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Abstract

We study a connection problem on a g¢-difference equation satisfied by the
Ramanujan entire function. Since one local solution contains a divergent
series, we apply the g-Borel-Laplace resummation method to study the con-
nection problem. We show two connection formulae. One is a connection
formula between the Ramanujan entire function and the g-Airy function,
another is a connection formula for a resummation of a divergent basic hy-
pergeometric series 20 (0,0; —; ¢, ). This thesis is based on author ’ s work

[8].
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Chapter 1

Introduction

In this paper, we study a connection problem on a linear g-difference equa-
tion satisfied by the Ramanujan entire function. The Ramanujan entire
function is originally found by S. Ramanujan in Ramanujan’s Lost Notebook
[9]. Throughout the paper, we assume that 0 < |¢| < 1. The Ramanujan
entire function with the base ¢ is given by

Aglz) =3

2

(—z)"
where (a;q),, is the g-shifted factorial

1, n =0,
(a;q)n = {

(1—a)1-aq)...(1—ag" '), n>1.

M. E. H. Ismail has pointed out that the Ramanujan entire function can be
considered as a g-analogue of the Airy function [5]. It is known that there
exist two different g-analogues of the Airy function. One is the Ramanu-
jan entire function and the other is the ¢-Airy function found by K. Ka-
jiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada in the study of
hypergeometric-type solutions to the g-Painlevé equation of type (A1 +A’1)(1)
[7]. The ¢-Airy function with the base g is given by

n(n—1)
. q 2
Aig(z) == Z —a",
= (4 4:0)n
where (a1, a2,...,0m;q)n = (a1;¢)n(a2;¢)n - - - (@m; @n-

No relations between two different g-analogues of Airy functions have
been known, but we show that the Ramanujan entire function and the g¢-
Airy function are related by our connection formula.



1.1 Linear ¢-difference equations and connection
problems

At first, we review the classical results by C. R. Adams [1] in a second
order case. Adams studied a local behavior of solutions of linear g-difference
equations. We consider the g¢-difference equations of the form

as(z)u(q®z) + ay(x)u(qz) + ao(x)u(z) =0 (1.1)

where ag(x), ai(x) and ag(x) are holomorphic functions around = = 0. He
called the following equation

a2(0)A% + a1 (0)A + ag(0) = 0 (1.2)

a characteristic equation at x = 0 of (1.1). The roots of the characteristic
equation are called characteristic exponents. He pointed out that there exist
two essentially different cases:

1. ag(O)ao(O) 7A 0,
2. ag(O)ao(O) = 0.

In the first case, we can find two solutions of the form

Hq(x) k
= 17 =1,2 1.
U () 6o kgzoum,kx , m , (1.3)

where A\; and A2 (provided that A\; /X2 ¢ ¢%) are non-zero exponents. Here,
n(n—1) .
Oy(x) =D cnq 2 “ 27 is the theta function of Jacobi. Adams gave a proof

of convergence of power series contained in these solutions.

In the second case, either the characteristic equation is a linear equation
or an exponent is zero. Therefore, some solutions of (1.1) are not in the
form (1.3). After changing the variables and the base, Adams gave a formal

solution of the form 0, ()1
x
a k>0

where A is a suitable non-zero constant and p is an integer. We remark
that formal solutions of the form (1.4) may contain divergent series. The

existence of formal solutions of the form (1.4) around = = oo is similar to
the case of z = 0.

u(z) =



We consider a connection problem on a second order linear g-difference
equation of the form

{(ao + box)ag + (a1 + b1z)oq + (a2 + box) fu(z) =0 (1.5)

where o4 is the g-shift operator o, f(x) = f(gx). Connection problems on
linear g-difference equations are studied by G. D. Birkhoff [2]. He studied
connection problems when the first case occurs for both z = 0 and = = oo,
namely, in the case agbgasbs # 0.

Let uj(z),u2(z) be independent solutions of (1.1) around z = 0 and let
vi(x),v2(z) be those around = = co. We take suitable analytic continuation
of ui(x) and ug(z). Then the connection formula in the matrix form is given

by
ul(m) o 011(.%') 012(.%‘) ’Ul(iL')
(“2(@) a <C21(1‘) C22($)) <U2($)> ‘
Here, Cji(x) are g-constant, namely, Cji(qx) = Cji(x).

In the case agasbgbs = 0, some power series which appear in formal so-
lutions may be divergent. In order to study connection problems, we should
take a suitable resummation of a divergent series. J.-P. Ramis and C. Zhang
introduced a discrete resummation method, called the g-Borel-Laplace trans-
formation of the first kind. The g-Borel-Laplace transformation of the first
kind is given as follows.

1. We assume that f(z) = >, - an2™ is a formal power series. The
g-Borel transformation of the first kind B(j is given by

(BIf) (€)= ang" 7 ¢
n>0

We denote ¢f(€) = (Bf f) (€). If f(x) is a convergent series, then
@ () is an entire function.

2. We fix A € C*\ ¢%. For any entire function (), the g-Laplace trans-
formation of the first kind £;>\ [3, 16] is given by

L () de€ (Ag")
A ORI

Aoco

where

0

is Jackson’s g-integral on (0, Aoo) [4].



The g-Borel transformation of the first kind may be used for a resummation
of a divergent series. We set D, := {z € C|0 < |z| < r}, where r is a
positive number. Let f(z) be a holomorphic function on D, \ [X;q], where
[—X; q] := —A¢%. The set [X;q] is called a g-spiral. We assume that f(z) =
Y m>0 @mTm is a divergent series. We call f(x) is an asymptotic series of

f(z) for x — 0 on D, \ [);q] when f(z) satisfies the condition as follows:

Definition 1. For any € > 0, any ¢ > 0 and any n € Zx>q, there exists a
constant ro > 0 such that, if x € Dy, \ Upez{z; |z — A\q*| < €|q|*}, we have

< clz|".

‘f(x) =3 a”
m=0

Zhang [13] shows that the ¢-Borel-Laplace transform of a divergent series
with a suitable condition is holomorphic on an open dense domain C* \
[—A; g], and the original divergent series gives its asymptotic series for x — 0.

Zhang [15] also introduced the following g-Borel-Laplace transformation
of the second kind. We use the g-Borel-Laplace transformation of the second
kind to obtain an integral representation of a convergent series around x = 0.

1. We assume that f(z) = ) 5,an2" is a power series such that |a,|
decrease rapidly enough. The g-Borel transformation of the second
kind B, is given by

By () =3 ang™ "7 €m.

n>0

2. For any function ¢(§) which is holomorphic around £ = 0, the ¢-
Laplace transformation of the second kind £ is given by

(€)@ =5 [ ot0m (§)

where r is a suitable positive number.

Zhang shows that the ¢g-Borel transformation B, is a formal inverse of the
g-Laplace transformation £ [15]. More precisely, we can show the following
lemma.

Lemma 1. Let f(x) = >, sqanz™ be a function such that (B f)(§) is
convergent. Then (L, o By f) () coincides with f(x) near x = 0.

6



We assume that one solution u;(z) around x = 0 is an entire function
and the other formal solution us(x) around x = 0 contains a divergent series.
We also assume that both of the solutions v (x), ve(x) around x = oo ex-
tend to meromorphic functions on C*. Under these assumptions, connection
formulae of (1.5) are given in the following matrix form:

< u(x) > B <~C'11(x) Cia(2) ) (Ul(az)>

’112(1‘, )\) - 021(1', /\) CQQ(.%',)\) UQ(.Z’) ’

Here, ta(x, \) contains the resummation of the divergent series obtained
by the g-Borel-Laplace transformation. The functions Cii(z),Cia(x) are
g-constants and Cay(z,\), Coa(x, \) are also g-constants with poles at = €
[—A;¢]. The connection coefficients are analytic function of the parameter
A. The domain C*\ [—\; ¢] can be considered as a g-analogue of the Stokes

region. The dependance on the parameter A of connection coefficients is
called the g-Stokes phenomenon [10].

1.2 Connection problem on ¢-difference equation
satisfied by the Ramanujan entire function

In Chapter 2, we study a connection problem on a g-difference equation
satisfied by the Ramanujan entire function. The Ramanujan entire function
with the base ¢ satisfies the following ¢-difference equation

(q:rag —og+ 1) u(z) = 0. (1.6)
We introduce a transformation of variables
r— =", q—¢ (1.7)

and set f(t) = u(xz). Then we give a connection formula between the Ra-
manujan entire function with the base ¢ and the ¢-Airy function with the
base ¢. By the transformation (1.7), the equation (1.6) reduces to

(—¢°t%0} — o+ 1) f(t) = 0. (1.8)

The aim of Chapter 2 is to solve a connection problem of (1.8). Equation
(1.8) has formal solutions

fi(t) = qu(—q3t2) = op1(—;0; q2,q5t2), (1.9)
fa(t) = 04 (qt)0g(—q*t)200(0, 0; —; ¢*, qt*) (1.10)



around ¢t = 0. Here, the function ,ps(ai,...,a;b1,...,bs;q,t) is the basic
hypergeometric series with the base ¢:

7’905(@1, cee,Qp by, ,bs;qjt)
:: (a1, ar;Q)n {(_1)n w}usq ”
n>0 (b15 -5 b5 0)n (g Dn

The radius of convergence is 0o, 1 or 0 according to whether r—s < 1,r—s =
lorr—s>1.

The function fi(¢) is the Ramanujan entire function with base ¢* and
the solution f5(¢) has a divergent series 2¢0(0, 0; —; ¢2, qt2). Around t = oo,
equation (1.8) has solutions

vi(t) = 0(¢*t) 11 (0; 44, 1) = 0,(¢°t) Ai, <—1) : (1.11)

va(t) = O4(—q*t) 101 <0; —q; q, —1) = 0,(—¢*t) Ai, (1) . (1.12)

Both v1(t) and wvy(t) are represented by the g-Airy function, which is an
entire function. In subsection 2.2, we apply the g-Borel-Laplace transfor-
mation of the second kind to the power series (1.9). Then we obtain the
following connection formula for fi(¢) and deduce a relationship between
the Ramanujan entire function and the ¢-Airy function.

Theorem. For any t € C*, we have

1 1

filt) = (¢, -1, Q)oovl(t) * (2, —1;9)0

v2(t)

where (a;q)oo = limnﬁoo(a; Q)n‘

In subsection 2.3, we give a connection formula of a resummation of the
formal solution f2(t). Namely, since the solution fs(t) contains a divergent
series 200(0,0; —; ¢%, qt?), we construct a true solution by applying the g¢-
Borel-Laplace transformation of the first kind to the divergent series. Then
we obtain a true solution which is defined on C* \ [—A; ¢]. We denote

2f0 (0,05 =3¢, A, —2/q) := L 0 B 2¢0(0,0; =5 ¢, —x/q).

We remark that the g-Borel-Laplace transform (of the first kind) of a di-
vergent series 2¢0(0,0; —; ¢, —z/q) is defined on the set C*\ [-\; ¢| and the
original divergent series 2¢0(0,0; —; ¢, —2/q) gives its asymptotic series for



xz — 0. We set fg(t; ) = 04(qt)0q(— 2t)2f0(0 i —;¢%, A\, qt?), then we have
the following connection formula between fo(t; \) and vy (t), va(t).

Theorem. For anyt € C* such that t? € C*\ [\/q; ¢*], we have

2. 24\ 04 %t
QQ(qt)eq(*q2t)2f0(O’O;*;qzv)"qtz) (q <) )\9‘1) )9( d t) <q2t) vl(t)

(q2§ q2)009q(qt)0q(_q2t) O (_ﬁ>
0,2 (—q%) 0,2 (qug) 20,(—q>t)

Zhang and Ismail [6] studied an asymptotic behavior of the Ramanujan
entire function and obtained an asymptotic formula as follows:

Ay(x) —Mw <0 a2 >

(4% 45 4*) o
31 <Oq q2q> (1.13)

1

02 (_5)
(¢, ¢:4%) o0 4

We can derive an asymptotic expansion which is essentially equivalent to

(1.13) in Proposition 4 as a corollary to our connection formula.

+

() (t)




1.3 The theta function and the g-exponential func-
tions

The theta function of Jacobi with the base ¢

n(n—1)
Oy(x) = Zq 2 o, Vz e C*
nez

is holomorphic on C*. Our theta function is not a standard one but we
follow the notation in [10]. The theta function has the following properties:

1. Jacobi’s triple product identity
Oq(7) = (¢, 2, —q/7;q) o - (1.14)
2. The g-difference equation

k(k—1)

0,(¢"x) =q = a7 F0,(x), VkeZ

3. The inversion formula
04 (1/x) = O4(z)/x.

For any \ € C*, the function §(—Az)/0(Ax) satisfies a g-difference equa-

. (logx
tion u(gx) = —u(x), which is also satisfied by the function u(x) = eﬂz(lf’gq).
Two different g-exponential functions are given by

™ 1
eq(z) = 100(0; =3¢, ) = Y —— = ———,
n>0 (q,Q)n (x7Q)oo
C]%
Eq(x) = 0@0(_; - 49, _J:) = Z ( R ) " = (_$7Q)oo
= (G0

These two g-exponential functions are related to each other as follows:

eQ(x)EQ(_‘T) =1, €q—1 (l‘) = EQ(_qx)'

10



Chapter 2

Connection formulae of the
Ramanujan entire function

and the resummation of the
divergent series

2¢00(0,0; —; ¢, x)

In this chapter, we study a relation between the aforementioned two g-
analogues of the Airy function from the viewpoint of connection problems
on ¢-difference equations.

2.1 Relation between the Ramanujan entire func-
tion and the ¢-Airy function

To find a relation between the Ramanujan entire function and the ¢-Airy

function, we compare g-difference equations satisfied by each of the func-

tions. The Ramanujan entire function satisfies the following g-difference

equation
(qﬂwg —oq+ 1) u(z) = 0. (2.1)

The ¢-Airy function satisfies the second order linear ¢-difference equation

(03 + 204 — 1) u(z) = 0. (2.2)

11



We can transform the g-difference equation satisfied by the Ramanujan en-
tire function with base ¢?

<q2x022 — o2+ 1) u(z) =0 (2.3)
into a g-difference equation
(—q5t202 —oq+1) f(t)=0 (2.4)

by changing the independent variable z to t by —¢*t?> = 2. We can also
transform (2.4) into (2.2) by changing the independent variable ¢ — 1/t and
a suitable change of a depending variable as we will show in the proof of the
next proposition. In this way, we will find a relation between the Ramanujan
entire function and the ¢-Airy function.

The first task is to give local formal solutions of (2.4) around the origin
and the infinity.

Proposition 1. The equation (2.4) has solutions
i) = 0p1(—30;¢%, ¢°t?) = A (—¢t?), (2.5)
F2(t) = 04(at)04(—a*t)200(0, 05 —: ¢*, t?). (2.6)

around the origin. The first solution fi(t) is a convergent series and rep-
resented by the Ramanujan entire function with the base ¢*>. The second
solution fo(t) contains a divergent series.

The equation (2.4) has solutions

n() =00 (-t ) =00 n, (1) @D
(®) = 0~ (00 —3 ) =04, (1) @9

around the infinity. Both solutions contain convergent series and represented
by the q-Airy function with the base q.
Proof. Equation (2.4) has a unique holomorphic solution at ¢ = 0:

fi(t) = qu(—qth).

We define f(t) by f(t) = 0,(qt)0,(—g¢t) f(t). Since the theta function satis-
fies the relation

00 {0a(at)0y (1)} = —qitzeqwt)eq(—q%),

12



the function f(t) satisfies the equation
(02 — a4 — ¢*?) f(t) = 0. (2.9)
The equation (2.9) has a unique power series solution of the form f(t) =
> >0 bnt"™ where by = 1, which is
~ 1 n(n=1)y —1 n
F(t) = 200(0,0; =5 %, qt*) = Y —— {(QQ) ? } (gt*)™.
=5 (@%¢%)n
Therefore, the equation (2.4) has another (formal) solution as follows:
F2(t) = 04(at)0g(=a*t)200(0,0; —: 4%, qt?).

We consider local solutions of (2.4) around t = co. We set

1
z(t) = Wf (t)-
Then z(t) satisfies
(—03 - qlztaq + 1> 2(t) = 0.
We set x = 1/t and u(x) = z(1/t). Then u(x) satisfies the g-Airy equation
(02 + z0q — 1) u(z) = 0.
We take local solutions of the ¢-Airy equation around z = 0 as follows:

70q(x/q2) 1,(—x us(x) = Ai,(x
Qq(—{L‘/qZ)Aq( )7 2( )_A(I( )

Therefore (2.4) has solutions around z = oo as follows:

ui(z) = —

00 = 0,0 A1y (-1 ) =8u(Poren (050, 7). (2.10)

(®) = 0,(~¢0 81y (1) = (P (0= ) . (211
O

The Ramanujan entire function is a convergent solution of the equation
(2.4) around ¢ = 0. The solution fi(¢) is a unique holomorphic solution at
t = 0 with the condition f;(0) = 1.

The ¢-Airy functions are solutions of (2.4) around ¢t = co. We show a
connection formula between the Ramanujan entire function (2.5) and the
g-Airy functions (2.7), (2.8) in the next subsection 2.2.

13



2.2 Connection formula of the Ramanujan entire
function

In the following, we give a formula which relates the Ramanujan entire
function (with the base ¢?) with the g-Airy function as a corollary to our
connection formula between fi(t) and v1(t), va(t).

We set g(7) = (B, f1)(1). We see that g(1) = >, 5q9nT", go = 1 is
a convergent series in our case. To begin with, we note that the ¢-Borel
transformation has the following operational relation:

Lemma 2. For any l,m € Z>q, we have

_ __m(m=—1)
B, (t"ol)y=q 2

m __l—mip—
q ™o Bq.

q

The operational relation for the ¢-Borel transformation is given by Zhang
[15]. We apply the g-Borel transformation B, to the function fi(t).

1. The g-difference equation satisfied by (B, f1)(7).

By the operational relation in Lemma 2, the function g(7) satisfies a
first order ¢-difference equation

glar) = 1+ ¢*1)(1 = ¢*)g(7). (2.12)
The g-difference equation (2.12) has a solution
1
h(r) =

(0?73 Q)0 (T3 @)oo

We consider the Maclaurin series of the function A(7), which is a formal
power series solution of (2.12). Since there exists a unique power series
solution g(7) with a condition g(0) = 1, the Maclaurin series of h(7)
coincides with the solution ¢g(7). Then we obtain the following infinite
product representation of g(7):

1
—*7:9) o0 (’T3 Q)0

9(1) =
(
The function g(7) has simple poles at
{T; r=4¢ %% Vke ZZO} .

In particular, the radius of convergence of g(7) is |q| 2.

14



2. Residue calculus for (£ o B, f1)(t).

We fix a number r > 0 such that |¢g|~! < r < |¢|72 and define a set
Cy = {r € C||r| = rlg|™"}, for | € Z>o. Applying the g-Laplace
transformation £ to g(7), we obtain an integral representation of
f1(t) by Lemma 1.

0 = ot (£) &

1 t\ dr
_ 1 tyar 2.1
271 r|=r|q|-! 9(7)0q <7’> T (2.13)
-1
t\ 1 _9_
— ZRes {g(T)Oq <7’> SiT=q 2 k}
k>0
-1
t) 1 o
— ZRes {g(T)Hq <7’> —iT=4q 2 k} )
k>0

At first, we show the integral on |7| = r|q| ™" goes to zero when | — oc.

Proposition 2. For any t € C*, we have

1 t\ dr
21 /|T:7"|q_l g(T)aq <’7’> 7

For the proof, we prepare two lemmas on the g-shifted factorials.

lim =0.

l—00

Lemma 3. For anyl € Z~q, we have

2-1 ! 1 M8 <1 )
¢ =1 (—1)q¢ 2 | —5q] -
(r¢* s ) = 7' (-1) =)

The lemma above can be proved directly.
Lemma 4. For any T € Cy, we have

1 1 1
< <

1, — (L. 1. '
(Fa)| ~ Gold), (),

15



Proof. Since |q|™t < r < |¢|72, we have |7¢/| > 1 (j =1,0,—1,---),
where 7 € Cy. We remark that

1—-——2>1

1 .
' - 7=10-1,--.
ey

rfg”

Therefore we have an estimation
1 1 1
—iq) | = —ldl) > 5=:lal ) -
Tq l T|Q| l T|q| [e'e)
Thus we obtain
1 1 1

< <

1. (1. 1. '
(?q’q)l‘ (7"‘1|”q‘)l (r|q|7‘Q|>OO

We are ready to prove Proposition 2.
Proof. We put M =1/ (ﬁ; |q|>Oo and N = max,cc, [g(7)0,(t/7)].

1 t\ dr
. ) — ) —
211 |T|:r\q|*l g(T) 1 <T> T

1 _ ta'\ dr
= g(rqa™He, (3) —

2mi Co T

1 g(T) A t\ dr
= omi PR gy 2\ o) el o) —
2mi Jo, (T*~h —1¢* 5 q) T ) T

1 T2 g(r)  _w-n [t ! t\ dr
:27”'7{00 (/rg,—1/rgan? (T) 9q<T>T
Lo f ol

co (1/1¢,=1/7q;9)1 T

T 2mi

Therefore we have

1 t\ dr
R 0 — ] —
21 /T|:7'|q|l g(T) a <7’> T

dr

1 =5 1 _
<oeld T g N
@ Co (L.’qo T
rlg|’ 0o

(1=5)
° |t|7lrfl -0 (I— o)

= M*N|q|

as desired. 0

16




Hence fi(t) has the expression

fi(t) =— iRes {g(r)eq <i> %;T _ _q—2—k}

- iReS {9(7)% (i) %; T= q‘Q"“} :

k>0

We calculate the residues by the following lemma.

Lemma 5. For any k € Z~o, A € C*, we have:

L g
(@ Res{(T//\;q)ooT' =M }_ (@ )k(4@)oc
k(1)
) AN g

A% @)oo (M@)o (a/X5q),

By Lemma 5, we have

k(k+1)
2

T ("0 (OK(a0)0

1 2+k 1 k41
Resy sty (£) L= D 1M
T

k(k+1) k(k+1)
q 2 9k _ BG=1) 5 (—1)’”1(] 3
_ ¢ 7 0,(% ) ——L
e e AU IOy pvr woms v
k
_ b(d’) 1 (1) <1>
(@, =150)00 (=0 O1(q; D t

In the same way, we calculate other residues.

By taking the sum of all the residues, we obtain
04(¢*t) 1 0,(—q%t) 1
Alt) = 11 (0 —q3¢, 5 | + =101 (0, —q3¢, — 7 | -
) (¢, —1;9)o0 t)  (¢,-10) t
Therefore, we have reached the following connection formula.
Theorem 2. For any x € C*, we have a connection formula

1 1
MO Y T

(¢, —1:q)oo va(t):
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This connection formula derives a relation between the Ramanujan entire
function with base ¢? and the ¢-Airy functions with base ¢, namely,

1 1
A o2 AL [
AqQ( q°t”) (q’_l;q)OOHQ(q t) lq ( t)

1 o (1
(= AL [ -]).
+(q,—1;q)oo9q( ) 1q<t>

2.3 Resummation of 5¢((0,0; —; ¢, —x/q)

We recall that the formal solution fa(t) contains a divergent basic hypergeo-
metric series. We construct a solution fs (t, \) by the g-Borel-Laplace trans-
formation of the first kind, which is holomorphic on C* \ [-);¢]. Then we
can consider a connection formula between the solution fo(t,\) and vy (¢),
v9(t), which contains a continuous parameter A. In subsection 2.3.1, we
show a relation between the g-exponential function e,(x) and convergent
series gy with the base ¢2. We also show a connection formula for a resum-
mation of the divergent series 209 (0,0; —; ¢, —2/q) by applying Proposition
3 in subsection 2.3.2. Then we obtain a connection formula between the
resummation fo(t, \) and vy (t), vo(t) in Theorem 4.

2.3.1 Alternative representation of g-exponential functions

We show an alternative representation of g-exponential functions, which
plays an important role later on.

By the triple product identity, we have the following relation between
two g-exponential functions

ey(z) = LDx . (—3) (2.14)
on C*\ [1;¢]. The aim of this subsection is to show a behavior of e,(z/q)
around x = oo given in the following proposition.

Proposition 3. For any x € C*\ [1; 4], the function eq(x/q) has the follow-
ing representation

z 1 9)oc ’ Do ¢ 7
€q () = %o% <—;q; qz,;) - q>x (13 20! (—;q3;q2,z2> :
v (-3) o (=5) 1

18



We obtain Proposition 3 from the following lemma.

Lemma 6. We have

2
q
E (=) = op1 (=3 ¢: ¢, q2?) — Errod (=:¢% ¢ ¢°2%).  (2.15)
Proof. We separate the function gpo(—;—;¢,x) by even terms and odd
terms.
1 PRLICE Y
opo (= —3¢,2) = (-1 =z
,go (¢ Ok
2k(2k—1) (2k+1)2k
— Zg(_l)%q ? 2+ Y (—1)**g L2k
= (@9 = (@dawn
2k(2k—1) (2k+1)2k
-y (=1)**q~ > L2k T (=1)*q > L2k
(25 9)2k (1-4q) (@25 q)2k
k>0 k>0
k(k—1) ) 2 k(k—1) ) 2
Z{(_l)kz(q2)2 } qk: . . Z{( 1)k’(q2)72 } q3k o
= - x
— (4, 4% ¢°)x (1-q) & (4%, 4% ¢*)k
_ o2 2 'S ..3..2 3 2
=01 (—5¢,¢%, q2%) — g (=0 ¢°,¢°2°) .
Since
Eqy(z) =opo (=5 —3¢,—2), |z[ <1,
we have the result. ]

Then Lemma 6 implies

2 5 2 7

q 2 4 q 3.2 4
E T — ey 2 -+t . . x .
q( LE) —0Q01< 3454 7&72) (1 q)x()@l( 3454 7932)

Thus we have shown Proposition 3.

2.3.2 Connection formula for the resummation of 5y,

Since fs(t) contains a divergent series 2¢(0,0; —; ¢, —z/q), we need to give
a resummation of the divergent series by the g-Borel-Laplace transformation
of the first kind. We set

2f0 (070a -4, )\7 —Z'/Q) = ﬁ;;/\ © 8;2800(07 07 -4, _'T/Q)
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Theorem 3. For any x € C*\ [=); ¢, we have

0 2 | —— 2
2fo <0,0; —1q, A, —x> =(q; q)oquq)Aum (0; a9, i)
g 961 (‘g) eq (E)

. 0 o (_7)@) 3
) q x A
(4:9)ox —1¥1 (0; ¢, L > .
xr X

Proof. We apply the ¢g-Borel transformation B; to the divergent series v(z) =
2¢00(0,0; =3¢, —/q). Let ¢(§) = e4(£/q). Then (Bfv)(&) is the Maclaurin
expansion of ¢(§). The function ¢(§) is holomorphic around £ = 0. By
Proposition 3,

_ (@9 <_, o q5> (39w (_, 5. 9 q7>
(10(5) Qq (_g) 0¥1 3454 752 Qq (_g) (1 _q>£0901 3454 ,62 .

5
e1(§) = ——op1 (—;q;QQ,q),
CA

1 1 q’
p(8) = ——op (—;q3;q2,> :

Both ¢1(§) and ¢2(€) are meromorphic functions on C*, which leads to the
convergence of E(';)\cp as we shall show now.

We apply the g-Laplace transformation C;/\ to the functions ¢;(§) and
©2(8)-

20



(etoer) =2 0y = 2y

(s 5
o1 | =0 55
. ( ) )\2(]2

1 mm 1) 5—2n\ ™
e () )

q
EIEEE 5 G (
- 1 oy (n=m)(n—m—1) AZ\"T
- A 2 @) <_Q$>
m(m—1) m

(=)"™(¢*) > <q2>

szm (4% 4%)m x

0,2 A2 2
= (&) 191 <0;q;q2,q> :
0 )\) x

A 3
)Ax?l(pl <0;q3;q2,q$> .
) 9(1 (E) 4

Therefore we obtain
T T
2f0 <0707_7Q7)\7_q> :ﬁ;)\OB;QS@O <0707_7Q7_q>
0 2 (—%) 2
RN <0; @ q°, q)
x

= (g¢; Q)mwwlsﬁ

. 0 o (_ﬁ) 3
4 q)00 4 x A q
(4:9) . 10 (O;qg;q27x>~
2)04(2)

A resummation of the formal solution fa(t) in (2.6) is given by fa(t,\) =
Gq(qt)OqN(—th)sz(O,O; —;¢%, A\, qt?). We obtain the connection formula be-

tween fo(t, A) and v1(t), va(t) from Theorem 3.
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Theorem 4. For any t € C* such that t> € C*\ [\/q; ¢%], we have

V1 (t)

A
2.2 N0 (—a2t) Pa | 753
9q(qt)9q(—q2t)2fo(0,0;—;qz,)\,qtz)Z(q 7) q((é) o(~a7) <qt)
2 q

, (_;) () 2l
A

q3t?
(q2§ q2)009q(qt)0q(_q2t) Oy (_E)
0 (—2) 002 (353) 2al=0)

where v1(t), va(t) are the local solutions at the infinity:

+ va(t)

vi(t) = 0(¢*t) 101 (0; —4;q, 1) = 0,(¢%t) Aig <—1> :
va(t) = Oy(=¢*t) 11 <0; —q; q, —1) = 04(—¢°t) A, <1> :

We prepare some relations between some functions with different bases
before proving Theorem 4. It is easily checked that

(a;Q)2m = (4:6*)m (g ¢*)m, (€ Q)2ms1 = (1 — a)(ag; ¢*)im(ag®; ¢*)m.

(2.16)

In (2.16), we set a — ¢ and ¢ — ¢?. Then we have
(@%:6%)2m = (6% ¢")m(q" ¢, (2.17)
(@% ¢P)2mi1 = (1= ) (g* ¢)m(¢% ¢")m- (2.18)

For any m € Z>o, we have

m(m—1)

=(H "z xgm (219

2m(2m—1) m(m—1)

g z =" =z xqd" q¢

(2m—+1)2m
2

By the formulae (2.16), (2.17), (2.18) and (2.19), we obtain the following
lemma.

Lemma 7. We have the following relations between functions 11 with dif-
ferent bases q and ¢*:

T
1910, =g ¢, ) = 1901(0; ¢% ¢*, —qa?) — @1@1(0;61‘3;#; —¢’a?),

T
10100, —¢; ¢, —x) = 101(0; ¢%; ¢*, —q2?) + Wl@l(o;qG;q“; —¢’z?).
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The theta functions with the different bases have the following relations.

Lemma 8. For any x € C*, we have

x x z?
6,(%) +6 <_> _ 26, ()
! <Q> “\ ¢ T\ q
x x T 9
(5) -0 () =250 ).
Corollary 1. If we put x — \/(¢t), we have
A A A2
o0 () + 00 () =20 ()
A A A A2
()~ () =2 ()
We give a proof of Theorem 4.

Proof. In Theorem 3, we put ¢ — ¢ and = — —¢>t?. Then,

2.2 2
.2 2\ _ (@%4%) o0 A C2.4 9
2f0(070a7,q 7)‘7qt ) - ) {0q4 <q5t2> 1¥1 (an 34 57t72>

0o (-2)0e (3

A2 Y 4
4 L 6.4 1 ]
o <q3t2> (1-@)pe' (0’q 4 t2>}

We rewrite the part {---} in the right hand side by using Lemma 7 and
Corollary 1.
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2 2 3
2.4 4 A —A . 6.4 4
q ( 5t2) 1$1 (Oﬂl ) 7_?> +‘9q4 <q3t2> (1 _q2)q3t21g01 <07q yq ’_t2>

q
= 191 (0; q2;q4,—t3)

" (ﬁ) h (_ﬁ) = ha <0; 4", —q3>

2 (1—-4¢?

/\
_Hq(it 0 _q) _|__71 0: 6. 4 _q73
- 92 q q ) t2 (1*(]2)751@1 q 54, t2
9q (—% 1 3
q B 6.4 4
t—s {1901(0q 7', t2)+7(1 q)tlcm <0,q,q, t2>}
% () L) %) 1
=191 | 0; q,q, 11 { 0; G5 )

2

“
N——
[

Q

Hence we have

A A
(7% 4%)oo O (ﬁ) 0q (_ﬁ
2f0(0a0;7;q27)‘7qt2) = Ul(t) + ’L)Q(t)
9q2 (—q%) 9q2 (qg?) 20q(q2t) 29q(_q2t
completing the proof of Theorem 4. ]

By the theta relations in Lemma 8, we obtain another representation of
our connection formula as follows:

Proposition 4. For any x € C*, we have

3 2
q 2 x 9 4 5
q2< x2> (Qa_lﬂnoo q4(Q>1(p1( AR qw)

2 q2 ZL‘2
P e = 10t <q3> 101(0;¢% ¢, —¢*a?).
b ) o0

2.4 Summary

We have solved the connection problem for the second order linear ¢-difference
equation

(—¢°tP0g —oq+1) f(t) = 0. (2.20)
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This equation has solutions

fit) = 001(—:0: 4%, ¢°1%) = A (—¢°t%),
fo(t) = 04(qt)0(—q*t)200(0, 0; —; ¢°, qt?)

around ¢ = 0. The solution fi(¢) is the Ramanujan entire function with the
base ¢>. The solution f»(t) contains a divergent series 20(0,0; —; g2, qt?).
Thus, we consider 2fo(0,0; —;q, A\, —2/q) = EIA o B;rgcpg(0,0; —q,—x/q),
which is a resummation of a divergent series 2¢0(0,0; —; ¢, —x/q). We re-
mark that the function 2 fo(0,0; —; ¢, A, —2/q) is analytic on C*\ [—X; q]. We
set fg(t, A) = 04(qt)0,(—q*t)2£0(0,0; —; ¢, A, qt?). The equation (2.20) also
has solutions

v(t) = 0 (q* D11 (0; —4: 4, 1) = 04(q%t) Al <_1> ,
va(t) = Og(—a*thrpr (0; ~¢;q, —1) = 04(—¢*t) A, (1)

around t = co. Both solutions v;(t) and vy(t) are represented by the g-Airy
function, so that they are convergent at infinity.
We gave the connection formulae for the equation (2.20) as follows:

( Jalt ) _ ( Cui Ci2 > <U1(t)>
f2 (t, )\) 021 (t, )\) 022 (t, )\) V2 (t) ’
The connection formula between fo(t, ) and vy (t), vo(t) holds for any t € C*

except poles of Co1(t,\) and Caa(t, A). Connection coefficients are

1

Cni=Ci2 = (ORI

Cor(t,\) =

(% 2)acOyat) g —q2t) b (1)
0 (—2) 0 (%) 2al@D)

(4% 4°)oobq(qt)by(—q*t) O (_ﬁ>
0 (—2) 0 (7)) 2al=0)

)
q
and
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We remark that the first connection formula gives a relation between the
Ramanujan entire function A, and the ¢g-Airy function Aiy:

1 1
Pt =—— 9 (P AL [ ==
Ap(=a't) (¢ —159)o0 o(4?) 1q< t)
1

+ meq(—q%) Aj, (1) :
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