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Abstract

In this paper, we are concerned with the solvability of thiddahboundary value
problem of a system which describes double-diffusive cotiwe phenomena in some
porous medium under general domains, especially unbouddedins. In previous
works where the boundedness of the space domain is impoz®e, global solvabil-
ity results have been already derived. However, when weidensur problem in
general domains, some compactness theorems are not &aildénce it becomes
difficult to follow the same strategies as before. Nevegbgl we can assure the
global existence of a unique solution via the contractionhmé. Moreover, it is re-
vealed that the global solvability holds for higher spacmetision and larger class
of the initial data than those assumed in previous works.

1. Introduction

We consider the following double-diffusive convectiontgys based upon Brinkman—
Forchheimer equation.

U =vAu—au—Vp+gT +hC+ f;, (x,t) e 2x]0, 9,
T +u-VT = AT + fy, (x,t) e 2x]J0, 9,
#C+ u-VC = AC + pAT + f3, (x,t) e 2x]J0, 9,
(DCBF){V.u =0, (x,t) e 2x[0, 9,
u=0, ﬂ:o, §=0, (x,t) e 92 %[0, g,
an an
u(-,0)=uo(-), T(-,0)=To(-), C(-,0)=Co(-),

where @ c RN is a general domain with some suitable conditions (provitéger in
Section 2.2) and Q2 is the boundary of2. The unit outward normal vector o#€2 is
denoted byn and dT/an := VT - n. Unknown functions of this system argXx, t) =
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(Ur(x, t), ua(x, 1), ..., un(x, 1), T(x, t), C(x, 1) and p(x, t) which represent the fluid
velocity, the temperature of fluid, the concentration ofuseland the pressure of fluid
respectively. Positive constants p and a are called the viscosity coefficient, Soret’s

coefficient and Darcy’s coefficient respectively. Consteettors g = (s, 02, - . ., On)"
and h = (hy, hy, ..., hy)! are derived from the gravity. The ternfg(x, t) = (fl(x, 1),
f2(x, 1), ..., fN(x, 1), fa(x, t) and fa(x, t) are given external forces.

Double-diffusive convection is a model of convection in ti&d reflecting some
interactions between the temperature and the concemtraficolute. When the distri-
bution of the temperature is far from homogeneous, the hehaf the concentration of
solute becomes more complicated than the simplified ddgfushodel. Double-diffusive
convection phenomena can be described by the second egaatiche third equation of
(DCBF) which originate from results of the irreversible tim@dynamics. The termAT
describes one of interactions between the temperature idfdhd the concentration of
solute, the so-called Soret’s effect. It is well known thatble-diffusive convection is
mainly characterized by this Soret’s effect. Strictly dpeg, the second equation also
contains an interaction term/ AC, which is called Dufour’s effect. However, Dufour’s
effect is generally much smaller than Soret's effect, egigcfor the case where the
fluid is a liquid. Therefore we here consider only Soret'seff

A great number of researches in double-diffusive convactibenomena have been
carried out (see, e.g., Brandt—Fernando [2] and Nield+B§d). Among them, the
study of double-diffusive convection in porous media is ofisubjects which attracted
a lot of researchers, since the model of double-diffusiveveotion in porous media
has a large area of application, for example, the behavigrotitited water in the soil.
When we deal with these models, the void space of porous mmediuassumed to
be relatively large. In order to describe the behavior of fla& velocity under these
situations, it is appropriate to apply the so-called BriakmForchheimer equation.

The first equation of (DCBF) is based on Brinkman—Forchheigguation. Orig-
inally, Brinkman—Forchheimer equation has a convectioamtand another nonlinear
term, and in each term of the equation, there appears ansepame-dependent func-
tion which stands for the rate of void space in the porous omediwhich is called the
porosity). However, we use a linearized Brinkman—Forchmegi equation in our sys-
tem under some physical conditions, for example, homogeméithe porous medium.
Here gT and hC are the effects from the gravity.

For the case where the space domg&ins bounded, there exist some results for
global solvability. In [13], for instance, the initial bodary value problem of (DCBF)
with homogeneous Dirichlet boundary condition is congderThey showed the exist-
ence of a unique global solution for the case where the iniggia belongs taH} ()
and the space dimensidd < 3. Moreover, the time periodic problem of (DCBF) with
homogeneous Dirichlet boundary condition is examined in \#here the existence of
time periodic solutions is showed fo < 3. In the case where homogeneous Neumann
boundary condition is imposed, the solvability of the mlitboundary value problem
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and the time periodic problem are solved in [9] with < 3. In this way, some re-
sults for global solvability can be assured even for= 3, in spite of the existence of
convection termsau - VT, u- VC which possess the nonlinearity quite similar to that
appearing in the Navier—Stokes equations.

In previous works referred above, (DCBF) is reduced to soimgtract problem
in an appropriate Hilbert space and some abstract theoreegplied, which are de-
veloped in [6] and [7], results for Cauchy problem and pddqaroblem of an abstract
equation governed by subdifferential operators with namatone perturbations. When
we apply these abstract results, Rellich—Kondrachov's paminess theorem plays an
essential role. Therefore, it is difficult to follow the sars@ategy as before for un-
bounded domains.

The main purpose of this paper is to show that the global bdityaresult still
holds true for (DCBF) with unbounded space domains. In otdecarry out this, we
rely on Banach’s fixed point theorem. In Section 2, our maisults are stated and
some notations and function spaces are fixed. We give ameutli the proof for our
main result in Section 3. In Section 4, we show the well-defiress of some map-
pings, to which the fixed point theorem will be applied. In S&at 5, we assure that
the composition of these mappings becomes a contractiompingpn some appropri-
ate function space. Finally, we shall show that the timedl@olution constructed in
Sections 4 and 5 can be globally extended in Section 6.

2. Main result

2.1. Notation. In order to formulate our result, we use the following naiati

CR(Q) :={u= (4’ ...,uMs U ecP@), Vi=1,2,...,N, V-u=0},

LA(Q) = (LA@)V, HYQ):= (HX@)" = wWrA@)",

L2(R2): the closure ofC2°(2) under theL?(2)-norm,

HZ(Q): the closure ofC>°(2) under theH($2)-norm,

Pq: the orthogonal projection fror.?(2) onto L2 (<2),

A:= —PgA: the Stokes operator with domaD(A) = H?() N H ().
Moreover, we define the following function spaces where guistand external forces
should belong.

Ws := C([0, §]: H(R)) N L%(0, S: H(RQ)),
Xs:={f € LY0, S; LA(Q)): VI f € L%(0, S; L3(2))},
Ys:= (U € C([0, SJ: L)) N L0, S; HY(Q): VEAU, vtaU € L%(0, S; L))},
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u ueWs, T,CeYs,
Zs:= T | e C([0, §; L2(Q) x LA(R) x L3(Q)):
C du e L0, S L2(RQ))

Here norms forWs, Xs and Ys are defined as follows respectively:

lTullws -

S 1/2
sup [u(t) [l + (/0 ||U(t)||1%12(9) dt) ,

0<t<S

IS 1/2
I flixs := I fllLro,sLze) + (/0 t) f ()17 2q dt) ,

lUllys := suplU®) L2 + IVU®)IlL20,sL2(02))

0<t<S
S 2
+ ( /0 U ()12 dt)

S
n (/0 t AU )12 dt)

2.2. Main results. Our main result can be stated as follows:

1/2 1/2

Theorem 2.1. Let N < 4 and let the space domaift satisfy the following con-

dition #Q.

#Q: The space domaif falls under any of the following

1. Whole spac&kN.

2. A domain belonging to red uniformlyQresp. G)-regular class for

N = 2,3 (esp. N=4) (see e.g, Amann[1], Browder[4] and Sohr[10]).
Moreover assume that the initial data satisfyy € H1(Q), To, Co € L?(Q) and the
external forces satisfyf; € L?(0,S;L%(R2)), f2, fz € Xs. Then for each S> 0, (DCBF)
admits a unique solutiofu, T, C)! € Zs.

REMARK 1. (1) The following cases are sufficient to assure condifianf #.

e A bounded domain withC? (or C3)-class boundary.
e A exterior of some bounded domain wit®? (or C3)-class boundary.

(2) The assumption tha®2 is uniform C?-domain implies that we can apply
Sobolev's embedding theorem and the elliptic estimatesttHeroperators-A and A.
Therefore, throughout this paper, one can guarantee tohesdotlowing facts under
condition #2, i.e., there exist some constants yel, yes Such that the following in-
equalities hold.

U5 ) S ¥sllU lweeeey, YU €eWHP(Q) (1<p<N, 1/p*=1/p—1/N),
U llhzg@) < ver(lU Lz + AU [ Lz@y), YU € D(=A)={U € H*(); 3U /an|sq =0},
[ ullerz) < Ves(lUllLze) + [ AUlIL2)),  Yue D(A),

whereyel, ves depends only o2, N and ys is a embedding constant depending @n
N and p. Moreover, the assumption th& is uniform C3-domain for N = 4 implies
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that the embeddind(A?%) c H3(RQ) is valid (see Theorem 1.5.1, Section Il in Sohr
[10]), where A? = Ao A and D(A?) stands for its domain. Namely, under the condition
#Q, we obtain the embeddinG([0, S]; D(.A%)) C L>=(0, S;L>°(R)) for N < 4, which
will be used in our proof of Lemma 4.1 later on.

(3) Even if the homogeneous Neumann boundary condition ptaced by the
homogeneous Dirichlet boundary condition, we can deriveoat the same result as
Theorem 2.1.

(4) If Tp, Co € HY(Q), we can show the existence of a unique solution with
the same regularity as that derived in [13]. Indeed, we caryaaut the same argu-
ments as in proofs of Lemmas 4.1 and 4.2 given later withoaitwikight ./t and with
To,Co € L2(R) and f,, f3 € Xs replaced byTy, Co € HY(Q) and f;, f3 € L2(0,S; L%(RQ))
respectively, in order to construct a unique global sotuti®longing to the spac¥g
defined by

Ys:={U € C([0, §;: H'(RQ)); AU, U € L*(0, S; LAQ))},
with the norm

lUlly := StjpS”U(t)”Hl(Q) + AU | L20,s12(0)) + 10tU [l L2(0,5.L2(02))-
<

o<

SIS

Hence, we can obtain the following result.

Theorem 2.2. Let N <4 and let f; € L?(0, S;L%()), f,, f3 € L?(0, S; L%(R)).
Moreover let the initial data satisfyug € H2(2), To,Co € HY(2). Then for each S> 0,
(DCBF) admits a unique solutiou, T, C)! satisfying the following regularities

u e C([0, S]; H3()),

Au, du e L¥(0, S L2 (Q)),

T, C e C([0, S]: HY(®)),

AT, AC, 8T, 8.C € L0, S; L3(R)).

3. Outline of the proof for Theorem 2.1

Operating the projectiofPg to the first equation of (DCBF), we have the following
equation:

(1) &T — AT +u-VT = fp,

U+ vAU + au = PodT + PohC + Pq fy,
%C — AC +u-VC = pAT + fs.

It is well known that the system of above equations is eqaivato our system (DCBF)

(see, e.g., Temam [12]). Therefore, here and after, we densiystem (1).
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In this section, we give an outline of our proof. Our proof sists of four steps:
SteP 1: For eachu fixed in Ws, we consider the following problem iMs x Ys:

T —AT +u-VT = f,
#C—AC+u-VC =pAT + fs,
) 9T aC

— =0, — =0,
on |,q on |,q

I(,O):To(), g(!O)ZCO()v

where u in the second and third equations of (1) are replaced by giveithen, we
define a mappingbr, c,: Ws — Ysx Ys by @1, c,(u) = (T, C)', where [, C)' denotes
a unique global solution of (2).
STEP 2. By substitutingT, C by the unique solutiorl, C in the first equation
of (1), we consider the following problem:
3) {8t0+vAu+au=ng_T+7>Qh<_:+7>gf1,
Ulse =0, (-, 0)= uo(-),

and we show that (3) admits a unique global solutioin Ws. Moreover, we define
Wyt Ysx Ys — Ws by W, (T, C)') = 0.

STEP 3:  We show that the mapping, o &, c, becomes a contraction mapping
in Wg, for a sufficiently smallS € (0, §. Hence we can show that (1) has a unique
local solution inZsg,.

STeEP 4: Establishing appropriate a priori estimates, we asdwetime-local so-
lutions can be extended globally onto f8), (the whole of the prescribed interval).

4. Construction of solutions for Steps 1 and 2

In what follows, we carry out the program given in the pregaection. To begin
with, we discuss the procedures Steps 1 and 2. Namely, waestise solvability of
problems (2) and (3) in this section.

4.1. Well-definedness of®r,c,. First we show the unique solvability of (2).

Lemma 4.1. Let N <4 and assume thatgTe L?(Q2), ue Ws and % € Xs. Then
the following problem(4) has a unique global solution T ingY

AT —AT+u-VT=1f, in @x[0, 5],
(4) aT

%3920’ T(,O)ZTQ()

Proof. We first consider the case whewepossesses higher regularity. To this
end, we recall that the following heat equation has a unigobaj solutionT € Ysg
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for any To € L?(Q2) and f € Xs (see, e.g., Brézis [3]).

T —AT=1f in Qx0, S|
(5) aT

o m=0, T(-,0)=To(-).

Therefore, sincew - VU € L?(0, S; L%(Q)) C Xs for any U € L?(0, S; H()) and
w € C([0, S]; D(A?)) (where A% := A o A), the following equation also has a unique
global solutionT € Ys.

#T—AT+w-VU="f, in Qx[0,9,
(6) 9T

an . =0, T(-,0)=To(-).

Then we can define a mappingy : L%(0, S; HY(R)) — Ys C L0, S: HY(®)) by the
correspondenc&y (U) = T.

Let E%(Ui) =T (i =1,2) andéU = U; —Uy,, §T = T; — T,. Obviously,sU and
3T satisfy the following problem:

ST —AST+w-VSU =0 in Qx]0, 9,
@ 98T

—_ :0, (ST,O =0
| (-.0

Multiplying (7) by 6T, we have

d
® &”(STHZL? + VST < w- VU [l2]8T ||z < M[IVSU |2 18T |z,

NI =

whereM is the constant given b := €SSSUR yycaxo,g|w(X,t)| (Wwe here remark that
C([0, S]; D(A%)) c L*=(0, S;L>(R)) for N < 4). Therefore, integrating (8) over [,
we have

1 t
SBTOIE: <M [ 198U1:)sT ] ds

()]
< MSY2 sup [|8T ()| 2]l VU || L20,s1.2(2)-

NS

Hence we obtain

(10) sup[8T(®)llz + VST [lL20,sL20)) < (2 + V2)MsY2|vsu | L2(0,s:L2(02))-

O<t<

Thus, from (10), we can assure thaf becomes a contraction mapping with a suf-
ficiently small § € (0, §], i.e., we can show that the following problem has a unique
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local solutionT € Yg, for any smooth functiorw € C([0, S]; D(A432)).

AT —AT+w-VT=1f, in @x][0,9],
(11) aT

anl =0 T(.0)="To(-).

aQ

Moreover, it is easy to see that this local solution can benreldd globally. Indeed,
since

1 1
(12) /Tw-Vde:—/w-VTzdx:—/TZV-wdx:O,
multiplying (11) by T, we can obtain a priori bound fdfT (t)|| 2.

We here remark that there exists a sequegg,cn Satisfyingu, € C([0,S]; D(A42))
andu, — u in C([0, S]; H1(£2))NL%(0,S;H?(R2)) for eachu € Ws (for a typical example,
see Remark 2 given later). Then, for eatk N, the following problem has a unique
global solutionT, € Ys.

atTn - ATn + Un . VTn == fz |n [O, S] X Q,
13 aT,
49 Ml —o, T(-.0=To(-) € LX)
Nl
In order to show the existence of a global solution of (4) fioe Ws, we here discuss
the convergence of approximate solutiohs To this end, we begin with establishing
some a priori estimates foF,. Multiplying (13) by T,, we have

| o

(14) ITall?2 + IVTallf2 < I fall el Tall iz,

NI =
o

t

since [, Taun - VT, dx = 0. Hence, we obtain

(15) sup[ Tz + IVTallLz.sL2@) < Y1,

0<t<S

wherey; denotes a general constant independemt dflext, multiplying (13) by—tAT,,
we have

id 2 t 2 2 t 2 1 2
(16) 5 tIVTlE: + ZIATlE: < tlun- VTallZ: + 5 falfa + SIVTal .

Here, applying Holder’s inequality, Sobolev’s inequaliffiesz—Thorin’s interpolation
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theorem and the elliptic estimate, we can derive the folhguestimate:

[ Un - VTn”fz < ||Un||i8||VTn||f8/3 < V1||Un”%vl‘s/s”VTn”fs/s
(17) < yillUnllg [ Unllweal VTallL2 |V Tqll e
< yallUnllg [l Unllm2 [V Tall L2l Tall vz

< yallun e [ Un w2 |V TallL2([ A Tall ez + [ Tallc2)-
Then, by substituting (17) into (16), we have
1d
2dt
2 2 t 2 t 2 1 2
< 7atlUnllgel VTnlE: + Sl 2l + S 1Tallt + S 1Vl

t
tIVTallfe + g”ATn”EZ
(18)

Moreover, applying Gronwall's inequality to (18), we obtain
s s

(19) tIVTa(t)lI?. s/ (sl f2l 2 + slITallZ2 + IV Tall2) dsexp(Zn/ lunll e dS)-
0 0

Therefore, we obtain sggsstHVTn(t)Hsz <y with some constany; independent of

n and fost||ATn||f2 dt < y; by integrating (18) over [0F]. Similarly, multiplying (13)
by to; T,, we have

t dt
EHBtTn”Ez aTELAALL 2o < tlunllZe | VTallf2 + til f2l17

1
+ (| ATallee + [ Tallz)® + E”VTn”EZa

whence foIIowstSt||atTn||?i2 dt < .
By using these estimates, we show th&} becomes a Cauchy sequenceYg
Let Su = un — Uy, 8T = Ty, — T,. Thendu and 8T satisfy the following equation:

*T — AST +6U-VTm+ Uy - VST =0 in 2x[0, S|,
(20) 38T

—_ :O' (ST,OZO
n (-, 0)

Q2

Multiplying (20) by 8T, we have

1d
S IeTIE + V8T,

(22) =—/ 8T8u-Vdex=/ Tméu - V8T dx
Q Q

1 1 1
< SIVOTIZ + SITwbulZ: < SIVSTIZ: + yal Tl 2 Ul



864 M. Orani AND S. UCHIDA

Therefore, integrating (21) and using (15), we can derieefthlowing estimate oBT:

(22) sup|lsT (t)l1? /IIV5T|| ds< y1 sup|sulif.

0<t<S 0<t<S
Next, multiplying (20) by—tAST, we have

1 d
t||V3T||Lz +3 IIMTllfz

23 t 1
@3) < nnunnfﬂztnvaTnfz + 51T IR + SIV8TI:

+ yall8ull e 18Ul VI VTl VET ATl 2 + [ Tml2),

where we used the following estimates of convection termielt by procedures sim-
ilar to that in (17):

t
LA VTallf2 < yallsullm: [8ullae vEI VTl 2V ATmllz + [Tl c2),

thun - VSTIIZ2 < yat Unllme | unllez [ VST [ L2(AST |z + 18T IlL2).

(24)

Since SsUPi<s| Unllm, fos||un||§ﬂ2 ds and sup<<s +/t|VTnllL2 are uniformly bounded,
we can derive the following inequality by applying Gronvslinequality to (23):

tIVT ()II2

(25) s
< 7/1/ {I8ullzlI3ullszv/S(I ATl L2 + [ Tmll2) + SISTIIE. + VST [} ds.
0

Moreover, by using the uniform boundednessf§t||ATm||fzdt and (22), we can obtain

(26) supt| VST, ( sup 3uO)l%: + ||au||L2(OSHZ(Q»)

<t< <t<

Hence again by (23), we have

S
(27) /0 tIAST |2, dt < 7/1( sup I8u®)§a + 18Ul sﬂz(g)))

<t<

Similarly, multiplying (20) bytd;6T, we can derive

S
(28) [ st g < n( Sup 3Dl + 13Uz, SHzm,))

<t<

Therefore, from (22), (27) and (28), we can assure g} .y IS @ Cauchy sequence
in Ys, hence (4) has a unique global solution¥Ys. ]
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REMARK 2. We can construct the approximation sequefitg of u € Ws used
in (13) by the following procedure. Lef,, be the resolvent of4, i.e., J, := (I +
(1/n).A)~t (we note thatd,w € D(A?) is valid for anyw € D(A) due to the definition
of J, and due to the elliptic regularity for the Stokes operat)r Moreover, letv be
the extension ob € C([0, S]; L?(S2)) defined by

o(t), telo S,
ey, tersol
YO =1p2s—1), tels 29,

0, teR\[-S 2.

(we can adopt other extensions ofe C([0, S]; L%(Q)) instead of#v if their exten-
sions also assure the arguments given below). Then it camdsensthatuy, := (o1/n *
fu)ho,s] satisfiesu, € C([0, S]; D(A4?)) and u, — u in Ws asn — oo, where pyn is
the Friedrichs mollifier. Indeed, we get

u(0) — un(0) = u(0) — Jhu(0) + Jnu(0) — un(0)
1/n

— u(0) - Jou(0) + [ Pn(E)(3U(0) — TU(—9)) ds

1/n
—U0) = 3O+ [ punS(hu) - Hue) ds
0
+/ P1/n(8)(Inu(0) — Jyu(—s)) ds.
~1/n

Since J, is a contraction mapping oh?(€2) and u belongs toC([0, S]; L2 (£2)), we can
see thatu,(0) — u(0) in L2(Q) asn — oo. Likewise, we can obtain the convergence
Un(t) — u(t) for anyt € [0, S]. Moreover, from the uniform continuity ofi on [0, g,
we can assure that, converges tau in C([0, S]; L2(2)) (uniform convergence).

Let A2 denote the fractional power of the Stokes operatoof order /2. Then
AY2 satisfiesD(AY2) = H2(2) and || AY?w]|yz = Vw2 for any w € D(AY?) (see,
e.g., Sohr [10] and Tanabe [11]). By the linearity and closss of AY2 and by the
fact thatu e C([0, S|; H(2)), we have

AY2u(0) — AY2uph(0) = AY2u(0) — J,.AY2u(0)

1/n
+ / p1/n(S)(InAY2U(0) — I, AV2u(s)) ds
0

+ / (A0 A u(-9) ds.

1/n

Therefore, we obtaind2u,(0) — AY2u(0) in L2(Q) sinceu € C([0, S|; H(R)). By
the same argument as above, we can assure4h3u, — AY?u in C([0, S]; L2(R)).
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Henceu, converges tou in C([0, S|; H()).
Since Au € LA(RY; L2()), it is easy to see thatn * Aulp.g — Au in L0, S;
L2(R)) asn — co. We can also derive that

loyn * AUE) = pyn * IAUWDIlez < pyn * AU = oAUz ().
Therefore, by using Young’s inequality, we have

loin * AU = p1/n * In AU L2@rrz ) < llounllLigyll AU — InAull 2@z @)

< 3| Au — JhAul| 20,512 (02))-

Since the right hand side converges to zero by virtue of Legs dominated
convergence theorem, we can assure that = J,.Au strongly converges todu in
L2(0, S; L2(%)).

Next, we consider the third equation.

Lemma 4.2. Let N < 4. Moreovey assume that £ L?(Q), ue Ws, T € Ys
and f; € Xs. Then the following probleni29) has a unique global solution € Ys.

#C—AC+u-VC =pAT + f3 in Qx|[0, 9],
(29) aC
an =0, C(-,0)=Cy(-).
N lse
This problem is quite similar to the previous problem (4). wdwer, we can not
use our argument in the proof of Lemma 4.1 directly, sincesihot known whether
AT € Xs. Therefore, we need some additional argument.
Proof. Lety.: [0, S — R be the cut-off function defined by

0 if 0<t<e,
(30) Xg(t)_{l if e<t<s

SinceT € Ys implies thatpx, AT € Xs, we can show that the following problems have
a unique global solutiolC, € Ys for eache > 0 by applying Lemma 4.1.

#Co — AC: + U-VC, = px. AT + f3 in @ x[0, S,
(31) 3C.
an |,o

=0, C.(-,0)=Co(-).

Here by showing tha{C.}..o becomes a Cauchy sequenceVYig we can assure
the existence of a unique global solution. Indeed.let ¢; > 0 andéC = C,, — C,,.
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Moreover, lety: = xe — Xe,» i-€.,

() = 1, g1 <t <ey,
X8 =0, otherwise.

Then, §C satisfies the following problem iiYs:

#3C — ASC + U-VSC = px:AT in [0, S| x ©,
(32) 38C

—_— :O, (SC,O =0
P (-, 0)

Q2

Multiplying (32) by §C, we have

1d
5 22 19CIZ: + | VECZ: < pxel|VSC el VT e
(33)

< 3||vac:||22 + p—2x~2||VT||22.
2 L 2 £ L
Therefore, integrating (33) over [€] and [0, S], we obtain

€2
(34) SUpIACA)IE: + IVSCH x5y < o° [ IVTIE ds
<t< &1

S{ES

Next, multiplying (32) by—tASC and using (24), we have

1d t
~—t|VSC|?, + <[|asC|2,
2 dt 8

(35) tp?x2 t 1
< 2 llullftIVOCIE: + = IATIE. + S I6CIE: + SIVSCIIE,

where y, is a general constant independentsef ¢,. Applying Gronwall's inequality
to (35), we obtain

S
tIvsC)lf. < /0 {0 x2IAT 172 + slISCIZ. + IVSCIF2) ds

S
X exp(ZyZ/ ullZ. ds).
0

Therefore, owing to (34), we derive sip.st|VSC(t)I?, < 3o [J{sIAT|Z, +

°1
||VT||EZ} ds from (36). Moreover, integrating (35) over [8], we can get

(36)

S &2
(37) / ) ASCI2, dt < 1 / (SIATIZ + VT ds.
0 &1
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Similarly, multiplying (32) bytd;§C, we can obtain
S &2
(38) /0 t|asC7, dt < )’2/ {sIATIZ. + IVT(?.} ds.

Thus, we can assure thi, }..o forms a Cauchy sequence ¥y sinceT € Ys. Hence,
the problem (29) has a unique global solution. ]

Hence it follows that we can obtain a unique global solufionC of (2) and the
well-definedness ofbr, ¢, .

4.2. Well-definedness of¥,,. It is easy to see that (3) has a unique global so-
lution. Indeed, by using the standard arguments of evalugquations governed by
maximal monotone operators, we can derive the following,(geg., Brézis [3]):

Lemma 4.3. Let N € N and assume thatiy € H!(Q) and F € L?(0, S; L2(Q)).
Then the following problen(39) has a unique global solutiom € Ws.

(39) {atu +vAu+au=F in @x]0,9,

ulae =0, u(-,0)=uo(-).

SubstitutingF by Pq gT + PohC + Pg, f;, we can assure the existence of a unique
global solutionti of (3) and the well-definedness df,,.

5. Application of contraction mapping principle

In this section, we assure the local existence of a uniquetisal of (DCBF) by
using Banach’s contraction mapping principle.

Let i € Ws (i =1, 2), I, C)' := Pr,c,(wi) and G; := Wy, ((Ti, Gi)'). Moreover,
letsu=u;— Uy, 6T =T, —T,, 6C=C; —C, andél = Uy — Up. Thenéu, 6T, §C
and §U satisfy the following equations:

380 + vAST + ast = PagdT + PohsC,

3T — AST + Uy - VST +8u-VT, =0,

#8C — ASC + Uy - VSC + 8u- VCp = pAST,
38T 38C

S|y =0, —— —1 =0,
loe on |ye on |iq

su(-,0)=0, 8T(-,0)=0, 8C(-,0)=0.

(40)

Multiplying the first equation of (40) byu and AU, we obtain
1d
2dt
1d
2dt

I8aliz, + v[IVsall2, + allsallz, < |glI8T [lLzll8Tllrz + |h[|ISC | 28]z,

(41)
|gl? 2 |h|? 2

18T IC + ——I8C|I L.
v

112 v 2112 112
V82 + ZIASTIZ: + alvaa|Z, < -
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Integrating (41) over [Ot] and [0, S], we can derive

S S
sup||au(t)||Lzs|g|/ ||6T||des+|h|/ 15C]l.x ds
(42) 0<t<S
<19/S sup[ST®)]l: + [hIS sup|sCM)]lLz,

<ts st<

and
— 2 v S _12
sup [VsuIR. + 5 [ I Asul?. ds
43) 0<t<S 0
( g’ 21hP’s
<1988 sup stz + 22 sup ez
\% 0<t<S 1% 0<t<S

Next, from the facts thaf,,sTsu-VT,dx = — [, T.8u- V8T dx and [,6Tu;- VST dx =
0, multiplying the second equation of (40) By, we have

d
(44) &IISTIIfz + VST IZ: < [T28ullf < [ T2llfallsullze < el Talifiuldullfe,

where ¢ is a constant depending only on Sobolev’s embedding canst@milarly,
multiplying the third equation of (40) byC, we have

(45) —||SC||L2 + ||vac||iz < P2IIVSTZ. + 2| CollZ. I8 ullZ-

Therefore, we obtain

sup [T()I%: + / IVT 2 dt <. sup [3u() / 1Tl

@46) 58
sup [5C(R) % < supus_u(t)u]?{l{ / ITol% ds+ 2 / ||92||2H1ds}.
0<t<S 0<t<S 0

Hence, combining (42) and (43) with (46), we can derive

S
sup [5T(t)|2: + / | Asa]2, ds

0<t<S

@7) .
< yaS(L+ S)Osupnau(t)nﬂl{ [ ITalfs ds+ [ ||<_:2||ﬁ1ds},
0

where y3 is a constant depending only on |g|, |h|, o and«. Sincefos||'_l'2(s)||}ﬂl ds
and fos||(_:2(s)||f|l ds are bounded by some constant depending only on the initial da
and the external forces (see next section), we can assureltha o1, c, becomes a

contraction mapping iWs, with sufficiently smallS € (0, §]. Namely, we can assure
the existence of a unique local solution of (DCBF).
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6. Global existence

In this section, we shall show that the unique time-locausoh constructed in
the previous section can be extended upStby establishing some a priori estimates.

Multiplying the second equation of (1) by, we can obtain the following a pri-
ori bounds of T for any § € (0, § (by using the same procedures as those for (14)
and (15)):

(48) LSURITOIE: + 19T sy < 7o

where y, is a suitable constant which depends only 0| .2 and || f2[L10,sL2()-
Multiplying the third equation of (1) byC, we have

d 2 1 2 p? 2
EIICIILz + EIIVCIILz < EIIVTIILz + || fall2[IC ]l L,

NI =

1 1 t
EIIC(t)IIEz S5 +/o I fa(S)lIL2lIC(s) |2 ds,

where ys denotes some general constant which depends only,olhCyl|| 2 and y;.
Here we recall the following variant of Gronwall’s inequglisee, e.g., Lemma A.5 of
Breézis [3]): if

1,0 1, [
5070 < 5b +/O R(s)$(s) ds

is satisfied byp € C([0, S];R?), a non-negative constabtand a non-negative!(0,S;RY)-
function R, then

t
lp(t)] < b+/ R(s) ds
0
is valid for anyt € [0, §]. Hence we easily get

(49) sup [|[C(t)[|L2 < e,

0<t<S

with some suitable general constagtwhich depends only off f3| 10 s12()) @and ys.
By the same way as for (41), (42) and (43), multiplying thet feeguation of (1) byu
and Au, we obtain

(50) sup lu®)lIf2 + sup [[Vu®)Z. < r7,

0<t<y 0<t<S

where y7 is a constant depending an g, h, [[Uollm, || f1llLesL2@) and ys. Thus
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we find that there exists a priori bound independent ofS, such that

OStUF;{IIT(t)IILz +lICOlz + [u®)flaz} < v,

which implies that the local solution constructed in presicsections can be extended
onto the whole of the prescribed interval [, whence follows our result.

REMARK 3. Throughout our argument in this paper, the positivityaofs not

used. Therefore, the existence of a unique solution of (DCBilF holds even ifa = 0.
We note that for this case, the operator> .Au+au may lose its coercivity irL2(<).

ACKNOWLEDGEMENT. The authors would like to thank the referees for carefully

reading the manuscript and for giving constructive commevtiich substantially helped
improving the quality of this paper.

(1]
(2]
(31
(4]
(5]
(6]
(7]
(8]
[0

[10]
[11]

(12]
(13]

References

H. Amann: Existence and regularity for semilinear parabolic evatutiequationsAnn. Scuola
Norm. Sup. Pisa CI. Sci. (41 (1984), 593-676.

A. Brandt and H.J.S. Fernando: Double-Diffusive Cori@t, Amer. Geophysical Union, Wash-
ington, 1995.

H. Brézis: Opérateurs Maximaux Monotones et Semigrouge€dntractions dans un Espace
de Hilbert, North Holland, Amsterdam, 1973.

F.E. Browder:On the spectral theory of elliptic differential operatptsMath. Ann.142 (1960),
22-130.

D.A. Nield and A. Bejan: Convection in Porous Medium, thiedition, Springer, New York,
2006.

M. Otani: Nonmonotone perturbations for nonlinear parabolic eqoasi associated with sub-
differential operators Cauchy problemsJ. Differential Equationg6 (1982), 268—299.

M. Otani: Nonmonotone perturbations for nonlinear parabolic eqoasi associated with sub-
differential operators periodic problemsJ. Differential Equation$4 (1984), 248—-273.

M. Otani and S. UchidaThe existence of periodic solutions of some double-diftusbnvection
system based on Brinkman—Forchheimer equafidwl. Math. Sci. Appl.23 (2013), 77-92.

M. Otani and S. UchidaGlobal solvability of some double-diffusive convectiostesmn coupled
with Brinkman—Forchheimer equatiankib. Math. (N.S.)33 (2013), 79-107.

H. Sohr: The Navier—Stokes Equations, Birkhauseifjar Basel AG, Basel, 2001.

H. Tanabe: Equations of Evolution, Monographs and Ssiéh Mathematic$, Pitman, Boston,
MA, 1979.

R. Temam: Navier—Stokes Equations, third edition, tNdédolland, Amsterdam, 1984.

K. Terasawa and M. OtaniGlobal solvability of double-diffusive convection systebased
upon Brinkman—Forchheimer equatigns Current Advances in Nonlinear Analysis and Related
Topics, GAKUTO Internat. Ser. Math. Sci. Ap@2, Gaklotosho, Tokyo, 505-515.



872 M. Orani AND S. UCHIDA

Mitsuharu Otani

Department of Applied Physics

School of Science and Engineering
Waseda University

3-4-1, Okubo Shinjuku-ku, Tokyo, 169-8555
Japan

e-mail: otani@waseda.jp

Shun Uchida

Department of Applied Physics

School of Advanced Science and Engineering
Waseda University

3-4-1, Okubo Shinjuku-ku, Tokyo, 169-8555
Japan

e-mail: shunuchida@aoni.waseda.jp



