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Preface

This dissertation is devoted to studying the dynamics of crystal surface grown by molecular
beam epitaxy from the aspect of theoretical understanding of its mechanism. The molecular
beam epitaxy (MBE) is regarded as one of useful techniques that enable us to grow structures
with very high precision in the vertical direction in spite of difficulty of controlling instability of
growing surface caused from roughening tendency that it naturally possesses.

We will use a nonlinear diffusion model which has been presented by Johnson-Orme-Hunt-
Graff-Sudijono-Sauder-Orr in 1994 to describe the growing process of crystal surface by MBE.
The model equation is a fourth order parabolic equation containing two terms describing surface
diffusion and roughening effect caused from the Schwoebel barrier. Equipping the
homogeneous Dirichlet boundary conditions, we study the model equation analytically and
numerically. After proving global existing of solutions, we construct a dynamical system and
show that the dynamical system possesses a Lyapunov function, i.e., a real valued function
whose values decreases monotonously along any trajectory. Furthermore, using the Lyapunov
function, it is proved that every trajectory converges asymptotically to a stationary state which
is a critical point of the Lyapunov function and in which the roughening effect is completely
balanced with the surface diffusion. Finally, stability of the flat surface is investigated. It is
indeed shown that, if the roughening coefficient is suitably smaller than the coefficient of
surface diffusion, then the flat state is stable; meanwhile, if it is contrary, then the flat state
becomes unstable. It is also shown that slenderness of the substrate domain enhances flatting
effect of the surface against roughening.

In order to study profiles of solutions, we perform numerical computations. We are mainly
interested in stationary solutions to which every trajectory converges. It is observed that all
non-flat stationary states have a number of ridges. It is also observed that, as the roughening
coefficient increases, the number of columns of ridges increase and similarly the number of

ridges in a column increase.



Contents

PREFACE
1. INTRODUCTION . . . . . . . . o o oot eee ee ee 6
2. MATHEMATICAL MODELS EQUATIONS IN EPITAXIALGROWTH . . . . . . . .. 9
2.1 Molecular Beam Epitaxy . . . . . . . . . . . . . . . ... . ... 9
2.2 Surface Diffusion . . . . . . . . ... 10
2.3Roughening. . . . . . .. Lo Lo e 15
3. CONSTRACT DYNAMICAL SYSTEM FOR EPITAXIAL GROWTH MODEL UNDER
DIRICHLET CONDITIONS. . . . . . . . . o o o et e e e e 16
3.1 Abstract Formulation . . . . . . . . . . L. Lo oL 16
3.2 Construction of Solution . . . . . . . . . . . ... Lo Lo 18
3.3 Dynamical Systems . . . . . . . . L Lo Lo 20
3.4 Lyapunov Function . . . . . . . .. L L Lo e 21
4. LONGTIME CONVERGENCE FOR EPITAXIAL GROWTH MODEL UNDER
DIRICHLETCONDITIONS . . . . . . . o . o oot e e e e e e e e 24
4.1 Dynamical System . . . . . . . .. Lo . 24
4.2 Lyapunov Function . . . . . . . . oL oL Lo e 29
4.3 Convergence Results. . . . . . . . . . . ..o .34
5. HOMOGENOUS STATIONARY TO EPITAXIAL GROWTH MODEL UNDER
DIRICHLET CONDITION . . . . . . o o o ot e e e s e e e e 37
5.1 ReviewsofknownResults . . . . . . . . . . ... Lo 37
5.2 Linearized Stability . . . . . . . . . . . . ..o 40
5.3 Estimationof d FromAbove . . . . . . . .. . Lo 42
6. NUMERICAL RESULTS FOR THE PROBLEM OF MODEL
EQUATION . . . . . . e e e e e 44
6.1 Finite Difference Method . . . . . . . . . . . . . . ..o 44
6.2 Numerical Example in1D. . . . . . . . . . . . ..o 50
6.3 Numerical Example in2D. . . . . . . . . . . ..o 55
7.CONCULAUSIONS. . . . . . . . o o e e i e e e e e e 84
REFERENCES



2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10
2.11
6.1
6.2
6.3
6.4
6.5
6.6
6.7
6.8
6.9
6.10
6.11
6.12
6.13
6.14
6.15
6.16
6.17
6.18
6.19
6.20
6.21
6.22
6.23

MBE growth mechanism

Model of tracer diffusion

Model of chemical diffusion

Model of an atomic hopping mechanism.
Model of an atomic exchange mechanism
Model of vacancy diffusion mechanism.
Model of Long-range atomic exchange mechanism
Section showing profile of ideal thermal groove
Surface energy and grain boundary energy
Step barrier mechanism

Processes of roughening due to step barriers
Dynamics for several p at the same time t = 150
Dynamics foru =12 in 1D.

Dynamics for u = 30 in 1D.

Dynamics for u = 60 in 1D.

Dynamics forp = 12

Dynamics for u = 40

Dynamics foru = 13

Dynamics for u = 30

Dynamics for u = 90

Dynamics fork =1

Dynamics fork = 2

Dynamics fork = 3

Dynamics fork = 4

Dynamics fork = 5

Dynamics fork = 1in p = 90.

Dynamics fork = 2 in p = 90.

Dynamics fork = 3 in p = 90.

Dynamics fork = 4 in p = 90.

Dynamics fork = 5in p = 90.

Dynamics for k = 1 in rectangular domain.
Dynamics for k = 2 in rectangular domain.
Dynamics for k = 3 in rectangular domain.
Dynamics for k = 4 in rectangular domain.

Listing of Figures



6.24
6.24
6.25
6.26
6.27
6.28
6.29
6.30
6.31
6.32

Dynamics fork = 1in Q = (0, %) x (0,2)
Dynamics fork = 2in Q = (0, %) x (0,2)
Dynamics fork = 3in Q = (0, %) x (0,2).
Dynamics fork =1in Q = (0,1) x (0,2).
Dynamics fork =2in Q = (0,1) x (0,2).

Dynamics fork =3in Q = (0,1) x (0,2).
Dynamics fork = 4in Q = (0,1) x (0,2).
Case where Q = (0,1) x (0,1)

Case where Q = (0,%) x (0,2)

Case where Q = (0, %) x (0,4).



Introduction

Molecular beam epitaxy (MBE) is one of useful techniques that enable us to grow structures
with very high precision in the vertical direction, such as monolayer-thin interfaces or
atomically flat surfaces. But there still remains the major challenge of growing surfaces which
are structured laterally. A theoretical contribution in order to control the unstable growth may
then lie in understanding its basic mechanisms.

In the present study, we are concerned with the initial-boundary value problem for a nonlinear
parabolic equation of fourth order

ou ) Vu .

—=—aAu-uvV.|——— in Q x(0,),

ot : [1+|Vu|2] 0.)

=g on 8Qx (0,%), (1.1)
on

u(x,y,0)=u, (x,y) in Q,

in a two-dimensional bounded domain Q c R?, Q being a substrate domain. We assume that Q
is convex or of C2class. Such a problem has been presented by Johonson-Orme-Hunt-Graff-
Sudijono-Sauder-Orr [8], in order to describe the process of growing crystal surface under MBE.
Here, u=u(Xx,y,t) denotes a height of surface at position(x,y) € Q and at time t. The
term —aA?u in the equation of (1.1) denotes a surface diffusion which is caused by the
difference of the chemical potential which is proportional to the curvature of the surface.
Therefore, the adatoms have a tendency to migrate from the positions of large curvature to those

Yu ] denotes the effect of surface

1+|Vu|?

of small one. In the meantime, the term —yv.[
roughening, u being a positive constant called the surface roughening coefficient. Such
roughening is caused by the Schwoebel barrier. In Chapter 2, we shall review the two effects,
surface diffusion and roughening, together with somewhat detailed derivations of the forth-order
parabolic equation in (1.1).

To solve the parabolic equation, it is naturally necessary to impose suitable boundary conditions
on the unknown function u(x,y,t). In this study, we choose the homogeneous Dirichlet
boundary conditions on dQ2 which mean that we assume that the surface height is always



controlled at a constant level, u = 0, on 9Q together with vanishing normal derivatives, Z—Z =0.

In the papers Fujimura et al. [4,5,6], Neumann like boundary conditions :—nAu =0 were

assumed by some mathematical reasons. But it seems very difficult to give any physical
meaning to such boundary conditions.

We shall study the problem (1.1) analytically and numerically. After constructing a global
solution to (1.1) for any initial state u,(x,y), we construct a dynamical system generated by the
problem in the Hilbert space L, (). We then show that the dynamical system has a Lyapunov
function ®(u), namely, a real valued function defined for all state functions u(x,y) whose
values decline monotonously as t — cofor any trajectory. So, the function plays a role of
dynamical energy such that the trajectory proceeds every time to a direction in which the energy
decreases. And a state U(X,Y) is stationary if and only if U(X,y)is a critical value of the
function, i.e., ®'(U)=0. On account of this function, we can furthermore prove that every
trajectory u(X,y,t) converges as t—>ooto a stationary state U(X,y) . Clearly, U(X,Y)
v

satisfies ®'(0) =0and alA*u = —uv. [W

] ,and so U(Xx,Y) is a state that the roughening

is balanced against a surface diffusion. Analytical study is finally devoted to investigating
stability of the stationary state U(X,y) =0, the completely flat surface. In fact, we can show
that there exists a crucial constant C such that, if a>Cgu, then the flat state is stable,
meanwhile if a <Cy, then the roughening becomes a dominator and destabilizes the flat
growing surface. Furthermore, C is seen to be estimated by the band length of the substrate
domain Q. Slenderer is Q, smaller is C, that is, slenderness of Q can enhance flatting effect of
the surface against roughening.

Under those analytical results, we shall investigate profiles of solutions by numerical methods.
As the equation is of fourth order, any usual scheme is not readily available. We must build up
some scheme for fourth order parabolic equation which adapts to the homogeneous Dirichlet
boundary conditions. We are mainly interested in the question of how profiles of stationary state
change as the roughening coefficient yu increases. Indeed, it is observed that all non-flat
stationary solutions have a number of ridges. As u increases, the number of columns of ridges
increases. Similarly, the number of ridge in a column also increases. We perform numerical
computations in rectangular domains QQ whose areas are fixed, say, as 1, starting with an initial
state of slight perturbation of uy = 0. When Q is square, the trajectory converges to a non-flat
stationary state, but when Q is slender enough, the trajectory goes back to the flat state. The
critical value of C (i.e., a < Cu) agrees well to the analytically expected one.

The remainder of this thesis is separated into 5 chapters. The summery of description and details



of mathematical models that lead to construct of equation (1.1) is given in chapter 2. The
construct of dynamical system and also the Lyapunov function of the dynamical system are
express in third chapter. The fourth chapter is devoted to showing longtime convergence of
trajectories to some stationary solution of problem. The fifth chapter is related to prove stability
and instability of the null solution under Dirichlet boundary condition which is a unique
homogeneous stationary solution. Indeed, we shall prove that, when surface diffusion effects are
stronger than roughening effects then, the null solution is globally stable, and in the meantime,
when the roughening effects are stronger than surface diffusion effects, the null solution is
unstable. Finally the numerical results for the problem of (1.1) based on finite difference scheme
are given in the last chapter.



Mathematical Models of Epitaxial Growth

In this chapter we introduce the mathematical models of main physical effects for describing the
process of growing crystal surface under MBE. These physical effects are surface diffusion and
roughening.

21 MOLECULAR BEAM EPITAXY

Molecular beam epitaxy is a technique for epitaxial growth via the interaction of one or several
molecular or atomic beams that occurs on a surface of a heated crystalline substrate. Epitaxial
growth deposition grows a single crystal film over a substrate by rearranging the atoms on top
of the substrate and also can be categorized as either homoepitaxial or heteroepitaxial depending
on the type of material grown on the substrate. A homoepitaxial growth has a film of the same
material as the substrate (i.e., Si on Si growth). A heteroepitaxial growth, on the other hand, has
a film of different material than the substrate (i.e., AIAs on GaAs or GaAs on Si growth). This
property of heteroepitaxy is used as an advantage on optoelectronic and band gap engineering
applications. Using beam epitaxy, it is possible to grow structures with very high precision in
the vertical direction, such as monolayer- thin interface or atomically flat surfaces. After
irradiation, crystal surface will grow in some function of t. Figure 2.1.1 shows the mechanism of
MBE.

Figure 2.1: MBE growth mechanism

After irradiation molecular beam epitaxy, two physical effects on crystal surface are observed,
one is a surface diffusion and the other is roughening. The following summary explains the most
important features of these processes.



2.2 SURFACE DIFFUSION

Surface diffusion (SD) is a really common phenomenon playing a highly important part in the
field of science and technology. The effect of SD is to move surface atoms, molecules and
clusters and allows them to assemble into some desirable configurations or, vice versa, to
destroy the configurations that have been purposely created. (cf. [21]).

Surface diffusion rates and mechanisms are affected by a variety of factors like of chemical
potential gradients proportional to the curvature of surface. In the effect of chemical potential
proportional to the curvature of surface, the atoms have tendency to migrate form the positions
of large curvature to those of small one.

2.2.1  Types of surface diffusion

There are two different general schemes in which diffusion may take place [68], tracer diffusion,
and chemical diffusion.

. Tracer diffusion or low diffusion describes the motion of individual ad particles on a surface
at relatively low coverage levels. The single atom diffusing in Figure 2.2 (b) is a nice example
of tracer diffusion. Notice that the low diffusion is stable. See Figure 2.2 (a)

mmmnm

o 0®®®
0% 000 P9,
(a) Stable surface (b) Low diffusion

Figure 2.2: Model of tracer diffusion

. Chemical diffusion or high diffusion describes the process at higher level of coverage where
the effects of attraction. In a crude way, figure 2.3 (b) serves to show how adatoms may interact
at higher coverage levels. The adatoms have no "choice" but to move to the right at first, and
adjacent adatoms may block adsorption sites from one another. The high diffusion is unstable.
See Figure 2.3(a)

(a) UnStable surface (b) High diffusion

Figure 2.3: Model of chemical diffusion
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2.2.2 Adatom diffusion

Diffusion of adatoms may occur by a variety of mechanisms. The following is a summary of the
most important of these processes: [65].

. Hopping or jumping is conceptually the most basic mechanism for diffusion of adatoms. In
this model, the adatoms reside on adsorption sites on the surface lattice. Motion occurs through
successive jumps to adjacent sites, the number of which depends on the nature of the surface
lattice. As shown in Figure 2.4.

LY o
e 0leo @ e 0 o e
e ®e®e = %% %¢

Figure 2.4 Model of an atomic hopping mechanism.

. Atomic exchange involves exchange between an adatom and an adjacent atom within the
surface lattice, as shown in Figure 2.5

s

Figure 2.5 .Model of an atomic exchange mechanism occurring between an adatom (1) and surface atom

(2) at a square surface lattice (black).

. Vacancy diffusion can occur as the predominant method of surface diffusion at high coverage
levels approaching complete coverage. It is very difficult to directly observe vacancy diffusion
due to the typically high diffusion rates and low vacancy concentration: [67]. Figure 2.6 shows
the basic theme of this mechanism.

0. <a® 0.0, 0
0%e%°% = ¢%%"°%

Figure 2.6 Model of vacancy diffusion mechanism.

. Long-range atomic exchange is a process involving an adatom inserting into the surface as in
the normal atomic exchange mechanism, but instead of a nearest-neighbor atom it is an atom
some distance further from the initial adatom that emerges. Shown in figure 2.7, this process has
only been observed in molecular dynamics simulations and has yet to be confirmed
experimentally.

11
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Figure 2.7.Model of Long-range atomic exchange mechanism at a square lattice. Adatom (1), resting at
surface (a), inserts into lattice disturbing neighboring atoms (b), ultimately causing one of the original

substrate atoms emerge as an adatom (2) (c). Not to scale.

2.2.3 Thermal grooving due to surface diffusion

. The phenomenon. A polished polycrystal has a flat surface. At room temperature, the surface
remains flat for a long time. At an elevated temperature atoms move. The surface grows grooves
along triple junctions, where the surface meet grain boundaries. Atoms may move in many ways.
They may diffuse in the lattice, diffuse on the surface, or evaporate into the vapor phase. Here
we will only consider surface diffusion. Atoms diffuse on the surface away from the triple
junction, making a dent along the junction, and piling two bumps nearby. The process conserves
the total mass. The process of grooving was modeled by Mullins (1957). See Figure 2.8.

triple junctions
Polished surface > (intersect)
P

“’ =
heating

Figure2.8. Section showing profile of ideal thermal groove

. Grain boundary energy and surface energy. Development of groove is resultant of the two
surface tension and the one grain tension along the line of intersection. Let y be the surface
energy per unit area, and be y, the grain boundary energy per unit area, see Fig 2.9. The free
energy of the system is the sum of the surface energy and the grain boundary energy:

G = ¥sAs + VpAp-
As the groove grows, the grain boundary area decreases, but the surface area increases. The net
free energy must decrease.

Figure 2.9 Surface energy and grain boundary energy

*L. Klinger and E. Rabkin, 2001*
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. Local equilibrium and the dihedral angle. During the motion of the surface, the triple
junction maintains local equilibrium. Local equilibrium at the triple junction implies that the
surface tensions balance one another, giving the angle, 9,
2Ys8in 8 =y,

. Differential geometry of a curve in a plane. For example, we can prescribe the coordinates of
a point on the curve, x and y, as functions of the curve length s. The functions and x(s) and y(s)
describe a set of points that trace the curve. We have adopted a sign convention. The solid is
beneath the surface. The curvature is positive when the solid is convex. K=+1/R for a
cylindrical solid of radius R, and K=—1/R for a cylindrical hole of radius R. When the surface
evolves with time, we represent the family of curves by a function of two variables:h(x, t) is
the height of the surface at location x and time t. At a given time, the curve has the length, the
tangent angle, and the curvature. In the above expressions, the differential becomes the partial
differential dh/dx with time fixed.
. Atomic flux. The adatoms have tendency to flow on the surface from positions of large
curvature to those of lower one. According to Nernst-Einstein low, the mean velocity V of
adatom’s flow along the surface is 1D case known as
DsyQ 0K

kT 09s’

Here, D is a surface diffusion constant, y is a surface energy per unit area, Q is a volume of

molecule, k is the Boltzmann constant, and T is temperature. Thereby, the flux of flow is given
by

where v is a number of adatoms per unit area.
. Mass conservation. Consider the motion of a surface element dx. When the time goes from t to
+At, J(x)At , number of atoms flow into the element, J(x + dx, t)At, number of atoms flow
out of the element, and the surface height changes from h(x,t) to h(x,t + At). Mass
conservation requires that
a_h =-01 a_]
at dx

13



2.2.4 Mathematical model of surface diffusion
Let us derive an equation satisfied by the surface curve following the methods due to Mullins
[10]. The normal component of growing velocity of surface can now be describe by
4
%6] _ DgyQ3v0°K
ds kT 9s?

™ = —

Since s = [ /1 + hZdx, it follows that
9 oxa 1 8
ds dsdx 1+ h20x

Furthermore,
2 (1 a9\
as2 \/1+ h20x)

Meanwhile, the curvature is equal to K = — Pxx  Therefore, we obtain that
(1+h2)

N| W

1 o\ n
rn:—B<—Za_> #3
LT\ +rd2

DsyQ*/3v

with a constant B =
KT

On the other hand, we have
1 oh
1,

" it R2ot

Combing these two equations, we arrive at

oh o 1 a hy
at Ox | /1 + h2 0x a1+ h,%)%

In this study, we are concerned with the case when the gradient of the curve is sufficiently small,
i.e., h, = 0, thereby
Oh_ _poth
ot ox*
These arguments can be extended into two- dimensional case by analogous arguments. The two-
dimensional equation of surface diffusion is indeed given by
ou__p (a_z . 6_2>2 “
ot 0x?  dy?
= —BA?%y,
where u(x,y,t) denotes a displacement of surface from the standard level at position (x,y) of
substrate and at time t.

14



2.3 ROUGHENING

During the film production by MBE, the surface may follow distinct growth regimes: [60]. The
so-called kinetic roughening, where is caused by Schwoebel barriers [3; 10] (cf. also [14]). The
step edge barriers prevent adatoms from hopping down from the upper terraces to lower ones.
See Figure 2.10.

Step barrier

Figure 2.10. Step barrier mechanism

As a consequence, diffusing adatoms preferably attach to steps from the terrace below rather
than from above and non-equilibrium uphill currents are induced [3; 11]. See Figure 2.11.

Molecular beam epitaxy

Step barrier \‘v ®
1
O v
Terrace 2
(a) (b)
--—=>

O <_ @ %

(c) (d)

Figure 2.11. Processes of roughening due to step barriers; (2) step barrier between up and down terrace;
(b) injection of new molecules; (c) tendency of old and new molecules toward step barrier; (d) growth of

terrace 1 to end of new molecules in terrace 2.

15



2.3.1 Mathematical model of Roughening
A mathematical model of surface roughening was presented by Rost [26]. He assumed that the
surface evolves according to an equation

on = —BA’h —V.Jyg +F,
ot
where the first term on the right hand side denotes smoothing due to the surface diffusion, Jyg
is the uphill non-equilibrium mass current induced by the step edge barriers, and F is the
deposition rate. Under the assumption of in-plane isotropy the current is directed along the local
tilt VA, and it can be written as

Ine = O(|VR|)Vh.
A calculation in [65] in the framework of Burton-Cabrera-Frank (BCF) theory [23] yields that

@(IVh]) = FI3f(lp|VAI),
where [, is the diffusion length or terrace size on the singular surface: [15], I, is the effective
diffusion length which is obtained by some modifications on [, and f(s) is a dimensionless
shape function. There are several possibilities for choosing this function. Johnson [8] proposed
in 1994 a form

1

f(S):m,

by interpolating the facts that, as s - 0, f(s) = 1, and as s » o, f(s) = siz Following this

idea, we obtain that
oh

— = —BA*h — Figv.(

%
———— | +F.
ot 1 +l,23|Vh|2>

Replacing h(x,y,t) by u(x,y,t) = h(x,y,t) — Ft as before, we arrive at the equation

ou BA%u — FI3V vu
-—=- u-— N
at DU\ + 12|vul?
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Dynamical System for Epitaxial Growth Model under Dirichlet
Conditions

In this chapter we construct a dynamical system generated by the initial value problem (1.1) for
the Dirichlet boundary conditions and we verify that the dynamical system has a finite-
dimensional attractor. Also this chapter is devoted to presenting a Lyapunov function of the
dynamical system whose values are monotonously decreasing along trajectories.

3.1 ABSTRACT FORMULATION
In order to employ the theory of abstract parabolic equations, let us formulate (1.1) as the
Cauchy problem for an abstract evolution equation. We first define a realization of the

. d . . .
operator aA? under the conditions u = ﬁ = 0. For this purpose, we consider a symmetric
sesquilinear form

a(u,v) = af Au - AV dx, u,v € HZ(QY),
Q

defined on HZ(Q). Since Vu € H}(Q) if u € H3(Q), u € H3(Q)satisfies Z—Z =0 on Q. Of

course, u € HZ(Q)satisfiesu = 0 on dQ. Therefore u € HZ(Q)satisfies the homogeneous
Dirichlet boundary conditions. Furthermore, as Q is convex or of classC?, in either case, the
elliptic estimates yield that

(3.1.a) lully, < Cllull., u € H*(Q)N Hg ().
This then implies the coercive estimate
a(u,v) = 8|lullf, forall u € HZ(Q),

with some constant § > 0. As a consequence, we see that a(u, v) determines a linear operator A
from H3(Q) into H~2(Q) by a formula a(u,v) = (Au,v) y-24 yz, see, [2]. Here, H™2(Q) is

the dual space of HZ(Q) and these spaces compose a triplet

(3.1.b) HZ(Q) € L,(Q) ¢ H2(Q).

The operator A thus defined is considered as a realization of aA?under the homogenous
Dirichlet boundary conditions which is a densely defined, closed operator in H~2(Q) whose
spectrum is contained in the positive real line (0, «). (Note that the part of A inL,(Q)is a

17



positive definite self-adjoint operator of L,(€).) For 0 < 8 < 1, A? denotes the fractional
power of A with exponent 8. Of course, A° = I (identity operator on H=2(Q)) and A = A. As a

general result (cf. [15, Theorem 2.35]), it follows from (3.1.b) that D (A%) = L, () with norm
equivalence. From this fact it is further deduced that, for % <60<1,

(3.L.) D(4?) = [D(47), D(W]a0-1 = [Lo(Q), H3©Q]ap-1 < H2(Q).

As well, (3.1.a) can be extended for % <6<,

1
lullyso-z < € [|4° 72 D(4°).

Ly

We next define a realization of a nonlinear operator —uV - (V—u) in the framework of (3.1.b).

1+|Vu?
Since V is a bounded operator from L,(Q) into H~1(Q), if # is in L,(Q), then we see
Vu -1 -2 .-
that V- (1+|Vu|2) € H™1(Q) ¢ H™%(Q).So, it is natural to set
-y (T 1
(3.1.d) Fw) = —uv (1+|Vu|2)' u € HL(Q).

3 3
In view of (3.1.c), D (AZ) c H(Q). This shows that f is defined on the domain D (AZ) and can

be regarded as a subordinate operator to A. We thus arrive at an abstract formulation of (1.1)
which is written as

du
(3.1e) {E +Au = f(u), 0<t< o,

u(0) = uy,
in the underlying space H~2(Q). It is now possible to apply the various results of the theory of
semilinear abstract parabolic equations.
3.2 CONSTRUCTION OF SOLUTIONS
We begin with constructing local solutions to (3.1.e) by using [15, Theorem 4.4]. To this end, it
suffices to verify a suitable Lipschitz condition for £ (u). In fact, for u,v € H1(Q),

Vu Vv @+ VPV - v) = (|Vul? - [Vv|*)Vv
14 |Vul2 14 |V|2 1+ |VulH) (A + |Vv|?)
_Vu—-v)  (Vul = |VuD(Vul + [Vv))Vv
14 |Vul? (1+ [Vu]>)(1 + |[Vv]?)

18



Therefore,

|5 W < cllu— vl
T+ Vul2 T+ wopll, =" P
This then yields that
3 3
If@ = fF@llg < |[asu-n)| . wven(as)
H—Z

ie.,  fulfills [15, (4.21)] withn =2

As a direct consequence of [15, Theorem 4.4], for any u, € H=2(Q), there exists a unique local
solution to (3.1.e) in the function space:

(3.2.2) u € c([0,Ty, |; H2() n €*((0, Ty, |; H2() n €((0, Ty, |; HE (QY)).

The local solution u satisfies the estimate

3
(3.2.) tlu(Ollgz + e lu@®llgs + lu®lly-2 < Gy, 0<ES Ty,

The time T, > 0 and constant C,, are determined by the norm ||u,|| ;-2 alone.

For constructing global solution, the essential thing is to establish the a priori estimates for
global solution, cf. [15, Corollary 4.3]. By the smoothing effect of solution seen by (3.2.a) we
have u(t) € H2(Q) foranyt > 0. So in proving the a priori estimates (and hence constructing

1
a global solution to (3.1.e)), there is no loss of generality to assume that u, € L,(Q2) = D(A4z).
Under this assumption, let u denote any local solution to (3.1.e) in the space:

3.2.c) u € C([0, T J; L (€)) n €1 ((0, T, 1; H2() N €((0, Ty, J; HE ().
Proposition 3.1. There exists a constant C > 0 such that the estimate
lu@®ll,z < C(lluoll,, + 1), 0<t<T,

holds true for any local solution u lying in (3.2.c), Cbeing independent of the interval [0, T, ].
Proof. Take a scalar product of the equation of (3.1.e) and #. Noting that ||u(t)||fz is

. . . . . d d
differentiable for t > 0 with derivative o ||u(t)||§z = 2Re (d—t(t),u(t))H-leg and that

(Au(t), u(®))y-2 2 = a(u(t), u(t)), we have
1d ) ) |Vu?|

Eafglul dx+an|Au| dx = yfgmdxs,ul()l.
By (3.1.a) there exists a constant § > 0 such that

14

2 dt
Solving this integral inequality, we obtain that

N7z < e 2% fluglZ +u67HQlL,  0<t<T,

Proposition 3.1 shows that the norm [[u(t)||,, remains uniformly bounded for any interval

J.Iulzdx+6f lul?dx < ulQ)|.
Q o
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[0, T, ]. This then means that one can always extend any local solution with a uniform time
interval to obtain a global solution in the space:

(3.2.d) u € C([0,00]; L (Q)) N €1((0,00]; H~2()) N €((0, %0]; HF (Q)).
Of course, the global solution satisfies the similar estimate
(3.2.¢) luOI? < e 25 |ugll% + ud =<, 0<t<oo,

Finally, let us remark that, if the initial function u, is real, then the solution u(t) with
u(0) = uy is also real for every time t > 0. In fact, we notice that the complex conjugate u
of the solution u to (3.1.e) satisfies the same evolution equation for every t. So, & is a solution
satisfying an initial condition u(0) =u, If u, is real, i.e., uy =%y, then uniqueness of
solution implies u(t) = u(t) and u(t) must be real for every t.
3.3 DYNAMICAL SYSTEM
The next step is to observe that the problem (3.1.e) generates a dynamical system. For this
purpose, we can again follow the general procedure for semilinear abstract parabolic equations;
see [15, Section 6.5].
Forug € H™2(Q), letu(t; uy) denote the global solution of (3.1.e), and set
S(®ug = u(t; uy), 0<t< oo
Then, S(t) is a nonlinear semigroup acting on H~2(Q), i.e., S(0) =1 and S(t+s) =
S(t)S(s) for 0 < s,t < co. Furthermore, S(t) is seen to be continuous in the sense
that (t,uy) = S(t)u, is continuous from [0, ) x H~2(Q) into H~2(). Whence, S(t) defines
a dynamical system in H=2(Q) which is denoted by ( S(t), H™2(Q)). We can see from the
dissipative estimate (3.2.e) that S(t), H~2(Q)) has an exponential attractor.
Remember that a set M satisfying the following conditions is called the exponential attractor:
1. M isacompact subset of H~2(Q) with finite fractal dimension.
2. M is a positively invariant set of S(t),i.e., S(t)M c Mforany0 <t < oo,
3. There exists an exponent k > 0 such that, for any bounded subset B of H~2(Q), it holds
true that
h(S(t)B,M < CBe_kt, 0<t<oo
with a constant Cz > 0.
Here, h(By, B;) = supgep, infyep, ||f — glly-2 is a semi-distance of two bounded B; and B,.
As explained in [15, Section 6.4], the compact smoothing property
(3.3.9) IS(Euo — SEIvollz, < Cllug — volly-2, U, Vo € B,
of S(t) provides existence of exponential attractors, where B is an attractive, positively
invariant, compact subset of H~2(Q) and where t* > 0 is a fixed time. But, this property is
also easily verified from the known estimates (3.2.b) and (3.2.€). In fact, let B be any bounded
subset of H~2(Q). Then, it follows from (3.2.b) that there exist a bounded ball B, of L,(Q)
and time tz > 0 both depending on B such that S(Tz)B < B, . In addition, (3.2.e) yields that,
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forany u, € B,
ISWuollf, = ISt = Tp)S(Ta)uollf, < e 22 T8IR, p + us~1Ql, Vvt =T,

where R,  is the radius of B, 5. This shows that the ball B(0;/1 + u6-1|Q[) of L,(Q) is an
absorbing set. Let B be the collection of all trajectories starting from this ball. Obviously, B is
an absorbing and invariant set. Finally, the desired Lipschitz condition (3.3.a) can be verified by
using the standard techniques described in [15, Subsection 6.5.3]. In this way, we verify that our
dynamical system admits an exponential attractor.

Finally, let us notice that S(t) defines a dynamical system even in the space L,(€2) and the
restricted dynamical system denoted by (S(t), L, (Q)) also admits an exponential attractor. In
fact, as seen in (3.2.d), S(t)maps L,(2) into itself. In addition, it is proved that S(t)is
continues from L, () into itself. Therefore, (3.1.e) generates a dynamical system in L, (), too.
Furthermore, the exponential attractor M in H=2(Q) constructed above is obviously a bounded

subset of D(A) (= H?2 (Q)), and remains to be an exponential attractor of (S(t), L,(Q)).
3.4 LYAPUNOV FUNCTION
Multiply the equation of (1.1) by — % and integrate the product in Q. By somewhat formal

computations, its real part is given by

—f ‘a_u de = aRef AuiAﬁdx —yRef [L] -iVﬁdx
o 10t q Ot o L1+ |Vul?2]l ot
1d
SCPT ., [—ulog(1 + |Vul|?)]dx.
These computations then suggest that the functional
(3.4.2) d(u) = %fg[aIAul2 — ulog(1 + |Vul?)]dx, uy € HZ(QY),

becomes a Lyapunov function of the dynamical system.
In order to justify this, however, we need a higher regularity of solution to (3.1.€) belonging to
(3.4.b) u € CY((0,];L,(Q)) and A%u € C((0,0]; L, (Q)).
It is clear that
lAu(t + WIIE, — lau@®IIZ,
= (A[u(t + h) —u(t)], A%u(t + h)) + (Au(t), Aufu(t + h) —u(t)])
= (u(t + h) —u(®), Au(t + b)) + (A%u(e), u(t + h) — u(®)).
In view of (3.4.b), it is observed that
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dAtZ—dutAz t) | + | A? tdut
EII u@®llz, = E()’ u(t) u(),E()

— 2re[ ™ (1), a%u()
= 2Re ac u .
In the meantime, for u, v € H2(Q), consider
f [log(1 + |Vv|?) —log(1 + |Vu|?)]dx
o)
For a.e. x € Q, we have

1
log[1 + |Vv(x)|?] — log[1 + |[Vu(x)|?] = f dd—elog{l + [V[Bv(x) + (1 — B)u(x)]|?} d6
0

_ fl 2ReV[v(x) — u(x)] - Vii(x) + 26|V[v(x) — u(x)]|? 40
0 1+ |[V[6v(x) + (1 — B)u(x)]|? '
Moreover, since
1
1+ |V[6v(x) + (1 — O)ux)]|?
1 26ReV[v(x) — u(x)] - Vii(x) + 682|V[v(x) — u(x)]|?

I Vu@P {1+ Vev() + A - Ou@IBA + [Vu@?)
we have
2ReV[v(x) — u(x)] - Vu(x)
1+ |Vu(x)|?

< C{IV[v(x) —u@)]I? + Vv (x) — u()]l*}.
Therefore, integration in Q yields that

A
< c{lIvw = wli, + V(v — Wiz, }.
We have to use Galiardo- Nirenberg’s inequality ([15, Theorem 1.37]) to obtain that

log[1 + |Vv(x)|?] — log[1 + |Vu(x)|?] —

log(1 + |Vv|?) —log[1 + |Vu|?] —

2ReV[u — v] - Vu p
1+ |Vul?

1 1 1 1
IV =W, < CIIVE@ —wIE IV@ - w7 < Cllv —ullfllv —ull?,

1 3
< Cllv —ully, Cllv — ullg,.

Then,

- a)] dx}

log(1 2) —log[1 2 2R [ —_—
fg{og( + |Vv|*) —log[1 + |Vu|*] + 2Re |V 1TVl

< Cliv —ully, + (v = ullyz + llv — ullj2).

Let us apply this estimate with v = u(t + h) and u = u(t), where u is the solution mentioned
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above. Then, since |[u(t + h) —u(t)||yz = 0ash — 0, itis easily verified that

d ; .
Efg‘°g[1+'w<t>|21dx=—2Re§[ 7 () ) &

Trva@) ac P

We have thus proved that, for any solution lying in (3.4.b), the function db(u(t)) is
differentiable with derivative

(3.4.0) < o(u(t)) = ||—%(t)||;, 0<t<oo,

23



Longtime Convergence for Epitaxial Growth Model under
Dirichlet Conditions

This chapter is devoted to showing longtime convergence of trajectory. We shall prove that
every trajectory converges to some stationary solution as t — oo.
In this chapter, we assume that Q is a rectangular domain or ¢* domain.

41 DYNAMICAL SYSTEM
4.1.1 Abstract formulation. We rewrite (1.1) into the form

(4.1.3) {%+Au=f(u), 0<t<oo

u(0) = uy,
in the underlying space X = L,(Q). Here, A is a realization of aA? in L,(Q) under the
Dirichlet boundary conditions. In fact, A is defined in the following way. Consider the
symmetric sesquilinear from

a(u,v) = f Au-Avdx, u,v€ HEQ).
Q

Here, H2(Q) is the closure of C§°(Q2) (space of infinitely differentiable function in Q with
compact support) in H?(Q). If u € HZ(Q), thenVu € H3(Q); consequently, u satisfies

u

p 0 on Q. Since it is clear thatu = 0 on dQ, u € H3(Q) implies that u satisfies the

Dirichlet boundary conditions in (1.1). Furthermore, the convexity of Q when Q is
rectangular, or the C* regularity of Q in the alternative case yields that
el < Cliully,, u € H2(Q)N HF(Q).

This shows that the form a(u, v) is coercive on H3(Q). Consequently, a(u, v) determines a
linear operator A from H3(Q) into H ~2(Q) by the formula a(u,v) = (Au, V) g2 02 »
where H ~2(Q) denotes the dual space of HZ(Q) and these space compose a triple H3(Q) c
L,(Q) € H™2(Q). The operator A thus defined is considered as a realization of aA?
in H~2(Q) under the Dirichlet boundary conditions which is a densely defined, closed operator
in H™2(Q) with the domainD (A) = HZ(Q). Furthermore, its part in L,(Q) denoted by
A(= Aj,) is defined by
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D(A) = {u € H§(Q); Au € L(Q)},
(4.Lb) Au = Au.
Whence, A is a realization of aA? in L,(Q) under the Dirichlet boundary conditions. It is
easily seen that A is a positive definite self-adjoint operator of L,(Q).
Proposition 4.1. The domain of A given by (4.1.b) can actually be characterized asD (4) =
H*(Q)N HZ(Q). Furthermore,
(4.1.c) llullgs < CllullL,, u € D(A).
Proof. If u € H*( Q)N HZ(Q), then a(u,v) = (aA?u,v)for any v € HZ(Q). Therefore,
u € D(A). This shows that it is the case in general that H*(Q)N HZ(Q) c D(A). So what we
have to prove is the converse inclusion

H*(Q)N H3(Q) o D(A).

Let us first prove this in the case where Q = (0,[;) % (0, ;) is rectangular. We use the Fourier
expansion for the function of L, (). Any function u € L,(€2) can be expanded as a series

[oe]

. mm . nm
u= UppSIN— X - sin—
L I

mn=1

with Fourier coefficients w,,, satisfying Y, »lumn|? < .
Then,

2

mm\2 (mm\%2] @ mm  nnm

(—) +(—) sin—x.sin—
Ly l, Ly I,

[ee]
25, —
Au—z:umn

mn=1

in the distribution sense. So, if A%u € L,(Q), then there exists a double sequence f,,
satisfying Y. nlfinnl® < oo such that
mm2  mm\2]>
Umn = (—) + (—) fmn 1<mn<oo.
Iy [,
This yields that for k = 0,1,2,3,4, D Dy *u € L,(Q) as may be evident for k = 0,2,4. For
k=13, say k =1, we have

co

3 mr mm\3 mn nm
DyDyu = — Upn—— |=—] cos—x:cos—y.
L\l L l

mn=1

So, since cos ?x . cos Tll—”y are mutually orthogonal in €, it is seen that
1

2

oo

s 2 Ll mm (nm\3 [ /mm\2 nnz_zz 5
Ioeojully, = >, o (5) () + ()| | Vol <o

mn=1
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2
Furthermore, ||D,CD33,u||L2 < c Y n=1lfimnl? < cllAullf,.

Hence, A%u € L,(Q) implies u € H2(Q).

Second, let us consider the case where Q is a ¢* bounded domain. In this case, we have to
appeal to existence result for the higher order elliptic operators. Among other, the arguments due
to Tanabe [12, Section 3.8] are very comprehensible (cf. also [17, Section 5.2]). It is then
asserted that for any f € L, (), there exists a unique global solution u € H*(Q2) for which it

holds that A%?u = f in Q and u :Z—Z: 0 on 0Q together with |lullys < C|If]l.,,C >

0 being some constant. Furthermore, since u = z—z =0 on 9Q implies u € H3(Q), we see

that u € H*(Q)N HZ(Q) c (D(A))and Au = f. Then, since A is one-to-one from D(A)
onto L, (), D(A) must coincide with H*(Q)N HZ ().

1 1
Proposition4.2. For the square root Az of A, it holds true that D(AE) = HZ(Q) together
with the estimate

1
(4.1.d) lullyz < € | Azu

|L u ED(A%).
2

Proof. Note that a(u, v) is symmetric. It is then kown (cf. [15, Chapter 16]) that for % <6<1,
(4.1e) D(A?) c H* ()N HE(Q).

And, for 0 < @ <§,

D(A?) c H*® ().
It also holds true that forany 0 <6 <1,

(4.1.9) lullyse < Cl[A%|, . u € D(4%).

The nonlinear operator f(u) is defined by
Vu
1+ |Vul?
Au N V|Vul?.Vu
1+ |Vul?2 (14 |Vul?)?|

fw) =—uv

="Hu

By direct calculations (as in the proof of [7, Proposition 2]), we observe that
If @) = fWl, < Clllu = vllgz + (lullez + llvlle2)llu = vll42].

7 p—
In view of the inequality (4.1.f) (with 6 = Zand ¢ =) and the embedding Hz(Q2) < €2(Q), it
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is verified that

z z
Asu Asv

(419) Nf@—-fml,<c¢ “

Ai(u — v)”L2 + <|

[+, )]
Ly Ly

By the theory of abstract semilinear parabolic equations (see [15, Theorem 4.1]), we can state

A%(u — v)”LZ].

1
that, for any u, € D (AZ) c H(Q), there exists a unique local solution to (4.1.a) in the space:

u € c(|o, Tuo];D(A%)) N Ce*((0, Ty, |; L2()) N €((0, Ty, |; D(A)),

L
Ay

T,, > 0 being determined by the norm | alone.
Ly

4.1.2. Global Solution. In order to extend the local solution constructed above to a global
solution, we show a priori estimate for the local solutions of (4.1.a). Consider a local solution u
which is defined on interval [0, T, ]:
(4.1.h) u € c([0, T, J; D(Ai)) N C*((0,T,; L2(€)) N €((0, T, ]; D(A)).
We can then prove the following estimates.
Proposition4.3. There exist positive constant § and C such that, for any local solution u in
the space (4.1.h), it holds true that

1
A+ uyg

1
Az u(t) +C, 0<t<T,

(4.1.) | )

<e 0t |
Ly

Here, § and C are independent of the interval [0,T,] on which u is defined.

1
Proof. Consider the inner product of the equation of (4.1.a) and Az u(t). Then, since Z—Z =0
on 99, it follows that
il
dt

2

+
Ly

jz - fg [V . (%)J A% u(t)dx

- f( Vu )VA% )d
)y T/

U 1
< 2l ||VA2 u(t)

1

A% u(t) A% u(t)

Ly

Noting that ||vA%u(t)||L <C |A%u(t)||L and ”VA%u(t)”L <C |A%u(t)||L ., we
2 2 2 2

conclude that

2

+6
Ly

2

<C
Ly

d

1
Adu(t
T u(t)

1
At u(t)

with some constant § > 0. Solving this differential inequality, we obtain (4.1.i).
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1
By the standard arguments we can then construct for any u, € D(AZ), a unique global
solution to (4.1.a) in the function space:
1
u € €([0,0); D(4%)) N C*((0, 90); L (2)) N €((0, 0); H*(€) N HE ().
The global solution u as well satisfies the same estimates

1 1
As u(t) As yy

(4.1)) | +C 0<t<om,

<edt |
Ly Ly

3
(4.1.K) HAu@lly, <C (75 +1) Al ,  0<t<oo.
As shown in chapter 3, however, there is a local solution u to (4.1.a) for any initial value u, €

1
L,(Q). Then, since a smoothing property of the u implies that u(t;) € D(AZ) for

any t; > 0, we can extend this local solution to a global one by considering the problem (4.1.a)
replacing the initial condition by u(0) = u,, where u; = u(t;). Ultimately, we arrive at the
following existence result. For any initial function wu, € L,(Q), (4.1.a) possesses a unique
global solution in the function space:
@1 uec([0,0); Ly () N CH((0,0); L(€2)) N C((0, 0); H*(Q) N HE ().
For 0 <t < oo,set S(t)uy = u(t; uy),where u(t;uy) is the global solution of (4.1.a) for
initial value u, € L,(€2). Then, S(t) defines a family of nonlinear operators acting on L, ()
with the semigroup property S(t +s) = S(t)S(s) and S(0) = 1. Moreover, the mapping
G:[0,0) X L,(Q) — L,(Q) defined by G(t,uy) = S(t)u, is continuous, i.e., S(t) is a
continuous semigroup on L,(Q). In this way, (4.1.k) generates a dynamical system
(S(t),LZ(Q)). Letuy € L,(€). In view of (4.1.k), the trajectory {S(t)ug; 1 <t < o} is a
bounded subset of H*(Q). Consequently, it is
relatively compact subset of L, (). In particular, its w-limit set

w(uy) = {u; 3t, T oo such that S(t,)uyg — @ in L,(Q)}
is a nonempty set. In addition, if S(t)uy, — @ in L,(€2), then it automatically observed that
(4.1.m) S(ty)uy — u in H5(QQ)
forany 0 <s < 4.
As verified in [16], (S(t),L2 (Q)) has furthermore a finite-dimensional attractor which attracts
every trajectory at an exponential rate (c.f, [1, 13, and 15]).
4.2 LYAPUNOV FUNCTION
It is already proved in chapter 3, that the following function

(4.2.3) O(u) =7 [, [aldul? - plog(1 + |Vul?)]dx, uy € H2(Q),
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becomes a Lyapunov function of our dynamical system (S(t), L, (Q)).

In what follows, we will consider ® to be a function from HZ(Q) to R (although ® may be
defined on the whole space H?(Q2)). And we handle it in the triplet

(4.2.b) H2(Q) c L,(Q) € H2(Q) = HE(Q)',

this section is then devoted to verifying various properties of the derivatives ®'(u) €
LOHZ(Q),R) = H™2(Q) and ®"(u) € L(H*(Q), H™%(Q)).

4.2.1 Differentiability of ®(u). Let us begin with showing differentiability of & (u).
Propositiond.4. ®: H2(Q) — R is differentiability with the derivative ®'(u) = Au —

Vu
1+|Vu|?

F(u) € H2(Q) for u € H3(Q). Here, F(u) = —uV - ( ) is a nonlinear operator from

HZ(Q) into H™2(Q).
Proof. For u,h € H3(Q), we have

lACu + IZ, — lAullf, = 2(Au, AR).
Therefore,
(4.2.c) A + WIIE, = 1Aullf, — 2(A%u, h)y-2y 2 = l|ARIIE,.
In the meantime, for a,e x € Q, we have
log {1+ [V[u(x) + h(x)]|?} — log{1 + [Vu(x)|?}

1
_ j 2 log{1 + [V[u(o) + Oh(x)][2)} 6
. d6

_ fl 2Vu(x).Vh(x) + 20|Vh(x)|?
o 1+ |V[u(x)+ 6h(x)]?
Moreover, since
1 3 1 20Vu(x) - Vh(x) + 0?|Vh(x)|?
14 |V[u(x) + 0h()]|12 1+ |Vu@®)|? {1+ |V[ulx) + 6h()]|12}(1 + [Vu(x)|?)’
it follows that

2Vu(x) - Vh(x)

log {1+ [V[u() + h()]I%} = log{1 + Vu(0)*} - e

< C{|Vh(x)|? + |[Vh(x)|*}.
We have to use Galrardo- Nireberge’s inequality ([15, Theorem 1.37]) to obtain that

1 1 1 1 1 3
IVAll, < CIVRIEZ IVRIZ, < CIIRIZ 112, < CIIAIE, (IR .

Hence, (4.2.d)

Vu
L log {1+ |V(u+ h)|?} —log{1 + |Vu|?}dx + 2(V - (m)'h)H_1XH&

< Cllll, (IRlly2 + IRI-2).
Combining (4.2.c) and (4.2.d), we conclude that
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®(u + h) — @) — (Au — FW), hy-2z| < C[IIARNE, + 1Al (I1Rll52 + IRIG-2)].

This shows that ®(u) is differentiable and the derivative is given by ®'(u) = Au — F(u) for
any u € H3(Q). On the domain D(A)(c H‘*(Q)), however, it is possible to observe that
®(u) is differentiable in somewhat weak topology.

Proposition 4.5. If u € D(A), then ®(u) = Au — fu € L,(Q). In additions, when the variable
h also runs only in D(4), it holds true that

(4.28) |®(u+h) — D(u) — (Au—Fw),h)| < C ||hlly, (Ihllg + hllgz + IRIF-2).

Proof. Since u € D(A) implies Au — F(u) = Au — f(u), that first assertions are obvious. In
addition, for h € D(A), we observe that

ARIIE, = (AR, AR) = (A%h, h) -2y 5z = (A%, h) < IRl elIRllL,-

Hence, (4.2.e) is also verified.

Letug € Ly(2). Let {u(t); 0 <t <o} be the trajectory starting fromu, and w(ug) be its
w-limit set. As an immediate consequence of (4.2.e), we observe that ®(u(t)) is differentiable
fort > 0 with the derivative

(4.21) L a(u(®) = —ll4u() - fu)l?,

Indeed we apply (4.2.e) withu = u(t) and h = u(t + At) —u(t). Then,

O (u(t + At)) — d(u(t)) u(t + At) —u(t)
At )

- (Au(t) — fu(®),

c u(t + At) —u(t)
At

(I1hllgs + llRllz + IRI2)-

Ly

As u(t + At) —u(t) » 0 in H*(Q) due to (4.1.1), we obtain (4.2.f). Therefore, along the
trajectory u(t), the values of @ are monotonously decreasing. Furthermore, if 4 € w(u,), then
(4.2.9) O (@) = limy e P(u(t,)) = infy e (ulty)).

In particular, @ takes a constant value on the w-limit set w(uy).

It is well known that w(u,) is an invariant set of S(t). Indeed, if u € w(u,), then there
exists t, T oo such that S(t,)uy = u# inL,(Q). Then, S(t + t,)ug = S()S(t)uy = St)u;
hence S(t)u € w(uy), i.e., S(t)w(uy) € w(uy). Conversely, we have S(t,)uy = S(t)S(t, —
t)u, forallt, such thatt, > t. Since S(t,, — t)u, is a relatively compact subset of L, (Q), it
is possible to assume that S(t,, — t)ug = 7 € w(uy) inL,(Q), i.e., u = S(t)v. This means
that w(uy) € S(t)w(uy). Foranyw € w(ugy), consider the trajectory S(t)u.

As verified, S(t)u € w(uy); therefore, (4.2.g) implies consequently, that ®(S(t)u) =

o (n); %cb(s(t) u) = 0; in particular, %CD(S(t) u) = 0. Equality (4.2.f) then provides

that Au — f(u) = 0. By virtue of Propositions 4.1, this is equivalent to ®'(%) = 0. We have
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thus verified the following proposition.

Proposition 4.6. For any u, € L,(Q), its w-limit set w(uy) consists of critical points of &, in
particular, if & € w(uy) then @'(w) = 0.

Let us next show that ®(u) is twice differentiable.

Proposition 4.7. ®':H3(Q) —» H?(Q) is Fréchet dif ferentiable with the derivative
®"(u) = A — F'(u), where F'(u) isthe Fréche derivative of F: H3(Q) — H~?(Q) which
was introduced above. Precisely, for u € H2(Q), F'(u) € L( H3(Q), H™2(Q)) is given by

(4.2.h) F'(wWh = —uv - ( Vu 2(Vu~Vh)Vu)’

— 2
1+[Vul2  (1+|vul?)? h € Hy(Q).

Proof. Noting that Vis a bounded linear operator from L,(Q) into H1(Q), let us

- Vu 2
consider v For u, h € H5(Q),

V(u+ h) Vu (14 |Vul*)Vh — 2(Vu.Vh)Vu — |VA|*Vu
1+ |Vu+h)|2 1+ |Vulz2 A+ |Vu+h)|2)A + |Vul?)
And, as seen before,

1 B 1 2Vu - Vh + |Vh|?
1+ |V +h)2 14+ |Vulz 1+ |Vu+h)2)+ >0+ |Vu®)|?)
Therefore, it follows that

Viu+h V(u 1+ |Vu|?)Vh — 2(Vu.Vh)Vu
1+ |(V(u +)h)|2 1 +(|v1¢|2 —— 11)+ |Vu|2()2 ) < CAVAI* + [VRI),
and hence
V(u+ h) V(u) (1 + |Vu|?>)Vh — 2(Vu.Vh)Vu
H1+|V(u+h)|2_1+|Vu|2_ (1 + |Vul?)?

Ly
< C(IIVAlIZ, + IVRIIE,) < C(lIRlIGz + IRI1:2).

This shows the operator u — is Frechet differentiable from HZ (Q) into L,(Q).

Vu
1+|Vul?
4.2.2. Gradient Estimates of ®'(u). Letuy, € L,(Q2) and let & € w(uy). As shown by
Proposition 4.3, we know that ®'(u) = 0. The goal of this subsection is to establish the

Lojasiwecz-Simon inequality for ®'(u) at # that plays a crucial role in proving convergence
of u(t)tou. Thatis, there exists some exponent 0 < 6 < % for which it holds true that

(4.2.i) | &' (Wl y-2 = D |®(u) — d@)|*F, u € U(D).

Here, U() denotes a neighborhood of # in H3(Q) and D > 0 is some constant. For this
purpose, we will follow the methods devised by Chill [18] in which the underlying space must
be divided into a sum of critical manifold and its supplement.

Put L=®"(u). As a verified by Proposition 4.3, L =A —F'(u) is linear operator
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from H2(Q) into H~2(Q). As a general result of the calculus of variations (see [19, Theorem
5.1.1, p.65]), or as is directly verified from (4.2.h), L is a symmetric operator, i.e.,
(4.2)) (Lw, v)y-2uyz = (W, LV) 2 -2, w,v € HF(Q).
In addition, L is observed to be a Fredholm operator. Indeed, writing L = [I — F'(i1)A™1]A,
we rather consider the operator I — K acting on H=2(Q), where K = F'()A™ 1. As R(K) c
L,(Q), K isacompact operator of H~2(Q). Therefore, by virtue of the Riesz-Schauder theory,
K (I —K)is a finite-dimensional subspace of H~2(Q). And R(I — K) is a closed subspace
of H=2(Q) with finite-dimensional such that dim (I — K) = codim R(I — K) = N. Since A
is an isomorphism from HZ(Q) onto H~2(Q), it follows that %' (L) is a finite-dimensional
subspace of H2(Q) and R(L) is a closed subspace of H~2(Q) with dim K (L) = codim R(L)
= N. That is, L satisfies the conditions of Fredholm operator. Since K (L) is a finite
-dimensional space, we can regard it as a closed subspace of any space of triplet H2(Q) c
L,(Q) ¢ H™2(Q). Furthermore, by the same reason, these topologies are mutually equivalent.
In the arguments below, we may not clarify the topology of K (L) when it is easily presumed by
the contexts. We introduce the orthogonal projection P:L,(Q) — (L) in L,(Q). We have a
direct sum L,(Q) = Hy + K (L), where Hy = (I — P)L,(Q) is the orthogonal supplement
of K(L)in L,(Q). We notice that P is a bounded operator from HZ(Q) into itself. So, P
induces a projection from HZ(Q) noto % (L)and a topological direct sum HZ(Q) = H, +
K (L), where H, = (I — P) H3(Q) is a topological supplement of K (L) in H3(Q). On the
other hand, it is easy to see that ||Pf]|| ;-2 < C||f]| ;—z for all f € L,(Q). This means that P
can be extend by continuation over the space H=2(Q). Clearly, P is a bounded operator
from H=2(Q) into itself and induces a projection from H~2(Q) onto (L) which yields
another topological direct sum H™2(Q)=H_, + K(L),H_, = (I —P) H"2(QQ) being a
topological supplement of K (L) in H~2(Q).
It is also clear that P is symmetric in the sense that
(4.2.k) (PU, @) 2 y-2 = (W, PQ) yz y-2, U € HE(Q), 0 € H*(Q).
By definition, LP =0 on H3(Q); then, (4.2,j) and (4.2.k) provide that PL=LP =0
on HZ(Q); in particular, L = (I — P)L on H3(€). This concludes that R(L) ¢ H_, must
coincide and consequently
4.2.0) L must be an isomorphism from H, onto H_,.
Following [19], we set the critical manifold by

S={ue H3(Q); (I —P) ®'(u) =0}
Then, S is verified to be a ¢!-manifold of dimension N in a neighborhood of #, S can be
represented as

S ={(g(uz), uz; uy € (L) - Hz},

g being a ¢! mapping defined in a neighborhood of %, € X (L), where @ = i, + ii,.
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According to [18, Theorem 2], we can state the following proposition.
Proposition 4.8. Assume that the restriction of ® on S satisfies (4.2.i) in a subsetU NS,

where U is some neighborhood of # in H3(Q), with exponent 8 € (0%] Then, @ itself

satisfies (4.2.i) in a neighborhood of % in HZ(Q) with the same exponent 6.

The desired inequality (4.2.i) on Scan generally be verified, as mentioned in [18, Corollary 3],
from analyticity of the Lyapunov function ®(u).

This is, however, not true in the present case, for the correspondence u - fQ log(1 + |Vu|?)dx
is not analytic in H2(Q) due to the fact that H*(Q) ¢ C(Q). So, we have to utilize upper
shifting of spaces.

Let 0<€<% be arbitrarily fixed. We introduce the domains D(A'*€) and D(A?®).

Naturally, D(A*¢) € D(A) = HE(Q) and D(A?) € H2(Q). And, since A = AAZ, A
is an isomorphism from D(A'*¢) onto D(A?). Then, by the same reason as before, P is
bounded operator from D(A'*¢) into itself and induces a topological direct sum D(A*€) =
Hye+ X (L), where H,.= (I —P)D(A™). Similarly, P is a bounded operator
from D(A?) into itself and induces a topological direct sum D(A®) = H_,.+ K (L),
where H_, . = (I — P)D(A?®). Obviously, Hy. € Hyand H_,. € H_,. We can verify that
(4.2.1) still holds true in the shifted spaces.

Proposition 4.9. L is an isomorphism form H, . onto H_, .

Proof. As L is a bounded operator from D(A'*¢) into D(A®), sois from H, . into D(A®).
So, it suffices to prove that L( H,¢) = H_,.. Let ¢ € L(Hy.); then, ¢ = Lu and u =
(I — P)v with some v € D(A*®); therefore, ¢ = (I — P)v = Lu with some u € D(A);
furthermore, Au = F'(i)u + ¢ € D(A); therefore, u € D(A™'®) and ¢ =1 —P)E
L( Hy). We furthermore verify analyticity of ®(u) for u € D(A*¢).

Proposition 4.10. ®:D(A'*¢) - R is analytic.

1
Poof. Notice that D(A'*é) =D (Jl?s) c H?>*¢(Q) due to (4.1.e). Hence, u € D(A'¢)

implies Vu € C(Q). Then, for small variable h € D(A*€), it is possible to develop

2Vu - Vh + |Vh|?
1+ |Vul?

log(1 + |V(u + h)|?) —log(1 + |Vul|?) = log<1 +

~ i (-1)"1 (2Vu - Vh + [VR|Z\"
B n 1+ |Vul? '
n=1
This directly yields analyticity of u — fQ log (1 + |Vu|?) dx on D(A*#). It is now ready to

show the inequality (4.2.i) onS. We first observe thatS actually lies inD(A*¢). Indeed,
ifu €5, then ®'(u) = P®'(u); therefore, Au = F(u) + PP'(u) € L,(Q); hence, by
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definition, u € D(A) € D (Jﬁ). Thus, S = {u € D(AM%); (I — P)d'(w) = 0}. As before, S

is determined by the operator G:D(A*¢) » H_,. given by G(uy,uy) = (I — P)®'(uy +
up) foru; € Hye u, € K(L). As we know that D;G (&) = Lyy,, is an isomorphism, S can
be represented in a neighborhood of # as

S= {(g(uz);uz)i u, € ¥(L), g:¥(L) - Hz,s}-
Now, as @ is analytic, g is also analytic in a neighborhood of #,, where % = @, + u,, which
means that S is an analytic manifold. Remembering that @ is analytic on D(A*¢), we next
apply Lojasiewics’s classical result [20] in finite-dimensional spaces to @s. Then, for some

exponent 6 = (0, %]

' @ ly-2 = Cldw) — e@)|*~°
for u inaneighborhood of & on S.
As stated above, Proposition 4.5 thus provides the desired inequality (4.2.i) in a neighborhood
of the whole space HZ(Q) of ii.
43 CONVERGENCE RESULTS
Let uyg € L,(Q) and u € w(ugy). And let t, T oo be a sequence such that u(t,) - u
in H3(Q) due to (4.1.m). We can then show that, once the trajectory approaches sufficiently
close to u, it must remain in a neighborhood forever.
Proposition 4.11. Let r > 0 be the radius for which the gradient inequality (4.2.i) holds true in
the ball BH (; ) and let ty be such thatu(ty) € BHo (w;r). Then, if u(t) € BH (w;r) for
every t € [ty,T], where T(= ty) is any time, then it holds that

[}
2

(4.3.9) lu(®) —u(ty)llyz < Cl@(u(ty) —@@)]z  forevery t € [ty,T],

here C > 0 is a constant independent of T.
Proof. For 0 <t<T,

d _id
Z[o(®) - o@]’ = o[e(u®) - 2@]" " T (u(®)
] d
= o[ (u®) - @]’ (¢’ (2(®). = )

= 6[o(u®) - o@]" o' O)Il,

t || 2

d
d_I:(t) = —Au(®) + f(u(®) = -’ (u(®).

By virtue of (4.2.i),
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d -
a[qb(u(t)) o]’ = c[ou®) - o@]’ 1||<D’(u(t))||H2

20| zc|Fo
at VN, =" e

Ly

Integration in [ty, t] yields that

t(d
[(ulty) - 2@]° - [6(u®) —o@]’ = f Zo| as
ty Ly
Therefore,
(4.3.b)
t\d
u(®) —utw)lly, < f — @ as < cH{[o(uw) - o@]” - [o(u®) - 2@]’}
ty Ly

Hence,

lu(®) — ult)ll,, < C Lo (ulty)) — e@)]’.

We next apply the estimate

1 1
lully < CllAWIZ Ilul2,  ue D),

which follows from (4.1.d) to u(t) — u(ty). Then, in view of(4.1.k), (4.3,a) is obtained.
0
Choose a time ty so that [lu(ty) — &l yz < g and C[o(u(ty)) —e@]? < g here C is the

constant obtained in (4.3.a). Then, ifu(t) € BHg(ﬁ; r) for everyt € [ty,T],T(= ty) being
any time, then
lu(®) = @l gz < () = ultw)llyz + llulty) — @l 4z

< clo(uty)) - @] + llulty) — llyz < 2,

e, u(t) € BH (a; 231) for ty <t <T.

This means that the trajectory staring from wu, is trapped in BHs (w;r) forallt > ty.
We now arrive at the main result.
Theorem 4.1. Let u, € L,(QQ) and u € w(uy). Let tybe the time chosen above. Then,

(43.0) lu(@® —all,, < c[e(uty)) —o@)]°  foreveryt € [ty, ).

Proof. We already know that, for all ty <t < oo, u(t) € BHS (w; r). So, the same argument as
in the proof of Proposition 4.1 is available to u(t) for every t > ty. Let ty <t <t,, where t,
is the sequence introduced above. Then, by the same way as for (4.3.b), we obtain that

lu(ty) — u(®lly, < CH{[@(u®) - 2@)]° - [@(u(ty) - 2@)]°}.

Fixing t, let t, tend to infinity. Then, in view of (4.2.g), (4.3.c) is verified.
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Homogeneous Stationary Solutions to Epitaxial Growth Model
under Dirichlet Conditions

In the previous chapters 3 and 4, we constructed a dynamical system generated by the problem
and showed that every trajectory converges to some stationary solution as t — oo. This chapter
is then devoted to investigating stability or instability of the null solution which is a unique
homogeneous stationary solution. Indeed, we shall prove that, when the surface diffusion is
stronger than roughening, the null solution is globally stable, and in the meantime, when the
roughening is stronger than the surface diffusion, the null solution is unstable.

5.1 REVIEWS OF KOWN RESULTS

We assume that Q is a rectangular domain or a ¢* domain.

In this section, let us review known results obtain in the previous chapters 3, 4. As in chapters 3
and 4, we formulate (1.1) as the Cauchy problem for a semilinear abstract evolution equation

(5.1.0) {% +Au = f(w), 0<t< o,
u(0) = uy,

in the underlying space X = L,(Q). Here, A is an associated linear operator in the framework
of a triplet H3(Q) c L,(Q) € H™2(Q) (= H3(Q)') with a symmetric sesquilinear from
defined by
a(u,v) = f Au-Avdx, u,v€ HEQ).
Q
Then, A is a positive definite self-adjoint operator of X with domain D(4) ¢ HZ(Q). The
operator A is considered as a realization of the fourth order operator aA? in X under the

conditions u=%=0 on 0Q. As seen by Proposition 4.1, our assumption Q vyields a
characterization of D(A4) in such a way that D(4) = H*(Q)N H3 () with norm equivalence.

1 1
As the sesquilinear form is symmetric, D (AE) coincides with the form domain, i.e., D (AE) =

H3 () with norm equivalence. By interpolation, we can then verify that, for % <0<1,
D(4°) € H* ()N HF (),
And for OSBS%,
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D(4%) c H**(Q).
In addition, for any 0 < 6 < 1, the inequality

(5.1.b) lullyse < C|[A%|, , u € D(4%),

is satisfied, namely, the embedding described above is continuous. Meanwhile, f is a nonlinear
operator defined by

Vu
(5.1.c) f) = uV s
B Au N V|Vul|?.Vu ED<A%>
TR v T a s e '

7 7 7 _ 7
Note that, since D(AE) c Hz due to (5.1.b) and Hzc C?*(Q)), u€D (AE) certainly

implies f (u) € L,(Q). Furthermore, according to (4.1.9), it holds true that

(5.1.d)
A )

7
u,veED (Aﬁ).

17 = Fllx < ¢ |42~ v) asu|| + [laso]| Y|4t - v)

+
X

J

The general result on abstract semilinear evolution equation (c.f [15, Theoream 4.1]) readily

1
provides local existence of solutions. For any u, € D (AZ) ,(5.1.a) possesses a unique local

solution. As a matter of fact, we can formulate (1.1) even in a larger underlying space H~2(Q),
there exists a unique local solution. Combining these two existence results, we can claim that,
forany u, € L,(Q2) = X, (5.1.a) possesses a unique local solution in the function space:

(5.1.€) u € C([0, Ty, [;D(A) ne((0,Ty, |; X)) n€*((0,Ty, |: XD,

T,,, > 0 being determined by the norm [|u,]|x alone.

In the subsequent sections, we need to use differentiability of f(u).

7
Proposition 5.1. f:D (AE) — X isFréchet dif ferentiable with derivative

h = v Vh 2(Vu.Vu)Vu heD (A%)
Fh==wW\T e " arvpz) '

7
Proof. Letu,h € D (AE). Form (5.1.c) it follows that

1 1
1+ |Vuw+h)]2 1+ |Vul?

Flu+h) = Fu) = — ub. [( ) V(u+ h)]
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v Viu+h)—Vu
—F '<1+ |l7(u+h)|2>

—2Vu.Vh — |Vh|?> V(u + h)
1+ V|(u+ h)|?

—2Vu.Vh — |Vh|? V(u + h) v( Vh )
wv- 1+ V|(u+h)? T+ vu2/)

By the similar calculation as for (5.1.e)

= —ul.

2

i

7
This means that f: D (AE) — X isFréchet differentiable at u.

z A z
Ash Asu Ash

+
X

If(u+h)—f(w) = f'Whlx <C

)

1
A2

7 D
Proposition5.2. Let u € D (AE) vary inaball B ( >(0; 1). Then, f'(u) satisfies the

Lipschitz condition

1 7
AZ(u —v) A8h

IIF' ) — f' W)kl < € |

)

X X

7 o4) 7
u,v€2)<A8) NB (0;1);h EZ)(AS).
Proof. From the formula giving f'(u), we can estimate directly the difference f'(u) — f'(v).
Proposition 4.3 provides a priori estimates for local solutions obtained above in the space
(5.1.e). Indeed, any local solution to (5.1.a) on interval [0,T,] satisfies the estimate

lu®l% < e 2 lluollk +ué™", 0<ts,

with some fixed exponent § > 0. Then, by standard argument, we conclude that, for any u, € X,
(5.1.a) possesses a unique global solution u in the function space:

(5.1.1) u € C([0,00]; X) N €((0, 0]; D(A)) N C1((0, ]; X).
Furthermore, u also satisfies the same estimate
(5.1.9) w1 < e 2% lugll% + 62, 0<st<o,

which shows dissipation of u. Set a nonlinear semigroup S(t),0 <t < o,on X by S(t)u, =
u(t; up), using the global solution u(t;uy) to (5.1.a) with initial data uy € X. Then, we obtain
a dynamical system (S(t),X) generated by (5.1.a). The dissipate estimates yield existence of a
finite-dimensional attractor M'which attracts every trajectory S(t)u, at an exponential rate.
Such an attractor is called the exponential attractor. In particular, we know that every trajectory
has a nonempty w-limit set w(ug).

As shown in section 3.4, our system(S(t),X) admits a Lyapunov function of the form
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1
d(u) = E_f [alAu|? — plog(1 + |Vu|®)]dx,  u € HE(Q).
Q

it is seen that, foru € D(A),®'(w) = 0 and A(w) = f(u) (i.e., u is a stationary solution) are
equivalent. From this equivalence, we see that, if i € w(u,y), thenw must be a stationary
solution of (5.1.a). The set w(uy) consists only of stationary solution.
Convergence of Solution. The objective of chapter 4 was then to show that w(u,) is a singleton
for every uy. We proved thatd(u) satisfies the Lojasiwicz- Simon inequality
0" Wlly-2 = D|® () — d@@)|*°

in a neighborhood of 4, where # € w(u,), with some exponent 0 < 8 < % This inequality
readily implies that

IS(O)uo — illx < C[P(S(B)ug) — P(@)]°.
As ®(S(t)uy) converges to ®(u) ast — oo, we observe that S(t)u, converges tou in X
with some rate of convergence.
52 LINEARIZED STABILITY
Let us now investigate stability and instability for the stationary solution (5.1.a). For this

purpose, we will employ the general methods for abstract evolution equations, see [1, 13].
Letu € D(A) be any stationary solution to (5.1.a), i.e., A(&) = f(u). By Propositions 5.1 and

7
5.2, f:D(A§) — X is of class €11, It is known that this condition in turn implies Fréchet
differentiability of semigroup. Indeed, for 0 <t <t* where t* > 0 is arbitrarily fixed
. 1 EAN ) . . 1
time, S(t):D(Az) —>D(Az) is of class ¢! in a neighborhood O'(@) of @ in D(Az)
together with the estimate

(5.28)  |IS(t)'u— S(t)’vllL(D(A%>, <c |

1
AE(u—v)”X, wv el (w); 0<t <t

For the detailed proof, see the proof of [15, Subsection 6.6.3].
We have to assume a spectral separation condition of the form
o(A-f'@)N{1 € C;Re 1 =0} = 0.
Then, since S(t)'u = e A where A=A — F'(1), we have in turn a spectral separation
for S(t)'u of the form
(5.2.b) aS'WN{AEC; |A| =1} =0.
According to [15, Theorem 6.9], under (5.2.a) and (5.2.b), a smooth local unstable manifold

1
M, (u; 0) can be constructed in a neighborhood Oof u inD (AE).

When
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(5.2.c) o(A—F'(W)) c {A € C;Re 1> 0},

we have a(S(t)'n) c {1 € C; |A] < 1} and M, (u; O) reduces to a singleton {z}. Whence, if
(5.2.c) takes place, i is stable. In the meantime, when

(5.2.d) c(A—f'@W))N{AeCReA< 0} +0,

we have a(S(t)'w)N{A € C; |A] > 1} # @ and M, (&; O) is not trivial. Whence, if (5.2.d)
takes place,  is unstable. Let us now apply these discussions to the null solutionw = 0.

We see from Proposition 5.1 that (4 — f'(0) = aA? + uA. So, it is necessary to investigation
the spectrum of the operator aA? + uA. To this end, we will introduce a normalization of A;
indeed, whena = 1, we denote A = A;; and, regarding a as a positive parameter, we denote in
general A = aA,. Of course, 4, is a realization of the operator A in L,(Q) under the
homogenous Dirichlet condition 9Q, and is a positive definite self- adjoin operator of X. As

1
verified above, we have D(4;) = H*(Q)NHZ(Q) with norm equivalence andD(Aj) =

IVullx

——= s continuers
lAu]lx

HZ2(Q) with norm equivalence. We here notice a fact that the mapping u -

from H2(Q) — {0} into R and has a maximum on the sphere||A;ully =1 because of
compact embedding,

1
D(A) cD <Ai>.
Put

(5.2.e) d max Lvllx

lAgullx=1 llAullx’

In other words, the d is an optimal coefficient in the inequality
IVully < dlldullx u € D(Ay).

Stability of the null solution is then determined by dominance in magnitude of the two
coefficients a and u to the other but with weight d =2 for a.
Theorem 5.1. If ad~? > p, then the null solution is stable. If ad=2 < u, then the null solution
is unstable.
Proof. We notice that aA? + pA is a self-adjoint operator of X whose domain H*(Q)NHZ(Q)
is compactly embedded in L, (Q). Therefore, the spectrum set 6( aA? + uA) is contained in the
real axis and consists of point spectrum alone. For any u € D(4;) — {0}, we observe that

(ad? + pA u) = allAullf — plivVullf = (ad™? = wIVullf >0,
provided ad=2 > u. Therefore, if u is dominated as u < ad~?, then o( aA? + uA) c (0, )
and the null solution is stable. To the contrary, if u is large enough so that u > ad~?,i.e.,d >

\E, then there exists an element u, € D(A,) — {0} such that ||[Vu,|lx > \E [|Aug||x. Therefore,
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(aA?ug + phug, ug) = allAug |l — pllVu, I3 < 0.
This means that o( aA? + uA)N(—o0,0) # @. Hence, the null solution is unstable.
As a matter of fact, when ad~2 > u, every trajectory converges to 0, that is, the null solution is
globally stable.
Theorem 5.2. Let ad™2 > u. For any ug € X,S(t) uy converges to 0 as t —» o at an
exponential rate.
Proof. Multiply the equation (1.1) by and integrate the product in Q. Then,

flulzdx+af |Au|?dx = u fﬂdx< fqulzdx
Zdt 1T+ a2 =H ] '

It then follows from (5.2.e) that

> Ilu(t)llxdx < —(ad™? = WIVu®) I} < —(ad™ = WD u®II%,
where D > 0 is a coefficient for the Pincare inequality given by (5.3.a) below. Hence,

lu@llx < e~ 1Pl for ¢ = 0.

51 ESTIMATION OF d FROM ABOVE

The weight constant d can easily be estimated from above from the Poincare inequality

(5.3.9) lully < DlIVully v € HE().

Theorem 5.3. Letd be the constant determined by (5.2.) and let D be an optimal coefficient
for the Poincare inequality (5.3.a). Then, it always holds true thatd < D.

Proof. Indeed,

IVullf = (—Au,u) < [lAullxllully < DllAulx(IVully, u € H§(Q).
Therefore, ||Vully < D||Aully for u € HF(Q). Of course, it holds that ||[Vu|ly < D||Aullx
foru € D(4,).

The coefficient D is usually estimated by the band width of Q, see [2, Section 4.7].
The rest of this section is devoted to obtaining an optimal estimate of D in the specific case
where

Q={(xy);0<x<l;,0<y <L}
Let A denotes a realization of —A equipped with the boundary condition u =0 in
L,(Q). Then, A is a positive definite self-adjoint operator of L,(Q) with domain D(A) =
H2(Q)NH ().

2

2
Furthermore, since its minimal eigenvalue is 7;—2+ with eigenfunction sin x += 2 y, we
1

71'2

2
have (Aw,u) = 7 + 7;—2 lull2 forany u € D(A). It then follows that
1 2

2

T n2
IVull} = (—Au,u) = ( Z >||u||X, u € D(A).

l2
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1
Since D(A) is dense in D (/15) which coincides with H3 (), this inequality holds true for every

1
712 7[2

u € H}(Q). Hence, (5.3.3) takes place with D = (12 + l—z)_E and, in fact, this is optimal.
1 2

Theorem 5.4. Let Q= (0,l;) X (0,1,). Then, an optimal constant D for the Poincare

lllz

T /l§+1§

inequality (5.3.a) is given by D = . Consequently, the weight constant d is estimated

l
byd < —22—,
7 |12+13

n2(13+13)a

2z then the null solution is globally

Corollary 5.1. LetQ = (0,1;) X (0,1,). If u<

stable.
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Numerical Results for the Model Equation

In this chapter, first we shall construct a discretization scheme by Finite-Difference Methods for
the model equation (1.1). Second we shall illustrate some numerical results.

6.1 FINITE DIFFERENCE METHOS

FDMs are numerical methods for solving partial differential equations by approximating them
with difference equations, in which finite differences approximate the derivatives. FDMs are
thus discretization methods and involve discretization of the spatial domain, the differential
equation, and boundary conditions. In this section we will use FDMs for discretization the
problem of the model equation (1.1)

ou 5 Vu .

_=_aAu_ v— In QX Oyool

at H L+|Vu |2} (©.%)

u:ﬂ:o on 0Qx(0,), (11)
on

u (Xy y’ O) :uo (Xl y) In Q’

in a two-dimensional domain €.

6.1.1 Finite difference formulation for a one-dimensional problem

A- Discretization of time and space in one-dimensional case

In one dimension the approximate solution is given by u(x;, t,) = uf*, i= 0... | and n=0, 1,
2....The domain is partitioned in space and in time and approximations of the solution is
computed at the space or time points, Therefore the variables step sizes in x direction and step
time in t time are labeled by Ax and At, respectively. We first perform the time discretization
of (1.1):

—

ou u(xgt)—u (x,t,,) _ u’ —ut

(6.1.2) ot At At
and space discretization of second derivative is given by
2 _ no_ n n
(61b) a_l: ~ U(Xi+1'tn) 2U(Xi ’En) + U(Xi—l’tn) ~ Dzuin — ui+1 2l"Ii 2+ ui—l .
OX (Ax) (AX)

Similarly, on the basis of these relations, for the fourth derivative we have the following

approximation
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o'u _ D’uj}, —2D%u] + D*u},

(61C) ox? - (AX)Z
In the meantime, discretization of —pu. (ﬁ) in Eq. (1.1) is given by,
n o _ uin+1 _uin
(6.1.d) Pl T
u' —u"
D noo_ i i—1 .
(6.1.€) LT A

Eventually, the equation (1.1) after discretization becomes as follow

Du" Du"
n+l n I:)Zuirlrl_ZI:)zuin +D2uir11 1 i+% if%
ut=u +At|—a > —pu— -~ - =) |
(6.1.1) (Ax) AX 1+(Dui”+i) 1+(Dui”7i)
2 2

B- Discretization of boundary conditions in one-dimensional case

In this study the equation (1.1) is presented under the homogeneous Dirichlet boundary
conditions. Therefore, in order to discretization boundary condition in one-dimensional
for u = 0, we assume that

(6.1.9) ug =ut =0,

in which i=0,...,1 and n=0, 1, 2... On the other hand for discretization Z—Z:O, it is assumed that

(6.1.h) U1 = Uy,

(6.1.1) u, = uf.

C- Applications of MATLAB program in one-dimensional case

In this study a simulation process for the Eq. (1.1) is shown by MATLAB program. We use the
following MATLAB code to illustrate the implementation of Dirichlet boundary condition, and
also for simplicity of writing MATLAB code, the equation of (1.1) is shown as the following

form: u™ =u" +At[-a.part 1— ,uAi(part 2— part 3)],
X
, , , Ul — 2u7% + U7 _9 Uiy —2u7" + Uy N u —2ul, +uil,
a D“ul; —2D%u + Du, A2 Ax2 Ax2
artl: =
P (AX)? AX?
_ U, —4ul, +6ul —4ul, +ul,
Ax*
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part2—part3:

n

Uiy —uf Ui —Uiy
AX _ AX _ Uiy —uf . (a%? _ u' —uly . (AX)®
1+(uin+1 _uin )2 1+(uin _uin—l )2 AX (AX)Z +(uin+1 _uin)2 AX (AX)Z +(uin _uin-l)2
AX AX
__ Ax(ul, —u) Ax(ui' —u',)
A7+ U (@07 U

Boundary condition:
u, =u; =0,
Uy =uly, ul=ug

The MATLAB code to solve this problem is shown below.

cle

clear

close all

% a=input ('input the constant value, named a: ');

% miuo=input (' input the constant value, named \mu: ');

% N=input('n=1,2,...,N input the last value of n (N): ');

% I=input('i=-1,0,1,..., I+1 input the Penultimate value of i (I): ');

% dt=input ('input the dt value (e.g. 1/1024): ');:
% dx=input ('input the dx value: ');
a=1;
epsilon=0. 1
miuo=60;
N=1200;
dx=1/80;
dt=dx. "4;
L=80;
x=(1:L). *dx;
I=length (x) ;
alpha=2%3. 14;
Which we specify initial conditions as follows,
u (:,1)=a*sin(alpha*x) ;
And we can specify Dirichlet boundary conditions as follows,
for n=1:N-1;
for i=3:1+1; % play the role of i=1:1-1 without shifting
u(2,n)=0; % Boundary condition(6. 1.g),play the role of u(0,n)=0 without shifting

u(l,n)=u(3,n); % B.C(6.1.1),play the role of u(-1,n)=u(l,n) without shifting
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u(I+2,n)=0;  %B.C(6.1.g),play the role of u(l,n)=0 without shifting
u(I+3,n)=u(I+1,n); % B.C(6.1.h), play the role of u(I+l,n)=u(I-1,n) without
By using the following routine in this MATLAB code we can compute the numerical solution of
an initial value problem with given boundary condition,
partl=(u(i+2,n)—4. *u(i+1,n) +6. *u(i, n) —4. *u(i-1,n)+u(i-2,n))./(dx. "4);
part2=dx. *(u(i+l,n)-u(i,n))./(dx. 2. +(u(i+l,n)-u(i,n)). "2): %
part3=dx. *(u(i,n)-u(i-1,n))./(dx. "2. +(u(i,n)-u(i-1,n)). "2);
u(i, n+t1)=u(i, n)+dt. * (-a. *part1- (miuo. /dx). * (part2-part3)) ;
end
end
MATLAB makes plotting functions easy. We can plot our solved function as follows,
nn=100;% choose nn from 1 to N
plot ((1:1+43). *dx,u(:,nn))
xlabel ('x")
ylabel ('u');
And finally for creating a 3-D graph of the function has been used the following command,
set(gef, 'Renderer', 'zbuffer');
surf (1:N, (1:T+3) . *dx, u)
xlabel ('n")
ylabel ('x")
zlabel ("u');
-MATLAB code for Lyapunov function
As you remember the Lyapunov function of the dynamical system was presented in chapter 3,
such that the values of Lyapunove function are monotone decreasing along trajectories. In this
section, in order to illustrate this phenomenon the following MATLAB code is presented.
for t=1:N;
for i=1:1+1;
S+, t)=(ax (u(i+l, t)-2%u (i, t)+u(i-1,t)). /dxx. "2) -miuo*1logl0 (1+((u(i+1, t)-u(i, t)) /dxx). "2);
end
dxx=length(S(:, 1)) ;
SS(t)=inac (dxx,S(:, 1)) ;
end
figure
plot (1:N,SS(1:end))
And this integral is computed by using the following MATLAB code

function [dyl=inac (dx,y)
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for i=1:length(y)
yy (1)=(y (1) +y (i+1) ) *dx/2;
end
dy=sum(yy) ;
6.1.2 Finite difference formulation for a two-dimensional problem
A- Discretization of time and spaces in two-dimensional case
In two dimensions the approximate solution is given by u(xi,y]-,tn) = ug- with assume i =
0,..,1,j=0,..,] andn=0,1,2,...The approximations of solution are computed at the
space x,y and time t. The variables step sizes in x and y directions are labeled

by Ax, Ay respectively. And step time in ¢t time is labeled by At.

Time discretization is as follows,

ou - u(x; ’yj'tn)_u (Xivyj’tn—l) - ui?_uir;_l

(6.1)) at At

At

Space discretization of second derivative in two-dimensional case is given as follows,

Ed

n
u'y; U

*
[ +W]U ~ (szu{} + Dyzu{}

ij+1l

n

n n
2uij +Uj

(61k) AU~ Uinﬂj —2ui”l. T
(&)’

(Ay)?

On the basis of these relations, for the fourth derivative we have the approximation

o* 0
(y-i——z)z =AU
ANu~A[(D,’u}) +(D,’u])]

2 n 2.n
:A(Dx uij)+A(Dy uij)

. [(Dfuiiln—2(Dfui"j)+(Dfur”> L (D

i”M)—2(Dfu?,—)+(Dfurj1)]+

(6.1.1) (a%)? (ay)?
(D,%ully;) —2(D,ufy) + (D, *ul'y;) . (D,%u,,) —2(D,’ul,) + (D, uf}
(2)° (Ay)? '

with the following definitions

Ufpj = 2U5y; + U

n n n
Uiy —2uly; +U,;

i+2] i+1j 2 n
D, ’ul, = — , D, ’ul, =
X 1+1] (AX)Z X 1 ] (AX)Z
n n n n n n
D2y — Uija = 2U5 5 Ui D2y — Uisgjr — 2055 + Uil
X u|j+1 2 ’ x Jij-1 2
(AX) (AX)
n n n n n n
D2y — Uiijor = 2Uij + Uisgja D2y - Uilgja —2Uig; + UL
y Ui 2 v Yy Uiy = 2
(4y) (4y)
n n n n n n
D 2" — Uijp — 2075, + Ui D 2" - Uiy — 24 + Ui,
y Jij+l T AV)? ! y Jij-1 7 AV)2
(4y) (4y)
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In the meantime, discretization of —pu. (m) n Eq. (1.1) is given as follows,
a
o o ox oy B
—ﬂ(a,a)- AUy, U, |
1+() ()
OX oy
iy 0 1 au o 0 1 au |
ox U, ou., ox U, ,0u., oy |
1+ (202, (2 Yl 1e (Fye (R ¥
oX oy X oy
D,u" Du"
1 any Xui—%j
—ﬂg 2 2 2 2
1+[Dxu_n . ] +(Dyu_" . ] 1+[Dxu_" L ] +[Dyu_n j
HE j I+EJ |—E j i-——j
Du" Du"
e1m) 1 L . il
Ay 2 2 2 2
1+[Dxu“. . ] +[Dyuf. . J 1+(Dxuf‘. . ] +[Dyu,”. . ]
IJ+; IJ+5 |J—; |J—E

all relations in (6.1.m) are defined as follow,

n

n
(a_u) ~D.u" :—u”lj —Y; ,
1. x2.1 .
OX i+ = AX
n n
(5_U)n <Dy = iU ’
1. x= 1
OX i =7 AX
(a_U) ~D.u" _ Uy =Uy Uiy = Ui ja
ox i i AAX
(G_U)n ~Du" . - Uiy —Uly Uiy =i g
oxiiz i 4AX '
au ul . —u’ ou ul —u".
(_) ~ D Un _ ij+1 ij and (_)n ~ D un — 1] ij-1
o1 yovoo 1 o1 ywoo 1
8y e e ay i ij-= Ay
ou U = U7 g Uiy g = Ui
(_) . ~ Dyun ) — 1]+ [} I+, J+ 1+1, ] and
ﬁy i+EJ I+Ej 4Ay
n n
(ﬂ)n ~Du". - Uijpr = Ui jaa t Uiy — Ui o
1 yd 1 .
oy i-Zi -7 4Ay
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Eventually, the equation (1.1) after above discretization becomes as follow

U - g (Duly) - 2(D,u) + (D], )  (Du]),1)—2(D,u]) +(D, ] )
=—a + +
At (AX)? (Ay)?
(Dyzui'1+1j)_2(Dy2uinj) +(Dy2uin—1j) N (Dyzuinj+1)_2(Dy2uinj)+ (Dyzuinj—l
(AX)? (Ay)?
Dxun 1 Dxun 1
1 i+3 j i*; i
_ﬂE 2 2 2 2
1+[Dxu"1 ] +[Dyu”1 ] 1+[Dxun L j +[Dyun 1 ]
i+= j = j i-=j =
L 2 2
(6.1.n)
Du" Du"
1 it yuij—%
_'uA_y 2 2 2 2 |
1+ Du" | | +|Du" 1+ Du" , | +|Du"
ij+3 ij+— ij*; ij’;

B- Discretization of boundary conditions in two-dimensional case

In order to discretization boundary conditions foru = 0 we assume that

u:J =0
“.n,- =0
u" =0
(6.1.0) 0 =0

0<j<J,
0<j<lJ,
o<i<lI,

0<i<l.

In addition, for discretization g—Z:O, it is assumed that

[ n _ 4N
uflj _u+1j
n n
1+1j 1-1j
u" =u"
(Glllp) i-1 i+1
n_,n
_uiJAl _ulJ 1

6.2 Numerical Example in 1D

In this section, we present numerical examples for the problem of equation (1.1)

ou 2
— =-aAu— uVv-
|
u:ﬂzo

on

u (x,0)=u, (x)

U i ax(©w),

1+|Vu|
on Q2 x (0,0), (1.1)
in Q,
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in one-dimensional case to illustrate the critical point in roughening coefficient p.
And also we investigate stability and instability of null solution by controlling roughening
coefficient p. (cf. [chapter 5, Theorem 5.1]). For this purpose, we consider (1.1) in the
interval Q = (0,1), where [ = 1. In this section the coefficient a is fixed as a=1
but u > 0 is treated as a control parameter. We also specify the initial function as

uy(x) = 0.1[sin(2 x 3.14 x)], x€eQ,

which is a perturbation of the null solution u = 0. Clearly, the null solution is a unique
homogeneous stationary solution.

A- Investigation critical point by roughening coefficient p in 1D

Critical point is equivalency point .In this study the critical point is observed about p=13, see
Figure 6.1.Notice that after the critical point any profiles with increased u become
inhomogeneous stationary solution.

Figure.6.1: Dynamics for several u at the same time t = 150
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B- Investigation of stability and instability of null solution by controlling roughening
coefficientin 1D

We illustrate some numerical examples which show stability or instability of null solution by

controlling roughening coefficient pu.

Set first u = 12. As seen by Figure 6.2, the solution tends to the null solution as t — oo, and the

Lyapunov function along this trajectory is given by Figure 6.2(d).

()t =65 (d) t =100

L B LB s

4
-

s . B »

W LU L LI O L [

(d) Lyapunov function

Figure.6.2: Dynamics for u = 12 in 1D.
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Take next u = 30. As seen by Figure 6.3, the solution no longer tends to null solution. Instead,
as time increases, the small perturbation grows into shallow ridges. The graph of Lyapunov
function along the trajectory is given by Figure 6.3(i).

"n 0 Tmet

(9)t =120 (h)t =140 (i) Lyapunov function

Figure.6.3: Dynamics for u = 30 in 1D.
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Finally, take a sufficiently large u, say u = 60. As seen by Figure 6.4, as time increases, the
perturbation grows into deep ridges. Therefore, the solution again converges to non-null
stationary solution. This means that the null stationary solution is unstable. The graph of
Lyapunov function along the trajectory is given by Figure 6.4(i).

L] £ W i)

(gt =180 (hyt =210 (1) Lyapunov function

Figure.6.4: Dynamics for u = 60 in 1D.
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6.3 Numerical Example in 2D
In this section, we present some numerical examples for the problem of equation (1.1)

ou 2 Vu .

—=—aAuU—uV:| ——— in Q x(0,),

ot a |:1+|Vu |2} (©.)

=M g on 6Qx (0,:0), (1.1)
on

u(x,y,0)=u, (x,y) in Q,

in a tow-dimensional domain .
A- Investigation of stability and instability of null solution by controlling roughening
coefficient

As first results for 2D, we illustrate some numerical examples which show agreements to
theorem (5.1) in chapter 5 (if ad~2 > y, then the null solution is stable. If ad =2 < yu, then the
null solution is unstable).

Stability and instability of the null solution is determined by dominance in magnitude of the two
coefficients a and p to the other but with weight d=2 for a. For this purpose, we consider
(1.1) in the square domain Q = (0,1) X (0,1). The coefficients a is fixed as a =1

but u > 0 is treated control parameter. In this section constant d is computed asd = % (cf.

[chapter 5, Theorem 5.4]). We also set the initial function as

up(x,y) = 0.1[sin(2 - 3.14x) X sin(2 - 3.14y)], (x,y)eQ,

which is a perturbation of the null solution u = 0. Clearly, the null solution is a unique
homogeneous stationary solution.

Set first u = 12, such that ad~2 > 12, then the null solution is stable. In this case, as seen by
Figure 6.5, the solution tends to the null solution as t — oo. This means that the null stationary
solution is stable.

The Lyapunov function along this trajectory is given by Figure 6.5(e).
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~001

-002

-00%

-005

-008

-007

(e) Lyapunov function

Figure 6.5: Dynamics for u = 12
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Take next u = 40, such that ad~? < 40, then the null solution is unstable. As seen by Figure
6.6, in this case the solution no longer tends to the null solution. Instead; the perturbation grows
into two columns of ridges. This means that the null stationary solution is unstable. The
Lyapunov function along this trajectory is given by Figure 6.6(f).

@t=0 (b) t = 40

mmm‘m\mw %ﬁ‘“}”“%’ﬁ*’“ |

(c)t =180 (d)t =120

S S S S —
200 40 &0 98 10 120 W0 0 190 200

(e)t =160 (f) Lyapunov function

Figure.6.6: Dynamics for 4 = 40 in Ax =1/256 and At = Ax. "4
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With respect to symmetric initial function, theoretically the profiles of solutions must also be
symmetric. According of figure 6.7, as expected, in the small time the perturbation growth of x
and y directions are in the symmetric state, however, with increasing time the perturbation
growth of x direction is dominant to perturbation growth of y direction. Also note that this
symmetric growth in very small value of Ax and At can be observed (e.g. Ax =1/1024

and At = Ax. 5 ). This means that the symmetric solution is unstable.\

@t=0 (b) t=20 (©) t = 40

(d) t = 60 ()t = 80 ()t = 100

(9) t=120 (h) t= 140
Figure.6.7: Dynamics for u = 40 in Ax =1/1024 and At = Ax. "5
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B- Change of profiles by enhancement of roughening coefficient

In this section, we shall illustrate some numerical results to observe how change the profile of
stationary solution by enhancement of roughening coefficient. Therefore, in order to justify this
section by numerical examples, we consider (1.1) with one of the roughening coefficient
u =13,30,40. The coefficient a is fixed as a = 1. In addition, the square domain is
specified in Q = (0,1) x (0,1). We choose initial function as

uy(x,y) = 0.1[sin(2 - 3.14x) X sin(2 - 3.14y)], (x,y)eQ.

When ¢ = 13 the solution tends to non-null stationary solution and the perturbation grows into
two columns of ridges. In the meantime, as seen by Figure 6.8 in each column there are 12
ridges. Also, the Lyapunov function along this trajectory is given by Figure 6.8(e).

Set secondly u = 30. In this case as before, the solution tends to non-null stationary solution
and the perturbation grows into two columns of ridges, with the exception that the number of
ridges in a column increases more than that of the case of = 13. In each column there are 18
ridges, as shown in Figure 6.9. Also, the Lyapunov function along this trajectory is given by
Figure 6.9(e). Finally, set u = 90. As noted above, in this case, the solution tends to non-null
stationary solution and the perturbation grows into two columns of ridges and the numbers of
ridges in each column are more than those of other cases, as shown in Figure 6.10. Also, the
Lyapunov function along this trajectory is given by Figure 6.10(g).

W w40 5 6 M W w10

(f) t=90 (e) Lyapunov function

Figure.6.8: Dynamics for u = 13
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@t=0 (b) t = 40

‘ "!' r”""'ll "'."1
lhlnrf‘lu' i

il Wil
. i !,"l" Y

(c)t =180 (d)t =120
s
o i 0 L O

(e) Lyapunov function

Figure.6.9: Dynamics for u = 30
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(e) t = 200 (f) t = 250

-001

=002

~003

-005

-008

=007

W

(9) Lyapunov function

Figure.6.10: Dynamics for u = 90
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C- Change of profiles by initial functions at 4 = 40

In this section, we shall illustrate some numerical results to observe how change the profile of
stationary solution by initial functions. Therefore, in order to justify this section by numerical
examples, we treat (1.1) in the square domain Q = (0,1) x (0,1). The coefficients a and u
are fixedas a = 1and u = 40, respectively. We shall choose initial function as

uy(x,y) = 0.1[sin(3.14kx) X sin(3.14y)], (x,y)eQ,

where k is a positive integer varying from 1 to 5. These are a perturbation of the null stationary
solution to u = 0. First, let k = 1 in initial function. The dynamics for the solution is illustrated
by Figure 6.11. The small initial perturbation grows into a single column of ridges. The graph of
the Lypunove function is given by Figure 6.11(f). At time about t = 120, the values of the
Lyapunov function are stabilized. In view of Theorem 4.0 in chapter 4, this suggests that a final

profile of the trajectory may be given by that of time t = 120.

@t=0 (b)t =30 (©t =60

W T o ¥ CEE "

(dt=90 (e)t =120 (f) Lyapunov function

Figure.6.11: Dynamics fork = 1
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Secondly, let k = 2 in initial function. As Figure 6.12 shows, the perturbation grows in this
case into double columns of ridges. The profile of the solution is stabilized about time ¢t = 180.
The graph of Lyapunov function is given by Figure 6.12(f).

(o)t =160 (d)t =120

-0

-001

=003

-0

-0

-06,

-

L L . M f
n ] [ [1] 0o 120 w0 150 180 200

(e)t =180 (f) Lyapunov function

Figure.12: Dynamics for k = 2
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Thirdly, consider the case where k = 3. As seen by figure 6.13, the initial perturbation grows
into triple columns of ridges. Figure 6.13(f) illustrates the graph of the Lyapunov function of
trajectory.

@t=0 (b) t = 60

©t =120 (d) ¢t =180

B T ]

(e)t =240 (f) Lyaponuv function

Figure.6.13: Dynamics for k = 3
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Next, consider the case where k = 4 in initial function. For a while, the small perturbation
grows into four columns of ridges. Gradually, the state of fourth column becomes unstable.
Ultimately, one column of ridges disappears and the trajectory converges to a stationary solution
whose profile is the same as that of the case where k = 3, see Figure 6.14. Numerical results
indicate that the total number of the stationary solution at u=40 is 3. Also was shown that the
stationary solutions to which trajectory convergence are dependent on initial functions.

(é) t =160 (d) t = 240

=

-082

-on
YN

, -005

=

(e)t =300 (f) Lyapunov function

Figure6.14: Dynamics for k = 4
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Finally, consider the case where k = 5 in the initial function. Two columns of ridges disappear
and the trajectory converges to a stationary solution whose profile is the same as that of the case
where k = 3, see Figure 6. 15.

@t=0 (b)t =70

(e)t =270 (ft =340

Figure.6.15: Dynamics for k = 5
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D- Change of profiles by initial functions at u = 90

In this section, as before we shall illustrate some numerical results to observe how change the
profile of stationary solution by initial functions with u = 90. We treat (1.1) in the square
domain Q = (0,1) x (0,1). We shall choose initial function as

uy(x,y) = 0.1[sin(3.14x) X sin(3.14ky)], (x,y)eQ,

where k is a positive integer varying from 1 to5.

First, we apply k = 1 in initial function. The dynamics for the solution is illustrated by Figure
6.16. The small initial perturbation grows into a single column of ridges. The final profile of the
trajectory is stabilized about time t = 150.

(a)tzb (b)t =50

©t =—100 (d)e ‘=-x;150

Figure.6.16: Dynamics for k = 1 in u = 90.
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Secondly, we consider k = 2 in initial function. The small initial perturbation grows into a
double column of ridges. The profile of the solution is stabilized about time t = 200. the
dynamics for the solution is illustrated by Figure 6.17
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Figure.6.17: Dynamics for k = 2 in u = 90.

67



Thirdly, consider the case where k = 3. As seen by figure 6.18, the initial perturbation grows
into triple columns of ridges. The profile of the solution is stabilized about time t = 260.

@t=0 (b) t = 60

©t =120 (d)t =160

() t = 260

Figure.6.18: Dynamics for k = 3 in u = 90.
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Next, we consider the case where k = 4 in the initial function. The initial perturbation grows
into four columns of ridges. Notice that the profile is not the same as of the case where k = 4,
in u = 40. In this case the state of fourth column becomes stable see Figure 6.19.

o o e =

(05 t=16 (d) ¢ = 250

Figure.6.19: Dynamics for k = 4 in u = 90.
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Finally, consider the case where k =5 in the initial function. For a while, the small
perturbation grows into five columns of ridges. Gradually, the state of fifth column becomes
unstable. Ultimately, one column of ridges disappears and the trajectory converges to a
stationary solution whose profile is the same as that of the case where k = 4, see Figure 6.20.
The profile of the solution is stabilized about time t = 360. Numerical results of this indicate
that the total number of the stationary solution at u=90 is 4, and is more than of pu=40.

(©) t = 180 (d) ¢t =270

Figure.6.20: Dynamics for k = 5in u = 90.
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E- Change of profiles by initial function in rectangular domain
In this section, we shall illustrate some numerical results to observe how change the profile of
stationary solution by initial function in rectangular domain. For this, we consider (1.1) in the
rectangular domain

Q =(0,1) x(0,2).
The coefficientsa and u are fixedas a = 1 and u = 90, respectively. we shall choose initial
function as

uy(x,y) = 0.1[sin(3.14kx) X sin(3.14y)], (x,y)eQ,

where k is a positive integer varying from 1 to 4.

First, we apply k = 1 in initial function. The dynamics for the solution is illustrated by Figure
6.21. The small initial perturbation grows into a single column of ridges. The final profile of the
trajectory is stabilized about time t = 200.

@t=0 (b)t =50

""'N',””“ A ‘ ’> ARARA AN R
L

Jebe A'u.‘ e i
iy LY

(d)t =150
.
T~ -
(e)t =200 | (f) Lyapunov function

Figure.6.21: Dynamics for k = 1 in rectangular domain.
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Secondly, we consider k = 2 in initial function. The small initial perturbation grows into a
double column of ridges. The profile of the solution is stabilized about time t = 280. The
dynamics for the solution is illustrated by Figure 6.22. Figure 6.22(g) illustrates the graph of the
Lyapunov function of trajectory.
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Figure.6.22: Dynamics for k = 2 in rectangular domain.
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Next, consider the case where k = 3 in initial function. For a while, the small perturbation
grows into triple columns of ridges. Gradually, the state of third column becomes unstable.
Ultimately, one column of ridges disappear and the trajectory converges to a stationary solution
whose profile is the same as that of the case where k = 2, see Figure 6.23. The profile of the
solution is stabilized about time t = 350. The graph of Lyapunov function is given by Figure
6.23(f).
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Figure.6.23: Dynamics for k = 3 in rectangular domain.

73



Finally, consider the case where k = 4 in the initial function. Two columns of ridges disappear
and the trajectory converges to a stationary solution whose profile is the same as that of the case
where k = 2, see Figure 6. 24. Numerical results of this section indicate that the total number

of the stationary solution at u=90 in rectangular domain is 2.
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Figure.6.24: Dynamics for k = 4 in rectangular domain.
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F- Change of profiles by decreasing of rectangular domain

In this section, we shall illustrate some numerical results to observe how change the profile of
stationary solution by decrease domain in rectangular space. For this, we consider (1.1) in the
one of the following rectangular domains

Q =(0,1)x(0,2), wherel is % or 1.
The coefficientsa and p are fixedas a = 1 and u = 90, respectively.

Set first Q = (0%) % (0,2). We also set the initial function as

uy(x,y) = 0.1[sin(3.14kx) X sin(3.14y)], (x,v)eQ,

where k is positive integer varying from 1 to 3. First, let k = 1 in the initial function. The
dynamics of the solution is illustrated by Figure 6.25. The small initial perturbation grows into a
single column of ridges. The final profile of the trajectory is stabilized about time t = 240.
The graph of the Lyapunov function is given by Figure 6.25(f).
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Figure.6.25: Dynamics fork = 1in Q = (0, %) x (0,2).
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Secondly, let k = 2 in the initial function. As Figure 6.26 shows, for a while, the small initial
perturbation grows into a double column of ridges. Gradually, the states of two columns become
unstable. Ultimately, one column of ridges disappears and the trajectory converges to a
stationary solution whose profile is the same as that of the case where k = 1. The final profile
of the trajectory is stabilized about time ¢t = 300.

080 9 1M e Wi 2@ @@ 20 %0

(e)t =300 (f) Lyapunov function
Figure.6.26: Dynamics fork = 2in Q = (0, %) x (0,2).
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Thirdly, let k = 3 in the initial function. As Figure 6.27 shows, for a while, the small initial
perturbation grows into a triple column of ridges. Gradually, the states of first and two columns
become unstable. Ultimately, two columns of ridges disappear and the trajectory converges to a
stationary solution whose profile is the same as that of the case where k = 1. The final profile
of the trajectory is stabilized about time t = 350.
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Figure.6.27: Dynamics fork = 3in Q = (0, %) % (0,2).
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Set secondly Q = (0,1) x (0,2). We also set the initial function as

uy(x,y) = 0.1[sin(3.14kx) X sin(3.14y)], (x,y)eQ,

where k is a positive integer varying from 1 to 4.
First, let k = 1 in the initial function. The dynamics of the solution is illustrated by Figure 6.
28. The small initial perturbation grows into a single column of ridges.

%/l/m/ﬂ,‘mll "’»’

@t=0 (b) t = 240
Figure.6.28: Dynamics fork = 1in Q = (0,1) x (0,2).
Secondly, we consider k = 2 in initial function. The small initial perturbation grows into a

double column of ridges. The profile of the solution is stabilized about time t = 280. The
dynamics for the solution is illustrated by Figure 6. 29.

@t=0 (b) t = 280

Figure.6.29: Dynamics fork = 2in Q = (0,1) x (0,2).
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Next, consider the case where k = 3 in initial function. For a while, the small perturbation
grows into triple column of ridges. Gradually, the state of third column becomes unstable.
Ultimately, one column of ridges disappears and the trajectory converges to a stationary solution
whose profile is the same as that of the case where k = 2, see Figure 6.30. The profile of the

solution is stabilized about time ¢t = 350.

@t=0 (b) t = 350
Figure.6.30: Dynamics fork = 3in Q = (0,1) x (0,2).
Finally, consider the case where k = 4 in the initial function. Two columns of ridges disappear

and the trajectory converges to a stationary solution whose profile is the same as that of the case
where k = 2, see Figure 6.31.

@t=0 (b)t = 400

Figure.6.31: Dynamics fork = 4in Q = (0,1) x (0,2).

Numerical results of this section indicate that the total number of the stationary solution in

rectangular domain at u=90 decreases.
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G- Investigation of stability or instability of the null solution by controlling slenderness of
domain

In this section, we illustrate some numerical examples which show some agreements to
corollary 5.1 in chapter 5. For this, we consider (1.1) in one of the following rectangular
domains

Q = (0%) x (0,1), wherelis 1,20r4.

When [ =1, Q is square. Otherwise, Q is strictly rectangular. The area of Q is constantly
equal to 1. The coefficients a and u are fixed asa =1 and u = 40. Also the constant d is

computed as d =~ ﬁ (by. [Chapter 5, Theorem 5.4]).
Set first Q = (0,1) x (0,1). We also set the initial function as
up(x,y) = 0.1[sin(3.14x) X sin(3.14y)], (x,v)eQ,

see Figure 6.32. This is a small perturbation of the null solution. The solution then converges to
some non-null stationary solution as t — co. lts profile is given by Figure 6.32 (d). This means
that the null stationary solution is unstable.

() t = 80 d)t =120 ?

Figure.6.32: Case where Q = (0,1) x (0,1)

80



Set secondly Q = (0, %) % (0,2), and the constant d is computed asd = \/%n We accordingly
replace the initial function with
uy(x,y) = 0.1[sin(2 - 3.14x) X sin(3.14y)], (x,y)eQ,

see Figure 6.33. The solution again converges to some non-null stationary solution ast — oo
whose profile is given by Figure 6.33(e). This means that the null solution is still unstable.
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Figure.6.33: Case where Q = (0, %) x (0,2)
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Finally, set Q = (0,%) %X (0,4). The constant d is computed asd =~ and replace the

_r
V2571
initial function with

up(x,y) = 0.1[sin(4 - 3.14x) X sin(3.14y)], (x,v)eQ,

see Figure 6.34. As seen by Figure 6.34(d), the solution now converges to the null solution. The

domain Q is slender enough to reduce the weight constant d in such a way that d < —hb

7 /z§+z§
(by [chapter 5, Theorem 5.4]) and to globally stabilized the null solution as ensured by
Corollary 5.1 in chapter 5.
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Figure.6.34: Case where Q = (0, %) x (0,4).
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Conclusions

In the present thesis, we are concerned with the initial-boundary value problem for a nonlinear
parabolic equation of fourth order in a two-dimensional bounded domain Q c R?, Qbeing a
substrate domain. Such a problem has been presented by Johnson-Orme-Hunt-Graff-Sudijono-
Sauder-Orr, in order to describe the process of growing crystal surface under Molecular Beam
Epitaxy. MBE is one of useful techniques that enable us to grow structures with very high
precision in the vertical direction. The model equation contains two terms describing a surface
diffusion and a roughening effect caused from the Schwoebel barrier. Equipping the
homogeneous Dirichlet boundary conditions, we studied the model equation analytically and
numerically.
We have obtained the follow results:

« For any initial value u, € L,(Q), there exists a unique global solution. For showing this,
we used the general theory of abstract parabolic equations in infinite-dimensional spaces.
The theory is available to the higher order semilinear parabolic equations, too. After
providing global existence of solutions, we constructed a dynamical system generated by
the problem and showed that the dynamical system possesses a Lyapunov function.

« Using the Lyapunov function, we succeeded in showing that every trajectory converges to
some stationary solution as t — co. Also, stationary solutions to which trajectories converge
are dependent on initial functions.

o  We investigated stability and instability of the null solution which is a unique homogenous
stationary solution. When the surface diffusion is stronger than the roughening, the null
solution is globally stable. In the meantime, when the roughening is stronger than the
surface diffusion, the null solution becomes unstable.

« We made many numerical simulations to find that, when the null solution is unstable, non-
null stationary solutions have a certain number of columns of ridges. When the roughening
becomes stronger, the number of columns and the number of ridges in a column both

increase.
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