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B} % Fan-Browder D—F HiEMB L OA

g B (Browder 1968, Fan 1969) OFHMIZ L CAIGNT WD, T —HOMERIIFEL LA
BEOERLO—DTH % Browder OARFIIUEIIIHL DO D TH S, AFTH 4 1L, Browder (1963)
B LU Fan (1969) I2ABNL —HREBME R REREZIIRT 50 T2, A O R A Hausdorff
FERICALAZERNC BT 2 B OARE FUERDIRD ) BT, Kd—HMWRDDD—D%RTDITH

WHIENPTELILERT,

JEL 77 1 C62

# — 7 — | ! Fan-Browder Coincidence Theorem; Kakutani’s Fixed-Point Theorem; Urai-Hayashi Fixed-

Point Theorem

1 1BUBIC

BOORE AN F 72137 — A BEER Y R i AP
DEFIC BT A Fan-Browder O — T M B X
OBy i Z B (Browder 1968, Fan 1969) DA
AL <mehTnd, Zhs—HokkRiX
EL R AE T EILD—DTdH % Browder DAHE)
MEHIZEDS DD TH S, Browder DAE
EHERIUTIZBTL5DTH b,

Theorem 1: (Browder 1968; Theorem 1), X %
Hausdorff #IEAAHZ2M E D IE22pDa v 8y
FRMEAE TS, T X - XIZUToOLMN%
ARIZTHRIETH B LT 5,
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OEBEDOze XITx LT, T(x)c Xt
ZEPOMMEETH S
()VfE 3 DyeX 12 % L T, 77l
{reX|lyeTE)HIXDHELSTH 5,

COLET: X > XEIARFEH e X % b D,
Thbb, Hbr*e XPHLEL Tz e T(x")
7T,

COEMIZEWT, MM ZEMER
Hausdorff Z2[i] & g S M TlEWv 525, RN
ZHTHAHLEIIRVE W) 2 LIEES ML
Vg

BPRRFE A I BT, BAIZERE oM
TP UAE LT S22 ] & AiE 22 & o B
ELTHMRENG, 20 X)) RIEFIZHED L
&, BHEFNHEOEERIEICE L Tw 2 IE,
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% FAEDE TARDITENC BFRT 2 HIRZACE )R
HIETHEHDLI LN TES, AIIINFET
b, 20X BB S AR OARE)EI O
REATV, € ORGEFN R H AL &R~ O
o H & 3 A& T & 725 (Urai and Hayashi (2000),
Urai (2000), Urai and Yoshimachi (2004 ), Urai
and Yokota (2005), Urai (2010)).

A TH 41X, Browder (1968) 3B X U Fan
(1969) IZA BN D —F g L A riei%
Wk %o FEMNE, BICZUT 7 AR AN
EHTd % Browder DAE) RUEBIZIED B D
Thbo 72, FAxDKRIZ, Hausdorff FEfE
TEALAH 222 BT 5 AR O A g BLO LR O
)BT, WD KM RDDDO—D%RTDITH
WhHZ ENTE L,

2 Fan-Browder D—E = EIE DR : 45572

¥ 9, Fan-Browder ® — 3 i & #L o fifj H.
7% YL A% Browder O ANE) 1 g B D B b E
BHohsZzhd, 2ZoHRER 5
AOLNIZHIBF EGHBH 72122 B I
x>+ (F(z) — G(z) DEIRAS, £ O 58 F bk
XOFPEEERDL I LHEITKY IO
DTH5b

Theorem 2: (Fan-Browder ® — 3 3. %& 2 o i
0 HRERIE ) X % Hausdorff ZE # JE {2 AH 22
WEDIZEPDT 87 P RMEAELET D,
F:X 5 EXG:X — BIXEEHEOMIET, D
ToWEZb D LT 5,

O\EEDre XIZx LT, 2+ (F(z)-G(z) C X;
({0 ¢ Flz)—Gx) 2 A 7T & 9H) it &
Dzl LT, EOMMYRKRE ©
W Hpe Lax OB EBUER) BHFTE L T,
(pz,y) >0 (Yy € F(2) — G(2), Vze€U(x))
NI A VASH
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oL E HHHTeX PHEIELT
F@*)NG(z*) # 0% A727,

Proof: i ASH D V72wl EE L, Dk
E FEDre X Z/WLTF@@)NG() =0,
L7235 T 0¢ Fz) — G@) AR VET 5o F77,
M G) &0, FEEBMHEFEOMGe: X > X
(2) “C o+ (F(z) - G(2) L T 5 2 LS
T&5%, BHOMRELY, EEOz e XITHL
Tz o) bl LIEEE X,

EEICze X 2 [ % § 5, &MG) &
D, s OBEBUE) &, b D EFEpEED
BAHELEL, poz) >0 L E D €U) &
2€F(@) -Gl =¢)—2") I % L T
WA T b, TDL F{U@|zeXtid oy
N7 MEAXORBEETHY, Lido
TINhoD) LbERBEOEEDNS & 545
BH B B{U(z1),....U(zn)} & & 5 2 & 28T
& b {U(@1),--,U(zn)} X5 51 D 55 fif
Zlo;: X = [0,1]]li=1,...,n} & L, ¥ &
VXX 20 C{otze X| T i)
(pz;,2) >0} (vre x) & LTREHRE Lo EFHK
T OB ENIZe@) CU(z), L7zdo THIZ
U(z) £ 0DEEDr e XTHY o, UL E
B#POLHELNIZ, £EDz e XITH LT, ¥(a)
BMEETH D, EHIT, EHEDye XITHL
T, Uiy B XOBHEAETHL I LDDRb,
ER, EECzev ()R EDE, y=0+2
oYy ai(@)(payy2) >0 A, T &b B,
S i) (pays y) — i @i(@){pa,;,x) >0
BT be TORERXDEM T2 IC
DWTHHE R DT, = DEEV BELE L
o' eV =Y, ai(@)(pa;,y) = Xisy ai(@’) (pay,2) > 0
AR T. INWEThbL, zevVcu iy
BEWL, LEdo>T, v (X oMES
THDHI DRI o7z, %I T Browder DAE)
FEBIZI DV EAH R e X 2D, L
L, SHIEEL ai(@®) (pe;, 2" — %) > 07 B 5%
KO EE®RL, ZOLEBIIOTHLDTH
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ZOREMIZ LY Urai and Hayashi (2000) 1238
JAAGOAB R EHOIIREZG5 2 ENTE
5

Theorem 3: (Urai and Hayashi 2000, Theorem
4)o X % Hausdorff FERILALAAZE [ E O IEZE %
DA YNY MeWESET S, F: X - XI3FE
ZEEOMIST, LTOWEZH 2 DET 5,

K) z¢ Fla)z” 23ROz e XITHRL
T, EONAHWBE D& % UFEr &,
x DU @) BSAHETEL T, (po,y) >0
(Vy € F(z) — 2, Vz € U(x)) I T 5,

COHOEEF: X > XEAFE*eX %2 b D,
Thbh, bz ec XHPHFAEL T € F(z¥)
%%‘f:j—o

Proof: i EFIZBWVWT, G: X - E*»H%E
ek, 72 LuERDOEM G EHS 2
WA END, TP X XIZHT 5%
fE(K) PO S ) 2EETAILED
BHThbhb, 2 LT, Ri@HIC &) —Fk
T € F(@") NG )M O N 5%, GIIESES
ThHirhrbr=z" Lo TINIEFOATEIZ
E/R YR AR |

C DOEHIZ B THRIEAA 22 B R 22
MTHREEDRWZ EICHEREY Lo (Urai and
Hayashi (2000) @ Theorem 4 (238> TidJEATMN
ZEDME STV B DS, ZOIEHIZBWTZ
DICEIEDN TV R,)

3 Fan-Browder O—¥ = EE DR

DWW, Fan-Browder ® — 3 5 g BL O — %
WRIEZ RO 2B 2 WS Z EI2X > TR

PN T N

& Vol.64 No.2
95 (Theorem 4 |& Browder (1968) @ Theorem
2OREZMBFIL LB DTH Y, Theoremb
L Theorem 6 (X, Z 1L & L Fan (1969) O
Theorems 5 & Theorem 6 DILHRIZ TR > T b))

Theorem 4: X % Hausdorff 3% # 72 i A 22 [
EQFEZEhpoa X7 N rMEE LT S,
U:X - E'%—li5%s 35, (7272LEILE
DAAHIBR TH %) ERIZYE X ZRHEL
ok &I, MHS()C (W) y -0 B e X
WL TR THLLE, UTFo5EHErAT
0 e XVHHAET %o

(¥(xg),y —w0) =0 Yy € X.

Proof: #iamASH ) L7z ERER Lo T4
L, BB e XITH L Tye XBHFELELT
(W(zo),y —wo) > 0T %0 £ THHIG
T: X5 XZDTOL)ITERT %o

def.
T(z0) = {y € X[ (¥(zo),y —w0) >0}, VapeX.

BEHOREIZL), HEDrge XITHLT
T(zo) #0THY, EFXVPLNITT(20) 1
MESTH D, 512, FEDyeXIiZon
Ty L {zeX|yeT@)} Ex ® M &
ETHAHILENbhM b, EBE ceT Ly
=yeT()=U(r),y —x)>0=z @O I
B U@)BHEREL, BEDL cU) IR LT,
(W(z'),y—2y > 0B =B D2’ € U(x)
I LTy € T(a)= Ulz) C T (y),

Browder ® A Ej T BIZ X 0, H B M
" € XTa* e T(a") % A12T LDONPHIET 5o
THIEAERO < (U(z), 2" — )= (T(z*),0)
=0 OB EFERL, L7225 THFETH S, 11

Theorem 5: X % Hausdorff 3% JE i AH 22 [
EDEpoa s b MERLET b
F:X 5 EXG:X — BRIFEZEOMNIET, L
ToWExb 2L T %,
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EEDz € X2 LT,

Usso@ +A(F(z) = G@) N X #0 ;

() A F(x) LG(x) A H 5 P 1 12
Lo THBEIHTEEISNS LX) R ITED
2k LT, EDRARMBIN B OB FE e &
DB EU () 5 AE LT, (pa,y) >0
(Vy e F(2) —G(z), Yz€U(z)) PWILT
5o

COLE HiHrrreXIIHNTHIELF()E
G X TPHIC X > THBICIZSHTX %
W,

Proof: - Dz e X IZ% LT, F(z) L G(z)&
M HHMPEMICE > THEIZHHES NS L
WEST 5o T5ELEMG ITED, poeFE
Lo DB BEU@) BSAEAE L T, (payy) >0
(Vy € F(2) —G(2), Yz€U(x)) DI T 5o
(U@ oex E ¥ 57 MESX ORBEEL O
T, D) HLbHEMREDOEEEN O 72 5 555w E
{U(i)}is1 & 20 £ 2 T{U(1), ..., U(zn)}
WX 5105 {a; X - [0,1]]i=1,...,n}
e, —fi5RY: X - E & V() LY,
@i(T)pa;: (Vo € X) |2 X 5 CEHT Do 22T
[i(z) >0 = = € U(x;) = {Pz;,y) >0
(Vy € F(z) — G(z)) ] ICHEET S &

(¥(z),y) >0 Vo e X, Vy € F(z) — G(z), (1)

I/, FLZ &R,
(¥(x),u—v) >0
Ve e X, Yu € F(z), Yv e G(x), (2)

DD VOZ Lo b,

ETAHT, (Y(z)y—x)=2 1 (x)(pa;,y —x)
TH YL HECyex #HEJ 5 &
F@) L W),y —a) o e X BT B
B o TnB 2 DDA b, Lo T
Theorem 4 12XV, &H D MHage XHFELTLL
TO&EMN% AT,
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(U(zo),y—x0) S0 VyeX (3)

— B THEMHEG XD, = Mue F(x),
vo € G(z0),yo € X & FEBEN > O AEL T,
2o+ AMug—wvo) =yo I L, T/, WLZ
ETHDD, uo—vo = 3(yo — w0) VIWLT %o
L72A>T (3) £HbET, UTFORERDITG
bNb,

(W(x0), uo — vo) = 3 (¥(z0), 50 —x0) S0 (4)

7272 Lag € X, ug € F(fbo), Ny € G(Io)‘f‘
HbHo TIEHSHIZ (2) EFET 5. 1

T, PLEDO#ESFIZ XY Fan-Browder D —3K
FMEBOPEZ/RT . AEIE Theorem 5 O H.F

Theorem 6: (Fan-Browder @ — Z ri % ¥ @ i,
B’ ZD1)e X %JFHT™ % Hausdorff F#t
MAZEME QI 2D 8y P MEA L
T5h, F: X>E:G: X — EIZIEZRHEONIL
T, UToUEEZHOET 5,

OEEOceX 12 LT, =MHycX,
u € F(x),v e G(x) & EEKMN > 00F1E L
Ty —x=Mu—0)DHYILD ;

() A F(x) EG(x) 23 dH % P2
Lo THEIITHING L) ZTED
WK LT, EOMAHIBN B O %K p, &
DB EBEU (@) BAFAE L T, (payy) >0
(Vy € F(2)—G(2), YzeU(x)) DWIT
%

(i) fLEDOz e XIZH LT, F(z)&G(2)id
EOMMESTH Y, Sl tdb—Khida
YNNI FTH Ao

COr X F:X>EEG: XS EF—3N
bHoO, $hbb, HHM e XPHFHELT,
F*)NG(z*) # 0D Y 72,
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Proof: AiE B D&M E T3 Twb 2
EEREE L. RIS, ARt () AR
O Q) LA TH D) Liz->T, &
HOKEIZT O X SN/ HED )G
HIND D RANERICBWT, o0 H%E
b wHIMEGOS R L —HBa vy
FTHIUE, FNoidd 5 BT X - Tk
AN R VP |

Theorem 6 & Theorem 5 (Z31F % 5t (i) 1,
F & G @ upper demi-continuity & 1) & §5\V i
TdHbo —J T, Theorem 6 D5 (i) Db
D & LT, Theorem 2 THWHNTWAD X9 &
[ERO0EREF(2) — Glo) L DB 12X B %
HEHVwLZLbTE D,

Theorem 7: (Fan-Browder ® — 3% & %€ #2415,
B % ®2). X % Hausdorff 5 # I 1 #H 22
MEDIEZErD>T 7 N RMWER LT 5,
F:X>EXG: X - ERFEEEOHNIET, L
ToOWEZbDELET 5,

OWfE & ®zeX 2 L T, = M
ye X, u€ F(z), ve Gz) & FEHAEN >0
PHEAEL Ty — 2= Mu— o)D) LD ;

({0 ¢ F(z)-Ga) AT X9 HEE
Dzl LT, EOMMBNNE
HFpr Lo ORI FU() BAFALEL T
(pz,y) >0 (Vy € F(z)—G(z), Yz U(x))
NI RYASI

CHOLXE F:X>ELG:X—oEIT—3N
L0, bbb, HbHET e XPHFMAELT,
F(z*) N G(x*) # 03K Y 7D,

Proof: RS D Wz v RER Lo
BEoOreXIZx LT, Fl@)nG) =05, L
72 o TO¢Flz) Gz) S Y V.2 T 5
&, FMG) WX Y p, e B Ea DBHERU ()

PN T N

& Vol.64 No.2
MBAEFE L T, (poyy) >0 (Vy€ F(z) - G(2),
VzeU(z)) DT bo {U(@)}eex T ¥
N7 MNEGXORBELZDT, TOIHIEHLH
B 0> 36 5 & 7 % #55 B Bk B{U (24) Yoy
% b o, 2 T{U@),....U@n)} 123§
51 05 fE{a;: X = [0,1]li=1,....n} & &
D, — i H RV X B &) LY
i(@)pz;, (Ve e X)IZ X o THEFHET b, =
T [a(z)>0=zcU(z;) = (Pz;,y) >0
(Vy € F(z) - G(z)) ] ITHEETH L

(¥(z),y) >0
Ve e X, Vy € F(z) — G(x), (5)

T/, WLZ LD,

(¥(z),u—v) >0
Ve € X, Vu € F(x), YveG(x), 6)

DD VDT bbb,

EZAHT, (U(z),y—=x) =Y ai@) Py —2)
THYVMEFIyeX EEET H & f2)
(U(z),y—a)lde e X IZHT 5 EBMKE %o
TWbLZENWbA5b, L72A35 T Theorem 4 I
0, HbMroe XPHFELTUTOLNE%

&f:j—o

(¥(z0),y —x0) S0 Vy € X. (7)

— B THRMAEGO XD, = Hu € F),
vy € G(zo),yo € X & FEREN > 0DHFAE L C,
2o+ AMup —vo) =yo I L, T/, MLZ
ETHDD, ug—vo = 3(yo— 20) BT Bo
L7=h5T (7) EHbET, UTOREXD
bid,

(U(z0), 10 — vo) = 5 (¥(z0),y0 — x0) S0 (8)

7272 Lxg € X, ug € F(zg), HDwg € G(xg) T
HbHo TIIEWSLDIZ 6) EFETH. 1
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REGDOH _Hil2 BT Theorem 2 23D A
BB OR S — RN BILRO O EDOEIRT
DIZHW BNz EilFRIZ, Theorem 7 % Urai-
Hayashi DA EHOPIRICH NS 2 E BT
&%,

Theorem 8: (Urai-Hayashi @ AN By i % B O
5)o X % Hausdorff FZ#R I ALAH 22 M) E o IF 22
PN MeWEEE TS, F: X - ER
F=EORILT, LTOWEELOET 5,

)z ¢ F(z)Z 72T L) BERDOz I L
T, “Hy€EX, uc F(x) L EEMHEN > 03
FAEL Ty —z=MNu—2)DL Y 7D

K) 2 ¢ Fz)Z A2y HEEDOr € XIZH L
T, EONMWBKE O 5 EHKpe L,
r DB RBEU @) SFELEL T, (po,y) >0
(Vy € F(2) — 2, Vz € U(x)) DK T 5o

CODLEF: XS EEAH T e X % D,
Thbb, Hbr'e XHPHFIEL T € Fz¥)
75_"77‘7’:’9‘—0

Proof: Theorem 7 DG : X — E %2 [HEG R L &
25 L, KEMBDSEM (i) A Theorem 7 D 51
() 2EBTHILENDbhIDL, $72F: X E
W39 % 42 (K) % & Theorem 7 D54 (ii) A%
RIENDEZEDBEHIIREND, L7zh>T
—KE e F@)NGE@") BT AHD, Gl
HEBHRTH LI br=a" XoTINEIFD
AB RIS 50, 1
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Further Extensions of Fan-Browder Coincidence and Fixed-Point Theorems

Ken Urai and Kohei Shiozawa

The fixed-point and coincidence theorems of F. Browder and K. Fan (Browder (1968), Fan (1969 ))
are well known and frequently used in mathematical economics and game-theoretic equilibrium
arguments. A series of their results are based on the Browder s fixed-point theorem. In the context
of economics, the vector space duality is often interpreted as the duality between commodities and
prices. Some natural assumptions on agents’ behaviors in response to prices would therefore enable
us to utilize rather weak topological conditions on the commodity space to ensure the existence of an
equilibrium. From this motivation, the authors have studied several extensions of Kakutani's fixed-
point theorem and their applications to the economic equilibrium theory. In this paper, we provide
several extensions of the coincidence and fixed-point theorems in Browder (1968) and Fan (1969).
Moreover, it can be seen that our results directly show one of the most general kinds of Kakutani’
s fixed-point theorem on Hausdorff topological vector spaces that are not necessarily assumed to be

locally convex. Our main theorem (Theorem7) is as follows:

Theorem (An Extension of the Fan-Browder Coincidence Theorem). Let X be a non-empty compact
convex set in a Hausdorff topological vector space F over R. Let FF': X — E and G : X — E be
two non-empty valued correspondences. Assume the following two conditions:
(i) For each x € X, there exist three points y € X,u € F(z),v € G(z) and a real number A > 0
such that ¥y — z = AM(u — v);
(ii) For each 2 such that 0 ¢ F'(z) — G(z), there exist an element Pz in the topological dual E’
of E and an open neighborhood U(z) of « such that (pz.y) > 0 for all y € F(z) — G(z) and
z € U(x).

Then there exists a point 2* € X for which F(z*) and G(z*) have a non-empty intersection.

JEL Classification: C62
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