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Preface

Congestion of data traffic is one of the most significant issues to be addressed in
designing communication systems. Queueing theory is a branch of applied math-
ematics, which provides a set of mathematical tools for evaluating the impact of
congestion on the performance of systems. In queueing theory, analytical methods
for abstract mathematical models, called queueing models, are studied. Along with
the development of communication technologies, a large variety of queueing models
have been analyzed.

In particular, queueing models with underlying processes are fundamental mod-
els for the current communication networks, where data traffic has the following
two characteristics: (i) traffic patterns are bursty rather than completely random
and (ii) traffic consists of multiple data streams with different properties such as
text, audio, video, and control packets. This class of queueing models is well stud-
ied, and efficient computational algorithms for performance measures are available
in the literature.

Presently, adaptive resource allocation mechanisms are being developed in each
field of communication technology. For example, dynamic spectrum allocation in
cognitive radio, reconfigurable wavelength division multiplexing (WDM), and dy-
namic route control based on the software-defined network (SDN) technology are
regarded as adaptive resource allocation mechanisms. To make efficient use of
bandwidths, these technologies dynamically change the allocation of bandwidths
and restrict the volume of incoming traffic through admission control. Mathemat-
ically, communication systems with adaptive resource allocation mechanisms can
be formulated as queueing models interacting with underlying processes. Interac-
tion between queues and underlying processes makes the behavior of systems more
complicated, so that known results for queueing models with underlying processes
cannot be applied directly.

The main contribution of this dissertation is the development of analytical and
computational methods for two kinds of queueing models interacting with underly-
ing processes, which are regarded as fundamental models for communication sys-
tems with adaptive resource allocation mechanisms. In the first model, the state of



the underlying process is switched when the system becomes empty. In the second
model, on the other hand, the state of the underlying process is assumed to change
continually according to the workload in system. Although these two models do not
cover the whole class of queueing models interacting with underlying processes,
they formulate two fundamental behaviors of adaptive resource allocation mech-
anisms. The first model corresponds to allocation mechanisms that bandwidth is
added when congestion continues for a while, and the additional bandwidth is re-
leased when the congestion gets relieved. This is reasonable because the addition
and the removal of bandwidth are usually performed with a delay, so that they can-
not be executed very frequently. On the other hand, the second model corresponds
to allocation mechanisms that are performed in real-time, such as an adaptive ad-
mission control. Note that the first model describes relatively long-term changes
in the state of the underlying process, while the second model describes short-term
changes in it. In this dissertation, we analyze these two kinds of queueing models
separately so that their mathematical structures to be well understood.

Chapter 1 provides a background of this study, and introduces the two kinds of
queueing models mentioned above. Chapter 2 presents a basic approach to analyz-
ing the first model, through an extensive analysis of a closely related model referred
to as the multi-class M/G/1 queue with working vacations. Chapter 3 analyzes the
queueing model with disasters and multiple Markovian arrival streams, where the
approach of Chapter 2 is extended into a more general case that arrival streams
are governed by an underlying Markov chain. Chapter 4 generalizes the results in
Chapters 2 and 3 by considering a continuous-time Markov process with the skip-
free to the left property and reducible generators for busy periods, which provides
a unified way to analyze the first model.

Chapters 5, 6, and 7 are devoted to a queueing model with impatient customers,
which is formulated as a stochastic process equivalent to the second model. This
model has been studied for a long time, and a basic result for the stationary work-
load was already obtained in 1961 by Kovalenko. While this result for the station-
ary workload is often used as a starting point of the analysis of another performance
measures of interest such as the stationary queue length and busy periods, we could
not find further results for the stationary workload in the literature. Chapters 5 re-
visits the formula obtained by Kovalenko and provides a new perspective on it.
This leads to a unified understanding of special cases of this model, for which ana-
Iytical results were reported independently in several research papers. Chapter 6
analyzes the stationary loss probability, which is the fundamental quantity of in-
terest in the second model. Based on the results in Chapter 5, various properties
of the loss probability such as theoretical lower and upper bounds and stochastic
ordering relations are derived. In Chapter 7, a computational algorithm for the loss
probability is developed. This computational algorithm has a remarkable feature
that it also outputs an upper bound of its numerical error. Finally, we conclude this
dissertation in Chapter 8.
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Abbreviations and Conventions

Throughout this dissertation, we use the following abbreviations:

FCFS : First-Come First-Served,

ii.d. : independent and identically distributed,
LCFS-PR: Last-Come First-Served Preemptive-Resume,
LST : Laplace-Stieltjes transform,

MAP : Markovian arrival process,

PDF : probability distribution function,

p.d.f. : probability density function.

In addition, we follow the following conventions of mathematical notation unless
otherwise mentioned:

* Vectors are denoted by bold-type lower-case letters.

* Matrices are denoted by bold-type upper-case letters.

Inequalities between matrices or vectors imply that they hold elementwise.

Empty sum terms are defined as zero.

Empty product terms are defined as one.

00 is defined as one.
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1 Introduction

1.1 Queueing theory

For the last several decades, communication technologies have been highly devel-
oped, and they are still under rapid development. The most notable example is the
emergence and the growth of the Internet, which is a huge communication network
connecting billions of people world-wide. Today, the Internet has become a vital part
of our everyday life and it is used for a variety of services, such as the World Wide
Web, E-mail, E-commerce, video and photo sharing, and social networks. Techni-
cally, the Internet is a network of networks, which interconnects a large number of
networks operated by different service providers. In those networks, various types
of physical media are used for communication links, e.g., copper wire, optical fiber,
and radio spectrum.

Although properties and performances of communication links highly depend
on the nature of the underlying physical media, there is a common important re-
striction on them: each communication link has a limited bandwidth (or capacity).
Because of this fact, data packets arriving at a communication link have to wait
in a buffer to be transmitted when the instantaneous volume of the input traffic
exceeds the bandwidth. This causes congestion of data traffic, which has a signif-
icant impact on the performance of communication systems. Therefore, regardless
of the physical media used, it is important in designing communication systems to
understand the congestion phenomena occurring in them.

Queueing theory provides a set of mathematical tools for evaluating the impact
of the congestion on the performance of a communication system. Based on the
theory of probability and stochastic processes, queueing theory analyzes various
properties of abstract mathematical models called queueing models. In this disser-
tation, we focus our attention on single-server queueing models (Figure 1.1), where
the system consists of a server and a waiting room with infinite capacity. Customers
arrive at the system, wait for their turns, and leave the system on their service com-
pletion. Single-server queueing models are used as models of single communication
links, and they are building blocks of networked systems. Note here that customers
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customers leave the system
arrive on service completion

waiting room server

Figure 1.1: Single-server queueing model.

in this case represent incoming packets.

Using Kendall’s notation, single-server queueing models are usually denoted by
A/B/1, where A and B represent the arrival process of customers and the service
time distribution, respectively, and the last symbol “1” means that there is only one
server. Various symbols are used for A and B to specify the arrival process and
the service time distribution, e.g., “D” denotes the deterministic distribution, “M”
denotes the exponential distribution, “G” denotes the general non-negative proba-
bility distribution, and so on. To determine the behavior of a queueing system, we
also need to specify the service discipline, i.e., the order of services. The most ba-
sic service discipline is first-come first-served (FCFS). Other service disciplines are
also often considered, e.g., last-come first-served (LCFS), services in random order,
and processor-sharing.

One of the most basic models of customer arrival processes is the Poisson arrival
process, where arrivals of customers occur completely randomly in time. A Poisson
process is characterized only by mean arrival rate A (1 > 0), and its inter-arrival
times are independent and identically distributed (i.i.d.) according to an exponen-
tial distribution with mean 1/A. Single-server queueing models with Poisson ar-
rivals and generally distributed service times, denoted by M/G/1, have been widely
studied and various results for M/G/1 queues can be found in the literature. For
classical results of single-server queueing models including M/G/1 queues, readers
are referred to [Coh82, Kle75].

While the occurrences of Poisson arrivals are assumed to be completely random,
data traffic of current communication networks are usually bursty. Markovian ar-
rival processes (MAPs) are an extension of the Poisson arrival process [LMN90],
which can be used to model bursty arrivals. MAPs form a rich class of arrival pro-
cesses, and they include Markov modulated Poisson processes (MMPPs) and phase-
type renewal processes. In particular, MAPs have an important property that they
are dense in the set of all stationary point processes [AK93]. In this sense, MAPs
are one of the most general arrival processes.

In addition to the burstiness of arrivals, data traffic of current communication
networks has another important property: it is a superposition of several packet
streams with different properties such as text, audio, video, and control packets.
Such a superposition of different arrival streams can be modeled using marked
MAPs [He96], which consists of several arrival streams of MAP. As we will see be-
low, the superposition of different arrival streams makes the behavior of queueing
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models essentially more complicated.

The single-server queue with MAP arrivals (MAP/G/1) and marked MAP ar-
rivals (multi-class MAP/G/1) are formulated as queueing models with underlying
processes, for which efficient computational algorithms for performance measures
are known in the literature. In the next section, we briefly review these results as
preliminaries to this dissertation.

1.2 Queueing models with underlying processes

1.2.1 MAP/G/1 queue [LMN90, Neu89]

Throughout this chapter, the service discipline is always assumed to be FCFS un-
less otherwise mentioned. We start with the definition of the MAP. Consider an
irreducible continuous-time Markov chain with finite state space .4 ={1,2,...,M}.
We refer to this Markov chain as the underlying Markov chain. The behavior of a
MAP is governed by this Markov chain as follows. The underlying Markov chain
stays in state i (i € .4 ) for an exponential interval of time with mean 1/0; (g; > 0),
and when the sojourn time in state i is elapsed,

e with probability g; ;, an arrival of a customer occurs, and the underlying
Markov chain changes its state to j (j € .4),

* with probability p; j, no customer arrivals occur, and the underlying Markov
chain changes its state to j (j € .4, j #1).

It is assumed that
Y pij+tqip=1, i€,
JjeM
where p; ; is defined as zero. The MAP is usually represented using M x M matrices
C and D whose (i, j)-th (i, € /) elements are given by

oipij,  L#J

[Cl;;= { o [D];j=0iqi;-
—0y, =7,

Note that C and D denote a defective infinitesimal generator and a transition rate

matrix, respectively, and they satisfy

(C+D)e=0, (1.1)

where e denotes an M x 1 vector whose elements are all equal to one. It is readily
verified that C+D represents the irreducible infinitesimal generator of the underly-
ing Markov chain. Therefore, C + D has its invariant probability vector & uniquely
determined by

x(C+D)=0, me =1. (1.2)
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Let N(n,t) (n =0,1,..., t =0) denote an M x M matrix whose (i,j)-th (i,j € .#)
element represents the probability that n customers arrive in time period (0,¢] and
the state of the underlying Markov chain is equal to j at time ¢, given that the state
of the underlying Markov chain is equal to i at time 0. We define N*(z,¢) (|z| <1,
t=0) as

N*(z,t)= Z N(n,t)z".
n=0

Note that for At =0, N*(z,t) satisfies
N*(z,t+At)=N"*(z,t)[I + CAt +zD At + o(At)],

where I denotes a unit matrix. It is readily verified that this equation implies

ON*(z,t)
ot
Therefore, noting N*(z,0) = I, we obtain

=N"(z,t)(C +zD).

N*(z,t) = expl(C + zD)t].

The MAP/G/1 queue is a single-server queueing model, where customers arrive
according to a MAP, and service times are i.i.d. according to a general distribution.
Let H(x) (x = 0) denote the probability distribution function (PDF) of service times.
Also let E[H] denote the mean service time. Because the mean arrival rate is given
by mDe, the traffic intensity p of this model is given by

p=nDe-E[H].
The stability of the MAP/G/1 queue is ensured if p satisfies
p<l1. (1.3)

Under the stability condition (1.3), performance measures of the system can
be obtained through an analysis of an embedded queue length process obtained
by observing the system only at departure time instants. Let x(n) (n =0,1,...)
denote a 1 x M vector whose j-th (j € .4) element represents the stationary joint
probability that the number of customers in the system is equal to n and the state
of the underlying Markov chain is equal to j just after a customer departure. We
can verify that x(n) is given by the stationary distribution of a positive-recurrent
discrete-time Markov chain with transition probability matrix

By B; B; B3 ---
Ao Ay Ay A3 -

P=|0 Ay A Ay --- (1.4)
O O Ay A -
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where A, (resp. B,) denotes an M x M matrix whose (i,j)-th (i,j € .#) element
represents the probability that n (n = 0,1,...) customers arrive and the state of
the underlying Markov chain changes from i to j in the service time of a customer
(resp. in time period from an instant that the system becomes empty, to the next
departure of a customer). It is easy to see that

i A,z2" = fooexp[(C+zD)x]dH(x). (1.5)
n=0 0

From this equation, the coefficient matrices Ag,A1,... can be obtained with an al-
gorithmic approach [TMSH94]. Furthermore, B,, is given by

oo

B,=| explCx]Ddx-A,=(-C)"'DA,, n=0,1,....
0

Markov chains with the transition structure (1.4) are said to have the skip-free to
the left property, and such Markov chains are called M/G/1-type Markov chains. For
this class of Markov chains, an efficient computational algorithm for the stationary
distributions can be found in the literature [Neu89], so that we can compute the
stationary distribution x(n) (n =0,1,...) of the queue length at departure instants.

Other performance measures in the MAP/G/1 queue are given in terms of x(n).
Let y(0) denote a 1 x M vector whose j-th (j € .#4) element represents the stationary
probability that the system is empty and the state of the underlying Markov chain
is equal to j. Further let y(n,t) (¢ =0, n =1,2,...) denote a 1 x M vector whose
J-th (j € /) element represents the joint probability that the number of customers
in the stationary system is equal to n, the remaining service time of the customer
being served is not greater than ¢, and the state of the underlying Markov chain is
equal to j. We define a joint transform y*(z,s) (|z| <1, Re(s) > 0) as

o0

¥y (z,8) = y(0)+ > 2" Oexp[—st]dy(n,t).
n=1 t=

It can be verified that y*(z,s) is given by

x(0)(-C)1

y (2,3):(1_9)'m

+ p(x*(z) —x(0)+ zx(O)(—C)—lb)A*(z,s), (1.6)

where

. _ [®xdH(x) (*dt
A (z,s)—f0 BIET Jo ?~exp[—s(x—t)]exp[(C+zD)t].

Let y*(2) (]z] < 1) denote the probability generating function of y(n).

¥ @)= y(n)z" = lim y*(z,s).
n=0 s—0+
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Also let A(z) (Jz| = 0) denote an M x M matrix given by

VT _ [*®dH(x) (*
A(z)—sllr&A (z,8) = fo B Jy expl(C +zD)tldt
*© © dH(x)
= D
fo expl(C +z )t]dtft EIH]

= fooexp[(C+zD)t]}~l(t)dt,
0

where A(x) (x = 0) denotes the probability density function (p.d.f.) of the equilibrium
distribution of service times. Note here that A(z) takes the form

A(z) = Z A,z",
n=0

where the coefficient matrices Ag,A1,... can be calculated in the same way as
Ag,Aq,... (cf (1.5)). It then follows from (1.6) that

x(0)(-C)!

y @ =U-p) e TP

(zx(O)(—C)_lD +x*(2) —x(O))A*(z),

from which we obtain

x(0)(-C)1
x(0)(-C)le’

¥ = p(®O(-C) DA, + Y #DA,),  n=12,...
=1

y(0) = (1-p)-

y(n) is thus given in terms of x(n).

The actual waiting time and the sojourn time are also analyzed based on (1.6).
Let u(x) (x = 0) denote a 1xM vector whose j-th (j € .4) element represents the joint
probability that the workload in system is not greater than x and the underlying
Markov chain is in state j in steady state. We define u*(s) (Re(s) > 0) as the Laplace-
Stieltjes transform (LST) of u(x).

u*(s)= foo expl—sx]du(x).
0

We then have from (1.6),

y*(h*(s),s)—y(0)
h*(s) ’

where h*(s) (Re(s) > 0) denotes the LST of the service time distribution. After some
calculations based on this equation, it can be verified that u*(s) (Re(s) > 0) satisfies

u*(s)=y(0)+

u*(s)[sI+C +h*(s)D] = y(0)s. (1.7)
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We define w*(s) and w*(s) (Re(s) > 0) as the LSTs of the actual waiting time and
the sojourn time distributions, respectively. It is easy to verify that w*(s) and w*(s)
are given in terms of u*(s) by

u*(s)De . u*(s)De
= wi(s)=—-

nxDe nDe h(s). (1.8)

w*(s)
With a straightforward calculations based on (1.7) and (1.8), we can obtain a com-
putational algorithm for the moments of these distributions [TH94].

1.2.2 Multi-class MAP/G/1 queue [He96, TH94, Tak01, Tak05]

We next consider an extension of the single-class MAP/G/1 queue described in Sec-
tion 1.2.1 to a multi-class queueing model. We start with an extension of the MAP,
called the marked MAP, where K (K = 1,2,...) classes of customers exist. Let
KL =1{1,2,...,K} denote the set of customer classes. The arrival process of class
k customers is assumed to follow a MAP (C,D};) with the same state space and a
common generator C. Also, service times of class & (k € %) customers are assumed
to be i.i.d. with PDF H(x) (x = 0).

If all customer classes have the same service time distribution H(x), i.e., Hz(x) =
H(x) (k € %), this model reduces to a single-class MAP/G/1 queue with

D= D,.
ke X

However, if service times depend on the customer class, this relation no longer holds
because service times and the state of the underlying Markov chain are dependent
in general, so that service times are not i.i.d. To deal with the multi-class MAP/G/1
queue with different service time distributions among classes, it is useful to intro-
duce a more general model described as follows.

Similarly to the case of the MAP, consider an irreducible underlying Markov
chain with finite state space .« ={1,2,...,M}. There are K (K =1,2,...) classes of
customers, and the set of customer classes are denoted by £ = {1,2,...,K}. The
underlying Markov chain stays in state i (i € .#) for an exponential interval of time
with mean 1/0; (o; > 0), and when the sojourn time in state i is elapsed,

* with probability p; ;, it changes its state to j (j € 4, j # i) without customer
arrivals,

e with probability q; ;, it changes its state to j (j € 4) and a class k (k € %)
customer arrives.

It is assumed that

> (Pi,j+ > Qk,i,j)=1, €M,
jel keX
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where p; ; is defined as zero. Furthermore, service times of class £ customers who
arrive with state transitions from i to j are assumed to be i.i.d. according to a
general distribution with PDF Hy, ; i(x) (x=0,i,j€ 4, k€ X).

We then define C and D(x) (x =0, k € ) as M x M matrices whose (i, j)-th
(i,j € A) elements are given by

OiDPij L# ],
[C];; = { o o [Dy(x));;=0iqp,; jHg; j(x).
—0y, t=7,

We further define D(x) (x =0) as

D)= Y D).
ke X

Throughout this dissertation, we refer to a single-server queue with this general

arrival stream as the multi-class MAP/G/1 queue. We can readily verify that this

model includes the MAP/G/1 and the marked MAP/G/1 queues as special cases.
We define D*(s) (Re(s) > 0) and D as

D*(s):f expl—sx]ldD(x), D = lim D(x)= li1(1)1+D*(s).
0 X—00 S—

Because the underlying Markov chain is assumed to be irreducible, C + D satisfies
(1.1), and it has the unique invariant probability vector & determined by (1.2). The
traffic intensity p of this model is given by

p= ﬂf xdD(x)e,
0

and the system is stable if p < 1. Below we assume that the system is stable.

Unlike the single-class MAP/G/1 queue, the queue length process in the multi-
class MAP/G/1 queue is not easy to analyze directly, because it is necessary to keep
track of the classes of all waiting customers to construct the embedded Markov
chain at customer departures, which results in an explosion of the state space. On
the other hand, the workload process in the multi-class MAP/G/1 queue is easy to
analyze. From a balance equation for the stationary workload distribution u(x), we
can verify that its LST u*(s) satisfies (cf. (1.7))

u"S)sI+C+D*(s)l=(1-p)x, 1.9)

where x denotes a 1 x M vector whose j-th element (j € .#) represents the con-
ditional probability that the underlying Markov chain is in state j given that the
system is empty. An effective computational algorithm for x is reported in the lit-
erature [TH94].
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Let w;(s) and EZ(S) (k € & ,Re(s) > 0) denote the LSTs of the actual waiting time
and the sojourn time distributions of class £ customers, respectively. Similarly to
(1.8), they are given in terms of u*(s) by

wig)= LODre
k225 nDie ’ B

u*(s)DZ(s)e
zD.e

where -~
D, (s) :f expl—sx]dDy(x), D; = lim Dy(x) = lir(r)l D, (s).
0 x—00 s—0+

Furthermore, a computational algorithm for the joint queue length distribution of
respective classes can be derived based on (1.9), as shown in [Tak01].

In [Tak05], the multi-class MAP/G/1 queue is further extended to a model where
the service speed of the server varies depending on the state of the underlying
Markov chain. [Tak05] shows that the analysis of this model is reduced to that
of a multi-class MAP/G/1 queue with constant service rate, through the following
observation: by extending the time axis of a sample path of the original model so
that the service rate is constant, we obtain a sample path equivalent to that of an
ordinary multi-class MAP/G/1 queue.

1.3 Motivation of this study

Presently, adaptive resource allocation mechanisms are being developed in each
field of communication technology. For example, dynamic spectrum allocation in
cognitive radio, reconfigurable wavelength division multiplexing (WDM), and dy-
namic route control based on the software-defined network (SDN) technology are
regarded as adaptive resource allocation mechanisms. To make efficient use of
bandwidths, these technologies dynamically change the allocation of bandwidths
and restrict the volume of incoming traffic through admission control.
Mathematically, systems with adaptive resource allocation mechanisms can be
formulated as queueing models interacting with underlying processes, where states
of the queues such as the queue lengths and the workloads have an effect on state
transitions of the underlying processes. Because the ordinary analytic methods re-
viewed in the previous section assume that the dynamics of the underlying process
is invariant with respect to the state of the queue, they cannot be applied directly
to these systems. Note that there are some recent studies on computational algo-
rithms of the stationary distribution of Markov chains with level-dependent transi-
tion structures [BS12, Mas15, PMKT10] that can formulate a wide class of queue-
ing models interacting with underlying processes. However, they deal with only
Markov chains, i.e., the case that the state space is countable, which corresponds to
the queue length process in queueing models. Therefore, it is difficult to apply them
to: (i) multi-class queueing models, where we need to analyze the workload process,
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and (ii) queueing models where underlying processes interact with the workload
processes (or wating times) not the queue length processes.

In this study, we consider two types of queueing models interacting with under-
lying processes, which are regarded as fundamental models for communication sys-
tems with adaptive resource allocation mechanisms. In the first model, we assume
that the state of the queue affect the underlying state only when the system be-
comes empty. We assume that the underlying process is a continuous-time Markov
chain with finite state-space similarly to the ordinary MAP/G/1 queue, and its state
is switched at the instant that the system becomes empty. This corresponds to a
system where bandwidth is added when congestion continues for a while, and the
additional bandwidth is released when the congestion gets relieved.

On the other hand, the second model assumes that the state of the underly-
ing process changes continually according to the workload in system. Specifically,
when the workload in system is equal to x (x = 0), the arrival rate of customers
is reduced from A to AG(x), where G(x) denotes a non-increasing function taking
value in [0,1]. This model corresponds to a system with real-time traffic control
such as an adaptive admission control. Note that the first model describes rela-
tively long-term changes in the state of the underlying process, while the second
model describes short-term changes in it.

In this dissertation, we develop analytical methods for these two fundamental
models through an analysis of closely related queueing models: queueing models
with working vacations and queueing models with impatient customers. As we
will see, queueing models with working vacations (resp. impatient customers) has
a similar mathematical structure to the first (resp. second) fundamental model in-
troduced above. In the rest of this section, we review these models more specifically,
discussing the relation between those and our two fundamental models.

1.3.1 Queueing models with working vacations

In queueing models with working vacations, the server takes a period called work-
ing vacation when the system becomes empty. During working vacation periods,
arriving customers are served at processing rate o (o > 0), which may differ from
the normal processing rate of one. This model is an extension of ordinary vaca-
tions models, where the server does not serve customers during vacation periods,
i.e., 0 = 0. In what follows, time intervals during which customers are served at
processing rate one are referred to as normal service periods.

The queueing model with working vacations was first introduced in [SF02], as
a model of an access router in a reconfigurable WDM optical access network. While
each access router has its own wavelength, there are some additional wavelengths
that are shared among several access routers, and those additional wavelengths
are assigned to those access routers cyclically. A working vacation period then cor-
responds to the situation that the access router has no additional wavelengths, and
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the following normal service periods corresponds to the situation that the access
router utilizes the additional wavelengths as well.

[SF02] studies an M/M/1 queue with exponential working vacations, where ser-
vice times are assumed to be i.i.d. according to an exponential distribution. Fur-
thermore, in [KCCO03, LTZL09, WTO06], the model of [SF02] is generalized to the
M/G/1 queue. These models can be viewed as special cases of our first model of the
two fundamental models introduced above, regarding that they have two underly-
ing states {WV,NP}, where WV and NP denote working vacation period and normal
service period, respectively. Therefore, to make analytical methods applicable to
the general case of our first model, it is necessary to extend the state space of the
underlying process to N-states.

1.3.2 Queueing models with impatient customers

In queueing models with impatient customers, each customer has his/her own max-
imum allowable waiting time, which is referred to as the impatience time. If elapsed
waiting times of customers reach their impatience times, they leave the system
immediately without receiving their services. Our fundamental model of the sec-
ond kind is equivalent to the M/G/1 queue with impatient customers and generally
distributed impatience times, which is usually denoted by M/G/1+G. The equiva-
lence between these models can be verified as follows. Note first that we define
the workload in the M/G/1+G queue as the sum of the remaining service times of
all customers in the system who receive their services eventually. Therefore, cus-
tomers who leave the system without receiving their services do not contribute to
the workload in system. The workload process in the M/G/1+G queue, where im-
patience times have a complementary PDF G(x), is thus equivalent to that in our
second model, because the arrival rate A is essentially reduced to AG(x) when the
workload in system is equal to x.

Queueing models with impatient customers have been studied for a long time,
and a large number of research papers have been published. The numbers of cus-
tomers in the M/M/s+D, M/M/1+M, and M/G/1+M queues are studied in [Bar57],
[AG62], and [Rao67], respectively. [Kov61] shows that the p.d.f. v(x) of the work-
load distribution satisfies a Volterra integral equation of the second kind. [Dal65]
studies the actual waiting time in the GI/G/1+G queue and derives the actual wait-
ing time distributions in the M/G/1+D and M/G/1+M queues and the workload dis-
tribution in the M/G/1+M queue. [Coh69] studies the workload in the GI/G/1+D
queue and it shows the result for the M/G/1+D queue as a special case. In [Coh69],
the workload in the M/G/1+M queue is also analyzed. [Sta79] studies the GI/G/1+G
queue, where the stationary distributions of the actual waiting time and the num-
ber of customers in the system are related to the stationary workload distribution.
Furthermore, in [Sta79], some special cases are also discussed, which include the
stationary workload distribution in the M/M/1+G queue. The GI/G/1+G queue is
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also studied in [BH81] and [BBH84], and the p.d.f. v(x) of the stationary work-
load in the M/G/1+G queue is derived as a special case, reproducing the result in
[Kov61]. In addition, a formula for the M/G/1+Er queue is obtained. In recent
papers, some special cases of the M/G/1+G queue are discussed, where v(x) has a
simpler expression than the general case, e.g., the M/G/1+D queue [BKLO01], the
M/PH/1+D queue [KK13], the M/G/1+PH queue [BB13], and the M/G/1 queue with
discrete impatience times [Bael3]. Moreover, there exist further works which an-
alyze the busy period [BPS11, BPSZ10, BB13, KBL01, LK08, PA95, PSZ00] and
the joint distribution of the residual/original waiting times of all waiting customers
[BB99].

The fundamental quantity of interest in queues with impatient customers is
the stationary loss probability Pj.ss, i.e., the probability that a randomly chosen
customer leaves the system without receiving his/her service. Pj,s is also the most
important quantity in our second model, where P, represents the ratio of rejected
arrivals. To the best of our knowledge, however, any further results for P}y in the
M/G/1+G queue beyond those of [BBH84, Kov61] are not found in the literature. As
we will see, under the formulation of [BBH84, Kov61], P}, is given in terms of the
sequence of recursively determined functions, so that it is not easy to evaluate the
impacts of the parameters of the model on Pjgs.

1.4 Overview of the dissertation

The rest of this dissertation is organized into 7 chapters. Chapters 2, 3, and 4 are
related to our first model, while Chapters 5, 6, and 7 are related to our second
model.

In Chapter 2, we analyze the multi-class FCFS M/G/1 queue with working va-
cations. Past studies on the single-class M/G/1 queues with working vacations
[KCCO03, LTZL09, WT06] take an approach that the queue length process is ana-
lyzed first, and other performance measures are derived using the queue length
distribution. Note that queue length processes in multi-class FCFS queues are
not easy to analyze directly as mentioned in Section 1.2.2, so that the approach
of [KCCO03, LTZL09, WTO06] cannot be applied to our model considered in Chapter
2. Furthermore, to make the analysis of the queue length simple, those studies
assume the preemptive-repeat with resampling when working vacations end, i.e.,
the server always restarts the ongoing service at the beginning of normal service
periods, where the new service time is resampled according to the service time dis-
tribution. In Chapter 2, we present an analytical method for the multi-class M/G/1
queue with working vacations, where the server continues the ongoing service at
the beginning of a normal service period in a preemptive-resume manner. We fur-
ther generalize the conventional model with working vacations assuming that the
arrival rate in the working vacation and normal service periods may be different.
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Our analysis takes an approach different from those in the past studies. We first
analyze the workload process, and other performance measures are derived us-
ing the workload distribution, similarly to the analysis of the ordinary multi-class
MAP/G/1 queue without working vacations.

As we will see in Chapter 2, analyzing queues with working vacations are essen-
tially the same as analyzing the corresponding queueing models with disasters. We
thus focus our attention on queues with disasters in Chapter 3, and extend the ap-
proach based on the workload distribution shown in Chapter 2 into the multi-class
MAP/G/1 queue with disasters. The model discussed in Chapter 3 is considered as
a generalization of the single-class M/G/1 queue with disasters studied in [JS96],
where both the customer arrival process and the disaster occurrence process are
assumed to follow Poisson processes. [DN99, Shi04] generalize the model of [JS96]
such that customers arrive according to a batch MAP (BMAP) and disasters oc-
cur according to a MAP. While [JS96] analyzes the workload distribution directly,
[DN99, Shi04] takes an approach that the queue length distribution is analyzed
first. Note again that the multi-class model considered in Chapter 3 cannot be an-
alyzed with the approach of [DN99, Shi04] based on the queue length distribution.

In Chapter 4, we generalize the results in Chapters 2 and 3 by considering a
continuous-time bivariate Markov process {(U(t),S(¢)); t = 0}, where U(¢) and S(t)
are referred to as the level and the phase, respectively, at time ¢. U(¢) (¢ = 0) takes
values in [0,00) and S(¢) (¢ = 0) takes values in a finite set .4 =1{1,2,...,M}. U(¢) and
S(t) correspond to the workload in system and the state of the underlying process
in a queueing model. U(%) (¢ = 0) is assumed to be skip-free to the left, and therefore
we call it the M/G/1-type Markov process. The M/G/1-type Markov process was first
introduced in [Tak96] as a generalization of the workload process in the MAP/G/1
queue and its stationary distribution was analyzed under a strong assumption that
the conditional infinitesimal generator of the underlying Markov chain S(¢) given
U(t) > 0 is irreducible. In Chapter 4, we extend known results for the stationary
distribution to the case that the conditional infinitesimal generator of the underly-
ing Markov chain given U(#) > 0 is reducible. This extension provides a unified way
to analyze our fundamental model of the first kind.

In Chapter 5, we revisit the formula for the p.d.f. v(x) of the workload distri-
bution in the M/G/1+G queue obtained in [Kov61], and provide a new perspective
on it. More specifically, we consider a last-come first-served preemptive-resume
(LCFS-PR) M/G/1 queue with workload dependent loss, whose workload process is
identical to that of the M/G/1+G queue. Through an analysis of the model, we show
that v(x) can be interpreted as the p.d.f. of a random sum of dependent random
variables. As we will see, this new perspective leads to a unified understanding of
special cases of the M/G/1+G queue.

Chapter 6 analyzes the stationary loss probability Pj,ss in the M/G/1+G queue.
Based on the results in Chapter 5, various properties of the loss probability such as
theoretical lower and upper bounds and stochastic ordering relations are derived.
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In particular, as a consequence of the stochastic ordering relations, we show a the-
oretically interesting result that the loss probability Pj,ss in the M/D/1+D queue is
smallest among all M/G/1+G queues with the same and finite arrival rate, mean
service time, and mean impatience time.

In Chapter 7, a computational algorithm for Pj,ss in the M/G/1+PH queue is
developed, where impatience times are assumed to follow a phase-type distribu-
tion. The phase-type distribution is a probability distribution defined as the length
of absorbing time of a continuous-time absorbing Markov chain, which has suit-
able properties for numerical computation. The set of phase-type distributions is
known to be dense in the class of all non-negative probability distributions [Neu89],
so that it is one of the most general probability distribution function. To the best
of our knowledge, the M/G/1+PH queue has been studied only in [BB13]. Unfor-
tunately, formulas obtained in [BB13] are not suitable for numerical computation
because if we followed it, we would have to deal with exponentially growing number
of terms. We develop a computational algorithm for Pj,ss based on the uniformiza-
tion technique [Tij94, Page 154] and the results in Chapters 5 and 6. With this
algorithm, we can effectively compute Pj,ss without being involved with the expo-
nentially growing number of terms. Moreover, this computational algorithm has a
remarkable feature that it also outputs an upper bound of its numerical error.

Finally, we conclude this dissertation in Chapter 8.



2  Multi-Class M/G/1 Queue with
Working Vacations

2.1 Introduction

In this chapter, we consider a stationary multi-class FCFS M/G/1 queue with ex-
ponential working vacations. When the system becomes empty, the server takes a
working vacation, during which customers are served at processing rate o (o > 0).
If the system is empty at the end of the working vacation, the server takes another
working vacation. On the other hand, if a customer is being served at the end of the
working vacation, the server switches its processing rate to one and continues to
serve customers in a preemptive-resume manner, until the system becomes empty.
We assume that lengths of working vacations are i.i.d. according to an exponential
distribution with parameter y (y > 0). Let V denote a generic random variable for
lengths of working vacations.

Pr(V <x)=1-expl—yx], x=0.

There are K classes of customers, labeled one to K. Let £ ={1,2,...,K} denote
the set of customer classes. During working vacation periods (resp. normal service
periods), class & (k € &) customers arrive according to a Poisson process with rate
Awv, (resp. ANp ). Let Awv and Axp denote the total arrival rates during working
vacation periods and during normal service periods, respectively.

Awv =) Awve, ANP= ) ANPs
kex keX

where we assume Awy > 0 to avoid trivialities. The amounts of service requirements
of class k (k € &) customers who arrive in working vacation periods (resp. normal
service periods) are assumed to be i.i.d. according to a general distribution with
PDF Hwy (x) (resp. Hxp(x)). For each k (k € £), let Hyy ) and Hypy denote
generic random variables with PDFs Hwy (x) and Hyp 1 (x), respectively.

Pr(Hwv <x)=Hwvy(x), x=0, Pr(Hnp <x) = Hnpp(x), x=0.

15
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Let Hwy (resp. Hyp) denote a random variable representing the amount of the
service requirement brought by a customer randomly chosen among those arriving
in working vacation periods (resp. normal service periods). We define Ay, (s) and
h;IP(s) (Re(s) > 0) as the LSTs of Hwv and Hyp, respectively.

A A
(@)= Y R e (8), hyple)= Y
rexw Mwv ’ rexw NP

where Ay ,(s) and hyp ,(s) (Re(s) > 0) denote the LSTs of Hwy and Hxpp, re-
spectively.

~hxp (),

o0

h;VV’k(s)Zfo expl—sx]ld Hwv 1 (x), hItIP,k(s):fo exp[—sx]d Hnp i (x).

We define pwv . (k€ X)), pnpr (R € X)), pwy, and pnp as

pwv,r = AwviElHwvy ], pNp,x = ANprELHNp 1],
pwv = Z PWV.E» PNP = Z PNP,k-
kex ke X

In what follows, we assume pnp < 1. The service discipline is assumed to be FCFS,
unless otherwise mentioned, and services are nonpreemptive.

Remark 2.1. When y > 0, the system is stable if and only if pwv < oo and pnp < 1.
To see this, consider the length ® of an interval between successive starts of working
vacations. Note that the system is stable if and only if E[®] < co. By definition,
& can be divided into two parts, one of which is the length of a working vacation
period ®wy with mean 1/y and the other is the length of the following normal service
period ®np. Let U\};jvv denote the total workload in system at the end of the working
vacation period. If pwv < oo and pnp < 1, the stability of the system is ensured
because E[Oyp] = E[U\%V]/(l — pnp) and

. E[UE
_1 ElUwyl 1

E[d] LWl

y 1l-pnp ¥ 1-pnp

where the first inequality comes from the fact that in every sample path, U\%V is
bounded above by the total workload brought in the working vacation period.

Conversely, if the system is stable, E[U\I;]VV] < 0o holds, and therefore pwy < oo.
Furthermore, in an ordinary M /G /1 queue, the first passage time to the idle state
with finite initial workload is finite if and only if the traffic intensity is less than one.
Therefore, we have pwy < oo and pnp < 1 if the system is stable.

Remark 2.2. If we ignore customer classes, the above model is reduced to a single-
class M/ G/ 1 with exponential working vacations characterized by arrival rates Awyv
and ANp, amounts of service requirements Hvyyy and Hnp, processing rate o during
working vacation periods, and exponential lengths of working vacation periods with
mean 1/y.
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We first analyze the stationary workload in system and obtain its LST. Using
this result, we derive the joint LST of the attained waiting time [Sen89] and the
remaining service requirement in terms of the LST of the workload. Because the
server has two different processing rates, the analysis of the attained waiting time
distribution in our model is not as simple as in queues without working vacations
[BT03, Tak01]. This also makes the joint LST of the attained waiting time and the
remaining service requirement complicated. We classify the attained waiting time
into several cases, so that the formula for the joint LST of the attained waiting time
and the remaining service requirement is given in a comprehensible form.

Note that all waiting customers in the FCFS system arrived in the attained
waiting time [BT03, Tak01]. Based on this observation, we obtain the joint trans-
form of the queue lengths and the the workloads in system in respective classes.
We also derive the LSTs of the stationary distributions of waiting time and sojourn
time and the joint transform of the length of a randomly chosen busy cycle and the
number of customers served in the cycle.

Owing to the independent and stationary increment of Poisson arrival processes,
the stationary system behavior conditioned that the server is on working vacation
is equivalent to that in the corresponding queue with disasters. Therefore, as by-
products, we also obtain various formulas for the multi-class FCFS M/G/1 queue
with Poisson disasters, which are generalized into the multi-class FCFS MAP/G/1
queue with disasters in Chapter 3.

The rest of this chapter is organized as follows. In Section 2.2, the stationary
workload in system is analyzed. In Section 2.3, the actual waiting time and sojourn
time distributions are analyzed. In Section 2.4, we study the joint distribution of
the numbers of customers and the workloads in system in respective classes. In
Section 2.5, we analyze the busy cycle. Finally, we conclude this chapter in Section
2.6.

2.2 Total workload in system

In this section, we discuss the total workload in system in steady state. Let U
denote the total workload in system. We define Uwy (resp. Unp) as the conditional
workload in system given the server being on working vacation (resp. being in a
normal service period). Let u*(s), u;W(s), and uyp(s) denote the LSTs of U, Uwy,
and Unp, respectively. We then have

u”(s) = Pwv - uygy(s) + PNp - uyp(s), (2.1)

where Pyyv (resp. Pnp) denotes the time-average probability of the server being on
working vacation (resp. being in a normal service period).

Let U‘%V denote the total workload in system at the end of a working vacation.
We denote the LST of U‘];]VV by u{kNV,E(s). Consider a censored workload process by
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removing all normal service periods. In the resulting process, the ends of working
vacations occur according to a Poisson process with rate y. Therefore, owing to
PASTA [Wol82], we have

Wiy p(s) = uywy(s),  ElUgyl=EUwyl. (2.2)

We then have the following two lemmas, whose proofs are given in Appendices 2.A
and 2.B, respectively.

Lemma 2.1. uy(s) is given by

* — —WV(S) * (2.3)

where uy; ./, (s) denotes the LST of the workload in system in an ordinary M/G/1
queue and it is given by

(1- pnp)s

Uy (s) = 5 e + Anphin(s) (2.4)
Lemma 2.2. Pwvy and Pnp are given by
Pav = 1- leP_‘Ff;l\];]P[UWV], Pp = 1- P)I\/IELU;’VEE]UWV]’ (2:5)
respectively.
With Lemma 2.1, u*(s) is given in terms of uy,(s) and E[Uwy].
u*(s) :PWV-u{kNV(s)+PNP-Lw~uMG/l(s), (2.6)
sE[Uwv]

where Pwy and Pyp are given in (2.5).

We now characterize uyy(s). Note that the conditional workload Uwy given
the server being on working vacation is equivalent to that in the corresponding
M/G/1 queue with Poisson disasters [JS96, YKC02]. Therefore we can readily ob-
tain uy(s) using the results in [JS96, YKCO02]. Note that a similar observation
with respect to the queue length is made in [KCCO03] for a single-class M/G/1 queue
with exponential working vacations.

Lemma 2.3. uyy(s) and E[Uwv] are given by

(1-v)s—vylo PWV — 0OV

ElUwv] = —, (2.7)
Y

wiry(s) = :

§ = Awv/o + (Awv/0)hin(s) = ylo”
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respectively, where v denotes the conditional steady state probability that the server
is busy given that it is on working vacation. Note that v is given by

1-r)Awv

= 7 2.8
A wy +y =9

where r (r > 0) denotes the unique real root of the following equation.
z = hiyy (Y0 + Awv/o — (Awy/o)z), lz| < 1. (2.9)

The proof of Lemma 2.3 is given in Appendix 2.C.

Remark 2.3 (Remark 2.2 in [YKCO02]). The solution r of (2.9) represents the prob-
ability that a randomly chosen busy period starting in a working vacation ends
within the working vacation. To see this, consider an M /G/1 queue with arrival
rate Awv, the LST h;‘NV(s) of service requirements of customers, and the process-
ing rate 0. The LST ¢*(s) of the lengths of busy periods is then given by ¢*(s) =
hgy(s/o + Awvlo — (Awv/o)p*(s)). Comparing this with (2.9), we have r = ¢*(y) > 0.

Rearranging terms on the right side of uy,,(s) in (2.7) yields

1-v

¥ = 2.10
Uy (s) v (2.10)
where f\j‘w(s) is given by
- hoo(s)—r
Fory(s) = LiLd (2.11)

(ovIAwv)iylo + Awvlo — (Awv/o)r —s}

Remark 2.4. Theorem 2 in [JS96] shows that fJVV(s) represents the LST of the re-
maining service requirement Fyy of a randomly chosen customer present in working

vacation periods when customers are served under the LCFS-PR basis. Note that
(2.7) and (2.10) imply

. 1-v 1-v —ov
Elfwy] = — ElUwy] = —- i W"Y . (2.12)
Theorem 2.1. u*(s) is given by
* * 1- f‘\;]V(S) *
u”(s) = uwyy(s) | Pwv +Pnp- m “Upyan(S) | (2.13)

where ul’{,I/G/l(s), uévv(s), f\;‘w(s), and E[Fwv] are given by (2.4), (2.7), (2.11), and
(2.12), respectively, and Pwvy and Pnp are given by

1-pnp PWV — OV

, Pynp = , (2.14)
1-pNp+pwv—0V 1-pNp +pwv — 0oV

Pwy =

respectively.
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Proof. 1t follows from (2.10) and (2.12) that

1— for(s)
sE[Fwvy]

L-ujpy(s)  1-v  1-fyy(®
sE[Uwv] ~ 1-vfi(s) sElFwy]

Uyyy(s)- (2.15)
Substituting (2.15) into (2.6) yields (2.13). Further (2.14) follows from (2.5) and
2.7). ]

Remark 2.5. Theorem 2.1 shows that U is stochastically decomposed into two inde-
pendent non-negative random variables, i.e., U = Uwy + Uy, where the LST of non-
negative random variable Uy is given by

* 1= o)
uy(s)=Pwv+Pnp- WYV\:VIV] “Upya(s)-

2.3 Waiting time and sojourn time

In this section, we consider the actual waiting time and sojourn time distributions
of class & (k € &) customers in steady state, assuming the FCFS service discipline.
Let W;, (k € £) denote the waiting time of a randomly chosen class k£ customer. For
each &k (k € X'), we define Wyyy 1, (resp. Wnp 1) as the waiting time of a randomly cho-
sen class k& customer arriving in a working vacation period (resp. a normal service
period). Let w,(s), w{“NV,k(s), and wl’ﬁIP’k(s) (k € £) denote the LSTs of W, Wy z,

and Wyxp, respectively. Similarly, let W), (k € %) denote the stationary sojourn
time of class k customers. For each & (k € %), we define WWV,k (resp. WNP’k) as the
sojourn time of a randomly chosen class £ customer arriving in a working vacation
period (resp. a normal service period). Let w;,(s), Wyyy (s), and wyp ;,(s) (k € &)
denote the LSTs of Wy, WWV,k, and WNp,k, respectively.

For each & (k € %), we define P\I?VV,k (resp. Pﬁp,k) as the probability that a ran-
domly chosen class £ customer finds the server being on working vacation (resp. be-
ing in a normal service period) upon arrival. By definition, w,(s) and w,(s) (ke X)
are given by

wy(s) = Py, Wegy (9 +PRp s - Wip 4(8), (2.16)
Wi(s) = Py - Wiy 1(8)+ PRp, - Wip 4 (), (2.17)

respectively. Because class k& customers arrive according to a Poisson process with

rate Awy during working vacation periods and rate Axp; during normal service
periods, P\‘?‘W , and Pﬁ}P , satisfy

A

Pywyr  AwvaePwy

A - .
Pyp, AwprPre
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Therefore, using P4 WVk +PNP , = 1, we obtain

A Awv r Pwv Awv x(1— pxp)
pPA. . = - . (2.18)
’ Awv e Pwv + ANprPNp Awv (11— pNp) + AN r(owy —0V)
pA  _ ANP,r PNP _ Anp r(owv —oV) @19
NBE ™ Awv e Pwv + AnprPxp Awvi(1—pnp) + Anp i (owy — 0V)

Both W, and W; (k € %) are considered as the processing time of a certain
amount of workload. More specifically, W (k € £) corresponds to the stationary
processing time of the workload in system seen by an arriving customer of class k.
On the other hand, W}, (k € %) corresponds to the stationary processing time of the
sum of workload in system seen by an arriving customer of class £ and his/her ser-
vice requirement. To treat W and W}, in a unified way, we define ywv(Ux) (resp.
1np(Ux)) as the processing time of the amount Ux of workload conditioned that
the server is on working vacation (resp. in a normal service period) when its pro-
cessing starts, where Uy is assumed to be a non-negative random variable whose
distribution function and LST are given by Ux(x) and u(s), respectively. Because
the processing rate in ywv(Ux) may change from o to one, we divide ywv(Ux) into
two parts, )((”) (Ux) and )((1) (Ux), where )((U) (Ux) (resp. )((1) (Uy)) is defined as the
length of a submterval in ywv(Ux), durlng which the processing rate is equal to o
(resp. one). By definition, ywv(Ux) = X(U) Ux)+ X(l) (Ux), where )((U) (Ux) > 0 for

Ux >0, and )((1) (Ux) = 0. We then define x *(w,s|Ux) and )(NP(s |Ux) as
Yir(©@,51Ux) = E|expl-wx (Ux)lexpl-s g, Ux)l|
Anp(s 1 Ux) = E[exp[ SXNP(UX)]]>
respectively.
Lemma 2.4. xévi‘v(w,s |Ux) and X;IP(S | Ux) are given by

uy(s)—uy (wT—i-y)

rwvw,s|Ux)=ux ( Y) Anp(s | Ux) = ux(s),

+ )
(a/) (@ +7y)o —s}
respectively.

Proof. We first consider yxp(s | Ux). When the processing of Ux starts in a normal

service period, the processing rate is fixed to one throughout its processing. We

then have ynp(Ux) = Ux/1, from which (s | Ux) = uy(s) follows. On the other

hand, when the processing of Uy starts in a working vacation period, we have

(k, 0), VS > %

U Ux), Xy Ux) = o
(Vs,Ux —aVg), Vg < 7X,
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where Vg denotes the remaining length of the working vacation when the process-
ing starts. Owing to the memoryless property of the exponential distribution, Vg is
exponentially distributed with parameter y. We then have

xwy(@,s | Ux)

= f dUx(x)|expl—y(x/o)]expl—w(x/o)]
0
x/o
yexpl—yt]
1- —y(x/ . - —s(x— d
+{1—exp[-y(x U)]}fo Fp———— expl-wTtlexp[—s(x —o1)ldT]|,
(2.20)
from which the expression of )(é;v(w,s | Ux) follows. O]
Using Lemma 2.4, E[y\\ (Ux)], E[x{, (Ux)], and E[ynp(Ux)] are obtained to be
d 1-u(y/o)
(o) —_ (_ R E el * — X
E [ Ux)] = (- lim —= [137(0,01 Ux)] = —=2—, (2.21)
d 1-uX(ylo)
o)) _ . s ok _ X
E [XWV(UX)] = (_1)'311%1+£ [xwv(0,s1Ux)| =E[Ux] -0 —————, (2.22)
E [xnp(Ux)| = ElUx]. (2.23)

We now turn our attention to the waiting time distribution. Consider the cen-
sored process obtained by removing all normal service periods. In the resulting
process, class & customers arrive according to a Poisson process. Owing to PASTA,
the conditional workload in system seen by a randomly chosen class £ customer
arriving in a working vacation period has the same distribution as Uywy. Therefore
the conditional waiting time distributions are identical among classes. Similarly,
the conditional workload in system seen by class & (k € &) customers arriving in
normal service periods has the same distribution as Unp. Thus, the conditional
waiting time distributions are also identical among classes.

Let W\(,g‘), (resp. W‘(}é{,) denote the length of an interval during which a randomly
chosen customer waits for his/her service in a working vacation period (resp. nor-
mal service period), given that the customer arrived in the working vacation period.
By definition, Wyyv . = W\(ﬁ‘]"), + W\%%, for all & (k € X'). Also, let Wyp denote the condi-
tional waiting time of a randomly chosen customer given that the customer arrives
in a normal service period. We then define wyy(w,s) as the joint LST of W\(?g‘), and

W‘(}R,, and wI’iIP(s) as the LST of Wyp.

wyv(w,s)=E exp[—wW\(,g\),] exp[—sW\%‘),] , wip(s) = E[exp[-sWnpl].
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Theorem 2.2. wy, (w,s) and wyp(s) are given by

wty)

oyttt

(o) (w+7y)o—s} ’ wyp(s) = uyp(s),

wed(w,8) =uy
WV \VAY o

respectively.

Proof. By definition, wy(w,s) = yyv(@,s | Uwv) and wp(s) = xip(s | Unp), so that
Theorem 2.2 immediately follows from Lemma 2.4. O

Because Wy = W‘()g\), + W\%{, and Wxp,, = Wnp for all 2 (k € X)),
Wiy x(8) = wygy(s,8),  wyp () =wyip(s), VkeF.

Thus the LST w, (s) (k € &) of the waiting time distribution of class k£ customers is
obtained by (2.16). In particular, the mean waiting time is given by

1-0)1- u{"NV()//a))
Y

where E[Unp] denotes the mean conditional workload in system given the system
being in a normal service period and it is obtained from (2.3) and Lemma 2.3.

pPwv =0 AwvELHZ ] A ANPE[HZ]
2(owv—0ov)  2(1-pnp)

E[W;]1=Pgy - +E[Uwyl| +Pyp , - E[UNP],

E[Uxpl =

Next we consider the sojourn time distribution. For each & (k € %), let Wi;%,,k

—(1 . . .
(resp. W;V)V,k) denote the length of time during which a randomly chosen class &
customer spends in a working vacation period (resp. a normal service period), given

that the customer arrives in the working vacation period. By definition, W% x>0,

— — — —(1 — s
W%)V,k >0, and Wwy, = Wi;—{,,k + Wi}V)V,k' We define wyy ,(w,s) (k € £) as the joint

LST of W&;{;k and W(V?V’k, and wyp ,(s) (k € &) as the LST of WNP..-

—k % A7 (1 —% A7
Wiy 5 (@,5) = E [expl-oWyy Jexpl-sWypy 41|, i () = E[expl-sWp 1].

Theorem 2.3. w&;‘v,k(w,s) and wﬁp,k(s) (k € X') are given by

Wyyy 1 (@,8) = uévv(w—w)h?wk(%”)
Wi i 1) = gy (o gy (T

i

(o/) (@ +7y)o —s}
w;P’k(S) = uItIP(S)'hItIP,k(S)’

respectively.
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Proof. By definition, Wyy ,(w,s) = yyy(w,s | Uwv + Hwv ), and wyp ,(s) = yp(s |
Unp + Hnp ). Theorem 2.3 then follows from Lemma 2.4. O

Note that w{,"w,k(s) = E{;‘V’k(s,s) (k € Z). Thus the LST w,(s) (k € &) of the
sojourn time distribution of class 2 customers is obtained by (2.17). In particular,
the mean sojourn time is given by

E[W:1= Py .- ElWwv,el+PRp , - E[Wnp ],

where

. (1-0)A - uyy (Yo . (YI0))
E[Wywv] = va N 4+ ElUwv]+ElHwv ),

E[Wxp] = E[Unpl+E[Hypz].

2.4 Joint distribution of queue lengths and
workloads in system

In this section, we consider the joint distribution of the numbers of customers and
the workloads in system in respective classes. To do so, we first derive the joint LST
of the attained waiting time and the remaining amount of service requirement of a
class k£ customer being served. With this result, the joint distributions are derived.

For each & (k € X)), let ﬁ%,k (resp. ﬁ%)v,k) denote the time-average probability
that class k£ customers, who arrived in working vacation periods, are being served
in working vacation periods (resp. in normal service periods). Also, let 5%% (k€
X) denote the time-average probability that class & customers arriving in normal
service periods are being served.

Lemma 2.5. ﬁ%‘é{, B 5%[)\/ p and ﬁﬁ{) , (k€ &) are given by

Awv i (1= higy , (/)

—(0)

= Pwv-v- 2.24
WV N N (L= R (/) (2.24)

Mwv i (1= Ry . (y/0)

—(1) : WV.k

= Pwv- —ov- , (2.25)
Pwv WV " | PWV k P h{‘;vv(Y/U))
5%{:,,6 = Pxp - ONP.» (2.26)

respectively.

The proof of Lemma 2.5 is given in Appendix 2.D.
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Remark 2.6. Let p denote the utilization factor, i.e., the time-average probability
that customers are being served. Recall that v in (2.8) represents the conditional
probability of the server being busy given that the server is on working vacation. We
then have

(1- pNpP)V + pwv — 0OV

p 1- PWV (1 V)—PWV V+PNP— .
1-pNp +pwv -0V

Furthermore, using Lemma 2.5, we can verify

Zﬁ%k—PW\’"” Z(p%)vkwgék) Pxp.
keX ke X

We now consider the attained waiting time [Sen89], which is defined as the
length of time spent by a customer being served (if any) in the system. When the
system is empty, the attained waiting time is defined to be zero. Note that under the
FCF'S service discipline, all waiting customers in the system arrived in the attained
waiting time.

For later use, we divide the attained waiting time into two parts: One is the
(sub)interval in working vacation periods and the other is the (sub)interval in nor-
mal service periods. Let A(U) WV & (k € &) denote the length of time in the attained
waiting time, during which the server was on working vacation, given that a class &
customer is being served. Furthermore, for each & (k € %), let A%)V (resp. Aﬁ% )
denote the length of time in the attained waiting time, during which the server
worked in a normal service period, given that a class £ customer, who arrived in a
working vacation period (resp. a normal service period), is being served. For a class
k (k € ) customer being served, let H), denote the remaining amount of his/her
service requirement. We then define the following joint LSTs:

awv.wv i@k, ak)
=E [exp[—ka%’k]exp[—akI:Ik] | a class k& customer is being served
at processing rate o |,
awy Np (ks Sk> Ak)
= E[exp[—ka%,k]exp[—skA%)V’k]exp[—akI:Ik]
| a class k customer who arrived in a working vacation period
is being served at processing rate one] ,
axp (8%, az)
=E [exp[—skA(lp plexpl— arHyl | a class k£ customer, who arrived in a

normal service period, is being served].
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Figure 2.1: Attained waiting time of a class k2 customer in a working vacation pe-
riod.
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Figure 2.2: Attained waiting time of a class k£ customer who started his/her service
in a working vacation period and will end his/her service in a normal service period.

See Figures 2.1-2.4. Figure 2.1 corresponds to ay wy 1(@k,ar), Figures 2.2 and
2.3 correspond to a&}"\;‘ NP, ,(@r, 8k, az), and Figure 2.4 corresponds to a;‘\;’i, »(Sk> aR).

Moreover, for each k (k € %), let H'?) WYk (resp. HY k) denote the lengths of
time during which a class k& customer, Who started h1s/her service in a working
vacation period, is served in the working vacation period (resp. the subsequent
normal service period). We then define ﬁ%&‘vyk(w,s) as the joint LST of H%R,k and

H%)V 5+ Using Lemma 2.4, we obtain

ft{%}‘v,k(w,s) =R exp[—ng;{,’k]exp[—sH%)V,k] ZXQ;‘V(G),S | Hwv )
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Figure 2.3: Attained waiting time of a class £ customer who arrived in a working
vacation period and started his/her service in a normal service period.
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Figure 2.4: Attained waiting time of a class £ customer who arrived in a normal
service period.
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w”) Ry 1) = Ry ("’_”)

(o/v)(w +7y)o - s}

= hwvp ( o
We then have the following theorem, whose proof is provided in Appendix 2.E.

Theorem 2.4. azs}kv,wv,k(wk’“k)’ aW’NRk(a)k,sk,ak), and a1§§,k(3k’ak) are given by

« [WETY * * W +Y
v wv.e (@, ar) Wiy | ) P aan) = B g ) (2.27)
Awv,wv,r Wk Ok) = —— 3 : — , .
E [W‘;V,k _ W\(ng)f,k] (oY (wg + 7)o —ag}
1

E [WWV,k —W{,;{,,k]

Ay (wk +)/) ﬁ%,k(wk>ak)_ﬁ%,k(wk,sk)
wv o Sp— Qg
* * wr tY
uWV(Sk)_uWV( ) Py 1 (@r) = Py 1 (Sk)
(o/)(wr, + 7)o —sp} Sp—Qap ’
(2.29)
hip . (ap)—hio . (sp)
aip p(shr ah) = wplsg) - —or NPk (2.30)

ElHnprl(sp—ar)

. —(0) (o) —(1) (1) . .
respectively, where E[Wyyy , — Wy 1 and E[Wyyy , — Wiy, 1 are given in (2.48) and
(2.49), respectively.

With Theorems 2.2, 2.3, and 2.4, we can verify that the LSTs of conditional
attained waiting times ag’;\;‘v wv 1@k, ar) and a{‘%’," Np z(Wks Sk, Q) are represented in
terms of w{(w,s) and Wy ,(w, ).

* %

Corollary 2.1. awv,wv,k(‘”k’“k) and a;}‘{;’NP,k(wk,sk,ak) are given by

Wiy @k, Ay (ar) = Wiy 1 (WE, AF)

=(0)
(@ =T )E Wy~ Wagw 1|

* %
Ay, wv i (k> Ak) =

-
aWV,NP,k(wk’sk’ ar)

(wigy (@, sp) — wigy(@r, @) Ry (ar) — (Wygy 4 (O, 1) — Wigy 4 (@k, a2))

=(1)
(51— @B [Wypy Wi |

respectively.
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Let Z_LWV’k (resp. ENP,k) (k € &) denote the number of class £ customers in the
system, who arrived in working vacation periods (resp. normal service periods).
Also, let ﬁwv,k (resp. ﬁNp’k) (k € &) denote the workload in system, which is
brought by class & customers who arrived in working vacation periods (resp. normal
service periods). We then define the joint transform w(zwv, zNp, Swv, SNp) as

w(2wv,ZNP, SWV, SNP)

LWVk Lxpjk = —
=E| ] ( Zxp eXPl=swv rUwv ] -expl-snxprUNp 2]
ke X
where
Ewv = (ZWV71’ZWV’2’ T ’ZWV,K)’ 2NP = (ZNP,].’ZNP,Q’ s ’ZNP,K):
swv = (SWv,1,SWV,2;---,SWV,K), SNP = (SNP,1,SNP,2;- - -» SNPK)-

Theorem 2.5. y(zwv,2Np,SWV,SNP) IS given by

w(2wv,ZNP, SWV, SNP)

= (1-v)Pwv
+ Y Zwvabyn kaWVWVk( > [Awv,i— /IWV,iZWV,ihéVV,i(swv,i)],SWV,k)
ke X IEX

+ ) zZwv kPWV LWV NP k( > [Awv.i = Awv.izwy,ihyy i (swv,)],
ke X leEX

Y [Anp,i - ANP,iZNP,th*\IP’i(SNP,i)],SWV,k)
e

*
+ ) znp kPNp LANP k( Y [Anp,i— ﬂNP,iZNP,ihNP,i(SNP,i)],SNP,k)-
keX leX

Proof. Note first that the system is empty with probability 1 —p = (1 — v)Pwy (see
Remark 2.6). Furthermore, when a customer is being served, all waiting customers
arrived in the attained waiting time, as noted at the beginning of this section. The-
orem 2.5 immediately follows from those observations. O

Remark 2.7. Let Ly (resp. Lnp) denote the total number of customers in the sys-
tem, who arrived in working vacation periods (resp. normal service periods). Also,
let Uwy (resp. Uxp) denote the total workload in system, which was brought by cus-
tomers who arrived in working vacation periods (resp. normal service periods). As
stated in Remark 2.2, we can obtain those by considering the single-class system with
Awv, hyyy(8), ANp, and hyp(s). Therefore Theorem 2.5 also provides the formula for

the joint transform of Lwv, Lnp, Uwv, and Uxp implicitly, because it corresponds
the case of K = 1.
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Takmg the partlal derivatives of w(zwv,2Np, SWV,SNpP), We can obtain the mo-
ments of LWV L, LNp p, U wv,x, and Unp r (k€ ). In particular, we have

ElLwv:] = AwvePwv-E[Wwv.], E[Lnp.]= Anp.2Pnp -E[WnNp 2],

77 Elfyy,l 1
[Uwv,] WVOWV,k ( [Uwv]+ Sl Hwy 2] + o i (PWVk + Pwv k)

El NPk]

— + E[U] .
2E[HNP,k]+ [ NP])

E[ﬁNP,k] = PNPPNP,k(

2.5 Busy cycle

The busy cycle is defined as the interval between ends of successive busy periods.
In order to analyze the busy cycle and related quantities, we first consider the first
passage time to the empty system. More specifically, we define Tgjwv (resp. TeNp)
as the first passage time to the empty system given that the server is on working
vacation (resp. in a normal service period) at time 0. We divide T'gjwyv into two parts:
T](EU') and TS&NV, where Tl(*jgl\)NV (resp. TERNV) denotes the length of a subinterval
during which the server is on working vacation (resp. in a normal service period).

By definition, Trwv = T’(E(T%VV + TS&NV Furthermore, for each & (k € ), we define
(o)

(o) (1) .. .
Ny g, (resp. NWV’k) as the number of class £ customers arriving in TEIWV

T](EI&NV ). Similarly, we define Nxpy (k € %) as the number of class 2 customers
arriving in Tgnp. Let S(¢) (¢ = 0) denote the state of the server at time ¢, i.e., and
S(t) = WV if the server is on working vacation at time ¢, and otherwise S(¢) =

We define U(¢) (¢ = 0) as the total workload at time . We are interested in the

following joint transforms.

(resp.

*
(wv(Zwv, 2NP, SWV, SNP | X)

N(U) N(l)
) (1) — —
(kl;[](ZWV Y ZNpE )exp[ —swvT ‘lev] exp|—snp Ty v ] ‘ U0)=x,S(0)=WV|,

*
{np(2NP,SNP | X)

=E ( I1 zNgljj)exp[—szTmNp] ‘U(O):x,S(O):NP],

=K

where zwy = (2wv,1,2wv,2,...,2wv,k) and 2xp = (2NP,1,2NP,2, - - - »ZNP,K)-
Lemma 2.6. {{(2Np,SNp | ) is given by
{xp(2NP,Snp | X) = exp[—gp(2xp, snp)x], (2.31)

where qp(2Np,SNP) is defined as

o0
axp(ENP,SNP) = SNP + ANP — D ZNP,MNP,ka {xp(znp,snp | Y)dHnpp(y), (2.32)
keX
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and it is given by

qxp(2NP,SNP) = NP+ ANP — ) 2NPRANPkNp 1 (9Np(2NP, SNP)). (2.33)
ke X
The proof of Lemma 2.6 is given in Appendix 2.F.

Next, we consider the joint transform (;VV(ZWV,zNP,SWV,SNP | x). Given S(0) =
WV, let Twv denote the time instant when the server ends the current working
vacation for the first time after time 0. Because of the memoryless property, Twyv
is exponentially distributed with parameter y. We classify the first passage time
Trwv to the empty system into two cases, Trwv < T'wv and Tgwv > T'wv, and we
define (;W wv(Bwv,swv | x) and (svv np(BWV,swv, & | x) as

W (@)
{wv wv(Bwv,swv | %) = E[(kHZZWVJ; )exp[—svaE"lWV]
€
| U0)=x,5(0) = WV, Ty < TWV] ,
(o)
{%V,NP(ZWV’SWV’ a | x) =E [( H ZWV\‘;Ykk) eXp[—Svawv] eXp[—(XU(va)]
keX

‘ U(0)=x,S(0) =WV, Tgwv > TWV] ,
respectively. Note here that (2.31) implies

E

N(l) 1
( [1 sz{Yf) exp[-snp Ty \ U(0) =x,5(0) = WV, Tgjwy > Twy, U(Twy) = y]
ke

=E

( I1 Zﬁg;;k) -exp|—-snxpTENP] ’U(O):y,S(O):NP
ke X

= {xp(2nP,snp | )
expl—qyp(znp,snp)yl-

We then have

{wv(zwv, 2Np, swv, sNp | 2) = Pwv,wv(x) - gy wy(zwv, swv | x)
+ Pwv Np(x) - {3y np (WY, SWV, ¢ p(2NP, SNP) | %),
(2.34)

where Pwy wv(x) and Pwy np(x) are defined as

Pwvwv(x) = Pr(Tgiwv < Twv | U(0) =x,S(0) = WV),
Pywynp) = Pr(Triwv > Twv | U(0) = x,S(0) = WV).
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Lemma 2.7. The following equations hold.

Pwv,wv(x) - (g wy(Bwv, swv | 2) = expl—qwy wy(zwv, swv)xl, (2.35)
expl—ax] - expl— gy wy(Zwv, swy)x]

* f—
PWV,NP(x)'(VVV,NP(zWVasWVaa|x) = "
qW’,WV(zVW’ SWv)—a

- @y np(ZWV, Swy, @), (2.36)

where q iy wy(Bwv, swv) and qyy np(BWV, SWv, @) are defined as

qz;VV,WV(zWVNS‘WV)
A
swv Y Awy

o o o
-y ZWVMWVk

f Poy.wv()- Gy wo(zwysswy | dHwya(y),  (2.37)

ke X
Q:;VV,NP(zWV, SWV, a)
ZWVMWVk
o+ Y IR [P Py e L ptewvsowy, @ | 0 Hv (), (2:38)
ke X
and they satisfy
Iwv wv(BWv,swv)
S A ZWV,kAWV,k %
o o 0 Lo o ’ ’

qwv Np(BWV; SWv, @)
Y ZWV,kﬂWV,k k(“) hWVk(qWV WV(ZWV>3WV))

O kew 4 Uy wy (BWV,Swv) — @

| q;vv,NP(zWV, swv,a). (2.40)

The proof of Lemma 2.7 is given in Appendix 2.G.
It follows from (2.34), (2.35), and (2.36) that ({;kw(zWV,ZNP,SWV,SNP | x) is given
by
{wv(zwv, 2Np, swv, sNp | X) = expl—qyy wy(zwv,swv)x]
expl—qyp(2np, sNP)x] — expl—q gy wy(Zwv, swv)x]

Ty wvBWV, SWv) — gxp(2NP, SNP)

: q;kNV,NP(zWV’ SWV,qnp(2NP, SNP)).
(2.41)

With (2.37) and (2.38), we define qwv wv and qwv Np as

qwv,wv = qéVV,WV(e’ 0), qWV NP = q;kNV,NP(e’ 0,0),

where e denotes a vector whose elements are all equal to one.
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Lemma 2.8. qwv wv and qwv,Np are given by

Y/o
qWV,WV = qWVNP = 1 (2.42)
and Pwy wv(x) and Pwy Np(x) are given by
Pywv wv(x) = expl-qwv,wv - x], Pwv np(x) = 1—expl—-qwv wv-x]. (2.43)

The proof of Lemma 2.8 is given in Appendix 2.H.

We then consider the busy cycle. Recall that the server is always on working
vacation at the beginning of busy cycle. Let ® denote the length of a randomly
chosen busy cycle. We divide ® into two parts, and let @@ (resp. @) denote the
length of the subinterval during which the server is on working vacation (resp. in
a normal service period). Furthermore, we divide ® into two parts, and let q)fg )

(resp. @g)) denote the length of the subinterval during which the server is idle
(resp. busy). By definition, ® = (D%T) + CD%’) + @D, For each & (k € %), let NZ’) (resp.

—(1 o
N Z )) denote the number of class % customers arriving in ® (resp. ®). We define
the joint transform of those quantities as follows.

*
¢ (zwv,2NP, W, SWV,SNP)
N NP ) () @
= E[( I zw’{,’k-sz,,k)-exp[—wCDE ] -exp[-swy®y’] -exp[—snp®@] |
keX

By definition, ¢*(zwv,2Np, 0, Swv,SNp) satisfies
¢*(z2wv,2NP, ®,SWV,SNP)

_ Awy ZWV,EAWV i
0+AWV e Awv

o0
fo (wyv(zwv, 2np, swv, Snp | Y)dHwv i (y).

Therefore, with (2.41), we obtain the following theorem.

Theorem 2.6. ¢*(zwv,2np,w,swv,SNp) is given by

" (2wv,2NP, W, SWV, SNP)

Awv 2wV rAwve [ «
= vy 1 (@v v (Ewy, swv))
O+ AWy ey Awv ’ ’

. Ry 2@ xp (NP, SNP)) — Ry 1 (@ yy wy(Zwv, swv))

q;vv’wv(zWVa SWV) - QEP(ZNP, SNP)

* *
: qWV,NP(zWVy SWV, qNP(zNP, sNp)) |-
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Remark 2.8. It is clear from the derivation of Theorem 2.6 that

Pr(A randomly chosen busy period ends while the server is on working vacation)
A A

im wv Z WV.k

0w—0+ w + Awv reX Awv

= higy 1 @y wy(0,0)) = Ay (qwywy) =T,
where we use (2.54). This result is consistent with Remark 2.3. Furthermore, using
(2.39) and (2.40), we obtain an alternative expression for ¢*(zwv,2ZNp,®, SWV, SNP)-

Awv

*
¢"(zwv,2NP, W, SWV,SNP) = ————
W+ Awy

1 .
[A_{SWV +Awv — 0qwy wyv(Zwv, swv)
wv

+0qwy np(2WVssWV, QEP(zNP,SNP))H :

Taking the partial derivatives of ¢*(zwv,2Np,w,Swv,SNp), We can obtain the

—(1 .
moments of NZT), N 2 ), (I)g), and @V, In particular,

~=0) 1 —(1)
E[N, 1= Awv - (r + E[cbgg’]) , E[N}, 1= Axpy -E[@D],
wv

E[lUwv]l/
-—, EoM] = (1 — ). LWV
YAwv  Awvy 1-pnp

OqwWV,WV 1

(0)7 —
B[] =

2.6 Conclusion

In this chapter, we considered the stationary multi-class FCFS M/G/1 queue with
exponential working vacations. We first analyzed the stationary workload in sys-
tem. Based on it, we derived the LSTs of the stationary waiting time and sojourn
time in each class, and further obtained the joint transform of the queue lengths
and the workloads in respective classes. Moreover, we derived the joint transform
associated with the busy cycle.

As stated in Section 2.1, if we delete time intervals in normal service periods
from the time axis, the resulting process can be viewed as a multi-class FCFS M/G/1
queue with Poisson disasters, where the processing rate is equal to 0. Appendix
2.1 summarizes the analytical results for the multi-class FCFS M/G/1 queue with
Poisson disasters, all of which are immediately obtained from the results in this
chapter. These results are generalized to the case of the multi-class FCFS MAP/G/1
queue in Chapter 3.

Appendices

2.A Proof of Lemma 2.1

We define U1]\3IP as the total workload in system at the beginning of a normal service
period. Note that Ull\?P is a conditional random variable of U‘I;]VV given that the server
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is busy at the end of a working vacation. Let uyp 5(s) denote the LST of UII\SIP. We
then have

Uy 5(8) — Pr(Usy = 0)

uxpp(s) = E [eXp[—sU\}fW] | Ugry > 0| = - PrUE, =0) (2.44)
E|US| = E[Uyiy] (2.45)
NP 1-PrUE, =0) '

Consider a censored workload process by removing all working vacation periods
from the time axis. In steady state, the censored process has the same distribution
as Unp. Also, the censored process can be viewed as the conditional workload pro-
cess of the M/G/1 vacation queue with exhaustive services, given that the server is
busy. Therefore, it follows from (5.6) in [Dos90] that u{,(s) is given by

1- uItIP,B(S)

UNp(8) = —————— Ul n(8).

Note here that (2.2), (2.44), and (2.45) imply
1- ultIP,B(s) 1- u;VV,E(s) 1- u;W(s)
sE[UB,]  sE[UE,]  sElUwvl’

which completes the proof.

2.B Proof of Lemma 2.2

We regard an interval between successive ends of working vacations as a cycle.
Let Cwv (resp. Cnp) denote the length of an interval during which the server is
on working vacation (resp. in a normal service period) in a randomly chosen cycle.
Owing to the renewal reward theorem, we have

E[Cwv] E[Cnpl

_ , - . 2.46
E[Cwv]+ E[Cxpl NPT E[Cwv]+E[Cxp] (2.46)

Pwy

Because Cwy is equivalent to the working vacation length V, we have E[Cwvy] =
E[V]. On the other hand, E[Cnp] equals to the mean first passage time to the
empty system in the corresponding ordinary M/G/1 queue with initial workload of
UI]?IP' Noting that Cnp = 0 if the system is empty at the end of the working vacation,
we have

E[URp]  ElUwy]
1-pnp 1-pnp’

where we use (2.2) and (2.45). (2.5) now follows from (2.46), (2.47), and E[Cwv] =
E[V]=1/y.

E[CNp] = Pr(Usgy = 0)-0+ {1 - Pr(Usyy, = 0)}- (2.47)
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2.C Proof of Lemma 2.3

The censored process obtained by removing all normal service periods is considered
as an M/G/1 queue with Poisson disasters with rate y, where the system becomes
empty when disasters occur. The M/G/1 queue with Poisson disasters has already
been studied in [JS96, YKCO02], where the processing rate is assumed to be one. In
order to apply the results in [JS96, YKC02] to our system, we consider the new pro-
cess created by extending the time axis of the workload process in working vacation
periods o times so that the processing rate becomes one. Note that the time-average
quantities of the new censored process are identical to those of the original process.
In the new process, the arrival rate of customers is equal to Awvy/o and lengths
of working vacations are exponentially distributed with parameter y/o. uyy(s) in
(2.7) then immediately follows from Proposition 1 in [JS96]. We also obtain (2.8) by
substituting 0 to the repair time in (2.1a) in [YKCO02]. The existence of the unique
real root of (2.9) is shown in Remark 2.2 in [YKCO02]. See Remark 2.3 for the posi-
tivity of r. Furthermore, taking the derivative of u(s) in (2.7) and evaluating at
s =0 yields E[Uwv] in (2.7).

2.D Proof of Lemma 2.5

We first consider ﬁ% ,- Note that all customers being served in working vaca-

tion periods arrived in working vacation periods. Thus, from Little’s law, we have
ﬁ%{,{, p = va,kPWV-E[W%,k — W\(%)f]' Furthermore, with Lemma 2.3 and (2.21),

—(0)

ElWwv - W\(?g‘),] is obtained to be

—(0)

E| Wy - Wrv |

E| T4 Uwy + Hywv )| ~ B | T (Uwy)|
Uy (VO =hipy (/) 1=hiy ,(v/0)

_ _ : , (2.48)
Y Awv  1-hyy(ylo)
from which (2.24) follows.
—=(1
Similarly, 52, , follows from 5\ . = Awy Py - ElWyy , — WD, and
=7(1)
E wwv,k_w\g;;] - E[T%)\,(UWV+HWV,;€)] —E[T%)V(UWV)]
1-hgq . (Y/o)
= ElHwyl- —— Wk~ (2.49)
Finally, we consider ﬁ%{n ,- Note that all customers arriving in normal ser-

vice periods are served in normal service periods. Therefore 5;%% = ANPxPNP -

E[Hxp 1= Pnp - pNp &, from which (2.26) follows.
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2.E Proof of Theorem 2.4

We first consider (2.27). Suppose a class & (k € %) customer is being served at
processing rate o (i.e., in a working vacation period). Note here that

—(0) )
B [—(0) WO T _w@ 0] = E[Wwv,e — Wy ]
WV.k WV.k WV, k WV.k u;kNV(,y/o_)

We thus have

k %k
awy,wv i@k, %)

1 ”%V(wkgy)

—(0)

Wy, —Wagy ] “wv(r70)

uywy(Y/o)

: fo dHwv r(x)

x/o
exp[—y(x/a)]f expl-wptlexpl—ay(x — ot)ldt
0

x/o T
+f yexp[—yr]drj expl-wrtlexpl—ar(x —ot)ldt],
0 0

from which (2.27) follows.

Next we consider (2.29). Suppose a class k (k € £') customer, who arrived in a
working vacation period, is being served at processing rate one (i.e., in a normal
service period). We then have

—(1) 1)
E[W -W, ]
==(1) ) (1) WV.k WV,
E(W -W, w -W, >0|= .
[ WV.k WV, I WV.k WV,k ] 1_u;<NV(Y/O_)h;kNV’k(Y/O_)

Therefore

%k 3k sk
aWV,Np’k(wk,sk, ar)
1

—=(1)

1- uéw(y/a)héw’k(y/a)

« (WETY
Uy (Y01 = by, (v/0)) uWV( pu ) 1

1- w0y ,(10)  us(Ylo)  1=hiy (/o)

—_—

T+x—0T

oo x/o
.fo dHWV’k(x)fo yexp[—yt]dr[ expl—wrtlexpl—sy(t —1)]
-expl-ap(x—o1—(t—1))1dt
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x « (WrTY
1 - ur(y/o) 1 Uyy(82) — Uy ( o )
+ . .

1- usw(y/a)h;w’k(y/a) 1-ugwy(y/o)  (o/y(wg +y)o — sk}

. f OOdHW\z,k(x) f xexp[—skt]exp[—ak(x—t)]dt],
0 0

from which (2.29) follows.
Finally, al”(f‘i, »(Sk,ar) is given by

kK 1 * * x
anp xSk, ) = ElHnps] “Unp (9) fo dHnp i (x) fo exp[—sptlexpl—az(x—t)ld¢,

from which (2.30) follows.

2.F Proof of Lemma 2.6

For x = 0, y =0, we have (;IP(ZNP,SNP | x +y) = C;IP(ZNP,SNP | x) -(;IP(sz,SNP | y).
Therefore

{np(2NP,SNP | X + Ax)
= {xp(@np, snp | %) - {yp(2Np, Snp | Ax)

= {xp(znp, snp | x)|1—snpAx — ANpAx + ANpAx ) ZNpj
keX

ANP
ANP

fo {xp(@np, snp | y)AHyp p(y) + 0(Ax) |,
from which it follows that

6 * * *
™ (NP(ZNP,SNPIJC)] = —{np(2NP, SNP | X)gyp(2NP, SNP).

Noting (;IP(sz,sNP | 0) = 1, we obtain (2.31). Also, substituting (2.31) into (2.32),
we obtain (2.33).

2.G Proof of Lemma 2.7

It is easy to see that for x =0, y =0,

Pwv,wv(x +¥) - (v wy(Bwv, swv [ £ +y)
= Pwvwv(®) - Cyy wy(Ewv, swv | %) - Pwv,wv(¥) - Sy wv(Zwv, swv | ),
Pwynp(x +9) - Cyy np(Zwv, swy, a | 2+ y)
= Pwvnp(®) - (yy np(2wWv, swv, @ | x) - expl—ay]
+ Pwv,wv (%) (i wyEBwv, swv | 2) - Pwv Np(Y) - Cyy np(BWVs SWv, @ | ).
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Therefore we have

Pwv wv(x + Ax)- (;;VV,WV(ZWV’ swv | x + Ax)
= PWV,WV(X)'(;;VV’WV(Zwv,SWV | x) - Pywy,wy(Ax) - (évv,wv(zWWSWV | Ax)
= Pwv,wv(x) - {yy wy(zwv, swv | x)

A A A
l—SWv—x—Y—x—ftwv—x
(02
Ax 2wV rAwve [ «
+Awv— ). f Pywvwv(y) - Sy wy(EBwv, swv | Y)AHwv 1(y)
ke X Awv
+0(Ax)|,
from which it follows that
7 | PWvawv(a): {wv wv(Bwv, swv | x)
= —Pwv,wv(@) (v wy(Zwv, swv | 2)- gy wy(zwy,swy).  (2.50)

(2.35) now follows from (2.50) with Pwvy wv(0) -y wy(wv,swv 10) = 1.
Similarly,

Pwy np(x + Ax) - (yy np(Zwv, swv, @ | £ + Ax)
= Pwv,Np(®) - {3y xp(ZWV, SwV, @ | ) - exp[—aAx]
+ Pwv,wv(®) - gy wv(Zwv, swv | 1) - Pwy Np(Ax) - (yry np(Zwv, sw, @ | Ax)
= Pwvnp(@) - {yy np(Bwv, swy, @ | 1) - (1 — aAx) + o(Ax)
+ Pwv,wv(®) - gy wv(Zwv, swv | x)
. [ Ax Ax Z ZWV EAWVY &
O rex  Awv

(0, 0)
'](; PWV,NP(y)-(éw’NP(ZWV,SWV,aIy)dHWV,k(y)+0(Ax) ,

and therefore

0

E™ Pwy Np(X)yy np(BwWv, swv, @ | x)

= —aPwvNp(x) - {yy np(ZwV, Swv, @ | x)
+ Pwv,wv(®) - gy wv(Bwv, swv | X)qwy np(2wv, swv, @). (2.51)

Multiplying both sides of (2.51) by exp[ax] and using (2.35) yield

0

e Pwy Np(®) - Cyy np(2wv, swv, @ | x) - explax]
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= expl—qwy wv(Zwv, swv)xl- gyy xp(2wv, swv, @) - explax].

Because Pwy np(0) = 0, we obtain
Py np(x) - Cyy np(Zwv, swv, @ | ) - explax]
X
= || expl=aiuy wytewyssw) = a3 iy plEwy.swy. @)y,

from which (2.36) follows. Substituting (2.35) into (2.37) yields (2.39), and substi-
tuting (2.36) into (2.38) yields (2.40).

2.H Proof of Lemma 2.8

(2.43) follows from (3 WV(e 01x) =1, Pwywv(x)+Pwynp(x) =1, and (2.35). We
thus consider (2.42) below Note that (7 WY, NP(e 0,0 | x) = 1. Therefore, taking the
limits &« — 0+ and s — 0+ in (2.36), we obtain

dwWV,NP
qwv,wv

Pwv np(x) = (1 -expl—qwv,wv - x]),

from which and (2.43), we have qwv wv = gwv Np.
It is readily seen from (2.39) that qwv wv satisfies

qwv,wv = /0 + Awv/o — (Awv/o)hgy(qwv,wv), (2.52)

and hi (qwv,wy) = Ay (Yo + Awvio — Awv/o)hin(gwv,wvy)). Furthermore, it fol-
lows from (2.37) that

qwv,wv = Ylo+ Awv/o - Z(/IWVk/U) PWVWV(y)dHWVk(y)
keK

= ylo + Awv/o — (AWV/G)f Pwv wv(y)dHwvy(y) =y/o >0, (2.53)

so that Ih* (qwv,wv)l < 1. As a result, Ay (qu wv) is identical to the minimum
non- negatlve root r of (2.9). Finally, from (2 8) and (2.52), we obtain
/
Yo+ Awyla — (Awylo)r = 17—" (2.54)
-V

which completes the proof.

2.1 The multi-class FCFS M/G/1 queue with Poisson disasters

In this Appendix, we summarize the results of the stationary multi-class FCFS
M/G/1 queue with Poisson disasters, where the processing rate is equal to one. We
can readily obtain those results by considering the conditional counterparts in the
multi-class FCFS M/G/1 with exponential working vacations and o = 1, given that
the server is on working vacation.
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2.1.1 Model

Consider a stationary multi-class FCFS M/G/1 queue with Poisson disasters. Class
k (k € X') customers arrive according to a Poisson process with rate 1. Let hp(x)
and h,(s) (k € £) denote the distribution function of service times H;, of class k
customers and its LST, respectively. Disasters occur according to a Poisson process
with rate y (y > 0), and the system becomes empty when disasters occur. We define
A and h*(s) as

A
A=Y A, A= Y ZERis).

ke ke A

Note that if we ignore customer classes, the system can be regarded as a single-
class FCFS M/G/1 queue with Poisson disasters. Note also that the system is stable
regardless of values of system parameters.

2.1.2 Results

The LST u*(s) of the workload in system is given by [JS96, YKC02] (cf. Lemma 2.3
and its proof)

(1-v)s—vy
s—A+Ah*(s)—vy

Note that v denotes the stationary probability of the server being busy.

u*(s)=

1-r)A
y= LA (2.55)
1-rA+y
where r denotes the minimum non-negative root of the following equation.
z=h"(y+1-22), lz] < 1. (2.56)

We denote the workload in system seen by a randomly chosen customer on ar-
rival by U, and the length of the interval from the arrival of this customer to the oc-
currence of the next disaster by D . Owing to the memoryless property, D, is expo-
nentially distributed with parameter y. We define W, and W), (k € %) as the wait-
ing time and sojourn time, respectively, of class % customers, i.e., W, = min(Ux,Dy)
and W}, = min(Ua + Hy,D,). Note that owing to PASTA, W, (k € %) is identical to
the waiting time W of a randomly chosen customer. Furthermore, we define

Py

wy(s)

Pr(Us < Dy), P =Pr(Us >Dy),
E [exp[-sW1|Ua<Da], wp(s)=E[exp[-sW1|Us>D4],

and for each £ (k€ %)

PY, = PrUs+Hy<Dp), PJ,=Pr(Us+Hj>Dy),
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wy (s) = E expl—sW1|Ua+Hy <Da|, wp(s)=E |exp[-sW]1|Ua+Hj>Da].
By definition, we have

w*(s) = Elexp[-sW1]1= PYwy(s) + P wi(s),

w(s) = Elexpl-sWll = Py ,wy ,(5)+ P} w05 4(5).

Because W corresponds to W‘()g\), in the queue with working vacations, we obtain
from Theorem 2.2
1-u*(s+7y)
Ay)s+y)

Note here that u*(s+7y) = PIYIV wy(s). Therefore the second term on the right hand
side of (2.57) represents PBV wp(s). It then follows that

w's)=u"(s+y)+ (2.57)

W (s) = u*(s+7v) W (s) = 1 .1—u*(3+7)
N2 w7 D" 1—uxy) Wy)s+y)’
Py = u*(y), Py =1-u*(y).

Similarly, it follows from Theorem 2.3 that

1-u*(s +y)h,’;(s +7)

w,(s)=u"(s+y)h,(s+y)+ ke X,
wy(s)=u (s +Phyls +7) s +7)
and therefore for each & (k € %)
B () u (s+yh,(s+y) B (s) 1 1-u™(s+y)h,(s+7)
w S) = , w S)= ” .
Nk w* (PR (y) DA 1 —ur(phi(y) (1/y)s+7)
PR = w (Mh), PR, =1-u" Ay

Let p;, (k € £) denote the probability of a class £ customer being served, which
corresponds to ﬁ%\’,{, /Pwv in the queue with working vacations. It follows from
(2.24) that

_ A1 =hp (7))
=V —,
PE=Y A - R ()
where v is given in (2.55).

Let A, (k € X) denote the conditional attained waiting time given that a class
k customer is being served and let H, (k € %) denote the remaining service time of
class & customer being served. We then define a}:*(sk, ap) (ke X)) as

a,(sk,ar) = E[expl-s,Ap]-exp[-ajHl| a class k customer is being served] .
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Note that a}*(s;,ar) corresponds to apy wy ,(@Wr,ar) in the queue with working
vacations. Moreover, W; and W, corresponds to W(V?,{;k and W\({;\), B respectively. It
then follows from (2.27) that

u*(sp+y) hilar)—h;(sp+7)
E[W;, — W3] Spty—ag

a;;*(sk,ak) =

where E[W} — W,] is obtained from (2.48).

AR O
M BT

Let L, (k € &) denote the number of class £ customers in the system and let

Uy, (k € £) denote the workload in system belonging to class 2. We then define the
joint transform w(z,s) as

w(z,8)=E| [] 25" -expl-s;Us]

2
keX ]

where z =(z1,29,...,2g) and s =(s1,S9,...,8g). We then have

Y9 =1-v+ ¥ zipyap’( ¥ (- dizih(s0)),5),
ke X lEX

which corresponds to Theorem 2.5.

Finally, we consider the busy cycle, which is defined as the interval between
successive ends of busy periods. Let @ denote the length of a randomly chosen
busy cycle. We divide @ into two parts, and let ®g (resp. ®g) denote the length of
the subinterval during which the server is idle (resp. busy). We define N (ke X)
as the number of class & customers arriving in ®. Let Uy, denote the workload in
system that is lost due to disasters. We then define joint transforms ¢ (z,s) and
$p(z,s,a) as follows.

Pn(z,0,8) = E[( [1 Zﬁk) -exp[-w®Pg] - exp[-sPg]
ke X

‘ a busy period ends without disasters

M

Pp(z,0,8,a) = E[( H zﬁk) -exp[-w®g] - exp[—s®g]-exp[—aUi]
ke X

‘ a busy period ends with disasters
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We also define PI% as

PI% = Pr(a busy period ends without disasters),

and let PB =1 _PI]\SI' It then follows from Lemma 2.7 that

A Ap [
PB4 _ ] f _g? dH
N On(z,0,8) )L+wk§](2k A expl—qy(z,8)yldHy(y)
A Arhi(q(2,8)
_ Y o2 ACNGED) (2.58)
Aoy A
A s+}f+/l—q§(z,s)
_ : , 2.59
A+w A ( :
A Ap [ expl—ay]l—expl—gy(z,s)y]
PB' * — L
b ¢n(z,0,8,0) A+wk§7(zk A Jo qN(z,8)—a
-qp(2,8,@)dH(y)
A A Ri@—hi(a5(z,9)
B A+wk§7{2k A aN(z,8)—a 9p(z.5,0)
A, q]*)(z’saa)_y
= . 2.60
A+w A ’ (260

where g (z,s) and gp)(z,s, a) satisfy

ax(z,8) = s+y+A— ) zrArh;(gx(z,9)),
keX

hi (@) —h;(qn(2,8))
“(z,s,a) = Y+ 2y - —% kN
D Y k;{ Rk 9x(z,89)—a

*

: qD(z;s, a)’

which correspond to gy wy(2wv,swv) in (2.37) and gy np(2WV,Swv, @) in (2.38),
respectively.

We define gn and qp as
g~ = qy(e,0), gp = g5(e,0,0).
We then have (cf. Lemma 2.8 and its proof)

gqN=qp = 1L h(gn) =T,
-V
where r is the minimum non-negative root of (2.56). It then follows from (2.58) that
PI]?I =r, Pg =1- r,
and from (2.59) and (2.60) that
A s+y+/1—q1§(z,s)

A qp(zs,0)-y
At Y+A—gn )

A+w qp—Y

(pItI(z’w’s): b ¢B(z7w’87a):



3 Multi-Class MAP/G/1 Queue
with Disasters

3.1 Introduction

In this chapter, we consider the multi-class FCFS MAP/G/1 queue with disasters.
When disasters occur, all workload in system is removed instantaneously and the
system becomes empty. There are K classes of customers, which are labeled one to
K. Let A& denote £ =1{1,2,...,K}. We assume that the disaster occurrence process
and the customer arrival process are governed by a common continuous-time un-
derlying Markov chain. We assume that the underlying Markov chain is irreducible
and has finite state-space .# ={1,2,...,M}. The underlying Markov chain stays in
state i (i € .4 ) for an exponential interval of time with mean 1/0;, where o; > 0
(i € /). When the sojourn time in state i is elapsed, the chain changes its state to
J (j €, j#1i) with probability p; ; without customer arrivals and disasters. Also,
with probability g ; ; (resp. y; ;), it changes its state from i to j (j € .4) and a class
k (k € X') customer arrives (resp. a disaster occurs). We assume that the arrival of
a customer and the occurrence of a disaster do not occur simultaneously. We thus
have
> [Pi,j"‘( 2 Qk,i,j)"'Yi,j] =1, i€,
je ke

where p; ; =0 (i € /).

We assume that the amounts of service requirements brought by class & (k € %)
customers who arrive with state transition from state i to state j (i,j € .#4) are i.i.d.
according to a general distribution function Hy ; ;(x) (x = 0).

To deal with the underlying Markov chain described above, we introduce M x M
matrices C, D(x) (k € £ ,x =0), and I', whose (i, j)-th (i, j € .4) elements are given
by

(€l ={ 7P P

R [Dy(x));,;=0iqp,; jHp j(x), [Tl;; =0y,
Ul) l _.]7

45
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respectively. Let D, (s) (k € £, Re(s) > 0) denote the LST of D (x).

D;(s)= f exp[—sx]dDy(x).
0
We define Dy, (k€ %) as
D}, = lim Dy(x) = lim D, (s).
X—00 s—0+
Furthermore, we define D(x) (x =0) as

D(x)= ) D),
keX

and D*(s) (Re(s) > 0) as its LST.
D*(s)= fooexp[—sx]dD(x).
0

We also define D as
D =1lim D(x) = li%l D*(s).
s—0+

X—00
Note here that
D*(s)= Z D, (s), D= Z D,.
keX keX
By definition, C + D + T represents the infinitesimal generator of the underlying
Markov chain, and it satisfies

(C+D+TIe=0, 3.1)

where e denotes an M x 1 vector whose elements are all equal to one. Let & denote
the stationary probability vector of the underlying Markov chain. Because the un-
derlying Markov chain is irreducible and has finite state-space ., & > 0 and it is
determined uniquely by

a(C+D+T)=0, e =1.

We assume that Dy, #0 (k € £) and I # 0. Because the system becomes empty
when a disaster occur, I' # 0 and the irreducibility of the underlying Markov chain
ensure the existence of the steady state. We assume that the service discipline is
nonpreemptive FCFS, unless otherwise mentioned.

Remark 3.1. C represents the defective infinitesimal generator of the underlying
Markov chain when neither arrivals nor disasters occur. Also, C+ D (resp. C +T)
represents the defective infinitesimal generator of the underlying Markov chain when
no disasters occur (resp. no arrivals occur). Therefore C, C+ D, and C +T are non-
singular, and all eigenvalues of those matrices have strictly negative real parts. It
then follows that sI —(C +D) and sI —(C +T') are also non-singular for all s (Re(s) >
0).
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We first analyze the first passage time to the idle state, the busy cycle, and
the total workload process. We then derive two different representations of the
LST of the total stationary workload in system and discuss the relation between
those. Note that similar formulas are derived in [Tak02] and [TH94] for the ordi-
nary MAP/G/1 queue without disasters. Next, using the results on the total work-
load distribution, we analyze the waiting time and the sojourn time distributions of
each class, and the joint queue length distribution.

The rest of this chapter is organized as follows. In Section 3.2, the first passage
time to the idle state is analyzed. In Section 3.3, we analyze the busy cycle and
derive the stationary probability that the system is empty. In Section 3.4, the total
stationary workload in system is studied. In Section 3.5, we analyze the waiting
time and sojourn time distributions. In Section 3.6, we derive the joint probability
generating function of the queue length distribution, and consider the computa-
tional procedure of the joint queue length distribution. In Section 3.7, we briefly
summarize the computational procedure for performance measures of interest and
provide an numerical example. Finally, we conclude this chapter in Section 3.8.

3.2 First passage time to the idle state

Let U; (t = 0) denote the total workload in system at time ¢. We define Tg as the
first passage time to the idle state after time 0.

Ty =inf{¢; U; = 0,¢ > 0}.

Let S; (¢ = 0) denote the state of the underlying Markov chain at time . We then
define P(¢ | x) (t =0, x = 0) as an M x M matrix whose (i, j)-th (i, j € .#) element rep-
resents the conditional joint probability that the first passage time is not greater
than ¢t and the underlying Markov chain is in state j at the end of the first pas-
sage time, given that at time 0, the total workload in system is equal to x and the
underlying Markov chain is in state i.

[P(¢| )] =Pr(Tg <t,Sr, = j| Ug = x,80 = i).

Let P*(s | x) (Re(s) > 0,x = 0) denote the LST of P(¢| x) with respect to ¢.

o0
P (s|x)= f 0exp[—st]dP(t | x),
t=
where the (i, j)th (i,j € #) element of dP(¢ | x) represents Pr(t < Tg <t +dt,Sty =
J1Up=x,S9 =1). We classify the first passage process by whether or not a disaster
occurs in the first passage time. Let Tp denote the time when a disaster occurs
for the first time after time 0. We define Pn(¢ | x) (¢ =0, x =0) as an M x M matrix
whose (i, j)-th (i, j € .4 ) element represents the conditional joint probability that no
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disaster occurs in the first passage time, the first passage time is not greater than
t, and the underlying Markov chain is in state j at the end of the first passage time,
given that at time 0, the total workload in system is equal to x and the underlying
Markov chain is in state i.

[Pn(t1 %), =Pr(Tg <t,Tg <Tp,S1y =J | Up=x,S0 =10).

We also define Pp(t|x) (¢ =0, x =0) as an M x M matrix whose (i, j)-th (i,j € .4)
element represents the conditional joint probability that the first passage time to
the idle state ends with a disaster, the first passage time is not greater than ¢, and
the underlying Markov chain is in state j at the end of the first passage time, given
that at time 0, the total workload in system is equal to x and the underlying Markov
chain is in state i.

[Pp(t] x)]i,j =Pr(Tg<t,Te =Tp,S1y; =j|Up=x,S0 =1).

Let P;I(s | x) and P[,(s | x) (Re(s) > 0,x = 0) denote the LSTs of Px(¢ | x) and Pp(Z | x),
respectively, with respect to .

oo o0

expl—stldPn(t | x), P]*)(slx):f expl[—-stldPp(t | x).

Py(s|x)= ft:O
By definition, we have P((s|0)=1I, P;(s|0)=0, and
P*(s|x)=Py(s|x)+Pp(s|x). (3.2)
Lemma 3.1. Pl’;(s | x) (Re(s) >0, x = 0) satisfies
P (s |x)=exp[@x(s)x], (3.3)
where Q@ (s) (Re(s) > 0) is defined as

Qy(s)=-sI+C +f0 dD(y)Py(s | y). (3.4)
On the other hand, Pl*)(s | x) (Re(s) > 0, x = 0) satisfies

P(s|x) =f0 exp[Q@x(s)w]|dw - Qf(s), (3.5)
where Q(s) (Re(s) > 0) is defined as

Q(s)=T+ fo dD(y)P(s | ). 3.6)



3.2. FIRST PASSAGE TIME TO THE IDLE STATE 49

The proof of Lemma 3.1 is given in Appendix 3.A.
We define @ and @) as M x M matrices given by

Q= 31_1}(1)1+ Qn(s), Qp = SE%1+QD(S),

respectively. It then follows from (3.4) and (3.6) that

Qy = C+ fo dD()PL0] ), (3.7)
Qp =T+ fo dD ()P0 | ), 3.8)
where
PL(0]x)= 1i1(1)1+P;I(s | x), PO x)= lir(1)1+P]’5(s | ).

Using (3.3) and (3.5), we rewrite (3.7) and (3.8) as

Qx

C+f0 dD(y)expl@xy], (3.9)

@p

F+[oodD(y)fyexp[QNw]dw-QD, (3.10)
0 0

respectively.

Lemma 3.2. @y is non-singular and Qp is given by

Qp = (—Qn)[-(C+D)| 'T. (3.11)

The proof of Lemma 3.2 is given in Appendix 3.B.

Note here that [-(C + D)] T appeared in (3.11) represents the transition prob-
ability matrix of the embedded Markov chain obtained by observing the state of
the underlying Markov chain immediately after disasters, and therefore [-(C +
D) 'Te = e, which can also be verified with (3.1). We then have from (3.11)

(@N+Qple=0. (3.12)

In addition, it can be shown with (3.7) and (3.8) that off-diagonal elements of Q
and all elements of Qp are non-negative. Therefore @y + Qp can be interpreted
as the infinitesimal generator of a continuous-time Markov chain defined on finite
state-space 4.

The probabilistic interpretation of @y and @y, is as follows. Consider a censored
underlying Markov chain obtained by removing all busy periods from the time axis.
The first term C on the right-hand side of (3.7) represents the defective infinitesi-
mal generator of the underlying Markov chain when neither arrivals nor disasters
occur. On the other hand, the integral on the right-hand side of (3.7) represents
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the transition rate matrix when busy periods without disasters are removed. Sim-
ilarly, the first term I" on the right-hand side of (3.8) represents the transition rate
matrix when disasters occur in the idle state, and the integral on the right-hand
side of (3.8) represents the transition rate matrix when busy periods ending with
disasters are removed. Therefore Q+@p represents the infinitesimal generator of
the censored underlying Markov chain obtained by removing all busy periods from
the time axis.

Let x denote a 1 x M vector whose j-th (j € .#4) element represents the condi-
tional probability that the underlying Markov chain is in state j, given that the
system is empty in steady state.

[x]; = tl_igloPr(St =jlU;=0).

By definition, x represents the steady state probability vector of the censored un-
derlying Markov chain obtained by removing all busy periods from the time axis.
Because the original underlying Markov chain is irreducible, the censored underly-
ing Markov chain is also irreducible. Therefore k is determined uniquely by

k(@n+Qp) =0, ke =1, (3.13)
and the irreducibility of the censored underlying Markov chain implies
x> 0. (3.14)

We now consider the computational procedure of @y. For this purpose, we define
ng ) (n = 0,1,...) as an M x M matrix defined by the following recursion:

QV =C
QY =C+ f dD(y)expl@y "y, n=1.2,.... (3.15)
0

Lemma 3.3. {Qi\?); n =0,1,...} is an elementwise increasing sequence of matrices
and Qy is given by
— 14 (n)
QN - r}1—>r§o QN .
The proof of Lemma 3.3 is given in Appendix 3.C
Because lel) is regarded as a defective infinitesimal generator, the integral on
the right-hand side of (3.15) can be computed with uniformization [Tij94, Page 154],

so that we can numerically obtain @y = limn_,ooQ;'f) .

Remark 3.2. Because Qy represents a defective infinitesimal generator, the stop-
ping criterion for computing @y is not clear in general. We address this issue under
a more general condition in Section 4.4.2.
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Let f(x) (x = 0) denote an M x 1 vector whose i-th (i € .#) element represents
the mean first passage time to the idle state, given that at time 0, the workload in
system is equal to x and the underlying Markov chain is in state i.

[f (x)]; =E[Tg | Up = x,So =1].

By definition, we have
0
f@)=(-1)- lim —[P*(s|x)]e. (3.16)
s—0+ 0s
Lemma 3.4. f(x) is given by

f(x) = [I - exp[Qnx1I[-(C + D)] te. (3.17)

The proof of Lemma 3.4 is given in Appendix 3.D
3.3 Busy cycle

This section considers the busy cycle, which is defined as the interval between
successive ends of busy periods. Let @ denote the length of a busy cycle which starts
at time 0. We divide ® into two parts, i.e., ® = O+ D, where O (resp. ) denotes
the length of a subinterval during which the server is idle (resp. busy).

We define ®(7,t) as an M x M matrix whose (7, j)th (i, j € .4) element represents
the conditional joint probability that in a busy cycle, the length of the idle period
is not greater than 7, the length of the subsequent busy period is not greater than
t, and the underlying Markov chain is in state j at the end of the busy cycle, given
that the underlying Markov chain is in state i at the beginning of the busy cycle.

[®(7,t)];,; =Pr(Pg <7,Pp<t,Sop =j|So=1),
We then define ®**(w, s) (Re(w) > 0, Re(s) > 0) as the joint LST of ®(7,¢).

d)**(w,s):f f expl-wrtlexp[—stld®(1,1),
7=0J¢t=0

where the (i,j)th (i,j € #) element of d®(7,t) represents Pr(t < ®g < 7+d7,f <
dg<t+dt,So =j|So=1). By definition, ®**(w, s) is given by

O *(w,s) = fooexp[—wr]exp[(C+F)T]drfoodD(y)p*(s | y)
0 0
= [wI—(C+I‘)]_1fOOdD(y)P*(s | y). (3.18)
0

Recall that wI —(C +T') (Re(w) > 0) is non-singular (see Remark 3.1).
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Let ¢ denote an M x 1 vector whose i-th (i € .#4) element represents the mean
length of a busy cycle, given that the underlying Markov chain is in state i at the
beginning of the busy cycle. Also, let ¢ denote an M x 1 vector whose i-th (i € .4)
element represents the mean length of the idle period in a busy cycle, given that
the underlying Markov chain is in state i at the beginning of the busy cycle.

[¢l; =E[D| S =], [¢prli =E[Dg|So =1l

By definition, we have

¢ = (—1)-slilcl)1+£[<l> (s,9)]e, (8.19)
. . 6 %k %k
(I)E = (_1)(}11‘(1)&—31_1’%1%[([) (w,S)]e. (320)

Note that the i-th (i € #) element of ¢ represents the mean length of time elapsed
before the first customer arrives after time 0, given that the underlying Markov
chain is in state i at time 0. We thus have

bg = f ~ expl(C + D)rledt = [~(C+ D) . (3.21)
0

Lemma 3.5. ¢ is given by
¢ =[-(C+D] ' (-QN)[-(C +D)] "e. (3.22)

The proof of Lemma 3.5 is given in Appendix 3.E.

Let 1 denote a 1 x M vector whose j-th (j € .4 ) element represents the probabil-
ity that the underlying Markov chain is in state j at the beginning of a busy cycle.
By definition, ne = 1 and 5 satisfies

7 = nlim lim ®"*(w,s)

s—0+w—0+
nl—(C+ D)2 fo dD(y) [P5(01 )+ P50 y)]
n[-(C+D)] ' [Qn+Qp—(C+T)],

where we use (3.2), (3.7), (3.8), and (3.18). We then have
n[—(C+ D] ' (Qx+Qp) =0,

which implies that g[—(C +T)]~! is a real multiple of x defined in (3.13), and there-

fore we have
x[-(C +1)]

1= =+ Dle (3.23)
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It then follows from (3.21), (3.22), and (3.23) that

_ k(=@y)I-(C +D)l 'e

E[D] = n¢ <[—(C +D)le ,

El®el = née = G e

Let v denote the time-average probability that the server is busy. Because of the
ergodicity of the system, v is also regarded as the limiting probability of the server
being busy.

v = lim Pr(U; > 0).
t—o00

Owing to the renewal reward theorem [Cin75], we have v =1 — E[Dg/E[®]. There-
fore we obtain the following lemma.

Lemma 3.6. v is given by
1

=1- ) 3.24
VT M CQuI—(C D) e (3.24)

3.4 Total workload in system

Let us(x) (¢ =0, x = 0) denote a 1 x M vector whose j-th (j € .4) element repre-
sents the joint probability that the total workload in system is not greater than x
and the underlying Markov chain is in state j at time ¢.

[ut(x)]J = PI‘(Ut < x,St :_])

We define u(x) (x =0) as
u(x)= tlim u;(x),
—00

and u*(s) (Re(s) > 0) as its LST.
u(s)= fooexp[—sx]du(x).
0

Theorem 3.1. u*(s) satisfies
u*S)sI+C+D*(s)]=s(1-v)k —xrl, (3.25)
where k and v are given in (3.13) and (3.24), respectively.

The proof of Theorem 3.1 is given in Appendix 3.F.
Differentiating both sides of (3.25) with respect to s, taking the limit s — 0+,
and rearranging terms, we have

—u'(0) = [(-D'(0) - {w -1 -v)x}] [-(C+D)] (3.26)
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where p 4
!/ . I * ! — 1i el *
w0 = lim T @], DO= lim 70D )]
Therefore, the mean stationary workload E[U] in system is given by
E[U]= [a(-D'(0))- {m - (1 -v)x}][-(C +D)] te.

Next, we derive an alternative formula for u*(s), following the same approach as
in [TakO01]. For a while, we assume that customers are served under the LCFS-PR
basis. Note that this service discipline is work conserving. Let L; (¢ = 0) denote the
number of customers in the system at time ¢# under the LCFS-PR service discipline.
We define u;(x,n) (t =0, x =0, n=0,1,...) as a 1 x M vector whose j-th (j € .#)
element represents the joint probability that at time ¢, the total workload in system
is not greater than x, the number of customers in the system is equal to n, and the
underlying Markov chain is in state j.

[w,(x,n)]; =Pr(U; <x,L; =n,S; = ).
We define u(x,n) (x=0,n=0,1,...) as
u(x,n)= tlilgout(x,n).
By definition, we have
ulx,0)=u0)=1-v)x, x=0,

and
(0]

u(x)=)_ ulx,n).

n=0
Let u*(s,n) (Re(s) >0, n=0,1,...) denote the LST of u(x,n) with respect to x.

u*(s,n)= f expl—sxldu(x,n),
x=0

where the i-th (i € .#) element of du(x,n) represents Pr(x < U < x+dx,L = n),

where U and L denote the stationary workload in system and the number of cus-
tomers in the system, respectively.

Lemma 3.7. u*(s,n) is given by
u*(s,n)=1-v)x[R*(s)I", n=0,1,..., (3.27)
where R*(s) (Re(s) > 0) denotes an M x M matrix defined as

R*(s):f0 exp[—sx]dxf dD(y)exp[QN(y—x)], (3.28)

and it satisfies

R*(s)(sI+Qn)=Qn—-C—-D*(s). (3.29)
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The proof of Lemma 3.7 is given in Appendix 3.G. Note that (3.29) is equivalent to
sI+C+D*(s)=[I-R"(s)I(sI +Qy). (3.30)
It follows from Lemma 3.7 that
u*(s,n)=u"(s,n—1)R*(s), n=12,....
Summing up both sides of the above equation over all n (n =1,2,...) then yields
u'(s)—(1-v)x =u*(s)R*(s).

Therefore, taking the limit s — 0+, we have

x7—-(1-v)x =xR, (3.31)
where R is defined as
R = lim R*(s).
s—0+

It then follows from (3.29) that R is given by
R=T1+(C+D)-Qy) (3.32)

Lemma 3.8. R is a non-negative matrix and all eigenvalues of R lie inside the unit
disk.

The proof of Lemma 3.8 is given in Appendix 3.H.
We now obtain the alternative formula for u*(s), whose proof is given in Ap-
pendix 3.1.

Theorem 3.2. u*(s) (Re(s) > 0) is given by
u*(s)=(1-v)x[I-R*(s)] . (3.33)

Before closing this section, we consider the relation between two representa-
tions for u*(s) in Theorems 3.1 and 3.2. Recall that R is given by (3.32). Therefore,
using 7(C +D +T') =0, we obtain

AR = —al(-Qn)". (3.34)
It then follows from (3.31) and (3.34) that (1 —v)x is given by

(1-v)x=al(-Qn)". (3.35)
As a result, (3.25) is equivalent to

u*(S)sI+C+D*(s)l=1-v)x(sI + Q). (3.36)
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On the other hand, (3.33) is equivalent to
u*(s)II-R*(s)l=(1-v)x. (3.37)

In what follows, we will show that (3.36) can be derived from (3.37), and vice versa.

Post-multiplying both sides of (3.37) by sI +Qy and using (3.30), we have (3.36).
Therefore (3.36) is derived from (3.37).

Conversely, to derive (3.36) from (3.37), we should note that sI + @y is singular
for some s (Re(s) > 0). Let = denote the set of s (Re(s) > 0) for which sI +Qy is
singular.

= ={s; det(sI + Q) = 0,Re(s) > 0}.

Note that = is a (sub)set of eigenvalues of —Qy;, whose real parts are positive. Be-
cause Qy represents a defective infinitesimal generator of the censored underlying
Markov chain, all eigenvalues of —Qy have positive real parts. Therefore, = con-
sists of all eigenvalues of —Qy;, so that the cardinal number of = is not greater than
M. Tt then follows from (3.30) and the elementwise continuity of R*(s) (Re(s) > 0)
that

I-R*(s)= [sI+C+D*(s)](sI+QN)_1, sS¢ZE,

and
I-R*(s)= }rig}g[al+C+D*(a)](aI+QN)_1, seE.

Remark 3.3. Because I — R*(s) (Re(s) > 0) is non-singular, (3.30) implies that sI +
C +D*(s) (Re(s) > 0) is singular only for s € Z.

Therefore an M x M matrix X*(s) (Re(s) > 0) defined as
[sI+C +D*(s)I(sI + QN)‘l, s¢Z,
X*(s)=X .. % 1 —_
gl_rg [[aI+C+D (@)(al +Qy) ] , SEZX,
satisfies
X*(s)=I-R*(s), Re(s)>0.

Furthermore, because of the elementwise continuity of u*(s) (Re(s) > 0), it follows
from (3.36) that
u () X*(s)=(1-v)x, Re(s)>0.

(3.37) is thus derived from (3.36).

3.5 Waiting time and sojourn time

In this section, we consider the waiting time and sojourn time distributions in
steady state. Recall that the service discipline is assumed to be FCFS. Let U;:‘
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(k € &) denote the workload in system seen by a randomly chosen class & customer
on arrival and let B;, (k € %) denote the amount of the service requirement of this
customer. Also, let TS 5 (B € &) denote the length of the interval from the arrival of

this customer to the occurrence of the next disaster. We define W, and W, (k € %)
as the waiting time and the sojourn time, respectively, of a randomly chosen class
k customer.

W, =minU, T ,), W, =min(U; + B, T} ), ke X.

For k € # and x = 0, we define wy(x) (resp. wi(x)) as a 1 x M vector whose j-th
(j € A ) element represents the joint probability that the waiting time (resp. sojourn
time) of a randomly chosen class %2 customer does not exceed x and the underlying
Markov chain is in state j at the end of the waiting time (resp. sojourn time).

[wr(x)]; = Pr(Wp, <x,S¢,4w, =),
@) = Pr(We <x,8, 5, =J),

where t5 denotes the arrival time. Let wZ(s) and EZ(S) (Re(s) > 0) denote the LSTs
of w;,(x) and wy(x), respectively.

(e.9]

wZ(s):fO exp[-sxldw;(x), EZ(S):fo expl—sx]dwy(x).

Moreover, for k € # and x > 0, we define wy ;(x) (resp. wy x(x)) as a 1 x M vector
whose j-th (j € .4) element represents the joint probability that the waiting time
(resp. sojourn time) of a randomly chosen class k2 customer does not exceed x, the
underlying Markov chain is in state j at the end of the waiting time (resp. sojourn
time), and no disasters occur in the waiting time (resp. sojourn time).

[wn @) = PrU <x,Up <T5,8,, 2 =),
[wn x(x)]; = Pr(Us + By <x,Us + By, < T]%,k’StA+U,§+Bk = /).

Also, for £ € # and x = 0, we define wp r(x) (resp. wp x(x)) as a 1 x M vector whose
J-th (j € .#4) element represents the joint probability that the waiting time (resp.
sojourn time) of a randomly chosen class £ customer does not exceed x, the under-
lying Markov chain is in state j at the end of the waiting time (resp. sojourn time),
and the waiting time (resp. sojourn time) ends with a disaster.

[wD,k(x)]J = PT(TS’k = x,U,‘:‘ = Tg,k’StA+T8k =J),
[Wp;()]; = Pr(Tp , <x,Up + By, = Tg,k’StMTgk = j).

We define LSTs wIﬁI,k(s), wl*),k(s)’ w;;’k(s), and wl*),k(s) (k€ %, Re(s)>0) as

(e 9]

w1, (s) :fo exp[—sxldwy x(x), w]"‘lk(s):f0 exp[—sx]ldwp (x),
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w;;,k(s) = ‘[0 exp[—sx]ldwn 1 (x), E]*),k(s) = fo exp[—sx]dwp x(x).
We then have
w,(s)= wI’;’k(s)+wB,k(s), w;,(s) :E;Lk(s)+ﬁl*),k(s). (3.38)

Theorem 3.3. wl’;’k(s) and E;Lk(s) (k € £, Re(s) > 0) are given by

wy ;,(s) = JtDke f du(x)Dyexp[(C +D —sI)x]|, (3.39)
Eﬁ,k(s) = JIDkefo du(x)fo dDy(y)exp[(C+D —sI)(x+y)], (3.40)

respectively. On the other hand, w{, ,(s) and E]*),k(s) (ke %, Re(s)>0) are given by

. D . _
W}, ,(s) = (ﬂD:e —wN,k(s)) [sI—(C+D)I''T, (3.41)
_* D s _

respectively.

The proof of Theorem 3.3 is given in Appendix 3.J. Recall that sI —(C + D) is non-
singular for all s (Re(s) > 0) (see Remark 3.1).
With (3.38) and Theorem 3.3, we have the following corollary.

Corollary 3.1. w,(s) and w,(s) (k € #, Re(s) > 0) are represented in terms of
wy ,(s) and w;;, 1(8), respectively.

w(s) = w;k(s)+(”—m—w§k(s)) [sI-(C+D)'T, kex, (343)
' aDe ’

—x —x Dy, —x -1
’ aDe ’

We now discuss the computation of the moments of the waiting time and so-
journ time distributions, which we can obtain by taking the derivatives of their
LSTs. From Theorem 3.3 and Corollary 3.1, we observe that wN 5(s) and w wN z(8)
are essential quantities for the waiting time and sojourn time distributions, so that
we consider those first.

Let 6 denote the maximum absolute value of the diagonal elements of matrix C.
With uniformization at rate 6, (3.39) and (3.40) are rewritten to be

m

wy ;,(s) = f du(x)exp|[—(s+ H)x] D.I+67Y(C+D)I™

kaO
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1
= Z u(s,0)D,[I1+6~1(C+D)]",
Jl'Dke

ZZ exp[ (s+9)x]( )d (x)

fw
0
1

= 5 5 Zu(”(s 0D\ (s,0)I +671(C + D)™,
k€ m=0i=0

ﬁ;},k(s)

[1 +0~ 1(C +D)Y/

respectively, where

Ox)™

u™(s,0) = fooexp[—(s+0)x]( du(x), m=0,1,...,
0

x)m

D\"(s,0) :f exp[- (s+9)x] D),  keH,m=0,1,...
0

We define w'”. and w(") (ke #,n=0,1,..)a

N,k
(0) —(0)
W=l iy, @ = i T,
w _ i 9 —n) —
wyy = sl_1’%1+ as—an,k(s), wy;, = sli%l+ ng,k(S)’ n=12,...
It then follows from (3.45) and (3.46) that
w® = m@)D,II +671(C + D)™,
W\, JTDke Z u(0)D,;[ ( )]
1
—(0) _ i) (m—1) 1 m
= uw*O)D," (O +0- (C +D)]
Nk nDe mzolz

where u™(0) (m =0,1,...) and D{(0) (k € &, m =0,1,...) are defined as

u™@®) = lim u™(s,0) = f ooexp[—@x](gx) du(x),
0

s—0+

DU(0) = lim D(s,0) = f ~ expl- ex](gx) dDy(x).
0

s—0+

Note here that Dg”)(e) (ke #,m=0,1,...) satisfies

D;(0-02)= ) D{©2", lzI<l.

m=0

59

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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Therefore we can obtain Dgem )©) (ke X ,m=0,1,...) by comparing the coefficient of
z™ on both sides of this equation. In a numerical example, we demonstrate how to
compute Dgem)(H) when the service requirement distribution is of phase-type.

Note that the probability that no disasters occur in the waiting time of a ran-
domly chosen class & (k € &) customer is given by

Pr(U, < Tp ) = wye,

and the probability that no disasters occur in the sojourn time of a randomly chosen
class k (k € %) customer is given by

Pr(U, + By, < Tp ) =y e.

Next we consider wi\?)k and w(") (ke #,n=0,1,...).

Lemma 3.9. The limits s — 0+ of the n-th (n=1,2,...) derivatives of u™(s,0) (m =
1,...) and DZM)(S,H) (ke #, m=0,1,..) with respect to s are given in terms of

1w (0) and Dg"”)(@), respectively.

|
|
sll%1+a [D(m)(s 0] = (-1 (r;;gmn)"DZ”m)(@)- (3.51)

The proof of Lemma 3.9 is given in Appendix 3.K.
Differentiating both sides of (3.45) and (3.46) with respect to s, taking the limits
s — 0, and using Lemma 3.9, we obtain the following theorem.

Theorem 3.4. w', and w(”) (ke #,n=0,1,...) are given by

N,k
w _ (1) & (m) 1 m-n
l\r;k_n'Dke( ) ;( ) @)D, +06~(C+D)] ,
—m _ nb (- e (1) e e (=AM D miem)
- (2 EE (g (o
I +6~YC+D)
respectively.

The remaining is to show a computational procedure for u'™(©) (m =0,1,...).
Note that ™ (0) (m =0,1,...) can be obtained in a way similar to that in [Tak01,
Lemma 3]. We define A,, (m=0,1,...) and E as M x M matrices given by

Ay = I+07'C+67 D00, (3.52)
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A, =07'D™@O), m=12,.., (3.53)
E =071, (3.54)
respectively, where
D™®) =Y D{®), m=0,1,...
keX
We also define A as an M x M matrix given by
A=) A,=I+0"1C+D).
m=0
Note that I — A = -6~ 1(C + D) is non-singular.

Lemma 3.10. {u™(©0), m =0,1,...} is identical to the stationary distribution of a
Markov chain, whose transition probability matrix T is given by

Agp+A1+E Ay Ag ---
Ao+ E A Ay -
T = E AO Al

i.e.,
@ 9©),uP©),..)T = @ 2O),u1),..), (3.55)
Y u™@e = 1. (3.56)
m=0

The proof of Lemma 3.10 is given in Appendix 3.L.

Lemma 3.10 shows that u™(0) (m = 0,1,...) can be computed by using an al-
gorithm developed in [DS04, Ram88]. To that end, we need to find the boundary
vector u®(9) first. Let Gy denote an M x M substochastic matrix given by the
minimum non-negative solution of the following equation.

Gx= Y A,GI.

m=0

We define Gp as an M x M substochastic matrix given by

00 m-1
GD =E+ Z Am Z Gi\IGD
m=1 i=0
It can be verified that
Gp=UI-Gn)I-A)'E,
and

(Gn+Gple=e.
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Remark 3.4. It can be shown that Gy and Gp are given by
Gn=I+07'Qy, Gp=07'Qp, (3.57)
respectively.

We define K as an M x M stochastic matrix given by

m—2
K= A0+ZA G~ 1+E+ZA Y GLGp. (3.58)
m=1 m=2 1=0

Note that K represents the transition probability matrix of a censored Markov
chain obtained by observing the evolution of the Markov chain characterized by
T only when it stays in level zero, so that

u?©0)=uP0O)K. (3.59)
We then introduce the invariant probability vector « of K.
kK =K, ke =1.
Lemma 3.11. u0(0) is given by

1-v-naEe
(0) N
uP@)=—""" &
)] Ao

The proof of Lemma 3.11 is given in Appendix 3.M. Once we obtain u ), u™(9)
(m =1,2,...) can be computed successively in the same way as in [DS04, Theorem
1], 1.e.,

m-1 _ _
u™©@)=Y uPOA,_T-ADY,  m=12,..,
=0
where
A=Y AGL,  i=12,...

So far, we provide the numerically feasible formulas for w%‘)k and w(n) Next

we consider wy, , (s) and wr ,(s) in Theorem 3.3. We define wgl)k and _(”)k (kex,
n=0,1,...) as
%))k 111(1)1 wD k(s) g’)k — 81_1}& ka(s)
(n) 0" () 0"
n —(n _
wy;, = 8111(1)1+ 3o wD (8, wy ), = 311%1+ 3o ka(s) n=12,...,
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Theorem 3.5. wg’)k and wy, T y (ke X, n=0,1,...) are given by
— —(n)
(n) ﬁ(n) (n) ﬁD kr

—(n) . .
respectively, where ﬁ(n) and ﬁf)l, 1 are determined successively by

0) _ (”Dk

Dk = - (0) )[ (C+D)” 1

By, = D (npy " +wi)[-C+DITY, =12,

-0 (ﬂDk __(0)
D,k D N k
—(n)

Bpr = (- 1)(nﬁDk _(n))[ (C+D)1 Y, n

)[ (C+D)I,

respectively.

The proof of Theorem 3.5 is given in Appendix 3.N.

1,2,...

63

In summary, we can compute the moments of waiting time and sojourn time

distributions based on Theorems 3.4 and 3.5, i.e., forn =1,2,...,

kae
(0)
Nk
(n)
Dke

©)
Dke

E[W,? | no disasters occur in the waiting time] = (-1)"

w
E[W} | the waiting time ends with a disaster] = (-1)"

w

EIW;] = (D" (w), +w),

wN ke
—(0)
wy ke
—(n)
D,k

)
Dke

E[WZ | no disasters occur in the sojourn time] = (-1)"

w e

E[WZ | the sojourn time ends with a disaster] = (-1)"

E[W}] = (-1 (@), +

In particular, we have

E[W}, | no disasters occur in the waiting time]

1 1 X m+1 (m+1) -1 m
_ . w ™ ODLIT +071(C + D) e,
Pr(UA<T4,) nDe mzzo 0 )

E[W,, | the waiting time ends with a disaster]

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)
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1
C 1-Pr(UA<TA))

o1 m+l i "
[( 1) nDke(mZ:o o @)D, +671(C +D)I"e

D 1
|-

nDne naDje Z u ™ (O)DLII +6~ 1(C+D)]’")[ (C+D) e
k E

E[W,] = (nDk B Z u™O)DLII+6" 1(C+D)]m)[ (C+D)] e

JtDke J'tDke

E[Wk | no disasters occur in the sojourn time]
1

) Pr(U;j+Bk<TA )

1 X EEm+1

( (H—I)(H)D;em_l)(e) + u(l)(e)Dém—l+1)(0))

AI+07NC+D)e,

E[W}, | the sojourn time ends with a disaster]
1

B 1—Pr(UA+Bk <T4))

[(_ )- {i Z mgl( (L+1)(6)D(m l)(e)

aDre \ ==

+u@ODY VO +071(C +D)"e

D 1 22 ;

JtDke ”Dke m=0i=0

AI+07YC +D)]m)[—(c +D) te

E[W;] = -~
(W] (JIDke nDre ;=i

1I+67YC +D)]m)[—(c +D)] Le.
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3.6 Joint queue length distribution

In this section, we consider the joint distribution of the numbers of customers in
respective classes. Let Zk,t (ke &, t=0)denote the number of class £ customers in
the system at time ¢, and L, ; (k € £, t = 0) denote the number of waiting customers
of class & at time ¢. We define n as a 1 x K non-negative integer vector whose i-th
(i € &) element is denoted by n;.

n = (nl,ng,. .. ,nK).
Let .4 denote the set of all 1 x K non-negative integer vectors.
N ={(n1,n9,...ng); np€{0,1,...} (k€ Z)}.

Let y(t,n) (t >0, n € &) denote a 1 x M vector whose j-th (j € .#) element repre-
sents the joint probability that for each k& € £, the number of class £ customers in
the system is equal to n; and the underlying Markov chain is in state j at time ¢.

[y(t,n)]J = Pr(zl,t = nl,z2,t = nz""’ZK,t = n‘K}‘St :.])

Similarly, let x(¢,n) (¢t >0, n € A") denote a 1 x M vector whose j-th (j € ) ele-
ment represents the joint probability that for each k2 € £, the number of waiting
customers of class % is equal to n; and the underlying Markov chain is in state j at
time ¢.

[x(¢,n)]; =Pr(L1;=n1,Lo; =ne,...,.Lx; =ng,S; = Jj).

We then define y(n) and x(n) (n € A) as
y(n)= tlim y(t,n), x(n) = tlim x(t,n),

respectively. By definition, y(0) = (1 — v)x. For complex numbers z; (k € &) such
that |z| < 1, we define z as a 1 x K vector given by

2= (21,22,...,21{).

Let Z denote the set of all 1 x K vectors whose elements are complex numbers with
moduli less than 1.

Z ={(z1,22,...,2K); lzp| <1 (k€ A)}.

Let y*(2) and x*(2) (2 € Z) denote the joint probability generating functions of y(n)
and x(n), respectively.

y(2) = ) yn)z)tzy? 2K,
neN
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x(z) = ), x(n)z]'zy? - zIn{K.
newN

Furthermore, let x,(¢,n) (k€ £, t>0, n € ./) denote a 1 x M vector whose j-th
(j € 4) element represents the joint probability that a class 2 customer is being
served, the numbers of waiting customers of class i (i € %) is equal to n;, and the
underlying Markov chain is in state j at time ¢.

[x£(t,n)]; = Pr(a class k customer is being served at time ¢,

Ll,t = n1>L2,t = n27'-"LK,t = nK7St :.])
We define x;(n) (ke A, ne AN) as
xp(n) = tlim xp(t,n).

Let x,(2) (k € &', z € Z) denote the joint probability generating function of x(n).

* _ ni n2 nK
x,(2)= Z xp(n)zi 2y 2.

neN
We then have
y(2) = A-vx+ ) z;x,(2), ze Z, (3.66)
kex
x(2) = 1-v)x+ ) x,(2), zeZ. (3.67)
ke

Theorem 3.6. x,(2) (k€ X, z € Z) is given by
xk(z)—f du(x)f de(y)f exp[ C+ y lel)(x+t)]dt (3.68)
le X

The proof of Theorem 3.6 is given in Appendix 3.0.
Next we discuss the computational procedure of x;,(n) (k€ £, n e A). We first
rewrite (3.68) by using the uniformization technique.

f du(x) f dD () f expl—0(x + (e(x”))

. [I+6‘ (C+l§z1Dl)]m

x,,(2)

(m—1)
du(x)f de(y)f expl— Ht]((et) D dt

: [I 10" (C +Z§Z21Dl)]

Z Z exp[ Bx](
m=0i=0

S 3 @D Yo)1+07c+ ¥ ab))]”, (3.69)
m=0i=0 lex
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~ (m)

where u'™(0) (m =0, 1,...) is given in Lemma 3.10 and D, 0)(kex,m=0,1,...)

is defined as - y O™
D) = f dDy(y) f expl—0t]——dt.
0 0 m!

~(m)

Lemma 3.12. D, "(0) (ke £, m=0,1,...) is given by
- (m 1 mo
D;"©)= 5| D~} DYO)|. (3.70)
i=0

The proof of Lemma 3.12 is given in Appendix 3.P.
We define xfkm)(H) (ke #,m=0,1,...) as

@)=Y u@D;" (). (3.71)
1=0

It then follows from (3.69) that
. o Om) 1 m
w@=Y &PO|[+07'(C+ ¥ aD))|", ket zeZ. (3.72)
m=0 lex
Let |n| (n € A4) denote the sum of elements of n.
ln| = Z ng.
ke X
We then define F,,(n) (ne A, |n|<m,m=0,1,...) as an M x M matrix that satisfies

[1+07C+ X ab))|" = ¥ Famzhizp 2. (3.73)
leX neN |nlsm

As shown in [MTO03, Lemma IV.2], F,,(n) (n€ A, |n| <m, m =0,1,...) can be
computed recursively by

Fy(0) = 1, (3.74)

Fp(n) = Fp_1(n)I +071C)
+ Y Fy_1(n—€)07'Dy, neN,|nl=12,..,m-1, (3.75)
ke X ,np=1

Fn,n)= Y Fpin-€)0'Dy, neA,n#0,nl=m, (3.76)
keX ,np=1
where €, (k € %) denotes a 1 x K unit vector whose k-th element is equal to one and

all other elements are equal to zero.
It now follows from (3.72) and (3.73) that

o0
x5(2) = ). xgem)(H) Y. Fp(n)zi'zy?-- 21X
m=0 neN,|nl<sm
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o8]
= Y Y *OF )]z 2k,  keX,zeZ.

neN m=|n|

Therefore, x3,(n) (k € £, n € &) can be computed by

xp(n)= Y &VOF (n). (8.77)

m=|n|
In summary, we have the following theorem.

Theorem 3.7. y(n) and x(n) (n € &) are given by

y(0) = 1-v)x,
yn)= Y xpn-€p), n#0,
ke ,np=1
x(0) = (1-v)x+ ) x;(0),
keX
x(n) = ) x(n), n#0,
ke X

respectively, where xp(n) (k€ X, n€ ) is given in (3.77).
3.7 Numerical examples

In this section, we show some numerical examples. Figure 3.1 shows a brief
summary of the computational procedure.

We assume that the amounts of service requirements of class & (k € %) cus-
tomers are i.i.d. according to a phase-type distribution with representation (a,Bp).
Let B (s) (k € Z, Re(s) > 0) denote the LST of the amounts of service requirements
of class & customers.

B;(s)= ay(-Bp)(sI-B) e,

In this case, D;@m)(O) (ke £, m=0,1,...) can be computed as follows. It follows

from (3.49) that

Y Dgem)(a)zm =B} (0 -02)-Dj, = ap(-B)[(0—02)I -B;] 'e-Dy,.

m=0

We then define H,(z) (ke X, |z| < 1) as
H(2)=[(0-02)I-B;]™".
Let Hy, ,, (k€ £, m=0,1,...) denote the coefficient matrix of 2" in Hy(z). Because

H)[(OI -B)-01z]=1,
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Input :C,Dp(x) (ke %x),and I.

Output : The moments of waiting times and sojourn times in (3.60)—(3.65),
and the joint queue length distributions x(n) and y(n).

1. Computation of Fundamental Quantities
(a) Compute Qy by Lemma 3.3 and compute @p in (3.11).
(b) Compute Gy and Gp in (3.57).
(c) Compute x in (3.13) and v in (3.24).
(d) Compute D{™(6) (ke &, m=0,1,...) in (3.48).
(e) Compute D}™(0) in (3.70).
() Compute A,, (m =0,1,...) in (3.52) and (3.53), and E in

(3.54).

(g) Compute K in (3.58) and its invariant probability vector
K.

(h) Compute u'™(@) (m =0,1,...) in Lemma 3.10 and Lemma
3.11.

(i) Compute x\™(0) (ke #, m=0,1,...) in (3.71).
(G) Compute F,,(n) (ne A, |n|<m, m=0,1,...) in (3.74),
(3.75), and (3.76).

2. Computation of Waiting Time and Sojourn Time Moments
(a) Compute w', and W™, (k€ #, n=0,1,...) in Theorem

N,k N,k
3.4.
(b) Compute wg’)k and Eg‘)k (ke £, n=0,1,...) in Theorem
3.5. ’ ’

(c) Compute the moments of waiting time and sojourn time
distributions in (3.60)—(3.65).

3. Computation of the Joint Queue Length Distribution
(a) Compute x,(n) (ke £, ne AN)in (3.77).
(b) Compute x(r) and y(r) (n € A) in Theorem 3.7.

Figure 3.1: Brief summary of the computational procedure.
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Table 3.1: Joint queue length distribution y(n1,n9)e (a =0.1).

n2

0

1

2

3

4

N =1

0.30776170
0.12508144
0.05167721
0.02431553
0.01251500

0.05304471
0.04994412
0.03280510
0.02079512
0.01328265

0.01592757
0.02100711
0.01803788
0.01377549
0.01010444

0.00575379
0.00939074
0.00972928
0.00851632
0.00690758

0.00216682
0.00425087
0.00514504
0.00506414
0.00448230

we have

Hy, = OI-B;)™,

H, =H, I-0"'By)™Y, m=12,....

Therefore D;em)(e) (m=0,1,...) is given by
DZ’”(G) = ap(-Bp)H e Dy,

In the rest of this section, we assume £ = {1,2} and consider the case that C,
D, (k=1,2), and I are given by

~0.65 0.05 0.3 0 0.3 0 00
C‘(o.l —1.4—a)’ Dl‘(o 1.0)’ DZ_(O 0.3)’ r_(Oa)’

respectively, where a (a > 0) is a parameter. We also assume that a; and By, (k =
1,2) are given by

-2 2

a; :(170)7B1 = ( 0 -2

~0.2
), a2:(0.2,0.8),32:( 0-25 0),

0 -4

respectively. We thus have & = (2/3,1/3). Note that the mean amount of service
requirements is equal to one in both classes, so that the traffic intensity is about
0.83.

Table 3.1 shows the joint queue length distribution y(n1,n9)e when a =0.1. We
observe that in steady state, the system is busy with probability about 1-0.31 =
0.69, while the traffic intensity is about 0.83. The discrepancy between those is
due to disasters. We also observe that when we fix one of n1 and ng, y(ni,n9) is
not necessarily a decreasing function of the other. For example, y(n1,4) takes its
maximum value for n; = 2. This indicates that the queue lengths are (positively)
correlated.

Finally, Figure 3.2 shows the distribution mass function of the total number of
customers, where a is set to be 1, 0.1, 0.01, 0.001, and 0.0001. The frequency of
disasters decreases with a, and the queue length distribution converges to that in
the corresponding queue without disasters.
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0.8 ;
a=1 ——
07 | a=01 —» - |
a=001 - * -
06 | a=0001 --&-- |

a=0.0001 —=- -

Probability

0 2 4 6 8 10 12

Number of customers

Figure 3.2: Total queue length mass function.

3.8 Conclusion

In this chapter, we considered the multi-class FCFS MAP/G/1 queue with disas-
ters. We assumed that arrivals of customers and occurrences of disasters are gov-
erned by a common underlying Markov chain, and the amounts of service require-
ments brought by arriving customers follow general distributions, which depend
on the customer class and the states of the underlying Markov chain immediately
before and after arrivals.

We first analyzed the first passage time to the idle state and the busy cycle. We
then derived two different formulas for the LST of the stationary total workload in
system, and showed that those formulas are equivalent in a sense that one can be
derived from another. Furthermore, using the result on the workload distribution,
we analyzed the waiting time and sojourn time distributions of each class. We
also analyzed the joint queue length distribution, and provided its computational
procedure. We also showed some numerical examples.

The model we analyzed in this chapter is a generalization of the multi-class
FCFS M/G/1 queue with Poisson disasters considered in Appendix 2.I. As men-
tioned in Chapter 1, this model is closely related to the multi-class FCFS MAP/G/1
queue with working vacations. Analytical results for the corresponding queueing
model with working vacations can be derived from the results in this chapter, not-
ing that the censored process obtained by removing all normal service periods in
the working vacation model is equivalent to the disaster model considered in this
chapter.
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Appendices

3.A Proof of Lemma 3.1

It is easy to see that for x =0 and y =0,
P (s|x+y)=Px(s|x)P(s|y).
We thus have
P(s|x+Ax) = Py(s|x)P((s | Ax)

= P;I(s | x)[I —sIAx+CAx +f0 dD(y)AxP;I(s | y)+ 0(Ax)]|.

It then follows that 3
P [Pr(s|0)] =Py(s | 0)Q(s), (8.78)

where @ (s) is given by (3.4). (3.3) now follows from (3.78) and P((s |0)=1.
Similarly, it is readily verified that

P(slx+y)=Pp(s|x)+P{(s | x)P}(s | y),
and therefore
P{(s|x+Ax) = Pp(s|x)+Py(s| x)Pp(s | Ax)

= PI*)(S | x) +P;I(s Ix)[FAx +foo dD(y)AxPl*)(s | y)+0(Ax)]|.
0
We thus have
0
52 P8 12)] = PN(s | )Qp(5) = exp QL ()x] @p(s), (3.79)
where Q[,(s) is given by (3.6). (3.5) now follows from (3.79) and P,(s | 0) = 0. ]

3.B Proof of Lemma 3.2
We define o as an M x M matrix given by

J = I—foodD(y)fyexp[QNw]dw. (3.80)
0 0

By definition, «J satisfies

JQN QN—fOOOdD(y)[eXP[QNy]—I] =Qx- [(Qn-C)-D]

C+D. (3.81)
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Because C + D is non-singular (see Remark 3.1),
det(J @) = det(J)det(@y) = det(C + D) # 0.

We thus have det(J) # 0 and det(Qy) # 0, and therefore «J and Q are non-singular.
Using (3.10) and (3.80), we have

Qp=J'T,

from which and (3.81), (3.11) follows. O

3.C Proof of Lemma 3.3

We prove the lemma by providing a probabilistic interpretation of Q;’Il). Suppose

customers are served under the LCFS-PR basis. Note that this service discipline
is work conserving. Let o (k =0,1,...) denote the set of customers who find %
customers in the system on arrival. Due to the LCFS-PR service discipline, all
customers in o/ (k. =1,2,...) arrive in service periods of customers in <f k=1 et
B™ (n=1,2,...) denote the set of busy periods in which no customers in < D =
n,n+1,...) arrive. Furthermore, let 381(\? ) (n=1,2,...) denote a subset of busy periods
in 2", in which no disasters occur. By definition, ,_0/31(\}) c ,%’1(\?) c.--C .%’I(\‘I’o), where
%’I(\?O) denotes the set of all busy periods in which no disasters occur.

It is clear that Qi\?) = C represents the infinitesimal generator of the censored

underlying Markov chain when there are neither arrivals nor disasters. Also, Qi\'f)
(n=1,2,...) in (3.15) represents the infinitesimal generator of the censored under-
lying Markov chain when (i) there are neither arrivals nor disasters, or (ii) busy pe-
riods removed from the time axis belong to %’1(\?). This implies that Q;’f )(n= 0,1,...)
increases elementwise with n and converges to @y. Note that a similar observation
has been made in [TH94] for the ordinary MAP/G/1 queue without disasters.

3.D Proof of Lemma 3.4

Pre-multiplying both sides of (3.5) by —Qy(s) and calculating the integral on the
right-hand side yield

(RN (9))Phy(s | x) = [I —exp[@x()x]]| QE(S). (3.82)
Using (3.2), (3.3), and (3.82), we have

(-RN()P (s 1x) = (—Qx(s)) exp[@x()x]| + [I —exp[@x(s)] | R (s)
= Q1(s)—exp[QN ()] [@(s) + QL (5)], (3.83)
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where we use @ (s)expl@Qy(s)] = expl@Q(s)]@x(s). Post-multiplying both sides of
(3.83) by e, taking the partial derivative with respect to s, and taking the limit
s — 0+, we obtain

(-Qi0)e + (-Qu)- Tim < [P*(s|)]e
= Qp(0)e - 3111& 0% [exp[Q)(s)x]][@N +Qple
—expl@nx][QN(0) +Q(0)] e,

where d d

Q\(0) = slir(l)flJr ds [QN()], Qp(0)= slil(l)tl+ ds (@ (s)].
It then follows from (3.12) and (3.16) that

f(x) = (—QN) I - exp[@nx11 [ @1 (0) + Q(0)] e. (3.84)

Furthermore, with (3.4) and (3.6), we have

[@%(0)+Qp(0)] e = e+ fo dD(y)f (y)

e+ fO dD(y)(-@x) I - expl@n 1l [@4(0) + QL(0)] e

e+[D-(Qn—-O)I-Qn) " [Qx(0)+Qp(0)] e
e +[I+(C+D)-Qy) 1[Qx(0)+Qp(0)] e,

which implies
[QL(0)+QL(0)] e = (—-Qn)[~(C +D)] 'e.
(3.17) then follows from (3.84) and [I — exp[@nNx11(—Q) = (—Q@N)[I —exp[Qnx]1]. O

3.E Proof of Lemma 3.5

Pre-multiplying both sides of (3.18) by wI —(C +T'), setting w = s, and taking the
partial derivative with respect to s, we have

d o0 0
[sI—(C+I‘)]—[(I)**(s,s)] +®"*(s,s) :f dD(y)—[P*(s | y)]. (3.85)
ds 0 0s

Furthermore, post-multiplying both sides of (3.85) by e, taking the limit s — 0+,
and rearranging terms yield

[-(C+ Dl

et fo AD()f(y) = e +[D - (Qy - C)I—(C + D) te

(—-QN)I-(C+D)] e,
where we use (3.9), (3.16), (3.17), and (3.19). (3.22) now follows immediately. O
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3.F Proof of Theorem 3.1

Considering the transition from time ¢ to time ¢ + A¢, we have
X
Wiinr(x) = wilx+ A)T + CAL) + f ui(x—y+ At)dD(y)At + u(co)l' At + 0(At),
0
where u;(co) =1lim, .o, u(x). It then follows that
0 0 x
a [ut(x)] = a [ut(x)] +u(x)C +A u(x— y)dD(y) + u(oco)I. (3.86)
Because the system is stable, taking the limit £ — oo in (3.86) yields
d o0
0= Tx [u(x)] + u(x)C +f u(x—y)dD(y)+aT, (3.87)
X 0

where we use lim;_ o, us(c0) = &. Furthermore, taking the LST on both sides of
(3.87), we obtain

0=u*(s)—u0)+u’(s)C/s+u*(s)D*(s)/s + xI/s.
Note here that u(0) = lim;_ ., Pr(U; = 0) is given by
ul0)=>10-v)x.

(3.25) now follows from the above two equations. O

3.G Proof of Lemma 3.7

We can prove Lemma 3.7 in the same way as in [Tak02], where a similar result for
the ordinary MAP/G/1 queue is discussed. Therefore we provide only the outline of
the proof. Let I:Ij(x,n) (e, x=0,n=1,2,...) denote the time-average joint prob-
ability that a customer who found n — 1 customers in the system on arrival is being
served, the workload in system is not greater than x, and the underlying Markov
chain is in state j. Also, let Yj(x, n)(je,x=0,n=1,2,...) denote the mean length
of time in which a randomly chosen customer, who found n —1 customers in the sys-
tem on arrival, is served, the workload in system is not greater than x, and the
underlying Markov chain is in state j.

By definition, H j(x,n) (j € ) is identical to the j-th element of u(x,n). On the
other hand, Yj(x, n) is given by

Yj(x,n)=

fx uldw,n—-1) [*
0

pretyl ML ft Dol

where u(oo,n —1) = lim, . u(x,n—1) (n = 1,2,...). Note that the arrival rate of
customers who find n — 1 customers in the system on arrival is given by u(oco,n —
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1)De. Owing to the relation H = AG between time and customer averages [HS80,
Tak02], we have

X X—w [e.@]
u(x,n):f u(dw,n - l)f dtf dD(y)exp[QN(y—t)].
0 0 ¢
Therefore, taking the LST with respect to x yields
u*(s,n)=u*(s,n-1)R*(s), n=12,..., (3.88)

from which and u*(s,0) = (1 -v)x, (3.27) follows. Furthermore, (3.29) is derived
from (3.28) as follows.

R*(s)(sI + Q)

oo y
fo dD(y)exp[QNy]f0 exp[—(sI + Qn)x]dx-(sI +Qy)

fo dD(y) [explQny]—expl—sylI]

= @Qn—-C-D"(s).
L]
3.H Proof of Lemma 3.8
With (3.3) and (3.28), we have
R :foodD(y)fyP*(O |y —x)dx. (3.89)
0 0

Because D = 0 and D # 0, (3.89) implies R =0 and R # 0. It then follows from
Theorem 3 in [Gan59, Page 66] that R has the maximum modulus real eigenvalue
¢ =0 and a non-negative right eigenvector v # 0 associated with p.
With (3.14) and (3.31), we have R < &. Post-multiplying both sides of this
inequality by v yields
aRv =punv<mv.

Because v > 0, we have p < 1, from which Lemma 3.8 follows. O

3.1 Proof of Theorem 3.2
Using (3.27), we have

u'(s)= i (1-v)x[R*(s)1", Re(s) > 0. (3.90)

n=0
Because R =0, the (i, /)th (i, € 4 ) element of R*(s) satisfies
I[R*(s)];j|<[Rl;;,  Re(s)>0,i,je. k.

Furthermore, Lemma 3.8 implies that }.7° ) R™ converges. Therefore }_>° [R"(s)]"
(Re(s) > 0) also converges, so that I — R*(s) (Re(s) > 0) is non-singular. (3.33) then
follows from (3.90). O
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3.J Proof of Theorem 3.3

By definition, wn 1 (x) and wy x(x) are given by

1 X
wn k(x) = mfo du(y)Dkexp[(C+D)y],

1
aDe

x x—y
Wy (%) = fo du(y) fo dDy(v)exp|(C + D)y +v)],

respectively. Taking the LST on both sides of these equations, we have (3.39) and
(3.40). Similarly, wp (x) and wp x(x) are given by

wp r(x) = ! fxdtfoodu(y)Dk exp[(C +D)t]T, (3.91)
aDpe Jo ¢

wp 1 (x) = 1 f dt[foodu(y)foode(v)exp[(C +D)t|T
aDre Jo 0 0

t t—
_f du(y)f yde(v)exp[(C+D)t]I'], (3.92)
0 0

respectively. Taking the LST on both sides of (3.91), we obtain

N 1 o0 o0
wD’k(s) = Jerefo dxfx du(y)Dkexp[(C+D—sI)x]F

1

o0 y
= f du(y)Dkf exp[(C +D —sDx|Tdx
xDze Jo 0

= Lfoodu(y)Dk [I-exp[(C+D-sIy]|lsI-(C +D)I7'T,
aDre Jo

from which and (3.39), (3.41) follows. Also, taking the LST on both sides of (3.92)
yields

. _ 1 fo's) 0o o) ~
wy, ,(s) = JtDkefo dx[fo du(y)fo dDy(v)exp[(C +D —sDx|T
_f du(y)/ yde(v)exp[(C+D—sI)x]l"]
0 0
1 o0
- ”Dke[Jer fo exp[(C +D —sDx|Tdx
_foodu(y)foodxfx yde(v)exp[(C+D—sI)x]I‘]
0 y 0
_ 1 _ -1
- ”Dke[nDk[sI (C+D)I"r
—f du(y)f de(v)f dx'exp[(C+D - sI)y+x)]T|
0 0 v
1

- [zer—f du(y)f dD;v)exp[(C+D - sI)y-+v)) |
aDe 0 0
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[sI-(C+D)'T,

where x’ = x — y. (3.42) now follows from (3.40). ]

3. K Proof of Lemma 3.9

By definition, we have for m =0,1,...and n=1,2,...,

0) du(x)
m!

(Ox)ntm . (n+m)!
(n+m)! mlon

n

os™

[u™(s,0)] = fooo(—x)”exp[—(s+0)x]

du(x).

— (1) fooexp[—(s +0)x]
0

We thus obtain (3.50) by taking the limit s — 0+. (3.51) can be derived in the same
way, so that we omit the proof. O

3.L Proof of Lemma 3.10

Because Lemma 3.10 can be proved in the same way as the proof of Lemma 3 in
[Tak01], we provide only the outline of the proof. By definition, u™(0) (m =0,1,...)
satisfies

u @-02)= Y u™@2", |zl<1l.

m=0

On the other hand, it follows from (3.25) that
u (0-02)[0-02)+C+D*(0-02)]1=0-0z)(1-v)x—al, |z|<1.

Comparing the coefficient of z” (m = 0,1,...) on both sides of this equation, we
obtain

u?®) = u®O) A+ A +uPO)A+ Y u(OF,
1=0

m+1l
u™©0) = Y uDO)A, i1,
i=0

from which (3.55) follows. Note that T is stochastic because

o0

E+) A,

m=0

e=0"1(C+D+De+e=e.

Furthermore, (3.56) immediately follows from }_°°_, u™(0) = . O
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3.M Proof of Lemma 3.11

It follows from (3.59) that
u ) =1 -9k,

where V=32, u™(0)e. Substituting s = 0 in (3.25), we have
uQO)01 +C + D) =6(1-v)x —#T.

Therefore we obtain
1-VKAy=1-v)x —xE,

or equivalently,
. 1-v—rxEe
1-V=—77F7
KA()e

from which Lemma 3.11 follows. O

3.N Proof of Theorem 3.5

Because the proof for E(I’;)k

only for wg)k It follows from Theorem 3.3 that

is almost the same as that for w(I’)L)k, we provide the proof

wp, 1,(s) = P 4 ()T,

where

% JI'Dk % 1

ﬁD,k(S) = er —wNyk(s) [sI-(C+D)] .
We thus have
* Jl‘Dk "

Bo AT —(C+ D)= 25 —w( 4 (s). (3.93)

We then define ﬁ%”k (ke X ,n=0,1,...) as
(0) (n) d"
— 1 * n) _ 1z * _
ﬁD,k _SEI(I)I.g_ﬁD,k(S)’ ﬁD,k _sl—l}‘(%— ﬁﬂD,k(s)’ n= 1,2,....

g))k is immediate. For n = 1,2,..., differentiating both sides of (3.93),
(n)

taking the limit s — +0, and rearranging terms, we obtain the recursion for 7,
which completes the proof. O

The result for w
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3.0 Proof of Theorem 3.6

We prove Theorem 3.6 with an observation similar to the proof of Lemma 3.7. Let
E[T:,;(n)] (ke £, je M, n € A) denote the mean length of time in which a ran-
domly chosen class & customer is served, the numbers of waiting customers of class
i is equal to n; for each i € £, and the underlying Markov chain is in state j. Note
that all waiting customers arrived in the waiting time and the elapsed service time
of the customer being served because of the FCF'S service discipline. We thus obtain

Y. EIT; j(n)le 22 - 2%
neN

© du(x) [° y
- [_[0 nDkefo de(y)fO exp[(C+l;{lel)(x+t)]dt
ke X,jel,zeZ. (3.94)

>

On the other hand, by definition, the j-th (j € .4) element of x,(n) (k € £,
n € &) represents the time-average joint probability that a class & customer is
being served, the numbers of waiting customers of class i is equal to n; for each
i € £, and the underlying Markov chain is in state j. Note also that #De (k € %)
represents the arrival rate of class £ customers. Owing to the relation H = 1G
between time and customer averages [HS80, Tak02], we have

[xk(n)]]:nDkeE[Tk,J(n)], ke‘jf/yje'%’ne'/vy

from which and (3.94), (3.68) follows. O

3.P Proof of Lemma 3.12
By definition, D\ (0) (k€ &, m =0,1,...) satisfies

Dk —DZ(Q _32)
0—-0z

Y DY)
m=0

% Y [pe-Y DO, lei<t, (3.95)
1=0

m=0 =

where we used D, (0 —0z) = ‘,’nOZODgem)(G)zm. (3.70) now follows from (3.95). O



4 M/G/1-Type Markov Processes
with Reducible Generators
for Busy Periods

4.1 Introduction

We consider a bivariate Markov process {(U(¢),S(t)); ¢t = 0}, where U(¢) and S(¢)
are referred to as the level and the phase, respectively, at time ¢. U(¢) (¢ = 0) takes
values in [0,00) and S(¢) (¢ = 0) takes values in a finite set .4 =1{1,2,...,M}. {U@#);t =
0} either decreases at rate one or has upward jump discontinuities, so that {U(#); ¢t =
0} is skip-free to the left. We assume that when (U(¢-),S(¢-)) = (x,i) (x>0, i € ),
an upward jump (possibly with size zero) occurs at a rate o'?! (¢!’ > 0) and the
phase S(t) becomes j (j € .#) with probability p!”!. On the other hand, when
U-),S(t-))=(0,i) i € 4), an upward jump occurs with probability one and the
phase S(¢) becomes j (j € .4 ) with probability ﬁ[i’j 1 Note here that for i € .« ,
y opliil=1, ¥ =1,
JeM JeM

When U(t) > 0 (resp. U(t) = 0), the sizes of upward jumps with phase transitions
from S(¢—) =i to S(¢) = j are ii.d. according to a general distribution function
Blidl(x) (x = 0) (resp. E[l’ﬂ(x) (x = 0)). To avoid trivialities, we assume BI#1(0) =0
(e )and B 0)=0G,je.).

We introduce M x M matrices C, D(x) (x = 0), and B(x) (x = 0) to deal with this
Markov process.

_olil, =,
[Cl;,; = i1, 00,71 Rli.j] | #
g p’B’(O)’ L#J’
(DO, = 0, [D()]; ) = o pIBE N x), x>0,
. i =li ]
B, = 7B ).

81
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We define D*(s) (Re(s) > 0) and I_i‘*(s) (Re(s) > 0) as the LSTs of D(x) and I_i‘(x),
respectively.

D*(s)= f ooexp[—sx]dD(x), B (s)= f ooexp[—sx]dBT(x).
0 0

Further we define M x M matrices D and B as

D = lim D(x) = lim D*(s), B=lim B(x)= lim B (s).
X—00 s—0+ xX—00 s—0+
By definition, C + D represents the infinitesimal generator of a continuous-time
Markov chain defined on finite state-space .#. Also, B represents the transition

probability matrix of a discrete-time Markov chain defined on finite state-space /.
Therefore, C + D and B satisfy

(C+D)e=0, Be=e,

respectively, where e denotes an M x 1 vector whose elements are all equal to one.

As mentioned in Chapter 1, this Markov process was first introduced in [Tak96]
as a continuous analog of Markov chains of the M/G/1 type [Neu89]. We thus refer
to this Markov process as the M/G/1-type Markov process. In [Tak96], the M/G/1-
type Markov process is regarded as a generalization of the workload process in
the queueing model with customer arrivals of MAP, and the LST of the stationary
distribution is derived under the assumption that C + D is irreducible. This as-
sumption is appropriate when we consider the stationary behavior of the ordinary
MAP/G/1 queues, because it is equivalent to assume that the underlying Markov
chain governing the arrival process is irreducible. However, the irreducibility of
C + D is not necessary for the irreducibility of {(U(¢),S(¢));¢t = 0}. This assumption
is thus too strong and restricts its applicability to queueing models.

In this chapter, we assume that an M x M infinitesimal generator

C+D+B-1I

is irreducible, where I denotes an M x M unit matrix. It is readily verified that
{(U@®),S(t));t = 0} is irreducible if and only if C + D +B -1 is irreducible. Therefore,
even when C + D is reducible, {(U(¢),S(¢));t = 0} is irreducible if all states in .4
can be reached from each other with transitions governed by C + D and B. With
this extension, the M/G/1-type Markov process become applicable to a wider class
of queueing models including our fundamental model of the first kind introduced in
Chapter 1. Note that for discrete-time M/G/1 type Markov chains, analytical results
for the case corresponding to reducible C + D is found in [Neu89, Section 3.5]. To
the best of our knowledge, however, a continuous analog of such results have not
been reported in the literature.
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The rest of this chapter is organized as follows. In Section 4.2, we explain the
application of the M/G/1-type Markov process to the analysis of queueing models.
We show through some examples that its applicability is extended allowing C + D
to be reducible. In Section 4.3 we briefly review known results for the M/G/1-type
Markov process with irreducible C + D [Tak96]. In Section 4.4, we first show that
results in [Tak96] are not applicable directly to reducible C + D, and then derive
a formula applicable to the reducible case. In addition, we provide a recursion
to compute the moments of the stationary distribution, and consider an efficient
computational procedure of a fundamental matrix for reducible C + D. Finally, we
conclude this chapter in Section 4.5.

4.2 Applications of the M/G/1-type Markov
process to queueing models

In this section, we shortly explain applications of the M/G/1-type Markov process
to the analysis of queueing models. We first make an explanation about queueing
models formulated to be the M/G/1-type Markov process with irreducible C + D.
Next, we show that our fundamental model of the first kind is formulated as the
M/G/1-type Markov process with reducible C+D. We also present some other exam-
ples of queueing models that are formulated as this extended version of M/G/1-type
Markov process.

The M/G/1-type Markov process was first introduced as a continuous analog of
the M/G/1 type Markov chain. As mentioned in Section 1.2.1, the embedded queue
length process at the departure instants in the MAP/G/1 queue can be described by
the M/G/1-type Markov chain. On the other hand, the censored workload process
in the MAP/G/1 queue obtained by observing only busy periods can be described by
the M/G/1-type Markov process. Specifically, the censored workload process in the
MAP/G/1 queue characterized by a MAP (Cviap, DMmap) and a service time distribu-
tion H(x) (x = 0) corresponds to the M/G/1-type Markov process with

C=Cyap, D(x)=Hx)Dyap, B(x)=H(x)-Cyap) 'Dyap.

As mentioned in Section 1.2.2, analysis of the workload process is important
when we consider the multi-class FCFS MAP/G/1 queue. Consider a multi-class
MAP/G/1 queue characterized by (Cyap,Dmapx(x)) (B € £, x = 0), where & =
{1,2,...,K} denotes the set of customer classes. For this model, the censored work-
load process obtained by observing only busy periods is described by the M/G/1-type
Markov process with

C=Cyap, D)= ) Dyapi(x), Bx)=(-Cmap) ' Y Dmappx). (4.1)
kReX keX
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In the analysis of the ordinary single-class and multi-class MAP/G/1 queues, it
is usually assumed that the underlying Markov chain is irreducible because the
existence of transient states has no effect on performance measures of the queues
in steady state. In accordance with this convention, the analytical results for the
M/G/1-type Markov process reported in [Tak96] are derived under an assumption
that C + D is irreducible.

As shown in examples below, however, by allowing C +D to be reducible, the
M/G/1-type Markov process become applicable to a wider class of queueing models
including our fundamental model of the first kind.

Example 4.1. Consider a multi-class MAP /G /1 queue with a transient underly-
ing Markov chain, whose state gets reset when the system becomes empty. The cen-
sored workload process obtained by observing only busy periods is formulated as an
M/G/1-type Markov process with

C - (CT Crx
By 1r(x) O

_ (D1(x) DN(x)) =, . _[Brrx) O
o CN), D(x)-( X DN(x)), B(x)—( )

where “T” and “N” represent “transient” and “normal”, respectively.

Example 4.2. Consider the multi-class MAP /G /1 queue with working vacations.
This model can be regarded as a modified version of Example 4.1, where the pro-
cessing rate is given by y > 0 during the transient periods. By means of the change
of time scale, the censored workload process of this model can be converted to an
MG/ 1-type Markov process with [Tak05]
Crly Conly _ (Pr@/y Drn)y) & (Brr) O
C‘( 0 Cn ) D(’“)‘( 0 Dyw ) B(x)‘(EN,Tm o)'

Therefore, our fundamental model of the first kind can be dealt with as a special
case of this Markov process with reducible C + D. Note here that the multi-class
M/G/1 queue with exponential working vacations analyzed in Chapter 2 is a very
special case of the queuing model in Example 4.2. Note also that the multi-class
MAP/G/1 queue with disasters analyzed in Chapter 3 corresponds to a censored
process of the model in Example 4.1, obtained by observing the system only in
transient periods.

In addition, there are also some other queueing models formulated as the M/G/1-
type Markov process with reducible C + D, which are of independent interest.

Example 4.3. Consider a MAP/G/1 queue with two types of busy periods {1,2},
where the customer arrival process is governed by (C;[)AP,D;[)AP(QC)) during busy pe-
riods of type i (i = 1,2). Transitions of busy-period type occur only when the system
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is empty. The censored workload process obtained by observing only busy periods is
formulated as an M/ G/ 1-type Markov process with

ch o ) (D(D x) O ) _ (E(ll)(x) E‘lz)(x))
C = | “MaAP . D(x)=|"Map . B)=|_ = _
( 0 Dy, B® ) B )

An example of a queueing system with two (or more) types of busy periods is a
host machine in a distributed server system with dedicated task assignment policy
[Bal03]. Each host is dedicated to either “short” or “long” jobs during a busy period
so that variability of job sizes to be processed at each host becomes low. Furthermore,
when a host becomes idle, its role may be changed to the other one, which improves
the utilization of the system.

Example 4.4. Consider a MAP/G/1 queue with multiple vacations and exhaus-
tive service discipline [LMN90]. For queueing models with vacations, lengths of
vacations are usually assumed to be i.i.d. random variables. Using the M/G/ 1-
type Markov process with reducible C + D, we can describe a MAP /G /1 queue with
semi-Markovian vacation times, where a sequence of vacation lengths forms a semi-
Markov process. For example, consider a 2-state semi-Markov process {Sv(t); t = 0},
where Svy(t) takes value in {1,2}. Let Vi/l(x) (x =0, i,j = 1,2) denote the joint prob-
ability that a state transition from state i to state j occurs when the sojourn time in
state i is elapsed, and the sojourn time in state i is not greater than x. The workload
process in a MAP/G/1 queue with vacations whose lengths are governed by this
semi-Markov process is then represented by the M / G/ 1-type Markov process with

C - (CMAP o ) D(x) = (DMAP(x) o )
= , x)= )
O Cyap o D yiap(x)
B = (V[L”(x)IMAP V[m(x)IMAP)
V[z’ll(x)IMAP V[z’z](x)IMAP ’
where Iyap denotes a unit matrix with the same size as Cyap. Note that in this
case, vacations can be regarded as service times of virtual customers who arrive im-
mediately after the system becomes empty, so that this M /G/1-type Markov process
represents the original workload process in the exhaustive-service MAP/G/ 1 vaca-
tion queue with semi-Markovian vacation times.

In Section 4.4, we develop analytical methods for the M/G/1-type Markov pro-
cesses with reducible C + D. The results in Section 4.4 enable us to obtain perfor-
mance measures in varieties of queueing models including those described in the
examples above.



86 M/G/1-TYPE MARKOV PROCESSES WITH REDUCIBLE GENERATORS

4.3 Known results for irreducible C + D [Tak96]

In this section, we review known results in [Tak96], assuming that C + D is irre-
ducible. Owing to this assumption, C + D has its invariant probability vector i,
which is uniquely determined by

a(C+D)=0, me=1.

Let B and B denote M x 1 vectors given by
p :f xdD(x)e, B :f xdB(x)e. (4.2)
0 0

Throughout this section, we assume that
B < oo, ap<1,

which ensures the irreducible Markov process {(U(¢),S(t)); t = 0} being positive re-
current [Tak96, Theorem 1]. Let u(x) (x > 0) denote a 1 x M vector whose j-th
(j € ) element represents the joint probability that the level is not greater than
x and the phase is equal to j in steady state and we define u*(s) (Re(s) > 0) as the
LST of u(x).

[ee(x)];

tlim Pr(U(t)<x,S(t)=j), je. ,

u*(s)

foo expl—sx]ldu(x).
0

We can derive the following lemma from the balance equation for steady state.
Lemma 4.1. (Theorem 2 in [Tak96]) u*(s) (Re(s) > 0) satisfies
u*(s)[sI+C+D*(s)l=u(0)[I —E*(S)], Re(s) >0, (4.3)

where t(0) denotes the right derivative of u(x) at x = 0.

(0) = lim 22—
- x—0+ X ’

Let ¢ denote the reciprocal of the mean recurrence time of the set of states
{(0,i); i € 4}. Further let n* denote the stationary probability vector of the phase
just before the level becomes 0. %(0) is then given by

#(0) = cn®. (4.4)
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In order to determine ¢ and n®, we consider the first passage time to level 0. Let
T denote the first passage time to level 0 after time 0.

g 0, U0)=0,
inf{¢; U(t) =0,t > 0}, otherwise.

We define P(t | x) (¢t =0, x =0) as an M x M matrix whose (i, j)th element (i,j € .4)
represents the joint probability that the first passage time is not greater than ¢ and
the phase is equal to j at the end of the first passage time, given that the level is
equal to x and the phase is equal to i at time 0.

[P(t|x)]; j = Pr(T® < t,S(T"~) = j | U(0) = x,5(0) = i).

Let P*(s | x) (Re(s) >0, x = 0) denote the LST of P(¢ | x) with respect to ¢.

P(s|x)= foo exp[—stldP(t| x).
t=0

Using
P (s|x+y)=P*(s|x)P*(s|y), x=0,y=0,

[TH94] shows that P*(s | x) (x = 0) is given by
P*(s|x)=expl@"(s)x], (4.5)

where @ *(s) (Re(s) > 0) denotes an M x M matrix that satisfies
[e.@]
Q (s)=-sI+C +f0 dD(y)expl@*(s)y]. (4.6)

Let P(x) (x = 0) denote an M x M transition probability matrix whose (i, j)th element
(i,] € M) is given by

[P(x)]; ;= Pr(S(T"-)=j | U(0)=x,5(0) = i).
By definition, we have

P(x)= 111(1)1 P*(s|x)=explQx], x=0, 4.7)
s—0+

where
Q = lim Q" (s).
s—0+
Because of (4.6), @ satisfies

Q=C +f0 dD(y)expl@y]. (4.8)
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Remark 4.1. As shown in [TH94], @ is given by the limit limn_.ooQ(”) of an elemen-
twise increasing sequence of matrices {Q(")}nzoyl,_._ given by the following recursion.

QV-c, Q™= C+f dD(y)exp[@" Vy], n=1,2,.... (4.9)
0

Because the integral on the right-side of this equation can be computed with uni-
formization [Tij94, Page 154], we can numerically obtain @ = lim,_... Q""" with an
adequate stopping criterion. More specifically, for a given allowable error € > 0, we
may stop the iteration at n* satisfying max;c M|[Q(”*)e]i| <e.

Q is known to be an infinitesimal generator of a Markov chain on .4, and it
is irreducible if C + D is irreducible [Tak02, TH94]. Therefore, because of the as-
sumption of the irreducible C + D, @ has its invariant probability vector x, which
is uniquely determined by

kQ =0, xe=1. (4.10)
We define f(x) (x =0) as an M x 1 vector whose i-th (i € .4 ) element represents the
mean first passage time to level 0, given that the level is equal to x and the phase
is equal to i at time O.

[f(x0)); = E[T® | U0) = x,S(0) = i].

Noting (4.5) and (4.6), we obtain f(x) through a straightforward calculation.

.0 .
fx) = (—1)'811%1r &P (s|x)e

B [e’s) ann—l ) 0 i
= (n; . )((—1)-3111(1;1+ EQ (s)e (4.11)
= [xeK—exp[Qx]+I][(e—ﬁ)K—C—D]_1e, (4.12)
because

(o) ann—l 9
Z o = [xex —exp[@x]+I]llex — Q) -, (4.13)
n=1 :

(-1)- lim 2Q*(s)e = (eK—Q)[(e—ﬁ)K—C—D]_le. (4.14)

s—0+ 0s

It is known that both of ex — @ and (e — f)x — C —D are non-singular when C + D is
irreducible.
¢ and 5® on the right-hand side of (4.4) is then given by the following lemma.

Lemma 4.2. (Theorem 3 in [Tak96]) % is uniquely determined by

7" foo dB(x)explQx1=1%, npte=1, (4.15)
0
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and c is given by

1 1

c

. U foo dB(x)f (x) ~ #%(Bx+B-Die-px—C-D] e’
0

89

(4.16)

Before closing this section, we derive an alternative formula for u*(s), which is
similar to that given in [Tak02]. We define M x M matrices R*(s) (Re(s) > 0) and

I_i*(s) (Re(s)>0) as
R*(s) = j(; exp[—sx]dxf dD(y)expl@Q(y —x)],

R (s) :fo exp[—sx]dxf dB(y)exp|[Q(y —x)].

By definition, R*(s) and R (s) satisfy

[I-R*()I(sI+@Q) = sI+C+D*(s), Re(s)>0,

R G)sI+Q) = fo dB(y)explQy]-B (s), Re(s)> 0.

It follows from (4.4), (4.15), and (4.18) that
@R ()sI+Q)=u(O)II-B (s)], Rels)>0.

With (4.17), (4.3) is then rewritten to be

u* (I -R*()IsI+Q)= d(O)I_B*(s)(sIJrQ), Re(s) > 0.

In the same way as in Section 3.4, it can be shown that (4.19) implies
u* (I -R*(s)]=a(O)R (s),  Re(s)>0.

We thus obtain the following theorem.

Theorem 4.1. u*(s) is given by

u (s)=uO)R (S)II-R*)1™L,  Re(s)>0.

(4.17)
(4.18)

(4.19)

(4.20)

Remark 4.2. [Tak02] shows that I — R*(s) (Re(s) > 0) is non-singular when C + D

is irreducible.
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4.4 Results for reducible C +D

In this section, we generalize the results in Section 4.3 to the case of reducible C+D.
More specifically, we assume that the infinitesimal generator C+D is reducible and
it has H closed irreducible classes of states. We define # ={1,2,...,H} as the set of
such irreducible classes. C and D are then written in the following form.

Cr Cr; Crs - Crp Dt Dt Dty --- Dty
o ¢; O --- 0 O D O --- O

C = o (0 C2 .-« 0 , D= O 0O D2 0O ,
O O O --- Cy O O O --- Dy

(4.21)

where Ct denotes an Mt x Mt defective infinitesimal generator, Cj, (h € H) denotes
an My, x M}, defective infinitesimal generator, and Cr (h € H) denotes an Mt x M,
transition rate matrix. Also, Dt denotes an Mt x My transition rate matrix, Dy,
(h € H) denotes an M}, x M}, transition rate matrix, and Dt (A € H) denotes an
Mt x M}, transition rate matrix. Because Cj, + Dy, (h € H) represents an irreducible
infinitesimal generator, it has its invariant probability vector x5, which is uniquely
determined by
7 (Cr+Dp)=0, mpep=1,

where ej, (h € #) denotes an M), x 1 vector whose elements are all equal to one.

Throughout this chapter, for any M x M block upper-triangular matrix similar
to C and D in (4.21), we denote the (0,0)th block by the subscript “T”, the (0,A)th
block (h € A#) by the subscript “T,A”, and the (h,h)th block (h € #°) by the subscript
“h”. We define Mt x 1 vector i and My, x 1 vector B;, (h € A) as

o0

ﬁh:f xdDy(x)ey, ﬁT:f xdDr(x)er + Z xd Dt p(x)ep,
0 0 hesV0

respectively, where et denotes an Mt x 1 vector whose elements are all equal to
one (cf. (4.2)). We assume that an M x M infinitesimal generator C +D +B —1I is
irreducible, which is a necessary and sufficient condition for {(U(¢),S(£)); ¢ = 0} to be
irreducible as noted in Section 4.1. We also assume that

B<oo, Pr<oo, myP,<1, hes. (4.22)

With Theorem 1 in [Tak96], it is easy to see that {(U(t),S(¢)); t = 0} is positive recur-
rent if and only if (4.22) holds.

As mentioned in Section 4.3, the assumption of the irreducible C + D is a suffi-
cient condition for the followings to hold:
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(1) The matrix @ is irreducible, so that it has the invariant probability vector x
which is uniquely determined by (4.10).

(i1) Both ex — @ and (e — f)x — C — D are non-singular, and therefore f(x) (x = 0)
is given by (4.12).

(iii)) I —R*(s) on the right-hand side of (4.20) is non-singular for Re(s) > 0.

Note that these are the only things in the discussion of Section 4.3, which are re-
lated to the irreducibility of C + D.

We can prove that (iii) still holds for reducible C + D. We provide an outline of
its proof in Appendix 4.A. As shown below, on the other hand, neither of (i) and
(i1) above is valid when C + D is reducible with more than one irreducible classes of
states (i.e., H = 2).

Noting that @ is given by the limit of the sequence of matrices {Q(”)}nzo,l,“_
defined as (4.9), it is easy to see that @ takes the form

Qr Qr1 Qro - Qr
0 Q O - O

Q=0 0 @ - O | (4.23)

O O O --- @y
where Q7 denotes a defective infinitesimal generator, @y j, (h € #) denotes a tran-
sition rate matrix, and @, (h € /) denotes an irreducible infinitesimal generator.
Q is thus no longer irreducible. Furthermore, when H > 2, there are infinitely many
invariant probability vectors of @, which are given by linear combinations of the in-
variant probability vectors of @1, @, ..., and @ . The following lemma shows that

ex —@Q and (e — f)x —C — D are no longer non-singular for any invariant probability
vector k of Q if H = 2.

Lemma 4.3. Consider an M x M reducible infinitesimal generator Y with H closed
irreducible classes of states.

Yr¥r1 Yoo - Yru
oY, O --- O
y={0 O Y3 --- O
O O O ---Ypy
Let y;, (h € ) denote the invariant probability vector of Y j.

Yth:(), Yheh:]., heA2.
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If H=2, va-Y is singular for any 1 x M real vector a and any M x 1 real vector v
satisfying
L2\
U1
v=|V2|, Y,vn #0 for some h € H, (4.24)

VH

where vy and vy, (h € /) denote Mt x 1 and My, x 1 vectors, respectively.

We prove Lemma 4.3 in Appendix 4.B.

When H = 2, we can verify that ex — @ (resp. (e — p)x — C — D) is singular for
any invariant probability vector x of @, by letting @ = x, v = e (resp. v =e — ), and
Y =Q (resp. Y =C + D) in Lemma 4.3. The formulas (4.12) and (4.16) in Section
4.3 is thus not applicable to reducible C + D with more than one irreducible classes
of states.

Remark 4.3. If C + D has transient states and only one irreducible class of states,
i.e, H=1, @ has the unique invariant probability vector Kk even though it is re-
ducible. In this case, we can prove that both of ex —Q and (e — f)x —C —D are
non-singular.

Remark 4.4. Although analytical results for the M /G /1-type Markov chain corre-
sponding to the case of reducible C + D is obtained in [Neu89, Section 3.5], it consid-
ers only the case of H = 1 with transient states. As shown for the continuous version,
however, the case of H = 2 is essentially different from that of H = 1.

The rest of this section consists of three subsections. In Section 4.4.1, we con-
sider the LST of the stationary distribution u*(s) (Re(s) > 0), and derive a formula
applicable to reducible C + D. In Section 4.4.2, we provide an efficient computa-
tional procedure of reducible @ with the block structure (4.23). Finally, in Section
4.4.3, we consider the moments of the stationary distribution. We show that some
modification from the irreducible case is necessary to obtain the moments.

4.4.1 LST of stationary distribution

In this subsection, we derive a formula for the LST of the stationary distribution
u*(s) (Re(s) > 0) applicable to reducible C + D. Note that (4.3) and (4.20) are still
valid for reducible C + D. The difference from the irreducible case is that #(0)
cannot be obtained from Lemma 4.2 because (4.12) and (4.16) does not hold for
reducible C + D with H = 2 as shown above.

Therefore, we first derive a formula for the mean first passage time f(x) (x =
0) applicable to reducible C + D with the general structure (4.21). Let xj (h €
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#€) denote the invariant probability vector of @, (see (4.23)), which is uniquely
determined by

k,Q;, =0, xpep=1. (4.25)
We then define M x M matrix @ as

O Qi Qrs -+ Qry
Oex; O --- O
Q=|0 O exy -~ O | (4.26)

O O O - egky
where
Qr,=(-Qp) 'Qr enxy, he .

Lemma 4.4. f(x) (x=0) is given by
f(x)=[I - explQx] +xQ)A - C -D) e, (4.27)

where A is defined as

o AT,l AT,2 ve AT,H
oo o (el_ﬁl)Kl 0 0
A= Q _f QCdD(x)Q =10 o (eg — ﬁQ)KZ . [0 ,
0 , ' : .
. : : .. O
o o (9] (eH_ﬁH)KH
AT,h = QT,h _j(; XdDT(OC)QT,h —j(; deT,h(x)ehKh, he /.

Remark 4.5. (A —C —D)™ 1 is given by

[-(Cr+Dp)I™ Jrg Jrg - Jrm
o A o - 0
(A—-C-D) 1= (0] (0] 3271 - 0 |, (4.28)
. . . . A:_l
0 0 0 - Ay

where

Ay = (ep,—Bp)xy —Cyp—Dy, he,
JT,h = (—1)'[—(CT +DT)]_1(AT,h_CT,h_DT,h)ZZI, heA.
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Proof. Because we can prove Lemma 4.4 in almost the same way as the irreducible
case in [TH94], we provide only an outline of the proof. By definition of @, it follows
that

QQ =0,
from which we obtain a similar result to (4.13).
o0 n
y %Q”‘l = [I - expl@x]+xQ| (@ - Q).
n=1""

Note here that the block upper-triangular matrix @ — @ is non-singular because its
diagonal block matrices —@Q1 and e,k — @), (h € A) are non-singular. Noting that
A—-C -D is non-singular by the same reasoning as the non-singularity of @ - Q, we
also obtain

d .
(-D- lim —Q*(s)e=(Q-Q)XA-C-D) e,
s—0+ds
which corresponds to (4.14). We then obtain (4.27) from (4.11). O
We then obtain u*(s) (Re(s) > 0) for reducible C+D using (4.3), (4.15), and (4.20).
Theorem 4.2. u*(s) (Re(s) > 0) satisfies
u*S)sI+C+D*(s)=cn®I-B (s)], Re(s)>0, (4.29)
and it is given by
u*s)=cn®R SI-R*(s)I™Y,  Re(s)>0,

where nE denotes a 1 x M probability vector which is uniquely determined by

w —
7" =" f dB(x)explQx], nte=1, (4.30)
0
and c is given by
1
c= 5 == T (4.31)
7*(A+B-I(A-C-D) le
A = f xdB(x)Q.
0

Remark 4.6. Let ® denote an M x M matrix given by

D= foo dE(x)exp[Qx].
0

Since {(U(t),S(t)); t = 0} is irreducible and positive recurrent, ® represents an ir-
reducible transition probability matrix. Therefore, ® has its invariant probability
vector, so that n® is uniquely determined by (4.30)



4.4. RESULTS FOR REDUCIBLE C +D 95

Remark 4.7. When we apply Theorem 4.2 to the case that C + D has no transient
states, it is necessary to rewrite (4.26) and (4.28) as

e1K1 0] o 3;1 O --- 0
. O ey -+ O o A0
Q= . 77 T |, a-c-Dy'= 2

O O - egxy 0O O - Ay

4.4.2 Computation of reducible @

In this subsection, we consider the computation of @ for reducible C + D. As men-
tioned in Remark 4.1, @ can be computed based on the recursion (4.9). However, a
straightforward implementation of the computational procedure given in Remark
4.1 is not efficient for reducible C + D because Q™ is a sparse block matrix and
the number of iterations required is determined by the most slowly convergent se-
quence among non-zero blocks. Therefore, we can avoid unnecessary calculations
by computing @ blockwise as follows.

It is readily to see from (4.9) that @, (h € A#) is given by the limit limn_,oole")

of the elementwise increasing sequence of matrices Q;L”) (n=0,1,...) defined as

QYV=Cp,  QP=Ch+ fo dDj(yexpQ) VY], n=12...  (432)

Because @, (h € A) represents an infinitesimal generator and ;e = 0 holds, it
can be computed individually with an adequate stopping criterion in the same way
as the computation of @ with (4.9).

Similarly, @ is given by the limit limnqooQ,(If‘) of the elementwise increasing

sequence of matrices Q(n) (n=0,1,...) defined as

QV=Cr, QW=Cr+ f dD1(y)exp[QT Vy], n=12,....

However, because @1 represents a defective infinitesimal generator, the stopping

criterion of Q(") is not clear. We thus need to compute @1 along with @1 5, (h € F).

Let Q.(I?;l (n=0,1,...) denote a sequence of matrices defined as

~(0)
Qr; = Crp,

~(n) >
Q) = Cpp+ f dD1 4(y)exp[@ny]

Yy
+f0 dDT(y)fO exp[QY~ l)t]QTh exp[Qu(y—1)]dt, n=1,2,.... (4.33)
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Note that Q,(I'f) has the same structure as Qi\'f) in the multi-class MAP/G/1 queue
with disasters discussed in Chapter 3 (see (3.15)). According to the probabilistic
interpretation of Q'", it can be verified that

~(n)

lim QT,h :QT,h, heﬁ

n—oo

Therefore, we first compute @, (h € A°) with (4.32), and then we compute Q@ and
Q1) with an adequate stopping criterion. More specifically, for a given allowable
error € >0, we may stop the iteration at n* satisfying

* A ")
max‘[Qflfl ler+ Y. Qrjenl;| <e.
LEMT heF

Remark 4.8. The second integral on the right-hand side of (4.33) can be computed
with uniformization as follows. Let 0 denote the maximum absolute value of the
diagonal elements of the matrix C. We then have

1) y (n
[ aD1) [ explQ{P QT exp(Quty - ]ds

00 m ) - .
= Y DUVO) Y [Ip+67'QWI 67 IQu T, +07'Q,Y, (4.34)
m=0 7j=0
where - Ox)"
D) = f expl—0x]———dDr(x).
0 m!

The derivation of (4.34) is given in Appendix 4.C.

Remark 4.9. If C + D has no transient states,  is given by

Q, 0 - O
0Q, - O
O O - Qy

so that we only need to compute @, (h € /) based on (4.32).

4.4.3 Moments of the stationary distribution

In this subsection, we derive a recursive formula for the moments of the stationary
distribution. For this purpose, we introduce some notations. We first rewrite (4.29)
to be

u*(S)sI+C+D*(s)l=-n"(s) Re(s) >0, (4.35)

where 1*(s) is given by .
n*(s) = en®[B  (s)-1I1.
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Let u™ (m=0,1,...) and 11(’”) (m=0,1,...) denote 1 x M vectors given by

u® = lim u*(s) u™ = lim D7 4™ —[u*(s)], m=1,2
s—0+ ’ s—0+ m! d 1 R
© _ my _ g5 DT AT _
0= e, A OS] a2

Note that the j-th (j € .#) element of u¥ represents the stationary probability that
the phase is equal to j.

We develop a recursion to compute ™ (m = 0,1,...) utilizing the fact that C and
D*(s) are sparse block matrices. We thus partition w*(s), %(s), u™ (m=0,1,...),
and n(m) (m=0,1,...) as follows.

u”(s) = (up(s),ui(s),uy(s),...,up(s), 1°(s)=mp(s),n1(),n5(5),...,n5(s),

(m) _ ¢, (m) . (m) _ (m) (m) (m) _ (,(m) (m) _(m) (m)
um_(uTm,ulm uzm’. m) nm_(nTm’nlm’n2m’ ,n}rIn)

where u(s), n3.(s), u (m) , and n(m) denote 1 x My vectors and u} (s), 17} (s), u(m) and
(m) (h € #€) denote 1 x M}, vectors.
Note that (4.35) is equivalent to
up(s)sIt+Cr+Dy(s)] = —np(s), (4.36)
u,(S)slp+Cp+D;(s)l=—¢,(s), he, (4.37)

where
&5, (8) =15(s) + up(s)[Crp + D, ()], heF.

We define ¢§Lm) (he A, m=0,1,...) as

(P(O) = J_{m (PZ(S)—HE?)"‘USI?)(CT,}L +Dryp),
m) _ iy D dm ()] =™ + u™C W) pym—1) _19
o, = lim — [([)hs]— T.h +Zu Th » m=L2,.,
where for h € A,

DO =Dy, DY = tim D dm

s—>0+ m!

[D h(s)] m=12,....

We also define Dfrm) (m=0,1,...) and D;lm) (he#,m=0,1,...) as

1m dm
DY =Dy, Dy=lim D7,

s—0+ m!

1’” d
s—>0+ m!

—[Di(s)], m=12,...,

D], m=12...
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Theorem 4.3. u™ = (ufFM),u(lm) u(zm),. (m)) (m =0,1,...) is given recursively by

(0) _ (0)[ (CT+DT)] 1

T
T = | w4 Z ulDT P [~(Cr+ DI, m=12,...,
[=0
and for h € A,
1
0 1 0 -

uﬁl)eh = 1 2.8, —s [(P( )eh+¢( )(ehﬂh—Ch—Dh) lﬁh , (4.38)

510) = (O)ehjth+(,b (ehﬂ'h—Ch_Dh)_ly (4.39)

m
V/glm) = (Z uﬁf’DZ” ) "gzm Y ¢(m))(ehﬂh—ch—Dh)_1,

=0
m=1,2,..., (4.40)
ume, = — 1 mz DD Dg, | g+ g, |y
h L-7nby | i norRp
m=1,2,..., (4.41)
ul = uMepmp 9V, m=12,.... (4.42)

Proof. We first consider ufrm) (m=0,1,...). It follows from (4.36) that

u(Cr+Dp) = -,

m—1
(m)(CT+DT) u(m—1)+ Z u(l)D(m - _ n(Tf‘n)’ m=12,....
=0

Since Ct + D1 is a defective infinitesimal generator, it is non-singular. We thus
obtain the recursion for uffm ) (m=0,1,...) from the above equations.

Next we consider u%m) (he A, m=0,1,...) based on (4.37). Since Cj, + D},

(h € A£) is an irreducible infinitesimal generator, the recursion for u(m) (h e A,
m =0,1,...) can be obtained by standard manipulations in matrix-analytlc methods
(e.g., [TH94]), and therefore we omit the proof. O

Remark 4.10. By definition of ¢, (h € ), we need to compute u,(FmH) before com-
puting u(m ) by (4.38)—(4.42). When C + D has no transient states, on the other hand,
(m) (he Jf) can be immediately obtained from (4.38)—(4.42) noting

o7 =0, m=0,1,...
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4.5 Conclusion

We extended the matrix analytic methods for the continuous-time bivariate Markov
process {(U(¢),S(t)); t = 0} introduced in [Tak96] to the case of reducible C + D. We
first proved Lemma 4.3, which implies that some known results for the boundary
vector #(0) of the stationary distribution is not valid for reducible C +D, when there
exist more than one irreducible classes of states. We then derived a formula for the
LST of the stationary distribution applicable to the reducible C +D in Section 4.4.1.
Furthermore, we provided an efficient computational procedure of the fundamental
matrix @ and the moments of the stationary distribution.

Recall that the Markov process considered in this chapter corresponds to the
(censored) workload processes in MAP/G/1 queues with various features including
our fundamental model of the first kind (see examples in Section 4.2). Based on the
results in this chapter, we can obtain performance measures of the corresponding
queueing model such as the waiting time distribution and the queue length dis-
tribution in a straightforward manner by following the discussion in [Tak96] and
[Tak01] for an ordinary multi-class MAP/G/1 queue.

Appendices

4.A Non-singularity of I — R*(s) for reducible C + D

In this appendix we provide a brief proof that I — R*(s) (Re(s) > 0) is non-singular
for reducible C + D, as is the case of irreducible C + D. Note first that R*(s) takes

the form
R1.(s) R.},l(s) Rr’f’z(s) Ri}yH(s)

O Ris) O - O
R*(s)=| O O R)s) -+ O |
(0] (0] O - Ry

and its diagonal block matrices are given by

R1(s) = fo exp[—sx]f dD1(y)expl@T(y — x)1,
R;(s) :fo exp[—sx]f dDy(y)expl@;,(y — x)], he 7.

Since Cj, + Dy, (h € F£) is irreducible, we can verify that I, — R, (s) (Re(s) > 0) is
non-singular in the same way as in [Tak02]. Furthermore, noting that Ct + Dy
denotes a defective infinitesimal generator, we can prove that It —R(s) (Re(s) > 0)
is non-singular in the same way as in Appendix 3.1. Therefore, I — R*(s) (Re(s) > 0)
is non-singular because its diagonal block matrices are all non-singular. O
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4.B Proof of Lemma 4.3

We first consider the case that Y has two irreducible classes of states and no tran-

sient states, i.e.,
Y, O
Y= ( 0 Yg) ’
where Y1 and Y5 denote irreducible infinitesimal generators. (4.24) is then rewrit-

ten to be
v= (zl), Yrvn #0 for some A €{1,2}.
2

Without loss of generality, we assume that y,v2 # 0. We then define a 1 x M vector
y as

y=(Y _Ylvl'r)
1 Yoo 2

It then follows that

yv =YV Ylvlyv =0
- 1— . 9=0.
1 YoUs 2
Therefore we have

y(va-Y)=0.

Since y #0, va -Y is singular.
In the exactly same way, we can easily verify that va —Y is still singular for the
general case that Y has transient states and more than two irreducible classes. []

4.C Derivation of (4.34)

With uniformization at rate 6, we have
oo y
f dDT(y)f exp[Q(")t]Q(T”;l exp(Q(y —t)]dt
0

f dDr(y) f exp[—0tlexp[0(I1+6" Q(”))t]Q(”)
-exp[—e(y - t)] eXp[Q(Ih + 9‘1Qh)(y —t)]dt

fo expl-0y1dD(y) f Z

0 9J(y—
Z% lQh]Jdt
Jj=0 :
co m yom— Jtm J g](y t)J
=) ~ expl-0y1dDa(y) f e
m=0j=0 J J

e +07' QT QL I, +67'Q,Y,
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where m =i + j. Furthermore, calculating the integral with respect to ¢ using

Y i o Mm= n
"y —tYdi=—" "
fo ordt=" Y

we obtain

o8} y
| dDe) [ exsi@ 1@ expl@u(y-1)d

B oo m oo ( m+1
= 2L, PO

dD1(y)-[I1+67' Q" /07'QY, I, +67'Q,Y.

(4.34) now follows immediately.






5 Workload Distribution in the
M/G/1+G Queue

5.1 Introduction

In this chapter, we consider a stationary M/G/1 queue with general impatient cus-
tomers. We assume that customers arrive according to a Poisson process with rate
A (A > 0) and service times of customers are i.i.d. according to a general distribution
with the PDF H(x) (x = 0). Customers are served on the FCFS basis, unless oth-
erwise stated. Each customer has his/her own maximum allowable waiting time,
which is referred to as the impatience time hereafter. If elapsed waiting times of
customers reach their impatience times, they leave the system immediately without
receiving their services. Note that once the service of a customer starts, this cus-
tomer remains in the system until his/her service completion, even if the impatience
time expires. We assume that impatience times of customers are i.i.d. according to
a general distribution with the PDF G(x) (x = 0). Customers may have no waiting
time limit and impatience times of such customers are defined as infinity. Therefore
G(x) (x = 0) may be defective, i.e.,

lim G(x)=1- g0,

X—00

where g, (0 < g < 1) denotes the probability that a randomly chosen customer
has no waiting time limit. Usually, this model is denoted by M/G/1+G, where the
last symbol represents the impatience time distribution. Let E[H] denote the mean
service time, and let p denote the traffic intensity.

o =AE[H]. (5.1)
Throughout this dissertation (i.e., in Chapters 5,6, and 7), we assume

P <1, (5.2)

103



104 WORKLOAD DISTRIBUTION IN THE M/G/1+G QUEUE

which ensures the system being stable [BBH84]. In addition, we assume H(0) =0
and G(0) = 0 for simplicity. These assumptions can be made without loss of gen-
erality because customers with zero service times or zero impatience times do not
contribute to the workload in system.

Let v(x) (x > 0) denote the p.d.f. of the workload in system, which is defined as
the workload that the server will process eventually. In other words, the work-
load in this model is regarded as the waiting time of an arriving customer without
waiting time limit. Also let 7y denote the stationary probability that the system
is empty. The following results are known for the stationary workload distribu-
tion in the M/G/1+G queue [BBH84, Kov61]. With the level-crossing argument
[BP77, Coh77], it is readily shown that the p.d.f. v(x) (x > 0) of the workload satis-
fies [BBH84, Kov61]

v(x) = AmoH(x) + A fo v(y)G(y)H(x — y)dy, (5.3)
+

where H(x) and G(x) (x = 0) denote complementary PDF's of service times and im-
patience times, respectively.

H(x)=1-H(x), Gx)=1-G).
(5.3) is a Volterra integral equation of the second kind, whose formal series solution
is given by

v(x) =g Z Ay (x), x>0, (5.4)
n=0

where {¢,(x), x > 0},,-0,1,... is a sequence of functions determined recursively by

Polx) = A\H(x), (5.5)

</>n(x)=f0 Gn-1NGH(x-y)dy, n=1,2,.... (5.6)
+

Furthermore, using

1-79= foo v(x)dx =1 i AT foo(,bn(x)dx,
n=0 0+

0+
we obtain

0 o -1

o = (1+ Y Ar (/)n(x)dx) . (5.7)
n=0 0+

In this chapter, we present a new perspective on the formal series solution (5.4)

of v(x). Our analysis is based on an observation that the workload process in the

M/G/1+G queue is identical sample path-wise to an LCFS-PR M/G/1 queue with
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workload-dependent loss. We derive the joint p.d.f. of residual service times of cus-
tomers in the LCFS-PR system. With this result, v(x) (x > 0) is interpreted as the
p.d.f. of a random sum of dependent random variables, which clarifies the proba-
bilistic meanings of the formal series solution (5.4). As a by-product, our formula-
tion provides a unified understanding of special cases of the M/G/1+G queue, where
the expression v(x) (x > 0) is simplified dramatically owing to specific distributions
of service times/impatience times.

The rest of this chapter is organized as follows. In Section 5.2, we consider an
LCFS-PR M/G/1 queue with workload-dependent loss, whose workload process is
equivalent to that of the M/G/1+G queue. In Section 5.3, we discuss the connection
between results in Section 5.2 and the formal series solution (5.4) of v(x) in the
M/G/1+G queue. In Section 5.4, we discuss some special cases where v(x) (x > 0)
takes much simpler form than the general M/G/1+G queue. Finally, we conclude
this chapter in Section 5.5.

5.2 LCFS-PR M/G/1 queue with
workload-dependent loss

In this section, we consider a stationary LCFS-PR M/G/1 queue with workload-
dependent loss. Suppose an arriving customer finds x (x = 0) amount of workload
on arrival. This arriving customer is admitted to the system with probability G(x),
and he/she is lost with probability 1 — G(x). Customers admitted to the system are
served under the LCFS-PR service discipline, so that customers start their services
immediately on arrival if they are admitted to the system. We assume that cus-
tomers arrive according to a Poisson process with rate A, and service times are
assumed to be i.i.d. according to the PDF H(x) (x = 0) with mean E[H]. We assume
that (5.2) holds.

Because the LCFS-PR service discipline is work-conserving, the workload pro-
cess in the above-mentioned model is identical to that in the second fundamental
model described in Chapter 1, which again has the identical workload process as
the FCFS M/G/1+G queue, as mentioned in Section 1.3.2.

Let L denote the number of customers in the stationary LCFS-PR system. Given
L=n®n=1,2,..),let X; (i=1,2,...,n) denote the residual service time of the i-th
oldest customer. We then define F(n; x1,x9,...,x,) (n=1,2,...,x;=0( =1,2,...,n))
as

F(n; x1,x9,...,x,)=Pr(L =n,X1 <x1,X9<x9,...,.X,, <x,).

We further define f(n; x1,x2,...,x,) (n=1,2,...,x; >0 (i =1,2,...,n)) as

0"F(n; x1,%x2,...,X,)

f(na xl,x2a"'7xn): axlaXann
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Let p, (n=0,1,...) denote p, = Pr(L =n). Note that
Do =To. (5.8)

We then define f(x1,x9,...,x, | n) (n =1,2,..., x; >0 (i =1,2,...,n)) as the condi-
tional joint p.d.f. of residual service times given L = n.

f(x1,%x9,...,%, | n) = f(n; xl,xz,...,xn), n=12,.... (5.9)

DPn

Let A(x) (x = 0) denote the p.d.f. of the equilibrium random variable for service
times.

. H(x)
= 1
h(x) EHT (5.10)
We define {ﬂn}nzl,g,m as a sequence of i.i.d. random variables with p.d.f. A(x).
Theorem 5.1. In the stationary LCFS-PR system described above,
(i) mg is given by
-1
T = (1+ Y cn) , (5.11)
n=1
where ¢, (n=1,2,...) is defined as
o, n= ].,
Cp = n-1__ i (5.12)
" an G(Z J) ’ n:2’37
i=1 j=1

Furthermore f(n; x1,x2,...,x,) (n=1,2,..., x; >0 (i =1,2,...,n)) is given in
terms of my:

n __i-1 B
f(n; x1,%2,...,%,) = mop" h(x1) [ [ G xj)h(x;). (5.13)
i=2 =1
(it) p, (n=1,2,..) is given by
Pn=T7oCn, n=12,.... (5.14)

(iii) f(x1,x2,...,x,1n)(n=1,2,..,x;,>0(i=1,2,...,n)) is given by

B n __i-1 B n-1__ i
f(xl,xz,...,xn|n>:h(x1>HG<ij>h<xi>/E HG(ZH»], (5.15)
=1 j=1

i=2  j=1

which is independent of the arrival rate A.



5.2. LCFS-PR M/G/1 QUEUE WITH WORKLOAD-DEPENDENT LOSS 107

Remark 5.1. When all customers have no waiting time limit, i.e., Gx)=1 (x> 0),
(5.13) is reduced to

f(n; x1,%9,...,%,) = (L= p)p" - ] Alx),
=1

which agrees with the classical result for the ordinary LCFS-PR M/G/1 queue
[Kel79, Theorem 3.10].

Proof. We first prove (5.13) by induction. Let <) denote a set of admitted customers
who arrive when the system is empty. Note that every customer in <« is served only
when L =1 because of the LCFS-PR service discipline. Let T1(x1) (x1 = 0) denote
the mean length of time in which customers in </ receive their service and X < x;.

T1(x1) = f " H()dt. (5.16)
0

Note that T'i(x1) is a customer-average quantity. Owing to the relation between
time- and customer-averages [HS80], we obtain

F(1; x1) = AnoT1(x1).

Note here that the arrival rate of customers in < is given by Amg. Substituting
(5.1), (5.10), and (5.16) into the above equation and taking the derivative with re-
spect to x1, we have (5.13) for n = 1.

We then assume that (5.13) holds for some n=m (m =1,2,...). Let <, denote a
set of admitted customers who arrive when L = m. Note that every customer in </,
is served only when L = m + 1. We define Pagnit(m) (m =1,2,...) as

Z X))AXmdXp 1+ -dx1.
=1

o0 o0 o0 J—
Padmit(m) = f f f F 1, %2, s m | MG
x1=0+ Jxo=0+ Xm =0+ Jj
(5.17)

Owing to conditional PASTA [DR88], Pagmit(m) (m = 1,2,...) is interpreted as the
conditional probability that a randomly chosen customer is admitted to the system
given that he/she arrives when L = m.

Let f(xl,xQ,...,xm | m) denote the joint p.d.f. of (X1, X9, ..., X,,) seen by cus-
tomers in <, on arrival. It then follows from conditional PASTA [DR88] and (5.9)
that

m

A 1 — &
= — G -
f(xlyx27 »Xm I m) Padmit(m) f(x17x27 »Xm I m) (J;lx_])

1 _m
= —- ; e Xm)G ). 5.18
o Pagen(m) f(m; x1,%2,...,%m) (j;xj) (5.18)
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We define T, 1(x1,%2,...,%m+1) (x; =0 (1 = 1,2,...,m + 1)) as the mean length of
time in which customers in <, receive their service, X1 < x1, X9 < x9, ..., and
Xm+1 < Xmt1.

Tm+1(x1,x2, s :xm+1)

X1 X2 Xm A
= f f f f(yl,y2,..-,ym|77’L)dymdym_1...dyl
Y y2:0+ m=0+

" Hwdt. (5.19)

1=0+ t=0

Owing to the relation between time- and customer-averages [HS80], we obtain
F(m + 1) X1,X2,... ,xm+1) = Ameadmit(m)Tm+1(x1,x2, e 7xm+1)7

because the arrival rate of customers in o, is given by Ap;, Pagmit(m) owing to
PASTA. Substituting (5.1), (5.10), (5.18), and (5.19) into the above equation, taking
the partial derivative with respect to x1,x9,...,%,+1, We have

—_ m ~
flm+1; x1,%9,...,%me+1) = f(m; 21,%2,...,%m) - PG(D_ %)) (xp+1). (5.20)
j=1

Therefore, if (5.13) holds for some n = m, we can verify that it also holds for n =
m + 1. We thus obtain (5.13) for n = 1,2,.... Furthermore, by definition, we have

1-my

o0 o0 00 o
= Zf f f f(n, xl’xz""’xn)dxndxn—l"'dxl
n=1Jx1=0+ Jx2=0+ %, =0+
o0 (0] o0 0 _ n o1 i
7o Zf f f pnh(x1){]_[G(Z xj)h(xi)}dxndxn—1"'dx1
n=1 x1=0+ Jxg=0+ X, =0+ =9 J:1

o0
T Y. Cn, (5.21)
n=1

from which (5.11) follows.
The remaining is to prove (ii) and (iii). Note that p, (n =1,2,...) is given by

(o0} o0 oo
Pn = f f f f(n; x1,x2,...,x,)dxndxp -1 dx1.
x1=0+ Jx9=0+ xp=0+

We then obtain (5.14) with the same manipulation as in (5.21). We further obtain
(5.15) substituting (5.12), (5.13), and (5.14) into (5.9). O

Remark 5.2. The recursion (5.20) is helpful in understanding the structure of the
product-form solution (5.13) of the joint p.d.f. f(n; x1,x2,...,x,) (n=1,2,..., 2; >0
(i=1,2,...,n)). Intuitively, h(xp+1) on the right-hand side of (5.20) corresponds to
the residual service time of the newest customer, and E(Z;.'L:lx i) corresponds to the
probability of admittance at the arrival instant of this newest customer. Note that in
the ordinary LCFS-PR M /G/1 queue, (5.20) is reduced to be (cf. Remark 5.1)

fm+1; x1,%2,...,%m+1) = £(M; X1,%2,.. ., %) PR 1)
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5.3 Stationary workload in the M/G/1+G queue

We now relate the result in Theorem 5.1 to the workload in the M/G/1+G queue
described in Section 5.1. We define V as the workload in the stationary M/G/1+G
queue. Recall that the total workload process in the LCFS-PR M/G/1 queue with
workload-dependent loss is identical to the workload process in the M/G/1+G queue.
Therefore the following corollary is immediate from Theorem 5.1.

Corollary 5.1. Let L denote a non-negative, integer-valued random variable whose
probability function p, (n =0,1,...) is given by (5.8) and (5.14). The stationary
workload V is then given by the sum of L dependent, non-negative random variables
Xi’s.

V:X1+X2+'--+XL. (5.22)

Let V,, (n =1,2,...) denote a conditional workload given L = n and let v(x | n)
(x>0,n=1,2,...) denote the p.d.f. of V,,. We then have

v(x]1) = f(x]|1), (5.23)

n-1
v(x|n) = f Flatn 1y — Z X )XY =23 (5.24)
D4 (x|n-1) m=1

where ! (n =1,2,...) denotes a 1 x n vector given by
™ = (e 29 o+ x),

and 2. (x| n) (x>0, n=1,2,...) is defined as a subspace of the n-dimensional Eu-
clidean space given by

n
D, (x| n) = {al"; x" > 0, Y xm <ab.

m=1

Note that by definition,
X
Pr(V,,=0)=0, Pr(V, <x) :f v(iyln)dy (x>0), n=12,...,
0+
and

f vix|n)=1, n=1,2,.... (5.25)
0

+

The p.d.f. v(x) (x > 0) of the workload is then given by
v(x) =) ppv(xin), (5.26)
n=1

where from Theorem 5.1, (5.23) and (5.24),

p1vx|1) = moph(x), (5.27)
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n-1__i-1 B
pav(x|n) = ﬂop”[ “ l)ﬁ(x1){ [1G63. xj)h(xi)}

2 i=2  j=1
__n-1 B n-1
G(Y xph(x— Y xp)da™ M n=23,.... (5.28)
m=1 m=1

With a straightforward calculation based on these equations, we can verify that

X

pnv(xln):pf0 pn_lv(yIn—l)a(y)ﬁ(x—y)dy, x>0,n=2,3,..., (5.29)
+

from which the following corollary follows immediately.

Corollary 5.2. ¢,(x) in (5.6) and p,v(x | n) on the right hand side of (5.26) are
related by
oA Y pp_1(x) = ppv(x|n), n=1,2,.... (5.30)

Therefore the (n —1)st (n=1,2,...) term in the formal series solution (5.4) represents
the p.d.f. of V in (56.22) when L = n. It can also be shown that

o0
cp=A""1 ¢Pn-1(x)dx,
0+

so that (5.11) is equivalent to (5.7).

Before closing this section, we take a look at some additional results, which
will be used in Chapters 6 and 7. Recall that P,gmit(n) (n = 1,2,...) is defined as
(5.17) and it denotes the probability that a randomly chosen customer is admitted
to the system given that the customer finds L = n on arrival. By definition, (5.17) is
rewritten to be

Poamit(n) = foov(xln)ﬁ(x)dx (5.31)
0+
= E[G(V,)], n=12,.... (5.32)

Taking the integral over x € (0,00) on both sides of (5.27) and (5.29), and using
(5.14), (5.25), and (5.31), we can verify that ¢, (n =1,2,...) satisfies the following
recursion.

c1=p, Cn=Cn-1"PPagnit(n —1), n=23,.... (5.33)
Remark 5.3. Using (5.12) and (5.33), we obtain an explicit formula for P,qmit(n)
(n=1,2,...).
— n__ i n-1_ i _
Poamit) = G(H),  Paam)=E|[[G(Hp| /E|[[G A,
=1 j=1 i=1  j=1

n=2,3,.... (5.34)

Note that Pagnit(n) (n=1,2,...) is independent of the arrival rate A.
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It follows from (5.14), (5.27), (5.29), and (5.33) that v(x | n) (n = 1,2,...) satisfies

v(x|1) = h(x), x>0, (5.35)

1 — .
vix|n) = — | viyln-1)GWhx-y)dy, x>0,n=2.3,.... (5.36)
Pagmit(n — 1) Jo+

V., is then characterized by recursively determined random variables as follows.

Corollary 5.3. Let V, denote the workload in system seen by a randomly chosen
admitted customer who finds L = n on arrival.

V,=[V,|IV,<G,l, n=12,..., (5.37)

where {Gp},=1,2,.. denotes a sequence of i.i.d. random variables distributed according
to the impatience time distribution. V, then satisfies

Vi = Hjy, (5.38)
Vi1 = Vo+Hpp1, n=12,.... (5.39)

Proof. Note that the p.d.f. 6(x|n) (x>0, n=1,2,...) of V, is given by

v(x | n)G(x)
i(x|n)=—. (5.40)
Pagmit(n)
Therefore, Corollary 5.3 immediately follows from (5.35) and (5.36). O

5.4 Special cases

In this section, we discuss three special cases: Exponential impatience times (M/G/
1+M), constant impatience times (M/G/1+D), and exponential service times (M/M/
1+G). Note that these three cases include most of known results in the literature,
where the p.d.f. v(x) of the stationary workload becomes much simpler than the
general case. Using the explicit formulas (5.11) for 7y and (5.26) for the workload
v(x), we can clarify the reason why the stationary workload distributions in those
queues take much simpler forms than the general case.

Recall that 7 is given in terms of ¢,, in (5.12) and v(x) (x > 0) is given by the sum
of ppu(x|n)(n=1,2,...)in (5.27) and (5.28). To simplify those, we have to calculate
multiple integrals involving G(xi+xg+-+x;) (i = 1,2,...,n—1). In what follows, we
demonstrate how those integrals are calculated by assuming specific distributions
of service times/impatience times.
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5.4.1 Exponential impatience times (M/G/1+M)

Consider the case that impatience times are i.i.d. according to an exponential dis-
tribution with parameter 0 > 0. We then have

G(x) = exp[-0x], x=0.
Note that G(x) has a semi-group property.
§(x1 +x9) = 5(x1)5(x2), x1=0,x9=0. (5.41)

The exponential distribution is the only distribution satisfying (5.41). (5.12) for
n =2 is then rewritten to be

| fla i

| T 1

n-1 — n—i
i:]‘[lE[{G(Hi)} ] (5.42)
Note here that

E[{@(Hi)}n_i] = foooexp[—(n —1)0x;1h(x;)dx;.

We thus define 4*(s) (Re(s) > 0) as the LST of the equilibrium random variable for
service times.

- S - 1-A*
h*(s) :fo exp[—sx]h(x)dx = ﬁ, Re(s) >0,
where h*(s) (Re(s) > 0) denotes the LST of the service time distribution.
h*(s) :f expl-sx]ldH(x), Re(s)>0.
0

It then follows from (5.42) that
n-1 5
=p"[[~*GO), n=12,..., (5.43)
i=1

and therefore 7 is given by

_ -1
no_(1+2p 1‘[ (ie)) . (5.44)

Similarly, (5.28) is rewritten to be

n-1
an(x | n) = ﬂop { l_[ h(xz)[G(xL)] }ﬁ(x_ Z xm)dx[n_l].
m=1

P, (x|n-1)
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It then follows from (5.12), (5.14), and (5.43) that for n =1,2,...
P n)=py-hoxhy* - xhy_1(x),

where A, (x) (x =0, m =0,1,...) is defined as the p.d.f. of residual service times
twisted by exp[—-m6x].

F@[G®]" fw)expl-mo]
| hofGw| ay A
0+

and * stands for the convolution operator. Therefore, from (5.26), we obtain

flm(x) =

>

o0
v() =m0 Y. cp-hoxhy*-xhy_1(x), x>0, (5.45)
n=1

Note that (5.44) and (5.45) are consistent with Equations (43) and (44) in [Dal65].

Remark 5.4. It is interesting to observe that in the M/ G/ 1+M queue, the workload

V is given by a random sum of independent random variables X; (i =1,2,...), where
X; (1=1,2,..) has the p.d.f h;_1(x).

5.4.2 Constant impatience times (M/G/1+D)

In this subsection, impatience times are assumed to be constant and equal to 7. By
definition,

Note here that G(x) (x = 0) has the following property: For any x1,x9 =0,
1) if@(xl) =0, then a(xl +x9) =0, and
(i) if G(x1 +x2) =1, then G(x1) = 1.

(5.12) is then rewritten to be

00 oo oo n-1 1
Cn= pnf f f { H h(x;)G( xj)}dxn_ldxn_gmdxl
x1=0+ Jxg=0+ Xp-1=0+ | ;=1 i—1

J

n-1
= o f { 11 ﬁ(xi)}dx["—”. (5.46)
2:@in-1 | i=1

Let H § (1 =1,2,...) denote a sequence of i.i.d. random variables whose p.d.f. is
given by A(x) (x = 0). We then define H™ = Z’;:lI:I,-, and denote its p.d.f. (resp. PDF)
by 2™ (x) (resp. H™(x)).

~ ~ ~ ~ x ~
fl(n)(x) =hxhx-xh(x), H(n)(x) :ﬁ h(n)(y)dy, x=0.

n
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It then follows from (5.46) that
cn=p"H" V), n=23,....

Therefore, from (5.11), we obtain

n=0

-1
o0
Ty = (1 +p ). p”ﬁ(”)(r)) ,

where H®(x) =1 for all x = 0.
Similarly, it follows from (5.28) that for n =2,3,...,

n-1__i-1 5 __n-1 B n-1
prv(x | n)=mop" f ﬁ(xl){ [1GY xj)h(x»}G( > xmdhc— Y xp)dat® M
j:l m=1 m=1

D4 (xln-1) i=2
mop" A (), X<T,
= - - n—1
ToP f H h(x— Z x;))da" U x> 1.
2:(tIn-1) | j=1 i=1
Therefore, using (5.26), we obtain
(X) ~
o Y p"h™M (), x<T,
vix)=4 "t - (5.47)

noc1h(x)+ 1o Y cn -ﬁ([';]_l) * h(x), x>T,
n=2

where h(n)(x) (n=1,2,..., x = 0) is defined as the conditional p.d.f. of H™ given
H™ <1

AP )yH™ (1), x=<T,

P 0, x>T.

A )_ a Pr(H(n) <x|H™ < )] {
With a straightforward calculation, we can verify that (5.47) is equivalent to the
result in [BKLO1, Section 4].

Remark 5.5. (5.47) implies that the conditional workload distribution given V <1
is identical to that in the ordinary M /G /1 queue. This observation is almost obvious
because the censored workload process in the M / G/ 1+D queue is stochastically iden-
tical to that in the ordinary M/ G/ 1 queue if we consider censored processes obtained
by observing only periods with V < 1.
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5.4.3 Exponential service times (M/M/1+QG)

Finally, we consider the case that service times are i.i.d. according to an exponential
distribution with parameter p.

H(x)=exp[-pux], x=0.

Because of the memoryless property of the exponential distribution, residual ser-
vice times are also exponentially distributed with parameter p.

h(x) = pexpl—px], x>0.
Therefore, for any x1,x2 =0, h(x) satisfies
h(x)h(x) = - h(xq +x2). (5.48)

Using (5.48), we rewrite (5.28) to be

n __i-1
pav(x|n) =mop" 1" h(x) {HG(ij)}dx[”_”. (5.49)
2+(xln-1) ;=2 j=1

The integral on the right-hand side of (5.49) can be interpreted probabilistically
as follows. We define {G~§} i=1,2,... as a sequence of i.i.d. random variables whose PDF

GH(x) = Pr(G* < x) is given by

i
GHx) = E[Gﬂ]f GOy, x<a,

1, xeﬁ,

where x! denotes a sufficiently large real number and E[G!] is given by
af _
BIG = [ GOy +5G)
0

Remark 5.6. Note that Gg represents an equilibrium random variable for impa-
tience times truncated at x*. If E[G] < oo, we simply set x! = oo, so that E[G'] = E[G]
and {Gg}izl,z is an i.i.d. sequence of equilibrium impatience times.

geee

We then rewrite (5.49) to be

Pav(x | n) = mop(ABIGH)*A(x) .(x] 1>{H (Zx])/E[G“} dae" "
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Note here that for x < x¥, the p.d.f. of Gf is given by G(x)/E[G']. We then have for
f
x <xh,

n __i-1 B B B [Gﬁ(x)]n—l
G(Y x)VEIGN dam V= PrGf <Gl < <G'  <x)= 2
f%(xln—l){i:l_[z j=1 / } 1 2 n-1 (n-1)!
(5.50)

where the second equality in (5.50) follows from that GE t=1,2,...,n—1) are i.i.d.
and there are equally likely (n — 1)! permutations of them. We thus have

AE[GHGH(x)) L
(n-1)

1
(n-1)!

= moph(x)-

X __ n-1
prU(x | n):nopﬁ(x)- -(Afo G(y)dy) . (5.51)

Note that (5.51) holds for all x > 0 by setting x* appropriately. Therefore, from (5.26)
and (5.51), we obtain

v(x) = ) pav(x|n)
n=1

moph(x)exp | A fo E(y)dy]

x—
moAexp —,ux+/1f0 G(y)dy], x>0.

This is identical to Equation (49) in [Sta79].
Furthermore, 7 is determined by

7o +f vix)dx =1,
0+

00 x__
o = (1+/1f exp —,ux+/1f G(y)dy
0+ 0

Alternatively, integrating both sides of (5.51) over x € (0,00) and noting (5.12), we
have

ie.,

-1
dx) ) (5.52)

0 x__ n-1
Cp = f uexpl—pux] (A] G(y)dy) dx, n=12,....
(n—1!Jo 0

Although 7y can be obtained from the above equation and (5.11), it is the same as
taking the power series expansion of the exponential function on the right-hand
side of (5.52) and calculating the integral term by term.

5.5 Conclusion

We considered the stationary workload distribution in the M/G/1+G queue. We an-
alyzed the LCFS-PR M/G/1 queue with workload-dependent loss, whose workload
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process is identical to that in the M/G/1+G queue, and we derived the joint p.d.f.
of the residual service times of customers in the system. This result reveals that
the workload in the M/G/1+G queue is given by a random sum of dependent ran-
dom variables. This observation enables us to clarify the reason why the workload
distribution in the M/G/1+M, M/G/1+D, and M/M/1+G queues are simplified dra-
matically, as shown in Section 5.4.

Based on this characterization, we explore various properties of the stationary
loss probability Pjyss in the M/G/1+G queue in Chapter 6, and develop an efficient
computational algorithm for P,s in Chapter 7.






6 Analysis of the Loss Probability in
the M/G/1+G Queue

6.1 Introduction

In this chapter, we analyze the stationary loss probability Pj,ss in the M/G/1+G
queue described in Section 5.1. Py, is defined as the probability that a randomly
chosen customer leaves the system without receiving his/her service, and it is the
most fundamental quantity of interest in queues with impatient customers. Recall
that mo denotes the stationary probability that the system is empty. Owing to Lit-
tle’s law, the mean number of customers being served is given by A(1 — Pjyss)E[H] =
1 x (1 —7g), and therefore we obtain [Dal65]

p—(1-mo)
—

P loss — (6.1)
P)ss is thus given in terms of .

With the results of [Kov61, BBH84] on the stationary virtual waiting time, Pygs
in the M/G/1+G queue is given by (5.7) and (6.1). Note that (6.1) is equivalent to

Ploss = foo v(x)G(x)dx.
0+

To the best of our knowledge, however, any further results for Pj,ss in the M/G/1+G
queue are not found in the literature. Because Pj,ss is given in terms of the se-
quence of recursively determined functions, it is not easy to evaluate the impacts
of the arrival rate and service time/impatience time distributions on Pj, in this
formulation.

The purpose of this chapter is to explore various properties of Pj,ss and related
quantities in the M/G/1+G queue, based on the new perspective on the station-
ary workload shown in Chapter 5. In particular, we provide formal proofs of some
intuition about impacts of the arrival rate and service time/impatience time distri-
butions on Pjys in the M/G/1+G queue. Furthermore, using these results, we show

119
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a theoretically interesting result that Pj,ss in the M/D/1+D queue is smallest among
all M/G/1+G queues with the same and finite arrival rate, mean service time, and
mean impatience time.

The rest of this chapter is organized as follows. In Section 6.2, we introduce
some known results for stochastic orders, and also derive some new results as pre-
liminaries to the analysis. In Section 6.3, we derive some properties of the station-
ary workload and related quantities in the M/G/1+G using stochastic orders. In
Section 6.4, we analyze the loss probability based on the results in Sections 6.3 and
6.4. Finally, we conclude this chapter in Section 6.5.

6.2 Stochastic orders

6.2.1 Some known results for stochastic orders

We start with the usual stochastic order, which is commonly used to compare the
magnitude of random variables.

Definition 6.1 ([SS07, Eq. (1.A.1)]). Let X and Y denote non-negative random vari-
ables with complementary PDFs Fx(x) and Fy(x) (x = 0), respectively. X is said to
be smaller than or equal to Y in the usual stochastic order (denoted by X <4 Y) if
and only if

Fx(x)<Fy(x) for all x = 0.

The usual stochastic order has the following basic properties.

Lemma 6.1 ([SS07, Eq. (1.A.7), Theorem 1.A.1]). Let X and Y denote non-negative
random variables. X <4 Y if and only if any one of the following conditions hold:

(1) El¢p(X)] < E[¢p(Y)] holds for every non-decreasing function ¢(x) (x = 0) such
that E[¢p(X)] and E[P(Y)] exist, or

(ii) there exist two random variables X and Y defined on the same probability
space, which satisfy X = X, Y =Y, and Pr(X <Y)=1.

Remark 6.1. By letting ¢p(x) =x (x =0) in Lemma 6.1 (i), it is readily verified that
X <4Y = E[X]<E[Y]. (6.2)

Even when X <. Y holds, it does not necessarily follow that [X | X < y] <, [Y |
Y <yl (y = 0) for their conditional random variables. The reversed hazard rate
order is a stronger relation than the usual stochastic order, which is conserved with
respect to such a conditioning.
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Definition 6.2 ([SS07, Eq.(1.B.41)]). Let X and Y denote non-negative random
variables with PDFs Fx(x) and Fy(x) (x = 0), respectively. X is said to be smaller
than or equal to Y in the reversed hazard rate order (denoted by X <., Y) if and only

if
Fx()Fy(y)=Fx(y)Fy(x) forall0<x<y. (6.3)

Remark 6.2. By letting y — oo in (6.3), it is readily verified that [SS07, Theo-
reml.B.42]
X<hY => X<4Y. (6.4)

In addition, because the PDF Fy(x) of Y satisfies Fy(x) <Fy(y) (0<x<y), we have
for any non-negative random variable Y,

0<mY, (6.5)
where 0 denotes a random variable which takes value 0 with probability one.

Remark 6.3 ([SS07, Eq.(1.B.43)]). It is easy to see that (6.3) is equivalent to
(XX <ylsg[Y|Y <yl forally=0.

Lemma 6.2 ([BS06, Theorem 9 (b)]). Let X and Y denote non-negative random
variables with PDFs Fx(x) and Fy(x) (x = 0), respectively. Further let Xand Y
denote non-negative random variables whose PDFs F 3 (x) and Fy (x) (x = 0) are given

by
1 1
E[p(X)] El[¢(Y)]

where ¢p(x) (x = 0) denotes a non-increasing function for which E[Pp(X)] and E[¢(Y)]
exist. It then follows that

Fy(x)=

fo PW)dFxw),  Fylx) = fo Sw)dFyw),

X<mY 3X5rh?-

Remark 6.4. By letting
O<x<t,
x=t,

1,

P(x) = { 0,
in Lemma 6.2, we can prove (cf. Remark 6.2)
X<mY =>[X|X<ylsmY|Y<yl forally=0.

Lemma 6.3 ([SS07, Lemma 1.B.44]). Let X and Y denote non-negative random
variables. Also let Z denote a non-negative random variable independent of X and
Y. If Z has a non-increasing reversed hazard rate,

X<hY=2>X+Z<p,.Y+Z.
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Remark 6.5. For the usual stochastic order, Lemma 6.3 holds under a weaker con-
dition. Specifically, X <Y = X +Z <Y +Z holds for any non-negative random
variable Z independent of X and Y [SS07, Theorem 1.A.3 (b)].

We next introduce stochastic orders which compare the variability of random
variables.

Definition 6.3 ([SS07, Theorem 3.A.1]). Let X and Y denote non-negative random
variables with finite equal means E[X]= E[Y ] and complementary PDFs F x(x) and
Fy(x) (x = 0), respectively. X is said to be smaller than or equal to Y in the convex

order (denoted by X < Y) if and only if
oo oo
f Fx(w)dw sf Fy(w)dw forall x=0, (6.6)
X X

or equivalently,
X Sst Y, (6.7)

where X and Y denote equilibrium random variables for X and Y, respectively.

Lemma 6.4 ([SS07, Eq. (3.A.1)]). Let X and Y denote non-negative random vari-
ables with finite equal means E[X]=E[Y] X <Y holds if and only if E[¢p(X)] <
E[¢p(Y)] holds for every convex functions ¢p(x) (x = 0) such that E[(X)] and E[¢(Y)]
exist.

Remark 6.6. It follows from Lemma 6.4 that X < Y = Cv[X] < Cv[Y ], where
CvlZ] denotes the coefficient of variation of a non-negative random variable Z.

Lemma 6.5 ([SS07, Theorem 3.A.24]). Among all non-negative random variables
with the same finite mean, the deterministic random variable is smallest in the con-
vex order, i.e., for any non-negative random variable Z with finite mean E[Z],

ElZ]l=x Z.

The convex order is defined as (6.6) in terms of the integrals of complementary
PDFs. The excess wealth order is defined in a similar way as follows, where the
lower limits of corresponding integrals are determined based on quantiles of ran-
dom variables.

Definition 6.4 ([SS07, Page 164]). Let X and Y denote non-negative random vari-
ables with finite means. X is said to be smaller than or equal to Y in the excess
wealth order (denoted by X <ew Y) if and only if

f__ Fxw)dw S[ Fyw)dw forall0<p<1,
)

Fx (0) Fy

where Fx(x) and Fy(x) (x = 0) denote the complementary PDFs of X and Y, respec-
tively.
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Lemma 6.6 ([SS07, Eq. (3.C.2)]). Let X and Y denote non-negative random vari-
ables with finite means and complementary PDFs Fx(x) and Fy(x), respectively.
X <ew Y holds if and only if

‘P;,l(z) - ‘I’)}l(z) is non-increasing in z > 0, (6.8)

where ¥x(x) and Yy (x) (x = 0) are given by
Wx(x) = fOOFX(w)dw, Py (x)= foofy(w)dw. (6.9)

Lemma 6.7 ([SS07, Eq. (3.C.8)]). If non-negative random variables X and Y have
equal means E[X]=E[Y],
X<=ewY > X =Y.

By definition, we can readily verify that the excess wealth order is location-
independent, i.e., X <e¢w Y > X +a <ew Y +b for any a,b € [0,00). The dispersive
order, defined as follows, is also a location-independent order which compares the
variability of random variables.

Definition 6.5 ([SS07, Eq. (3.B.1)]). Let X and Y denote two random variables with

PDFs Fx(x) and Fy(x), respectively. X is said to be smaller than or equal to Y in
the dispersive order (denoted by X <gisp Y) if and only if

F(B) -F () < FyX(B)-Fyla) forall0<a<p<1. (6.10)

Lemma 6.8. [SSO_7, Eq. (3.B._8)] Let X and Y denote random variables with com-
plementary PDFs F x(x) and Fy(x), respectively. X <gisp Y holds if and only if

F;,l(p) —F)_(l(p) is non-increasing in p €(0,1). (6.11)

For a sequence of random variables X1,Xo,..., X, (n =1,2,...), let X;., (i =
1,2,...,n) denote its i-th order statistic, which is defined as the i-th smallest value
of {X1,Xo,...,X,}.

Lemma 6.9 ([Bar86, Lemma 3]). Let {X;};=12, . and {Y;};-1,2, . denotei.i.d. random
variables whose PDFs are given by Fx(x) and Fy(x), respectively. For n =1,2,...,

(resp. {Yj}j=12,.,
Xo: = infloc; Fx(x) > 0} (resp. Yo, = inflx; Fy (x) > 0}). If X1 <aisp Y1, it follows that

(P(Clzna C2:n,~ . -aCn:n) Sst (/)(Dl:n,D2:n,- .. :Dn:n)a

for every function ¢ :R" — R non-decreasing in each argument.
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6.2.2 New results for the excess wealth and dispersive
orders

In this subsection, we derive some new results for the excess wealth and dispersive
orders, which are used in the next section to analyze the loss probability in the
M/G/1+G queue. Although they seem to be basic results for these stochastic orders,
we could not find them in the literature.

We first consider the relation between the excess wealth and dispersive orders.

Lemma 6.10. Let X and Y denote non-negative random variables with finite equal
means E[X]1=E[Y], and let X and Y denote the equilibrium random variables for
X and Y, respectively. We then have X <.y Y if and only if X <disp Y.

Proof. We define FX(x) and Fy(x) (x = 0) as the complementary PDF's of the equi-
librium random variables X and Y, respectively. By definition, it follows that
Wx(x) Tty = 2Y&)

E[X]’

where ¥x(x) and Wy (x) are defined as (6.9). Because E[X] = E[Y] is assumed, it is
readily verified from (6.12) and Lemmas 6.6 and 6.8 that

Fz(x)= (6.12)

X<SewY © ‘I’{,l(z) - ‘I’)}l(z) is non-increasing in z > 0
—=-1 —1
< Fy (p)—Fx (p) is non-increasing in p €(0,1)
< X =disp Y
O

With Lemma 6.10, it is shown that a similar result to Lemma 6.5 still holds
for the excess wealth order, which is a stronger relation than the convex order (see
Lemma 6.7).

Lemma 6.11. Let U(a,b) (a < b) denote a uniform random variable with support
[a,b). For any non-negative random variable Z with finite mean E[Z], let Z denote
its equilibrium random variable. It then follows that

U(0,E[Z]) <gisp Z.

Proof. If X and Y in Definition 6.5 have their p.d.f.s fx(x) and fy(y), respectively,
(6.10) is equivalent to the following inequality [SS07, Eq. (3.B.11)].

fx(F3(p) = fy(Fy'(p)) forall0<p<1. (6.13)
Let fuyo,rz)(x) and F(}(lo g[z)(P) denote the p.d.f. and the quantile function of the
uniform random variable U(0,E[Z]), respectively. We then have

{F&%O’E[Z])(p), 0 <p < ]_} = {x, O<x< E[Z]}’
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1
fuo,Ezy(®) = BLZ] for all 0 < x <E[Z].

Let Fz(x) (x = 0) denote the complementary PDF of Z, and let fz(x)= F7(x)/E[Z]
denote the p.d.f. of Z. Further let F%l(p) (0 < p <1) denote the quantile function of

Z. It is readily seen that for any p (0 < p < 1),

B 1 FZ(F%l(p))
foorzyFyorzyP) = 571 = Rz

f7(F; (p)).

Lemma 6.11 now follows from (6.13) and the above equation. O

Theorem 6.1. Among all non-negative random variables with the same finite mean,
the deterministic random variable is smallest in the excess wealth order, i.e., for any
non-negative random variable Z with finite mean E[Z],

ElZ] <ew Z.

Proof. Theorem 6.1 follows immediately from Lemmas 6.10 and 6.11 because the
equilibrium random variable for constant E[Z] is a uniform random variable U (0, E[Z]).
O

6.3 Properties of workload and related quantities

As shown in Section 5.3, the stationary workload V is characterized in terms of
cn (n=1,2,...) given by (5.12) and the conditional workload V,, (n = 1,2,...) deter-
mined by (5.37), (5.38), and (5.39). In this section, we derive some results on these
quantities, using stochastic orders presented in the previous section.

Lemma 6.12. V,, <4, V,,.1 holds for n=1,2,....

Proof. We prove Lemma 6.12 by induction. We define V; as a random variable such
that Pr(Vy = 0) = 1. It follows from (5.38) and (5.39) that V; <, Vs is equivalent to

VO +ﬁ1 srth +ﬁ2. (6.14)

Note that Vo <., Vi follows from (6.5). On the other hand, because the p.d.f. A(x)
(x=0)of H, (n=1,2,...) is given by (5.10) and it is a non-increasing function of x,
its reversed hazard rate A(x)/Pr(H, < x) is also non-increasing in x > 0. Therefore,
using Lemma 6.3, we can verify that (6.14) holds, so that V; <, Va.

We then assume that V), <., Vi1 holds for some m =1,2,.... Recall that the
p.d.f. 6(x | m) of V,, is given by (5.40). Using (5.32), we rewrite (5.40) to be

(x| m)= ‘v(x | m)G(x).

T EIG(V,)]
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Because G(x) (x = 0) is a non-increasing function, it then follows from Lemma 6.2
and the assumption V,,, <, V), +1 that
Vin Zth Vi1 (6.15)
Therefore, in the same way as (6.14), it is shown that
Vin + Hmi1 <th Vine1 + Hmea,
which implies V11 <¢h Vin+2. We thus proved V,, <, V41 forn =1,2,.... O

Let a+(x) (x = 0) denote the complementary PDF of a proper random variable
[G | G <o0], where G denotes a generic random variable for impatience times. Not-
ing lim, .o, G(x) = g, Wwe rewrite (5.31) to be

oo G(x) -
Padmi(n) = f 0(x 1 1) | goo+ (1~ Goo) B2 |
0 1-gw
= 8o t(1 _gm)j; v(x | n)5+(x)dx. (6.16)
We then have
Zoo < Padmit(n) <1, n=12,.... (6.17)

Lemma 6.13. If goo = lim, oo G(x) > 0,

nlim Pr(V,>x)=1 forevery x=0.
—00

Proof. For n =2, we have from (5.35), (5.36), and (6.17),

1 xr o — .
w2 = g fo F)GAG— y)dy
= gwodo EH1 T EEHT™
3 1 X
~ E[H] goE[HI
Suppose for some n =2,
1 1 x n-1
v ln) S g (gooE[H]) ‘ (6.18)
We then have from (5.36), (6.17), and (6.18),
1 1 1 y V11
vEln+l) < gTofo E[H]'(n—l)!(gooE[H]) o T
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1 1 ( X )n
~ E[H] n!\gElH]) ’
so that (6.18) holds for n + 1, and therefore it holds for all n =2,3,.... Note that

im = (—% )20 & >0
nl_)l’{.loa m = or every x = V.

For an arbitrarily fixed x > 0, we consider v(y | n) for y € (0,x]. It then follows from
(6.18) that v(y | n) uniformly converges to 0 in (0,x] as n — co. We then have

X

X
lim Pr(Vn>x):1—r}im v(yln)dyzl—f r}im viyln)dy =1,
—o Jo o n—oo

n—oo

which completes the proof. O
Theorem 6.2. {P qnit(n)},=12,.. has the following properties.

(i) {Paamit(n)}n=12,.. is a non-increasing sequence, and

(it) lim Pagnit(n) = oo

n—oo

Proof. Note that —G(x) (x = 0) is a non-decreasing function. Because V, <g V41
follows from (6.4) and Lemma 6.12, we have E[G(V,,;1)] = E[G(V,,)] from Lemma
6.1 (). We then obtain Theorem 6.2 (i) from (5.32).

Next we consider (ii). Note that lim,, ..o Paamit(n) exists because of (6.17) and
Theorem 6.2 (i). We first prove (ii) for g, > 0. In this case, we have from (6.16),

Padmit(n) = oo+ (1 - goo) fo o(x | )G (x)da

= goo+(1—goo)fooPr(Vn <x)dG*(x),
0

where G*(x)=1-G  (x). Note that
f Pr(V, Sx)dG+(x)sf dG*(x)=1. (6.19)
0 0
It then follows from the dominated convergence theorem and Lemma 6.13 that

lim f T PrV, <0)dG*(x) = f = ( lim Pr(V, < x)) dG™*(x)=0.
0 0 n—o0

n—oo

Therefore the theorem holds for g, > 0.
Next we consider the case of g, = 0. Suppose

nh_m Poamit(n) = a, (6.20)
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for some a > 0. Because of Theorem 6.2 (i), (6.20) implies Pagmit(n) = a for all n =
1,2,.... Using this observation, we can show lim,,_.oo Pr(V,, > x) = 1 in the same way
as in the proof of Lemma 6.13. Furthermore, noting (6.19), we have

oo

lim Pagmit(n) = lim v(x | n)G(x)dx = lim f Pr(V,, < x)dG(x)
n—o0 n—oo 0

n—oo 0

fo ~ (1im Pr(V, <)) dG =0,

n—.oo

which contradicts (6.20), so that we conclude a = 0. O

Corollary 6.1. In a stable M/ G/ 1+G queue, there exists a unique natural number
n* such that

pPadmit(n) = 1, n:1,2,...,n*—1,
PPagmit(n) <1, n=n",n"+1,....

Therefore {cp}n=1.2,.. is non-increasing if pPagmit(1) = pE[a(I:I ] =1, and otherwise
it is unimodal, taking its maximum value at n =n*.

Proof. Corollary 6.1 immediately follows from (5.2), (5.33), and Theorem 6.2. O

Remark 6.7. As noted in Remark 5.3, Pagmit(n) is independent of the arrival rate
A. Therefore even when the stability condition (5.2) is not fulfilled, we can define
Pogmit(n) (n=1,2,...) and ¢, (n=1,2,...) by (5.34) and (5.12), respectively. It is easy
to see from (5.33) and Theorem 6.2 that }.>" ; c, in (5.11) converges if and only if
(5.2) holds.

6.4 Analysis of loss probability

We now consider the stationary loss probability Pj,ss in the M/G/1+G queue. Re-
call that Py, is given in terms of 7y by (6.1), and therefore Pj,gs is determined by
{entn=12,.1n (5.12).

Theorem 6.3. In the stationary M/ G/ 1+G queue, Piyss is bounded by

-1\t
(p_) <P10ssS

p 1+p’
where (x)™ = max(0, x).

Proof. The lower bound is obvious because Little’s law implies A(1 — Pjs)E[H] < 1.
On the other hand, from Theorem 5.1 (i), we have

-1
o 1
=|1+p+ < — 6.21
"o ( P n;zcn) 1+p’ ©.2D

because ¢, = 0. The upper bound is obtained from (6.1) and (6.21). O
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Remark 6.8. One may think Theorem 6.3 is trivial. However, both upper and lower
bounds are fairly strict in a sense that there exists a non-trivial M/ G/ 1+G queue
whose loss probability can be approximated well by either bound as we will see in
Section 7.3. Note also that the upper bound is identical to the loss probability in the
ordinary M /G/1/1 queue.

Theorem 6.4. Consider two stationary M/G/1+G queues. Let G* and H® (k =
1,2) denote generic random variables for impatience times and equilibrium service
times, respectively, in the k-th queue. Also, let A*' and Pff;s (k = 1,2) denote the
arrival rate and the loss probability, respectively, in the k-th queue.

(i) Suppose the two queues have the same equilibrium service time distribution
H(x) and the same impatience time distribution G(x). We then have

A0 <12 o ph < p@

loss — © loss”

(it) Suppose the two queues have the same traffic intensity p and the same impa-
tience time distribution G(x). We then have

oY SStI:I<2> - pL - p@

loss loss®

(6.22)

(iti) Suppose the two queues have the same arrival rate A and the same service time
distribution H(x). We then have

G SstG<2> = P(l) >P(2>

loss — © loss®

(iv) Suppose the two queues have the same arrival rate A, the same service time
distribution H(x), and the same finite mean impatience time E[G] < co. We

then have
N
Proof. Let cﬁlk> (k=1,2,n=1,2,...) denote ¢, in the k-th queue. Also let p (£ =1,2)
denote the traffic intensity in the k-th queue. We first consider (i). It follows from
(6.1) and Theorem 5.1 (i) that

(o 0] o0
Y plda Y phda
p@ _pm _ 1 _n=l 1 =
loss loss — 01 0o R 02 o) .
1+ ) pidy 1+ ) pydn
n=1 n=1
—_ o0 o0
- P2 P1 Y Y @mdn —dmin)oT 03,

& n & n m=1n=1
p1pz|1+ ) pld|[1+ ) pydas
n=1

n=1
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(6.23)

where

n-1__ i
di=1, dn:E[HG(ZHj), n=2,3,....
i=1  j=1

Note here that we use the following identity in the second equality of (6.23).
(e.0) (e.0) o0 (e.0)
p2 Y pidn—p1 Y phdn=—(p2—p1) ) D dm+np] P}.
n=1 n=1 m=1n=1

Therefore it suffices to prove d,,d,, —dpy+n =0 (m,n=1,2,...). From (5.34), we have
Pognit(n) =d,1/d, (n =1,2,...). It then follows from Theorem 6.2 (i) that

dm+n-1 < dmin-2 < Dm+n-3 <. < d4 = a3 = @

dm+n—2 dm+n—3

Because d,, >0 (n=1,2,...), we havefor 1<m <n,
dldm+n—1 = d2dm+n—2 = d3dm+n—3 == dmdn

Furthermore, noting that {d,},-12,.. is a non-increasing sequence, we have

Amin <dmin-1=d1dmin-1.

We thus have d,,d, —dnu+n =0 (m,n=1,2,3,...), which proves (i).
It is easy to see from (6.1) and Theorem 5.1 (i) that when the two queues have
the same traffic intensity,

> (<) P?

V< (2)e? foralln=1,2,... > P loss®

n loss

(6.24)

Keeping this in mind, we next consider (i1). By assumption, the two queues have

—(k
the same traffic intensity and therefore c<11> = c<12>. Let G< >(x) =Pr(G® > x) (k =

1,2). TG @) sG () forallx>0,G (i H)<G (T H) (i=12,..)on

every sample path of {H nin=12,.. It then follows from (5.12) that c§,1> < cg) for all
n=1,2,..., which proves (ii).

In the case of (iii), we can define {ﬂflh}n:l,z,m and {Iﬂz)}nzl,g,_” on the same prob-
ability space, and therefore we assume Pr(H ;1> <H sz)) =1(n=1,2,...) without loss
of generality (see Lemma 6.1 (ii)). Because G(x) is non-increasing, 5(25:11515.1))

> 5(2;2117;2)) (1=1,2,...) on every sample path of {(ﬁ;lD,I:I,(lz))}n:l’z . It then fol-

lows from (5.12) that cﬁlD > cf12> for all n =1,2,..., which proves (iii).
Finally we consider (iv). To prove (iv), we need the following lemma, whose proof
is provided in Appendix 6.A.
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Lemma 6.14. In the M /G/1+G queue where the impatience time distribution has
finite mean E[G] < oo, ¢, (n=1,2, ...) is given by c1 =p and forn=2,3,...,

CpQEIG) [l
S i:HlH(G“”_l Gi-1n-1 |, (6.25)

where Go., =0 (n =1,2,...), and G;., denotes the i-th order statistic of i.i.d. ran-
dom variables G1,Go,...,G, distributed according to the equilibrium distribution
of impatience times.

Note that the assumption E[(G] < 0o is necessary for the existence of the equilib-
rium distribution of impatience times. Let G* (k = 1,2) denote a generic ran-
dom variable for equilibrium impatience times in the k-th queue. Noting that
- H?zlﬁ(xi) (x1=0,x9=0,...,x, =0) is non-decreasing in each argument, it follows
from (6.2) and Lemmas 6.9 and 6.14 that

On the other hand, we have from Lemma 6.10,

We thus obtain
G 20y GP = o202,

(iv) now follows from (6.24). O

Remark 6.9. As stated in [VVBO06], if service times are exponentially distributed
(M /M/1+G queue), we can show that G < G? = Pfolgs <P®  Theorem 6.4 (iv)

holds for general service times, while the condition GV <o G? is stronger than
G <ex G2

Let H* (k = 1,2) denote a generic random variable for service times in the k-th
queue of Theorem 6.4. If E[H"’] = E[H?] in Theorem 6.4 (ii), (6.22) can be replaced
by (see (6.7))

HYD <ex H? = P<1> < P(2>

loss — © loss®

The following corollary immediately follows from this result and Lemma 6.5.

Corollary 6.2. Consider a stationary M/G/1+G queue with mean service time
E[H]. The loss probability Py, in this M/ G/ 1+G queue is bounded below by

P(M/D/l +G)

Pioss = loss ’

where Pl(ggsD/ 1+9) denotes the loss probability in the stationary M /D] 1+G queue with
the same arrival rate A, constant service times equal to E[H], and the same impa-
tience time distribution G(x).
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Corollary 6.2 shows that the stationary M/D/1+G queue has the minimum loss
probability among all stationary M/G/1+G queues with the same arrival rate, the
same mean service time, and the same impatience time distribution. Similarly,
using Theorem 6.1 and Theorem 6.4 (iv), we can readily verify that the M/G/1+D
queue is the minimum-loss model with respect to impatience times.

Corollary 6.3. Consider a stationary M/ G/ 1+G queue with finite mean impatience
time E[G] < co. The loss probability Piyss in this M/ G/ 1+G queue is bounded below

P(M/G/l +D)

Pioss = loss ’

denotes the loss probability in the stationary M /G /1+D queue with
the same arrival rate A, the same service time distribution H(x), and constant impa-
tience times equal to E[G].

As a consequence of these results, it is shown that Pj,ss in the M/D/1+D queue
is smallest among all M/G/1+G queues with the same and finite arrival rate, mean
service time, and mean impatience time.

Theorem 6.5. Consider a stationary M/G/1+G queue with arrival rate A < oo,
mean service time E[H] < oo, and mean impatience time E[G] < co. We then have

(M/D/1+D)
Pioss = P loss ’

where Pl((lﬁ/s D+D) denotes the loss probability in the stationary M /D] 1+D queue with
the same arrival rate A, constant service times equal to E[H], and constant impa-

tience times equal to E[G].

Proof. Owing to Corollary 6.2, the loss probability Pj,s in this M/G/1+G queue is
bounded below by Pj,ss in the M/D/1+G queue with the same mean service time.

(M/D/1+G)
Ploss :

P loss =
Furthermore, applying Corollary 6.3 to this M/D/1+G queue yields

(M/D/1+G) (M/D/1+D)
P > P > P
loss = Fjggg =~ loss :

6.5 Conclusion

We considered the loss probability P, in the stationary M/G/1+G queue. We in-
troduced some known results on stochastic orders in Section 6.2.1, and derived new
results on excess wealth and dispersive orders in Section 6.2.2. In Section 6.3, we
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explored properties of the stationary workload and related quantities using stochas-
tic orders and the results in Chapter 5. In Section 6.4, we analyzed the stationary
loss probability Pjyss in the M/G/1+G queue and obtained bounds in Theorem 6.3
and stochastic ordering in Theorem 6.4. Furthermore, we proved that the M/D/1+D
queue achieves the minimum loss probability among all M/G/1+G queues with the
same and finite arrival rate, mean service time, and mean impatience time.

Appendix

6.A Proof of Lemma 6.14

Let g(x) (x = 0) denote the p.d.f. of the equilibrium distribution of impatience times.
For n=2,3,..., it follows that

rﬁ@(iﬁj)]
fxl Ofxzo fxnl {E—[Eg }{]:_[h(xm)}dxn 1dn-g---day

EIG) ! f°° f f nl
_ —1)! ;
(E[H])n_l(n - 1)' w1=0Jwo=w1 wn—lzwn—Z(n ) ll:[]. g(w )

-H(w1 - 0){ H Hw,, - wm_l)}dwn_ldwn_z --dwi.

m=2

Because (n—D![]7; 1 5(w;) represents the joint p.d.f. of (G1:n-1,G2n-1,---,Gn1:n-1),
we obtain

(E[G])"!

- i n-1__ B
l:[ ; ] (E[H])n_l(n—l)! ‘E HH(Gi:n—l_Gi—lzn—l) )

i=1

n=2,3,....

(6.25) now follows from (5.12) and the above equation. O






7 Computation of the Loss Probability
in the M/G/1+PH Queue

7.1 Introduction

In this chapter we develop a computational algorithm for the loss probability Pjgsg
in the stationary M/G/1+PH queue, which is a special case of the M/G/1+G queue
considered in Chapters 5 and 6. We assume that impatience times of customers
are i.i.d. according to a phase-type distribution with representation (a,T), i.e., its
complementary PDF G(x) is given by

G(x) = aexp[Txle, x=0, (7.1)

where a denotes a probability vector, T' denotes a defective infinitesimal generator,
and e denotes a column vector whose elements are all equal to one. Note that
G(0) =0 since ae = 1. To avoid trivialities, T'+(—T)ea« is assumed to be irreducible.
Because A < oo and lim,_.., G(x) = 1, the assumption E[H] < co ensures the stability
of the system [BBH84].

Recall that Py is theoretically determined by (5.11), (5.12), and (6.1). How-
ever, it is not straightforward to compute Pj,s in the M/G/1+PH queue based on it,
because the assumption (7.1) of complementary phase-type PDF does not simplify
cn (n=1,2,...) substantially. For example, for n =4,

Cq = p4E [@(Fll)ﬁ(ﬁl +I‘~Ig)§(I‘~I1 +I‘~Ig +ﬁ3)]
= p'E [aexplTH1leaexplT(H; + Ho)leaexp[T(H; + Hs + Hsle]

= p4E [a exp[TH:leaexp[THlexp[THlea
-exp[TI:Il]exp[THz]exp[TI:Ig]e]. (7.2)

Therefore the independence of Hy,Ho, ... cannot be utilized in this form, except the
case that exp[Tx] and ea commute, which is a necessary and sufficient condition
for the impatience time distribution being exponential.

135
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To utilize the independence of H1,Has, ..., we may rewrite (7.2) using Kronecker
product, e.g., for n =4,

c4 = p4(a®a®a)E [exp[T®T®T-I:Il]]E [exp[I®T®T-H2]]
‘ElexplI®I®T -Hsl|(e®e®e),

where ® stands for Kronecker product and I denotes a unit matrix. It is also hard
to compute ¢, for a large n in the above formulation because the size of matrix
exponents increases exponentially with n.

To the best of our knowledge, the M/G/1+PH queue has been studied only in
[BB13], which considers a generalized version of the M/G/1+G queue (i.e., the M/G/1
queue with Kovalenko’s impatience mechanism [Kov61]). [BB13] derives the LSTs
of the workload and the busy period for this generalized model, and as a special
case, explicit formulas for those in the M/G/1+PH queue are obtained. The approach
taken in [BB13] is to rewrite the phase-type complementary distribution (7.1) to be
the following form.

. M
Gx) = Z Pm(@)expl-ymxl, x=0. (7.3)

m=1
In [BB13], a specialized formula for ny in the M/G/1+PH queue is derived, which
is essentially the same as the result obtained by substituting (7.3) into (5.11) and
(5.12). Unfortunately, this formula is also not suitable for numerical computation
because if we followed it, we would have to deal with the exponentially growing
number of terms. We take a look at this problem using an example of hyper-
exponential impatience times.

Example 7.1. Consider an M/G/1+Hy queue, where impatience times follow a
hyper-exponential distribution of order two.

G(x) = p1expl—y1x] + paexpl-yox]l, x>0, (7.4)

where p1+ po = 1. Obviously, (7.4) is a special case of (7.3). Let h*(s) (Re(s) > 0)
denote the LST of the equilibrium distribution of service times. It then follows from
(5.12) that

p?E [p1expl—y1H11+ psexpl—y2H1l]

co =
= p?{p1h*(y1) + p2h*(y2)},
c3 = p°E[{p1expl—y1H11+ psexpl-y2H11}

-{p1exp[-y1(H1 + H3)| + psexp|-ya(H1 + Ho)|}]
P2 {P3R*2yDR*(y1) + p1p2h* (y1 + y2)h " (y2)
+p1poh*(y1+y2)h* (y1) + p3h*(2y2)h* (ya)},

and we can readily verify that c, (n =1,2,...) is given by the sum of 2" different
terms. We thus have to compute the sum of at least 2" terms in computing c,. On
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the other hand, in computing mg by (5.11), we have to compute ¢, (n =2,3,..., Ntrune)
for a sufficiently large Nirune. This shows that the formulation based on (7.3) is not
suitable for numerical computation.

Remark 7.1. The LST of the workload in the M /G /1+PH queue derived in [BB13]
also consists of the exponentially growing number of terms, and therefore it is diffi-
cult to use it for numerical inversion.

To overcome this difficulty, we take another approach to compute P, based
on the uniformization technique [Tij94, Page 154] and the probabilistic structure of
the workload in the M/G/1+G queue shown in Chapters 5 and 6. Note that the uni-
formization yields a discretized workload N(V') ({ > 0), whose probability function
is given by

Pr(N((V):n):fooM.v

' (x)dx, n=0,1,...,
0+ n:

where ( is a parameter. In the standard M/G/1 queue, Ny(V) is given by the sta-
tionary distribution of a Markov chain of M/G/1-type, but it is not the case in the
M/G/1+PH queue owing to the level-dependent nature of the workload process.
In this chapter, using the results in Chapters 5 and 6, we show that N;(V) in
the M/G/1+PH queue has a special structure that can be utilized in computing
Pioss. With this approach, we develop a computational algorithm for Pj,s in the
M/G/1+PH queue, which also outputs an upper bound of its numerical error. As
we will see, our algorithm is readily applicable to the M/D/1+PH, M/PH/1+PH, and
M/Pareto/1+PH queues.

The rest of this chapter is organized as follows. In Section 7.2, we develop a
computational algorithm for Pj,ss. Next, we provide some numerical examples in
Section 7.3. Finally, we conclude this chapter in Section 7.4.

7.2 Development of computational algorithm

In this section, we develop a computational algorithm for P),ss under the assump-
tion that the impatience time distribution is of phase-type, i.e., its complementary
PDF G(x) (x = 0) is given by (7.1). In view of (5.33), {Paamit(n)tn=1,2,. in (6.31) is a
key quantity in computing Pjgs.

7.2.1 Uniformization

In order to obtain {Pagmit(n)},=12,.. numerically, we apply the uniformization tech-
nique [Tij94, Page 154] to rewrite (7.1), i.e.,

G(x) = aexp[-Oxlexp [0x(I +07'T)|e
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i eXp[ ex](ex) By %20, (7.5)

m=0

where

0

max|[T]; ;|
14

Zn = all+071T1me, m=0,1,....

Note that {g,,}n-0,1,... is a non-increasing sequence,

geee

go=1, (7.6)

and
g2, =0a(-T)le =0E[G], (7.7)

108

where E[G] denotes the mean impatience time. Let g~ denote an cox 1 vector whose
m-th (m =0,1,...) element is given by g,,.

g =@ 8 8 ),
where T stands for the transpose operator.

Remark 7.2. (7.5) implies that the phase-type distribution with representation (a,
T) is equivalent to the Coxian distribution described in Figure 7.1, which has an
infinite number of stages in generall, the identical mean sojourn time 07! at stages,
and heterogeneous absorption probabilities {q,}n=01,.. satisfying

n—-1
=[[1-q), n=12,....

As we will see, the structure of stages in series enables us to develop a numerically
suitable formula for {Paamit(n)}n=12,....

For a non-negative random variable X, let Ny(X) ({ > 0) denote the number of
Poisson arrivals with rate { in an interval of length X. Associated with V,,, V,, and
H, (n=1,2,...) in (5.38) and (5.39), we define v*(( |n) (( >0, n=1,2,...), 9*(( | n)
(>0,n=1,2,...),and ﬁ*(() ({ > 0) as 1 x co vectors given by

v*(In) = @Y In) VMR <),
2 In) = 09 1n) M In) ),
R*) = A% RH Q) -,

IThe number of stages is finite if diagonal elements of T are identical, e.g., an Erlang distribu-
tion.
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absorbing state
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Figure 7.1: Infinite-stage Coxian distribution equivalent to the impatience time

distribution.

respectively, where for m =0,1,...,

o!™(¢ | n) = Pr(Ny(V,,) =m)
_ f°° expl—LxlC™ e
0+ m!
0" |n) = Pr(N¢(V,,) = m)
3 1 ° exp[—{x]1(Cx)™ —
 Pagmit(n) Jos m! veeln)Glxdx,
R™(Q) = Pr(Ny(H,) =m)

_ f"o exp[—{x]({x)™
0

+ m'

h(x)dx.

Using (5.38) and (5.39), we can readily verify the following relations:

N¢(V1) = Ny(Hy),
N¢(Vpi1) = Ne(V)+ Ne(Hp11), n=1,2,....

7.2.2 Main theorem for {P,qni(n)},-12..

We define H,, (n =1,2,...) and B, (n = 1,2,...) as oo x oo stochastic

substochastic matrices given by

R9no) Ano) A2 (no) ---
_ 0 fl[O](nQ) fl[l](ng)
H,=| o 0 AOno) - |

1 0 0
b,(1,0)g; b,(1,1) 0
bn(2,0)8s bn(2,1)g; 0,(2,2) --- |

=]
S
1l

(7.8)

(7.9)
(7.10)

and oo x 0o

(7.11)

(7.12)
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respectively, where b,(k,m) (n,k =1,2,..., m =0,1,...,k) denotes the probability
function of a binomial distribution given by

k—-m

., m=0,1,... k. (7.13)

n m

n+1

1
n+1

k
m

bn(k,m):( )

{Padmit(n)}n=12,.. in the M/G/1+PH queue is then given by the following theorem,
which is the basis of our numerical algorithm.

Theorem 7.1. Let {a,},-0,1,.. denote a sequence of co x 1 vectors given recursively by

a) =g, (7.14)
a, = B,H,a, 1, n=12,.... (7.15)
We then have [agly = 1 and
n
[anlo = HPadmit(i), n=12,.... (7.16)
i=1

P.amit(n) is thus given by the ratio of the first elements of a,, and a,_1.
[an]O
[an—l]O ’
Remark 7.3. It follows from (5.33) and (7.16) that

Paamit(n) = =1,2,.... (7.17)

cn=p"la,-1lo, n=12,....

Proof. 1t follows from (5.32) and (7.5) that

X [ exp[-0x](Ox)™ _
Padmit(n) = Zf P ' ‘v(x|n)dx-g,
m=070+ m:
=v*@|n)g*, n=12,.... (7.18)

To proceed further, we need the following lemma whose proof is provided in Ap-
pendix 7.A.

Lemma 7.1. The probability function ofN((Vn) ((>0,n=1,2,...) is given by

Y Pr(Neo(Vy) = k)b o(k,m) 8 pm,

Pr(N(V,)=m) =
rN(Vn) = m) Paamit(n) /=,

m=0,1,..., (7.19)

where by, ¢,(k,m) ((1,{2>0, k=1,2,..., m=0,1,...,k) denotes the probability func-
tion of a binomial distribution given by

(1
(1402

k—-m

. m=0,1,...,k. (7.20)

m

Q)
1+

by iy (k,m) = (k)

m




7.2. DEVELOPMENT OF COMPUTATIONAL ALGORITHM 141

With straightforward calculations using (7.9), (7.10), (7.11), (7.12), and (7.19),
we obtain

v*(GO 1) = R*(O), j=1,2,..., (7.21)
v*(j0In) = 9GO In-DH;, n=2,3,...,j=1,2,..., (7.22)

and forn,j=1,2,...,

kg 1 . =
U*(]Q | n) = m . U*((] + 1)9 | n)BJ (723)

Note here that from (7.13) and (7.20), we have
bn(k,m) = b(n_l)g,g(k,m), n= 1,2,..., k= 1,2,..., m = 0,1,...,k.
It then follows from (7.21), (7.22), and (7.23) that v*(0 | n) (n =2,3,...) is given by
h*(n6)-B,_1H, 1B oH, 5 B.H
v*@ | n) = (nB) nlnrill n-oHy 2 1Hy (7.24)
H Padmit(i)
i=1

Using (7.18) and (7.24), we have

*

n e ad e ad e —_—
[1Paamit) = R™(n0)-B,_1H,_1-B,_oH,_3-----B1H1-g"
i=1
= k" n®a,_1, n=1,2,.... (7.25)

On the other hand, it is readily seen from (7.11) and (7.12) that the first row of
B,H, (n=1,2,...)1s equal to ﬁ*(ne). Therefore, we have from (7.15) and (7.25),

lanlo = [Enﬂnan—l]o = il(ne)an—l = HPadmit(i), n=12,....
=1

We then obtain Theorem 7.1 noting that (7.6) and (7.14) imply

[aolo=[g"1o = 1.

7.2.3 Computational algorithm for P,

Based on Theorem 7.1, we develop a computational algorithm for @, (n =0,1,...),
from which Pj,s is computed. Because a, (n =0,1,...) in (7.14) and (7.15) has
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infinitely many elements, we have to truncate it, i.e., (i) we represent @, in the

form fnit
nite
a, = an
n- acrror ’
n

where aﬁnite denotes a finite subvector of a,, and (ii) compute an approximation

aflomp to aﬁnlte assuming a; ™" = 0. We thus approximate a, by an oo x 1 vector
afLO P given by
acomp
al™P = ( ”0 ) (7.26)

Throughout this chapter, finite-size approximation vectors (resp. matrices) that
we actually compute are denoted with superscript “comp,” while infinite-size vec-
tors (resp. matrices) implicitly represented by the finite-size approximation vectors
(resp. matrices) are denoted with superscript “comp.”

To ensure that a, is well approximated by the truncated vector of the form
(7.26), @™ should be negligible when the size of al"*¢ is sufficiently large. The
followmg lemma shows that it is indeed the case, whose proof is given in Appendix
7.B.

Lemma 7.2. For each n =0,1,..., the sequence {[a,];};=0.1,... of the elements of a,
satisfies
la,]; =la,lis1, ©1=0,1,..., (7.27)
and
lim[a,]; =0. (7.28)
1—00

In what follows, we show a specific procedure for computing a;, "*. For a certain
mg > 1, we first truncate the initial vector @y =g at the mg-th element and then
simply compute the recursion (7.15) to obtain an approximation to @, (n =1,2,...).
Specifically, we define an oo x 1 vector g ™ as

- —%comp
E*comp — (g 0 ) )

_* .
where g™ ™ denotes an m; x 1 vector whose elements are given by

[E*comp]m :gm — a[I+9_1T]me7 m :0’1,___,]’)’1,;—1. (729)

We assume that the truncation point m for 2" is determined such that the follow-

ing equation holds for some €, > 0.

(0 0)
Y & -8 <e, (7.30)

m=0
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where from (7.7) and (7.29),

!
18
0|
;
™
0a

3

57 -

m=0 m=0 m=0
m;;—l
= 0a(-T)te- Y ["°™1,. (7.31)
m=0

Note that the truncation approximation g*“™P is carried to B, (n =1,2,...) in

(7.12), i.e., B,, is approximated by Eflomp as follows.

1 0 0
b,(1,0)g; b,(1,1) 0
b,(2,0)g, b,(2,1)g, b,(2,2)
—comp : : :
n = Balml - 100G 1 ba(m}— L, 18n: 5 bulmy— 1,2 5 - |
0 bn(mg,1)gm; -1 bn(mg,2)gp: 2
0 0 bu(m+1,2)gm: 1

With those, we compute the recursion (7.14) and (7.15) to obtain an approximation

com .
a, P to a,,le.,

comp _ —xcomp
0 - >
comp ——comp _~ comp
a,” =B, H,a'P, n=12,... (7.32)

As illustrated in Figure 7.2, using the structures of H, and I_iflomp, we can show
comp

by induction that a,, = (n =1,2,...) takes the form as in (7.26) and that the size
of a;,"® is equal to (n + 1)(mg — 1)+ 1. Furthermore, it is easy to verify that a,"?

(n=0,1,...) is computed recursively by

comp _ —xcomp
a() - g ’
comp _ pCOMP rrcomp comp _
a, =B, H, "a,_;, n=12,..., (7.33)

where flflomp (n=1,2,...) denotes an {n(m; — 1)+ 1} x {n(m4 — 1) + 1} matrix given by

E[O](ng) fl[l](ng) ﬁ[2](n9) fl[n(mg—l)](ng)
0 E[O](ne) ﬁ[l](ng) fl[n(mg—l)—ll(ne)
H™=| 0 0 Ane) - AMme D2 ng) |

n

0 0 0o - A0(n0)
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~O00mEEEN

00T EEEEN

comp

2

Figure 7.2: Illustration of the recursion (7.32) in the case of m, = 3, where a

comp
a, Hn+1-

—comp

and B, (n

. C
corner submatrix of B,

Note that BTZeSt

——————

MIDDDDDm
MIIEDDDm
ﬂlllDDDm

______

—~O0000EEN

COMPUTATION OF THE LOSS PROBABILITY

——————

| submatrix
to be computed

______

] zero
B non-zero

——————

______

—————————

'IIDDDDDDDm
|IIIDDEDDDm
OmmmO0000--
DOommmooog--
.DDDIIIDDDm

_________

DDDDDIIID---
NN EEEEEY § } RO

=1,2,..

—comp
,1.e.,

—comp

—rest2

and B,

0000 AEEEN

A~ Comp
a

1

n

00 x 00, respectively (see Figure 7.3).

In this way, a
As mentioned above the number of non-zero elements in acomp (the size of a,,

comp

n

(0]

—comp —restl
_ (B " )

—rest2 | -

n

'DIIIIII---
IDDIIIIII---
|DDDIIII---
mpmiminy N § R

is equal to (n + 1)(m; — 1) + 1 and it increases only linearly with n.

Finally, with (7. 17) the approximation P

comp (n
admlt

la
[ comp] ’

)_

comp]

adm1t

n=12,....

START

~O00mEn

comp

S

*m)

cO00mmmEmEE *

comp

A comp

.) denotes an {(n + 1)(m§ —-1)+1} x {n(mg —1) + 1} northwest-

(7.34)

in (7.34) are matrices of {(n + 1)(m; —1)+ 1} x 0o and

can be computed in a finite number of operations for any n.

comp )

P (n) to Paanmit(n) is given by

(7.35)
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(m
] 0 zero
o B Bl non-zero
B, = oommmO00- o approximated
EDD...DD”' to be zero
npoomem:
comp | restl errorl :
— | — —
131 : 131 1;1 : (0
- I . - | .
IDD:DDDDD“- DDD:DDDDD“-
EROogood-- ooooogoog--
I.I:DDDDD“- DDD:DDDDD“-
N § || EEREEEEEEE ooogogog -
= |[JOmmmO00--| + |BEOO0000-
DDD:IIIDD--- DDD:DDDDD“-
ooomemEmi] - oooooogd--
DDD:DDIII--- DDD:DDDDD---
F— F H - H P R I R
I | B |
! —5rest2 —error2 | =5 error3
o | 1 1 1

Figure 7.3: Partitioning of B for mg = 3. It is readily verified that Bsy,Bs,... can be
partitioned in a similar way.

Remark 7.4. In view of Remark 7.3, the approximation c, "~ (n=2,3,...) to ¢, is
given by

comp

n comp
Cn =p la

“o, (7.36)

which is numerically feasible if p < 1.

Figure 7.4 summarizes the numerical algorithm for computing P}, in the M/G/
1+PH queue. Note that our algorithm also outputs the error bound AP;,ss for PIC;SI;IP
using y.(n) in Step (c), which will be discussed in the next subsection. In Figure
7.4, we adopt a simple algorithm that determines the truncation point Niyn. for

the infinite sum of c,; for given e, > 0, we stop computation if either ¢, © < €,

or [a’clo_nip]o < €, holds, and output Plc;’;lp and its error bound APj.. Note that in

Step (b-1), we have to compute 21(n0) (i =0,1,...,n(m* —1)). In appendix 7.D, we
p p . pp

provide methods of computing 21(n0) for three types of service time distributions:

(i) constant, (ii) phase-type distribution, and (iii) Pareto distribution.

7.2.4 Error bounds for P,

comp
loss

define a;"*" (n =0,1,...) as an oo x 1 vector given by

We consider error bounds for P computed by the algorithm in Figure 7.4. We

error __ comp
a

n - n n
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Input: A, H(x) (x 20), (a,T), €z, and €,.

Output: P,>"" Nirunc, and APjggs.

loss

(a) Compute g~ by (7.29), and determine m, based on (7.30) and (7.31).

(b) Let ;™™ :=g"“™", " :=p,and n:=1.

(b-1) Compute a,’ ™" by (7.33).

(b-2) If p <1, compute cC mp by (7.36), and otherwise by c, Omp =c P
P (n), where P (n) is given by (7.35).

adm1t

(b-3) If min(cfloﬂp, [acomp]o) <€, let Nirunc :=n+1 and go to (c). Otherwise

n:=n+1 and go to (b-1).

(¢c) Compute w.(n) (n=1,2,...,Niune) by (7.39).

(d) Compute P P and APy by (7.40) and (7.47), respectively.

Figure 7.4: Algorithm for computing the loss probability in the M/G/1+PH queue.

Note that
a;™" =0. (7.37)
We measure aerror by the Lo, norm, where the L., norm of an oco x 1 vector x is
defined as
lxlloc = sup |[x]m|.
me{0,1,...}

Measuring the error by the L, norm is reasonable because we eventually use only
the first element [@,]o (n =0,1,...) of @, to compute ¢, (n =1,2,...) with (5.33) and
(7.17), or with (7.36) alternatively. Note that [ae”or]o =0andforn=1,2,...,

[aS™ o] < 183 loo. (7.38)

Lemma 7.3. The truncation error ||a; " | (n =0,1,...) is bounded above by

error

”a “OO = Em* S€g7

error error

com
a5 oo < @)™V lloo +€glasPlo, n=1,2,....

The proof of Lemma 7.3 is provided in Appendix 7.C. Lemma 7.3 implies that
the computational error of P;gﬁ?t(n) (n=1,2,...) caused by the truncation of g~ can
be small arbitrarily, by choosing sufficiently small €. In what follows, we establish
error bounds for P P using Lemma 7.3.
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We define y.(n) (n =1,2,...) as
V(D) =€g+8p:, Weln)=yeln- 1) +egla; ™ Plo, n=2,3,. (7.39)
It is readily seen from (7.37), (7.38), and Lemma 7.3 that w.(n) (n =1,2,...) satisfies
0<la,lo—la;,Plo<y.n), n=12,....

Let ncomp and PComp denote truncation approximations to 7y and P, respectively,
Whlch are given by

Ntrunc -1 - (1 ”comp)
E R T o I L
n=2

respectively, Where Nirune denotes the truncation point for the infinite sum of c,,.
Noting that c;, " is given by (7.36), we can easily verify that n P > 19, and there-
fore

P > Py, (7.41)

loss

i.e. Plc;’ssp gives an upper bound of Pjs.

Next we obtain a lower bound of P}, from {[aflomp]o}n:1,2,.“,Ntmnc, which, along
with the upper bound (7.41), yields the error bound of Pj,ss. To this end, we first
construct an upper bound of ¢, (n =1,2,...) using {[aflomp]o}nzl,g ,,,,, Nipune- We define

P™%(n) (n=0,1,...) as P'***'(0) =1 and

admlt admit
comp
. [a, “lo+ 1//(71) Pupper( ~1)
min Comp >~ admit n ’
upper [a ]
admlt( n)= n=12,...,Ngunc— 1,
upper _
admlt (Ntrunc ), n= Ntrunc, Ntrunc + 1: ceee

Lemma 7.4. ¢, (n=1,2,...) is bounded above as follows.
cn<cy,X, n=1,2,..., (7.42)
where clllpper =pandforn=12,..,
P = e PR pP I (n - 1). (7.43)

Proof. 1t follows from (7.17), (7.35), and (7.39) that

[anlo [a°°mp]o +(n)
Pa mi = m
dmit(7) [an—l]O [a" "o

On the other hand, it follows from Theorem 6.2 (i) that for n =2,3,...,

Pogmit(n —1) <P 2P (n—1) = Pagmiy(R)<sPt(n—1) forallk=n,n+1,....

We thus have Pygmit(n) < P22 (n) (n =0,1,...). (7.42) now follows from (5.33). [

admit
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We define PV as
ow o -(1- n.lOW)
loss — o
where nlow denotes a lower bound of 7y, which is given by
-1
v = (1+ p+ Y. cupper) (7.44)
n=2
Ntrunc—2 Cu]vpp(-}r -1
1 + p + Cupper + trunc — ,
n2=:2 " 1- :gf:ﬁz(N trunc — 1)
= 3
;ggﬁ:(Ntrunc 1) < 17
0, otherwise.
Theorem 7.2. P, is bounded as follows.
p-1 1 P
(T) Pl(()):Vs < Plogs < PIC(;)SIT;IP < m, (7.45)
where (x)™ = max(0,x). We thus have
0< Plc;::p Py < APogs, (7.46)
where
APjoss = Pion? — POV (7.47)

Proof. Because (7.46) immediately follows from (7.45), we consider (7.45). From
Lemma 7.4 and the deﬁmtlon of nl"w we have nl"w < 19, and therefore Pll";"’s Plogs.
Note that Py < P P is given in (7.41). Therefore the remaining is to prove the
first and the last 1nequaht1es in (7.45).

Because P27 (n) < P> (0)=1(n=1,2,...), we have from (7.43) and (7.44),

admit

00 -1 00 -1
v = (1+p+ Yo" ]_[ P:éﬁ:(i)) > (1+p+ Y p")
n=2
=1-p)°.
We thus have
Plow

loss =

p—1+(1-p)* _(p—1)+
p p )
On the other hand, ¢, * =0 (n =2,3,...) implies

N _1
comp _ e comp 1
T, 1+p+ Z Cn < —,
n=2 1+ p

which completes the proof. O
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Remark 7.5. ((p—1)/p)" and p/(1+ p) in (7.45) are identical to the theoretical upper
and lower bounds for Pl shown in Theorem 6.3.

Remark 7.6. (7.45) implies that APy is bounded above by

1L7 P<1,

AP <L_(p_—1)+: e
loss—1+p P 1 4
iy PEL

comp

1 com-
0SS

Therefore APioss < 1/2 in general, and when p takes a very large value P

.....

approximates Piyss; for example, APy < 0. 0091 if p=10.

Suppose we set a target accuracy €. in advance and try to choose the truncation
point Niyunc for the infinite sum of ¢;, so that

APjoes < €. (7.48)

In this case, there does not necessarily exist Nyune satisfying (7.48) when y.(n)
(n=1,2,...) is not sufficiently small. On the other hand, if ¢, ""’s are such accurate
that y.(n)’s are negligible, we have from (5.11), (6.1), and (7.40),

Nirune comp (&)
1 Z (ch— )+ Z Cn
n=2 n=N +1
Plcomp _P]oss - _. trunc
088 p Nirunce com [
I+p+ Y ey ®l1+p+ ) cn
n=2 n=2
[e)
Z c;omp
- n=Ntrunc+1
p Ntrunc com com
1+p+ Z cyP 1+p+Zc P
n=2 n=2
1 > com
P
Z cn ’

= 2
p(1+‘0) n=Ntrunc+1

and therefore, if PP 4 corp (Ntrunc 1)< 1, Lemma 7.4 implies

comp
1 N )
comp me
Ploss —Ploss < 5" .l I;runc
P(1+p) 1 _pPadmlt(NtI‘unc +1)
comp  pcomp
1 CN trunc adl’nlt (Ntrunc )

< .
(1+P)2 1- PPcomp(Ntrunc_]-)

admit
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We can thus use a stopping criteria

comp (N trunc — 1)

pP™P (N, <1, P admit P < (14002,  (7.49)
Faami (e ™ 1= PP (Nipano — 1) e =157

to ensure AP, < €.. Note that there exists Nirune satisfying (7.49) for any ¢, > 0
because lim,, .o, ¢, =0 (see Corollary 6.1).

7.3 Numerical examples

In this section, we present some numerical examples. Let E[G] and Cv[G] denote
the mean and the coefficient of variation of impatience times. For the impatience
time distribution, we employ the following distributions, which are determined only
by the first two moments.

(i) Mixed Erlang distribution (0 < Cv[G] < 1, denoted by Er, ;11):
The p.d.f. g(x) of impatience times is given by

_expl—pal(pa)* 1 | 1 php expl—px](px)*

glx)= (k1) TR

where

| 1ACVIGD)?),

 k+1 5 [1-k(CVIG]?
P~ Tvcvie ((CV[G]) B k+1 )

pk+(1—-p)k+1)
E[G] ’

and the phase-type representation is given by the following 1 x 2 vector @ and
k x k matrix T'.

_
Il

lJ:

-u pu 0 0 O 0

0 —u p 0 0 0

0O 0 -p--- 0 O 0
a=(10...0), r=|: : . :

0O 0 0 - —u pu 0

0 0 0 - 0 —pu@-pu

0 0 O 0 0 -l

(i1) Balanced hyper-exponential distribution (Cv[G]> 1, denoted by Hy):
The p.d.f. g(x) of impatience times is given by

g(x) = puy expl—p1x]+ (1 - p)ug expl—poxl,
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1 14 (CvIG]2 -1 _2p _2(1-p)
P=3 cvigz+1]” M TEReEr T TRG

and the phase-type representation is given by

where

- 0

For the service time distribution, we consider constant and Pareto distributions,
where the latter is denoted by “Pareto”. In all numerical examples, we choose the
mean service time as a unit time (i.e., E[H] = 1) and we set the truncation criterion
€g for 2" to be 107! and the stopping criterion e, to be 1079,

Remark 7.7. As mentioned in Example 7.1, when the impatience time distribution
is either the hyper-exponential or mixed Erlang distributions, the explicit formula
for c,, consists of the exponentially growing number of terms.

Note that g™ = g~ in all numerical examples with mixed Erlang impatience
times, because €, = 107 is small enough and the mixed Erlang distribution is rep-
resented by a finite-stage Coxian distribution. Note also that in all numerical ex-
amples with p < 1, the error bound APy is smaller than e, = 1072, On the other
hand, in some examples with p > 1, the error bound APy, takes a larger value than
€a, and in the worst case, APjyss =~ 0.0013. In Appendix 7.E, we provide such results
for AP, as a reference.

Figures 7.5 and 7.6 show {P o> (M)}n=0,1,... Nyrune—1 a0 {5 In=12,.... Norune i the
M/D/1+Hg queue, where p = 0.8, E[G] € {1,10,100,1000,10000}, and Cv[G] = 3. The
non-increasing property of {Paamit(n)},=1,2,... is observed in Figure 7.5 (cf. Theorem
6.2 (1)). It is also interesting to observe that Paqmit(INVtrunc — 1) >> €,, while the stop-
ping criterion cy,, . <€, is satisfied. Note that in Figure 7.6, p” is also plotted as
a reference, which is the asymptotic value of ¢,, when E[G] — oo in this case. We
observe that ¢, approaches p” with an increase of E[G].

Figure 7.7 shows {cflomp}n:1,2,_“,Mrunc in the M/D/1+Hy queue, where E[G] = 10,
CvIG] = 3, and p € {0.4,0.8,1.2,1.6,2,2.4}. We can see that {c; "}n=1.2.. Niwme 15
either non-increasing or unimodal as shown in Corollary 6.1. When p > 1, the value
of N, 15 not very small because the computation is stopped when [ay, . .-1]0 < €a.
Even though this increases the truncation error in Pf;’;lp, the error bound APy is
not greater than 107% in all cases.

Next we examine the case of less variable impatience times. Figures 7.8-7.10
show P;ZE%(”) and ¢, " in the M/D/1+Erg 1+1 queue with Cv[G] = 0.3, which cor-
respond to Figures 7.5-7.7 for the M/D/1+Hg queue, respectively. Note that E[G] €
{1,10,30,50,100} in Figures 7.8 and 7.9, which is different from Figures 7.5 and
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7.6. While the fundamental properties of P;Zill?t(n) and c;,"? in the M/D/1+Erg 141
queue is similar to those in the M/D/1+Hgy queue, we observe some differences be-

tween these two models:

(i) From Figures 7.5 and 7.8, we observe that P,qmit(n) in the M/D/1+Hy queue
is convex, while Pygnit(n) in the M/D/1+Ery, 41 queue has a single inflection
point.

(i1)) From Figures 7.6 and 7.9, we observe that as E[G] increases, ¢, in the M/D/
1+Ery, .+1 queue approaches to p™ far more rapidly than that in the M/D/1+Ho
queue.

(iii)) From Figures 7.7 and 7.10, we observe that if p > 1, the maximum value
of {cn}tn=12, . Niyue ID the M/D/1+Er;, .1 queue is far larger than that in the
M/D/1+Hsy queue.

In particular, (ii) and (iii) imply that P}y in the M/D/1+Er;, 111 queue is smaller
than Pjyss in the M/D/1+Hg queue if p and E[G] are identical, which can be con-
firmed in Figures 7.11 and 7.12, where we show Pf;’;:p versus p for these models.
In these figures, the theoretical lower bound (p — 1)/p of Py is also plotted as a
reference (cf. Remark 7.5). In both queues, Pf(?;:p approaches the lower bound as p
increases, and Py for large E[G] and p is well approximated by the lower bound.

Next we examine the case of Pareto service time distribution. Figure 7.13 shows
P1oss versus p for the M/Pareto/1+Ery, ;.1 queue with E[G] = 100, Cv[G] = 0.3 and
various values of shape parameter y of Pareto service times. When y = 2, the behav-
ior of Pjyg is similar to that in the M/D/1+Ery, ;41 queue with E[G] = 100 shown in
Figure 7.12, i.e., it is well approximated by the theoretical lower bound ((p — 1)/p)™.
When 1<y <2, on the other hand, Pj,ss dramatically increases with an decrease of
Y, and when v is close to 1, Py is well approximated by the theoretical upper bound
p/(1 + p). Therefore, the theoretical lower and upper bounds shown in Theorem 6.3
are tight in this M/Pareto/1+Ery, .1 queue with E[G] = 100.

Finally, Figure 7.14 shows P),ss versus E[G] for the M/Pareto/1+Er; 1 queue
with p = 0.6 and Cv[G]=0.3. We observe that the curves in the figure take various
positions between the lower bound 0 and the upper bound 0.375. We also observe

that when v is close to 1, Py is almost insensitive to E[G].

7.4 Conclusion

We developed a computational algorithm for the stationary loss probability Pjyss in
the M/G/1+PH queue. Using the uniformization and the results of Chapters 5 and
6, we proved that Pj,ss in the M/G/1+PH queue is given in terms of the sequence of
oo x 1 vectors a,, which can be efficiently computed. The developed algorithm for
Poss 1s summarized in Figure 7.4. The particular feature of this algorithm is that it
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Figure 7.14: Plc(:’s?p in the M/Pareto/1+Ery, 1,1 queue with p = 0.6 and Cv[G] =0.3.

also outputs an upper bound of the numerical error in computed Pj,ss. We further
presented some numerical examples in Section 7.3, some of which are not easy to
compute if we followed previously known results.

Appendices

7.A Proof of Lemma 7.1

Straightforward calculations with (7.5) and (7.8) yield

Pr(N(V,) = m)

= F 2 _.foo expl—0x1(0:) . expl—{x](Cx)™ ‘v(x|n)dx
Pagmit(m) 5" Jo+ il !
_ 1 X_ @+ml[ ¢ "] 6 i
 Pagmit(n) 5 ©itm! [C+0 (+6
0 exp[—({ +O)xI[({ +O)x]"™™
.fo+ Gtm) v(x | n)dx

1 o0
= — PI‘(N (V):l+m)b (i+m,m)'_"
Pogon() ;) (+6\Vn (.0 8i

from which (7.19) follows. O
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7.B Proof of Lemma 7.2
7.B.1 Proof of (7.27)

Let & denote a set of cox 1 non-negative vectors whose elements are in a descending

order. .
9:{(360 X1 ) =>0;x;=>x;4,1@=0,1,..)}.

We will show that forn =1,2,...,
() xeF=>H,xc %, and
(i) x€ F >B,xc Z.

Note that if (i) and (ii) hold, we can obtain (7.27) recursively, using g~ € Z, (7.14),
and (7.15).

It follows from the assumption x € & and the definition (7.11) of H,, that
[an] - [ x]m+1

”(nm[x]ml- DY 1)) £
=0

”(ne)([x]mﬂ ~[%lmsiz1) =0, n=1,2,....m=0,1,...,

from which (i) follows. Next we consider (ii). By definition (7.12) of B,,, we have for
n=12,...and m=0,1,...,

m+1 ; m+1-i

— m+1 i[ 1 _

[an]m+]_ = Z ) [n+1 m gm+1_i[x]i. (750)
1=0

We then have

[B,x1; — [B,x]o

1 ]_ n 1_ _
([m] gilxlo+ [m] go[xh) —&olxlo

1 gy ey p—
[—n ; 1] @1~ 8olxlo + | —— | &o(lxh - [xl0) <o0.

Using (7.50) and

(m+1

i i—1

we can obtain for m =1,2,...,

m—i
Em+1-ilxl;

[-Enx]m+1 = Z (

LZO

[n+1 n+1
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n & (m n i 1 m—i_
1;)(i)[n+1 7| Em-il®lis
Therefore, noting
n 1 m ; 1 i
B = 1 _—
[B.x]n n+1 n+1 ;‘)( ) n+1] n+l Em—ilxl;

n=12,....m=0,1,...,
we have for m =1,2,...,

[Enx]m+1 - [Enx]m

1 (m) [ n ]i 1 m—i(_ .
= ; 1 - = Ix;
n+1i_0 t)ln+1l [n+1 Em+1-i — 8m-i)lXl;
m—i
Tl ( )[n+1 n+1 Em-i([x]ir1 —[x]y).
i=0
(ii) then follows from g* € &, x € #, and the above equation. O

7.B.2 Proof of (7.28)

Owing to (7.27), for any n =0,1,..., {la,]i}i=o,1... is a non-increase sequence bounded
below by 0, so that lim;_...[a,]; exists. In what follows, we prove that

e'a,<c0, n=0,1,..., (7.51)

where e’ denotes a 1 x co vector whose elements are all equal to one. Note that
(7.51) implies (7.28) because if lim;_o[a@,]; >0, e a, diverges to infinity.
First, (7.51) holds for n = 0 because we have from (7.7) and (7.14),

e'ay=e'g" =0E[G] < co.

We then assume that (7.51) holds for some n =m (m =0,1,...). Using (7.7), (7.11),
(7.12), and (7.15), we have

eT(§m+1ﬂm+1am)
(eTBm+1)I~{m+1am

(Z gm) Hyan

< OE[Gl(e " H 11)am
< 0E[G]-e'"a,,

< ©oQ.

-
e anm+1

IA

Therefore (7.51) also holds for n = m + 1, which completes the proof. O
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7.C Proof of Lemma 7.3

Because {g,,}m=0,1,... is a non-increasing sequence, we have

error

—*com
”a “oo— ”g p”oo gm eg-

Next, we consider n =1,2,.... We represent H, (n =1,2,...) and En (n=1,2,...)
in the following form (see Figure 7.3).

scomp  gperrorl
n = cerror? | »
o H
—comp ——errorl —restl
= (Bn +B, B, )
n = —error2 —rest2 —error3 |-
B, B, +B,

We then have
E ﬂ [ aCOInp + error]

comp errorl comp
( H ) (an_l ) +§nﬂnaerr({r
n—

0 HerrorZ 0
—errorl —restl - comp _comp
— n B n H n a n—1
- —error2 —rest2 —error3 0
n Bn n
error
+B H,a el
Serrorl ~ comp comp
B H a,
_ comp n n error
- + (—error2 - comp comp +B H a, (7.52)
n n n-1

Note here that in exactly the same way as in the proof of Lemma 7.2, we can show
that

[a; "1 =@y, "Pliv1, i=0,1,.... (7.53)

Therefore, from (7.52) and (7.53), we obtain

—errorl ~ comp _comp
error B” Hn an1 error
la, ™ llo = +B,H,a
n oo S EITor2 >~ comp comp n@n-1
B H a
n n n—1 0o
—errorl ~ comp
n n com
< M —error2 - comp | € [a;™Plo+ IB,H el IIaemrlloo
n n 00
—errorl
n
< e -LayPlo+ 18T oo

—error2

n 00
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—errorl
By definition, Bflmr e denotes an {(n + 1)(m, — 1) + 1} x 1 vector whose i-th (i =
0,1,...,(n+ 1)(m; —1)) element is given by

0, 1=0,1,...,mz -1,
[—errorle] _ i
g ) XY balii-R)g,, i=mimi+1,...,(n+1)m}-1),
k=mg
and Eerr 2 e is an oo x 1 vector whose i-th (i =0,1,...) element is given by
9 (n+D)(mg—1+i+1
—error
B, "], = Y b DOmy -1 +i+1,
k=mg+i
(n+ D(my-1)+i-k+1]g,
Therefore we have
Ezrrorl . _
—error2 e - Z . 1 8k
Bn o k=mg
< €g,
which completes the proof. l

7.0 Computation of A(()

In this appendix, we provide computational methods of A(() (¢ > 0) for three
types of service time distributions: (i) constant, (ii) phase-type distribution, and
(ii1) Pareto distribution. In the case of constant service times, we have

Ry =

fE[H] expl[— Cx](Cx)m dx
E[H]

m exp[ (E[H]](CE[H])‘

1-> , m=0,1,....

=0 i!

(E[H]

Next we consider the case of phase-type service times with PDF H(x) = 1 -
Pexp[Sxle (x =0). Note that

h(x) = mexp[Sx1(-S)e, x=0,
where

_ B-8)!
- B(-S)le’
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We thus have

ﬁ[m](() —

f * expL LRI oISxI(-S)edx
0

m!

%.n{[l—(—ls]‘l}m”(—S)e.

Therefore we can compute 2"(() (m =0,1,...) by A"() = ry,,, Where
1

E[I—(_ls]_l(—S)e, yo=[I-028] "y, 1, m=1,2,....

Finally, we consider the case that service times are i.i.d. according to a Pareto
distribution with shape parameter y (y > 1) and location parameter xyi, (min > 0).

Yo =

Hix) = 1- (—xmin)y, X = Xmin-
X
We then have 1
—_— 0 < x < Xmin,

_ ~ E[H], X < Xmin
h(x) = 1 (Xpmin)Y

p—— ( mln) , X 2 Xmin»

E[H]

where E[H] = yxpnin/(y — 1). It then follows that

Fimlo [ expl=Cx](Cx)™  dx f"o @™ 1 (Xmin )Y
RO —fo - E[H]+ ; exp[—{x] - E[H]( . ) dx

min

(4 xmm)

CE[H] [ Z expl—{Xmin ]

xmm((xmm)y 1
E[H]m!

f exp[—x]x" Vdx. (7.54)
CXmin

The integral on the right hand side of (7.54) is an incomplete gamma function,
which can be computed with high accuracy by means of numerical libraries (see
e.g., [GSL]).

7.E Error bounds AP, for numerical examples

Figures 7.15-7.17 show APy in some numerical examples in Section 7.3, where
APjoss = 1072, Note that APy in all other examples is less than 1079,
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8 Conclusion

In this dissertation, we developed analytical methods for two kinds of queueing
models interacting with underlying processes, which are regarded as fundamental
models for communication systems with adaptive resource allocation mechanisms.
In the first model, the state of the underlying process is assumed to be switched
when the system becomes empty. On the other hand, in the second model, the
state of the underlying process is assumed to change continually according to the
workload in system.

We analyzed the multi-class FCFS M/G/1 queue with exponential working va-
cations in Chapter 2. This model is a special case of our fundamental model of the
first kind, where there exists only two underlying states. We developed an analyt-
ical method of this model based on an approach that we first analyze the workload
process and then derive other performance measures using the workload distri-
bution. With this approach, we derived various performance measures including
the waiting time and sojourn time distributions, the joint distribution of the queue
lengths and the workload in system in respective classes, and the joint transform
associated to the busy cycle.

Using results in Chapter 2, we can see the difference between the queueing
model with working vacations and the queueing model embedded in a random en-
vironment, where the processing rate is assumed to change according to an inde-
pendent underlying process. To be more specific, consider a special case of our model
where the processing rate is proportional to the arrival rate, and compare it to the
corresponding queue embedded in a random environment of a two-state Markov
chain. In the latter model, the stationary number of customers in the system is
independent of the underlying Markov chain and its conditional distribution given
a specific state of the Markov chain is the same as that of the ordinary M/G/1 queue
(Section 6 in [Tak05]). On the other hand, it is verified that the model we consid-
ered does not have such a property. Therefore, the queueing model with working
vacation (and therefore queuing models interacting with underlying processes) is
essentially different from the queueing model embedded in a random environmen-
tal process.

163
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In Chapter 3, we considered the multi-class MAP/G/1 queue with disasters,
which corresponds to a censored process of the multi-class MAP/G/1 queue with
working vacations obtained by observing only working vacation periods. We gener-
alized the approach based on an analysis of the workload process taken in Chapter
2, and developed computational algorithms for the joint queue length distribution
and the moments of the waiting time and sojourn time distributions, which are
summarized in Figure 3.1.

In Chapter 4, we extended analytical methods for the M/G/1-type Markov pro-
cess with respect to the irreducibility of the underlying process. By allowing C + D
to be reducible, this Markov process become applicable to a wider class of queueing
models including our fundamental model of the first kind. We first proved that pre-
viously known results for the case of irreducible C + D cannot be directly applied
to that of reducible C + D. We then derived formulas for the stationary distribu-
tion applicable to reducible C +D, and further developed an efficient computational
algorithm for the fundamental matrix and the moments of the stationary distribu-
tion.

In Chapter 5, we considered the M/G/1 queue with general impatient customers
(M/G/1+G), which is equivalent to our fundamental model of the second kind. We
revisited the formal series solution of the p.d.f. of the stationary workload in sys-
tem, and provided an probabilistic interpretation to it through an analysis of the
LCFS-PR M/G/1 queue with workload dependent loss. As demonstrated for the
M/G/1+M, M/G/1+D, and M/M/1+G queues, this new perspective leads to a unified
understanding of special cases of the M/G/1+G queue.

In Chapter 6, we analyzed the stationary loss probability in the M/G/1+G queue.
We derived theoretical upper and lower bounds of the loss probability and some
stochastic ordering relations, based the results in Chapter 5. To prove stochas-
tic ordering relations, we derived new results for the excess wealth and dispersive
orders, which seem to be basic results although we could not find them in the lit-
erature. We also proved that the loss probability in the M/D/1+D queue is smallest
among all M/G/1+G queues with the same and finite arrival rate, mean service
time, and mean impatience time.

Finally in Chapter 7, we developed a computational algorithm for the loss prob-
ability in the M/G/1+PH queue, which is summarized in Figure 7.4. Our algorithm
is based on the uniformization technique and the results in Chapters 5 and 6, which
can efficiently compute the loss probability along with an upper bound of numerical
error. Using this computational algorithm, we can examine the impact of the model
parameters on the loss probability, which is the most important quantity of interest
in our fundamental model of the second kind.

This dissertation separately analyzed the two kinds of queueing models inter-
acting with underlying processes so that their mathematical structures to be well
understood. In general, communication systems may be equipped with multiple
adaptive resource allocation mechanisms, which leads to a more complicated sit-
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uation that these two kinds of models are blended together. An analysis of such
extended model is a challenging problem, and it is worth investigating as a future
work.
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