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1. Introduction

A contact structureon a closed oriented 3-manifoldZ® is a completely non-
integrable plane field on it. The existence of a contact sirecon M3 was first
proved by Martinet [14] and then Lutz [12], [13] for each hoomt class of plane
fields. A co-orientable contact structure is given as thendleiof a 1-form o with
aNda > 0 or < 0, which is called a positive or negatintact formrespectively.
Thurston and Winkelnkemper [17] deduced the existence adrdaact form in an ele-
gant way from Alexander’'s theorem [1] on open-book decoritions.

Eliashberg [2] showed that the most of these contact strestare, however, too
flexible for geometrical interest (s€R). On the other hand, he completely character-
ized more historic examples related closely to the complexlyasis in several vari-
ables, namely, the strictly pseudo-convex boundary of @mnfstein surfaces ([4]).
The symplectic fillability is one of its significant genewmations. Recently Loi and
Piergallini [11] translated Eliashberg’s characteriaatiof compact Stein surfaces into
the language of Lefschetz fibration by using Gompf's meth®d They also showed
that M3 is realizable as the boundary of a Stein surface if and onliy #mits an
open-book decomposition whose monodromy map is a composaf right-handed
Dehn-twists. In this notewe improve Thurston-Winkelnkemper’s construction so that
we obtain a symplectically fillable contact structure in tteese where the monodromy
map of a given open-book decomposition is a compositiongbit-handed Dehn-twists
along mutually disjoint curve§Theorem 2). An interesting by-product of our construc-
tion is Theorem 3 ing4 which gives a deformation of symplectically fillable cartta
structures into a foliation with a Reeb component. Note thdbliation admitting a
Reeb component itself is not symplectically fillable.

| would like to thank the referee for noticing the importarmfeTheorem 3.

2. Preliminaries

Let = be an embedded surface M* equipped with a contact structuge Then
TX n ¢ defines a singular foliation oz, which we call the charastarifoliation
of £ on . If there is a contractible closed leaf of the charadieri®liation on X,
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then the disk onX bounded hy is called an over-twisted diskéfoAny contact
structure¢ on M2 is classified intcover-twistedone ortight one depending on whether
there exists an embedded surface containing an over-tiviigk or not. As Eliashberg
showed in [2], the isotopy classification of over-twistechtawt structures reduces to
the homotopy classification of 2-plane distributions, seytlare very flexible.

We say that a co-oriented plane figgdon M3 is symplectically fillableif there is
a compact symplectic manifoldi{*, w) satisfying the following conditions.
1) M3 is the coherently oriented boundary Bf* whose orientation is determined by
the volume formw A w.
2) The restrictiorw|c on M3 = 9W* never vanish.
Then we call W4, w) a symplectic filling of the pair ¥/2, £). For a negative contact
structure, we can also define the symplectic fillability byamging the orientation of
M3 or alternatively by replacings Aw by —wAw in the above condition 1). As shown
in Gromov [10] and Eliashberg [3], symplectically fillablertact structures are tight.
The symplectic fillability can be considered as a genertitinaof the following Stein
fillability. A compact Stein surfac¥ is a compact complex surface admitting a strictly
plurisubharmonic functions : X — R with ¢~%(max¢) = 0X. Then, asdX is strictly
pseudo-convex, the complex tangency defines a positiveacbstructures on 0X. We
say that¢ is Stein fillable Eliashberg [4] showed how to build compact Stein surfaces.
One can find many such examples in Gompf [8]. A knotM#a is called a Legendrian
knot of the contact structuré€ if it is everywhere tangent tg. A closed leaf of a
characteristic foliation is an example of Legendrian knldie canonical framing on a
Legendrian knot is determined by contact plane§ i§ co-orientable. Then a theorem
of Eliashberg [4] can be stated as follows (see also Eliaghfg for more general
statement on symplectic fillings).

Theorem ([4], [8]). A compact orientedi-manifold X admits a complex struc-
ture as a Stein surface if and only if it has a handle decontjposidescribed below.

Let X; be some handle body with and 1-handles. TherdX; admits the unique
Stein fillable positive contact structui®), i.e., the standard oneX is obtained from
X, by attaching2-handles H; along Legendrian knots; o (( =1,...,m). The
framing for attaching eactH; is obtained from the canonicaniing onkK; by adding
a negative twist.

We recall here Alexander's theorem [1] on open-book decaitipos.

Theorem ([1]). Every closed oriente@-manifold M2 has a link L, called a fi-
bred link whose exterior is a total space of a Seifert surface bundkr t¢ive circle.
That is M3 admits the following decompositia® for some compact oriented surface
F in M3 whose boundary is parallel to the link

M3® = (F x[0,2n]/f)Ug (L x D*)  (OF ¥ L, R/2rZ = 0D?).
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Here f: F x {2n} — F x {0} is the attaching diffeomorphism relative &F'.

We call f themonodromy mamf O, which is determined byD up to isotopy
and conjugation in the group of orientation preservingetifiorphisms relative toF.
This decompositior® is called anopen-book decompositionf M3,

Let C be a simple closed curve oA . Lgt F — F be a diffeomorphism
supported in a tubular neighbourhoadd C ( ) 6f m . Then we say thas a
right-handed(resp.left-handedl Dehn-twistalong C if f carries a short arg crossing
N(C) to a long arc winding once around toward the right (resp. I&ft). Note that
the notion of right or left is well-defined under the preseméethe orientation ofF
and is independent of the choice of the orientationyof

3. Construction of filling

Thurston and Winkelnkemper [17] constructed positive aadative contact forms
on an arbitrary closed oriented 3-manifald® equipped with an open-book decompo-
sition M3 = (F x [0, 271/ f) Uia (L x D?) in the following way:

Construction 1 ([17]). PutT =F x [0,27]/f and N (1) =L x D? with ¢ €
R/2rZ, § € L and ¢, p) € D? (polar coordinate with radius € [0, 1]) as their coor-
dinates. We may exten& (1) to a larger tubular neighbourh@¢®l/2) = {(0, r, ¢) |
0 < r < 3/2} in which the fiber is given byy = const. (1< r < 3/2). For any vol-
ume formQ onF , we can modifyf among its isotopy class into a differphism
preserving2 . Thus we may regafd  as defined on every fityeén T. We choose
Q with  =dag for some 1-formag satisfying aolry/2) = (2 — r)do.

Next, we take smooth functions and 1 on N (1) depending only on  which sat-
isfy the following conditions.

Ar) = 2—r? <O§r§%), Nr)<0(0<r<1), X1)=1 XN@A)=-1,
p(r) = r? <0§r§%), W(r)>00<r<1), pl)=1 and x/(1)=0.

We put

dp (onT)

_Jao (onT)
‘T { pdy (on N (1))

0 (on N(1)) 2N 07 {
wheredy also denotes its pull-back by the projectiénx [0, 27]/ f — R/2xZ. Taking

a constantk which is larger than the maximal absolute valutheffunctionz onT
determined byngAdag = hQ Adyp, we see thatta+ K 3 are the required positive and
negative contact forms. This completes the construction.
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Then our result can be stated as follows.

Theorem 2. In the aboveConstruction 1,assume that there exists a finigpos-
sibly empty union C of mutually disjoint oriented simple closed cun@s(i € 7) on
F. Take their mutually disjoint closed tubular neighboureav(C;) = C; x [—1, 1]
with coordinates(¢;, p) and put N(C) = |J; N(C;). Suppose that the monodromyfy
is the composition of right-hande@esp. left-handedDehn-twists alongC, that is f
satisfies the following two conditions fer= 1 (resp. —1).

1) flF=n(c) is the identity map.
2) fleixt-1u(:, p) = (0: + 277g0(p), p)  for eachi € 1.

Here the functiongy : [—1, 1] — [0, 1] satisfiesgo = 0 on [-1, -3/4] and go = 1

on [3/4, 1] and increases or{—3/4, 3/4). Then we can choos an@ such that
ker(a+3) (resp.ker(—a+03)) is a symplectically fillable positivéresp. negativecontact
structure. Moreoverif C is empty then M3 is a connected sum of some copies of
52 x 81 and we can take a pair of fillable contact structutesr(*a + 3).

Proof. We prove the theorem only in the case where 1 since in the other
case it can be proved by changing the orientationdt For sufficiently smalle > 0,
putr =ep and g ¢) =go(p). We regardN € ) a< x [—¢, €] with coordinates 4, r)
(i € I) throughout the proof. First we show that we can chofise @ndatisfying

Qle,x[—e,q = db; Ndr
and
0| ¢, x[—e.dxf02n)/f = —(r +eki)dO; — (r + eki)g'(r)dr
for some constank; for eache I. Put
on C; x [—e, €] x [0, 2]/ ~, >

—(r +€k;)dO; — (r +€k;)pg’ (r)dr <Where 0r. 7. 21) ~ (f(0;. 7). 0)
(2—-r)db (onTNN@B/2))

ag =
and letV; (j € J) denote the connected componentsFotint(N(C)). Then we define
the “distance’d § ) fromV; todF by

d(j) = min{#(yN C) | v is a path joining a point orV; with a point o®F }.

Take an integef which is larger thahj () for agye J. Let p; andg; be two
distinct elements off  satisfyingy,, " N(C;) # 0, V,, " N(C;) # 0 andd (p; ) < d(g:).
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We may assume that the orientation@f  coincides with tha?¥f. Putk; =x!'—4()
for a positive constant . Then we have

/ ap = 2me (ajx’*d(j)+1 +bjx! 7)ol DL 4 d;)
oVix{e}

for eachj withd § )7 0. Herea; ¢ 0),b;,c;(< 0) andd; are constants independent
of x. Thus we can choose such th@v_x{w} ag > 0 holds for any;j withd { )# 0.
On the other hand,

/ ag = 2n#V; N OF) + € - const > dag
ovix{e}

/m x{p})NN(3/2)

holds for sufficiently smalk > 0 for eachj withd { ) =0. Then we can extend to
be a 1-formag on T satisfying the following conditions.

1) aol(F—n(c)x ey is the pull-back of a 1-form orF — N(C) by the natural projec-
tion p : (F — N(C)) x R/2rZ — F — N(C).

2) daol(r—n(cyx{s} = P*Q is the pull-back of a volume forn®2 of — N(C).

Note that we can tak& >(max{(r + ek;)?g’(r) | i € I,r € [—e, €]}) in Construction
1 as small as we need. Assume that we can ke =1.

Now we can regard F — C x (—¢, €)) x S* as (F — C x (—e¢, €)) x 9D?, where D?
is the disk with radial coordinate € [0, 1]. Puto =+ or — andw’ = d(ca + sdy).
Thenw? is a symplectic form on(F — C x (—¢, €)) x D?. Moreover, the volume form
ow? Aw’ determines the orientation to which the orientation(6f— C x (—¢, €)) x
oD? (c M®) is coherent. We will extend* (resp.w? in the case wherC #) to be
a symplectic filling of (13, ker( + 3)) (resp. of (43, ker(ca + ))) by the following
two steps.

Step 1 (filling nearL). We embed6} x D*(C L x D?) into R® with coordinate

(x, y,2) by putting
w=x+yi, z=ho(r), |w/=hi(r) and argw =p.

Here ho(r) and h1(r) are smooth increasing functions defined on [0 1] satigfyin

i) ho(r) =r — % and hi(r)=1 nearr =1
and

,.2
i) ho(r) = 7 and hi(r)=r nearr =0

Then any point on the regioRy = {(w,z) | hoohy *(|w|) <z < 1/2} can be pre-
sented byz =ho(r), |w| = shi(r) and argw =¢, wheres € [0, 1] is determined
by each point but (0 0) (see Fig. 1).
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12 i'\
ho(r) ﬁ//
Vi

Fig. 1.

Then we can extend” to L x Rq by putting w? = d(c\(r)df + s?u(r)dy). Note
that we have
3

dx Ndy Ndz = %dr/\ds/\dgo

and
ow’ Aw? = {—A4sN' (r)u(r)}dO Ndr Nds Ndep.

Thusow? Aw? > 0 holds even aty, z ) = (0 0). Evidentlfw’ = 0 andw? |kerpa+s) 7
0 hold. It is easy to see thadl(F x D?) is homeomorphic to the connected sum of
some copies of? x St This proves the second half of the theorem.

Step 2 (filling near C x [0, 27]/f). We embedC; x [—e, ¢] x [0, 27]/ f into C?
with coordinate {1, zo) by putting

2P =1+rg(r), argza = (1 — ha(r))b; + g(r)e,
|22 = [z =, and —argzs = (1 — hs(r))0; + (8(r) — D)o

Here hy(r) and h3(r) are smooth functions on-f, €] satisfying

7 7
supplz) = g€ €|, suppls) = | —€, — €|,
8 8
ho(r) =1 nearr =, and h3(r) =1 nearr =—e.
Take the regionR; containing (O 0) and bounded by the image  ®fattove em-
bedding and the two hypersurfaces given |py? = 1 +¢ and |z2]2 = 1 +¢ respectively

(see Fig. 2).
Then we can extend™ to R; by setting

w* = d(|z1]?) A d(argz1) +d(|z2|%) A d(argzy),
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lz2| 4
argzz |

1+e

AN
U

argzy

O 1 V1+e

Fig. 2.

which is equal todf; A dr +2sds ANdy nearr =e (resp.—e) by puttings =|z| (resp.
|za]). This is a symplectic form orR; . Then

(a+B) Aw'ls, = (a+B) A {d0; A dr +rg/()dr A dig}
= {1—r(r+ek)g'(r)}do; Ndr Ndp #0

holds for sufficiently smalk > 0.
Consequently we obtain a symplectic filling

|_|vj><D2 U(LxRo)U<|i|R,-), w*

jed i=1
of the pair (M3, ker( + 3)). This completes the proof. O

4. Further discussions

We obtain the following theorem from our concrete constarctin the above
proof. Let us compare this result with the theory of contidias (see Eliashberg and
Thurston [6] for details).

Theorem 3. Suppose that a closed orient&manifold > admits an open-book
decomposition® satisfying the assumption dfheorem 2 Then there exist foliations
F* with Reeb components a2 which satisfy the following conditions.

1) F¢ is associated withO by inserting Reeb components along the fibred linkKJof
under the following choice of the co-orientatiorhe co-orientation ofF° determined
by dy outside the Reeb components agrees with one determinedi/byn the toral

leaves and one determined by inside them(c = +, —).
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2) F¢ is the limit of smooth deformation of a symplectically filalpositive (resp.
negative contact structure ifr = 1 (resp.7 = —1) (0 = +, —). As a consequengce
F?(o =+, —) satisfy Thurston’s inequality even though they admit Rewhponents.

Since symplectially (semi-)fillable foliations are taut.j without dead end com-
ponents, the abov&* themselves are not fillable. On the other hand, a foliatiotn-wi
out Reeb components satisfies Thurston’s inequality, hewiis still unknown which
other foliations satisfy the inequality in general. QBF satisfy the inequality while
they have “essential” Reeb components, since they are rfits Iof tight contact struc-
tures. Here we say that a Reeb component is essential if weotatiminate it by
the inverse process of turbularization. Such a phenomeres pointed out by Mit-
sumatsu [15] in the case &f3. The convergence into a non-taut foliation is one of
the typical case appearing in Noda's classification [16]egfular projectively Anosov
flows on T2-bundles, but this non-taut foliation has no Reeb companeRecently
Giroux announced that all co-orientable contact strustuwran be constructed by us-
ing Thurston-Winkelnkemper’s construction. Then, togetlwith the following proof
of Theorem 3, it would imply that any co-orientable tight taet structure should be
deforemed into a foliation with essential Reeb componertighvsatisfies Thurston’s
inequality.

Proof of Theorem 3. We use the same notations as in the prodhebrem 2.
Take a functiong : [0, 1] — [0, 1] satisfying¢(x) = 1 for x € [0, 1/4], ¢(x) = 0 for
x €[1/2, 1] and¢’'(x) < O for x € (1/4, 1/2). Put

0 = { o(1—¢(r) = oL —r))dr +7¢(r)dd + ¢(1 —r)de (on N (1))
dy (onT)

and
ny =7+ (1A —1)(ra+p) (r €0, 1]).
Then we have
n Adnf = T {=td/(L—r)+ (1= )/ () Hre@r) + (11— )Ar)}

—{to@ = r)+ @ = () H{td'(r) + A= ON' (1)} |0 A dr Ndy

on N (1). Thus we see thdt)” },cp.1) is @ family of contact forms and* = ker(nf[)

is the required foliations with Reeb components, whose 8ann toral leaves are

given by r = /2. Note that kerf?) is symplectically fillable for any < [0, 1) since

it is isotopic to kerta + 3) by Gray’s stability theorem [9]. This completes the proof.
[
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B1 — By
N~ | |

L |

Fig. 3.

RemARk 4. It seems that the right-handedness of Dehn-twists isngakéor the
symplectic fillability of the positive contact structurerstructed above. We cannot ex-
pect even the tightness when the monodromy map containg-haefled twist in gen-
eral: For example, assume the following four conditions.

1) There is an diskF’(C F) with two holes corresponding t81, Bo(C OF).

2) OF has another connected component tiianand B,.

3) C is a union of two circles,, C, parallel to By, Bo.

4) f is a composition of a right-handed twist alogg and a left-handed twist along
C, (see Fig. 3).

Then we can takeyy satisfying aolor —(s,u8,) = 0. In this case, the positive
and negative contact structures determineddhy + K3 on the solid torus ¥’ x
[0, 271/ f) Uid ((B1 U B2) x D?) have over-twisted meridian disks.

Remark 5. We do not have to assume the disjointness of the twist sutven
many cases. Lef be a right-handed Dehn-twist along a noaratpg simple closed
curve C;. Then we can také&; = 0 in the above proof. In this case, we see that Step
2 is equivalent to attaching a 2-handle along the Legendkizot C; with the same
framing as in the theorem of Eliashberg 8. Thus we can easily generalize Theorem
2 to the case wher€ have intersections as long as each cunaniseparating on
the fibre F . Then we will obtain a Stein fillable contact struetu

In fact, a recent result of Loi and Piergallini [11] says tl@atlosed oriented 3-
manifold M3 can be realized as the oriented boundary of a compact Stefaceu
if and only if M3 admits a positive open-book decomposition. Here we say dhat
open-book decomposition is positive if its monodromy maga ifinite composition of
finitely many right-handed Dehn-twists. The proof of “if” pparelies on the following
facts.

1) M3 admitting a positive open-book also admits another pasitipen-book for
some fibred knotL .
2) The monodromy map of a positive open-book for a fibred khotan be taken as
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the finite composition of right-handed Dehn-twists alongh+separating simple closed
curves.

We are now interested in Dehn-twists along separating sinsfised curves. Let
C; be a curve which separates the fibFe into two surfaBesand F», with F> N
OF = (). Suppose that the monodromy map is the right-handed Deltst-ahong C;.
Then we cannot také; = 0 in the above proof since the volume 6% is positive.
We cannot decide directly whether the contact structurainét in the above proof is
Stein fillable or not, in general.

Fukui [7] completely determined the homotopy type of theolopgical group of
diffeomorphisms preserving a given open-book decommusitiThe homotopy type is
a point, a circle or a 2-torus. The following theorem impltbat, in the case stated in
the theorem, the generators of the fundamental group areseqed by circle actions
preserving not only the open-book decomposition but alsaoitalsly constructed con-
tact form. Note that there is another obvious circle actiotating F in the case where
F is a disk or an annulus.

Theorem 6. In the aboveTheorem 2,assume moreover that each connected
component ofC is parallel to the corresponding componentsf Then we can
choose2 andy, so that there is an effectivg'-action preserving not only the open-
book decomposition but also the contact form + 3.

Proof. We use the same notations as in the proof of Theorem & cavisider
the case wher&€ is connected. We may ori€nt C;=as the boundary of the annular
componentV; of F—intN(C;). Let L, be the corresponding link component. We may
assume that an open neighbourhdgd of V; x R/27rZ admits a coordinated(ry, )
satisfying
1) #=-0;+const andry = —r +const onU; N N(Cy),

2) rp=r+const onU;NN(3/2) and
3) 0 is an extension of the coordinate functiéndefined onN (32).

Choosea such thataly, = S\(rl)de for some functionﬂ(rl) depending only omr.
Then the requireds*-action is given by the following transformations forx R/27Z.

1) @ @+ton ((F— N(C1)— V1) x (R/27Z)) Uid (L — L1) x D?).
2) pr @+t andf— 0+t on (intVy x (R/272)) U (L1 x D?).
3) p— e+t andf; — 0; —tg(r) on N(C1) x [0, 27]/ f.
Then we see that thi§!-action preserves the contact forra + 3.
We can prove the theorem in the other case similarly. This ehd proof. O
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