do not arise as a S! compactification of AdSz and therefore
the former possibility could still be a good candidate of the CFT;. In the for-
mer perspective, it has been proposed [343] that the logarithm of the ground state
degeneracy in a conformal quantum mechanics living on the boundary of AdS;
yields the definition of the entropy of the extremal black hole in the quantum the-
ory. Furthermore it has been pointed out in [86,[87] that the correlation functions of
the conformal quantum mechanics [54] have the expected scaling behaviors from
AdS,/CFT; correpondence although one cannot assume the existence of the nor-
malized and conformal invariant vacuum states in conformal quantum mechanics
as in other higher dimensional conformal field theories. It is interesting to investi-
gate whether our superconformal quantum mechanics resulting from the wrapped
M2-branes around a compact Riemann surface in M-theory could provide some
examples of the AdS,/CFT; correspondence in the former perspective.

11.2.2 Indices and the reduced Gromov-Witten invariants

Another topic is the computation of the indices and their applications. For in-
stance, the BPS partition function which gives rise to the counding of the BPS
states may be related to the number of the supersymmetric two-cycles of genus g in
our setup. Indeed, in the setup where the curved D3-branes wrapping supersym-
metric two-cycles embedded in K3 surface, the formula for the numbers of rational
curves with ¢ double points on a K3 surface, the so-called reduced Gromov-Witten
invariants [347] has been conjectured by Yau and Zaslow [39] in the computation of
the BPS partition function by appealing the string duality. Closely related to their
setup, our N' = 8 superconformal gauged quantum mechanics appears
from the wrapped M2-branes instead of the D3-brane. It would be interesting to
compute the indices and to extract enumerative information and structure from
our model.
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In order to compute the indices we take a trace over the eigenstates. As dis-
cussed in section it is difficult to calculate a trace over the eigenstate of the
Hamiltonian H for the superconformal quantum mechanics because there is no
normalizable ground state and its spectrum is continuous. As proposed in [73],
the indices in superconformal quantum mechanics can be defined by taking a trace
over the eigenstates of the compact operator Ly = %(H + K) which has a normal-
izable ground state and the discrete eigenvalues with equal spacing as

Z(0) = Ty, (—1)% O PlLo=)) (11.2.4)

where ] is the R-symmetry generator and O is some operator in the theory. It is an
open problem to evaluate indices and understand their physical and mathematical
implication for our superconformal quantum mechanics.

11.2.3 1d-2d relation

Finally we want to comment on the “1d-2d relation”, which is motivated by the
fascinating stories arising from the compactification of M5-branes, for example, the
AGT-relation [348], the DGG-relation [349] and the 2d-4d relation [350]. It has been
argued that the world-volume theories of multiple M5-branes can be described by
the six-dimensional superconformal field theories labeled by a simply-laced Lie
algebra g, the so-called (2,0) theories. Via compactification, such theories leads
to a family T[Mg_4,g] of d-dimensional superconformal field theories which can
be labeled by a choice of a specific manifold My _; and a Lie algebra g. From this
perspective the AGT-relation, the DGG-relation and 2d-4d relation are regarded as
the decomposition of the six-dimensional world-volume of M5-branes as 6 = 4 +2,
3 4 3 and 2 + 4 respectively.

On the other hand, the world-volume theories of multiple M2-branes can be
described by the three-dimensional superconformal field theories. Unlike the M5-
branes we know the explicit Lagrangian for such world-volume theories as the
BLG-model and the ABJ(M) model. It would be attractive to find the new rela-
tionship between the superconformal field theories and the geometries or relevant
dualities from M2-branes, i.e. “1d-2d relation” arising from the decomposition of
the three-dimensional world-volume of M2-branes as 3 = 1 + 2. As an exchange
of the order we may have two ways of the compactification

3d SCFT on R x g

e N (11.2.5)
1d SCOM on R 2d TQFT on %,
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which suggests a new set of dualities in the sense that the partition functions or
indices on both sides yield the same result. As we discussed in section the
WDVV equation [230, 231] and the twisted periods [232] 233] which are relevant
to two-dimensional geometries and topological field theories appear from the con-
straint conditions for the constructions of N/ = 4 superconformal mechanics. It
would be interesting to investigate whether our M-theoretical construction of su-
perconformal quantum mechanics could help to understand and generalize such
relations as the “1d-2d relation”.
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