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1. Introduction

The object of the present paper is to prove the existence and uniqueness of
the solution of the initial value problem for the abstract evolution equation of
parabolic type

(E) duldi+A@t)u=f(2), 0<i<T

in a Banach space X by constructing the evolution operator to (E). Here u=u(-)
and f(-) are functions on [0, 7'] to X and 4(-) is one on [0, T'] to the set of linear
operators, and ‘of parabolic type’ means that each —A(f) is the infinitesimal
generator of an ‘analytic’ semi-group.

Several papers have already been published concerning this problem, for
instance, [1], [2] and [3]. The present author has also shown in [4] that

JA@(N—A(2))'dA) Y dt|| <N/ |A|?, pE(0, 1] (1.1)

is one of sufficient conditions for the integrability of (E). In this article we
will give a new sufficient condition weaker than (1.1). That is the estimation

[lB(n—A(2))7}/3t]| <N/ || pe(0, 1]
and i ] ) i ) (1.2)
1A (A —A(t))'dA(2)""[dt—A(s) (A —A(s)) *dA(s) ™/ ds|] '
<K 3L [t=s1% (@ B)E (@ B); —1<a<g<1}, J

which is obviously weaker than (1.1) in view of
B —A(1)or = — A(YA—A)(AD) dNADN— AR .

We also note that (1.2) is weaker than
o —A(2) /o] <N/In % pE(0, 1] }

and (1.3)
|ldA(2)7/dt—dA(s)™[ds|| < K |t—s]P, BE(0, 1]

which is made in [2], as is easily seen from
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At n— AR))dA) dt— A(s)n— A(5)) " dA(s)ds
= @Oy joryaraaqya
A — A(s))(dA(t) ™ dt— dA(s)ds) -

As the previous paper [4] we follow the idea of [1] of establishing various
estimates under the additional assumption that A(t) is bounded and then

approximating A(t) by a sequence of bounded operators.
The author thanks Prof. M. Watanabe and Prof. H. Tanabe with all his
heart. Prof. M. Watanabe informed him that (1.1) implies the condition

| A(2y*dA()~/dt|| <N, §(0, 1] (1.4)

in [3] because of the equality
A(tPdA(t)dt = % SFxs"‘A(t)(X*A(t))"(dA(t)“/dt)d)\

with §&(0, p). Thus (1.1) and (1.4) are essentially equivalent.

2. Construction of the evolution operator

Theorem 1. Let {A(t)}o<,<r be a family of densely defined, closed linear
operators acting in the Banach space X. Suppose that {A(t)},s,<r satisfies the
following conditions:

(I)  For each t<[0, T] the resolvent set of A(t) contains a fixed closed angular
domain

= {AeC; arg n&(—0, )}, (0, =/2).
For any t<[0, T and N E3 the resolvent of A(t) satisfies the inequality
A —A@) < NJ(IN]+1)

with some constant N, independent of t and .

(II) A(2)7! (and therefore (n—A(t))™* also) is strongly continuously differentiable
in t, and the derivative O(n— A(t))™*/0t satisfies

OO —A(2)) /02| < Nof [ 117

for any t€[0, T and NE3) with some constants N, and p<(0, 1] independent of
t and \.
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(ITII)  The estimation

HA@R(A—A(2))dA(2)7|dt— A(s)(n— A(s)) 'dA(s) ™'/ ds|]

SIS MPILITERL
holds for any (t, s)E[0, T and A€ with some constant N; and some non-empty
finite family {(a;, B;)}1<i<: Of the elements of {(a, B); —1<a<B<1}, N; and
the family being independent of (t, s) and .
Then there exists a family {U(t, 5)}o<s<i<r Of bounded operators on X having

the following properties:
1) U(t, s) is strongly continuous in (2, s).
2) U, r)U(r, s)=Ul(t, s) for 0<s<r<t<T, and U(s, s)=1.
3) For any t>s, R(U(t, s))CD(A(t)). The operator A(t)U(t, s) defined for
0<s<t < T is strongly continuous in (t, s) and is estimated by

14O, 9I<Cit—s)
with some constant C, determined by N,, N,, N, 0, p, {(a: B:i)ti<ci< T

and sup ||dA(2)7Y/dt|| .
o<t<T

4) U4, s) is strongly differentiable in t< (s, T], and
U, s)/ot = — AU, ) .

5) For any t>s and u,< D(A(s)),
1’15} h={U(t, s+h)—U(t, s)}u, = U(2, s)A(s)u, .

The proof consists of three steps.

The first step. Assuming in addition to (I), (II) and (III) that A(Z) is a
bounded operator for each &[0, T], we will establish various estimates concern-
ing the evolution operator U(t, s) using only the constants V,, IV, N3, 6, p,
{(as» B:)}1<i<w T and 0sgtllg’[Ia'A(t‘)“/a'tH entering in the assumptions (I), (II) and
(111).

Let {U(¢, s)}o<.<i<r be the evolution operator to {A(#)},<;<r- Evidently
{U(#, $)}o<s<i<r has the properties 1)~5). U(%, s) is connected with the analytic
semi-group exp (—(t—s)A(2)) generated by — A(%) as follows

U(t, s)—exp (—(t—s)A(?))
= {2 U ) exp (—r A = [ U P, @)

where
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P(t, s) = —(0[0t-+0/0s) exp (—(t—s)A(?)) . (2.2)
Letting A(t) operate on (2.1), we get

W(t, s) = Ru(t, s)+ R, s)+S' W(t, \P(r, s)dr , 2.3)
where
Wiz, s) = A()U(2, 5)— A(2) exp (—(t—95)A4(2)),
Ryt 9) = | {4 exp (—(t—)4(t)
—A(7) exp (—(t—7)ATN}P(7, )dr  (2.4)
and

Ry(2, s) = S:A(T) exp (—(t—T7)A(7))P(7, s)dT . (2.5)

Regarding (2.1) and (2.3) as the integral equations for U(t, s) and WAt s)
respectively, we will estimate their kernels. It is well known that

exp (—(t—)A(t)) = é—ln:lfspe‘M"‘)(x——A(t))"‘dx (2.6)

with some smooth contour T" running in >} from cce® to cce™*. From this
formula we easily conclude

llexp (— (=)A<, .
By the definition of P(t, s) and (2.6) we have

P, s) = %Sre"‘“‘*)(ﬁ(x—A(t))"/ﬁt)d)\ , 2.7)

and using the assumption (II), we get

P2, s)| < Ng(t—s)*1. (2.8)
In view of (2.8) and

1A(2) exp (—(t—9)A())—A(s) exp (—(t—$)A(s))| < Ne(t—s)*
we have

IR\, )| < No(t—sy*-" .

The estimate of R,(Z, s) is rather complicated. We express Ry(Z, s) as
Ry(2, 5) = jz:}l F (¢, 59), (2.9

where cach summand on the right is defined below.
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Rt s) = ( j‘+ S:)A(T) exp (—(t—m)A(T)P(r, s)dr ,
where r=(t+s5)/2. Define

Fyt, s) = S:A(o') exp (—(t—o)A(0))P(c, s)do .
Since

o(n—A(t))"/ot
= —A()(A—A(2))"(dA(2)"/d) A() (A —A(2))™ (2.10)
= {I-MA—A@®) " HdA(1) 7 d) A —A)

we can express P(t, s) in the form
P(t, 5) = —(dA()" /e A(t) exp (—(t—)A(2)
—A@) 2_17 5 eI — AH) R,

hence
[ 40) exp (—(t—n) AP, yar
= —{ A7) exp (—(t—m) A)AA()1dr) () exp (—(r—5) ()
—st exp ( —(t—T)A(T))Z—Hpe-w-‘sm(a(x——A(T))—l/ar)dxdf :
Define

Fit, 9 = | exp (~(t=n) AL [ er-m@r—A@)or)nds.
Next, define Fy(t, s), F(t, s) and Fy(t, s) as follows
— {4 exp (— (t—m) A(MNdA()1ar)A() exp (— (-~ A
= [L4(7) exp (— (=) A)AAE)dm) {A(D) exp (—(—5)A(2)

—A(7) exp (—(1—)A(7))}dr

+] 40 exp (—t—ma@)aae e
—A(7) exp (—(t—)A(NIA(T) dr} A(t) exp (—(— ) A@)dr

—giA(t) exp (— (t—7)A(t))(dA(t)/dt) A(t) exp (—(r—s)A(2))dr
= Fyt, s)+F(t, s)+F(t, 5).

It is easily observed that
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(2, IS N(@—9)"7" [IFo(2, s)l| < No(t—$)"""  and
1Fs(t, IS Nyt —s)"" .
By (III) we obtain
l4(2) exp (—(t—9)A())dA(2)™|dt— A(s) exp (—(¢—9)A(s))dA(s)™/ds|
<Ny 2 (t—s)Pim®imt
hence '
IF (2 I <Nuft—sp™, with 8 = min {8,—at} .
As for Fy(t, s), we show |
Fy(t, s) = P(t, r) exp (—(r—s)A(2)) . (2.11)
In fact
exp (—(¢+h—s)A(-+h))—exp (—(2—5)4(?))

- S:é’()_ exp (—(t-+0—s)A(t+h))d6

+ ’aiT {exp (—(t—7)A(t)) exp (—(r—s)A(t-+h))}d
= _S:A(t-i—h) exp (—(t+0—s)A(t-+h))do

+{ 4@ exp (—e—mA@) A+
— A(t) ") A(t+h) exp (— (1—s)A(t+h))dT ,

therefore we conclude

2 exp (—(t—s)A(t) = —A() exp (—(t—)A(t)

+S:A(t) exp (—(t—T)A(t))(dA(t)7!/dt)A(t) exp (—(T—s)A(2))dT
or
S:A(t) exp (— (t—)A@)dA() ) A(t) exp (—(T—s)A(t))d
= —P(t,5s).

(2.11) is obvious now. By (2.11)
[1F5(2, IS Ny(t—s)*".
The second step. Let

A1) = A1 +n1A@),  n=1,2, - (2.12)
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be the Yosida approximation of A(#). Since 4,(¢) is bounded, we can define
{P.(t, $)}ocs<icrs {Ry (s }ocscrar and {Ry (2, }ocs<icr bY (2.2), (2.4) and (2.5)
respectively replacing A(f) by A4,(2).

For the original family {A4(¢)}o<,<; we define {P(f, s)}ocs<i<r and
{Ry(2, )} o<s<i<r by (2.7) and (2.4) respectively and {Ry(t, §)}oc,<i<r by (2.9)
noting that Fi(t, s), ---, Fy(t, s) are all meaningful, if Fy(¢, s) is defined by (2.11),
even though A(%) is unbounded.

The chief aim of this step is to show that for each t>s, {P,(Z, $)},=1,2,.->
{Ry,.(2, )} =1,,.. and {R, (2, 5)},=1.0.... are, roughly speaking, boundedly convergent
to P(t, 5), Ry(t,s) and Ry(t, s), respectively, which implies the convergence of the
solutions of the equations obtained by substituting 4,() for A(f)in (2.1) and (2.3).

In order to establish the uniform boundedness with respect to z, using the
first step, we must show that {4,(f)}o<;<; satisfies (I), (II) and (III) with some
constants independent of #.

Since A €3 implies na(n—2A)'EY), it is easily seen that the resolvent set
of A4,(¢) contains >Yand for A€ the resolvent is given by

(A=4,(8)7 = (=) "+ A@)) A (n—N) = A(2) (2.13)
or

= —(n—\) "+ (n—n) Y mn(n—r) " —AR).  (2.14)
On the other hand we have the inequality
IA—n|>=sin (8/2)(|\]|+n), for rEDX]. (2.15)
(2.14) together with (2.15) gives
IO — A, (D)< M(In]+1) (2.16)

for x€3) with some constant }/, determined by N, and @ alone. If we take
A=0in (2.14), then

A = n AR,
hence A4,(¢)7! is strongly differentiable in ¢ and
dA, ()7 dt = dA(t)Y/dt . (2.17)
By (2.12), (2.13) and (2.17) and with the aid of (2.10), we get for A€
O(N—A4,(2))7/0t = n¥(n—N)"2(nn(n—n)"'—A(t)) /ot ,

hence
[1O(n—A,(2)) 7 /0t|| < M/ [N |

with some constant M, determined only by N,, 6 and p. Similarly by (2.12),
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(2.13) and (2.17) we get for A€

A,()(n—A4,(t))"'dA,(2)7/dt
= n(n—\)"'A)(mn(n—\) " — A(2))'dA(¢) Y dt
hence
14.(E)(A— A, (2))"'dA, ()" [dt— A, (YA — A, (s))"'dA,(s)"/ds]|

k
SN 23 n(n—n)7 N | 25| P
1=1

k
<My 33 M %t—s |7

with some constant M, determined by N,, 6 and {a;},<.<; alone. Thus (I),
(II) and (III) are fulfilled with the same constants except M,, M, and M,.
We have deduced, therefore, that

”eXP (—(t-—s)A”(t»“ <M4r ”Pn(t’ S)H <M5(t'—s)p_1 ’
“Rl,n(t) S)“ <M5(t—s)zp—l and
Ry alt, | <M, {(t—sf -1+ (t—sp}  with & — min {8,—as} .

1<i<k

Next, we establish the convergence. The strong convergence of {exp (—(t—s)
AW =120 Pults bamsz,... and {Ry (2, )} ,esyz,. to exp (—(t—9)A(2)), P(2, 5)
and Ry(t, s) respectively follows from that of {(A—A4,(¢)) },-1.2.. to A—A())™
for each A €3] together with (2.16) and the repeated use of the theorem of
bounded convergence. The strong convergence of {R, (%, )},-12,.. to Ry(2, s)
follows from that of each family {F, ,(t, 5)},-1.... to Fj(t, s).

Now, it would be natural to expect that the desired evolution operator U(t, s)
is the solution of the integral equation

UG, s) = exp (—(t—s)A(t))—l—S‘ U, H\P(r, s)dr,  O<s<t<T
Us,s)=1. ) (2.18)

In order to derive the desired properies of U(t, s) we need the operator
valued function W(t, s) which is the solution of the integral equation

W(t, s) = Ry(t, s)+Ry(t, s)—{—StW(t, P(r, )dr, 0<s<t<T. (2.19)
Since the inhomogeneous terms and kernel of (2.18) and (2.19) are strongly
continuous and satisfy

llexp (—(t—) A< My, ||P(2, IS My(t—s)"",
[|IR\(t, | < My(t—s)*? and
IRty <M,y {(2—5)""+-(t—s)*"'},
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the solutions of (2.18) and (2.19) exist and are unique. As is easily seen, U(t, s)
and W2, s) are the strong limits of U (¢, s) and W,(¢, s).

The final step. We prove U(t, s) satisfies 1)~5). 1) is easily seen and
2) is a direct consequence of that for U,(t,s). The strong convergence of
W (t, s) to Wz, s) together with

W (8, S| < Mo {(2—s) "'+ (t—s)~}

implies 3)and 4). These arguments are similar to the proof of Theorem 1 of [4],
and the detail is omitted. For the proof of 5) we use the following lemma
(see P. 124 in [6]).

Lemma. Let {V(t, $)}o<ici<r be the family of bounded operators on X con-
structed by

V(t, s) = exp (—(t—s)A(s))+Z(2, s)
2, 5) = | ott, 7) exp (—(r—9) e,

where {Q(t, $)}o<s<i<r 5 the solution of
oct, 9) = 0tt, 9+ 0t MO, s)ar,
0.(2, 5) = (0/0t+0/0s) exp (—(t—s)A(s)) .
Then {V(t, $)}ocs<icr has 1) and 5).

The existence of Q(¢, 5) (hence Z(t, s) and V(¢, s5)) is proved by the analogous
estimation

(2, I < M yy(t—s)"

to (2.8). The proof of Lemma is not difficult, so we omit it.

It follows from 4) of U(¢, s) and 5) of V(¢, s) that V(z, T)U(7,s) is strongly
differentiable in 7&(s, t) and dV{(¢, T)U(7, s)/07 vanishes identically. Hence
V(t, T)U(7, s) is constant in TE(s, t). Letting 7—s and 7—¢, we get

V(t, s) = U(t, s), 0<s<t<T.
Remark. If the following condition:
vy [ldA@)7dtAt) (A — A()) "' —dA(s) " ds A(s) (A — A(s)) ']

1
SN2 N t—s]Pi
=

holds for any (t, s)€[0, T and A€ with some constant N, and some non-
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empty finite family {(a;, B;)}i1<,<i of the elements of {(a, B); —1<a<B<1},N,
and the family being independent of (t, s) and \.

is added to (I), (IT) and (III), then 5) is strengthened as follows:

6) For any t>s the bounded extension U(t, s)A(s) of U(t, s)A(s) exists and is
strongly continuous in 0<s<<t<T. There exists some constant C, such that

U2, s)A(s)|| < Coft—s)".
7) U(t, s) is strongly differentiable in s&|0, t), and
U2, s)fos — Ut A(s) .-

3. The initial value problem for (E)

Theorem 2. Let {A(t)}o<i<y be a family of densely defined, closed linear
operators in X satisfying (1), (II) and (1I1), and {U(2, $)}o<<i<r be its evolution
operator. Then the following statements hold:

i) If f is continuous, then any strict solution u=C([0, T]; X)NCY(0, T; X) of
(E) on [0, T'] with its initial value uy= X can be expressed in the form

u(t) = U(t, 0)u0+5:) U, 7)f(r)dr . 3.1)

i) If fis Holder continuous and u, is an arbitrary element of X, then the function
u defined by (3.1) is the strict solution of (E) on [0, T7.

The proof of i) and ii) is almost the same as the proof of 4) and 5) in [4],
therefore, it is omitted. But we will give, here, another proof of i) without using
the differentiability in s of U(%, s).

For any £>0, U (t, 7)u(7) is continuously differentiable in T&[€, #], and

0U,(t, Tyu(r)[0T = U, (¢, T)f(7)
+ U, @, D(1+271A(7)) " =1} A(T)u(7) . (3-2)

Integrating (3.2) on [¢, ¢], we have
u(®)— U, eyule) = | Ut Dfiryr
+{ U D aE) = DA (33)

Since U, (t, s) is uniformly bounded, the second integral of (3.3) vanishes when
n tends to infinity. Thus we have

u(®)— U, eyu(e) = || U, Dfiryar .

Letting ¢ tend to zero, we obtain the desired equality (3.1).
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4. Application

In this section we entirely follow the terminology and notations in §7 of
[2], and some of them may be used without precise definitions. Let H and K
be Hilbert spaces with the inner products (-, -) and ((-, +)) respectively
such that K CH algebraically and topologically. Let {a(t; -, *)}oci<r b€ 2
family of continuous sesquilinear forms on K x K, and let {V(#)},<,<; be a family
of closed subspaces of K. We define the operator A(¢) for each &[0, T] in the

following manner:
ues V(t) belongs to D(A(t)) and A(tyu=f<H if and only if a(t; u, v)=(f, v) for
any ve V(t).

Theorem 3. Assume (K. 1), (K. 2), (K. 3) and (K. 4) which are stated in
[2] and, instead of (K. 5) and (K. 6), the following:
(K. 5) There exist some constants M and o< (0, 1] such that for any (t, s)E[0, T)?
and ue K

[(P()— P(s)yu| <M [t—s||ull
and

QW — 0l <M t—s|*jul] .
(K.6)  lim sup la(t+h; u, v)—a(t;u, v)| =0,

where B:Euek; [lul] <1}
Then (1), (I1) and (III) of {—A()}o<icr hold with p=1/2 and {(a,, B:)}<.<x=
{(—1/2,0), (0, ), (1/2, 1)}.
By Lemma 7.1 and Theorem 7.1 in [2], we have only to show (III).
Taking g=A(t)*(A+A(t)*)"'¢’ in the formula (7.13) in [2], we have the
expression
(AOA-A(D)dA@) 7 dif, g) = —a(t; A@)7f, A+ A1) 78)
+(POA@D) S, ARFA-AD*) )+, QOR+AD*)"g)
—a(t; At)f, OO(R+A(t)*)'g)—a(t; POA®)f, M+A@1)*)7g) .
From this we get for AE>"
({A@OAA@®)7'dA(8) 7 dt— A(s) A+ A(5))"'dA(s) ™ /ds} £, 8)
=1(t, s f, )+ R, 53 1, 8),
where
1, s; f, 8) = (I_b(t)A(t)’lf , A@*(A+A(@#)*) )
— (P)AE) S, A (MHA(5)*)7g)
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and

R(2, s; f, g)=the sum of the remaining terms.
By (7.15) and (7.16) in [2] we easily conclude

|R(t, s; /i ) <ML N2 f1 g
with some constant M,.

[T < |({P@)—P(s) Q) f, AD*(M+A8)*)'g)]
+1(P){A@) " —A@) Y f, A+ A@)*)g)]

+ (P46, x| @O+ Ay jomygan)|
in view of (K. 5) and (II) of {—A4(£)*}¢<;<r, We finally conclude
(2, 55 f, )] S M {|t—s|"+ [N t—s]} | f1 1]
with some constant M,

Osaka UNIVERSITY
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