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1. Introduction

This paper is concerned with well-posedness of abstract nonlinear differential
equations of the form

{Muu(l‘)+Au(t)+AGG*Aut(l‘)+AGf(u)(t)=7(u)(t); £>0

(1.1) u(0)=uo; u0)=wu

under the following assumptions :

(12) If A: D(A)CH—H is a closed, linear, positive self-adjoint operator
acting on the Hilbert space H, then A denotes its realization as an
operator : D(A2)—[D(A?)].

(1.3) Let V be another Hilbert space such that

DA CVCHC V' C[D(AM)],

all injections being continuous and dense. We assume that MEL(V ;
V') and (Mu, u)=alul% where (,) is understood here as a duality pairing
between V and V’. Hence M'€L(V’, V). As is well known, setting M
= M|, the restriction of M on H with O(M)={u< V ; Mu< H}, we have
V=32 (M"?).

(1.4) Let U be another Hilbert space with scalar product denoted by <:, +> .
We assume that the bounded linear operator G : U—H satisfies A?GE
£(U; H). Hence, GFAEL(D(A?); U).

(1.5) The nonlinear bounded operator F : D(AY*)— V" is assumed to be
Fréchet differentiable and its Fréchet derivative, denoted by D7, satisfies

IDF (u)hlv< C(lul)l2ll, where | 2l=]2]D(A*?)

(1.6) The nonlinear bounded operator £ : D(A"?)— U is Fréchet differentiable
and its Fréchet derivative Df satisfies

(®Partially supported by the National Science Foundation Grant NSF DMS-9204338.



722 A. FAVINI and 1. LASIECKA

|DF () hlw < C(l D] 2.

Here and throughout this paper, C(|«|) denotes a generic function which is
bounded for bounded values of the argument | z||. Equations of the type (1.1) can
be considered as abstract models of second order (in time) nonlinear problems with
nonlinear boundary conditions (see [10] and [28] for the treatment of linear
equations). In fact, the composition operator AG : U—[D(A"?)]’ (whose domain
as U— H typically contains only the “zero” element) represents various boundary
operators (see section 4). A distinctive feature of our problem is that the nonlinear
“boundary” operator M ™' AGf is not Lipschitz on a basic space on which the
evalution is defined (i.e.: V). Examples motivating the above framework are
equations of nonlinear elasticity with nonlinear boundary conditions. They
include : nonlinear wave equations, von Kdarmén plate equations, nonlinear Euler-
Bernoulli and Kirchoff plate equations, etc. To fix our attention, we shall present
three nonlinear plate equations exemplifying the abstract model (1.1).}

I. Nonlinear Euler-Bernoulli plate model with nonlinear boundary conditions
(LT watNu=g( [ |Vuld@)Au in @x(0, T),

with the boundary conditions

u|lr=0, on I'x(0, T)

(1.8) Auz—%uﬁ-f(u, Vu) on I'x(0, T)

and the initial conditions
(1.9)  u(0)=uc H}(Q)NH* ), u:(0)=uE LARQ)

Here £2 is an open, bounded domain in R* with “smooth” (say C*) boundary I
The operator f is a substitution operator (Nemytskii operator) represented by a C'
function with a polynomial growth. The real valued function g C'(R) satisfies
g(s)s=0, sER. Equation (1.7) describes nonlinear vibrations of the plate. Its
special case where g is linear is often referred to as “Berger’s approximation” (see

[29).

II. Von Kirman plate model with nonlinear boundary conditions
(1.10) e — yAue +AN2u=[F(u), u] in 2%X(0, T), QCR?

with the boundary conditions

!Other examples can be provided as well.
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u=0 on I'x(0, T)
(1.11)

Au=—7ay—ut+ F(u, ue, V) on I'x(0, T),

and the initial conditions

(1.12) u(0)=1wuo; u:(0)=1w:

Here, the nonlinear operator F(z) (Airy stress function) is defined by
AN F(u)=—[u, u] in 2

(1.13) {

_dF _
F= 5 =0 on I’
where [¢,¢] = ¢xx¢yy + ¢xx¢yy - 2‘/’xy¢xy-
We shall consider two cases in the model (1.10): (i) y>0, i.e. when rotational
forces are accounted for, and (ii) y=0.

III. Parallely connected plates

We consider a system of two plates which are connected (via springs) at the
boundary. This leads to the following system of plate equations, with nonlinear
coupled boundary conditions.

(a 14) {yu-l-Azy:[F(y), y] in .QX(O, T),
: we+ A w=[F(w), w] in 2x(0, T),

with the boundary conditions on I"' X (0, 7T°)

y=w=0
(1.15) Ay= ~a—‘1yt+f1(V(y— w), y—w)
sz—g—iwﬂrfz(v(w—y), y—w)
and the initial conditions in 2
¥(0)=yo, y:(0)=w1,
(L.16) {w(0)=u)o, w¢(0)=1w.

Here F(y)(resp. F(w)) are Airy’s stress functions defined as in (1.13). One could
also consider the same models with other types of boundary conditions (moments
and shears, etc.).

The nonlinear Euler-Bernoulli equation (1.7) and von Karman equation (1.10)
are well known elastic models describing nonlinear vibrations of plates. These
equation, when accompanied by homogeneous boundary conditions (i.e. the terms
on the right hand side of (1.10) (resp. (1.11)) are equal to zero) have been studied
extensively in the literature with several results related to the existence and unique-
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ness of solutions available in [18], [33], [7], [11], [29], [36], etc. Recent
developments in boundary stabilization theory for elastic systems (see [18] and
references therein) have brought to focus models with nonhomogeneous feedback
boundary conditions (physically they represent forces, shears, moments applied on
the edge or portion thereof of a plate). This, of course, raises the questions of
well-posedness and regularity of the solutions to such models. While there are
results dealing with well-posedness and regularity issues for linear equations
(linear waves, plates) with either (i) linear boundary feedback (see [18], [21], [28],
and references therein), or else (ii) nonlinear but monotone boundary feedbacks
(see [22]), very few results are available in the nonlinear and non monotone cases,
as considered in this paper. Indeed, the only results known to the authors are in
the case of one dimensional von Karman systems (see [23]).

We note that the main technical difficulties of the problem at the abstract level
stem from two reasons:

(1) the presence of the unbounded operator AG in model (1.1) which does not
admit a nontrivial realization from U to the basic space H,
(i1) lack of smoothing effects of the original dynamics such as it occurs in

“parabolic problems” (see for instance (5], [13]), where the smoothing character
of the underlying evolution “makes up” for the unboundedness of the nonlinear
terms.

With reference to the abstract equation (1.1), the main contribution of this
paper is twofold :
(1) to provide a theory of well-posedness (existence and uniqueness) for
nonlinear equations, with nonlinearities which are neither monotone nor locally
Lipschitz (Theorems 2.1, 2.4), where known results and methods for studying
abstract nonlinear equations (see for instance [3], [4], [19], [9], [32], [34], [24],
etc.) are not applicable ;
(i) to provide a regularity theory which includes, in particular, existence of
classical solutions (Theorems 2.2, 2.3). We note that our results are new even in
the context of linear problems with linear, but nonhomogeneous, boundary condi-
tions (i.e. when f in (1.1) is affine)

The abstract results are then applied (in Section 4), to several specific problems
arising in nonlinear elasticity (Problems I-III above). Here again, the results
obtained in the context of these particular equations are new in the literature. We
illustrate this point, more specifically, in the case of the von Karman system
(1.10)-(1.13). In this instance, the results available in the literature (see e.g. [19],
(7], [17], [33]) deal mostly with well-posedness and regularity for problems with
zero boundary conditions. While some of the well-posedness results for problems
with nonhomogeneous, but /inear boundary conditions can be obtained by extend-
ing the techniques available for zero boundary conditions (see [18]), the presence
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of nonlinearities in the boundary conditions raises much more delicate questions
(it is here where the presence of the boundary damping—the term AGG* Awu:—
may be critical). The well-posedness results of Theorems 4.1, 4.2, 4.5, 4.7 provide
an answer to this problem. Moreover, in the case of the van Karman plate with y
=0, the result of Theorem 4.5 is new even in the case of zero boundary conditions.
Indeed, the question of uniqueness of weak solutions for this model has been an
open problem in the literature (see [19], [18]).

Regarding the issue of regularity of solutions, Theorems 4.3, 4.4, 4.6 extend to
the case of nonlinear boundary conditions those available for the case of zero
boundary conditions (see [17], [8], [35]) with proofs which are considerable
simpler (see Remark 4.5). We conclude by pointing out the relevance of these
regularity results to other problems in the literature. Available stabilization
estimates such as those of the main Theorem in [18] refer to postulated classical
solutions to von Karman systems with l/inear but nonhomogeneous (i.e.: 7 in
(1.11) is linear) boundary conditions. On the other hand, the existence of such
classical solutions has been an open problem in the literature. The result of
Theorem 4.6 provides precisely the existence of classical solutions, and hence fully
justifies the contribution in [18].

The outline of the paper is as follows. In section 2 we formulate the results
pertinent to the existence and regularity of local and global solutions to the
abstract model (1.1). The proofs of these results are given in section 3. Section 4
deals with applications of the abstract theory to the specific model of the von
Karman plate equation (1.10)-(1.13) and to the nonlinear Euler-Bernoulli equation
(1.7)-(1.9). In Section 4.1 (under additional structural hypothesis on the function
7 ), we prove the existence and uniqueness of local and global weak solutions to
(1.10)-(1.13), with >0, in the space C([0, T]; [H*(2)N Hi(2)]x H3(2)).
Moreover, under additional assumptions on regularity and compatibility of initial
conditions, we prove that these weak solutions are, in fact, classical solutions i.e.
ueC(0, T]; HY(R)) and uz=C([0, T]; H*(Q)). To our knowledge, this
result is original and new, as all other results available in the literature deal either
with homogeneous linear boundary conditions (see for instance [19], [7], [33]
and references therein), or if the boundary conditions are nonlinear, the problem
is treated in the one dimensional case only (see [23])(i.e. dim 2=1). In subsection
4.2 we treat the von Kdarman model with y=0. Here, the existence and uniqueness
of solutions is established in the space C([0, T]; H*(R)X Lx(R2)). It should be
noted that the uniqueness result for this model is new even in the case of homogene-
ous boundary conditions (see [19], [20]). Finally, section 4.3 deals with applica-
tions of the abstract theory to the nonlinear Euler-Bernoulli model (1.7)-(1.9)
where the existence and uniqueness of weak solutions in the space c(o, T1;
H*(2)x Lx(£)) is proved. Here, again, to our best knowledge, the results are new.
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Other works available in the literature on this topic consider either one-
dimensional models or problems with homogeneous boundary conditions (see for
instance [11], [36], [31]).

2. Statement of the main results

We treat the equation

@) {Mutt(t)+Au(t~)+BAGG*Aut(t)-I-AGf(u(t)):?(u(t)),t>0
: u(0)=uED(AY"), u(0)=wEV

under the assumptions (1.2)-(1.6) where 8 is a positive constant.

DEFINITION 2.1 We say that the function #(#)=(u(t), u.(t)) is a strong
solution to (2.1) on [0, T]iff #€C([0, T1; D(A?)X D(AY?)), uncs C([0, T1;
V), #(0)=(uo, u1) and relation (2.1) holds for all /&[0, T] in the sense of the
[D(AY?)]-topology.

In order to define weak solutions to problem (2.1), we first define weak
solutions to the following nonhomogeneous linear problem

55 {Mutt(t)-i-Au(t)—F,BAGG*Au:(t)Z—AGf—i—? :
(22) u(0)=1wuo; %:(0)=1s.

where f (resp F) are given elements in Li(0, T ; U)(resp. L:(0, T ; V")).

DEFINITION 2.2. We say that the function #Z € C([0, T]; D(AY)X V) is a
weak solution to (2.2) iff there exists a sequence of functions /xEL.(0, T ; U), F
L0, T; V') and corresponding strong solutions #a(t) of (2.2) such that
f—f in L0, T; U), F,—F in L0, T; V') and #.— % in C(0, T];
D(AMX V). O

DEFINITION 2.3. We say that the function #E€ C([0, T]; D(AY)X V) is a
weak solution to (2.1) iff 0 is a weak solution to the nonhomogeneous problem
(2.2) with f=F(«) and F=F (). [J

Theorem 2.1. (local existence). For each initial data (uo, u1)ED(AY?) X V,
there exists To>0 such that problem (2.1) has a unique weak solution (u(t),
u:«(t)) on (0, To). Moreover,

To
(2.3) £ |G* Aue(8)|3dt < Crop| 2ol 21| v)

and the weak solution #(t) satisfies
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(2.4) %(Mut(t), @)+ (Au(t), ¢)+BLG*Aut), G*Ap>+<f(u(t)), G*Ap>
=(F (u(t), ¢)
for all p€D(AY?), where the above equality holds in H™(0, To). []

Theorem 2.2 (regularity) Assume that the initial data (uo, u:) satisfy

(23)  wEDA"):
2.6) A(uo+BGG*Aur+ Gf(uo))E V.

Moreover, assume that

@7 () 1A"*DF (w)hkla< C(lul)lhlv;
(ii) |A**GDf () hlu < C(lul)l|2lv+|G* ARl o).

Then the solution to (2.1) is strong on [0, To). Moreover,
(2.8)  A(u+pBGG*Au.+Gf(u)€C([0, To]; V),
and (2.4) holds for all t€[0, To] and € D(AY?). [

REMARK 2.1. In the linear case (when =0 and F =0), the result of Theorem
2.1 can be obtained by using variational techniques as, for example, in [32]. Also,
if F+0 but still /=0, a combination of the variational approach with a contrac-
tion argument would lead to the result. What makes this problem more interesting
is the presence of the nonlinear term represented by the function f. In fact, in this
case, the result depends critically on the strict positivity of the constant. The reason
for this is that, in general, the regularity of the “undamped” linear model is not
sufficient to control the “boundary” terms AG f(u). [J

In order to obtain more regular solutions, additional hypotheses on the
nonlinear term need to be imposed.

Theorem 2.3 (regularity revisited). In addition to the assumptions of
Theorem 2.2, we assume that f=0 and F is twice Fréchet differentiable
D(AY)—-V'. Moreover, we assume that

29) MeL(H; D(A);
(2.10) F(w)EH ;

(2.11a) u+BGG*AumED(A);
(2.11b) A(—wm+ BGG* AM [ A(uo+ BGG* Aur)— F (u) NE V.

Then,

2.12) u.cC(0, To]; D(A™);
(2.13) umEC([O, TO]; V),
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514 {g(uwGG*Aut)—?(u)e c(o, To]; H),
@1 VA + BGC* Aue) ~ DF (wure C([0, T}, V) ;

Finally, Mu:(t)+ A(u(t)+BGG* Aus(t))—F (u(t))=0 for all t=0, where the
above equation holds in H. [

To obtain global solutions, we need to impose some structural conditions on
the functions f and F.

Theorem 2.4. (global existence). In addition to the assumptions of Theorem
2.1 we assume that for all & =(u, u:)< C([0, To); D(AY®)X V) and such that
G*Au: € L:(0, Ty; U), the following inequalities hold for all t<[0, To]

@15) [ (F@@), udeNdr= G [ W@+l ilde+ Collual, lal)=Co;
(2.16) —[;t<f(u(r)), G*Au(7)>dr< Co.

Then, the weak solution (u(t), u:(¢)) of Theorem 2.1 is global on [0, T'] for any
T>0. UJ

3. Proofs of Theorems 2.1-2.4

3.1. Preliminary Lemmas
We define a linear operator

A KK, K=D(AP)XV :

ul —v )
G ﬂ[v}:[M“A(qu,BGG*Av)] '
D(A)={(u, v)ED(AV)X D(A"); Alu+pGG*Av)E V')

Proposition 3.1. The operator . generates a Co-semigroup of contractions
on J6 which we denote by e "'

Proof. It is rather standard and based on the application of the Lumer-Phillips
Theorem (see [30}). It suffices to show that # is maximal monotone.
Step 1. . is monotone. Indeed, with # =(u, v)ED(A) we have

(4 (u, v) (u, V)x=—(A"u, A"0)+(M(A(u+BGG*Au)), v)v
=—(Au, v)+(A(u+ BGG*Av), v)=p|G*Av|5=0.
Step 2. & is maximal monotone. By Minty’s Theorem (see [3]) it suffices to prove
that there exists a solution (%, v)ED(A) to the following equations

Au—v=g

(3.2) {/ierM“A[qu,BGG*Av]:h with A>0 and gED(4™),  hEV
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System (3.2) reduces to
(3.3)  Au+tAMu+ BAGG* Au=AMg+ Mh+ BAGG*Age[D(AY?)].

The operator A is maximal monotene and coercive (A% —[D(AY?)]’. The sum
of two operators A2M+ABAGG*A is continuous and monotone D(AY?)—
[D(AY?)). Hence (see [3]) A+A2M+BAGG*A : D(AY)—[D(A)] is maxi-
mal monotone and coercive, hence boundedly invertible. This implies that there
exists < D(A"?), solution to (3.3), and from (3.2) we obtain that v=Au —gE
D(AY).  Going back to the second equation in (3.2) we infer that
M A(u+BGG*Av)|=h—AvE V, hence A(u+ BGG*Av)E V' as desired. W

We now consider linear part of equation (2.1)
(3 4) {Mutt+Au+34GG*Au¢=0
: u(0)=uED(A"); u:(0)=w<sV.

Corollary 3.1.
(i) For each (uo, u)ED(A) there exists a unique strong solution to (3.4).
(ii) For each (uo, u)ED(AY?)X V there exists a unique weak solution to
(3.4). Moreover, the weak solution @ =(u, u.) satisfies the estimate

t
(3.5) l|G*Aut(t)|%,dtsﬁ[umuzﬂullﬂ.

Proof. All the statements except (3.5) follow from Proposition 3.1 combined
with standard results in linear semigroup theory (see [3]). To prove (3.5) we
consider first strong solutions #n(#) corresponding to the initial data (#o,, %1,)E
D(4), such that ue,— o in D(AY?) and u,—u1 in V. Since #a(t) is a strong

solution, each term in equation (3.4) is a continuous fllnction on [0, T'] with the
values in [D(AY?)]. Hence for all £>0 and ¢=D(AY?),

(Mune(t), $)+(Aun(t), $)+B(G* Aun(t), G*Ap)=0.
Setting ¢ = un(t)ED(A"?) yields

t
(36 lund OBt lun(OF+28 [[16* Arnd2)lode =t P+ ot
Similarly, we obtain
2

Hence

(3.8) @i in C([0, T1; DA%V,
(3.9) G*Aun:—n(] in Lz(o, T; U)



730 A. FAVINI and 1. LASIECKA
From (3.8) and the regularity G*AY2€ £(H ; U) we infer that

(3.10) G*Aun—G*Au in C([0, T]: U) and —d‘ft—G*Auﬁ%G*Au in
H0, T: U).

By the uniqueness of the strong limit we must have that g=—;’—tG*AuE
L0, T; U) and

G.11) G*Aunt—»%G*Au in L0, T: U)

On the other hand we also have from (3.8) #n—u: in HY0, T: D(A")), and
since G¥*A"*e £ (H ; U)

(3.12) G*Aun— G*Au, in H 0, T ; U).
Comparing (3.11) with (3.12) yields g=G*Au: and
(3.13) G*Aun— G*Au: on Lx(0, T ; U).
Passage to the limit on (3.6) after taking into account (3.8) and (3.13) yields (3.5).
n
We introduce the following operators :
B:U—-[D(A*)], where D(A*)CHC[D(A¥)],

(3.14) ﬁgE[M—IOAGg]'

Notice that

“1p7-1
(3.15) Jd—‘ﬁg=[‘4 MO AGg]E]@.

L L0, T; UC(0, T]; [D(4*)]) defined by
(3.16) (Lo)t)= [ ‘e Bg(s)ds.

The following regularity result plays a crucial role in the proof of Theorem 2.1.

Lemma 3.1. The operator £ defined by (3.16) admits a bounded extension
from L0, T ; U—C(0, T]; %).

Proof. From (3.15) and (3.16) it follows that & 'LEL(L:(0, T ; U)—
C([0, T1; 7). Hence (see [15]) & is closeable. It is straightforward to verify (see
[26]) that H3(0, T ; U)CD(L), which implies that £ is densely defined. Thus,
by using the duality argument of [26], it suffices to prove that
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T
(3.17) /0. |B*e T #|4dt < Crl| #|% for # =(u, v)ED(A*)TD(AY?) X D(AM?).

Here <B*v, ¢>=(v, Bg)x for g€ U, vED(A*) and (+, *)x denotes the duality
pairing in D (A*)X[D(A*)]'. Straghtforward computations show that with (2, v)
ED(A*), then Z(¢)=(z2(¢), —z:(¢))=e“*"“(u, v) is characterized as a strong
solution to

Mzo+ Az+ BAGG* Azi =0
(3.18) {z(O)= u, 2:(0)=—v.

Notice that (u, v)ED(A*) is equivalent to (%, —v)ED(A). Thus
zeC([0, T1; D(A™), z2€C([0, T1; D(A™) and 2z« C(([0, T]; V).
Applying inequality (3.5) to (3.18) yields

(3.19) ﬁ T|G*Azt|2udts%[lluuwlvlzv].

On the other hand with (%, v)ED(A*)CD(AY?) X D(AY?), we have
<, B “P=(B, [ “]x=(U"AGg, v)s=(AGo, v)=(Go, Av)=(g, G*Av>.
|
Hence with (%, v)ED(A*)CTD(AY?) x D(A?)
*| U _ ~x
(3.20) B [U] G*Av.
Combining (3.18)-(3.20) yields the desired inequality in (3.17). W

REMARK 3.1. Notice that inequality (3.17) or—equivalently— the result of
Lemma 3.1 does not follow from the regularity properties of the solutions provided
by the semigroup theory. (3.17) is an independent regularity result which critically
relies on the assumption that #>0. In fact, it can be shown, in a number of pde
examples, that the “trace regularity” property (3.17) is not valid if =0 (see [27]).

Our next step is to obtain regularity properties of the solution to the non-
homogeneous problem (2.2)

Lemma 3.2
(i) For every (f, F)€H{0, T; UXV’) and u(0)ED(A) there exists a
unique strong solution to problem (2.2).
(i) For each (f, F)EL.(0, T; UXV’), @#(0)E 5, there exists a unique
weak solution to problem (2.2). Moreover, this weak solution #(t) is represented
by the following formula
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321) @()=(LA)+(LF)t)+e * %(0), where £ is defined by (3.16) and

(iii) Weak solutions to the problem (2.2) satisfy the following inequalities :

T
(3.22) f |G*Aut(t)|zudl‘SCTp "Zl0||2+lu1|%/+ |f|2L(0 T U)+|-7|2L(0 T; V’)]
e (1) +||u(t)||2+2,6’/ |G*Au.(s))3 a’s+2/ <f(s), G*Au(s)>ds

(323) =2 [(F(5), wls))ds <+

Proof. Notice that with f€ H$(0, T ; U), (off)(t) o?f[ ](t) Hence,
by the result of Lemma 3.1 and (3.15)

d

(3.24) 4

——LEL(HN0, T; U); C(0, T]; %).

Assuming also that FE€H{(0, T ; V’), we obtain (of\?)(t) Z[ ](t)

and

d

(3.25) -

=L L(HN0, T; V); C(0, T1; %))

By using (3.24), (3.25) and Proposition 3.1 along with standard semigroup argu-
ments, one easily shows that strong solutions to problerm (2.2) are given by the
formula (3.21). This proves part (i) of Lemma 3.2. To obtain weak solutions of
part (ii), it is just enough to recall the boundedness of the opetator &£ :
L0, T; U)—C(0, T]; %) (Lemma 3.1) and of the operator £ : Li(0, T ;
V' )y-C([0, T]; %). As for part (iii) of the Lemma, it suffices to establish
inequalities (3.22) and (3.23) for strong solutions and then, by the same arguments
as those in Corollary 3.1, to pass to the limit. Let #(#)=(u(%), u:(¢)) be the
strong solution to (2.2). Then ux<C([0, T1; V), u.€C([0, T];D(A"?)), and
G*Au.=C([0, T]; U). Thus, #(¢) satisfies

(326) (Muw(t), #)+(Au(t), ¢)+BG*Au(t), G*Ap>=—<f(¢), G*A¢>
+(F (), )

for all € D(AY?) and t=0. Thus, setting ¢=u.(¢) and integrating (3.26) from
0 to ¢ (as in Corollary 3.1) yields inequality (3.23). From (3.23) we obtain

D+l +28 [ 16* Aud e <2 [[17(2)lol G* AudD)lude
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vl we(O)vdr + || ol* + | 201|%.

+2 17 (o)

Hence
327) uOb+lu(OF+ [16* Au(D)ledr< Gy [ 17(Dlhde
+ [17@)

Zh(l')lvdl"i’ ” uo||2+[u1|%/.

.
By using Lemma A-5 in [4] we obtain
t
v < Calfluio 7.0 [ 1F (Dl +lewll+ aal,

which inequality together with (3.27) leads to the desired result in (3.22) for strong
solutions. Passage to the limit along the same arguments as in Corollary 3.1 proves
these estimates for weak solutions (here, careful attention must be paid—as in
Corollary 3.1—in passing to the limit on the term G*Au:, since this term is not
bounded for # = C([0, T]; #) and G*A is typically unclosable).

3.2. Proof of Theorem 2.1
To prove this Theorem, we shall construct a fixed point for the map #—A(#%)
where

(328) (A#@)t)=e “ ot L))+ LF (u)(t).

Let Bk denote a closed ball in /4 with a radius R. We shall show that /1 admits
the unique fixed point in the closed subspace C([0, To]; Bxz) for sufficiently large
R and sufficiently small 7. To accomplish this, we need to prove that / is a
contraction and that

(3.29) A(C([0, Tv]; Be)CC([0, To]; Bs).

The contraction property of /1 follows now from Lemma 3.1 and the following
computations.

(£ f(ur)— L f(u2))(#) %< Cﬂ/:|f(u1(s))-f(uz(s))[?jds, by assumption (1.6)
(3.30) <Cs(R) A t|| u1(s) — ua(8)|Pds < Co(R) t| i1 — #oleqo 11, -

Similarly, using hypothesis (1.5) and the boundedness £ : Li(0, T'; V')—C([0,
T]; %) we obtain

(331 (LF (u)(£) = LF A= C [ 17 (als)— F (el
< C(R) [ le(s) ~ als)lds < CR)H 1= @k
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Thus, for a given R, we select a sufficiently small To(R) so that A is a contraction.
To prove (3.29) it is enough to take R large enough (depending on the initial data
#o) and to perform computations similar to these in (3.30), (3.31). Application of
the Fixed Point Theorem yields the existence of weak solutions. To complete the
proof of Theorem 2.1 we need to justify the validity of inequality (2.3). To do this
we shall use the result of Lemma 3.2. Indeed, since for all weak solutions by
assumption (1.5), (1.6) we have

|f(u)|Lz(0, TR ES Cro,p(lluoll, |u1|V) >
|F ()|, 7, v) < Crollluaoll, |2l v),

we are in a position to apply inequality (3.22) of Lemma 3.2. This yields the result
in (2.3). Derivation of (2.4) is now straightforward, via the usual semigroup
argument (see [30] or [3]). W

3.3. Proof of Theorem 2.2

By using the regularity properties (2.7) and (2.3) one easily shows that 2=
(derivative in the sense of distributions)) with #- weak solution guaranteed by
Theorem 2.1 satisfies the equation

(332) z()=e*z (0)+[e_“('_”[M-ID?O(wut(s)
in [D(4*)],

Z(0)=—« ﬁo*l’[M—l;(uo)]+[—M_112Gf(u0):|'

]ds-i—&f(Df(u)uz)(t)

Properties (2.7) and (2.3) are used to assert that the weak solutions O satisfy

633 47 yrip | ECW, Tl 1);
(3.34) ﬂ_lDf(u)utELz(O, To ;U).

These regularity properties allow us to compute 2 =% in [D(A4*)] as in (3.32).
In view of (3.32), to prove Theorem 2.2 it suffices to show that the following
integral equation in the variable Z=(z, z:)

(3.35) 2(t>=e"“5<O>+fote‘”“_”[M-lm(Ou(s»z(s)}ds

+L(Df(u(+))2(+))(2)

admits a unique solution in C([0, T']; #) for any Z(0)E7 and fixed #-weak
solution to (2.1). Indeed, assuming for the present the solvability of (3.35), we
easily check that a unique solution Z(t) of (3.35) with

(336) Z2(0)=—4 ﬁ°+[M“;(uo)]—[M“AOGf(uo)]'



SECOND ORDER ABSTRACT EQUATIONS 735

U
=[—M‘1[A(uo+ BGG* Aur+ GFf (uo)) — 7(uo)]]

is precisely the solution of (3.32), hence it coincides with # =(u., u«)E C([0, To];
J6). To claim this, we use hypotheses (2.5) and (2.6) which give

M A(uo+ BCC* Awr+ GF(wo))IEV, M F(u)E V, € D(AM).

Hence, by (3.36), Z(0)E%. Thus, to complete the proof of the Theorem, we need
to prove the solvability of (3.35) in C([0, T']; #) with z(0)EJ. To this end,
notice first that for a fixed « € C([0, To] ; #), equation (3.35) is linear in Z. Thus,
provided that the appropriate Lipschitz continuity of the terms in (3.35) (3.3) (in
the variable 2Z') holds, we are in a position to use the Contraction Mapping
Principle. This is first done locally on C([0, 71]; J) where 71K T and then, by
linearity, extended globally for all #E[0, Ti]. The afore-mentioned Lipschitz
continuity follows from the following estimates

(3.37) |M7'DF (w)[z21— z]lv < C(|ul))] 21— 2,
(3.38) |Df(u)(z1—2)|v < C(llul)] 21— 2.

By Lemma 3.1 and (3.38)

(3.39) | L(Df(w)) (21— 22) 0, 11 0 < CrlTlDf(u(t))(zl —22)(8)|%dt
< CT(”u“cao, T1; D(A™) T||21 —Zzuzcao. T]; D(A™).

Similarly the operator

(‘flz)(t)E/o‘te_ﬂtﬂ)[M“D?’(Ou(s))z(s)]ds

satisfies the Lipschitz condition
(3.40) lf (21— 22)|C([o, M eo<C T[" uuc([o. T); D(AW»] TH21 - 22“ (o, T); D(A2)-

The bounds in (3.39), (3.40) allow application of the Contraction Mapping
Principle on C([0, T1]; D(AY?)), where T is sufficiently small and depends on
the norms of the initial data and C([0, T']; %) norm of the weak solution # ().
This completes the proof of the existence of strong solutions. Relation (2.8) in
Theorem 2.2 can be directly read off from the equation. W

3.4. Proof of Theorem 2.3

Having already solutions u(t) with regularity as in Theorem 2.2, we
differentiate once more formula (3.32) (with respect to time). This leads us to the
following equation in the variable Z =(us, usu).

(341) Z(t)=e™ E(O)+[ed“_S)[M“Dj(zu)uu(S)}ds
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t —A(t—s) 0 i
+£ € [M“Dz?(u)(ut, ut)_ds'

where

Z(O)E“d[ﬂ To— [M‘I;(uo)]] * :M'ID;(uo)ul]'

Notice that since u«& c(o, To]; V), u.cC(0, To]; D(AY?)) and for a fixed
useD(AY), D*F(u) is a bilinear continuous transformation

(3.42) DAY X D(AVD)— V'

(see [1] p.21, Theorem 4.3), all the terms on the RHS of (3.41) are elements in
C([0, To]; [D(4*)]). What we need to prove is that

(3.43) ze ([0, To); ).

Rewriting (3.41) as an integral equation yields

(G44) Z(t)=e 'z (°)+[e_ﬂ(m)[M‘lD;(u)z(s)]ds

+f te“”(“)[M—lpzy(uO)(ut, ut)(s)}ds'

Define

0= [ s o (s, )

From (3.42) and the regularity of € C([0, Tv]; D(AY?)), we obtain
D*F (u)(ue,u)€C([0, To]; V), hence

(3.45) a<=C([0, To]; #).
The regularity of the initial data o, 21 postulated by (2.9)-(2.11) implies that
(3.46) z(0)ex.
Returning to (3.44) we obtain
(347) Z(H)=e* 2(0)+L1(2(-))(t)+a(t)

where we recall that &£, is defined in the formula below (3.39)). By using estimate
(3.40), the regularity in (3.45), and (3.46), we easily show (as in Theorem 2.2) that
the linear equation (3.47) has a unique global solution on C([0, To]; #). This
completes the proof of regularity in (2.12), (2.13). The remaining statement of the
Theorem follows directly from the equation and the regularity of «.. W
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3.5. Proof of Theorem 2.4
To prove the Theorem it suffices to establish the following a-priori bound.

Lemma 3.3. Let #=(u, u:) be a weak solution to (2.1). Assume the
hypotheses of Theorem 2.4. Then
le(Ol+lud)ly < Clluol, learlv), for t<To.
Proof. We shall use the result of Lemma 3.2 with
F()=1(u(t)), F(t)=F (u(2)).

Since € C([0, Tv); D(AY?)), by the assumptions imposed on f and F (see (1.5)
and (1.6)), we obtain

|#lco. 7; < Cro(luoll 5 |ealv),
|F |, 70 v» < Crolll ol 5 |2alv).

Thus, we are in a position to apply inequality (3.23) of Lemma 3.2. This yields
t t
Ol +28 [ 1G* Audlids+2 [ (F(uls)), G*Auls)ds

(3.48) 2
9 / (F(u(s)), uels))ds < uolP+ |l

From inequality (2.3) in Theorem 2.1 we conclude that hypotheses (2.15), (2.16) of
Theorem 2.4 are applicable to weak solutions (u, u:). Hence, from (3.48) and
(2.15), (2.16) we infer that

(3.49)  ue )3+ u(I?<|wol®+|2al5+ Cfot(lut(r)l"’vwL lee(2)?)dz, t < To.

Application of Gronwall’s inequality to (3.49) completes the proof of Lemma 3.3.
|

4. Examples motivating the abstract theory

4.1 von Kiarmain plate model accounting for rotational forces (i.e. 7>0)

Let 2 be an open bounded domain in R* with sufficiently smooth boundary
I" and let the parameter y >0. We consider the following model of a dynamic von
Karman plate in the variable u(¢, x)

4.1)  ww—yDuw+ANu=[F(u), u] in 2x(0, T)
with initial conditions
42 u(0)=ucsH (Q)NH}(Q), u:(0)=wu€ Hiy(Q) in Q,

and boundary conditions
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u|r=0
4.3) {A o= _Bayu‘+f< u(t, x)) on I'x(0, T).

The nonlinear operator F : H*(2)— H*Q) is defined by

A F(u)=—[u,u] in 2,
(4.4) {

F=2—gonr;
with [T, ¢1=Tudn+ Updax—2Tndr. Here FSCYR) is assumed to be
polynomially bounded i.e.

| 7/(s)|< C[1+]s|?] for 0<p< o : sER.

The constants 3 and y are strictly positive.

REMARK 4.1. One could also consider the von Karman plate equation with
boundary conditions different than in (4.3), (for instance clamped or hinged
boundary conditions). Since the technicalities are similar to those in (4.3), we shall
concentrate only on the latter. Also, one may consider a more general structure of
the operator f, for instance, f (#, Vu, u:) subject to an analogous growth
condition as above. Since this level of generality does not introduce new (conce-

ptual) difficulties, for simplicity of exposition we take f(a—iu)

Von Karman plate equations have attracted considerable attention in the past.
However, to the authors’ best knowledge the results on well-posedness available in
the literature for two dimensional problems deal with the case when the boundary
conditions are homogeneous, i.e. the right hand side of (4.3) is equal to zero (see
[7], [91,[32]). In fact, in [19], an existence and uniqueness result for the
homogeneous (on the boundary) problem was established, by using Faedo-
Gelerkin method. The problem becomes more difficult when the boundary condi-
tions are nonlinear and nonmonotone (as they often arise in boundary stabilization
problems, see [18]). In this case, the existing techniques (see [19]) are not
applicable. The reason for this is that in order to “handle” the nonlinear term on

the boundary, f(—(%u) the regularity of the solutions of the homogeneous von

Kédrman plate is not sufficient (this precludes the use of standard perturbation or
approximation techniques). On the other hand, as we shall see below, the results
on well-posedness (and regularity) will follow from the abstract theory presented
in section 2. To accomplish this, we need to put problem (4.1) into the abstract
framework. We introduce the following spaces and operators

H=L2(Q); V:Hol(.Q); UZLz(F).
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Ap: Li(2)DD(Ap)—L2(RQ) defined by
Apu=—Au; usD(Ap)=H Q)N H{(Q),
D: Ly(I')— L) given by: Dg=v iff Av=0 in L and v|r=g.

We set

A=A} hence A’=Ap; D(AY®)=HXQ)NHHRQ) and
lell=|Apul=|A%|r 0, u%i) (Ap), M=(I+ yAp), hence
Me£(HN(RQ); H'(R)) and |uli=|M"*ul*=(I—yA)u,u)=|uliwo+ 7IVuliio.

G=Ap'D, hence AV*G=ApAs'DE (U ; H).

From [28] we also have

(4.5) G*Au=D*ADu=—a—iu|r for u=D(Abp).
4.6) F(u)=[F(u), u] where A°F(u)=[—u, u] in 2

F=0in T, %—F=o onT.
v

@n 0= 7(9)
Notice that by (4.5), (4.7)

(4.8) a—iut= —G*Au: and
@9 F(Lu)=F(-cran=fw)

With the above notation, it is known (see [6]) that the abstract form of equation
(4.1) becomes precisely equation (2.1). Thus, in order to apply the results of
Section 2, we need to verify hypotheses (1.2)-(1.6). Notice that hypotheses (1.2)-(1.
4) follow directly from the definitions of the operators. As for hypothesis (1.5), we
must show that

4.10) F: H(Q)NH}(QL)-H Q)

is Fréchet differentiable. This will be done by using arguments similar to those in
[19] or [18]. We first prove that the operator F is bounded. Let u€ H*(Q2)N
H}(2). Then

(4.11) L2, 6]l L0 < Cluliro.

Since Li(Q)CH"%(Q), (see [1]) from elliptic regularity combined with explicit
representations of fractional powers of elliptic operator (see [14]), we obtain that

(4.12) | F(20)| s+ =< Clulira, hence |[F(u), ulln«o=<C|ulire and, in particular
(4.13) |F ()| 52 < Cluline

which proves the boundedness of . To compute the Fréchet derivative of 7, we
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introduce the operator :

(4.14) Aou=A*u in Q; u=%=0 on I

Then, F(u) can be written explicitly in terms of the solution operator of (4.14) as
F(u)=—As"u, u] and F(u)=—[As"[u, ul, ul.
It is now straightforward to verify that
4.15) DF(uw)h=—[Ac'u, ul, h]—2[Ac'[u, &), u].
By using the same arguments as above (i.e. (4.11)-(4.13)), one easily shows that
|DF (w) hluvor < Clulimo| hlme
as desired for (4.10). It remains to verify (1.6). From (4.8) and (4.9), f(u)=

7 (a_iu) Since %ex(HZ(Q); H' (")), and (see [1])

(4.16) HYA(I")C Lypsi(I") for any 0< p< o,

by using the well known result (see [2]) according which the substitution operator
generated by functions with polynomally bounded derivatives is differentiable from
Lopsi(I")—= Lo(I"), we arrive at (1.6). Thus, we are in a position to apply Theorem
2.1, which specialized to our situation gives :

Theorem 4.1. (local existence). For any uo€ H*(Q)NHi(RQ), un€ Hi(RQ),
there exists a unique solution (u, u.) to (4.1)-(4.4) such that

4.17) usC([0, To]; HX(2)N H}(RQ)),
4.18) u.€C([0, Tol; Hi(Q)),

(4.19) a—iutELz(O, To; Lo(IN)), for some T0>0.
REMARK 4.2. Notice that the boundary regularity in (4.19) does not follow
from the interior regularity in (4.17)-(4.18). It is an additional regularity result.

O

We shall now turn to the question of global existence of the solutions to (4.1)-(5
4). At this point we need to assume some structural condition on the function f.
We shall make the following hypothesis

(4.20) 7 (s)s<0 for SER.

Theorem 4.2 (global existence). Under the additional hypothesis (4.20), the
solutions to (4.1)-(4.3) are global.
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Proof. It suffices to verify hypotheses (2.15), (2.16) and to apply the result of
Theorem 2.4. To accomplish this, we first note that (see [16])

(4.21) ([ v, ¢], f)Lz(.Q):([f7 ¢], w)mz):([qf, f], ¢)Lz(!2)
for all &, ¢, fEH Q)N Hs(R). With v, ».€C([0, T1; H*(Q)N HR)), using
(4.21) and A’Fy=—[y, y] and %§=F=0 on I’

[[Fvae= [F(y) Vyd@= [ [y, vIF)de=7 -2y, yDF(»)de

1
=1 [ 4 R F()d=—L-L AR () o

Hence, by (4.12)

t
422 [(FO), yuodr=—FAFGO)io+HAFGO) o< ClyO)i.

From (4.13) it follows that
(4.23) [(F ), V)l < Clylira|vlme.

The inequality in (4.22) can be extended to all y&€ C([0, T]; H*(Q)N H(2)) and
v:€C([0, T]; H(RQ)); this proves (2.15) withCi=0. As for (2.16), we write with

fl(S)E‘/O‘sf(T)dTSO:

_/t<f(y(z')), aiyt > ndr=— / < f( ) aa Ve > ndt

_/ dr/ A ( Y )df dr= / fi (‘*W))df f Fi (——y(o»dr
by (4.20), (4.16) and the Trace Theorem

T < C(|9(0)| 1))

HYI) ™

<l 2y, = Oz

which proves the desired inequality in (2.16). W

We finally turn to the question of the rf_:gularity of solutions to (4.1)-(4.3). To
simplify the exposition, we shall assume f =0 (this restriction is, of course, not
essential at the regularity level).

Theorem 4.3 (regularity). Assume that f =0 and that the initial data u,
u1 satisfy

(4.24) wEHAQR)NHI(L), uos H*(2)N Hs(R2),
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(4.25) Auo|r= —,Baiyul.
Then, the global solution (u, u.) to (4.1)-(4.3) guaranteed by Theorem 4.2 enjoys

the following regularity properties :

ueC([0, T]; H}(Q)NHIL)); u.€C(0, T]; H(Q)NHI(K));
US C([O, T]; HOI(Q))

Proof. It suffices to verify hypotheses (2.5)-(2.7) and to apply Theorem 2.2.
Hypothesis (2.5) is satisfied by virtue of (4.24). As for (2.6), we note that in our case
this is equivalent to

(4.26) A(uo—BAB‘Da—im)eH“(Q),

or in PDE form to:

Nues H Q) ;

uolr=0;
Auolr: - Biul
av
Thus, if ueE H*(2) N H}(R), tuE H*(2) and (4.25) holds, then o, %1 comply with
(4.26), and hence with (2.6). Finally, hypothesis (2.7) follows from the following

estimates. For any € HA Q)N HHRQ), h€ H}(R), and € D(A)CT HY(R), since
Flu)e H* ()N H Q) we have

I([As e, ul, K], )| =|(F(w), ¢], h)rio| <|Almol[F (%), ¢lluio
< C|hlawo| F(20)|i-«o| Bl

and by (4.12)
4.27) < Clhlmolulire| lio.
Similarly, by [14]

(4.28) |([Ad'[u, k), ul, )l =|[%, ¢], As'[u, k])L
£|[u, ¢]|H""‘(!2)|A0_l[u: h]|Hs"<m$|u|H*<Q>|A0_3/4+m[u, h]le(Q)|¢|H’(Q)-

On the other hand, we have
I(Let, k], O)riol=I[u, ¥, B)r|<| ¥l ulmol bl
Hence, using again [14],
(429) 1A "[u, ]| iar < Clul | ko
Combining (4.28) with (4.29) yields
(4.30) |([Ao'[u,h]),u), )0l < Clulime| hlmo| ¢l
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The estimate in part (i) of (2.7) follows now from (4.15), (4.27) and (4.30). As for
part (ii), this is a consequence of (4.9) and Sobolev’s imbedding H"*(I")C L(I").
Thus, we are in a position to apply Theorem 2.2 which yields

431) u.C(0, T]; H(Q)NHI(L), uasC([0, T]; Hi(R)),

and
(4.32) A(u—BAlea—iut>€ c(o, T1; H(Q)),

which in PDE version is equivalent to
AusC([0, T]; H(Q)),
ulr:(),

(4.33) 5
Au=~p~-ucC(0, T1; H'XI)).

Using standard elliptic estimates [25], we obtain from (4.33) that
4.39) u=C([0, T]; H(Q)),
which together with (4.31) completes the proof of Theorem 4.3. W

Our final result shows that if we assume more smoothness on the initial data,
the solutions to (4.1) are classical. Indeed,

Theorem 4.4. (regularity revisited-classical solutions). In addition to the
assumptions of Theorem 4.3, we assume that

(4.35) wEH (Q), i€ H(Q)N Hi(2),
(436) Awlr=2H{Aus—F (uo)] on T

Then,

437 u.€C([0, T]; H(Q)),
(4.38) uw<sC([0, T]; Hs(2)),
4.39) usC(o, T]; HY(Q))

Proof. It suffices to verify conditions (2.9)-(2.11) and to apply the result of
Theorem 2.3. Since M=1+yA'2, (2.9) is trivially satisfied. Conditions (4.35), (4.
36) imposed on the initial data o, u: imply (after straightforward verification) that
(2.10)-(2.11) hold true. Thus, to apply the result of Theorem 2.3, we need to verify
that F is twice differentiable : H%(2)N H3(2)—H (2). Indeed, straightforward
computations yield

(4.40) D*F(u)(h, v)=[DF(u)h, v]+[D*F(u)(h, v), ul+[h, DF(u)v]
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where

(4.41) DF(u)h=—2A5"{u, k]
(4.42) D*F(u)(h, v)=—2A5"{v, k).

Since u,h,vE HX(2)N H}(RQ), by elliptic regularity
(4.43) |As'[u, Bl <Cllu. hlls«o< Clulmo|hlme.
Hence (see the estimate below (4.28))

(4.44) |[DF(u)h, v]lio=< C|v|mo| DF (%) ko< Clv|wo| | mol Al
where we have used (4.41), (4.13) and e<%. Similarly, by using again (4.43)

(4.45) |D*F(u)(h, v)|w«o=<Clhlmo|vlme
(4.46) |[D*F(u)(u, v),ullzvo< Clu|mo| bluo|vlmo.

Combining (4.40) with (4.44) and (4.46), we conclude that F is twice Frechet
differentiable. This allows us to use the result of Theorem 2.3, which yields that

4.47) wuw<sC(0, T]; HIQ)),
(4.48) u.<=C([0, T]; H¥(RQ)),

449) A(u—pA5D-Lu)-Fwec(o, T1; LiQ)).
Since F (#)=[u, F(u)] is bounded from H*(Q)- L,(f2), invoking (4.34) we infer
that

A(u—pA7' Dg-us )€ C10, T1; Li@))

which, in turn, is equivalent to

A?ue C([0, T1; L)),
(4.50) ulr=0,

Au= —Ba;f/ut.

From (2.14) and |DF (u)us|u-1a)< C(|u|u2a))|e|u20) (see the estimate below
(4.15)), we obtain that

(4.51) A(ut—ﬁAB‘G%ua>€C([0, T]; H (L))

Hence
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Au.eC([0, T]; H(Q)),

(4.52) welr=0,

Aus= _Ba—i”f‘ on I'.
From (4.48) and the Trace Theorem, we have that

(4.53) %uﬂe c(o, T1; H"™(I)).

Elliptic theory applied to (4.52) provides now
4.54) u.eC([0, T]; HX(Q)).

Hence

(4.55) a—‘iute c(o, T1: H*™TI)).

Combining (4.55) with (4.50) and using again elliptic theory, we conclude that
ue C([0, T]; H* (L)) as desired for (4.39) W

4.2. Von Kiarman plate model with =0
Let 2 be a bounded domain with C* boundary. We consider the equation

(4.56) uu+2Au=[F(u), u], in 2x(0, T),
with initial conditions
4.57) u(0)=ucH RQ); u:(0)=uELy(Q),

boundary conditions as in (4.3). The Airy’s stress function F (%) satisfies equation
(4.4).

To put this problem into the abstract framework, we set
H= V=L2(.Q) ’ U=L2(F) ; M=I.

The operators A, G, f, and are F the same as in subsection 4.1. Thus, the
arguments of subsection 4.1 apply and the hypotheses (1.2), (1.4) and (1.6) are
satisfied. We need to verify (1.3) and (1.5). Since V=H=V" and M=1, (1.3)
holds trivially. As to (1.5), this requires a more delicate argument (notice that we
do not have any longer the smoothing effect of the operator M ™', which was
essential in the previous case when y=0). Indeed, the following “sharp” regularity
result for Airy’s stress function established in [12] is critical. Assume that the
boundary I" is C*. Then, the operator Ao introduced in (4.14) satisfies

(4.58) |Ad'[u, v]lwa< Clulaxe| v,
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REMARK 4.2. Notice that the regularity ih (4.58) improves by “&£” a known
result on regularity of Airy’s stress function which states that
|As [, v]

This gain of “€” in (4.58) is critical. Indeed, from (4.58) and formula (4.15), we
infer that

(4.59) |DF (w)h|ro< Clulimo| o

o)< Clutlwo)|vmo)

which proves (1.5). Thus we are in a position to apply Theorems 2.1, 2.4, which
lead to the following result.

Theorem 4.5 (local existence and uniqueness). For any wuo=H*(Q)N
H(Q), v Lo(8), there exists a unique solution (u, u.) to (4.56), (4.57) such that

4.60) u=C([0, Tv]; HN(L2)NHI(Q)),
4.61) wu.cC([0, T]; L)),
(4.62) a—iutELz(O, To; L)) for some To>0.

REMARK 4.3. The statement of uniqueness in Theorems 4.5 is new even in the
case of homogeneous boundary conditions. Indeed, as pointed out in [18], [19]
(see also [33]), the question of uniqueness of weak solutions to the von Karman
system (4.56) has been an open problem in the literature. []

We turn next to regularity of the solutions. By using the result in (4.58), we
can show that condition (2.7) of Theorem 2.2 holds true. Indeed, this follows from
the following estimates.

For every u€ H*(Q), 0= H¥(Q), h& L,(82) we have:

I([Ao_l[u) u]: h]y @)L,(Q)IZI([AO—I[Z{, u]’ ¢]; h)Lz(-Q)ISCIAO—I[uy u]|W3(9)|¢|HZ(Q)|h|L2(-Q)

(by (4.58))
(4.63) < Cluliwo| Oliwo| Lo,

and with 0< e<%
(464) I([Ao_l[u) h]r u]y Q)Lz(9)|:|([uy m]y A(;l[u’ h])Lz(Q)|
é”:u! ¢]|1'1""(9)|140—1[u!h] H:)”(.Q)—<—C|u|H2(Q)|$|H’(,Q)|[u, h][ﬂ""(g)
< Cluliro| Ol hlio

where we have used

(e, 2], ¥) o = ([ 24, T, 1) 0| < Cletl o ¥l Bl i, for all T HEFE(Q).

Combining (4.15) with (4.63) and (4.64) yields part (i) in (2.7). Thus, the conclu-
sion of Theorem 2.2 applies and supported with arguments similar to those of
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Theorem 4.3 gives

Theorem 4.6 (regularity). Let the initial data u,, u, satisfy :
wEH(Q)NHN(RQ); mus H(Q2)NH*(RQ)

subject to the compatibility conditions Auo|r=—/3—a—u1+ 7 _8_u0 . Then, a
v v

solution u of Theorem 4.5 is a strong solution ie.: usC([0, T]; H¥R)), u:<
C([0, To]; HXR)), ua < C([0, T]; LaA2)).

REMARK 4.4. Notice that due to the presence of boundary terms in the
equation, in general, we do not obtain %(¢)SH*(Q). This is in contrast with
regularity results available for von Karman model with Aomogeneous boundary
conditions (see[33], [35]). J

Equipped with the regularity result of Theorem 4.6, we are ready to establish,
subject to the structural hypothesis (4.20), global existence of solutions to (4.56),
(4.57).

Theorem 4.7 (global existence). Under the additional hypothesis (4.20), local
solutions of Theorems 4.5 and 4.6 become global ie.: they are defined for all Ty
>0.

Proof. it suffices to establish the following a-priori bound
(4.65) |u(t)|HZ(Q)+|ut(t)[L,(Q)é C(|u0|m(9), |u1|L,(Q)).

We notice first that the computations of the proof of Theorem 4.2, which give an
a-priori bound in (4.65), can be justified properly for strong solutions. Thus, in the
case of strong solutions, an a-priori bound in (4.65) holds true. We need to justify
this inequality for all weak solutions. Let % and v be any two strong solutions
corresponding to initial data (uo, u1) and (w0, v1) respectively. By using the
inequalities in (3.30), (3.31) together with (4.59), we easily obtain

lu(#) = v()liar+ue(t) — ve(t)] o)
< sup Cllu(Dlmo, |0(2)lma) [ le(0) = 0(Dlmade

+ Cl|uo— vol oy 21— 01 o).
From (4.65) and the Gronwall’s inequality

le(8) = v()] o+ 2e(£) = 0e()] o)
SCT(|Z¢0|H2(9>, ]UO|H*<9>, Iullm», |01|Lz<sz>)[|uo—vo|m<m+|u1—UI|L2<9>]-

Since the above inequality (satisfied for strong solutions) is stable for all weak
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solutions, we conclude, by standard density argument, that the a-priori bound in (4.
65) holds true for weak solutions as well. W

REMARK 4.5. Notice that Theorem 4.7 provides us with global existence and
uniqueness of weak solutions, as well as with global existence of strong (regular)
solutions to the von Kdrman model (4.56), (4.57), subject to the nonlinear bound-
ary conditions (4.3). This is a new result even in the context of homogeneous
boundary conditions. Indeed, uniqueness of weak solutions to the von Karman
plate equation (4.56) has been an open problem in the literature (see [19], [18]).
Global existence of regular (classical) solutions has been known in the case of
homogeneous boundary condition only (see [35], [8], [17]). Thus, Theorem 4.7
extends these regularity results to the case of nonhomogeneous and nonlinear
boundary conditions as treated in (4.3). Moreover, our techniques/methods of
proofs appear considerably simpler when compared with the ones employed in the
above references (where either complicated nonlinear interpolation arguments were
used [35], or lengthy computations leading to the a-priori bounds in higher norms
were necessary (8], [17]).

4.3. Nonlinear Euler-Bernoulli plate model
Here, we shall consider a more general equation than (1.7)
(4.66)  wuu(t)+A%u(t)=5F (u(t)) in 2%(0, T)
u|r=0
(4.67) {Auz—a—iuﬁ- f(a—iu()> on I'x(0, T)
(4.68) {u(0)=uo€H&(.Q)ﬂH2(.Q)
’ ut(()):lhELz(.Q)

under the assumptions

(469) 7 : HZ(Q)—*Lz(Q) is Fréchet differentiable
(470) f ECHR) and | £’(s)|<C[1+]s]?] for some 0<p< 0.

Notice that the nonlinear term in equation (1.7) satisfies assumption (4.69). Indeed,
the operator

“4.71) 7(u)(x)Eg<L|Vu|2dQ>Au(x)

is Frechet differentiable: H*(2)—L:(£2). To put problem (4.66)-(4.68) into the
abstract framework, we set :

H=V= V’~=Lz(.Q); U=LyTI);
M=I; A=A}; G=A5'D;

where both Ap and D are the same as in section 4.1 and
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flu)= f(a—iu>= f(—G*Auw).

We already know, from section 4.1, that f: H(Q)DD(A")—-L(N=U is
Fréchet differentiable. This combined with (4.53) allows us to apply the result of
Theorem 2.1 which yields in our case

Theorem 4.8. Assume (4.69), (4.70). Then, for any ue= H*(2)N H}R), w
€ L), there exist To>0 and a unique solution (1, u:) to (4.66)-(4.68) such that

4.72) usC(0, To]; HA(Q)), u.cC([0, Tol; LARQ));

(4.73) aiyuteLz(o, To; LoI)).

In order to obtain global solutions to (4.66), we assume that the nonlinear
operator F has a structure as in (4.71).

Theorem 4.9. Assume (4.20), (4.70) and (4.71). Then, weak solutions to (4.
66)-(4.68) are global on [0, T] where T >0 is arbitrary.

Proof. By Theorem 2.4, it suffices to verify hypotheses (2.15) and (2.16).
Validity of (2.16), under the structural assumption (4.20), has been verified in sect.
4.1. To assert (2.15) with F as in (4.6), we perform the following computations

t t
jo-./l;y(u(s))ut(s)deszl g(L|Vu(s)|2d9>j;Au(s)ut(s)an’s
= —L ‘ 2 )i 2
=1 ['o [Ivu()Pd )% [ [vu(s)dads
(where we have used the boundary condition «|r=0)
t t
==L [ [IVuls)a)ds  (with gi()= [ g(s)ds)
1
——a( [ Vu(t)ia@)+ ol [ Vulag)
3%91<L|Vuo|2d9>3C(|u0|yl(9))
as desired for (2.15). W
In a similar manner as in section 4.1, one could study questions related to the
regularity of local/global solutions. Since the analysis here is very much like

before, this topic will not be pursued.

4.4. Parallely connected plates
We consider (1.14)-(1.16) under the following assumptions imposed on the
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nonlinear functions /1 and fa.
4.74) fs, s2)€CY(R?), i=1,2.
(4.75) ‘g—ﬁ(sl, )| < Cl)1+s?], =1, 2.

where C(sz) is continuous in s:ER.
We set u=(y, w), and

H=L(Q)X L(Q)=V=V"’; UsLAI")XLAI"); M=1I.

~ [Ap 0 _[As'D 0
A*[o A%]' G“[ 0 ABID]

The operator F is the same as in (4.6). We easily verify (in a manner similar to
that in section 4.1, 4.3 that all hypotheses of Theorem 2.1 are verified, hence
Theorem 4.10. Assume (4.74), (4.75). Then for any

Yo, u)oEHz(Q)ﬂHol(.Q), Vi, WIELZ(Q)y
there exists To>0 such that there exists a unique weak solution (y,y:), (w,w:) to
(1.14)-(1.16) such that

4.76) v, weC([0, T]; H(Q)); ye, w.EC([0, To]; L))

(4.77) a—‘ly,, a—‘zwteLz(o, Ty: Lo(I)).

Under suitable structural assumptions imposed on the functions fi;, one
obtains global solutions. For instance, it is enough to consider

fl(a%(y - W)> and fz(a%(y - w))

where fi(s)s<0 for sSER.
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