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AL T, ERFIFHMOMAEE LTX{Mmsns [#5IHEEE ] (discounting criterion) B X T
[P BR2EHE | (limit of means criterion) (Z2WT, TN b %, RPLEO@EIFE AT, ThEho
BAF QMBI O WTELE T 50 BAMIZIEE, (1) BFIER®OEHSESICORER S 1D H5IH
HMEZR® Lol LU GERBEMZIATS 2L, (i) RPOHSES LOMMERTH 51,%
fa, R LoMMHZERICIERT 22 L, (i) MAHZZR &EIFOMAE b T &R Mtk
FIAHEBREE MR T L 2IT) MREIBLIEZUTOMY THS: () MMHERKE L&
&, BipIfdLiE, PRI L S ICRERTH L (72720, HEINT 0 o#5IARELER ),
(i) 1, % — AL L7 AHZ2 R Cld, PIgmiRRIR e idolfe, B5 IFEHEE, BI5IRFs30 < <1
DL &M 1< iDL ERMFETH 5,

1. [FU®IC FHINOES FLOBIFIZELBDTHLLEZ
B ENTE D, KT, BHFE L0
BEFRT — 2 HEIIBWT, LIFLIE, i;fc OIHELLTEICAMON TS [HIFIFIEHE ]
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200FETU Y 7 MIDOWT, ENELO of means criterion) D ENZFN% L£HR>® Lo
Tyl MIEBTLF Y Y a7 —0F| BIFEEZ, EHI2, R®IIHEA iz g
ZHELT, WINPERLTWY S 0% Hk§ LT, s 0@EIA kD &%z LT
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7o, 7 uRFEHFETIE, EERShEL4 0 M3 5720, 9, WEOFGIFILLENSIHD
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5D THIIE, T OFERMEE EKT  DE G
K7 (discount factor) & TOHEIFIFI (discounted
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e DHEGIFByDOEGTIHEL Y KEVWEE, 2
y & D ENLTH D LT 5 ONNE T OE G 1K
Thbo

ER e 52O E ZOEKY
REGIMExFEL> L IIEZEI THE W
CTEbDHB, ThiE, BFCBITIME
DPWHEIZOWTOMBETH 5. 2L 21,
5| < M, i=1,2,...,7% 5 IEOFEEMPFLET
5D THIUL, ZTOMEIFPOET % 2 L AH S
NTW5b, FHFEFERLTr— 8GRI BWTIE, L
EUIEMEREZ TR LTI O REET
%, Bz U, ZONUEIMRIES N AH]O
AREGHTIERY 2L HIho>TWD, L
Lahs, AHLTE, Z0X)aTkeidy
DEEL T, —MRR® EORMEE LT, R>®
FOBEIFICET A AR BT A LR
LT 5, BFFERT — LA HHmANOFHIZB VT
i, S THLNZR® EOKREEEEZ DL
SEGICHEHNTAEEZDLDTH b,

GO R E, RPICHRT 52 &9 5K
XoEG AL, WEOKEY LT 5
Letd, TO—MAL S N7 E RIS
ZESIMEZREODOICHIBR L 72 & 12, W%
DOEGIMILEL T 55D THb, 2Ok
W2 o T, KL THS Nz R Lofsii,
R>®% Z O Y My EGICESRR L2 81
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R NAHDOREAHZE M 2 E 2 50 FRIAHZZ
AR, 20720, EIFOEEIZ DO W T
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K SLDORKEBG TRE E N D DIE, RODHES
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{LLEDDOTH D, ZO—LIh ks
WT, — AL S N7z HIG PRI 2 298 A1,
HEIHFAL X /AhS e X2k 1X)K
g XL, FORBEIIREIND,

¥ BRI O BIFIZ R T IIC, T4 1Sk
WEIG A - O H G FIIEHE O ELF TP I NS
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5) o AR TIRIEREZ OEPIIZED S 2w
A5, FERRRFEHEIZ X B8 12D W T D EIG I
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K SLOBHIZOWTFLLTBZ )., H2H
&, —AL S NEG R #EL R Fo#ELf L
LCEFRL, T/, #EUL L TOVHMPEIELHE
Yo 83 HIER® OOV TG
L, S50, M % R® RICHRT 5. 45 4 6
AL & 7B RN & 58I B L O IR
FRIZ & B FEEFIZDOWWT, RO LT
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WaEW-ve & Thbb,
(i) $RTOzeX,yeX,z2eXIZDVT,
T=YPpoOyY=-z = > 2

(i) §XTHz e XIZDOWT, =¥z
ThreE, v>-y% 22y Xk DEFTS] &
ML, ~13X FoOEL (preference on X) T
HHEEI,

AL TIE, R Lo, F7zik, €0
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FXIER*EZETIOLT L, XOKREFITE
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DX ) % 2 TR R RIF L IESAIE TR
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hmmf Zél 1
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& (discounting criterion) D—#ALTH 5 L F
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AR 1B S 1Pl k2PN
XJ:O) 2HMR-IME DT O 25T %,
Thbb,

2) z-Lvy © hmmf Z — ;) R, U{+00}

L35, Tk Fﬂﬁﬁ (hmlt of means criterion)
T & 4 (Osborne-Rubinstein (1994), Mailath-
Samuelson (2006) ) o
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ML E HITEFTH 5o

s iE, X FO2HPEBRTDH S0 5
XxXDWMEHEAETH S, X DI %
HX EEZL). TOLE, —;n(X xX)
X Lo #EGFHEER (T2bb, HBME

sy yrs 28T Ho Hhei>0,60>0,T1,Ts €N
T

ZowT, T2Tiok s, Y 8 (=
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min{ey,e2} & %, L7205 “C T-52TdHbo
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ERRE R ZY) TH Do AR,
v N(X x XN X LB TH 5,

3. R*MDfItf

3.1 X Ot &EFOER M
X =R®IIMMHEHRTHELELL LI =1
XLoOEIGFTHAHELLI) ThbH, =i
EEXXXOEBPEETHY, o, =13
BUELIERFELM T LT 5, X x X121
MAHZEE X OBVAHEEZ D, ZOLE, »
BX x XOESGTH S I L & @EI - 18
(continuous) TdH b L9 8,
FREGOERDS, BIFOMEHEZK DM
LHETH B, ThbL, -y ThhE, H
LxDEBUB LT, H5yDEHEVIZD
W,
el yev = a4

HWALT B o
ARESLTIELT, S£E X ICHEAKRY M2
22T, TOMMOTT, BARAREIF-s8
X ONEAF-1m O #HEE O IERIZ DWW TH S 20
129 %0

3.2 &I

X =R>I21&, RO (& LR AL AR
topology of pointwise conergence) & % % % Z &
BNTE& b, TOMMIE, zeXIZZDHEIR
XIS S LG e = 2y, i = 1,2, 2
BeL 3 RN TH - T, TORERIIH
o, REOMEFUICE 5T, UxR>® &
KIILNTED, UTT, WIHRITToHES
ATHEN, ZOZLF, KwLDT—<Th
5 R> Lo#EI %25 U 512130 % D #lfNTH
%o

8 Mas-Colell (1974), Hildenbrand (1974) @ H #& ¥ 12
Htotze T/ HHMOBGFZHTMEETERILCT
XL,k E 9 MEIZBWT, Debreu (1954, 1959),
Koopmans (1972) 7 & 25K 411 % 38 4 o st fe v
DEFRL TR L7z,
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LTl M MbnTwb, R T, 1,2
MoMMHE S &2, X FOfHEEZ 5. £
ZT, BOERICHELET, ,ZHOEHEE
AL EI,

pe(0,+0l& T 5, XDEITESE %

Z%IJE&}v p€(0,400) DEE,

1=1

lp::{a:EX

l+oo = {:DEX

sup [zi] € R+}
i

YR ET Do Lo Floo & b E T 1, IR™

DML 5 22WTH Do p<p,pe(0,+00],

p e +o]DEE, Iy CLAALT 5%
Fae XIZoWT, =], R, U{+oo}%

0 P
uﬂ¢_<2}mﬁ , p€(0,400) DL X
i=1
2]l oo := sup |a;]
1

EEHRT Do il b DEFT. z€l,®
Lxlzl, R, ze X\ l,»k Xz, =+cT
H5bo
pel,+oo]dE &, xelyll|x|, &S+
LRI/ VATHALIERMOENT VS, I,
WCZDINVABINZD ) VAIZE ARSI
HRMEEZZ D D% L,ZEME VS,
pe(0,)D & EiT1E, B He (o, &/
VWADZMAREX 28w, LaL,
p oo
(@me%x@u@w—wﬂ => |z —uil’ %
=1
I S &% BEEL, FolBETH b2 LA
C p=toDBEBIUP=POYREEIANTH S
5, LT, pe(0,400),p € (p,+0] & F %,
zE€lbT b, BRMOiZBWT, |zl <1THh b,
L72doT, HbirllonT, i>i" =z, <1
BRI T B, LEd o T, 2€lo TdH 2o
P E (o) T BE, >t = |mlP < |m|P kA
50T, €l %5, O

lp, p€[1,00], % Banach space C & 5% (Schaefer
(1966), Luenberger (1969), Aliprantis-Border (2006)) .
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5N T % (Aliprantis-Border (2006), p. 535)
p€ 0, )D& XITIE, [,ICZOHHEE Z DR
WX o THERSINLVMZEZ R 12D D%, %EH
Ewvd,

3.4 {HEZERE(X, Tp)
zeX,pe(0,+x],e€R,, ET B, TDE
Nl ERHWT, X O EE By (. 0) %

Bp(z,e) == {m/ eX ’ |’ — x|, < 6}

LEFKT Do BT,
By :={By(w,e)| x € X, e € Ry}

E3 %,

W1 BpldKE LTX hofiti % Ak
%o

[EEBA] () UB,=XTdH B2 & B LT,
(ii) £€BiNBy,B1€By,B2€B, T H N IE
x€BCBINBRABeB, VLT HI L%
AL, () IZEHTH S, DT, (i) %
ZNENS

pell,+ool @ & &: Byi=By(z1,e1), By = By(xg )
E¥ %,

€= min{el =z =l &2 - [lz2 - me}, B :=By(z,¢)
&3 %, BDOHE Fwk & b w—m
=(w-x)+(x—x),w—zclpz—x1€lp T H
D, F72, LIEFBIEZEHTHL2E, w—21 €l
Thbo L7z 5>T, JIVADZMARERIZLDY,
w1, < w - o+ 2 - a1, <(e1 - 2 - 2],
e —zill,=ea1 &% b, L72H 5T, weB T
Hbo MEEICLT, we By Thhbo

pe(0, )DL E: LElOWELHKTH b,
22l e, i3 VATIRRWT E, B
U@y =z —yl," M cHh 5 LICiE
BLC, Lidocowskx

1
€: (mm{sl =21 - =||,?, 521,7”:02790“]911})?

LD 5D, O
By 3N 5 X EOMAHZERZ T, & FT,

5 FIEEHE &S PIgRmRIEHE © R Lot & L ComHrEIZoOWT — 41 —

T2, ZOMMZERX %X, £T,
zelbtLE), ZDLE 2 €By(ze)k T
e, 2 elykrh, LzdioT, Bp(z,e) Cly
b, TOZEMND, Ip ZZH oM
{By(z,e) | x €l,e e R} 2R L L“CE
WENDUNMHTHLEVZ D, ZOMMHITDON
TUIRDATEDRALT B o

WRE2 1,13 X, O AHZEHTH S,
[REER] 1, ZMOHEGU Z & %0 U1, 220

DKL -T, U= | Bplx,e(x) L% 2D
xclU
T, Xp@Fa'ﬁ%Af“dbéo U=Unl, T

5, UM MMHZERIZB T HES
Td 5o :L_.L, U % A AT 22 A B0
LHEELT D, X, DBEAVIZLE 5T,
U=Vnl, &% b xcU & T %o eV T
oML, b deXpleecR, ITLo
T, z€Bp(x',e)C VD, £l TH DM
5, ' el, THY, Bya',e)cly &b L
72h3oT, zeBp(x,e) VNl =UIDa' &
clFz I THETEHIDOTHLNH, Th
bk a'(z),e(x) b KT L, EBDzcUIZOWV
T, x€ By (x),e(x) cUERD, LD o

<, U= U Bp(x'(z),e(z) & 7 5 D TU &y
xzelU

DOHEATH S, O

3.5 FAFERE
21

111 .
—_ (= = = vj— h :E -
,(172737>€Xk Z)o %&ﬁ” Hl i:17l'

13 3 A %% (harmonic seriese) & & b 1 %o
|hl, =40 TH DT L, BLY, §XRTO
€ (LoolizonT, ||k, €R,, %5 A4
BRTWwBY LadoT, hglh THY, %

) reNET D, 2771<i<2 R BieNIZOW
1
T, h}:= 272: LT, WeX&ERT D, TRTOD,
PENIKEDWT, hi >R, Thb, LIA>T,
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72, TRTOpe (1,40I22NT, heEl, TH

bo THOZ L E AL L 72RO AFEIZKIGTO
SR B LW S NS,
)k

IZ2oWnT,

1 1
ﬁEES pG(0,00)’ hp = <77

w
‘tﬂ»—“ =

17 2p
T5, 2OLE TXRTOpP €
hpy gl THY, §XTHP e
T, hp€lyThbo

[REBA] thllﬁ =kl =+ TH 25, hy ¢y
ThHbope0p T be lyClh Ths
b, hptly TH b p'e(p o] DL E,

(0,p]
(p, +ool 12D W

A Zi /" N p/
V=P ar o e (Ltocl ([,

1/
= (Ill,n)" eRy Tho. LEdinT, 20Ok
X124, by €l Th b, 0

. BIF-s B LY v OERE

4.1 BIFOEHKEMEE

PLARZE M X L OEIF -2 X x X OBEESGTH
L& BIF-IEFTHLESIDTH 72
(3.1)s AHiTIEZ, X =R®EoEF-s5 L

2" -1 2" -1 1
1) - (2“1 - 1)} =3

Sl Y (= o

i=2r—1 i=2r—1

Lhbo L7285 T,

2" -1

Z\h|>—r
T%éo:®:t#6HMh—+WT%50
. s 11 1
(i) p € (0,1),hi= (o, hs,. ) = (H P H)
L5 %, (Ipl,)"

= [A, coz e, mw [A], e
R, %5 Fe reNET 2, 2771 Si<27%2ieN

1
!

i2owC, Al =30 Upkl,’c B exzaEshy
o TNTDieNIZPWT, hi ShITHY,
2"— 2"-1 1 1

B < Bl = 4 o) =
Y il X [= el -0- (70 = g
i=2r—1 i=r-1
Thb, L72d5>T,
2" -1 r

- 1 1 1

hi| £ < =
l_; El 217 -1) El 20-1)("=1) ~ 1—91-p
TH b,

(i) p=+oo DY &, b, =1TdH 255
h€le THbo O
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SIMADSX ISR O M2 E 2 5568 &
OCNAHZER Ty 2 Z 2 5 HE0ZNENIZON
THEBETH L0 L V) BEHIZOWTEET L,

T3, X=R®IZR ® H % % {7 # (usual
topology) DM AHZIWKE L £ 9o 3.2 T
L72k 91, xoEEE, #EN4%neNE&
RPOBEAUICE 5T, UxROEET I LA
T&Ebh, ZOZEDND, ROGEDNED o
w4 XIIROBARRMVHOBMAHZRET
o ZDLXE,

(i) =0 I3 HEHETH 5o

(ii) =3, 0 € (0,+00), B XU =rmIFFHFE T2\,
[EEBA] () X2 OR~NOEHKx— 21 2m
EET, XICEROBUVMHEZREL TS D
T, MIFEHTH b, LA o>T, XxX
(MiAHZE R X OREAAHZZR) 25, RNOH
(e, y) = m(z) —m(y) b TH S5, 72,
zroyemx) -—my)>0ThHb, Lo
T, XO2FEF2YIZBWT, =9y KL
TH20THNI,

(@', y)eUxV = o' oy

2729 @,y DG U, VAT %o

(ii) =€ {-s [0 € (0,+o0]}U{-Lm} & F Bo
z,Yyc XIZoWnWTx~yt35, 2aBIXTyDfE
BORLEREE, HbneN BLY, ROBE
G UVICE-T, ZREFN, UxR®, VxR®
ERT LDV TE S, 2DHRADOEDO K1
ZOFFET, n+1FHUKEOK S 2T RTE

WX Z 72 D%z, yORYOnHO K
SREFOTFET, n+1FHUBEOWR S 2 X

B ERZ DR Y(a) L KT, o eUxX
R, y(a) e VxR TH 5B, T K&Eva>0
Z2oWTC, yla) =z &b, TNiE =D
T T B 0
DUF, HALD T, MAHZEH X, D&
WTEZ 5,
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4.2 pe (0,400, 6=0D&ZE

=00 ¢t X, 0y & T1>NThHo
720 ROGEDKALT 5o
w5 pe(0,+x),i=0L32%, ZTDEL X,
WAZER (X, T2 BT, =6l TH 5,
[EB] 2 —oyzeX,yeX & ¥ 5, 17V
TH 5o 77::%(:1:171/1)}_’@"60 x' € Bp(z,n),
y' € Bp(y,n) & ¥ %,

—th= (a1 -y) + (g1 —21) - (- 3) > 2 -n-n=0
Eh e LIz oT, =0y ThHbB, 4D
L, =03 #HTH 5, 0

4.3 pe(0,400],0€(0,1)DEE

WE6 pc(0,+o0,0€(0,1) £F2, 2D
&, MAZEMXT)IZBWT, =3 EHETH
%o

[SEBA] z>sy,ze X, ye X & F %, o' € X,
y eXETh, -5y THENPS, Hbe>0&
THIZDOWT,

T
T>T" = 251_1(561'—%) > €

i=1
PIWALT o W T, TZT " %2HFXTD T
22OV,

T T

Yo a - =Y

1 -1
(i - 91+Z51 Iz Il Zé yl 91
i=1 i=1

EOH% ) Zﬁ”yz %)
iﬁﬁirmo ' GBp(w,n),n>0<‘:3“Z,> L, &
TD i eNIZDOWT, |2 — 2| < nHWALT 5o
zzC, n~—(175)5t3%k
T

<Z<51 g - ai| < 5

Zél 1 mlfx
=1

Ebe MLy \.IOVC, y €BylymiT 5

&, FRRIZLT

>e-

i—1 <

(yi —vs) %

E by T, TZ2THAETOTIZONT,

5 FIEEHE &S PIgRmRIEHE © R Lot & L ComHrEIZoOWT — 43 —

1 /
Zél - >§

fﬁﬁ‘ZﬁTéo T;E"JT, m >‘(Sy T%Z’O Bp(ﬂ),?])
BEUBy(y,)E(X, Tp)I2BF 5, =z yDBkE
BETHDENS, =sDT 5 7IZHTH 5 0

4.4 pe(0,+x],6=1DLE

w7 pe(0,+0lE§2, ZOEE, fIffze
M(X, Tp)IZB VT, =12k TH 5720121,
p€ (0,175 I LALELTHTH 5,

(REEA] +914%: pe (0,118 T %, 1Y, z€X,
YyeXbTh, TH1YTHIEND, Hbe>0Lk
T*IZDOWT,

1

DALY Do 1= min{(;)ﬁ ,1} 2’ € By (z,n),

Y EBy(yMET 2, T2T" 25T _RTOT
2oV,

DALY Bo o GBp(mm)«‘BJ:UUglJ: 0,
o]
’ngxi’§2’x§fx¢’p<l
i=1

Thbo LEWNo>T, §9XTHieNZD
WG, o x| <1 & & B pe(0,1] £,

J—

|f — x| £ |of —ai LB, ThE, 5 < (%)5

Xy,
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Sl = Sl < (5)F) =
k&éoﬁﬁﬁ,iyﬁ—w<gfééoui
;U,TzﬂagéﬁwTuowt
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Discounting and Limit of Means Criteria
—Preferences on R* and Their Continuity—

Hiroaki Nagatani and Akira Yakushiji

The discounting criterion and the limit of means criterion are well-known as devises to evaluate
sequences of real numbers. In this paper, we consider them as preferences on R® and examine
whether each of the preferences is continuous or not. (i) Though domain of the discounting criterion
is usually limited to the sequences with finite discounted values, we generalize the criterion as
preferences on R*°. (ii) We extend /, spaces which are linear subspaces of R> to cover whole
IRe°. (iii) We check the continuity of the limit of means preference and the generalized discounting
preferences. The continuity results are: (i) When we assume the product topology, none of the
limit of means preference and the generalized discounting preferences is continuous (except for the
discounting preference with discount factor 0). (ii) In the generalized /, spaces, the limit of means
preference is open, and the generalized discounting preferences are open if the discounting factor 6 is

0 <& <1, and are not open if 1<8.

JEL classification: C73, D01, D11, D91
Key words: discounting criterion, limit of means, continuity of preferences, preference over sequences

of real numbers, time preference, time discounting



