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Abstract

The scenario of gauge-Higgs unification solves the fine-tuning problem associated with
the Higgs boson mass. In particular, the SO(5) x U(1) gauge-Higgs unification is phe-
nomenologically viable. The Higgs boson is unified with the gauge bosons as the fifth-
dimensional component of the gauge fields. The Higgs boson appears as a fluctuation
mode of the Wilson line phase 6y along the fifth dimension. The observed Higgs boson
with mass 125 GeV is realised with SO(5)-spinor fermions in addition to the SO(5)-
vector quark-lepton multiplets. The constraint for this model is obtained from the Z’
signals at the LHC in dilepton events. Candidates for the Z’ are the first Kaluza-Klein
modes of Z, Zr and 7 and the allowed region of Z’ mass is found to be 4 ~ 9 TeV for
Oy from 0.2 to 0.07. The model possesses the universality under which various physical
quantities such as the Kaluza-Klein scale and the Higgs self couplings are determined
by 0g.

In this thesis, the Higgs boson decay and the dark matter candidate in this model are
studied. The decay processes H — vy and H — Z~ occur at the one-loop level. In spite
of the presence of an infinite number of the Kaluza-Klein modes in the loops, the cor-
rections turn out finite and the deviations of these decay rates from the standard model
become approximately O(1)%. The branching ratios of the Higgs boson are consistent
with the standard model. The lowest mode of the SO(5)-spinor fermions, which couples
to SU(2). very weakly and is stable, becomes a candidate for the dark matter. The
observed relic density of the dark matter is reproduced with the Breit-Wigner enhance-
ment in the annihilation processes. From the direct detection experiments, the allowed
region of their mass is from 2.6 to 3.1 TeV, which corresponds to 0.07 < 0y < 0.09 (
9.0 < mgk < 10.4 TeV ).
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1. Introduction

In 2012, the Higgs boson was discovered at the Large Hadron Collider (LHC) by the
ATLAS group [1] and the CMS group [2]. As of 2015, the combined result of the Higgs
mass with the ATLAS and the CMS is my = 125.09+0.24 GeV [3]. By the discovery of
the Higgs boson, all of the particles in the standard model (SM) were discovered. The
measured branching ratios of the Higgs boson is consistent with those in the SM [4}5]
and no particles beyond the SM have been discovered [6,7]. Although the SM have been
successful so far, it is not complete. There is the so-called fine-tuning problem. The
radiative correction to the Higgs boson mass squared is proportional to the square of
the cutoff parameter. If the cutoff scale of the SM is far larger than the electroweak
(EW) scale, the bare Higgs boson mass must be fine-tuned to produce the observed
Higgs boson mass. Hence the more fundamental theory will appears in the high energy
scale which is not far larger than the EW scale. The LHC has started run 2 from 2015.
By this run, the properties of the Higgs boson are measured and physics beyond the SM
is expected to be observed.

The other problem of the SM is that there are no candidates of the dark matter (DM)
in the SM. The Planck data [8] indicate the existence of the DM. In contrast, the DM has
not been detected by the direct detection experiments such as the LUX experiment [9,/10]
so far. The DM might be detected by the 300 live-days result of the LUX experiment
or future experiments such as the XENON 1T experiment.

To solve the fine-tuning problem and to explain the existence of the DM, the more
fundamental theory beyond the SM is necessary. The fine-tuning problem of the Higgs
boson mass is one of the keys to study the more fundamental theory. The fine-tuning
problem occurs because the Higgs boson mass is not protected by symmetry in the
SM. Therefore one of the approach to solve the fine-tuning problem is to protect the
Higgs boson mass by some symmetry. The gauge-Higgs unification is one of the scenario
which can solve the fine-tuning problem. In gauge-Higgs unification, the Higgs boson
mass is unified with the gauge boson as an extra-dimensional component of the gauge
field |11H19]. Therefore the Higgs boson mass is protected by the gauge symmetry in
GHU scenario. In five-dimensional GHU, the Higgs boson does not have the potential
at the tree level. By radiative corrections, the Higgs boson acquires the mass and the
vacuum expectation value (VEV) which minimise the effective potential. This VEV
is physical because the VEV can not be gauged away. The Higgs boson appears as a
fluctuation mode of the Wilson line phase 65 along the fifth-dimension. The one more
important point is that the acquired Higgs mass is found to be finite at the one loop
level. This is the so-called Hosotani mechanism [11}|12].

In particular, the SO(5) x U(1) GHU model is a viable model of the scenario beyond
the SM [20-25]. In the model, the Lagrangian has the SO(5) x U(1)x symmetry. The
SO(5) symmetry is broken to SO(4) symmetry by the boundary condition and the
Higgs doublet appears as SO(5)/SO(4) element. The remaining SO(4) x U(1)x =~



SU(2)p x SU(2)g x U(1)x symmetry is broken to SU(2)g x U(1)y symmetry by the
brane interaction. Finally, SU(2)g x U(1l)y symmetry is broken to U(1)gm by the
Hosotani mechanism.

The effective potential has minimum at 0 = 7 in the minimal model with the quarks
and leptons in the SO(5)-vector multiplets [23]. The Higgs boson coupling to the SM
particles are approximately suppressed from the SM value by cosfy [24]. Therefore
0 = 5 leads to the stable Higgs boson and contradicts the experiments. Thus the
value 0 # 5 is required and it is realised by adding the SO(5)-spinor fermions. The
parameter sets which realise the observed Higgs boson with mass 126 GeV are obtained
in [26]. In the paper, the non-trivial relation between the Kaluza-Klein (KK) scale and
the 0y is found. The relation is called the universality and later more concretely studied
in [27]. By this universality, this model is very predictive. In the paper [27], the Z’ signal
at the LHC is predicted. In this model, the Z’ is the KK Z, Zp and « where Zp is the
neutral SU(2)r gauge boson and does not have zero mode. By the constraint from the
8 TeV LHC result, the Z’ mass must be larger than about 4 TeV. By the universality, it
corresponds to 0y < 0.2.

One of the topics covered in this thesis is the study of the Higgs decay in the
SO(5) x U(1) GHU. The decay rates of the Higgs decay H — bb, 77, WW, ZZ are
given by the SM value times cos? @y because these processes occur at the tree level. In
contrast, the H — 7, gg processes occur at the loop level and an infinite number of
the KK modes contribute to the processes. However, the cancellations between the KK
mode contributions occur [26]. The infinite sum of the KK mode contributions converge
and their contributions turn out negligible. The H — Zv process also occur at the
loop level [29]. The KK number in the loop can change through the interaction with
the Z boson. Nevertheless, summing up all of the KK mode contributions, the cancella-
tion among the KK mode contributions occurs. The summation of their contributions
converge and is negligible as in the H — ~7 case. As a result, the production cross
section (g9 — H) and the decay rate I'(H — ), I'(H — Z~) are approximated as
the SM value times cos? . Therefore the branching ratio of the Higgs decay is almost
equal to the SM value. and the deviation of the signal strength from the SM value is
approximately 1 — cos® 0y ~ O(1)%.

The SO(5) x U(1) GHU model can solve the fine-tuning problem. In addition, one of
the fermions in the SO(5)-spinor representation, which called as dark fermions becomes
the candidate of the DM [28]. The study of this DM candidate is another topic of this
thesis. Its annihilation cross section seems to be small by the naive estimation. However,
the Breit-Wigner enhancement occurs in the annihilation processes and there are the
region in which the relic density of the dark fermion matches to the observed relic density
of the DM. In the region, the elastic scattering cross section of the dark fermion off the
nucleon is smaller than the experimental limit from the LUX 85-live days result and
larger than the expected limit of the LUX 300-live days result. Its mass range is from
2.6 to 3.1 TeV.



In section [2] the SO(5) x U(1) GHU model is reviewed. In section [3| the decay rate
of the H — vy and the H — Z~ process are evaluated in the model. In section [4] the
relic density and the elastic scattering cross section off the nucleon of the neutral dark
fermion are evaluated. Section [5]is devoted to the Summary and discussions. In the
appendices, the SO(5) algebra and the triple and quartic gauge boson couplings, the
couplings of the Higgs boson to the gauge bosons, the couplings of the gauge and the
Higgs boson to the SM fermions and the couplings of the gauge and the Higgs boson to
the dark fermions are summarised.

2. Model

2.1. Hosotani mechanism

In this subsection, the Hosotani mechanism [11}/12] is reviewed. Theories on spacetime
with compactified extra dimension(s) are defined by the Lagrangian and the boundary
conditions. Some of the boundary conditions are equivalent because they can be changed
each other by the gauge transformation. In addition, vacuum expectation value (VEV)
of extra dimensional component of gauge field is physical quantity. The VEV might not
be gauged away from the theory without changing the boundary conditions. To consider
the VEV of the gauge field, the radiative corrections play important role. By radiative
corrections, the gauge boson acquires the VEV which minimise the effective potential.
This mechanism of symmetry breaking is called the Hosotani mechanism.

Consider the SU(N) theory on the M* x S! spacetime. The Lagrangian is given by

- 1 uN L M\2| | T (M
£=Tr | = Fan MY - % (OpAM) ] + 9 (MM Dy = m) v (2.1)
where
FMN = GMAN — 8NAM — Zg [AMyAN] ; (22)

The Lagrangian has the gauge symmetry and is invariant under the gauge transformation
Ay =Q Ay +ig o) QF . (2.4)

Next, consider the boundary condition. Because the fifth dimensional coordinate y and
y + 27 R is same point, set the boundary condition as

Apr(zh,y + 27 R) = UAy (2, y)UT (2.5)
"y + 21 R) = U(x”,y)



where U is a element of SU(N). In the new gauge transformed by (2.4)), A}, (z*,y+27R)
is written as

Ay (e, + 2mR) =U" Ay (2, ) U — g™ (00U U 2.1
where
U = Q(z" y + 2rR)UQN (2", y) . (2.8)

If 0, U’ = 0 is satisfied, Ay, (z#, y+27R) = U' A}, (2", y)U'" is the boundary condition in
the new gauge. Simultaneously, ¢'(z*,y 4+ 27 R) = U’y (x*,y) is satisfied. Therefore as
shown above, the boundary condition is also changed by the gauge transformation. Some
of the boundary conditions are related to each other through the gauge transformation.
It implies that VEV is physical because in general the VEV cannot be cancelled away
from the theory. By the gauge transformation, the VEV can always be gauged away
from the Lagrangian. However, the VEV appears in the new boundary condition.

2.2. Action
The SO(5) x U(1) GHU is defined on the Randall-Sundrum metric |30].

ds* =e Wy, datdz” + dy? (2.9)

where —L < y < L, o(y) = kly| and n,, = diag(—1,1,1,1). Therefore y = L and
y = —L are identified as the same point, so that this metric has S'/Z, symmetry for
the fifth dimensional coordinate. The so-called conformal coordinate is defined for the
region 0 <y < L as

ds®> =272 {nw,d:c“dx” + k’deQ} : (2.10)

where z = e and 1 < 2 < 2z = €. The y = 0(z = 1) and y = L(z = 2;) brane is
called the Planck brane and TeV brane respectively. This e¥* = z; is called the “warp
factor” and it is assumed that z; > 1.

The bulk Lagrangian has the SU(3). x SO(5) x U(1)x symmetry. SU(3) symmetry
is the color symmetry and SO(5) x U(1)x symmetry is finally broken to U(1)gy sym-
metry. The gauge fields of SU(3), SO(5) and U(1)x are denoted by Gy, Ay and By,
respectively. The matter fields in the bulk are ¥, and Vp,. U, is the fermion multiplet
in the SO(5)-vector representation and Wy, is the fermion multiplet in the SO(5)-spinor
representation.



The bulk action is given by

1 1
S = [ Eov/=G {—Tr(4F<A>MNF§;‘}V 5 —(fyz 4 g )

(g oL )
—Tr(iF( >MNF(]2,+2§ (fN? + L )

+ZEaD<Ca +Z\IJF CF \I/F

Fifx = 0mGn — OnGar — igo |G, G| (2.11)
1 | | | ,
D) =Tes™ (aM + gempoll”, T —igady — ignQx Bu — chQcGM>) —ca'(y)

where fy are the gauge-fixing terms, Ly, are the ghost Lagrangian, ¥ = iWT° and
gamma matrices are given by

T = (5# "“) , I = (1 _1> L ot=(1,5), o' =(-1,35). (2.12)

ea™M is the vielbein and wysap is the spin connection. wy = twyrap[l4, TF] on the RS
metric is given by

1
(wWy, wy) = (—le_gnuylwlﬁ, O) . (2.13)
The boundary conditions at yo = 0 and y; = L are set by
< (T, Y, —y)) _p ( Au(z,y; +y) ) p-1
Ay(z,y; —y) —Ay(z,y; +y) 7
(BM i y)) _ < By (z,y; +y) )
By(z,y; —y) —By(z,y;+vy))
(Gu(l’ i y)) _ ( Gulw,y; +y) )
Gy(@,y; — y) —Gy(z,y;+y))
\Ijaxyj_y) PvecF\Ij(xayj—i_y):

(
U (z,y; — y) = N, (=1 Py, (2,5 + y)
(-1

Py = diag -1, 1), Py, =diag(—1,—-1, 1, 1) (2.14)

By the above boundary condition, the SO(5) symmetry is broken to SO(4) and A, in
the SO(5)/SO(4) have the zero modes. In contrast, the SU(3) and U(1) symmetries are



preserved and G, and B, do not have zero modes. Therefore only A, in the SO(5)/50(4)
part can have the VEV and this part corresponds to the Higgs doublet in the SM.

The SO(5) can be divided by SO(4) ~ SU(2)., x SU(2)r and SO(5)/SO(4). Corre-
spondingly, the gauge boson can be denoted as

3 3 4
Ay =D AT + > ARTR 4> A4, T . (2.15)

a=1 a=1 a=1

The VEV of the Higgs boson is taken to (A%) = v - §*uy(2), where uy(z) = e
L
and the Wilson line phase is given by

exp {;QHQ\/ﬁT‘l} = exp {igA /IZL dz(Az)} : (2.16)

In this notation, v can be rewritten as v = fyf0y, where

H=— : (2.17)

The four dimensional effective Lagrangian is obtained by integrating the five-dimensional
Lagrangian by the fifth coordinate. The four-dimensional gauge couplings of the strong
and weak interactions and the electroweak charge are given by

go=3C g =94 ___ 9498 (2.18)
VL VL (g3 +293)L

respectively.

Considering the SO(5)-vector fermion multiplets, the multiplets can be written as
U= (U, U, Uy U, U5)T. For convenience, W is defined as

< (g Uy 1 (=il — U, iU+,
U= A =—1 . ) . 2.19
<‘I/21 \I’2z> \/5 W3 — Wy W — Wy ( )

then (\IAIH @Ql)T and (@12 \I/}QQ>T are SU(2)L doublets and (‘i’n \iflg)T and (@21 \IAIQQ)T
are SU(2)r doublets. For each generation, ¥, are donated as

b= (0 P ) (), = = () ()= e

10



The electromagnetic charges of each particles are

) 2 1 4
T: - U B, t, t:= D, X, b b:—= Y:——
3 ) ) y Uy 3 ) ) y Uy 3 ) 3 )
LQX 1 ) L2Y7 Vr, V;-a L3X . O ) LSYa T, T/a L1X7 =1 ) LlY 1 =2 ) (221)

because the electric charge is Qv = T3 + T3% 4+ Qx as shown later. The bulk mass

parameters are set such that ¢; = ¢; and c3 = ¢4 in each generation. With the boundary
condition in (2.14)), zero modes appear in

TL t L U L X L

[QIL = (BL> ,dr = (bL> ) t;%‘| ) [Q2L = <DL> 7Q3L = (YL> ) b/R‘| 5

VrpL Lixp, ' Loxy, Lsxy, /
= Ly, = Loy = L3y, = . (2.22
() e () ] e () - () o]
Considering the SO(5)-spinor fermion multiplets, top two components are SU(2),
doublet and bottom 2 components are SU(2)r doublet. From the boundary condition,

V. do not have zero modes.

To break the SO(4) symmetry spontaneously and reproduce the mass difference be-
tween the fermions in same generations, the brane action is added. The brane scalar @,

the brane fermions {?, and ¢! (a = 1,2, 3) are localised on the Planck brane. ., and
g are SU(2);, doublet and denoted as

~q . TR ~q _ UR ~q _ XR
X1R = B y  X2RrR = D y  X3R = % )
R/ 7/6 R/ /6 R/ _5/6

. L . L . L
XllR = (ﬁlXR> ) XZ2R = (EQXR) ) XéR = <£3XR> ) (2‘23)
YR/ g/ 2YR/ |9 YR/ _y /9

11



where the subscripts denote U(1) charge Qx. The brane action is given by
Shrane = / PV —G 5@){ —(D,®) DD — X\ (BT D — w?)?
3
+ (XZTR i0" DyXar + XZRZE#DMQLR)
— i[RI T @ + RIRERT 1D + kXL Do ® + kXL Tor @ — (h-C-)}

—1 IZJI)ZQR@?)L&) + /ill)zllTR\i/;gL(i) + KIQ)A(ZQTR@ML&) + lilg)%gz;i‘i&LL(i) — (hC):| } s

—

. 3 B,\ »
D,® = (8# —iga Yy AGRTR — z'g32“>q> ,

arp=1

3
D,uf(aR = (a“ — ZgA Z AZLTULL — iQXgBBu — igCQCGu)XQRv (224)

ar=1

where & = igy®*. (®) = (0,w)" # 0 breaks SU(2)z x U(1)x to U(1)y. Assume
w > O(Mkg), then the brane scalar is heavy and negligible. By the VEV of the brane
scalar, the brane action is rewritten as

brane

Gmass /d5x\/_5 ){ 49,471) (A}LRAlRN_i_AiRAQRH)

1 2 3 3Ru °w

- v (94437 — g5B,.) (94A*" — g5 B")
3
Z Wa(XaRQaL - QTLf(aR) —if (XgJJr{QL - C]E)%%R)
a=1

_3'lAlTL _LTAl / gAl
Zwa(XaR al oL XaR) — (XSR L —{1X3R) ¢
a=1

pdo gtk @

%—g—@zﬁzw. (225)

Therefore define that
An Co —So\ (AR
(B#/):<S¢ ¢><éﬂ> , (2.26)
" ¢ Co 1
where

(2.27)

ga gB
Cp = ————=, Sp= .
V94 + 9% VIi + 9B

12



By this definition, the brane mass term of the gauge fields are written as

5 gaw®  1p 25 42 GA+ 9B 2 a3, 43,
Stiine o [ @ev=G o)) — P (An Aty A e - ST A A

(2.28)

and by this brane mass term, the boundary condition for A}ﬁ, AZR and AiR are changed
to

App = A% = A%r ~ 0, (2.29)

for m,, < O(Mpjana) modes. Therefore the SO(4) x U(1)x symmetry is broken to
SO(2) x U(1)y. For simplicity, the boundary condition for A}7, A>% and AiR is written
as ALR = AiR = Ai%‘ = 0 in the following.

The Higgs VEV can be removed from the Lagrangian by the gauge transformation

) = exp (102 | /() (230

where the phase is determined by the condition (L) = 1. By this gauge transformation,
the boundary condition at y = 0 is changed to

Py =Q(—y) PO (y) . (2.31)

From {T% Py} =0, P, can be written as

By = ~1 , (2.32)
—cos20yg sin20g
sin 20y cos 20y

in the vector representation and

cosOy —isinfy
~ isinfyg —cosfy
Py = 2.
0 cosOy —isinfy |’ (2.33)

i1sinfgy —cosfy

in the spinor representation. This gauge in which (flz> = ( is called the twisted gauge.

13



2.3. Mode functions of the gauge fields

In this subsection, the mode functions and the mass spectra is considered. At first, the
KK decomposition of the Abelian gauge field is considered as a example [31]. The action
is given by

4 [F —( ! MN
5= [da ["a G( RN = () ) , (2:34)
where fgr is gauge-fixing term
fat = 2 {0 0uB, + €k*20.(7'B.) } . (2.35)

Here, the 't Hooft-Feynman gauge £ = 1 is taken. Therefore the equation of motion is
obtained by

/d4 IZL dz <;7]“pB {77””808,,3,)—1-/1’2,282(2IGZBP)})
v [ [ - = (598 {w00,0,8. + w0, (0.7 B.)}) (2.36)

where B,0,B, = B,(9,B,) = B,0,(z7'B,) = 0 are imposed. As the scalar case, the
gauge bosons are decomposed to

B.(r,z) =Y B"(x) 1) (2.37)
HA — 1 m ) :
(n)
B.(z.2) = 3" B () /) 9.38
(2,2) = 2 B0 @) (2.39)
where rg, ), are the normalisation factors
Ldz n 2
ryo = | = 137 )7 (2:39)

Py = / 22 F ()2 (2.40)
The eigenstate of fg(") (y), f,(l") (y) are determined by

20.(2710.£{") = —m2 f{" (2.41)
K20, (20.(= 7 11V)) = —m2 £, (2.42)

14



To solve the equation, z~! fg(”) = fg(”) is defined as the scalar case. By rewriting the

equation, we obtain
{202 +20.+ 2N - 1)} fiV =0, (2.43)

where \,, = m,,/k is defined. Therefore, the solution of this equation fg(") is written by
the Bessel function

£ (Anz) o 2 {anJi(An2) + b Yi(An2)} (2.44)
Similarly, £\ (y) is obtained as
1 (A2) o 22 {anJo(Mnz) + baYo(An2)} (2.45)

The coefficients and the mass eigenvalues are determined by the boundary condition.
For convenience, the functions are defined

F, 5(u,v) = Jo(u)Ys(v) — Yo(u)Js(v) . (2.46)

C(z;\) = g)\zzLFl,o()\z, Azp), C'(z;)) = g)\gzzLFop()\z,)\zL) ,
S(z:\) = —%AzFM(Az,AzL) . Sz = —gszo,l(Az,AzL) ,

S(z\) :gg ;)) S(z\) . (2.47)

Here the formulas
2Z () + aZy(x) = 2241 (2) (2.48)
xZ () — aZy(x) = =2 241 (2) (2.49)

are shown for convenience.

Imposing the Neumann condition 9,4, = 0, A, has the zero mode. In the case,
fg(o) [/Tgo =1/ VL. The non-zero mode which satisfies the Neumann condition at the
z =z, fg(") can be written as

£ 0n2) = Srzz {1 (An2)Yo(Anz) = Yi(n2) Jo(hnz)}
=C(z)) (2.50)

and imposing the Dirichlet condition A, = 0 at the z = 2z, f,En) is written as

FM(Az) = (2 A) (2.51)

15



Imposing the Dirichlet condition A, = 0 at the z = 2z, fg(") is written as
FW(N2) = S(2A) (2.52)

and imposing the Neumann condition 0,(271A,) = 0 at the z = 21, A, has zero mode.
From the boundary condition, f,EO) = z and

L dz 2 22 —1
o 2.53
T k2T T 2k (2:53)
For non-zero mode, f\" is written as
FM(Nz) = S'(2:A) (2.54)

Considering the gauge bosons in the SO(5) x U(1) GHU model, A, (z, z) and B, (z, z)
are expanded as follows.

Az, 2) + ng”(x’ NTe =W, + Wi+ 2, + A0+ Wi, + Wi, + Zg, + AL | (2.55)

where

Tt 4T TR £iT?% . TlgiT?
WF =S W"F(2){ by ——— + My ————— + hypor ——=— ¢,
Z ){ Ww(n) \/i Ww(n) \/§ W (n) \/i

Z,=>Z"(x) { LT3 4 hE T + hyo T + hszB} ,

n)qt TlL :F z‘TQL T'r  {T?r
ZRM Z ZRu {hL T° 4 h3 n)TSR + gB h n)TB} ;
Z A (@)h o T

5 W1 T2 < WhFiWw2

W+ = . Wi = 2.56
\/5 R \/§ ( )
The weak mixing angle 6y, is given by
1
cos Oy = (2.57)

V1+s3 '

The KK spectrum and corresponding wave functions for each tower are summarised as
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follows.

W boson tower
The mass spectrum of the W boson tower is given by

25(1; Ay )C' (15 Ay ) =+ Aoy sin® O = 0 . (2.58)

This equation has the solution which corresponds to the SM W boson. For Ay 2 < 1,
the solution of Eq. (2.58)) is obtained by the approximations S(1; Ay0)) ~ —Ay25/2
and C'(1; \y0)) ~ A% 22 In zp. Thus the mass of the SM W boson is obtained by

_ysinfy sin O

N R

For zero mode, W(© is denoted by W for simplicity. Their mode function is given by

mw ~ kz

(2.59)

hﬁ/m) (2) 1 (1+cosOy)C(z; \ym))
hﬁv(n)(z) (1 —=cosOy)C(z; Apm) |

By (2) VeI V2 —V2sin 055 (2 Ay

2L dz ) A
Tywn) = /1 ™ {(1 + co8? 05) C(2; Aym))* + sin? 0.5 (z; )\W(n))Q} . (2.60)

Z boson tower
The mass spectrum of the Z boson tower is given by

25(1; Azm)C'(1; Azt ) 4+ (1 + 85) Az sin® O = 0 (2.61)

This equation also has the solution for Az, < 1 as the W boson tower and it corresponds
to the SM Z boson. The mass of the SM Z boson is obtained by

_ sin GH 1
~ kol . 2.62
Mz =B VEkL cos Oy (2:62)

For zero mode, Z( is denoted by Z for simplicity. Their mode function is given by

he (%) (1+s3)(1+cosbpy) — 253 C(z; Agm)

flg(n)(z) 1 1 (14 53)(1 —cosbpy) — 253 1C(2; Agm)

hzm (2) \/m\ﬂ’z(n)\/§ —V/2(1 + 53) sin 0 S(2; Ay 7
hZom —254¢6C (2 Agm)

2L dz . A
Ty = /1 kz{c?bC’(z; Azm)? + (1 + 3) {cos2 0rC (23 Ayom)? + sin® 055 (2; AZ(M)Z}} .
(2.63)
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~ (photon) tower
The mass spectrum of the photon tower is given by

C'(L;Am) =0, (2.64)
and the mode function is given by
hf]/%(")(z) 1 1 Sg
) T )
T = :L ZzC’(Z; Aym)? (2.65)

For the photon v = 7(®,

1

hi(z) = hi(2) = m

Sp = tohl . (2.66)

Therefore the electric charge is

Wgr boson tower

The mass spectrum of the W5 boson tower is given by C(1; A =0 . Their mode

Wg"))
function is given by

hévém(z) _1(1—COSQH>C<Z‘/\ )

hﬁ,}gm (2) \/77;;)\/5 —1 —cosfy g
—C(z; AWI(;Z))? : (2.68)
Zr boson tower

The mass spectrum of the Z boson tower is given by C(1;A,w) = 0 , Their mode
R
function is given by

L
hé&")iz; 1 —1 —cos Oy
(2) | = 1—costy | C(z;A,m)

Z;) 2 2 H Y Z( ) )
1 1+2 r_mvV?2 R

h?}(%n) \/ + ( _|_ td)) COS HH TZ; )\/_ 2t¢ COS 9H
zL dz S

TZ;?n) = ) EC(Z’ /\Z%T”)Q = TW;;) , by = a . (2.69)
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A% tower
The mass spectrum of the A* tower is given by S(1; A ;i) = 0 , Their mode function

is given by
1 2L dz

hAfl(n)<Z) = 75(’2; )‘Afl(n))v T pd(m) =

N o = 5(25 A gam)* (2.70)
A4n

A,(z,z) and B,(z,z) are expanded as
3

3
flz(x,z):zzga—kf)“—i—]:[,

a=1a=1

D=3 D" () {u%ﬂ“)T% + ufh T + ’&D(de} ,

G* =30 G" (@) {ubon T + ugn T}

H =3 H @)y T,

B. =Y B"(2)ugmTs . (2.71)

D tower
The mass spectrum of the D tower is given by

C(l; )\D(n))Sl(l; )\D(n)) - )\D(n) COS2 ‘9H =0. (272)

Their mode functions are given by

L I( .
Z?”)Eii ! o gCo('Z(,’zAf W)) §izny = SN gy
e = ———75 | —costuC'(z Apw , A) = o ZA)
hpm (2) VTD(")\E —V/2sin 055" (2; Apm) S(1:A)
2L kd N
Ty = /1 " 7Z {cos2 0 C' (2; Apw )? +sin? 0.5 (2; )\D<n>)2} ) (2.73)
G tower
The GG boson mass spectrum and mode functions are given by
C'(1; Agim) =0, (2.74)
1 1
L n) — R n)y — —— Cl ) )\ n
Ugm) = Ugn) V2 i (23 Agm)
2L kd
—/L—ZC’ 2 A )? . (2.75)
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H (Higgs) tower
The mass spectrum of the Higgs tower is determined by

S A ) = 0. (2.76)

For the zero mode which is the 4D Higgs boson H = H® X, = 0. The mode functions
are

2
U (0) (Z) = UH(Z) = m z (277)
for the 4D Higgs boson, and
1 zr kdz
uH(n)(Z) = o )S(Z )\H(n) 1D —/ 75’ Z )\H(n)) s (2.78)
H n

for KK-excited states (n > 1).

B tower
The B tower mass spectrum and the mode functions are given by

1 2L kdz
Upm) = C'(z; Agmy) , 7 n—/ —C”z)\ m)? . 2.80
B(n) m ( B( ) B(n) B( )) ( )

2.4. Mode functions of the SO(5)-vector fermions

In this subsection, the mass spectra and the mode functions of the SO(5)-vector fermions
are summarised [32]. Consider the free fermion,

s= [d [ay/=G b Thes (0 + ;wMBC[FB, M~ co'(y) )0 (2.81)
then the equation of motion is written as
(h o )it =0, (2.8)
"0, —k‘D+( )
where 1) = 2% are defined and

Di(c) = £+ 5. (2.83)
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Consider the KK decomposition of the fermion and substitute it to the equation of
motion to obtain the wave function of the KK modes. The fermion is decomposed to

v 1 P () fim)
v =2 (%xiﬁmgzi) | .

n \/Tf(n)

where | /T;) is the normalisation factor

I\

Zr dz n 2L dz n
Tym) = . s Zf}(z)(Z)Q = zfé )(2)2 . (2.85)
Considering the eigenvalue equation
kD_(e)f4"(2) = mnfi"(2) | (2.86)
kD (o) " (2) = mafi(2) | (2.87)

the eigenvalue m,, becomes the KK mass. These equations ([2.86]) and (2.87)) are rewritten

as
(2207 + 20, + (M2)® — (c— 1/2)22 2 f(z) =0 2.88)
(2207 4+ 20, + (M2)? — (c+1/2)% 272 f1(2) =0 . (2.89)
Therefore f(2), £ (2) is written as
F(2) o 22 {anJC_%()\nz) - bnYC_%()\nz)} 2.90
F(2) o< 2% {an 1 (Anz) + baYop 1 (An2) | (2.91)

From the boundary condition, either fj(gn) or fé") must satisfy the Dirichlet boundary
condition. Therefore, the normalisation factor satisfies the condition (|2.85|):

Zrdz ()2
Tyn) = /1 ?fR

L dz .n "
& oD,

z=z Zr dz Zr dz
(n) p(n) L D (n)\ ¢(n) _ (n) (2
|:fR fL i|z— + ) )\nk: _< R ) L = A ]{; (Z) . (292)

=1

1
Ank
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For convenience, we define

7r m
CrL(z; A\ c) = 5)\\/22LF6+%’67%(A2,)\2L) , Sp(z A\ ¢) = —§A\/zzLFC+%’C+%()\z, Azp)

Cr(z; A\ ¢) = —g)\w/ZZLFC,%,C%()\Z,)\ZL) , Sr(z; A, ¢) = g)\w/ZZLFc,%,C,%()\Z,)\ZL) :
(2.93)

By imposing the Dirichlet boundary condition for f é”) (20) =0,D_f gl)(z) |.=-, = 0 must
be satisfied simultaneously from the Eq. (2.86). In the case, fé") and f,g") is expressed
by using F,pg as

f1(2) = Crnz, Aazr) | (2.94)
F(2) = Sp(Anz, Anzr) (2.95)
respectively. Similarly by imposing the Neumann boundary condition for fgl)(zL) =0,

D, f én)(z)\zzzL = 0 must be satisfied simultaneously from the Eq. (2.87). In the case,
fl(%n) and fé” is expressed as

s

O

—
N

N~—
I

SR()\nZ, )\nzL) 5 (296)
fl(Jn)(Z> = OL()\nZ7 >\nZL> ) (297)

respectively. From the orthogonality of the Bessel function, the effective potential be-
comes the infinite sum of the fermions with mass m,, = k\,,.

Qem = g sector
From the boundary condition ([2.14]), 7" must satisfies D, (27%T;) = 0, at z = zy.

Therefore Ty, is decomposed by z2Cp. At z = 1, from the boundary condition ([2.14)) and
brane mass ([2.24),

(uf)?

ASh = 2%

CL=0, (2.98)

must be satisfied where C, = C(1, ), ¢), etc. For uf > vk, the first term of the LHS
is negligible and the zero mode does not exist.

Qem = g sector
To calculate in the twisted gauge, B, t,t" are defined as

B B T(1+¢) 3(1—0¢) \_/—%s

tl=alt], Q=[31-0 301+ Zs|, (2.99)
I / 1 1

t t ok — 735 c
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where ¢ = cosf(z), s = sinf(z). From the boundary condition ([2.14)), U, B, , must

satisfy
D, (272U) =D, (¢72B) = D, (27%) =1, =0 (2.100)

at z = zp. Therefore Uy, By, tr,t; are decomposed as

Us(z, 2) a2, M)

Br(z,2) | VE22 | a5 Cr(z, Mm) | )

5 _ (n) £ () (2.101)
éL<x7 Z) 1/Tt(n) CL(Z )\t(n))

tlL JI,Z) at, SL(Z )\t(n))

Here CL(z, \;n)) = CL(2z; \ywy, ¢) and SL(z, \ymy)) = SL(2; Aymy, €). From the boundary
condition (2.14) and brane mass (2.24]) at z = 1,
H(BL - t~L> - \/§CH£/L =0,
2 ~
25 —277 ,M,u2 L2 ~ 2 o, ~ -
D, — = B +1 B —tr) =
( + >(Z Un) = = But i) + =B~ 1) = 0.
2 | ~2 2 -2 B }

/’Ll—i_/’t >Z_2(BL+£L)—IU1 :u Z_2<BL—tL):O,

fily o
Bz -2y D. —
o © T ( T 4k Ack
2 ~2
B2 o M — B o
£r2 - B
ok 2 Ur— g 7 (Butt)
pi+ i H o 5
+<CHD+ - denk )22(BL — tL) -+ \/§SHD+(272Z€IL) =0 y (2102)
H

must be satisfied where cy = cosfy and sy = sin fy. For simplicity, the superscripts of

the brane masses are abbreviated. By (2.101)), this condition is rewritten as
(n)

0 0 V2suenCl —cy Sy ol
ANSp — %CL uu? 20 uuz XYe)3 0 M .
—ey oSy - Py =108 0 ag;c_:gm =0.
%CL uQ;kui C, 24 \Sp — fi +u1 O, VIsyAChr a§7)
(2.103)

The above equation have the nontrivial solution when

2
c? {[BSLSR + 13SLSk + s%,“;} =0 (2.104)

is satisfied where p!, %, i > Ak is assumed. Therefore the mass spectrum of the
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QeMm = % fermion is determined by
~9 2
(ﬁLQ N 1) S8+ =0 (2.105)
125

For 0 < ¢ < 1/2, the solution for Az; < 1 is obtained by approximating Sj =~
~Az;7¢/(1 4 2¢) and Sg ~ Az; /(1 — 2¢), as

kzplsin@y /1 — 4 (2.106)
V2 1+ (52/)

For 1/2 < ¢, the solution for Az, < 1 is obtained by approximating Sy, ~ —\z;"¢/(1+2c)
and Sp ~ A\z§ /(2¢ — 1), as

my =~

My

kz;'sin Oy Ve —1 (2.107)
V2o i ()

The coeflicients are obtained as

afy’ —V/2 o/

al? _ | (T —cos 0r)/ V2 (2.108)
al™ (14 cosf)/V2 '
G,E;n) —siné)HCL/SL

The mode functions of the right-handed components Ug. Br, tr, th, are obtained by re-
placing C;, — Sk and S;, — Cg. Thus the mode functions are written as

Ur(x,2) aglicL(Z, Ay f{fii(z)

3 k 2 (n n n . n
f?L(%Z) _ \/_Z aa)C’L(Z, )\t( >) t(L)(m) = \/Ez2 f?rf)(z) t(L)(x) ’
éL(x, 2) VT | ag ' Cr(z, \iwy) fi, (2)

t/L(xa Z) CLE? SL(Z, )‘t<")) ft(’:)<z)

Un(z, 2) 0" Sk (2 o) T (2

D, k‘ 2 (n) n " n n
-?R(:L‘7Z) _ \/_Z agL)SR(Za )\t( )) tg%)(l’) = \/EZ2 f?y{%(Z) tg%)(.f) 7
€R<5E, z) VT | ai’ Sr(z, \iwy) Jtn (2)

(@, 2) A Crlz ) 15)2)

T y(n) —/ dz{ CL (2, Ay )? + (ag)2 +at )CL(z A )? +a§, )ZSL(z,)\t(n))z}

_ /1 dz { 28(2, Ao )2+ (@22 4 a) S (2, A )? + a2k (2, Ay )? } ,
(2.109)
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Qem = —3 sector

To consider the Qry = —% fermions, the equations are obtained from the Qgy = %

sector by replacing

U b
B X
- - 2.110
t —
o >l . (2.111)
Therefore the mass spectrum of the Qrv = —% fermion is determined by
T St
L4158 —=0. 2.112
(4 +1) 050+ ] 2.112)
and the solution for A\z; < 1 is obtained as
kz7lsin@ 1 — 4c?
my o~ oL SUH L (2.113)
V214 (/)
for 0 < ¢ < 1/2. The ratio of this mass to the top mass is expressed as
1 + 772 2 ~
my VI E/pE)  p (2.114)
m L+ (pu3/p2)  He

Thus the mass ratio of the top quark and the bottom quark is reproduced by adjusting
the brane mass parameters This relation is also satisfied for the first and the second
generations.



The quarks with Qgy = —% are decomposed as

bu(w,2) af"Ci(z My Ty (2
X L2 (”)C Aein " ™y "
~L(ZE72) _ \/—z CLA();'L) L(Z, B( )) b(L)(f,U) = \/EZQ f)((nlj( ) b2)<$> ’
Z?L(m,z) VT | ap CL(z, Aym) fDL (2)
by (z, 2) al” Sz, Ao 1)
ZER(x’ 2) al()n)SR(Z, )\b(n)) be:) (Z)
Xp(e,2) | VE2 [ aPSr(z M) |y — o | FY0) |
~ = (n) by (z) = Viz (n b’ () ,
Dg(z, z) VT | ap Srz, Aym) Dy (2)
blR(xa Z) CLI(JL)CR(Z, )\b(n)) zf/: (Z)
AL n n
Thn) = /1 dz{aé"pCL(z, Ay )+ (a(n)2 + a%)Q)CL(z, Ay )2+ al(,, )QSL(Z, Ap(n)) }
2L n n n
:/1 dz{@z(; 2SRz, M) + (2 + a$3*) Sz, Ay ) + ap > Cr(z, Ay } :
(2.115)
where
a” —V2u3 /it
aly) _ |- cosfy)/V/?2 (2.116)
aly (1+cosfy)/V2 | '
al(:,l) sin QHCL/SL
Qem = —% sector
To consider the Qgy = —% fermion, the equations are obtained from the Qv = g
sector by replacing
T—Y (2.117)
f1 — ps . (2.118)
The mass spectrum is determined by
712
ASp — (’;?;3 Cr=0, (2.119)

therefore Y does not have zero mode.
For a lepton multiplet (v,,7), the wave functions are given by the following replace-
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ment rules;

U Vr b Lgy

B LQY D T
A Ll | x — Ly | (2.120)

t/ Vl b/ 7_/
(A9, p8) = (s, 1) o () = (i, ) (2.121)
1 — C3 . (2122)

2.5. Mode functions of the SO(5)-spinor fermions

The mass spectra and the mode functions of the dark fermions are written in this subsec-
tion. The SO(5)-spinor multiplet consists of four fermions. The above two components
are SU(2);, doublet and the below two components are SU(2)g doublet. Therefore the
SO(5)-spinor multiplet are denoted as

YEn
Up VE 12
Uy = 00 = | VR 2.123
Fi <\PFZ~,7’> VE 1 ( )
¢Fi,r2

The electric charges are % + Qx,. for ¥p ;1 and ¢Yp, 1 and % — Qx,. for ¥ 12 and Y, ,o.
The U, is defined as Uy, = 2~2W, in the twisted gauge. From the boundary condition
at z = zp,

D_Wppn(z) =0, Wp,r(z)=0, (2.124)
for np, = +1 and

D+¢’Fi,lR(ZL) =0, qui,lL(ZL) =0,
\I[FZJ‘R(ZL) =0 s D—\I]Fi,rL(ZL) =0 s (2125)

for nr, = —1. In the following, Qx, = % and np, = +1 are adopted.
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The SO(5)-spinor fermions are decomposed as

Fiia(2) 0
n 0 n fzn n
iWwrR
0 fz T‘R( )
fii(2) 0
n 0 n ¥ n
\Il%i?L(x,z) = Vkz2? (n) F:FL( )(:c) + fl’lf)('z) FlO(L )(:c) : (2.126)
fi,rL(Z)
0 fer( )

From the boundary condition, the fi(")’s are proportional to

fin@)\ <0L<z>> @) o (&(z))
1) " \se(2)) * \f0kz)) " \Crla))
respectively. The boundary condition at z =1 is
Ou -~ O -~
COS gQFi,lL(l) — 7sin 7H\IJF“TL<1> =0 s
Ou -~ Ou -~
—isin TH‘IJF“ZRO) + cos f‘l’mfz(l) 0. (2.127)

From the boundary condition at z = 1, the mass spectrum {mp, ,, = kX;, } is determined
by

0
CL(L; Xim, ¢p ) Cr(1; A, c) — sin? 71{ =0. (2.128)

The mode functions are given by

( Z(fé;iii) D () - e (G,

(n) 0H .. gH
er(Z) _Cos 5, CL( ) SL(z) _ ZSIDTSR(U SL(Z)

T
(™) and 7™ are determined by the condition

with A = )\, ,. The normalisation factors r;

i n n AL n n
[ a1 1502 = [T a (IR E 1R = (2.130)
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to be

5 0 6
(n) _ H 2 2 2/H 2 2
r; —/1 dz{ sin? 5 —S1(1)*Cr(2)” + cos 70L<1) Sr(z) }

2L

= [ dz{sin? H;SL(l)QSR(z)Q + cos? Q;CL(l)QCR(z)Q},
1
zL O 0
"(n) _ 2 2, w2 H 2 2
r; —/ dz{cos 76’3(1) CrL(z)” +sin 753(1) SL(z) }

—/ d={ cos? (JR( )2SR(Z)2+sin2QQHSR(UZCR(Z)?}. (2.131)

The electric charges are 1 for ;"™ and 0 for F™°.
In the case of the boundary condition for ¥y, with np, = —1 in (2.14]), the correspond-
ing mode functions and masses are obtained from the above formulas by the replacement

CH <> 1SH , CL < SL , SR e CR . (2132)

The spectrum is determined by the same equation as in :2.128 .
With np, = +1 for U, the odd KK number modes F,' ™, F'™ (n: odd) are mostly

2

SU(2)r doublets, containing SU(2), doublets slightly. The even KK number modes
F; )  F; 0(n) (n: even) are mostly SU(2). doublets. Consequently the first KK modes
FHU F™™ couple to the SU( )1, gauge bosons (W and Z) very weakly. On the other
hand, with 77Fz- = —1, '™ F"™ (n: 0dd) are mostly SU(2), doublets, and the first

KK modes F; ) , F o) couple to W and Z with the standard Weak coupling strengths.

(2

At the tree level the masses of the first KK modes F’Jr and F () are same value which
is about 1.5 TeV to 4 TeV. The charged dark fermions Ff( ) receive radiative correction

by photon and becomes heavier than the neutral ones Fio(l)

. Their mass difference is
estimated to be about a.-mp. Thus F;r(l) eventually decays into Eo(l) and SM particles.
The lightest modes Fio(l)’s are absolutely stable. Their relic densities and the constraints

from the direct detection experiments are discussed in Sec. [4]

2.6. Effective potential and the parameters

By the radiative corrections, the Higgs boson acquires the VEV which minimise the
effective potential. The way to calculate the effective potential was developed in Ref. [33,
34]. Contributions of the each particle to the effective potential is written as the following
form

N d4pE 2 2
V=t an/ 3y 18 (v +m2) (2.133)

where the sign + and — are assigned for boson and fermion respectively and N is a
degrees of freedom of each particle. Suppose that m,, depends on (A4,). To calculate the
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(A,) dependence of the effective potential,

];7 zn:/ (dzf)b:i log (p%) (2.134)

are neglected because it does not depend on (A4,) and Eq. (2.133)) is calculated by the
dimensional regularisation.

Y s (1) T e

where d = 4+¢. Consider the function p(w) where the mass spectrum of m,, is determined
by the condition p(m,) = 0 and p(w) is chosen so that p(w) is a holomorphic function of
w, lim}y| 00 p(w) = 0 and p(iv) = p(—iv) when v is real. Suppose that all of the points
which satisfies p(m,,) = 0 is on the real axis. Consider the contribution of the W boson
tower. The mass spectrum of the W boson tower is determined by (2.58). Thus p(w) is
chosen as

2kS(1; w/k)C' (1 w/k)

sin2 0 H

plw) =1+

k? sin? 0y

2 2
= ]_ — —
<7r) w2z Foo(w/k,wzp k) Fi i (w/k,wzp /k) 2

(2.136)

Because the p(w) is a holomorphic function of w, the summation can be rewritten as

1 /
md = — j{dw TG (2.137)
- 27i Je p(w)

where contour c is taken so that all of m,, is inside the contour. It can be expressed as

> mld = ~5x (/OOO dv (w)dpp,(Z;)) + /0 dv (w)d[;é;;]))>
dsm( )/ dv v !log (p(w)) : (2.138)

™

Therefore the (A,) dependent part of Eq. (2.133]) is written as

4 d m?2
V=t Z/ P <1+p> N / dv v*log (p(iv)) ,  (2.139)

E

where the limit ¢ — 0 is taken in the last equality. Therefore without knowing the
every value of m,, the effective potential is calculated by this method. Again consider
the contribution of the W boson tower. Define ¢ = vz /k, then the W boson tower
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contribution is rewritten as

%51

Vg =203 -¢%) / dq q*log (p(iq)) , (2.140)

where

91 2 2 sin? Oy
2 _ 2.141
plig) * <7T> @ Fooliqzp ', iq)Fia(igzg ' iq) 2 ( |

The entire effective potential is calculated by using the above formula. The relevant
part of the Veg(0y) is given by

Vg0, 21, k, 1o, cpymp, €) = VEE (O, 2p, k, &) + VErmion(g 21 k. ¢y, vy, cponp),
VS (On, 21, k, &) = 23 = E)I[Qw] + (3 — E)I[Q4] + 36°1[Qs],
errmlon(eH’ 21, k, Ct, Tty CR, np) = —12{ [Qtop] + [[Qbottom]} — SHFI[QF] s

11Q(q: )] = %% [ da {1+ Qa0

1, .
Qw = cos® Oy Qy = 5@5 = 5@0[61; 5] sin 0y,

Qtop Qbottom QO [Qa Ct]

.2
sin“ Oy,
Tt 2(1+Tt) =

Qr = Qo[q; CF] cos® ;QH )
Qolg; ] =

(2.142)

where 7, = 12/, Fop(u,v) = Iy(u)Ks(v) — e @ A"K (u)I5(v), and I,, K, are the
modified Bessel functions. F, g(u,v) is expressed by using F, s(u,v) as Fa(u,v) =
(2/7r)215a,5(u,v). The contributions of the up quarks, down quarks, charm quarks,
strange quarks and leptons are found to be negligible.

The gauge boson contributions to the effective potential, I[Qw] and I[Qz] have the
minimum at 6y = 0,7 and the maximum at 0y = 7 as shown in Fig. @ For the
fermions, the quark contributions, I[Qp] and I[Qpettom) have the minimum at 6y = 5
and the maximum at 6y = 0,7 and the dark fermion contributions I[Qr] have the
minimum at g = 0 and the maximum at g = 7w as shown in Fig. (]ED Therefore the
effective potential has the minimum at 6 = 0, 7 or § when no dark fermions are in the
Lagrangian. However the value g = 0, 7 and 7 is disfavoured phenomenologically. In
the case of 0 = 0 or 7, the electroweak symmetry is not broken. In the case of 0y = 7,
the Higgs boson becomes stable because the Higgs boson coupling to the SM particles
are suppressed from the SM value by cos @y [24]. Therefore the dark fermion is needed

to realise the observed Higgs boson.
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(a) The contribution of the gauge bosons to the effective potential are plotted.
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(b) The contribution of the quarks (blue line) and the contribution of the dark fermion (purple
line) to the effective potential are plotted.

Figure 1: The contributions to the effective potential of the gauge bosons and the
fermions are plotted in Fig. [Ifa]) and in Fig. [Ij(b)), respectively, in the np = 5,
2r, = 10%, ¢, = 0.227 and cp = 0.382 case.

The Higgs mass is obtained by the second derivative of the effective potential at the

minimum,

1 d*Veg

E d@%{ min '

The Higgs cubic and quartic couplings are obtained by the third and fourth derivatives
of the effective potential at the minimum, respectively. The parameters of the effective
potential are Oy, zr, k, ¢, r¢, cp and ng. k, ¢;, vy and cp are determined to realise the
mw, my, my and my. Oy is determined by the condition V'(6g) = 0. Therefore the free
parameters of this model is np and zj.

(2.143)

mi =
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Table 1: The parameters 0y, k, ¢;, cp, mpa and my, for zp and np = 3, 4, 5 and 6
which realise my = 126 GeV in the t’Hooft-Feynman gauge.

ng ZL O k Ct Cr Mmpw Mg
(GeV) (TeV) (TeV)
3 108 0.360 9.72 x 10 0.357 0.385 0.668 2.41

107 0.258 1.26 x 10 0.330 0.353 0.993 3.15

106 0.177  1.69 x 10° 0.296 0.309 1.54 4.25

10° 0.117  2.32x10®  0.227 0.235 2.53 5.91
2 x10* 0.0860 5.87 x 107 0.137 0.127 3.88 7.54
4 108 0.355 9.86 x 10" 0.357 0.423 0.567 2.4
107 0.254 1.28 x 10 0.330 0.402 0.834 3.20
108 0.174 1.71 x10° 0.292 0.374 1.27 4.32
109 0.115 236 x 10® 0.227 0.332 2.03 6.00
10* 0.0737 2.29 x 10" 0.0366 0.256 3.46 8.52
5) 108 0.351  9.97 x 10 0.357 0.445 0.502 2.48
107 0.251  1.29 x 101 0.330 0.430 0.735 3.24
106 0.172  1.74 x10° 0.292 0.410 1.11 4.37
10° 0.114 238 x10% 0227 0.382 1.75 6.07
104 0.0730 3.33 x 107 0.0366 0.333 2.91 8.61
6 108 0.348 1.01 x 10" 0.356  0.461 0.455 2.51
107 0.171  1.30 x 10 0.330 0.449 0.671  3.29
108 0.171  1.75x 10° 0.292 0.434 1.00 4.43
10° 0.113 240 x10% 0.227 0414 1.57 6.16
10 0.0724 3.36 x 107 0.0365 0.379 2.57 8.72

33



—-5.69010

~ —5.69015}

4

g

= —5.69020}
5

> —5.69025]

—90 570,05 0.0 0.15 0.0

On

Figure 2: The effective potential V(6 ) is plotted around the minimum in the ng = 5,
zr, = 10°, ¢; = 0.227 and ¢ = 0.382 case, where the minimum is 0y = 0.114.

In the Table , the parameter sets which realise the my = 126 GeV and the mpa)
and m,a) are summarised. The bulk mass parameters of the dark fermions need not
to be the same value for the each dark fermion. However all bulk mass parameters are
set to be same for simplicity. In the case, the dark fermion masses are degenerate. The
behaviour of the V(0y) which realise the my = 126 GeV is plotted in Fig. 2| where the
parameters are np = 5, z;, = 10°, ¢, = 0.227 and cr = 0.382, so that 0y = 0.114.

2.7. Universality

As shown in the previous section, the free parameters of this model are np and z.

However the relation among #y and the other physical quantities such as mgg, maa),

My, M 20 A3 and )4 are found to be almost independent of ng, where A3 and A4 are the

Higgs cubic and quartic couplings respectively. Those parameters are well approximated

by the function of one parameter 5. This is called the universality of this model.
MKK, M), Mz and m 70 are approximated as the function of 6y by

1352

" (i )07
1038
1044
1056

mfy(l) ~ W GeV . (2144)

GeV ,
GeV

GeV

mga ~

The relation between 8y and m ) is plotted in Fig. [3| for np = 0,1,3,6. The plotted
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points are almost on the same curve and independent of ng.
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Figure 3: m ) as the function of 0y for my = 126 GeV. Reprinted from Ref. [27].

Similarly the Higgs cubic and quartic self-couplings, A3 and A4 are plotted as the
functions of 0y for np = 0,1,3,9 in Fig. [l The fitting curves are given by

A3/GeV = 26.7 cos Oy + 1.42(1 + cos 20y)
Mg = —0.0106 + 0.0304 cos 20 + 0.00159 cos 40y . (2.145)

In the SM, the Higgs cubic and quartic self-couplings are A\3™ = 31.5 GeV and \jM =
0.0320.
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Figure 4: MY and M as the function of 6y for my = 126 GeV. In the SM A\5M = 31.5
GeV and AJM = 0.0320. The fitting curves are given by (2.145). Reprinted
from Ref. [27].

In contrast, no universality is found in the mass spectrum of the dark fermions. The
masses of the dark fermion depends both 65 and ng. The mass mp) is plotted in Fig.
for np =1, 3, 6.
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Figure 5: g vs mp for mg = 126 GeV with np degenerate dark fermions. Reprinted
from Ref. [27].
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Figure 6: 0y vs mg with various values of my. Reprinted from Ref. [27].

The universality relations are slightly affected by my. For myg = 110 GeV, mgk is
approximated as myg ~ 1.20/|sin0y|%™3 TeV. For my = 110,126,140 GeV, mgy is
plotted in Fig. [6] as a function of .

The origin of the universality is not revealed yet. However, once 6y is determined by
some experiment such as the discovery of Z(), the other physical values are simultane-

ously determined without the dark fermion mass mpa). Therefore this model is highly
predictive.
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2.8. Prediction of the Z’ signal at the LHC

One of the important predictions of this model is the Z’ signals at the LHC. In this
model, there are four kinds of neutral gauge bosons which have mass O(1) TeV. They
are the first KK mode of the photon, the Z boson, the Zz boson and the A% boson.
The A* boson does not couple to SM particles so that it is not produced at the LHC.
Therefore, v, Z(M) and A4S R are the Z’ bosons. The dilepton production cross sections
through the Z’ from pp was studied in [27]. No significant excess have been observed
in the processes at the 8 TeV LHC [6,7]. Therefore the Z’ masses are constrained and
consequently the allowed range of fy is determined from the universality.

Table 2: Masses, total decay widths and couplings of the Z’ bosons to the SM particles
in the first generation for 6y = 0.114. The couplings to p are almost same
value as those to e. Reprinted from Ref. [27].

z' m(TeV) F(GGV) 9Z'upug 9z'drdy | 9Z'eper, | 9Z'ugug 92'drdr | 9Z'eger
7 | 00912 | 244 0257 | —0.314 | —0.200 | —0.115 | 0.0573 | 0.172
ZW | 573 482 0 0 0 0.641 | —0.321 | —0.978
ZO [ 6.07 342 | —0.0887 | 0.108 | 0.0690 | —0.466 | 0233 | 0.711
~@D6.08 836 | —0.0724 | 0.0362 | 0.109 0.846 | —0.423 | —1.29

Z@ [ 9.14 129 | —0.0073 | 0.0089 | 0.0057 | —0.0055 | 0.0027 | 0.0086

Table 3: Masses, total decay widths and couplings of the Z’ bosons to the SM particles

in the first generation for 6y = 0.073. Reprinted from Ref. [27].
Z/ m(TeV) F(GGV) gZ’uLuL gZ’deL gZ’eLeL gZ’uRuR gZ’deR gZ’eReR
ZW | 8.00 553 0 0 0 0.588 | —0.294 | —0.896
ZO 1 861 494 —0.100 | 0.123 | 0.0780 | —0.426 | 0.213 | 0.650
D 861 | 1.04x10% | —0.0817 | 0.0408 | 0.123 0.775 | —0.388 | —1.18

The relevant couplings of the Z’ bosons to calculate the production and decay rates
are tabulated in Table [2| and Table |3l As shown in those tables, the couplings of v()
ZW and Z,(%l) to the right-handed fermions are larger than those to the left-handed
fermions. This difference comes from a feature of the RS metric. The mode functions
of left-handed fermions are written by Cp(z;A) and Sy (z; A) and those of right-handed
fermions are written by Cr(z; A) and Sg(z; ), respectively. Cr(z; ) and Si(z; A) have
large values near the Planck brane, in contrast Cr(z; \) and Sg(z; \) have large values
near the TeV brane. These mode functions for the top quark are shown in Fig () and
Ig Considering the mode functions of the Z’, the mode functions of ¥, Z(") and

include C(z; \). For the first KK modes, C'(z;\) have a large value near the TeV
brane as shown in Fig. [§] This behaviour is a consequence of the RS metric and leads
to the large Z’ couplings to the right-handed fermions.
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(a) Behaviour of the mode functions for the left-handed top quark, Cp(z;A,¢;) and 10 X
Sr(z; A, ¢t) are represented by the blue solid and red dashed curve, respectively where

the factor 10 is for convenience.
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(b) Behaviour of the mode functions for the left-handed top quark, Cgr(z;\,¢) and 10 X
Sr(z; A\, ct) are represented by the green dot-dashed and grey dotted curve, respectively

where the factor 10 is for convenience.

Figure 7: Behaviour of the mode functions for the left-handed and right-handed top

quark are plotted where z;, = 10° and ¢, = 0.227.

The decay width of the Z’ boson is given by

2 2 2 2
myz ((9zi,i,)" + (927inin) m; 4m;

I'y = 297,197 ipin 5 11— .
z Z 127 ( 2 My m2,

(2.146)

Here ¢ runs over all fermions including the SM fermions and the dark fermions. The
contribution of its decay to W*W ™ is very small and negligible because the couplings
Z'WW are small enough as shown in Table By Eq. (2.146), the decay widths I'z
are calculated and the results are summarised in Table 2] and Table Bl It is found that

all of Zg), ZW and vV have large decay widths. Especially v(!) has large decay width

around 1 TeV for 05 ~ 0.1.
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Figure 8: Behaviour of the C'(z; \) for the first KK photon where z;, = 10°, 05 = 0.114
and m, ) = 6.08 TeV.

The dependence of the cross section o(pp — ¢7¢~ X)) on the final state invariant mass
My, is described as

da(pp — €+€_X) /1 1 2Myp
_ dcosd / d

CMS
M} 5\ do(qq — (147)
e d cos 6 ’

x folw1, Mig) f < (2.147)

2
r1 E¢ys

where Ecwg is the center-of-mass energy of the LHC and f;’s are the parton distribution
functions (PDFs) for ¢ quark. In our analysis, CTEQ5M [35] are employed for the PDFs.

106
10*

100

Events/GeV

100 150 200 300 500 700 1000 15002000
M, [GeV]

Figure 9: The differential cross section multiplied by a luminosity of 20.6 fb~! for pp —
ptp~ X at the 8 TeV LHC for 0y = 0.114 (red solid curve) and for 65 = 0.251
(blue dashed curve). The black dotted line represents the SM background.
Reprinted from Ref. [27].
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Figure 10: The differential cross section for pp — pu™p~ X at the 14 TeV LHC for 0y =
0.114 (red solid curve) and for 6y = 0.073 (blue dashed curve). The black
dotted line represents the SM background. Reprinted from Ref. |27].

In Figure [9] the differential cross sections for pp — u*u~X are shown in the 0y =
0.251 and 6y = 0.114 cases. The values of the photon and Z boson couplings to the SM
particles are almost equal to the SM value, so that the cross section in this model does
not deviate largely from that in the SM below 1 TeV. However the decay widths of Z’
bosons are very wide. In the g = 0.251 case, the deviation from the SM is large above
1 TeV. Therefore the 65 = 0.251 case is excluded by the 8 TeV LHC experiments but
the 8y = 0.114 case is not excluded. In Figure the predictions for the 14 TeV LHC
are shown in the 8y = 0.114 and 0.073 cases. Because of the wide decay widths of Z"’s,

the large peak is predicted.
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3. Higgs decay

In this section the decay rates I'(H — ~v) and I'(H — Z7v) in the SO(5) x U(1)
GHU model is evaluated. These processes occur at the one loop level. Therefore an
infinite numbers of the KK mode contribution might be significant. However amazing
cancellation occurs in their contributions and negligible. The decay rates in this model
is approximately suppressed by cos? 8y from the SM value. Therefore the branching
ratios of the Higgs boson are consistent with the SM. In the following, the amplitudes
are calculated in the unitary gauge.

3.1. H — vy
At first, the decay rate I'(H — v7) is calculated. The decay rate in the SM is given by
Oz2g2 m3 2 4m?
I'(H — = W TN N el Fi(r; = — 3.1
( rer)SM 102473 mIQ/V ; € (T ) T m%{ ) ( )

where we follow the notation of Ref. |36]. N.; is the number of the color degrees of
freedom and e; is the electromagnetic charge in units of e. Functions Fy(7) and Fj/o(7)
are defined by

Fi(r)=243r+31(2—7)f(7),
F1/2(7') =211+ (1 —-7)f(7)],

—3 {lnif\/i\/g —iﬂ']Z forT <1,
and assigned for gauge bosons and fermions, respectively. In the large 7 limit, these
functions reaches to Fi/, — —% and F; — 7.

In the SO(5) x U(1) GHU model, the KK number is conserved by the electromagnetic
interaction. Therefore the KK number in the loop is conserved and the calculation of
the decay rate in the GHU is straightforward. The result is

Oé2 2 m3 4 2
: 0219;37’15 Fow + 3 Fi+ neFe| (3.3)

P(H = y7) =
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Figure 11: Behaviors of Iyym) = gpwewm /GuMpy e cos 0w, Limy = Yymm /Y cos O
and Ipw) = Ypm) poy [N sin%H in the case of np = 4, z;, = 10° for which
0p = 0.1153. Reprinted from Ref. [29].

where

(n) P (n) m}
-FW _ Z dawmw w Fl TW n) Z [W(") Ccos GHF1(Tw(n)) )

n=0 YuMmw mw(n> Moy (n)
Yemygn) My
Fi = Z SM F1/2 Tt(n) Z ]t(n> COS 9HF1/2(Tt(n)) )
n=0 Yt My(n) TMy(n)
o0
Ypmype) My . Ou
fp = Z ST 7F1/2 TF(n) Z ]F(n) S111 ?F]_/Q(TF(n)) . (34)
n=1 Ui M pn) M p(n)
Here Iy, I,y and Ipm are defined as ]W(" = guwmwm /gumy o cosbg, L =
Yp(n)p(n) /yts cosfy and Ipmy = Ypm) pm /ylt %H Contributions from other quarks

and leptons and their KK modes are neghglble.

In the SO(5) x U(1) GHU, the Higgs couplings to the zero modes are approximated
as I @ w© /JuMp© = Yoo YoM ~ cos Oy, et [24]. The Higgs couplings to the KK
modes are obtained by the numerical calculation. In Fig. , the values of Iyym), I
and Ipx) are shown in the Np = 4 and 6y = 0.1153 case. They approximately behave
as

Iy (—1)"{0.0759 —0.0065Inn + 0.0022(In n)Q} ,
Lo ~ (—=1)"{0.2304 — 0.0108 In 7 + 0.0017(In n)*} ,
I'pmy >~ (—1)"{1.0341 —0.0457Inn + 0.0108(In n)z} , (3.5)
for 51 < m < 200. Note that the sign changes alternatively for n. The masses of

the KK modes of the W boson, top quark and the dark fermion are approximately
m, ~ n-mgg/2 for large n. Therefore the contributions of the KK modes to F behave
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as >(—1)"(Inn)*/n (a = 0,1,2) and converges. In addition, the contributions from
n > 1 are suppressed by mgw/mgk. Hence the ratio of F to the zero-mode contribution
becomes

W (9997 ,
‘FW((])only
]:
L= 0.9983,
Ft(o)only
Fr 00032 , (3.6)
ft(o)only

for 0 = 0.114 and np = 4 respectively. The ratio of the amplitude to that with only
zero modes is

Fw + %./—';g + 4Fp
fW(O)only + %E(O)only

= 1.0027. (3.7)

Therefore the contributions of the KK modes and the dark fermions are less than 1%
and negligible. Because the zero mode couplings are approximately given by ggww =~
g cos Oy = gumpy cosfy and y; =~ yPMcosfy, the decay rate in the GHU is ap-
proximately cos? @y times that in the SM. Thus the deviation from the SM is 1% for
Oy ~ 0.1.

The production process gg — H also occurs at the one loop level. In the production
process, only the quarks and its KK mode contribute to the process and the contributions
of the light quarks are negligible as the H — =7 process. Therefore the cross section
o(gg — H) is approximately obtained as

o(99 = H)gnu _ ( Fi
(99 = H)swm

2
2 2
cos” Oy ~ cos” 0. 3.8
E(O)only> " " ( )

3.2. H— Z~

In this subsection, the decay rate I'(H — Z7) is calculated. The calculation is not so
straightforward as the H — 7 case, because the KK number might be changed by the
interaction to the Z and H. Besides, there are also loops involving the Wx boson.
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Figure 12: The gauge boson loop processes for H — Z+ in the SO(5) x U(1) gauge-Higgs
unification is shown. Wg is the SU(2)r gauge boson and has no zero mode.

Note that HW W couplings does not exist. Reprinted from Ref. [29].

3.2.1. Boson loops

The gauge boson loop processes for H — Z~ are shown in Fig. [I2] Note that there are
no H-Wp-Wp interaction. The amplitude of W boson loop Figs. [12|(a)(b)(c) is given by

iMé?/)(m),W(n) + Z'M(vf/)w),wm + ng/)mxw(n)

= egwmwm Jzwmwm e, (k)€ (ks) / (;l:?;zl Dra(p, myen) Do (p — k1 — k2, myp)
X (2D, (p = k1, myon ) {20°7p" = 0 (p = 2k1)* — 1 (p + k1) }
X {277/)0(19 — k)" =07 (p— k1 — 2k2)’ — 0 (p — k1 + ]fQ)U}

— (20" — " - 77’“’77”“)} ,

Dubv 1
Dot = (- 205 o =
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where k£ and ks, are the photon and the Z boson momenta, respectively. The amplitude
(3.9) is divergent. However, by adding the m <> n diagrams and using gy mwm =
Irwmwe and gz emwm = gzwmwem, the amplitude is finite. The summation of the
amplitude is

. a b c
Z{Mga/)<m>,w<n> T MEA/)m),W(n) + Mév)m),W(n) +(m— n)}
kykY ) i 1

* * 4
=egpwmwm Jzwmwm €, (k)€ (k2) (?7“ - 5
Ww(n)
4 4 2 2
X {(mvmm) + My + 10mw<m>mw<n>)E+(mw(m>,mw(m)

+ <(m%/v<m> + My ) (my; —my) — m%{mzz> E_(myymy, Myym))

- (4m%wm> My (Mg — M) + 2mz (Mo + m%/v(n)))

X (Co(myym), My ) 4+ Co(Myy o), Mypom) ) } (3.10)

where

Co(mim%) = CQ(O,?TL%{,TH%,?TL%,’ITL%,T}’L%) 5

2
m
E:I:(mlamQ) =1+ 2 z 2 {BO(m%{am%7mg) o BO(mQZam%>m%)}
my —my

+ {m}Co(m?, m3) + m3Co(m3,m})} , (3.11)
with the Passarino-Veltman functions [37,38] defined by

1
q+k)?2—ms}’

2m)4-D
B (32 m2. m2) = ( /dD
0( 7m1’m2) i71‘2 Q(qQ _m%){<

00(]{%’ (kl - k2)27 k%, m%a m; m?’,)
_ (2m)4=P /dD 1
e Y@= m) g+ k0)? —m3H{(g+ k)2 —m3}

(3.12)

In the D — 4 limit, By is divergent. However, the divergence are cancelled in Cjy and
E., so that the amplitude is finite.

To obtain the amplitude quantitatively, the couplings gz omwm and gy mpm have
to be evaluated numerically. The details are summarised in Appendix. For convenience
the dimensionless coupling Jyy(myy o is defined by

JHW m) W () G 79 (m) 7 () (3.13)

G2, cos Oy cos O\ /Mgy ) Moy ()

and the value of Jyy ) is tabulated in Table . Ty with |m —n| > 2 is found
to be smaller than Jyym)m by a factor 1072, whereas Jwmwm and Jyymprmen are of

Jw(m) Ww(n) =
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Table 4: Jyy )y defined in (3.13)) is shown for 0 < m,n < 7 and for 101 < m,n < 108
in the Np =4, z;, = 10° case. Only the values larger than that of O(10™*) are
shown with three significant figures.

Reprinted from Ref. [29)].

0 1 2 3 4 5 6 7
0 1.00 0(1074) 0(1079) 0(1076) 0(10711) 0(1078) 0(10712) 0(1079)
1 0(10*4) -0.0580 0.0595 0(10*6) 0(10*5) 0(10710) 0(10*7) 0(1079)
2 0(10_9) 0.0595 0.0218 -0.0413 0(10_8) 0(10_5) 0(10_9) 0(10_5)
3 0(10_6) 0(10_6) -0.0413 -0.0625 0.0637 0(10_6) 0(10_5) 0(10_10)
4 0(10_11) 0(10_5) 0(10_8) 0.0637 0.0226 -0.0432 0(10_7) 0(10_5)
5 0(1078) 0(10710) 0(1075) 0(1076) -0.0432 -0.0652 0.0648 0(1076)
6 0(10712) 0(10*7) 0(1079) 0(10*5) 0(10*7) 0.0648 0.0233 -0.0434
7 0(10*9) 0(1079) 0(10*5) 0(10710) 0(10*5) 0(1076) -0.0434 -0.0673
101 102 103 104 105 106 107 108
101 -0.0932 0.0705 0(1076) 0(1074) 0(10712) 0(1075) 0(10*8) 0(1076)
102 0.0705 0.0328 -0.0406 0(10_6) 0(10_4) 0(10_12) 0(10_5) 0(10_9)
103 0(10_6) -0.0406 -0.0934 0.0706 0(10_6) 0(10_4) 0(10_12) 0(10_5)
104 0(1074) 0(10*6) 0.0706 0.0329 -0.0405 0(1076) 0(1074) 0(10712)
105 0(10712) 0(10*4) 0(10*6) -0.0405 -0.0937 0.0706 0(10*6) 0(1074)
106 0(1075) 0(10712) 0(1074) 0(10*6) 0.0706 0.0330 -0.0405 0(1076)
107 0(10_8) 0(10_5) 0(10_12) 0(10_4) 0(10_6) -0.0405 -0.0940 0.0707
108 0(10_6) 0(10_9) 0(10_5) 0(10_12) 0(10_4) 0(10_6) 0.0707 0.0331
:‘..I‘ll‘ll;ll‘lll‘ll‘ll;Il‘ll;ll‘ll;ll‘ll;ll‘ll;ll‘ll;ll‘ll‘lll‘«‘
0.05
I o Jw(n) wm
— OOO L L] Jw(n) W(n+1)
-0.05}; ]
~0.10"% ‘ ‘ ‘ setteseres]
0 20 40 60 80 100
n

Figure 13: Jiymwo and Jyymywmen are plotted for 1 < n < 100 in the Np =4, z;, = 10°
case. The red circles and blue squares represent Jy ey and Jyym) o+,
respectively. Reprinted from Ref. [29)].
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the same order. Jy )y and Jy oy me are plotted in Fig. for 1 <n <100 in the
Np =4, z;, = 105 case. Jyymwm and Jyympymen for 101 < n < 200 are approximately
given by
Jwmwe =~ — 0.0272 + 0.00320(Inn) — 0.00083(In n)?
+ (="t (—0.0563 + 0.00654(Inn) — 0.00173(In n)2) ,
Jw ooy =~ 0.0135 — 0.00160(Inn) + 0.00041(In n)?
+ (=)™t ( 0.0567 — 0.00106(Inn) + 0.00018(In n)2) . (3.14)

The diagonal (m = n) part of the amplitude in (3.10]) for n > 1 is rewritten as

A 4(a) A 4(b) A 4(0)
IMyo wo T Mg e + Mg wo

ké‘k; t Jwmwm
ky - ke ) 1672 2m3

= ega, cos Oy cos O, (kr)e; (ks) <77’“’ -
w(n)

m2 m2
X { — 2HZ<12mw<n> + 2m3y ) (M3 —m7) — m%m%) Li(Tw e, Awo)
mw<n>
4 (A (my — ) — iy + ) Aw(m)}, (315
where
ab a’b? a’b
hiab) = 50— R * g @ — FO) + slel@ - 9],
Iy(a,b) = — [f(a) = FO)]

( b)

m&nl(\/i) forr>1,
9(r) = { Wi-r1 [ln }Jr\/*/: — iw} forT<1. (3.16)

and \; = 4m?/m%. 7; and f(a) are defined in (3.1)) and (3.2). Here, we have used

2 2 2 2 2 2
D) 2 (BO(mHv Myyn), mw@)) - BO(mZ7 My (ny s My (n) ))
Moy — M
H Z
m2 —m?

=—1- ]1(7'W(n), )\W(n)) + 2_[2(Tw(n), )\W(n)) ,

1
00(07 m?{a m2Z7 mW(") ) mW(”) ) m%/v(”)) = _27]2 (TW(”) ) )‘W(")) . (317)
w(n)

QmW(n)

The functions Iy, I5 in (3.17)) approach constants for my,») — 0o. The whole amplitude
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of the W boson loop is

. 1 a b c
ZMW :5 Z {ME/V)("I),W(") + M%/V)(m)J/V(n) + ME/V)(W),WW) + (TL <— m)} . (318)

m,n

Since Jy oy for |m —mn| > 2 are negligible comparing to Jyymym for |m —n| <1,
only the amplitude for |m —n| < 1 need to be considered. For n >> 1, myym+1) >~ myym).
By this approximation, the whole amplitude of the W boson loop is

1 4 4(a L (b) (e
B > <ZM§/V)(m>,W<n> + My o + ZM%,)W’W(”) +(n— m))

2 * * v kgkly i
~ eg,, cos Oy cos Oye,, (ki)e, (ko) | 1"

k’l . k’g 167T2

1
X W (Jw(n)W(n) + Jw(n+1)W(n) + Jw(nfl)w(n))

Ww(n)

mi; —my
4 2 2 2 2 2
X { o (12mw<n) + 2m5y ) (M3 — M) — mHmZ> LTy, Ayo)
w(n)

+ 4(4m%v<n) (m3; —my) —mymy + m%) Ly(Tym, )\W(n))}
1
~ const. X - (JW(n)W(n) + Sy e + JW(n—l)W(n)) . (3.19)

Therefore for the large n, the sum in the whole amplitude of W boson loop asymptotically
behaves as

o

. 1
ZMW ~ ZCODSt. X E (Jw(n)W(n) + Jw(n+1)w(n) + Jw(n—l)w(n)) . (320)

n

Nevertheless the sums Y- Jyy o) /n and 3 Jyym=n o) /n diverge respectively, the sum
of them, ¥ (Jiymwm + Jywminwm + Jywm-nwe ) /n behaves as

Jwmwn + Jyernwm + Jye-Hwom
~ (—1)" 1 = 0.0563 + 0.00654(In n) — 0.00173(Inn)*} , (3.21)

and therefore converges.
Next the loop process involving the Wx is considered. The dimensionless coupling

J. y is also defined by

W(m) W](Qn

7 Iuaw w9 gy mw

(n) =
Wmwy 92, cos Oy cos O My (my 1My () ’
R

As is seen in the Table , Sy

(3.22)

) is relevant only when m /2 —n = 0,1,2. The mass
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Table 5: JW(m)WI(:) in (3.22)) is shown for 0 <m <7, 1 <n <4 and for 101 < m < 108,

51 < n < 55 in the Np = 4, 2z = 10° case. Only values larger than O(107%)
are shown explicitly with three significant figures. Reprinted from Ref. [29).

m
0 1 2 3 4 5 6 7
1] 0(107°) O(107°) -0.0118 O(1077) O(107°) O(1077) O(10~%) O0(107")
2 [ 0(107%) O(107°)  0.0296 O(107%) -0.0299 O(10=%) O(107*) O(10~%)
n 3| 0@107%) O(107%)  0.0014 O(107%)  0.0362 O(107°) -0.0373 O(107°)
410(1077) 0@107®) O(107%) O(10~") 0.0018 O(10-%)  0.0395 O(10~*)
m
101 102 103 104 105 106 107 108
51 [ O(107%)  -0.0499 O(107%) 0O(10~%) O(107") O(10~*) 0O(107") 0O(107?)
52 | O(107%)  0.0474 O(107*) -0.0499 O(107%) O(107*) O(1077) O(10™%)
n 53 [ O(1077)  0.0026 O(107°)  0.0475 O(107*) -0.0499 O(107%) O(10~*)
54 | O(1077)  O(107*) O(1077)  0.0026 O(107°)  0.0475 O(107*)  -0.0499
55 | 0(107%) 0(107*) 0(1077) O(10~*) O(1077)  0.0026  O(107°)  0.0475

of the W}(%") is approximately m ~ n - mgg, and the W mass is myym ~ n - mgg/2.

wi
Therefore for m/2 —n =0,1,2, mym) =~ My ) N MKK 1S satisfied. Hence the whole

R
amplitude of the loop Figs. [12[(d)(e)(f) is given by

oo

~ _ gD gl g ()
ZMWR = Z ZMw(m) ) + ZMw(m) W + ZMW(m) W
mn Wr Wr Wr

+iM9D +imM© +iMY) )

Wi wm) Wi wim Wi wm)
>0 1
~ ZCODSt. X - (‘]WW)WI(?"/Q) + ‘]W<”)W1(?"/2+1) + JW(n)W}({L/zH)) . (3.23)
- , ,

R

Np =4, z;, = 10° case. JW(TL)W}%n/z), JW(H)WI({L/2+1), JW(n)Wén/uz)are approximately

JWw)W(n/z), ‘]W(n>W}<;/2“> and JW(TL)W}(;/2+2) are plotted in Fig. for 1 <n <100 in the

i = —0.0425 — 0.00268(Inn) + 0.00023(In n)”
yowtrzn = 0.0411 4 0.00227(lnn) — 0.00019(In n)’*
Ttz = 0.0021 +0.00017(Inn) — 0.00001(In n)* (3.24)

To summarise, the whole amplitude of the gauge boson loop contributions i Myeson =

My + 1My, are convergent.
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the Np = 4, z; = 10° case. The red circles, blue squares, green triangles

represent JWm)W](%n/z), JW(n)Wén/%l) and JWm)ngn/zH), respectively. Reprinted

from Ref. [29].

Figure 14: JW( W/ and JW(n)Wén/erz) are plotted for 1 < n < 100 in

3.2.2. Fermion loops

Next, the amplitude of the fermion loops in Fig. are calculated similarly. The con-
tributions from the top quark, charged dark fermions and their KK excitations are
significant. The contributions from other quarks and leptons are negligible.

The diagrams of fermion loops Fig. [15| (a, b) (or (c,d)), give

a q(@) A4 (0)
iMoo + My s

d'p 1 1 1
=~ Qe kel [
re €,(k1)e, (k2) (2m)1p2 —m2, (p— k1)2 = m2 (p— kn — ko) — m2,)

x Tr

(yf<m>f<n) + @f<m>f<nw5) (P + mpem) )V (P — F1 + mpem )7
X (ggf(M)fM) + 9§f<m)f<n>75> (B — k1 — F2 +mypm)
+ (yf(m)f(") + Qf<n>f<m>75> (=p+ K1+ Fo +mypen )y
X (ggf(M)f(n) + géf(n>f<m>’>’5) (=P + K1+ mypem )V (=P + mf(m>)] ; (3.25)

where f(™ is arbitrary fermion. The Yukawa couplings Yrom g and g pom) g for f (m) —

tm and F are given in (B.45) and (B.57)), respectively. The amplitude (3.25) is

divergent, but by adding the m <+ n diagrams and making use of yswm) ) = Ypm) pom)
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Fm) .
H__ ) q__
Fn) z

Figure 15: The fermion loop processes of H — Z= decay in the SO(5)xU (1) gauge-Higgs
unification. F'* is the charged dark fermion. Reprinted from Ref. [29].

and yjﬂm)f(n) = —g)f<n)f(m), the amplitude becomes

iMoo+ z‘/\/l;b(lm)’f(m + (m +—n)

fm) fn
iQfe % % v kgk‘lf
=T 4 Eu(kl)eu(ké)(??“ Tk

N A
X {yf(m)f(”)ggf(m)f(n) G+(mf(m)7mf(")) — Ypom) )Gz p(m) f(n) G- (mf(m)7mf(”))} )

2m%(my & my)

mi —my

(B()(m%{v m%u m%) - Bo(m2Z? m?’ mg))

Gi(ml,mg) = 2(m1 + mg) 4+

2 2 2 2 92 2 2 9
+ my (2m7 £ 2mymy — my; + my)Co(0, my;, my, mi, my, m3)

+ my(2m3 £ 2mymy — m3; + m3)Co(0, m3;, my, m5, ms,m7) . (3.26)

and this amplitude is finite as the gauge boson case.
We define Jyimy ny and Jpim) prm) by

1%
__ th(m)t(n)yt(m)t(n) COS 9W
Jemypn) =
JuwYi cos Oy
z 0
95 p+-(m) () Y F(m) p(n) COS Oy

s 6
GuwYe Sin 7

, (3.27)

(3.28)

Jptm) prn) =

The value of the J;m)m) and Jpiem) g+ by the numerical calculation are shown in the
Table @ and Table . As in the case of Jy o), Jymym and Jpiem) prm) for jm—n| > 2
is negligible. In addition, the ratio (§um o /Yo po) - (gZAf(m)f(n) /g‘Z/f(m)f(")) is smaller
than 10~*. Hence the gjfm)f(n)ggf(m)f(n) term in (3.26)) is negligible.

51



Table 6:

Jymyyny 18 shown for 0 < m,n < 7 and for 101 < m,n < 108 in the Np = 4,

zr, = 10° case. Only the values larger than O(107*) are shown with three
significant figures. Reprinted from Ref. [29).

0 1 2 3 4 5 6 7

0] 00988 -0.0041 O(10~%) O(107°) O(10~") 0O(10~% 0(10~% 010"

1| -0.0041  -0.0790 0.0638 O(107°) O(10~%) 0O(107?) O(1071%) O(10~%)

2 [ O(107%)  0.0638  -0.0350 -0.0071 O(10=%) O(107%) O(107%) O(107?)

310(107°) O(107%)  -0.0071  -0.0763  0.0616 O(107%) O(10™%) O(10~?)

4101077  0O(107%) 01075  0.0616 -0.0338  -0.0071  O(107%) O(1079)

51 0(107% 0(107) 0(107% O0(107% -0.0071  -0.0754 0.0609  O(1079)

6 | O(107%) O(1071%) O(107%) O(10=*) 0O(10=%)  0.0609  -0.0334  -0.0070

71 0(1077) O(107%) O(107°) 0O(107°) 0O(107%) O(107%)  -0.0070  -0.0751

101 102 103 104 105 106 107 108

101 | -0.0761 0.0610 O(10~% O(10=%) O(10~1¥) O(10~") 0(107%) 01079
102 | 0.0610  -0.0337  -0.0068 O(107%) O(10-%) O(10'3) O(107°) O(107?)
103 | O(107%)  -0.0068  -0.0761 0.0610  O(107%) O(107%) O(10713) 0107 7)
104 | O(107%)  0O(1079) 0.0610  -0.0337  -0.0068  O(107%) O(107%) O(10713)
105 | O(107*3)  O(107%)  O(107%)  -0.0068  -0.0761 0.0610  O(107%)  O(107%)
106 | O(1077) O(10713) O(107%)  0O(1079) 0.0610  -0.0337  -0.0068  O(1079)
107 | O(1078)  O(107°) O(107*3) 0O(107% O(10=%)  -0.0068  -0.0762 0.0610
108 | O(107%) O(107?) O(10~") 0O(10~13) 0(10~%) 0(1079) 0.0610  -0.0337

Table 7: Jpim) prm is shown for 0 < m,n < 7 and for 101 < m,n < 108 in the Np = 4,
z = 10° case. Only the values larger than O(107%) are shown with three
significant figures. Reprinted from Ref. [29].

1 2 3 4 5 6 7

1] 02256 -0.0272 O(10°) -0.0040 O(10° O(10°) O(10~ ")

2| -0.0272 02378  0.0824 O(107%) O(1075) O(10-8) O(10~?)

310(1075) 00824 02204 -0.3188 O(107%)  0.0036 O(10%)

4] -0.0040 O(107) -0.3188  0.2554  0.0866 O(107%) O(10~?)

50001078 0(107°) O(107%)  0.0866  0.2245 -0.3263 O(10~°)

6 | 0(1075) O(10%) -0.0036 O(10-°) -0.3263  0.2612  0.0874

71 0(1077) O(107%) 0O(10-8) O(107°) O(10-%)  0.0874  0.2271

101 102 103 104 105 106 107 108
101 | 02505  -0.3528 O(10°%)  -0.0033 O(10-1) O(10°) O(10~%) O(1077)
102 | -0.3528  0.2918  0.0848 O(107%) O(10°) 0O(10~'2) O(107%) O(1078)
103 | O(107%)  0.0848 02508  -0.3531  O(10%)  -0.0033 O(10~1) O(1075)
104 | -0.0033  O(107%)  -0.3530  0.2921 0.0848  O(107%) 0O(1075) 0O(1012)
105 | O(1071)  O(107%) O(107%)  0.0848  0.2510  -0.3533  O(107%)  -0.0033
106 | O(107%) O(107'2)  -0.0033 O(107°)  -0.3533  0.2924  0.0847 O(1075)
107 | O(1078)  O(107%) O(10~'1) O(10=%) O(107%)  0.0847 02512  -0.3535
108 | O(107%) O(107%) O(1075) O(10-'%)  -0.0033 O(107%)  -0.3535  0.2927

52




005"

ﬁ o Jum o
0.00

= Jt(n) t(n+l)

-0.05}

010020 40 60 80 100

n

Figure 16: J,(m);n) and Jyy,n+1) are plotted for 1 < n < 100 in the Np = 4, 2z, = 10° case.

The red circles and blue squares express Jym)yn) and Jym),m+1), respectively.
Reprinted from Ref. [29].

From the numerical calculation, only the terms Jym);m) and Jpim) pi for the |m —

n| < 1 is significant. For [m —n| < 1 and n > 1, mpmzy =~ myw is satisfied and the
amplitudes are

1 . a . b . c . d
5 > {ZM;n)z),t(n) + ZME(r)n),t(m + ZMEv)+<m>,F+(n> + ZMEJ-%—(m),F-s-(n) + (m & ”)}
i KSEY \ egwyicos Oy, 9
~ (ke (k wo _
47r2€“( 1)€, (k2) (77 by - cos Oy (mar —myz)

" 2 Jymem) + Sy + Sy
3 mt(n)

[I 1Ty Ay ) — Lo (Tyeny s A )]

N Jprmy proy) + Jprman proy + Jprm-1 prm)

mp+n)

[11(TF+<n>, Aptoy) — Lo(Tprm, >\F+<n>)} } -
(3.29)

Jt(n)t(n), (]t(n)t(n+1), JF+(n)F+(n) and JF+(n)F+(n+1) are plOtted in Figs. @ and For
101 < n < 200, they are approximately given by

Jymypemy = —0.0597 4 0.00323(Inn) — 0.00047(In n)?

+ (=1)"1{ = 0.0230 + 0.00122(In n) — 0.00018(Inn)?} ,
Jy sy =~ 0.0296 — 0.00162(Inn) + 0.00024(In n)?

+ (=1)""1{0.0362 — 0.00143(In ) + 0.00020(In n)?} | (3.30)
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Figure 17: Jprm) prm) and Jpim) prmsn are plotted for 1 < n < 100 in the Np = 4,
z;, = 10° case. The red circles and blue squares express Jpim) g and
J i) prnt1), Tespectively. Reprinted from Ref. [29].

Tt pi ~ 0.280 — 0.0172(In n) + 0.00331(In n)>
+ (=1)" 1 = 0.0212 + 0.00131(In ) — 0.00026(Inn)?} ,
Tt () prneny = —0.138 + 0.0084(Inn) — 0.00163(In n)?
+ (=1)" 1 = 0.2218 + 0.00558(In n) — 0.00107(Inn)?} . (3.31)

Consequently, by adding them, it is found that

Ty + T o + Jynmngn = (—=1)"H{ = 0.0230 + 0.00122(In ) — 0.00018(Inn)? },

Jp+e) pre) + Jprern proy + Jptm-1 proy
~ (—1)"1{ = 0.0212 + 0.00131(In n) — 0.00026(In n)*} .
(3.32)

Since iMy o< 32, (J o po) + g joy + Jpm-n p) /n for large n, the amplitude of the

fermion loops converges as in the case of the gauge boson loops. Therefore the whole
amplitude of the fermion contributions i Memion defined as

i Miormion = iM; + iMp (3.33)

_ i [ @ (b) (©) (d)
=5 > {Mt<m>¢<n) + Mo g + Mpion pron + Mpghon pro + (m < n)} ;

is finite.
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3.2.3. Total amplitude

The ratio of the sum of the all boson contributions to the W boson contribution and
that of the all fermion contributions to the top quark contribution are given by
Mboson Mfermion

= 0.9994,

Mlermion _ 1 1023 3.34
M W () only Mt(o)only ( )

respectively for z; = 10°, nyp = 4, and 0y = 0.1153. In the case, the ratio of the whole
contribution to the W boson and top quark contributions is

Mboson + Mfermion

= 0.9993 . 3.35
MW(0>only + Mt(o)only ( )

Therefore the KK mode contributions are found to be negligible. The zero mode cou-
plings are approximated as gy w© =~ gwcosfOy and Yy, =~ sy cosfy, the decay
width is approximated by

D(H = Zv)auy ~ D(H — Zv)sm % cos® O . (3.36)

In the SO(5) x U(1) gauge-Higgs unification, the decay width of H — WW , H — ZZ,
H — bband H — 77 are suppressed by cos? 0 at the tree level. The decay width of the
H — vy and H — Zv are also suppressed by cos? 0y at the one-loop level. Therefore
the branching ratios of the Higgs decay modes in this model are almost the same as
in the SM. The dominant process in the Higgs boson production is gg — H, and the
production cross section is also suppressed by cos? 8. Therefore the signal strength,
l0(g9 — H)B(H — Zv)|auu/|lo(g9 — H)B(H — Zv)|sum, is approximately cos® 0.
For 6y ~ 0.1, the deviation from the SM is only 1%.

The H — gg, vy and H — Z~ processes occur at the one-loop level and an infinite
number of the KK modes contribute to the processes. By the non-trivial cancellations
among the KK mode contributions, the infinite sums of the KK mode contributions
converge and their contributions turn out negligible. Especially, in the H — Z~ process,
the miraculous cancellations occur. The KK numbers of the particles can change by the
interaction with the Z boson, so that the whole amplitude is obtained by summing up
the two KK numbers. The mere infinite sum of the amplitudes in which the KK numbers
are conserved diverges. However, the cancellations occur among the amplitude of the
process in which the KK number is conserved in the loop and the amplitude of the
process in which the KK number is not conserved in the loop. Consequently, the whole
amplitude converges by summing up all of the contributions of the KK modes. These
amazing cancellations are remarkable and attractive features of this model. The origin
of the cancellations is to be clarified. It seems to originate from the five-dimensional
gauge symmetry.
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4. Dark mater

The existence of the dark matter (DM) [39] is one of the important clues to the physics
beyond the SM and studied in the several models [40-43]. In this section, the relic
density and the direct detection constraint of the neutral dark fermion are considered.
The dark fermions do not have the zero mode from the boundary condition and the
lightest mode are almost SU(2)g doublet and the SU(2), doublet is slightly mixed.
Thus the neutral dark fermions are DM candidates.

In this section, the first KK modes of the dark fermions E(") are denoted as F;.

4.1. Relic density

4.1.1. Pair annihilations and relic density of dark fermions

F F >\/\/\/\/\i F
F
(b) (c)
F i j‘
F F
(e)

(d) (f)

Figure 18: F'F annihilation diagrams. (a) s-channel annihilation to fermions through a
vector boson. (b) s-channel annihilation to vector bosons through a vector
boson. (c) s-channel annihilation to a fermion-pair through the Higgs boson.
(d) s-channel annihilation to a boson-pair through the Higgs boson. (e) t-
channel annihilation to two vector bosons. (f) u-channel annihilation to two
vector bosons. Reprinted from Ref. [28].

=Sl
s

F
F

To obtain the relic density of the dark fermion, the annihilation cross sections of the
dark fermions are calculated. Here, it should be emphasised that the lowest KK dark
fermions are mostly SU(2)g doublets. Consequently, the W FF and ZFF couplings are
small and ZxpWW couplings are also small.

At first the neutral dark fermion annihilations are considered. The s-channel annihila-
tion to fermions through Z and Z™ in Fig. are suppressed by the small ZFF and



Z™ FF couplings. The s-channel annihilation to two vector bosons shown in Fig. (]EI)
are suppressed by the small FFZ™ and ZI(%")WW couplings. The s-channel annihila-
tion through the Higgs boson in Fig. @ are negligible because of the small Higgs
Yukawa couplings of F'F. The t- and u-channel processes shown in Fig. @@) are also
negligible because of the small FFW and FFZ.

Considering the charged dark fermion, v and ¥(!) contribute to the processes. The
s-channel annihilation to fermions through v in Fig. @) are small because of the heavy

dark fermion mass. The s-channel annihilation F*F~ — v — W+W~ in Fig. dEI)
are suppressed by the small YW W coupling shown in Table . The t- and u-channel
processes FtF~ — 4~ and FTF~ — Z~ in Fig. dﬂ) are also negligible because of
the large dark fermion mass and small ZF'F' coupling, respectively.

Thus unsuppressed processes are the s-channel annihilation processes FOF? — Z(1) —
ff, FTF~ = ZW — ff and FTF~ — ~® — ff. The couplings of Zg) to quarks and
leptons are large as shown in Table [2] and [3]

There are the also the co-annihilation processes. In this model, the annihilation of
charged and neutral dark fermions is the co-annihilation and all of the co-annihilation
processes are either vanishing or suppressed. The s-channel co-annihilation, F*F° to
fermions through W and W in Fig. @) are suppressed by the small WEF+F© and
W™ E+FO couplings and the s-channel co-annihilation to fermions through W}{b) is

forbidden because Wxf f couplings are banished. The s-channel co-annihilation to two
vector bosons shown in Fig. (]EI) are suppressed by the small WF+F© W) g+ [©)
and WYW Z couplings. The t- and u-channel processes F*F? — W+~ and F*F0 —
W*Z in Fig. @) are also suppressed by small F*FOW~ couplings.

Therefore the relevant processes for the dark fermion annihilation are the following
s-channel processes

FOF0 Zg) — qq, U, vp,
FtF- — 7O & g, 1, (4.1)
FtF~ — Zg) — qq, U, vp,

and all other annihilation and co-annihilation processes are negligible. In addition, these
processes could be enhanced by the Breit-Wigner resonance [43].
For charged dark fermions, the annihilation cross section of F;"F;~ to the SM fermions
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is given by

S o(EFET = {4, 29} = ff)
f
1

S 4

e - MV T @
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+80F 97<1)F+97<1>F+}

970 p+ 9y Ff T gz§§>FL+9v“>F§]

where gy g+ gt and gy g, /g, are abbreviation of Gvrypyf et B=4/1- 4m%/s and s is

the invariant mass of FF. F?F? annihilation cross section Y o(FOF® — ZW = ff)is

obtained from (4.2)) by replacing g,, FE /R with gy po,po and ignoring e? and e* terms.
The Boltzmann equation for F? is given by

dn(FO)

= —3Hngy = 3 (o (FPFY — X X)) (ngeoyne) — ”(F?Leq”(é?)),eq)}
X, X'
= > [o(FTEY = XX')0) (ngoynqzr) = n(r) a5y eq)|
X, X'
= 3= [(o(FPFY = F Fy o) (neroyngio) = (o) cq(io) eq) |

-> {<O’(E0X — F;“X')v)n(FiO)n(X)
—(o(FF X' — F;OX)UW(FJ)”(X')}, (4.3)

where H is the Hubble constant, n(ry denotes the number density of F', and X represents
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a SM field. The last term corresponds to the decay F;" — FPW*+ — FXf f" where f and
f' denotes the SM fermions. Similar relations are obtained for F? and F;*. The number
density of F' in the thermal equilibrium is given by n(}y = g.(m,T/ 2)3/2 exp(—my /T)
where g, and m, are the number of the degrees of freedom and mass of x, respectively.

The number-density of F? and F? [F;" and "] (i = 1,...,np) are denoted by ng
[ny]. Because the co-annihilations are suppressed, the third term in the right-hand side
of are negligible. The Boltzmann equation for the total number density of the DM,
n = 2ng(ng + ny ), is given by

dn
o = —3Hn = 2np (o0} (ng — nf ;) = 2np{o0) (] —nf ), (44)

where g [0] be the annihilation cross section of F [F;"] and ng/ ¢, is approximately
given by no/4.eq & goj4 (Mmpo+T/21)* 2 exp(—mpo/+/T) and go/y = 2 for FC and F'.
Using the relations ng 4 /N 1eq = 1/Neq a0d N eq/Neqg = Nt eq/Neq = 1/4np, we obtain

dn
dt

ogv + o4 v

= —3Hn — (oerpv)(n® —nl), Oeppv = (4.5)

87”Lp

From the above definition, the relic density of the dark fermions at the present time
is given by

1.04 x 10° 1 i
Mp; /9 Jf’

where g, is the degree of freedom at the freeze-out temperature 7y and we take g, = 92,

Qpuh?® = (4.6)

Jr = /Oxf (Oefrv)(x)de (4.7)

The value of the x; is determined by the relation

5 [452 - dnpmpMpay *(oespv
vyt = [ 2,/ 102 e My o)) (48)
4\ 8 2m gl
which can be solved by numerical iteration.
To obtain the thermal-averaged cross section (ov), ov is expanded in v? as
ov=a+b?+ - =a+b[(s—4mi)/mE] + -, (4.9)
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then, we obtain

3/2 oo
(ov) = 47 (E) / dvvPe VT gy
7r 0

=a+6bT/mp+---. (4.10)

In the present case x; ~ 1/30 and therefore only the first term in the v? expansion in
Eq. is kept in the following analysis. In the case where the Breit-Wigner resonance
enhance the DM relic density, a careful treatment may be required [44]. In our case,
because of the large decay widths of V' = Z(I),Zg),”y(l), the approximation can be
justified.

4.1.2. Relic density of degenerate dark fermions

First we consider the case in which all dark fermions are degenerate. In Fig.[19| the relic
density of the degenerate dark fermions for np = 3,4, 5 and 6 is plotted. In the plot, the

5.00

ZL=104
1.00+ z=10*
0.50

Qpmh®
\.\\
=
3
Il
i
§>
Il
2

0.10

0.05+

0 1000 2000 3000 4000
M DM [GCV]

Figure 19: Relic density of the nyr degenerate dark fermions (np = 3,4, 5,6) are plotted.
Data points are, from right to left, z;, = 10* (2 x 10%) to 10° with a step of
10%, 10%, 107 and 108 for np = 4,5,6 (np = 3). The horizontal lines represent
the observed relic density of the DM and the lower bound of the overclosure
of the universe. Reprinted from Ref. [2§].

best value [68% confidence level (CL) limits] of the relic density of the cold DM observed
by Planck [8]:

Qcparh? = 0.11805  [0.1186 + 0.0031], (4.11)
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has been also shown. From the Z’ search (Sec. in dilepton events, the allowed region
of 27 is z;, < 108, For z;, < 105, no parameter regions can explain the relic abundance
of the DM. For ny = 3, Qpah? ~ 0.01 around z;, ~ 4 x 10* are obtained. For np > 4,
the obtained values of the relic density is too large.

4.1.3. Relic density of non-degenerate dark fermions

In the above discussion, all of the cp, are the same value. Thus all of the dark fermion
masses are degenerate, but the dark fermion masses need not be degenerate. From here,
the possibility of the non-degenerate dark fermions as DM is discussed. In the scenario,
some of them are heavier than others, only the lightest Fio(l) becomes the DM.

Let us denote the mass eigenstates of the lightest particles of heavy and light dark
fermions by (F,", FY) and (F;", F?), respectively. To make the (F;", FY) unstable, F}
decay F) — F)+ Z or as F}) = F;* + W~ — FP + W+ + W~ have to be realised.

The boundary condition of the Wy, are set as 9y = 41 in ([2.14]), whereas that of the
U, are set as np, = —1. By the boundary conditions, the lowest mode (FJ(I),F,?(I))
is mostly an SU(2), doublet, whereas (P’l+(1), Flo(l)) is mostly an SU(2)r doublet. The
KK spectra for both ¥, and ¥ are given by .

The gauge eigenstates of the lightest modes of Wy, , Uy, are denoted by FiF, 9, Fi* FP.
The most general form of bulk mass terms for ¥y, and Up, is

£5FD mass __ _U/(y){cph\ijh\I/Fh —+ CFl\i/Fl\:[/Fl} — A{@Fh\PFl + @FZ\IIF}L} . (412)

Note that Uy, Uy and WgWp are odd under parity y — —y, whereas W, Up, is even.
The A term induces mass mixing among F;~ and ", and among F and F?. ¢p, and cp,
generate masses 7, and 17y for (F,7, F?) and (E;7, F?). Their bulk mass parameters cp,
and cp, are supposed to be cp, < cp, so that 1y, > ;. As mentioned above, the charged
dark fermions acquire radiative corrections by photon, and becomes heavier than the
neutral ones. The mass difference mp+ — mpo is denoted as a - 7y, (a - iy) for F;F ()
where a is O(107% ~ 1072).
Hence the mass matrices are given by

et ——(i iy () - () ().

_ (I +a)iy, A (i, A
M*‘( A (1 + a)rmy » Mo=1{ ' ) (4.13)
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We suppose that A < my, m;. By diagonalising the two matrices, we obtain

£4FD mass _ _mF;F};I—F};I— . mFlJrF’l—’—le—‘r — mF}?F]?F]S — mFlOEOEO )
Y 1 i FO 1 Y
(1) =¥ Go) () ()= Go) ()

m g+ 1 . R 1 R R
h :(1—{—@)(mh+m1):I:\/(l—i—a)Q(mh—ml)Q—l—A2 ,
mFl+ 2 4

2A
(1 + a)(mh — ml) ’

cos  sina

) , tanay = (4.14)

—sina  cos«o

Via) = (

The masses (m FO, M on) and angle ag are obtained from (mF:, m Fl+) and «, by taking
a— 0.
The couplings to Z (the neutral currents) are given originally by

Zy Y {QZFJ*L]:}JZ’Y“]%E + gZFfRﬁ]QLV”ﬁJQL} +(L— R). (4.15)
pay

Similarly the couplings to W (the charged currents) are given by

Wy Z {QWFjLZ%g'JEVMf%jQL + QWFjRFjJ%VN}’?QR} + (h.c.). (4.16)
j=hil

In terms of mass eigenstates, the neutral current becomes

_ _ 0o 0 07 — 0 FoO
(F}?DEOL){QZFM - 9zFp, n 9zFL - 9zF, LU(OZO)}'VM ( hL)

= 9zrt Yt 9zrt  9zptr — 9zFtL F,
+<Ffz,ﬂz>{ B T B S U(a+)}7“< o

where

Ula) = ( con e _Sino‘> . (4.18)

—sina —cos«o

The charged current is

_ _ _ _ FO
(F;;E, FID{QWFM ;‘gWFlLV(O‘Jr > 040) n W F,. ) Gwr, U(Our ‘Qi‘ Oéo) }7“ (FhOL)
IL

+(L—>R) . (4.19)

Thus the mixing neutral and charged currents of the heavy and light dark fermions are
generated.
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Table 8: Parameters in the non-degenerate case of dark fermions. (ny™, ny ™), bulk

mass parameter cg,, the masses mp, and mp, are tabulated for various Acp =
cr — cp, and zp. Reprinted from Ref. [28].

Acp 0.04 0.06
( light _ heavy
np ,nE ) 2L Cr, Mg, Mp | CR  ME, Mg
[TeV] [TeV] [TeV]  [TeV]
(1,3) 109 0.404 1.32 1.13 | 0.418 1.34 1.06

10° 0.362 2.09 186 | 0377 212 1.77
3x10%]0.329 272 246 | 0344 2.76 2.36
101 0.286 3.54 3.24 | 0.240 3.58 3.14

(2,2) 10° 0.352 2.15 192 | 0.361 221 1.86
10* 0.276 3.61 3.32 | 0.285 3.69 3.25
(3,1) 10° 0.342 221 198 |0.346 230 1.95

10* 0.266 3.68 3.39 | 0.270 3.80 3.36

In the case of A < My, — My so that a,,ayp < 1. The Z coupling of FZOL/R is ~

9zro  t+ 9z (%a0)2. We assume that (%040)2 < ‘gZFl(}:/gF,?L’a |QZF;}3/QZF,9R| so that

IL/R hL/R
the value of g, F is almost equal to the value in the degenerate case. However by this

coupling, FY; decays sufficiently fast.

By the above setup, the heavy dark fermion can decays to the light dark fermion and
only the lightest ﬂo(l) becomes the DM. In the following, the relic density of the lightest
dark fermion is evaluated. The np dark fermions (F;", F?) (i = 1,--- ,np) are divided
to ny=" light fermions (F;*, F?) with ¢p, and n'™Y heavy fermions (F;", F?) with cg, .
The mass parameters cp, and cp, are chosen so as to retain the values of 0y and mpy
unchanged. In Table. , the values of cp, Acp = ¢y —cp, and the corresponding fermion
masses are tabulated.

For mp, —mp = O(100) GeV, the heavy dark fermions decay or annihilate sufficiently

fast. Thus the Boltzmann equation of the light dark fermion is given by

dn
= —3Hn(oShu) (e — ),
1
Ug‘% = —jigit 0wV + 01p.0] (4.20)
8np

where 0y9 and oy, are the cross section of F;F);, F;%F/; annihilations, respectively.

In Fig. the relic density of the dark fermion is plotted for Acp = 0.04 and 0.06
in the case of np = 4 with (n}=", n}¥) = (1,3). For Acp < 0.04, the approximated
formula is not valid because the mass difference mp, —mp, is not large enough and
the relic-density can be larger than those for Acy 2 0.04. By inter- and extra-polating
the Qpyrh? with respect to Acp and zp, the parameter region (Acr,zr) allowed by
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Figure 20: Relic density of the dark fermion for (n}#™ n*¥) = (1,3). The solid and

dotted lines represent Acp = cp — cp, = 0.06 and 0.04, respectively. Data
points are, from right to left, z;, = 10* to 10° with a step of 10, 3 x 10° and
10%. Horizontal lines around Qpyh? ~ 0.12 represent the observed 68% CL
limit of the relic density of the cold DM. Reprinted from Ref. [2§].
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Figure 21: Parameter region (Acp, z;) allowed by the limits of the relic density. The
purple and light purple regions represent the allowed regions by the 68%
CL limit and twice of the 68% CL limit Qpyh? C [0.1186 £+ 2 x 0.0031],
respectively. Mass of the light dark fermion mp, and a mass ratio n = (mp, —
mp,)/mp are also shown as solid and dashed lines, respectively. Reprinted

from Ref. [28].
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the experimental limit on the current relic density is plotted in Fig. It is seen
that the observed current relic density is obtained when 10* < 27 < 10° in the range
0.04 < Acp < 0.07 where 0.07 < 0y < 0.17 and 1000 < mp < 3100 GeV. For np = 5,6
and np = 4 with (nf2" n2*Y) = (2,2), (3,1), we find no parameter region which

explains the current DM density.

4.2. Direct detection

In this subsection, the elastic scattering of the neutral dark fermion off a nucleus is
calculated [45]. The dominant and subdominant processes are shown in Fig. The
dominant process of the F°-nucleus scattering is the Z boson exchange. The subdomi-

nant processes are the processes of Zg)

and Higgs exchange. Contributions from other
processes are negligible. The Z-F° coupling is very small because the F° is almost
SU(2)g component. The Z'W-FO coupling is large, but Z%” is heavy. The H-F° cou-

pling is small. Therefore the elastic scattering cross section is small.

FO FO FO FU FO FO
Z ZR | H
|
q ¢ q ¢ q /\a

Figure 22: Dominant and subdominant processes of the F° scattering off the nucleus
with large atomic numbers. Reprinted from Ref. [28].

In the scattering of F° on nuclei with large mass number A, the spin-independent
scattering is dominant. Therefore pseudo-scalar and axial-vector coupling are neglected
and the effective Lagrangian at low energies is given by

2 g2 ),V

GuwVzqVzF wWUZR'q Zy'F o YqYF _ 0

Line =~ — FOon  F FOF . (4.21
=D { (mQZCOSZQW+ s )qvq W E+ 750 } (4.21)

©) Jis
q ZR
V v . .
where vz, and vzp are 9%Z4q and g, o) oy 10 the unit of g/ cosBy, and UZ}(%”q and
V .
Vs ATC Gy o and gZ(1>FO<1 ) poy 10 the umit of gy,
In the GHU model, quark couplings satisfy vz,|cru =~ vz4|sm and

N Gu

Yglonu = yglsm cos 0y = ———m, cos by, (4.22)
2mW

to good accuracy. The contributions of the Higgs exchange process is evaluated by using
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the nucleon matrix element

(N|myGq|N) = myfio, (4.23)
where N = p,n. For the heavy quarks (Q = ¢, b, t) one has
Hy =g (1- X 4), (4.21)
q=u,d,s

Therefore, by dropping the small momentum dependence of the form factor, the spin-
independent cross section of the F%-nucleus elastic scattering becomes

4M3v2 dO’
o0 =
° /o d|q|?

_ ]\f {Z (by+ f,) + (A = Z) (bn + f) }2, (4.25)

d|q|?
la|=0

where M, is the F°-nucleus reduced mass and Z (A) is the atomic (mass) number of the
nucleus. |q| is the momentum transfer and

by = 2by + by, by = by + 2bg |
2

by = —4V2G (UZqUZF + mTv

(%

mz}?
Yyr — Yr GuwMN

= = N N) = = 0 E . 4.26

In m% qu |yqq(]’ ) m%I 2y Cos H( q UdeTq> ( )

The spin-independent cross section of the F°-nucleon elastic scattering oy can be written
as

1 m2
ON A2 M2 , (4.27)

where m, is the F%-nucleon reduced mass.

The F%nucleon cross sections oy are shown in Table @, and Figure In the
numerical evaluation, we have employed the values given by [41]

£ —0020, £ =002, f=0118,

s

f— 0014, £ =0036, f%=0118. (4.28)

Because the dominant process is the Z boson exchange process, the uncertainty of the
nucleon matrix element are negligible.
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Table 9: F° mass my and the spin-independent cross section oy of the F°-nucleon scat-
tering for np = 4,5,6 degenerate dark fermions. Reprinted from Ref. [28].
ng = 4

2L O | mp (TeV) | oy (cm?)

10° | 0.115 2.03 5.33x10~%
5 x 10* | 0.101 2.36 3.78x10~*
3 x 10* | 0.092 2.66 2.99x10~%
2 x 10* | 0.085 2.92 2.53x10~%

104 0.074 3.46 2.03x10~%

ng = 5
Z], QH mpg (TeV) ON (sz)

10° 0.114 1.75 3.67x107%
10* 0.073 2.91 1.01x10~#

ng = 6
2L O mp (TeV) | oy (cm?)

10° | 0.113 1.57 2.96x10~*
10 ]0.072 2.56 0.72x10~*

Table 10: mp,, m ), the couplings of F? and the spin-independent cross section oy of
R

the FP-nucleon scattering for np = 4 and (nj&", nt**¥) = (1,3). Reprinted
from Ref. [28].

Acy = 0.04
ZL On | mp | m,0 VZF | Vg, | Vpig | Vp0p Yr on (cm?)
(TeV) | (TeV)
4x10%* | 0.097 | 2.29 | 6.47 | -0.00108 | 0.474 | -0.237 | 1.11 | -0.0299 | 2.69x10~**
3x10* | 0.092 | 246 | 6.74 | -0.00100 | 0.469 | -0.234 | 1.11 | -0.0293 | 2.35x10~%
2x10* | 0.085 | 2.72 | 7.15 | -0.00092 | 0.461 | -0.231 | 1.10 | -0.0286 | 1.96x10~**
10% 0.074 | 3.24 | 7.92 |-0.00081 | 0.450 | -0.225 | 1.08 |-0.0280 | 1.53x10~*4

Acp = 0.06
ZrL O mp | Mg VzF Vg, | Vz0g | Vzp Yr on (cm?)
(TeV) | (TeV)
2x10* | 0.085 | 2.61 | 7.15 | -0.00086 | 0.461 | -0.231 | 1.09 | -0.0266 | 1.76x10~44

104 0.074 | 3.13 | 7.92 | -0.00075 | 0.450 | -0.225 | 1.07 | -0.0261 | 1.35x10~44
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Figure 23: The spin-independent cross section of the F%-nucleon elastic scattering for
10* < z;, < 10°. The orange diamonds represent the ny = 4 cases of degen-
erate dark fermions with a step of 10* in z;. Red circles and blue squares
represent the cases of non-degenerate dark fermions (njf2", nj™¥) = (1,3)
with Acp = 0.04 and 0.06, respectively. The brown dashed and black solid
line are the 90% confidence limits set by the first result of the LUX exper-
iment [9] and the improved result of the LUX experiment [10]. The purple
and light purple bands represent the regions allowed by the limit of the relic
density of DM at the 68 % CL depicted in Fig,. and by twice of that. The
allowed region of the dark fermion mass is 2.6 < mp, < 3.1 TeV.

As seen in the previous section, when all dark fermions are degenerate, there are

no parameter regions which realise the observed relic density of the DM. When nﬁ;ght

light dark fermions and n™ heavy dark fermions are introduced, the parameter set of
(nFE" nhe™Y) = (1,3), the region 0.04 < Acp < 0.07, z, < 10 are allowed to explain the
relic density as shown in Fig. The spin-independent cross section for the F%-nucleon
elastic scattering for the allowed region is shown in Fig. 23] The purple and light purple
bands there represent the regions allowed by the limit of the relic abundance of DM at
the 68 % CL and by twice of that, respectively. The result is that the allowed region by
the direct detection experiments of LUX [10] is 2.6 < mp, < 3.1 TeV. The corresponding
the value of the warp factor and the Wilson line phase are 10* < z; < 2 x 10* and
0.07 < 0y < 0.09. The mass of Z’ is from 7.4 < myz < 8.5 TeV. In the allowed region,
the value spin-independent cross section is larger than the expected limit by the 300-day

run of the LUX experiment.
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5. Summary and discussion

In this paper, the phenomenological study of the SO(5) x U(1) gauge-Higgs unification
is summarised. In Ref. [26], the unstable Higgs boson with mass 126 GeV was realised
by introducing the SO(5)-spinor representation fermion, named the dark fermion.

In Ref. [27], the universality of the parameters and the Z’ signals at the LHC are
studied. The universality is that the m,au), m 20 M), MKK, the Higgs cubic coupling
A3 and quartic couplings A4 are almost independent of the number of the dark fermion,
ng and determined only by the ;. The Z’ in this model are Z(), Zg) and v, Their
decay rates are large, especially I o) is almost 1 TeV for 05 = 0.073. Because of the large
decay width, the wide peaks are predicted in the dilepton events. By the 8 TeV LHC
result, the Z’ mass must be larger than 4 TeV and it might be detected by the 14 TeV
LHC. By the universality, the constraint my > 4 TeV corresponds to 0y < 0.17. Once
my is determined, A3 and )4 is predicted. Therefore this model is predictive because of
the universality.

One of the main topic of this thesis is the Higgs boson decay. The decay rate ['(H —
v7) and the production cross section o(gg — H) calculated in Ref. [26]. The processes
g9 — H and H — 7~ do not occur at the tree level but occur at the one-loop level.
Therefore an infinite number of the KK modes contribute to the processes, thus I'(H —
vvy) and o(gg — H) deviate from the SM value. However, the Higgs couplings to the
KK W, KK top and the dark fermions depend on their KK numbers and their signs
change alternatively for n. The summations of the each KK contribution finite and are
negligible. Thus the whole amplitudes are approximately suppressed from the SM values
by cos 0y which comes from the suppression of the Higgs coupling to the zero modes.
In Ref. |29], the decay rate I'(H — Zv) is calculated. The decay also occurs at the one-
loop level. In addition, the KK numbers can be changed by the interaction to the Higgs
boson and the Z boson. Therefore the KK numbers in the loop might not be conserved
and the decay rate seems to be even divergent. However, by summing all of the KK
mode contributions, the summations of the KK mode contributions become alternative
sums of the KK number n. The whole amplitude are are found to be convergent and the
KK mode contributions are negligible. Again the amplitude is suppressed from the SM
values by cos 6. Therefore the branching ratios of the Higgs boson decay are consistent
with the SM. and the signal strengths of each decay mode are suppressed from the SM
values by cos? 0. Numerically, the deviation of the signal strength from the SM value
is O(1)% for 0y < 0.17. It should be emphasised that an infinite numbers on the KK
modes contribute to the processes in these decay processes, nevertheless, the non-trivial
cancellations between the KK mode contributions occur and the infinite sums of the KK
mode contributions are finite. These cancellations do not occur in the other models.
Therefore these cancellations are remarkable feature of this model and thought to be a
consequence of the gauge symmetry.
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One of the other main topics of this thesis is the dark matter (DM). In Ref. [2§], the
possibility of the dark fermion as a DM is discussed. The dark fermions do not have
the zero mode from the boundary condition and the lowest modes couple to the SU(2)y,
very weakly. The fermion number of the dark fermions is conserved and the neutral one
is stable. Thus the neutral dark fermion is a candidate of the DM. The the charged
and neutral dark fermion annihilate through Zl(%l) and v, respectively and finally the
charged one decays to the neutral one. The relic density of the dark fermion does not
matches to the observed relic abundance of the DM for the degenerate case. In the
np = 3 case, too little relic density is predicted and in the np = 4,5 and 6 case the relic
density is larger than the observed relic abundance. Therefore the non-degenerate dark
fermions are considered. The heavy and light dark fermion is introduced and the mixing
term of the heavy and light dark fermions are added in the Lagrangian. The heavy dark
fermions finally decay to the light dark fermions. In the (8™ nh¥) = (1,3) case, the
solution was found in which their relic density matches to the relic abundance of the DM.
The constraint from the direct detection experiments are also considered. The elastic
scattering cross section off a nucleon of the lowest dark fermion is suppressed because of
the small SU(2)., coupling. The allowed region of the dark fermion mass from both the
relic density and the direct detection is 2.6 < mp, < 3.1 TeV with (n}", n}*") = (1, 3).
In the range, the elastic scattering cross section is larger than the expected upper limit
of the cross section by the 300-days run of the LUX experiment.

As shown in this thesis, the SO(5) x U(1) GHU solves the fine-tuning problem of the
Higgs boson mass and explains the existence of the DM. Therefore the SO(5)xU (1) GHU
is phenomenologically viable. This model is consistent with the 8 TeV LHC result and
the LUX 85 live-days result. The most severe constraint for the parameter comes from
the study of the DM. The allowed region of the dark matter mass is 2.6 < mp, < 3.1
TeV, where the warp factor and the Wilson line phase are 10* < z; < 2 x 10* and
0.07 < 0y < 0.09. In this region, the scenario of the dark fermion as a dark matter is
testable by the LUX 300-days run and the Z’ mass is from 7.4 TeV to 8.5 TeV and the
wide peak is predicted for the 14 TeV LHC in dilepton events. Considering the Higgs
boson, the deviations of the Higgs boson couplings to the SM particle and the Higgs
boson cubic coupling from the SM values are O(1)%. These couplings will be measured
precisely by the International Linear Collider (ILC) in the future.

The Z’ signal has predicted in this model. Besides other signals such as the W' signal
have to be predicted. Especially, the H-W-W® and H-Z-Z(" couplings are found
to be O(1) times larger than the H-W-W and H-Z-Z couplings, respectively. These
properties might be important to distinguish this model from the other models in the
experimental viewpoint. Therefore, the predictions of this model for the LHC will be
done for several events. In addition to the phenomenological studies of the gauge-Higgs
unification, the theoretical studies of the gauge-Higgs unification are also important
topics. There are other candidates of the dimensions, metrics, boundary conditions and
gauge groups. Especially, the gauge-Higgs grand unification [46,47] is proposed. The
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three forces and the Higgs boson are unified into the one gauge group in the model.
The Hosotani mechanism, the key of the symmetry breaking in gauge-Higgs unification,
is studied nonperturbatively on the lattice [48]. A dynamical determination of the
boundary conditions are also studied in Ref. [49]. Thus there are many important and
interesting topics around the gauge-Higgs unification.
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A. SO(5) algebra and generators
The algebra of SO(5) is summarised below.
[TaL7TbL] _ ieabcTcL7 [TaRijR] _ iEabcTcR7 [TaL’TbR] — 0,
[TaLjTIAJ} _ ;5ab 1 jeabeTe. [TaR7TB] _ _;5ab 1 geabere,
[Td,TE] _ ;EabC(TCL + TCR)’
[T, TY = —;T@, (7%, T = ;T@, 7% 7Y = ;(T% — TeR), (A.1)

where a = 1,2, 3.
The SO(5) generators in the vector representation can be written below.

—1 7 —1
—1 —1 7
1 1 1
1L:7 N T2in 4 T?)L:* 9
Fr=51 7 ! 2| " ’ 2 .
7 7 7
1 7 —1
—1 7 1
1 1 1
lp _ — : TZR:f o T3R’:* :
T 5 . 7 , 5 7 . , 5 . 1 ,
_Z _Z _Z
—1
—1
5 1 5 1 A 1
T = — LT = — LT3 = — —i |,
V2 V2 V2
1 1 7
it (A.2)
_\/§ . .
1

The SO(5) generators in the spinor representation can be written below.

o 1 R 1 i0 i 1 I
a TR — — T = —— . G’T4: :
I O B S (e 1

(A.3)

T =

DN | —
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B. Couplings
In the following, the numerical values of couplings are calculated for
2 = 10°,0y = 0.1153, k = 2.357 x 10® GeV, ¢, = 0.2270, cp = 0.3321, (B.1)

when there are nothing mentioned.

B.1. yWW, ZWW and ZrW W couplings
The ZOW MW ™ coupling is contained in

zL dz 1
Z A=) T [F,, F,,] n"**n"°
/1 kz< 4) E L oo 1
, ZL dz - 5 N4+ Th—
D) ZQA/I szf[(auZV - aVZu)[W;7 Wyl
+ (0., — O W)Zp, WS+ (0,W,) — 0,W)[Z,, W, ]}n“”n”"

DY growmwmn’ Ti””{(auzy) — 9, Z) YW,

m,n

— (W — 9, W) 2O ) (9, W™ — g, W) Z@WW")} (B.2)
so that one finds that

2L dz
JGzOwm)wn) = gw\/z/ —
1 kz

i:L (m) iL (n) iL (m) i’\l (n)
X {hém (hvwn) Aoy + % + 5w | e it + %

+ ]Al " (h{[//V(m) iLW(n) + hg/(m) }Alw(n) + iLw(m) hﬁ/(n) + BW(m) h’ﬁ/(n) > }
Z .
2

(B.3)

Here Cyym) = C(z; Ao ) ete. Numerical values of gy are given in Table [11]
Similarly, the yOW W™ coupling is

L dz
G OW )W (n) = gw\/_/

X {h% (hww Iy + % + 1l | B By + % . (B4)
Especially, g, o wmwm 18 g owempm =e ™"
The Zj(%l) WM WM coupling is obtained from (B.4)) by replacing v to Zj(%l) . Numerical

values of g pmmpwm, gz wmwm, gzg)w(m>w<n) and g,y mwm for various 0y are
given in Table [12]
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Table 11: g emwm /Gw cos By, Only the value larger than O(1073) are shown and
written by three significant figures. Reprinted from Ref. [29].

0 1 2 3 4 5 6 7

0 1. O(10~% 0(107") 0O(10™°) 0(10~") 0(107% 0(1078) 0(1079)
1] 010  0.996 0.032 O(107%) O(107%) 0O(107%) 0(107%) 0(1079)
2| 0(10°7)  0.032 0.350  -0.022 O(107") O(10™*) 0O(107%) 0O(107%)
310(107%) O(107%)  -0.022 0.996 0.032  O(107%) O(10™%) 0(107%)
4101077 0O(107%) 0O(107")  0.032 0.350  -0.023 O(107°) O(107%)
510(107%) 0(107%) o0o(107%) O(107%) -0.023 0.996 0.032  O(1079)
6 | O(107%) O(107°) O(107%) O(10™%) O(107°)  0.032 0.350  -0.023
71 0(107%) 0O(107% oO(0=%) o0(107% o@1o0~* 0107 -0.023 0.996

Table 12: Triple vector-boson couplings VW+W = with V = Z, Z(1), Zg) in unit of g,
and YWW W~ in unit of the electric charge e for various 0.

O gzww 9zoww 9720Oww 9yOww
0.3548 | 0.811 1.506 x 10™* 0.391 x 1072 —0.417 x 10~
0.1742 | 0.861 0.459 x 1072 0.114 x 1072 —0.115 x 1072
0.1153 | 0.870 0.225 x 1072 0.055 x 1072 —0.054 x 1072
0.0737 | 0.874 0.105 x 1072 0.025 x 1072 —0.024 x 1072

B.2. vyWW and yZW W couplings

v ZOW MW ™) coupling is contained in

AW, W] (120,W;) - 129,W;))

LA, ) (20,5 = 129,,) | e

D Y gy zowmwmnn"?

I,m,n
+(m) l —(n l —(n —(n l +(m l +(m
x {AWFm(ZOw - — ZzOw -y 4 AW, (ZOW ) — ZOw )L (BLs)
so that

2L dz
GyzOWm) W (n) = _92 T
7 YU kz

By b g hay o
X {hﬁhﬁ/(m (h%z)hﬁ/(n) + Z(Z)QW()> + B (hg(”hg"(”) * Z(l)2W()>

n hAL/ + hi‘ iLWm) (hémhw(n) + hg(l>hw(n) + hZ(z)hﬁ/m) + hyw hﬁ,m) ) }
2 2

= —edzOwm)wm) - (B.G)
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The relation g, 0w wm = —€gzowmmwm follows from the gauge invariance as well.
Similarly, the 7O~ W MW ™) coupling is

2L dz
Gy 4@ wm = —GuL s
2 2 hL + hE
X { (R2) Bl hlyon + (hE) Bl iy + (2”> Pryyrcom hW<n>}
= —e2mn (B.7)

B.3. ZZWW coupling
The ZZW ™MW coupling is contained in

(002 [ 120 W2 W)~ 12 W 20010, 1

3§:wmwmmmmW#”¥@W7WWZMC“”—ZJWW%} (B.8)

m,n

so that one finds that

2L dz h h (m) iL il (n)
9zzwmwe = —GyulL . {(thL o + — 2W ) <héh€V(n) + -2 2W )
hz by o hzhyyon
(thﬁwm) + -2 2W < )(hf;hﬁvw + QW( >)
2
5 :
(B.9)
Numerical values of g,y omym are given in Table [13]
B.4. ZWWpg and vZW Wx couplings
The ZOW ™MW coupling in
i 5 Gt {020 = 0,20) W WL 4 W)

l,m,mn

+ (0, W, — 9, W) ZOW ) (9, Wi — g, Wiy z Oy
@D =0, Wl ZOWH — @ — o, Wi 20w, ™) (B.10)

75



Table 13: g, eowm /g2 cos? Oy, Only the value larger than O(1073) are shown and

written by three significant figures.

0 1 2 3 4 5 6 7
0 1. -0.001  O(107°) O(107°%) O(107% O(10=% 0O(10~7) 0(107%)
1| -0.001 0.992 0.042 O(107%) O(107%) 0O(107%) 0(107%) 0(1079)
2| 0(107%)  0.042 0.125  -0.030  -0.001  -0.001 O(107%) O(107%)
310(107%) O(107%)  -0.030 0.993 0.043 O(107%)  0.001 O(107?)
41 0(107% 0(10%)  -0.001 0.043 0.126  -0.031  -0.001  -0.001
5| 0(107% O(107%) -0.001 O(107%)  -0.031 0.994 0.043 O(107%)
6 | O(10~") O(107°) O(107®)  0.001  -0.001 0.043 0.126  -0.031
71 0(107%) 0O(107% O(10=%) 01075 -0.001 O(10~*) -0.031 0.994
is given by
wdz | g L R 1R R
Izowemw = gw\/z/l kz{hzu)hvv(m) P+ g o P o
A oy +RE )
+hZ(l>hW<m)WR2WR} (B.11)

Numerical values of g, (., are given in Table .
R

Table 14: g, )y /G cos Oy, Only the values larger than O(1073) are shown and
R
written by two significant figures. Reprinted from Ref. [29].

m
0 1 2 3 4 5 6 7
1] 010 % 0003 0021 OQ0 7% 0009 O(0 % -0.008 O(10 %)
n 2| 0(107%) O(107%) 0018  0.003 -0.026 O(1074) 0.007 O(10%)

3| 0(107%) 0(1075) 0004 O(107%) 0.020  0.004 -0.028 O(10~%)

41 0(107%) 0(107%) 0(10%) O(10-%) 0.005 O(10~%) 0.020  0.004
Similarly vZ® W ) WI(;) coupling is contained in

2L dz

WP VO

(94) L
x Tr [AZ(A)7 W;] ([Zl” nga'] - [Zg,ngD + [AZ(A)7 W;] ([Z[”WIJ%FJ] - [Z(77 WE;}])

[AZ(A)7WI§V] ([Zpa W}—{U] - [ZU, W:—]) + [Az(A)’ W}gu] ([Zm ng] - [20’7 W;—])

=D 9y zowemwe
x LA (ZOw 0 — Z0w )+ arw e (z0w ) — 20w i)

+ AW (ZOW ;™ — ZOW, ™)+ AW (ZOWHm — ZOw ) (B.12)

p o o p p o o
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so that

= VI [ BE o REGRE )+ B RE B R
ng<l>W<m)W,g”> = Gy L ) @ twemtzo W}(;)‘f‘ 7 (© ) PV Z ) gy ()

1 N 14
+ 5 (h{;(o) + h,lf(o)) hW(m>§hZ(l) (hW(n) + hW(" ) }
_egz(l)w(m)w}{n)- (B.13)
The relation 970 wmw = =€ 5w o follows from the gauge invariance as well.
R R
B.5. A*WW coupling
The AW m)yy (™) coupling is
_ 2L dz
JarsOwmwm = Zgw\/z/1 h
N hLmiL (n)_hRmiI/ (n)—il (m)th_'_i-L (m)hRn
% {hA4(1)< w(m) "W wm) "W 5 w w(n) w W (n) ) (B.14)

Therefore the AXOW M1y ®) coupling vanishes for m = n.

B.6. HWW coupling
The Higgs coupling HW ™ W) is contained in the TrF),, F** term

— igak? / —Tr W) [ B + (0.0 [, )]
o= ZgHw(m)Ww)HW: m)Wy_(n) n* (B.15)
so that
dz 1
Iawmwe = —gak’ ; ” k—ziuH(z)

x = (0P ) (Rt = Mt ) + 0= (B — Py ) g + (m +— )} . (B.16)

Numerical values of gy omyy o are given in Table [15]
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Table 15: gy mwm /gw cos @y in the unit of GeV written by three significant figures.
The values smaller than O(10) are abbreviated. Reprinted from Ref. [29).

0 1 2 3 4 5 6 7
0] 80.0  2.55x10? 0o(1) 45.4 0(0.1) 20.7 0(0.1) 10.4
1| 255 -350x10% 1.39x10* -1.96x10% 1.40x103 0O(1) 2.28%10? -24.1
21 O(1) 1.39x10* 5.62x10% 2.06x10* 2.87x10%2  3.04x103 0(1) 1.66x103
3] 454  -1.96x10% 2.06x10* -8.40x10% 2.94x10* -4.17x10%  3.54x103 0(1)
41 0(01) 1.40x10% 2.87x10%> 2.93x10* 1.07x10® 3.49x10* 5.11x10> 4.51x10?
5| 20.7 O(1) 3.04x10%  -4.17x10%  3.49x10* -1.36x10°>  4.46x10* -6.40x10?
6 | 0(0.1) 2.28x102 O(1) 3.54x10%  5.11x10% 4.46x10* 1.60x10%  4.88x10*
7| 104 -24.1 1.66x103 0o(1) 4.51x10% -6.40x10%2  4.88x10* -1.90x103
B.7. HWWpg and HWgrWpg couplings
Similarly the HW (™) WI({”) coupling contained in
— igak? / —Tr [0.W5 [Wi A + o Wi A
=R gHw(m)W(")HW:(m)W};un) (B.17)
m,n R
is given by
2L dz
gHw(m)W;%) gA kZ
i L R
X §UH(Z) |:a (hW(n) hW(”)>hW(m) - ((9 hW(m)) (hWI(%n) - hWI({L)>:| (B]_S)

Numerical values of g, vy, 0 are given in Table The H W(m)WI(%n) couplings vanish
R

for all m,n as a result of the Lie algebra.

Table 16: g1yt /Gw cos @y in the unit of GeV written by three significant figures.
R
The values smaller than O(10) are abbreviated. Reprinted from Ref. [29).

m
0 1 2 3 4 5 6 7
1] 112 -60.7 3.47x10° O(1) 558 O(1) 161 o(1)
n 2| 809 -118 1.72x10* -278 1.62x10* -70.2 391 0o(1)
31 0() O() 483x10% -260 3.32x10* -527 2.93x10* -140
41304 -194 1.13x10°> -17.3 7.96x10° -412 4.94x10* -789
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B.8. HZZ coupling
The Higgs coupling HZ™ Z™ is contained in the TrF,.F** term

—igak? [ 1 [(0.2,) (A, 2] 0
> —; Enj gHZ(”)Z(”)HZ/Sn) ARK S W;n gHZ(m)Z(7L)HZfLm)Z,En) nt (B.19)
so that
Jrzem 70 = — gak? :L Zz;uH(z)
X [— (@fzzw)) (hé(m - hg(n)) + 0, (hé(m) — h?(m>)ilz<n) + (m +— n)} .

(B.20)

Numerical values of gy omy o are given in Table [17]

Table 17: gy zm) zm) €08 Oy /g cos Oy in the unit of GeV written by three significant
figures. The values smaller than O(10) are abbreviated.

m
0 1 2 3 4 5 6 7
080 2.55x102 0o(1) 45.4 o(1071) 20.7 o(1071) 10
1 -3.50x10*  1.22x10*  -1.96x10%  1.23x103 O(1) 2.00x10? -24
2 5.62x10%  1.81x10* 2.87x10* 2.67x10? O(1) 1.45x103
3 -8.39x102  2.58x10* -4.17x10% 3.10x103 o)
n 4 1.07x10%  3.06x10* 5.11x10%2  3.97x10?
5 -1.36x10%  3.92x10*  -6.40x 102
6 1.60x10%  4.29x10*
7 -1.90x10?
B.9. HHWW coupling
The Higgs coupling HHW ™ W™ is contained in the TrF, u M term
(g [ e [ A W )]
1 kz o v
1 _
> 1 Z gHHW(m)W(n)HHW;(m)WV () n" (B.Ql)
m,n
so that
2L dz ~ ~
272 haiad 2 L 1R L __ 1R
Jrwmwe = gak™ | k}ZUH(Z) {(hw<m> hw<m>) (hww) hw<n>) + 2hyyem) hww} :
(B.22)
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Numerical values of g gy are given in Table 1§

Table 18: gy gy mwm /g2 cos? O written by three significant figures. The values smaller
than O(1) are abbreviated.

0 1 2 3 4 5 6 7
0] 1.01 319  o(o~ ) o@o )y o@o?) o@ol) o(1o?) ool
1| 3.19 125 O(1072) 546  O(1073) 1.4  O(107%) O(1071)
20107 o(07%) 156 O(107%) 841  O(1072) 1.85  O(1073)
310(107Y) 546  O(1072) 871  O(107%) 494  O(107?)  1.32
410(1072) 0O(1073) 841  O(107%) 156  O(107%)  9.04  O(1072)
5/0(107Y) 154 O(1072) 494  O(107%) 814  O(107%)  4.82
6 | O(107%) 0O(1073) 1.85  O(1072) 9.04 O(107%) 156  O(107?)
71 0(107Y) oO(o~Y) oO(10~?) 132  O(107%) 482  O(107%)  7.96

B.10. HH Z Z coupling
The Higgs coupling HH Z™ Z™ is contained in the TrF wFHZ term

~ g [ Ere [0, 1) [20 8]

2 1
1 n n v 1 m n vV
D ngHHZ(n)Z(n)HHZlS )Zl(, ) n*" 4 Z Z: gHHZ(m)Z(n)HHZl(L )Zl(, ) n* (B.23)
so that
=22 [ (2 (R — B Y (B — BE) + 2o
m n) — Z(m Z(m Z(n Z(n m n .
Juzemze = gar” | k:zuH(Z) {( (m) ( ))( (n) ()) + 2hzem hg >}

(B.24)

Numerical values of g zm 7 are given in Table [I9]

Table 19: gy 1 70m) zm) cos? Oy /g2 cos® O written by three significant figures. The values
smaller than O(1) are abbreviated.

m
0 1 2 3 4 ) 6 7

0]101 319 O(10~ Y o(0o') o002 oot o(o0=?% oot
1 126 O(1073%) 547  O(107%) 154  O(1073) O(1071)
2 120  O(107%) 647  O(1073) 142  O(1073)
3 873  O(1072) 495 O(107%)  1.33
n 4 120  O(1072)  6.95  O(1072)
5 816  O(1072)  4.83
6 120  0O(107?)
7 7.97
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B.11. ~ff coupling
The vyO¢™¢) couplings are found to be

LD—i)y, {9 04y <n)AW By + 97<z>t;m)tg)Az(l)f(g)”yut%)} (B.25)
Il,m,n
where
) (l) m

9y m) 9“’\/_/ dz{ —a 2 g ICASEH

+ Qx,tsh? (f F B+ FEV ) 4 Qxtahl f(m)f(”)}
1t 'y(l) B, J By, t’ t’ Xabg 'y(l) Ur, Ur,
fe */ dz Cy () (S 15 + FE0 50 + 1 £+ £ g

(B.26)

for the left-handed component t(Ln) and a similar expression for tg). The ®Opm)p)

couplings are found to be

£5 =i ¥ {0 4SBT + 0 LBy | (B.27)

l,m,n

where

2L hlw + L%
_ Y YD £(m) £(n)
gv”)b‘Lm)b(L”) = gw\/z/l dZ{ - 9 be be

+ QX2t¢hWB<l) (f f + fDL f + fb(';n)f(z)) + QX1t¢hB f f(n)}

= —ce~= [ "dz Cy(2) (A + 1R + 150 15+ 1A
(B.28)
for the left-handed component b(L") and a similar expression for bgg). This form can be

applied to the other quarks and leptons tower straightforwardly. For the SM photon,
the coupling is obtained by replacing 7, — L and C,(z) — 1. Therefore

2 mn
G4y = §6 0 (B.29)
1 mn
9yopimpm = T3¢ o (B.30)
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B.12. Zff and Zrff couplings

The Z couplings of the quark tower are found from
2 Zr, _
Z/l dzvVG U, (—igad, —igpQx,B,) 2"V
a=1

, 2L dz
—ig, VLY Zl(f)(x)/l -
1

hL = ~ = - = ~ = ~ = ~ = ~
x{ ?” <—By"B + iy — by b + UA*U — Dy*D + XWX)
hR(l> ~ ~ = ~ ~ ~ ~ ~ ~ ~ ~ ~
+f3(BWB—W%—m%+UWU+DwD—XWX)
]A-L = - — - = - = ~ = - = = = - = -
4 20 (Bt + 18+ 89 B o €98+ DB 4+ Xy'B 4§97 D + 5" %)
+ Qx,toh (éfy“B + M+ byrh + 1?’7“5’)
+ QX2t¢h§(l) ([7’7“0 + 5’}/“[) + )?"y“)? + 5/,7#5/) } . (B31)
The Zt(™t(™ couplings are found to be
LD —1 Z {thimt(Ln) Z“ﬂLm)VHt(Ln) + thgn)t(n)Z tR )vﬂt%)} (B.32)

where

Juw L/%d
m),(n) — z
9764 cos Oy \/2rz J1
x {czfé? 0+ cos0uCy (— 150 150 + 157 1)

—/2sin QH

+— U S F D R £ )

— 2sin Oy Oz (f fé + [0 I8 + B+ A )} (B.33)
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for the left-handed component t(L") and a similar expression for t%). Similarly, the

Zbmb™ couplings are found to be

gw L /ZL d
m n _ Z
ga(L WY T Cos Ow 2rz 1
x { = oy 13+ cos0nC (013 = 15715,)

2sinfy ~

o S (I 0+ S0+ 1)+ 1T

— 2sin® Oy Cy (—3> (50 f5) + 018 + B far +f,f,;”)f<,f))} (B.34)

for the left-handed component b(L") and a similar expression for bg). These forms can be
applied to the other quarks and leptons tower straightforwardly. Therefore the vector
and axial vector coupling are written by

v a0 T 9ai s A I 7 Sl
9z f0m) fn) = B ’ 9z ) ) = B .

Numerical values of g7, ., are given in Table [20]

Table 20: g‘Z/t(m)t(") = %{th(m)t(n) + th<m)t<n)} in the unit of g/ cosfy,. The values larger
L L R R
than O(107?) are shown. g2, = %{th(Lm)t(Ln) — th%wt%L)} in the unit

of g/ cosfy is smaller than O(1073) in the range of m,n < 10, except for
9§t<0>t<0> = —0.2501. Reprinted from Ref. [29).

0 1 2 3 4 5 6 7

0| 0.095 -0.008 0.001  O(10~%) 0(10=°) 0O(10~% 0(107°) 0(107?)
1| -0.008 0.337 0.059 O(10~%)  0.002 O(107®) 0O(107%) O(1079)
2| 0.001 0.059  -0.149  -0.010 O(107%) O(107%) O(107%) O(10™%)
3101074 01074 -0.010 0.338 0.056 O(107°%)  0.002 O(107%)
41 0(107%)  0.002 O(107%)  0.056  -0.149  -0.010 O(107%) O(107%)
51 0(107%) 0O(107%) O(107%) O(107%) -0.010 0.338 0.056  O(107%)
6 | O(107°) 0O(107%) O(107%)  0.002 O(107°)  0.056  -0.150  -0.010
71 0(107%) 0O(107%) 0O(10=%) 0(107% Oo(10=* O(10~*) -0.010 0.338

By the same way, the Zg)t(m)t(”) couplings are found to be

LD —i Z {gz(l) (m) (n)ZR,u )+ 950,00 <n)ZRu5(m 0 )} (B.36)
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where

ZL
gZI({l)t(Lm)t(Ln) = gw\/Z/ dz

{hzu) + hZu)

L R
hym = ho
% R R (
2

I + —fE) + e )

+ Qxlt¢>hz<1> (fBL fBL + f Nt fy ftf ) + sz%h (l)fUL f((;?}
(B.37)

for the left-handed component t(L and a similar expression for t b(L” , bg; , other

quarks and leptons.

B.13. Wff and Wxff couplings

The W couplings of the quark tower are found from

2 ZL —
2/1 d=vVG T, (—igad, —igpQx,B,) 2"V
a=1
L d
IS [
; 1
X {hﬁ,(l) (f’y“é + 1?7“5 + [}’y“D + )?fy“?) + hf{,(l) (ffy“f—l— éfy”g + f]»wf( + 57“?)
+ hyo (—ffy“f’ + t:’fy“i) - ﬁfy“l;’ + g”y”[?) } . (B.38)
The W™ p(™) couplings are found to be
where
_ Vi /ZL p
Iy w(mpm = Gw V2w I o
x { o (P80 + 150150 + v (50 £ + for £5))

+ b (£ = 157 £57) } (B.40)
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for the left-handed component t(L and a similar expression for t b(L” , bg; , other

quarks and leptons. Similarly, the W mp™ couplings are found to be
m n) — wo [~ d
Iw O gmpim = g z

X { w (ftL be +fUL fDL> +hW(D (fgz)fsz) +fl(JT)f)((nL)) }

L o
= Gu VL / dz C(z; /\W(”
AT wOTHm T 1 R

)CL(Z§ )‘t(m))CL(Z; )\b<n))

Therefore Wx boson does not decays to the SM quarks and leptons.

B.14. A‘iffcoupling

The A% couplings of the quark tower are found from

ZL —
/1 dZ\/a \Ijl (-ZgAA — iQBQXaB;L) Z"}/u\Ifl

d =, ~ =, o
— 1w Z\/_A4(l)/ —ZzhAm) (37 A t’v“B—i—t'v“t) . (B.42)
The A*(m ™) couplings are found to be
gAi(z)t(m)t(n)

dzz m .
_9“’\/_/ g tasty (Fof = £ ) = £ + 1) (B.43)

(n)

for the left-handed component t( and a similar expression for ¢;;’, other quarks and

leptons. Therefore Al coupling vanishes for m = n case.
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B.15. Hff coupling

The Higgs couplings of the top quark tower are contained in
/jL dzVG T, (—igakzA,)y
—zgw\/_H/ dz ug(z 2 (ny5t vt —t'+°B +t_"y5t>
gwk\/_ Z Hit{™h
x [z ) (G010 = 1A = 1 SV AY) + (Lo R)

=1 Z H <9Ht(m)]‘ (n) t( )Tt(n) gHt(m)T (n)tg% )Tt(n)> . (B.44)

One finds that

It = Gpglmtym
JuV kL 2sgcH

(n) (m)
2L W CL () Ly CLY (1) om) n
x/ dz z{—sﬁy (Ln)< )S§>+ (Lm)( )c}i )c§>}. (B.45)
! Sr°(1) Sr (1)
We denote
Gty + Gyt () . =G gty ) T G gt (n)
Yeomypm) = ———= P D) = LA L (B.46)
2 2
Form=n

VEL /27 — 1 m)
g’”k L (1) 0. (B.47)

Ye(m)g(m) = s Yeomygom)y =
T4n) s§m><1)

Numerical values of yymm) and §yem,m are given in Table 21] and [22] respectively.
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Table 21: ), in the unit of y; cos f. Only the values larger than O(1073) are shown
and written by three significant figures. Reprinted from Ref. [29)].

0 1 2 3 4 5 6 7
.00  0.517 0.188 0.049 -0.010  0.044 0.025 0.013
0.517  -0.225 1.04 -0.090  0.234 O(107%) O(107%)  -0.010

0.188  1.04 0226  0.674 0.088  0.034 O(107%)  0.057
0.049 -0.090  0.694  -0217 105 -0.087 0244 O(107%)
0.010 0234  0.088 1.05 0217 0670  0.087  0.028
0.044 O(107%)  0.034  -0.087  0.670 -0.214 1.05  -0.087
0.025 O(107%) O(10™%) 0244  0.087  1.05 0215  ‘0.667
0.013 -0.010  0.057 O(107%) 0.028 -0.087  0.667 -0.213

N OO W N O

Table 22: §,tm),» in the unit of y; cos f. Only the values larger than O(1073) are shown
and written by three significant figures. Reprinted from Ref. [29)].

0 1 2 3 4 5 6 7

0] 0 0529  0.091 -0.043 -0.015 -0.049 0015  -0.011
1] 0.529 0 0.040  0.014 -0.005 O(10~%) O(1075)  0.002
2 1-0.091  0.040 0 0.119 -0.012 -0.011 O(10™%)  -0.026
3| 0043 0012  0.119 0 -0.024 0008 -0.014 O(107%)
41 0015 O(1073)  0.012 0024 0 0.060  -0.007  -0.005
5| 0049 O(107%) 0011 -0.008 0.062 0 0.017  0.006
6|-0.015 O(10~%) O(107%) 0.014 0.007  0.017 0 -0.040

B.16. vF'F coupling

The v couplings of the dark fermion tower are given by

LD —ie Yy A7V \/_/ dz C(z, My )[( m)*f(n‘l'frm)*er)

l,m,n

x { (Qx + ;) Frmap (QX —~ ;) FL‘]("LH“FLOW))} + (L — R)], (B.48)

Therefore F° does not couples to photon for Qx = = case. The couplings are defined as

;C D) _'L Z {g (Z)F+(m)F+(n)A F+ m) MFL (n) + qg (Z)F+(m)F+(n)A F+ m) “F+(n)}

l,m,n
Gy g ) = € / dz C(z, \ya)) (fl(Lm) ) + frm)*f(z)) ,
\/ ~(l
o rtm) ) = € / dz C(z, M) (f,(;”) ) + frm)*f Zz)) : (B.49)

VT
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Especially, the v couplings of the dark fermion tower are given by
9oy i m) () = 97(0>Fg<m)F;<") = e, (B.50)

In Tables yMFF couplings for various parameter sets are tabulated.

Table 23: The mass and left- and right-handed couplings to F'* in 1} in the unit of
electromagnetic coupling e of the first KK photon in the case of degenerate
dark fermions. Reprinted from Ref. [2§].

ng ZL Mm@ (TeV) 9y prOpr® Gy pt® ptr
3 108 2.42 0.19 4.16
106 4.26 0.28 3.61
10° 5.92 0.38 3.31
2 x 10% 7.55 0.52 3.09
4 10% 2.46 0.06 4.15
108 4.32 0.11 3.59
10° 6.00 0.15 3.28
3 x 104 7.19 0.17 3.10
10* 8.52 0.21 2.93
6 108 2.50 —0.06 4.14
109 4.40 —0.05 3.58
10° 6.12 —0.04 3.26
10 8.68 —0.03 2.90

B.17. ZFF and ZrFF couplings

The Z couplings of the dark fermion tower are given by

ZL 0. . .
/ dzvVG Up (—igad, —igQx,.By) 27" Yk

1

L ZL
=—1iZ, Ju VL / dz Z
cos Ow /2./r7 )1 gl

{ (14 cosby)C(2) Z*L(m) l(Ln) + (1 — cosfp) C(Z)fjém)ffz)

X

A

~sin 0 S(2) (ifi™ 1)~ i 7)) S LY
—2sin? 0w (fii ™ £ + £ B FY o (Is + Qx ) FLY + (L — R)}

+ LQZFE(WFE%}7 D g )y ng,%(m)F}i“”}7 Jg,(m)VMF }%(n)} ’ (B.51)
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where F" is a abbreviation of the doublet (F+(") FYX")T and I is a isospin opera-
tor. Numerical values of g} .y pi a0 Y poem poy are given in Table and ,

respectively.

Table 24: ggF+(m)F+(n)
value larger than O(1073

Reprinted from Ref. [29)].

= %{gZFL“m)FL”") +gZFg(’")F;(”>} in the unit of g/ cos fy . Only the

) are shown and written by three significant figures.

1 2 3 4 5 6 7

1] -0.230 0.021 O(107°) -0.001 O(107% O(10~%) O(107)
2 [ 0.021 0.267 0.009  O(107% O(107°) 0O(107%) O(107?)
310(107%)  0.009  -0.230 0.024 O(107%)  -0.001  O(107%)
41 -0.001 O(107%  0.024 0.267 0.009 O(107%) O(107%)
5| 0(107% 0O(107°) O(107% 0009  -0.229 0.025 0O(1079)
6 | O(10~%) 0O(107% -0.001 O(107%)  0.025 0.267 0.009
71 0(107%) 0(107%) O(107% oO(10™*) O0(107%)  0.009  -0.229

Table 25 gZFU(m)FU(n) -
value larger than O(1073

Reprinted from Ref. [29)].

%{gZFE<m>F2<n) + gZFg(m)F]g(rz)} in the unit of g/ cosfy . Only the

) are shown and written by three significant figures.

1 2 3 4 5 6 7

1] -0002 -0.021 O(107°) 0.001 O(10-% O(10~%) O(107°)
2 | -0.021 -0.498  -0.009 O(107%) O(107%) O(107%) O(107?)
3] 0(107%)  -0.009  -0.002  -0.024 O(107°)  0.001 O(107°)
41 0001 O(1075% -0.024  -0.498  -0.009 O(107%) O(107%)
51 0(107% O(107%) O(107%) -0.009  -0.002  -0.025 O(107°)
6 | O(10~%) 0O(10=%  0.001 O(107%) -0.025  -0.498  -0.009
71 0(107%) 0(107%) O(107% oO(107*) O0(107%)  -0.009  -0.002
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Table 26: The ZFF couplings in the unit of g, with b.c. ng = 41 in the case of
degenerate dark fermions. Reprinted from Ref. |28§].

nr 2L IzprWpr®  GpprWpr)  §yp00 pot) 97700 po)

3 108 —0.260 —0.242 —4.01 x 1072 —2.273 x 1072
109 —0.261 —0.257 =218 x107* —6.96 x 1073
10° —0.262 —0.260 —1.97 x 1073 —4.27x107?

2 x 104 —0.259 —0.258 —4.13x 1073 —5.84x 107

4 108 —0.261 —0.244 —2.52 x 107%  —2.049 x 102
10° —0.263 —0.258 —-1.14 x 1073  —559 x 1073
10° —0.263 —0.261 —76x 107  —2.77x 1073

3 x 104 —0.263 —0.262 —6.7x 107"  —-1.97x 1073
10* —0.263 —0.262 —6.5x107*  —1.54x 1073

6 108 —0.263 —0.246 —1.42 x 1073 —1.860 x 1072
109 —0.263 —0.259 —58x 107"  —4.77x107?
10° —0.263 —0.262 —-34x107* -219x1073
10 —0.264 —0.263 —2.1x 1074 -9.8 x 10~

Similarly the Zg couplings of the dark fermion tower are given by

ZL —
/1 dZ\/a \I/F (—’lgAA — ZgBQXFB )Z”}/“\I/F

. 0 IS
Zgwl%:nZRH\/_Wm dz Cy(z
9 [fgw{ cos b (5 S50+ 150 190) + (" 10 — g gt )}

sin2 HW
2
+20x cos 20y

VS L F

cos Oy (lgn)* AR )]+(L—>R)'

(m) +(n)

1) n Pt
=—i)y Zl(gu{ gZ(Z>F+<m)F+<n>FL( Sy +ng)F§<m>Fg<n)F§ Y Eg

l,m,n

+ gzg)Fg(m)Fgm)Fg(m)’y“Fg(n) + gzg)Fg(m)Fg(n)F}%(m)’qug(n)} . (B.52)

In Tables 7 , , , and , we have summarised the ZFF and the ZzFF

couplings for various parameter sets.

B.18. W FF and WRF'F couplings

The W couplings of the dark fermion tower are given by

— ~0(m n ~0(m n
Lip O W, " (gW<l)F£m)F£")FL( )VMF;( '+ 9W<Z>F1gm>FIg”>FR( )V”FJJ{( )) + (hec),

90



Table 27: The ZFF couplings in the unit of g, with b.c. ngp = —1 in the case of
degenerate dark fermions. Reprinted from Ref. |28§].

NP | 2L | GgprOptr)  GzptMpt)  §zp00) po0) gy p00) pom

4 | 108 0.304 0.287 —0.569 —0.552
106 0.306 0.301 —0.569 —0.565
10 0.306 0.305 —0.570 —0.569

Table 28: The ZWFF couplings in the unit of g, with b.c. np = +1 in the case of
degenerate dark fermions. Reprinted from Ref. [28].

ng Zr My (TeV) Iz O pr® Gz pE0 pr® 70 0 p00) Gz 00 00
3 108 2.42 —0.02 —1.07 —0.04 —0.08
106 4.25 —0.06 —0.95 —0.02 —0.02
10° 5.92 —0.09 —0.87 —0.01 —0.01
2x10% 7.54 —0.12 —0.81 —0.02 —0.00
4 108 2.45 0.00 —1.06 —0.02 —0.08
108 4.32 —0.02 —0.94 —0.01 —0.02
10° 6.00 —0.03 —0.86 —0.01 —0.01
10* 8.52 —0.05 —0.77 —0.00 —0.00
6 108 2.50 0.02 —1.06 —0.01 —0.07
106 4.40 0.02 —0.94 —0.00 —0.01
10° 6.13 0.01 —0.86 —0.00 —0.01
10* 8.68 0.01 —0.77 —0.00 —0.00
Table 29: The ZMFF couplings in the unit of g, with b.c. np = —1 in the case of
degenerate dark fermions. Reprinted from Ref. [2§].
WF | 2L 9z prOpr® Yz ptOpt® Y z0) p00 00 G za) p0 00
4 | 108 0.00 1.25 —0.02 —2.39
106 0.03 1.10 —0.06 —2.05
10° 0.04 1.00 —0.08 —1.87
10 0.06 0.90 —0.12 —1.67
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Table 30: The ZS)FF couplings in the unit of g, with b.c. ng = +1 in the case of
degenerate dark fermions. Reprinted from Ref. [28§].

nr |z | Ty (TV) gy pr@pt) Jp0prpt) §z0 g pow g0 por) g
3 108 2.34 —0.09 —1.05 0.25 2.55
108 4.06 —0.13 —0.90 0.34 2.23
10° 5.59 —0.16 —0.82 0.42 2.06
2x10% 7.05 —0.20 —0.77 0.51 1.93
4 108 2.37 —0.07 —1.05 0.18 2.54
108 4.12 —0.10 —0.89 0.24 2.22
10° 5.70 —0.11 —0.82 0.29 2.04
3x10% 6.74 —0.12 —0.78 0.32 1.94
10 7.92 —-0.14 —0.73 0.35 1.84
6 108 2.42 —0.04 —1.05 0.12 2.54
108 4.20 —0.06 —0.89 0.16 2.21
10° 5.78 —0.07 —0.81 0.18 2.03
104 8.11 —0.08 —0.73 0.21 1.83

Table 31: The ZE)FF couplings in the unit of g, with b.c. np = —1 in the case of
degenerate dark fermions. Reprinted from Ref. [2§].

ng ZL 970 O pr® 970 pt) i) G700 o) o) § 70 po0) o)
4 10° 0.05 0.80 0.07 0.69
109 0.07 0.68 0.08 0.65
10° 0.08 0.62 0.09 0.61
3 x 10 0.09 0.58 0.10 0.58
10* 0.11 0.55 0.11 0.55
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are given by

o =55 e / dz{ (1 cos ) fi77" 17 + (1= cosbm) 7" f17 )
—sinﬁﬂg( )i (sz A A z@)}, (B.53)

and gy, pom pon 1s obtained by replacements fiy = firr
R R
Similarly the Wg couplings of the dark fermion tower are given by

Lip D> WY (gwgmgmwyff(m)v“l’f "+ G0 pt g PR (”)) + (h.c.),

g o Guw \/Z

l m n) —
wF™ FY 22 [TV 1+ cos? O
R

X/ZLdz C’(z){(l—cos@H) l(in) (n> (1+0050H)f "l } (B.54)
1

and gW ) Fm) p) is obtained by replacing fi,yr with fi(,
In Tables 32 H H 33| and [34] l we have summarised the W FF and the Wi FF couplings for

various parameter sets.

B.19. A‘FF coupling

The A? couplings of the dark fermion tower are given by
ZL —
/1 dZ\/a \IIF (_igAAu_igBQXFB )Z")/H\IJF

—ige ¥ AOF R 2 / dz 5z ( TP+ L5 ) + (L R).

l,m,n

(B.55)

Therefore F(WF (”)Ai couplings vanish.
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Table 32: The W FF couplings in the unit of g, /v/2 with b.c. np = +1 in the case of
degenerate dark fermions. Reprinted from Ref. [2§].

ng 2 gWFS)FS) gWFz(acl)Fz(zl) myya) (TeV) gW(I)FS)FS) gW(l)Fz(zl)Fz(;zl)
3 108 7.0 x 1072 3.98 x 1072 2.42 6.19 x 1072 0.1360
106 3.8x 1072 1.22x 1072 4.25 2.64 x 1072 2.80 x 1072
2x10%]7.2x1073 1.02x 1072 7.54 3.15x 1073 7.8x1073
4 103 4.4 x 1073 3.59 x 1072 2.45 4.02 x 1072 0.1322
109 20x 1072 9.7x1073 4.32 1.50 x 1072 2.68 x 1072
10* 1.1 x107% 2.7x1073 8.52 6.1 x107% 3.8x1073
6 103 2.5 x 1072 3.26 x 1072 2.50 2.34 x 1072 0.1273
109 1.0x 1072 84 x 1073 4.40 8.0x 1072 2.59 x 1072
10* | 04x107% 1.7x107° 8.68 2.3x 1070 3.6 x 1073

Table 33: The WrFF couplings in the unit of g,/v/2 with b.c. 7z = +1 in the case of
degenerate dark fermions. Reprinted from Ref. [28§].

ng 2L mW;{U (TeV) QWS’FS)FS’ ng(zl)Fz(aDFz(zl)
3 108 2.34 —-0.41 —-3.11
106 4.06 —0.57 —2.66
2 x 104 7.05 —0.84 —2.28
4 103 2.37 —0.30 —3.10
106 4.12 —0.41 —2.65
10* 7.92 —0.59 —2.18
6 103 2.42 —0.19 —3.10
106 4.20 —0.26 —2.64
10 8.07 —0.36 —2.16

Table 34: The WFF and WxFF couplings in the unit of g,,/v/2 with b.c. np = —1 in
the case of degenerate dark fermions for np = 4 case. Reprinted from Ref. [2§].

Wr | AL Gy r0p® G p®Op®  Jworp®Op® o p®Op® GO p®Op® Gy 0 po po

4 | 108 0.997 0.966 0.04 4.15 —0.019 0.099
108 0.998 0.991 0.10 3.59 —0.008 0.020
104 0.999 0.998 0.21 2.93 —0.004 0.003
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B.20. HF'F coupling

The Higgs couplings of the dark fermion tower are given by

/:L dzVG Vg (—igAAz)

—ngk/ dz ZH < F, FL Y er FJ({L ‘|‘f*(m FLm)'75fl(]7%l)F1(%n)>
+ (L +— R)
= —ngk/ dz \/_ZH
(=) (LR ET R + 1 D R
f*(m fln)F m)TF n) + er flg)F TF( ))
=1H Z <gHFl(l7n)TF1(2n) FL(m)TF}(%n) — gHFém)TFgL) FRm)TFL(n)> . (B.56)
where
vVEL . Oy Og 7 1 1
g = gy—————— Sin — CoS — Y ——
HE™ ) = I e 2 2 T2 [z

x (SPPMCE () ()R () - S ()SIM ()5 ()8 (2))
V kL . QH QH ZL
gHF}({”)TFén) = Gy ————— SIn - COS

1
s de-——
A /TF(m)rF('n) 2 2 1 22 Z% _ 1
x (=8 W)SEY ()0 (1) 817 (2) + CfP () (2) S (1) C ()

(B.57)

One can show that gHF(mﬁF(n) gHFém)TFén) = gHFén)TFI(%m). We define

It pe T Iy pimt po A I pmtpe T G pmit p
yF(’"L)F(’IL) = 5 yF(’"L)F(’IL) =

2 2

(B.58)
In particular
V ]{?L . GH 9H 1 n n

Ypn) pin) = Jopp————— 8in — €OS ——1/ 2% — 152 )(1)C£ )(1) : (B.59)

w1/rF(m)rF(n) 2 2 4

Numerical values of ypempey and §pem pem are given in Table B5] and [36] respectively.
Numerical values of ypm) g for various parameter sets are shown in
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Table 35: ypm)pm in the unit of y;sin %H.

figures. Reprinted from Ref. [29].

The value are written by three significant

1 2 3 4 5 6 7
11-0944 -126 0328 285 -0.006 -0.485 0.038
2| -126 0.856 873 -0.357 -0.174 0.003 0.394
31 0328 873 -0924 -127 0.369 2.65 -0.002
41 28 -0357 -12.7 0920 9.06 -0.376 -0.277
51-0.006 -0.174 0.369 9.06 -0.942 -12.7  0.380
6|-0485 0.003 265 -0.376 -12.7 0941 9.13
71 0.038 0.394 -0.002 -0.277 0.380 9.13 -0.953

Table 36: §p(m) ) in the unit of y; sin

O
2

. Only the value larger than O(1073) are shown

and written by three significant figures. Reprinted from Ref. [29).

1 2 3 4 ) 6 7
1 0 -6.54  0.117 1.35 -0.017 -0.654 0.013
2| 6.54 0 1.62 -0.094 0.168 0.005 0.106
31-0117 -1.62 0 -1.26  0.066  0.627 -0.002
41 -1.35 0.094 1.26 0 0.934 -0.057 0.027
5| 0.017 -0.168 -0.066 -0.934 0 -0.668  0.044
6| 0.654 0.005 -0.627 0.057 0.668 0 0.648
71-0013 -0.106 0.002 -0.027 -0.044 -0.648 0
Table 37: The Higgs-Yukawa couplings Yt p) in (B.58)) in the case of degenerate dark
fermions. Reprinted from Ref. [2§].

ng RL sz-(DFfl)

3 108 —0.106

108 —0.071

10° —0.064

2 x 10* | —0.089

4 108 —0.082

106 —0.049

10° —0.038

3 x 10* | —0.034

10* —0.033

6 108 —0.060

106 —0.034

10° —0.024

10* —0.017
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