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1. Introduction

Iy
2
U

Let G be a group with lower central series G=G,2G,2G;=2--
G,.12:+, and define

Wi(G) = 2 Sp(Gi/Gi)

where > runs over all non-negative integers a,, a,, ***, 4, such that >)ia;=n,
and Sp*(G;/G;4,) is the a;-th symmetric power of the abelian group G;/Gy;.
Let I(G) be the augmentation ideal of G in ZG. We denote by Q,(G) the
additive groups I"(G)/I"*(G) for n=1. Some results are known about the
structure of Q,(G).

It is well known that Q,(G)=W,(G) for any group G. G. Losey [3]
proved that Q,(G)=W,(G) for any finitely generated ‘group G. Tahara [6], [7]
proved that Q;(G)=W,(G)/R¥ and Q,(G)=W(G)/R¥ hold for any finite group
G, where R and R¥ are precisely determined subgroups of W3(G) and W, (G).
Furthermore Sandling and Tahara [5] proved that Q,(G)=W,(G) (n=1) if
G;/G;,, is free abelian for any ¢/ =1.

Let p be a prime number. In the first half of this paper we restrict our
attention to groups of exponent p, and prove that

Qn(G) = Wn(G)/Rn+1 (ng 1) ’

where R,., is a precisely determined subgroup of W,(G) (Theorem 8). As
its corollaries we have a well known result 1), and a new result 2) as follows:
1) D,(G)=G, for any such group G, where D,(G) is the n-th dimension
subgroup of G (Corollary 9).
2) Let G be a finite group with lower central series

G - Gl;Gz;"';G;;G‘H.I = 1 .

If this series is an N,-series then Q,(G)=W,(G) for n<<p (Remark 12).
In the latter half we prove that Q,(G)=W,(G) if the lower central series
of G is an N,-series (Theorem 13). Furthermore we construct a subgroup
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R,., of W,,(G) for which Q,,(G)=W,.,(G)/R,., holds if the lower central
series of G is an N,-series (Theorem 14). As for dimension subgroup problem,
we will show that D,(G)=G, for all =1, if the lower central series of G is
an N,-series (Theorem 15).

2. Notations and definitions

Let G be a finite p-group of order p”, and let  be a fixed finite IV,-series
G=H 2H,2---2H,2H,,=1,

that is [H;, H]<H,,; for all 7, j=1, and H?<H,, for all {=1. The series
9 defines a weight function w of G in the usual way; w(g)=? if ge H;—H,,,,
wo(g)=oc if g=1. Conditions of N,-series imply that w([g, &])=w(g)+w(k)
for all g, hEeG, and w(g?)=pw(g) for all geG. Since each factor H;/H,,,

is an elementary abelian p-group, we can put
t; = rank (H;[/H;,,)), i=12-c.
We fix an ordered uniqueness basis @ for G;
© = {1, 1, ey 5}, () Salw) < - Sl -
Let A, be the Z-linear span in ZG of all the elements

(a—1(g—1) - (g—1), Do(g)=n.
Then
I(G) = A\2A,2+- 27,2

is a series of ideals of ZG with the property that A;A;S A, ; for all 7, j=1.
This filtration determines a family of ZG-modules Q,(9)=A,/A,4, for all
n=1. These modules are called the augmentation quotients of G relative to 9.

A proper sequence av=(aty, oy, +++, @,,) is an ordered m-tuple of non-negative
integers «;; @ is basic if 0=a;<p for all . The weight of a=(a,, ay, ***, Ay)
is W(a)=2] w(*;)et;. Let A, be the set of all proper sequences of weight #.
Corresponding to each proper (basic) sequence a=(a;, @, -+, @,), we have the
proper (basic) product

P(a) = (,—1)"(a,—1)% +-- (x,,—1)™.
We define i,=max {i: a;=%0} if a=(a, ay, -+, @,)+0=(0, 0, :-+, 0) and Z,=1.
We set W,(9)=>] }_é)Sp"f(H,-/H,-“), where > runs over all non-negative inte-

gers a,, d, -+, a, such that >3 ia,=n, and Sp%(H;/H,,,) is the a;-th symmetric
power of the abelian group H;/H;,,. Define m,(n) to be the least non-negative
integer such that W(a)+m,(n)(p—1)w(x:,) =n.
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G. Losey and N. Losey [3] proved the following:
Lemma 1. For any n=1, A, has a free Z-basis
B, = {p"s™P(a): a=0 basic} .

3. The structure of Q,(9) and its applications

In this section we deal only with groups of exponent p. Let G be a finite
p-group of order p™ with exponent p. Then any N-series ©: G=H,2H,2--
2H,2H,,,=1is an N -series.

DErINITION 2.
1) Define the p-sequences of numbers {af}io, {@ai}i=o, **-. @b~} i=0 as
follows:

al 1 ad 0
as 0 al 1
@ 7o | 7o
ab™? 0 a?} 0
and
a.,)y (0 0.0 0 al
a.l 10 0.0 —(11)) al
a|=|0 1 —@) ai
: .0 : :
: 0 : :
afzi] |0 1 —(,24) et
for k=1.

Note that the next identity holds for any x& G of order p and for any non-
negative integer #:

(x—1)" = a3+ 14+-ap(x—1)+ - +ab(x—1)?1

2) Let a=(a; a5 *+, a,,) be a proper sequence and B=(8;, By ***, Bm)
be a basic sequence. We define the integer C¥ as CE=afiafz---afm.

We can express P(a) as a Z-linear combination of basic products by the
following:

Lemma 3. Let a=(ay, o, ***, Q,,) be a proper sequence with W(a)=n, then
1) P@=, 3 CEP@),
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2) p™™|CE for any basic sequence [3,
3) if ais basic then CE=0 if and only if B=a.
Proof. Expand each (x;—1)% as in Definition 2. Then we have

P(a) = (3—1)"s (= 1) (,— 1)

p-1 p-1 -1
= {3 ali(e— 1P 3 ali(e— 1)} { 3] a2a(ra— 1))
-1

= a2 _oaggagg...aﬁg(xl_1)ﬂ1(x2_1)52,,,(xm__l)pm
W ey

— 3 CEPR).

B : basic

Thus 1) is obtained. Since {p"s™P(B)|B=0: basic} is a basis system of
A,, P(a) is uniquely expressed as a Z-linear combination of p"s™P(B) with
B0 basic. On the other hand {P(B)|B: basic} is a basis system of ZG. So
P(«) is uniquely expressed as a Z-linear combination of P(B), 8 basic. Then
uniqueness of coefficients implies that p7s®|C% for all basic sequence (.
3) is trivial from 1).

DreriNiTION 4. Let a be a proper sequence with W(a)=n. For any
basic sequence B, we put DE=CE/pms™<Z. Therefore

Pla)= 33 DEpsP(g).
Note that D§=1 if @ is a basic sequence with W(B)=1.

Lemma 5 (Passi and Vermani [4]). Let p be a prime number and H=<a)
be a cyclic group of order p™. Then

P a— 1)V = (1)) pmrr(q_ 1) mod JCH-D+I(H)
for all r=0.
Corollary 6. Let x&D, then
(s— 1y 0-1=(—1)p(r—1) mod Aggyosance
for all r=0.
Proof. We set m=1 in Lemma 5, then we have
(—1)eDE=DH= (1) peHY (1) mod T+HDG-DHE( i)
for all »=0. This trivially holds for r=—1. Then we have

(x—1y@=¥1=(—1yp' (x—1) mod I'®-Y*3(x>)  for r=0.
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Since I'®*V*%((xd)=(x—1)®"V*2Z{x>, we have I"®*D**xD)S Ayp-piduta-
So the result follows.

Lemma 7. .
1) W,(D) is an elementary abelian p-group of order p’, where r=2)I1X
i=1
(a,-—|— t"_l), and > runs over all non-negative integers a,, a,,-++, a, such

that 3%, ia;=n.

a, (42} Oy
2) Regard WD) as wvector space over Z|pZ, then {Qx,Q%X;  Q&,,:
aceA,} is a basis system of W(D), where

o; Uiy
—A— e A e
"'@x,-V'°'Vx,~Vx.-+1V“'in+1@"'
a a Qm ifa)(x,) = a)(x,'+1) y
x,Q %, o« YR, =+
D05, O . o
...@xi\/...in®xi+1\/...\/xi+l@...
if w(x;)<oo(%;41)

and &;=x;H ;)1
Proof. Easy to prove.

For convenience we write x; instead of %;. Let a={(a,, ay, ***, a,,)F0
be a basic sequence. Then we call & to be regular for n if W(a)+m,(n)(p—1)
X co(x;m)=n.

Theorem 8. Let R,,, be the submodule of W,(D) generated by the elements
of the form

o e B By Big-1 Bigtmg(n)(p—1)
Ou@rOra— 3 DA @ g @

B : regular for n

where a=(ay, ty, **+, A,,) runs over all elements of A,. Then A,|/A,., is isomorphic
to W, (D)/R,, for alln=1.

Proof. We shall divide the proof in the following four steps.

Step 1. We define a homomorphism +r, from A, to W,(9)/R,; which
is defined on the basis of A,. Let a=(ay, o, ***, a,) be a basic sequence with
W(a)=1. Then

P(a) = (2,—1)"1(w,—1)%2(2; .1 — 1)“"a‘1(x,-w-— 1)% .

Define the image of p"#™P(a) under -, as follows:
1) If a is regular for n then
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a a Q-1 @i+ ma(n)(p—1)
Va(p"a"P(a1)) = (—1)""Qx,Qatz QD ;-1 V) Xy Ry -

2) If a is not regular for # then
V(P P(at)) = R, -

Then we shall show that ,(A,;)=R,,, and hence v, induces a homo-
morphism ¥ from A,/A,,; to W,(D)/R,...

It suffices to prove it on the Z-basis of A,,,. Let p"s**VP(a)EB,,,.
By the definition of m,(n) we have m,(n) <m,(n+1)<my(n)+1. If m,(n+1)=
my(n) then a is not regular for n since W(a)+-my(n)(p—1)w(x;,) =W (a)+
my(n+1)(p—1)w(x;,)=n+1. 'Therefore by the definition of 4/, we have

V(" VP()) = Yra(p" P P(@)) = Ry -
If m,(n+1)=my(n)+1 then
wn(pmm(n+1)P(a)) = P\I,-”(p'”a(”)P(a)) = Rn+1 ’

since W,(9) is an elementary abelian p-group. So the result follows.
Step 2. We define a linear transformation ¢, from W,(9) to A,/A,4,

o, o Oy
as follows: By Lemma 7 {@xléxz---@xm; ac4,} is a basis system of
W,(9). Note that G. Losey and N. Losey proved that A,/A,,; is an ele-

ay [22] Ay
mentary abelian p-group. Define the image of Qx,Qx,---Qx,, under ¢, as
the element

(xl_' 1)"1(x2_ 1)%' : '(xm— 1)mm+An+1 ’

and extend it Z/pZ-linearly.

Then we shall show that ¢,(R,+1)=A,:1, S0 ¢, induces a homomorphism
¢¥ from W,(9)/R,i1 to Au/Aypy.  Let a=(ay, oy, +++, a,,) be a proper sequence
with W(a)=n. Then

a, a

o1 OO 3 DAy,

B : regular for n
Big-s  Bigtmgn)(p—1)
Q@ Xig-1 Q@ Xig
= (0, —1)"(0,— 1)+ (x,, —1)*™— 33 DE(—1)"s"(w;—1)s(x,—1)P

B : regular for n
...(xiﬁ_l_l)ﬂiﬂ—l(xis_l)ﬂ;B+m5(n)(p—1)+An+l
=,z D:Pmym(xl_1)y1(x2_1)72"’(xiy—1_1)7"7_1(‘”:'1—1)7"1

v : basic
— 3 DA 1y 1) 1)

B : regular for n

(11— 1)5‘5_1("'55_ 1P e,
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= 21 Dim—1)s(x,— 1)z (x

B : regular for n

_ l)ﬂiB-I {Pmﬂ(”)(xiﬂ_ 1)5:‘3

iﬂ—l
__(_l)mﬁ(n)(xiﬂ__1)Bn‘ﬁ+m5(n)(ﬁ—l)} +A”+1 .
By Corollary 6 we have

Pmﬂ(u)(xiﬁ_ l)p"ﬁ—~ (_ l)mﬁ(”)(xiﬂ_ 1)5iﬂ+mﬂ(")(ﬁ‘1) = A{ﬂ;ﬂ+ mﬁ(n)(p—1)+ 1}w(x.‘ﬂ) .
Therefore

(xl___ 1)51(x2_ 1)32. . (xiﬁ-1_ 1)ﬂi5—1 {Pmﬂ(”)(xip‘“ 1)#;3_(_ 1)mﬂ(n)(xiﬂ__ l)ﬂ.-B+mﬂ(n)(P—1)}

belongs to A,, where r=W/(8)+mg(n)(p— l)co(x,-ﬂ)-}—co(x,- ﬂ) =n+1. Thus we have

¢n(éx16x2"°§xm_ P Dﬁ(— l)mﬁ(”)éxlé%xz

B : regular for n
Big-1 Big+mgn)(p—1)
V) Xig-1 Q xiﬂ) = Api1 -
Consequently we have ¢,(R,;;)=A,4;, and so ¢, induces a homomorphism ¢F
from W,(9)/R,.; to A, (A,
Step 3. We shall prove that Jr¥op}¥ is the identity map on W,(D)/R, -

o a Oy
Since W,(9)/R,,, is generated by {@xléxz---@xm+Rn+1: acsA,}, it suffices
to prove

a, oy Ay o Qg Ay
‘I"f°¢n*(@x1@xz“'@xm+Rn+1) = Qu,Qx; - Q%+ R, 11

for ény acAd, Let a=(a, a, -+, a,) be a proper sequence with W(a)=n,
namely e 4,. Then we have

Yo H QD Dty Ry
= w:‘k((xl—l)al(xz——1)“2---(xm_1)“m+A”+1)
=Y 2 DEpme(x,—1)Pr(x,—1) 2

B : regular for »n

(31— 1)P87 (s — 1) A1)

B B
= 31 DE(—1)mQu

B : regular for »n
Big-1 ﬁ.-B+mg(n)(p—1)
Q Xig-1 Q xiB+Rn+l

a; g

am
= @xl@xz' Q%+ R,y -

Step 4. Finally we shall prove that ¢¥oyrj¥ is the identity map on A,/A, ;.
Since A,[A,4; is generated by {p"«™P(a)+A,4;|a: regular for n}, it suffices
to prove
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Gx oY (pmaP(a)+-Apta) = pmoP(@)+Api

for such an . Let a=(a,, a,, -+, &,) be a sequence regular for n. Then we
have

¥ oYk (pma™ (e, — 1) "1ty — 1)+ (3, — 1) a7, — 1) Yot A1)
a a iy -1 ;i +my(n)(p—1)
= ¢pF((—=1)""Qx,Qx,+ O Xiy-1 Q xi¢+Rn+1)
— (_ l)ma(n)(xl_ l)al(xz_ 1)¢2"'(xiw—1— l)di‘”—l(xi“_ 1)¢i¢+M¢(ﬂ)(P—1)+A”+1

= pa(x,— 1) ™ (o0, — 1) %20+~ (2, — 1)“’«"(x,~a— 1%+ Ay

by using Corollary 6.
Step 1~Step 4 imply that A,/A,,=W,(D)/R,, for all n=>1.

Corollary 9 (P.M. Cohn [1]). Let G be a group of prime exponent p. Let
{H,} be an N-series for G and {A;} the canonical filtration of I(G) relative to
{H;}. Then D(A,)=H, for all n=1.

Proof. We prove it by induction on z. By standard reduction argu-
ments we may assume that H,,,=1, D(A,)=H, and G is finite. Define the
homomorphism f from H, to A,/A,.; by f(x)=(x—1)4+A,+;. Then D(A, )=
ker f. Let xH, be an element of D(A,,;). Write x as x=T] x5 (0=¢;<p)
using elements of uniqueness basis of weight #. Then f(x)=2¢;(x;—1)+A,4,
and ¥(f(x)=23 ¢;x;4+R,,;. Since f(x)=A,.;, 2)¢;x; can be expressed as
a Z-linear combination of generators of R,,;. But the elements of uniqueness
basis of weight # do not appear in the generators of R,,;. We shall prove it.
If an element of uniqueness basis of weight # is in the generators of R,,;, there
must exist some proper sequence &= (0, -+, 0, 1, 0, ---, 0) of weight n such
that *

B B Pigma Big+mgn)(p—1)
Xp— P Dﬁ(—l)’”ﬁ(")@xl@xz--- W) Xig-1 Q xip:‘:()-
B : regular for »n
Now « is a basic sequence, so by Lemma 3 D80 if and only if 8=«. Trivial-
ly m4(n)=0 and D3=1, so
Big-1 Big+mg(n)(p—1)
Xp— P Dg(_l)mﬁ(")é%&xz’" é Xig—1 ’ @ x,=0.
B : regular for n B B
Thus any element of uniqueness basis of weight » does not appear in the gen-
erators of R,,;. If some ¢;%=0, 2] ¢;x; is not able to be expressed as a Z-linear
combination of generators of R,.,. This implies ¢;=0 for all j, and x=TJ x5
=1. Therefore the result follows. !

Passi and Vermani [4] proved the following
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Theorem 10. Let M=Zm®D ZmD - BZym r= Min |m;—m;| and

1Si<isk

k>1. Then I'(G)[I"*(G)=Sp"(G) if and only if n< p+r(p—1).

As a special case of this result we have that if G is an elementary abelian
p-group of order=p* then I'(G)/I"*(G)=Sp"(G) if and only if n<p. Our
method is available for non-abelian p-group of exponent p and we have a simi-
lar result as follows.

Corollary 11. Let G be a finite p-group of exponment p with N-series 9:
G=H,2H,2--2H,2H,,,=1 with |H\/H,| =p*. Then A, [\, =W,9) if
and only if n=< p.

Proof. Let ®={x,, x,, --*, x,,} be the uniqueness basis for G relative to
9. By Theorem 8 A,/A,.;=W,(9D)/R,;;- We shall prove that R,,,=0 for
n=p and R,,,+0 for n>p.

Case 1. n<p.
Let a=(a,;, o, -+, a,,) be a proper sequence of weight n. Then « is a

basic sequence. By Lemma 3, D850 if and only if B=a. Trivially m,(n)=0
and D;=1. These conditions imply that

a Ay By B2
O Ora 3 fopﬂ(— 1y
+m5(n)(i> 1)
é xxﬂ 1 xiﬁ = 0 .
Therefore R,,,=0 for n< p.
Case 2. n=p.
Let a=(a,, o, -+, a,,) be a proper sequence of weight p. If o is a basic
sequence it follows as above that

ay o [ B1 B2
Q@ Qx— 23 DY(—=1)"ePQx, Qs
B : regular for p
.31'5—1 ﬂiﬂ‘l‘m,g(P)(P_'l)
) Xig-1 W) Xig = 0.

If « is not a basic sequence then « has the form a=(0, -+, 0, p, 0, :-+, 0) for
j

some j and w(x;)=1. CE=al1.--afi-1a8iafi+1---afn=0 implies B;%0 and B,=0

(k#j). Let B, be a basic sequence of the form B,=(0, ---, 0, 1, 0, ---, 0). If
j

B is any basic sequence different from B,, then C5=0 or B is not regular for

p. Clearly mg (p)=1 and Dfo=aj/p=—1. Therefore

74 By B /9"3-1 ﬂfﬁ""”ﬁ(ﬁ)(ﬁ—'l)
Qx;— = DE(— 1" QD Q Xiger Q i, = 0.

B : regular for p

Thus we have R,,,=0.
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Case 3. n>p.
Since |H,/H,| = p% there exists a proper sequence a=(rn—1, 1, 0, ---, 0)
in 4A,. If CE=af1,a82afs---af»=0 for a basic sequence 8=(B,, B, ***, Bm), then
=1 and B3;=RB,=+-=B,=0. Moreover if 8=(8,, 1,0, -+, 0) is regular
for n, then

B1  Batmg(n)(p— 1) By n—p, n—1
Qx, (W) =Qx Q %+ QxVr,,

since By<p=mn—1. Thus
1965-1 /955+mp(”)(P_1)

n—1 B B
QuVe— 3 DY-1)mOQuQrr @ xgn Q@

B : regular for n

n—1 By n—5
=Q % Vi,— M DE(—1)"s"Qx; Q x,7%+0,

B : regular for n

and hence R,,;%0 for all n>p. Therefore the result follows.

ReEMARK 12. When we determine the structure of Q,(9) (n<p) for an
N,-series ©: G=H,2H,2---2H,2H,,,=1, we may assume that H,=1.
So we may assume that G has exponent p. Then by Corollary 11 we have
0.(9)=W,(®) (n<p) for any N,-series of a finite p-group G. (It is easy to
see R,,H—-O forn<p if H|H,is a cychc group of order p.)

4. The structure of A, /A,., and A, /A, ,,

In the previous section we proved that A,[A,.;==W,(9) holds for n<p
and for any N,-series  of the finite p-group G. In this section we determine
the structure of A,/A,,, and A,/A, s

Theorem 13. Let G be a finite p-group with N,-series O, and {A;} its
canonical filtration of I(G) with respect to ©. Then A,[A,., is isomorphic to

Wy(9)-

Proof. The proof is similar to that of Theorem 8. Since {p"s™P(a)
+ A, la: regular for p} is a basis system of the vector space A,/A,.;, we can
define a linear transformation r: A,/A,.,—W,(9D) as follows: Let a be a
regular sequence for p. Then pme™P(q) is either p(x;—1) with o(x;)=1,

b
or P(a) with W(a)=p. We define to be Y(p(x;—1)+A,i1)=—Qx;+x% and

a X2 Am
P(P@) + Aper) = ¥ (11— 1)* (% — 1)+ (1, — 1) + A ) = Q21,2+ D,
Next we define a linear transformation ¢: W,(9)—A,/A,4; by just the same
way as ¢, which we defined in Step 2 of the proof of Theorem 8. Then we
can easily show that Y and ¢y are the identity maps on W,(9) and A,/A,,
respectively, and hence A,/A,.,==W,(9D).
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Theorem 14. Let G be a finite p-group with N,-series D={H,}, {A;} its
canonical filtration of I(G) with respect to O and &= {x,, x,, -+, x,.} its uniqueness
basis. Then A,.i[A,y, s isomorphic to W,.(D)/R,., where R,., is generated by
the elements

y2d p
x2,Qx;—Qwx; V xj—x,Qxl4-x, Qx84 [x?, x;], i<j and w(x;) = w(x;)=1.

Proof. Tahara [6] proved that As/A,=W(9)/R¥ holds for any N-series
9 of the finite group G, where R¥ is the submodule of Wy(9) generated by the
elements

Zgg(d( ))@ %y \V &y j— ( (]))xh@xl’_l_ x1,®xd(’)

() %,; Q&) ) D 57 40
<
( ){ 11® } d( )[x xl]] z ]
The case p=2 of Theorem 14 is directly obtained by this Theorem. Let p
be an odd prime We shall divide the proof in the following 4 steps.
Step 1. B, ={p"s®*P(a)|a¢=0: basic} is classified into following three
subsets a)~c), and we define a homomorphism +r from A,4; to W,.((D)/R,4, as

follows:
a) p(x;—1)(x;—1), = j and o(x;)=w(x;)=1,

2
Y(p(x—1)(x;— 1)) =—2,Qx;+x, Qx5+ R,
b) P(a)=(x—1)"(x,— 1)+ (x,,— 1), W(a)=p+1,
ay 223 A
‘I"(P(a))z@%@xz“'@xm+Rp+za
c) pme**DP(a), a not regular for p+1, Y(pma?*VP(ar))=R,,.
Then in the same way as in Step 1 of the proof of Theorem 8, we can easily
show Yr(A,+z)=R,., and hence Y induces the homomorphism Y*; A,1/Ap—>

Wysi(D)/Rysz:
Step 2. We define a linear transformation ¢ from W, (D) to A,wi/Ayy,

by defining it on the basis of W,.,(9) as follows:

S Dr Dy F) = (11— 1)t 1) Gt — 1)+ A1

where a=(ay, ay, ***, ) E4,,,. Then we shall prove that ¢(R,.;)=A,,, and
¢ induces the linear transformation ¢* from W, (D)/Ryiz2 t0 Appi/Apis
Since

(2;—1)P(x;—1) = 2( )(x—l)"(x — 1)+ (x2—1)(x;—1)
and
(b —1)(x;—1) = (o;— 1)(wb— 1)+ ([}, 2;]— 1)+, — 1)([#4, ;] —1)
(ot —1)([x4, #,]—1)+(o;— 1)(af —1)([%%, x;]—1),
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we have
¢’(xiéxj'—éxivxj_xi®x§+xj®x€+[x{"’ x;])
= (o, — 1) (o0, — 12— (o, — 1)P(oc;— 1) — (o, — 1)(%f—1)
+(x;— 1)t —1)+([x}, x;]—1)+Apso
= =S (46— 0+ (4 )11+ Ayes
= Aps -

Thus ¢(R,.,)=A,, and ¢* is induced.

Step 3. We shall prove that ¢*oyr* is the identity map on A,.i/A,4,.
It suffices to prove it on {p"s®*VP(a)+ A,.,|a: regular for p+1}. If
pra?IP(a)=p(x;—1)(x;—1) with i=<j and o(*;)=o(x;)=1, then

y/4
¥ o (p(a;—1)(%;— 1)+ Apsz) = ¢*(—x: Q%+, Qxf+R,12)
= —(@;—1)(%;— 1?4 (2, — 1) (22— 1)+ A,
—59( 2 Ym—1)(x,— 1) +-A
=5 (8 )e—De—10 -+,
= p(x;—1)(%;— 1)+ Apsz .
If pma*DP(a) = (%,—1)"1(x,—1)%--- (x,,—1)* where a=(a, a5, &) and
W(a)=p-+1, then
¥ o *((r—1)"1(a,— 1)+ (0 — 1)+ Api)
= ¢*(©x1@xz‘“@xm+Rp+2)
= (o, —1)"1(0,— 1)+ (0, — 1)+ A,y

Now our assertion is proved.
Step 4. Finally we shall show that *o¢* is the identity map on
Wy ii(D)/Ryi2e  Let a=(ay, atz, -+, Ay)EA,,;. Clearly a has one of the fol-

lowing 4 forms:
a) a=(0,-,0,p+1,0, -, 0) and w(x;)=1,

b) a=(0,--,0,p,0,-,0,1,0,--,0) and o(x;)=w(x;)=1,
c) a=(0,--,0,1,0,-,0,p,0,--,0)and o(x;)=o(x;)=1,
d) a=(a;, ay -+, a,), a basic and W(a)=p+1.
Let a=(ay, o, -*+, a,,) be a proper sequence of type a). Since
el p
(xi_l)p+l+Ap+2 = (xz*l){*Z;( k )(x;_l)k‘i‘(xf_l)} + Apre
= —pi— 1)+ (x— 1)@ —1)+Apsz,
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we have

p+1
Y*op*(Q #:i+Rpiz) = v*(xi— 1"+ Ap0)
= PH(—p(x;— 1)+ (o, — 1) (¥ — 1)+ Ap10)

p+1

=Q xi—xi®x€+xi®x?+Rp+2
p+1

=Q xi+Rp+2 .

Let o be a proper sequence of type b). Then

?
\!f‘*°¢*(@xi\/xj+Rp+z) = \!"*((xi—l)p(xj~l)+Ap+2)
= PH*(—p(e;—1)(x;— 1)+ (xf—1) (%, — 1)+ Ap)
?
= x,Qx;,—x;,Qx3+x,Qxt+[x}, x,]4+ R,
?
= Qx;Vx;+R,, .

Let o be a proper sequence of type ¢). Then

o (0 Rys) = YH(xi— 1)t — 1P+ Apss)
— (1) — 1) (= 1) 1)+ A ps)

b
= 2;Q%;+ Ry .
Let a be a basic sequence of type d). Then

\P*°¢*(§x1§xz’ ) '6xm+Rp+2)
= ¥*((0—1)"(2;— 1)%- - (2 — 1)+ Ay 15)

a Qaz Ay

= @xl@xz“‘@xm+Rp+2 .
Step 1~Step 4 imply that A,y/A, ;== W,1(D)/Rpus

Using Theorem 14 we can easily show that D(A,.,)=H,,, for any N,-
series of the finite p-group G. But we can get more powerful result as follows.

Theorem 15. Let G be a finite p-group with N,-series O={H,}, and
{A;} its canonical filtration of I(G) with respect to ©. Then D(A,)=H, for
alln=1.

Proof. We prove it by induction on zn. We may assume D(A,)=H,,
and H,,;=1. We fix an ordered uniqueness basis ®={x;, &,, ***, %, V1, ***, Vs |
(%) L 0(%,) < - So(%y)<n, o(y)=w(y)="=0(y,)=n} for G. Let x&H,
be an element of D(A,,;). Write x as x=]] y% (0=¢;<p). Then
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x—1=Tyyp—1= T {p—D+1}—1

- n{z( 2o

j

B (pJor e
1(3’1—1)+ ++¢,(y,—1)+higher terms .

Note that each (yl—b-l)”l(yz——1)"2~--(ys—1)ks is basic product. As x—1 belongs
to A,41, ¥—1 is expressed as a Z-linear combination of p"s**DP(a) w0 basic.
Write x—1 as follows:

x—1= 2 a,pmVP(a) (a,EZ).

@ : basic

Let B; be a basic sequence such that P(8;)=(y;,—1). By uniqueness of coef-
ficients we have ag,p"#i Ak =c; for all j. Since mg(n+1)=1, ¢; is a multiple
of p. This gives ¢;=0 for all J» because 0=c¢;<p. So x—Hy,f_ . Thus
we have D(A,)= H,,+1

RemArk 16. Corollary 9 is also obtained from this theorem.
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