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Abstract
In this paper, we determine nonminimal pseudohermitianirbimal Legendre

surfaces in the unit 5-sphe@. In fact, the product of a circle and a helix of order
4 is realized as a nonminimal pseudohermitian biminimaldrefye immersion into
S°. In addition, we obtain that there exist no nonminimal psggimitian biminimal
Legendre surfaces in a 5-dimensional Sasakian space fomorepositive constant
holomorphic sectional curvature for the Tanaka—Websteneotion.

1. Introduction

A Legendre submanifold in contact manifolds is one of imaottsubjects in con-
tact geometry and the geometry of submanifolds. In a Sasakianifold there exist
no Legendre submanifolds with parallel mean curvatureoregther than the minimal
ones (cf. [17]). By using variational view point, the binmmlity was introduced by
Loubeau and Montaldo [10] as an extension of minimality. by [7] showed that a
3-dimensional Sasakian space form admits a proper biminiregendre curve if and
only if its holomorphic sectional curvature is greater tHanln a continuing paper [8]
he classified nongeodesic biminimal Legendre curves in engkional Sasakian space
form. Recently, Sasahara [12] gave a classification of noimal biminimal Legendre
surfaces in a 5-dimensional Sasakian space form and shdve¢dhere exist no non-
minimal biminimal Legendre surfaces in a 5-dimensionalaR&s) space form of con-
stant holomorphic sectional curvature—3.

On the other hand, for a given contact form we have two corolgasitructures: one is
a Riemannian structure (or metric) and the other is a pserduatian structure (or almost
CR-structure). In pseudohermitian geometry (CR-geometsy use theTanaka—\Webster
connectionas a canonical connection instead of the Levi-Civita cotioec In our pre-
vious works [5], [6], we defined pseudohermitian harmomgjahinimality, biharmonicity,
and biminimality, respectively by using the Tanaka—Webstnection. Particularly in
[5], we have classified pseudohermitian biharmonic curgésdnstant contact angle) in a
3-dimensional Sasakian space form with respect to the Baflkbster connection. While
for the Levi-Civita connection, the unit sphe® does not contain proper biharmonic
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1064 J.T. Gio AND J. LEE

Legendre curvesS® does contain proper pseudohermitian biharmonic Legendirees
with respect to the Tanaka—Webster connection, which dledgaseudohermitian circles.
In these situations, it is natural and intriguing to studgymohermitian biharmonic or bi-
minimal Legendre surfaces in a 5-dimensional Sasakianesjoau.

The main purpose of this paper is to prove their classifioati@orems (Theorem 4.1
and Corollary 5.1). In particular we show that the productaddircle and a helix of or-
der 4 is realized as a nonminimal pseudohermitian biminibeglendre immersion into
S°. Such a Legendre surface has another remarkable geomedgerty, namely, it is
mass-symmetriand of 2-type. In fact, in [1] it was proved that a mass-symin&-type
Legendre surface of° is the product of a plane circle and a helix of order 4 or the
product of two circles. The latter one is characterized a®r@minimal Legendre sur-
face in S® with respect to the Levi-Civita connection by Sasahara.[I@preover, we
obtain that there exist no nonminimal pseudohermitian hiimal Legendre surfaces in a
5-dimensional Sasakian space form of non-positive cohbtalomorphic sectional curva-
ture for the Tanaka—Webster connection (Corollary 4.2).

2. Preliminaries

A (2n + 1)-dimensional manifoldM?*! is said to be acontact manifoldif it
admits a global 1-formy such thaty A (dn)" # 0 everywhere. Given a contact form
there exists a unique vector field the characteristic vector fieldsatisfyingn(¢) = 1
anddn(&, X) = 0 for any vector fieldX. It is well-known that there exists amssoci-
ated Riemannian metric gnd a (1, 1)-type tensor field such that

where X andY are vector fields orM. From (2.1), it follows that

9 =0, noe =0, dleX, ¢Y)=g(X,Y)—n(X)n(Y).

A Riemannian manifoldM equipped with the structure tensons, €, ¢, g) satisfying
(2.1) is said to be @ontact Riemannian manifaldVe denote it byM = (M;n, &, ¢, Q).

Given a contact Riemannian manifold, we define an operatdn by h = (1/2)L¢ ¢,

where £; denotes Lie differentiation in the characteristic direoté. Then we may
observe that thetructural operator his self-adjoint and satisfies

ht =0, hg = —gph,
(2.2) Vxé = —pX —phX,
whereV is the Levi-Civita connection. A contact Riemannian maldiftor which ¢ is

a Killing vector field is called & -contact manifold It is at once shown that a contact
Riemannian manifold i« -contact if and only ith = 0.
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For a contact Riemannian manifod one may define naturally an almost complex

structureJ on M x R:
d d
J(x, f&) _ (wX ~te, n(X)a)

where X is a vector field tangent td/, t the coordinate orR and f a function on
M x R. If the alImost complex structurd is integrable,M is said to benormal or
Sasakian It is known that a contact Riemannian manifdidl is normal if and only if
M satisfies

[p, 0] +2dn ® & = 0,

where [p,¢] is the Nijenhuis torsion ofp. We note that 3-dimension# -contact mani-
folds areSasakian(cf. p. 76 in [2]).
We denote byR the Riemannian curvature tensor define by

R(X, Y)Z = Vx(VyZ) — Vv (VxZ) = Vix1Z,

where X, Y, Z are vector fields orM. A Sasakian manifold is also characterized by
the condition

(Vxo)Y = g(X, Y)§ —n(Y)X,
for all vector fieldsX andY on the manifold and this is equivalent to
R(X, Y)§ = n(Y)X —n(X)Y,

for all vector fieldsX andY.
Let (M; n, &, ¢, g) be a Sasakian manifold. Thed is called a space of constant
holomorphic sectional curvature if M satisfies

9(R(X, 9X)pX, X) =€

for any unit vector fieldX L &. A complete and simply connected Sasakian space
of constant holomorphic sectional curvature is called aaas space form. We de-
note by M?'*1(¢) a Sasakian space form of constant holomorphic sectionahture

e. Tanno ([14]) classified Sasakian space forms. The cumatmsorR of M2"*+1(¢)

is given by (see [2])

R(X, Y)Z = #’{g(v, Z2)X—g(X, 2)Y)

@9 + OO ~n (DX +90K 2~ (Y, ZInOs

+9(Z, oY) X—=9(Z, 9X)Y +29(X, ¢Y)pZ}.
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For more information on contact geometry, we refer to [2].

Now let (N, h) and (M, g) be Riemannian manifolds anfl: N — M a smooth
map. Then the section(f) :=tr V' df of the pull-back bundlef*T M is called the
tension fieldof f. Here V' is the connection orf *T M induced form the Levi-Civita
connectionV of M and V' df is thesecond fundamental forf f. A map f is said
to be harmonicif its tension field vanishes identically.

DEFINITION 2.1. A smooth mapf: N — M is said to bebiharmonicif it is a
critical point of thebienergy functional

1
Ex(f) = [ SIe(DP dun.
N
The Euler—Lagrange equation of the bienergy is:

(2.4) o(f) =T (x(f)) =0

(cf. Jiang [9]). The sectiom,(f) is called thebitension fieldof f. The Jacobi equation
for the vector fieldV along f is given by

Ji(V) = AV + tr Rdf, V) df = 0,

where the operator\¢ is the rough Laplacianacting on the spac&(f*T M) of all
smooth sections of *T M is defined by

n

Ag = _Z(Vafvaf _vaga)*
i—1

where{e}_, is a local orthonormal frame field dfl. Obviously, every harmonic map
is biharmonic.

In casef: (N,h) — (M, g) is an isometric immersion, thieiharmonic equatiorof
f is given by

Ji(H) = A¢H +tr Rdf, H) df = 0,

whereH = t(f)/dim N is the mean curvature vector fieldLoubeau and Montaldo
introduced the notion of the biminimal immersions.

DEFINITION 2.2 ([10]). An isometric immersionf : (N, h) — (M, g) is said to
be biminimal if it is a critical point of the bienergy functionaE,(f) with respect to
all normal variation with compact support. Here, a normaiat&don means a variation
fi off f = fy such that the variational vector fied = df;/dt|—o is normal toN.
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We observe thatf is biminimal if and only it it satisfies &iminimal equation
(2.5) Je(H)* = {(A+H + tr R(df, H)df}* = 0.

Every biharmonic submanifold is biminimal. However, thene many nonbihar-
monic biminimal submanifolds (cf. [10]).

Generalizing submanifolds with harmonic mean curvatux&l(= 0) or normal har-
monic mean curvature*H = 0), submanifolds with propertAH = AH or A+H =
AH have been extensively studied by many authors. We may firetemées in [7].
(Here, At is the Laplace—Beltrami operator of the normal bundle, Whgcallednor-
mal Laplacian) More generally, the notion af-biminimal immersion was introduced
by Loubeau and Montaldo:

DEFINITION 2.3. An isometric immersionf: N — M is called aA-biminimal
immersion if it is a critical point of the function:

Ex,(f) = Ex(f) + AE(f), A eR.
The Euler—Lagrange equation farbiminimal immersions is

wo(f)" = (),
or equivalently,
Ji(H)" = —AH.

3. CR structures

For a contact Riemannian manifod = (M2"+%;5,&,¢,9), the tangent spacg,M
of M at a pointp € M can be decomposed as the direct stighl = D, @ {£},, with
Dp ={v e TpM | n(v) =0}. ThenD: p — D, defines a B-dimensional distribution
orthogonal tog, called thecontact distribution We see that the restrictiod = ¢|p
of ¢ to D defines an almost complex structure Bn Then the associateelmost CR-
structureof the contact Riemannian manifoM is given by the holomorphic subbundle

H={X—-iJX|XeD}

of the complexificationT MC of the tangent bundl@ M. Then we see that each fiber
Hp is of complex dimensiom, # N # = {0}, andCD = H & H. We say that the
associated almost CR-structureingegrableif [ #,H] C H. In such a caseH is called
a CR-structure associated to the contact Riemannian steuéf, &, ¢, 9).

For an associated almost CR-struct@teof a contact Riemannian manifold, we
define the Levi formL by

L: Dx D — F(M), L(X,Y)=—dn(X,JY),
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where 7(M) denotes the algebra of differential functions bh Then we see that the
Levi form is Hermitian and positive definite. We call the péj; L) a strongly pseudo-
convex pseudohermitian structuom M. Now, we review theTanaka—\Webster connec-
tion [13], [16] on a strongly pseudoconvex pseudohermitian fo&hiM = (M; 7, L)
with the associated contact Riemannian structyté,(p, g). The Tanaka—Webster con-
nectionV is defined by

VxY = VxY + n(X)eY + (Vxn)(Y)§ = n(Y)Vxé,
for all vector fieldsX, Y on M. Together with (2.2),@ may be rewritten as
(3.1) VxY = VxY + A(X, Y),
where we have put
3.2) A(X, Y) = n(X)eY + n(Y)(¢X + ¢hX) — glpX + ¢h X, Y)§.
We see that the Tanaka—Webster connectiohas the torsion
(33) T(X,Y) = 29(X, 9Y)g + n(Y)phX = n(X)¢hY.
In particular, for aK-contact manifold (3.2) and the above equation reduce &l

(3.4) A(X, Y) = n(X)eY + n(Y)eX —g(eX, Y)&,
T(X,Y) = 29(X, ¢Y)E.

Furthermore, it was proved in [15] that

Proposition 3.1. The Tanaka—\Webster connectidh on a contact Riemannian
manifold M= (M?"*1; 5, £, ¢, g) with the associatedintegrable CR-structure is the
unique linear connection satisfying the following corulit
() Vn=0,VE=0;

(i) Vg=0, Vg =0;
(ii-1) T(X,Y)=—n(X, Y])E, X, Y e D;
(ii-2) T(£, 9Y) = —¢T(€, Y), Y € D.

We define thepseudohermitian curvature tens¢or Tanaka—\Webster curvature ten-
sor) R on a contact Riemannian manifold equipped with the assmti@R-structure
and Tanaka—Webster connectidhby

(3.5) R(X, Y)Z = Vx (VW Z) — W(VxZ) — Vixv1Z
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for all vector fieldsX, Y, Z in M. Then from the definition ofR, we have

R(X, Y)Z = R(X, Y)Z

+ 1(Y)((Vx9)Z — g(X + hX, Z)§)
—n(X)(Vyp)Z —g(Y + hY, Z)§)

(3.6) + n(2)((Vx@)Y — (V@)X 4 (Vxph)Y — (Vygph) X
+ n(Y)(X + hX) = n(X)(Y + hY)) —29(¢ X, Y)pZ
—0(eX 4+ ¢ohX, Z)(eY + ¢hY) + g(eY + ¢hY, Z)(¢ X + ¢hX)
—g((Vx9)Y — (Vyp) X + (Vxph)Y — (Vyph) X, Z)§

for all vector fieldsX, Y, Z in M. In [4] the first author studied the relation between

pseudohermitian geometry and Riemannian geometry. Indee&asakian space forms
M2+1(¢) the holomorphic sectional curvature &t is ¢ = € + 3.

4. Pseudohermitian biminimal submanifolds

Let M2 be a contact Riemannian manifold afidN™ — M2"+1 pe an isometric
immersion of a Riemannian manifoldN( h). Then we have the basic formulas for

(4.1) ViY = £VRY +£6(X,Y) and ViV = —f,5 X + DyV,

where X, Y € TN™, V € TEN™ &, S and D are thesecond fundamental formhe
shape operatoand thenormal connectiorwith respect toV. The connectiorV" is the
connection onN induced fromV. The first formula is called th&auss formulaand
the second formula is called th&keingarten formulawith respect to Tanaka—Webster
connection. Then we can find the relation:

9(6(X, Y), V) = h(S/X, Y).

If n restricted toN™ vanishes, themN™ is called anintegral submanifoldin particular
if m=n, it is called aLegendre submanifold
Let N" be a Legendre submanifold of a Sasakian manifdiél*? and lete (i =

1,...,n) be an orthonormal frame alony" such that{e} are tangent ta\N", pe;, =
€111y .-, P = €, § = eny1. It follows from (3.4), we can see that
4.2) A(X,Y) =0,

for X,Y € TN, and then we find that = o. This implies thatV" coincides with the
Levi-Civita connectionV" of (N, h). Moreover, we have

(4.3) .Sy X = —po(X,Y) = f,SxY, S =0.
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Differentiating g(o' (X, Y), Z) = 0, we get

0=g(Vwo (X, Y), Z) + g(a(X, Y), Vw2)
= g((Vwo)(X, Y), Z) + g(o (X, Y), o(W, Z))
= g((Vwo)(X, Y), Z) + h(Sx W, Z),

for W, X,Y,Z e TN.

Proposition 4.1. Let N be an n-dimensional Legendre submanifold ¢2ra+ 1)-
dimensional Sasakian manifold M. If the second fundameotah of N is is parallel
with respect to Tanaka—Webster connectithen N is totally geodesic in M.

Now we suppose that the ambient spade= M2"+1(¢) be a Sasakian space form.
Since ¢ is parallel for Tanaka—Webster connectidin we get

DxpY = ¢ £,VRY, f,SvX = —po(X,Y).

Then by using a straightforward computation the equaticn&auss and Codazzi of
Legendre submanifolds for Tanaka—Webster connection iaes gespectively by:

(4.4) h(R"(X, Y)Z, W) = g(R(f. X, £.Y)f.Z, f,W) + h([S,z, Sw]X, Y),
(4.5) (Vxo)(Y, Z) = (Vyo)(X, Z).

We prepare some more notions which will be needed. (cf. [6]).

DEFINITION 4.1. Let (N,h) be a Riemannian manifold anfl: N — (M,n,gﬁ)
a smooth map into a strongly pseudoconvex pseudohermiteamfold equipped with
Tanaka—Webster connection. Thdnis said to bepseudohermitian harmonit it is
harmonic with respect to the metrit and the Tanaka—Webster connecti®nof M.
The tension field?(f) = tr,(V df) is called thepseudohermitian tension field

DEFINITION 4.2 ([6]). Let (N, h) be a Riemanniaqm-manifold and f: N —
(M, n, g, @) an isometric immersion into a strongly pseudoconvex pskernitian
manifold equipped with Tanaka—Webster connection. Thenf{ is said to bepseudo-
hermitian minimalif its pseudohermitian mean curvature vector figldvanishes. Here
the pseudohermitian mean curvature vector field is defined by

A 1
H = —17(f),
~2(f)

where 7(f) is the pseudohermitian tension field.
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Now let f: N — M2*1 be a Legendre submanifold in a Sasakian manifold. Then
as we have seen befor&" = V" andé = o, so the pseudohermitain mean curvature
vector vector fieldH is nothing but the mean curvature vector figld Thus minimality
and pseudohermitian minimality is equivalent for Legendambmanifolds in Sasakian
manifolds. From Proposition 4.1 we get at once

Corollary 4.1. In a Sasakian manifoldhere exist no Legendre submanifolds with
pseudohermitian parallel mean curvature vecighich meansVH = 0, other than min-
imal ones.

We consider some extensions of pseudohermitian minimaéheg submanifolds.

DEFINITION 4.3. A smooth mapf : (N, h) = (M, 5, g, V) is said to bepseudo-
hermitian biharmonicif it satisfies the Jacobi equation for tHé-tension fieldz(f)
of f:

(4.6)  Ji(3(f)) = At2(f) +try T(df, VI2()) + try R, 2())df = 0.
f is pseudohermitian biminimal immersion if and only if
4.7) {A¢H + tr, Tdf, VIH) + try, R@f, H)df}* = 0.

We call (4.7) a pseudohermitian biminimal equation. Clgaplseudohermitian bihar-
monic submanifolds are pseudohermitian biminimal.
Analogously toi-biminimal immersion, we may define the following

DEFINITION 4.4. An isometric immersiorf: N — M is called apseudohermitian
A-biminimal immersion if it satisfies:

()t = A2(f).
More explicitly,

{A¢H + tr, Tf, VIH) + tr, Rf, H) df}* = —AH.
The main purpose of the present paper is to prove

Theorem 4.1. Let N be a nonminimal pseudohermitian biminimal Legendre sur-
face in a5-dimensional Sasakian space form°(é) of constant holomorphic sectional
curvatureé for V. Thené > 0 and at each point & N2 we have a local coordinate
system{U; x, y} on a neighborhoodJ(p) such that the metric tensor
(1) g=dx?>+dy?
and the second fundamental fommtakes the form
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)

wherea = +/(¢/8)(13+ +/41).

Conversely suppose that g is the metric tensor on(simply connecteddomain
V C R? defined by(1). Then there exists a unique Legendre immersiof\Vofg) into
M5(é) whose second fundamental form is given(By (up to rigid motions of M(é)).
In addition, such an immersion is nonminimal pseudohermitian biminimal

Corollary 4.2. There exist no nonminimal pseudohermitian biminimal Ldgen
surfaces in as-dimensional Sasakian space form°(d) for ¢ < 0.

Here we recall some fundamental results on submanifoldiénunit sphere. A
compact submanifoldM” of the unit hyperspher&s™ of E™! is said to bemass-
symmetricin S" if the center of mass oM" in E™*! is exactly the center oS™
in E™*!, Mass symmetric 2-type submanifolds of a hypersphere caretparded as
the “simplest” submanifolds oE™! next to minimal submanifolds (for the definition
of 2-type submanifold, we refer to Chen’s book [3]).

Lemma 4.1 ([1]). Let M be a mass-symmetritype Legendre surface in®Sn
ES. Then M is locally isometric to the Riemannian product of elei and a helix of
order 4 or the product of two circles.

Now we putc = o — é/«. Then for the unit 5-spher&, é = 4, and we can see
that c® # 1 in S and by the similar arguments in [1] we can see th&t in The-
orem 4.1 is locally isometric to the Riemannian product ofirale and a helix of or-
der 4. Namely, we have

Corollary 4.3. Let f: N2 — S° ¢ C2 be a nonminimal pseudohermitian bimini-
mal Legendre immersion into the uriitsphere. Then the position vecto(xf y) of N?
in C% is given by

1 . ) )
f(x,y) = m(cé(x/C), ie7' siny/c2 + 1y, ie®* cosv/c2 + 1y).
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REMARK 4.1. The above corollary says that the product of a circle aruklix
of order 4 is characterized by a nonminimal pseudohermiiaminimal Legendre im-
mersion into the unit 5-sphere. On the other hand, Sasahdjashowed that the prod-
uct of two circles is realized as a nhonminimal biminimal fwiespect toV) Legendre
immersion into the unit 5-sphere.

From Definition 2.2 and Definition 4.4, we can see that a noimah biminimal
Legendre surfaceM in a 5-dimensional Sasakian space form corresponds to pseud
hermitian 4-biminimal (forV) Legendre surface. Thus Corollary 2 in [12] can be re-
stated as:

Corollary 4.4. Let f: N> - S° c C® be a nonminimal pseudohermitian
4-biminimal Legendre immersion into the uBisphere. Then the position vectofxfy)
of N2 in C2 is given by

1
V2

5. Proof of Theorem 4.1

f(x,y) = —=(€%, ie™™ sin+/2y, ie7 cosv/2y).

Let f: N2 — M5(&) be a Legendre surface. Then from (4.2) and (4.3) we have
(5.1) AX,Y) =0,
(52) Spyx = —QDO'(X, Y) = ngY, % =0.

for X,Y € TN. Assume that the mean curvature vanishes nowhereg L@t=1,...,5)
be an orthonormal frame field alony? such thate;, e, are tangent toN?, e =

&, 9& = €&, £ =6 andH = H = (a/2)pe;, with « > 0. Using (5.2), we have

9(o (1, &), p&) = glo (e, &), per) and glo (e, &), per) = glo(ey, &), pey). Then
we may write the second fundamental formas follows:

o (e, e1) = (@ — C)per + bypey,
(5.3) o (e, &) = bper + cpey,
o (&, &) = cpe; — bpey,

for some functionsd, c. We putwij (&) = g(%‘(a, gj). Then we compute

Vo1 = w¥(e)er + (@ — C)per + bpey,  Ve,&r = —wi(er)er + bper + cpey,
Ve.e1 = wi(€2)e + bpey + cper,  Ve,& = —wi(e2)er + cper — byey,

(5.4) Veper = —(a —c)er — bey + wi(e)pes, Ve per = —be — ce — wi(er)pey,
Ve,per = —ber — ce + wl(€)per,  Ve,per = —ce + be, — wi(e)pe,
Ve,£ = Ve,& = 0.
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Since V parallelizep, from (5.3) we have

(Ve,0)(€2, &) = {erC + 3bw?(er)}per — {etb — 3cw?(er)}pes,

(Ve,0)(en &) = (&b + (@ — 3c)wi(er)}per + {€C + 3bwi(er)}pe,,
(Ve,0)(e1, €) = {e1b + (o — 30)wi(er)}per + {erC + 3bwi(er)}pey,
(Ve,0)(en, €1) = {ex(cr — €) — 3bwi(er)}per + {&b + (x — 3c)wi(e)}pe.

From the Codazzi equation (4.5) we get

(5.5) eiC + 3bwi(e)) = &b + (@ — 3)wi(ey),
(5.6) — &b + 3cwi(er) = exc + 3bwi(ey),
(5.7) ex( — ©) — 3bw(er) = exb + (& — 3)wi(ey).

Use (5.6) and (5.7) together to obtain
(5.8) e = awi(ey).

Now we compute the pseudohermitian biminimal equation)(4First by using (5.4)
we compute

59 2AMH = [AMa + af(a — )% + & + 207 + (02(en))? + (v2(e2))2]ger
' — [2(e10)wi(er) + 2(a)wi(er) + alerwi(er) + ewi(er)} — oblpe.

Here we should remark that the Laplaciafi acting on the algebr&>(N) of smooth
functions onM is defined by

2
AP = YT -9 ),

where{e, &} is a local orthonormal frame field oN. SinceN is Legendreﬁh =Vh,
so we getA" is the LaplacianA of (N, h) with respect to the Riemannian mettic
From Proposition 3.1 and (5.4), we have

(5.10) th T(df, VIH) = —{ey(e) + coi(e))t.

Using (2.3) and (3.6), we get

R 5
(5.11) th R(f, H) df = —2¢H.
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Combining (5.9), (5.10) and (5.11), then the pseudoheamitiminimal equation yields:

(5.12) A + a{—gé + (¢ — €)? + €% + 2b% + (wi(er))® + (wf(ez))z} =0,

(5.13) 2@10)wi(er) + 2(e0)0i(e) + afeiwi(er) + ewi(e)} —a?b =0,
(5.14) e + aw?(e) = 0.

Use (5.8) and (5.14) to get
1 1
o o
From this observation, we may take a suitable local cootdisgstem{x, y} such that

9 9
5.15 —el, ol
(5.15) = ., & aay

We adapt similar arguments in the proof of Theorem 1 in [12}ef it follows from
(5.15) that the metric tensor is given by

1
g = S5(dx +dy?).
o
Hence we have
(5.16) wi(e) = ay, wi(e) = —ay,

whereay = da/dx anday = da/dy. By substituting (5.15) and (5.16) into (5.13), we
getb = 0. Hence, from (5.5), (5.6) and (5.12) we have

(5.17) aCy = —(a — 3C)ay,
(5.18) 3cay = acy,
5
(5.19) aayy + ooy + Zé —a? —2¢% + 2ac — (ax)? — (ay)* = 0,

respectively. On the other hand, from the Gauss equatial) (e have

ac—2¢% 4+ ~é = —(0f(e))” — (wi(e2))* + ex(wi(er) — ey(wi(e2))

Al

(5.20)
= —(ozy)2 — (ozx)2 + aayy + Qo

Combining (5.19) and (5.20) together, we obtain

3
(5.21) o — 3ac + 4c® — E@ =0.
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Differentiating (5.21) forx andy, respectively, then we have
(5.22) (2 — 3c)a; + (8c — 3x)c =0,

wherei = x, y. Sincea # 0, from the system: (5.17), (5.18) and (5.22) forand y,
we find thata is a (positive) constant. Thus we hamé =0 by (5.16) and havé > 0
in (5.12). Consequently, the equation (5.19) is reduced to

5
(5.23) Ze —a?—2¢% 4+ 20c = 0.

Solve (5.21) and (5.23) to get= « — (1/a)é. Then we getr = +/(¢/8)(13+ /41)
again from (5.23). After all, we havg = (1/?)(dx? + dy?) and

€
o(en, e) = ;soel,

o

o(e, &) = (a - é)<pez,

€
o(e, &) = (a - —)wel-
o
By virtue of the existence and uniqueness theorem (cf. Bmat and Theorem 2 in
[11]) we can prove the converse. Thus, we have proved Thedrém O

Corollary 5.1. Let N? be a nonminimal pseudohermitian biharmonic Legendre
surface in a5-dimensional Sasakian space form®@) of constant holomorphic sec-
tional curvatureé for V. Then we have the same result Hseorem 4.1
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