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Abstract

For a knotK with Ag(t) = t> — 3t + 1 in a homology 3-sphere, leM be
the result of Z2g-surgery onK. We show that an appropriate assumption on the
Reidemeister torsion of the universal abelian coveringvbfiimplies q = +1, if M
is a Seifert fibered space.

1. Introduction

The first author [2] studied the Reidemeister torsion of &eifibered homology
lens spaces, and showed the following:

Theorem 1.1([2, Theorem 1.4]) Let K be a knot in a homologg-sphere
such that the Alexander polynomial of K i + 3t + 1. The only surgeries on K
that may produce a Seifert fibered space with badea®l with H # {0}, Z have co-
efficients2/q and 3/q, and produce Seifert fibered space with three singular fibers.
Moreover
(1) ifthe coefficienti®/q, then the set of multiplicities i2«,28,5} wheregcd,8) = 1,
and
(2) if the coefficient i8/q, then the set of multiplicities 8w, 38,4} wheregcd,8) = 1.

It is conjectured that Seifert surgeries on non-trivial fsnare integral (except some
cases). We [4] have studied théggSeifert surgery, one of the remaining cases of the
above theorem, by applying the Reidemeister torsion andCth&son—\Walker—Lescop
invariant, and have given sufficient conditions to deteemihe integrality of 2q ([4,
Theorems 2.1, 2.3]).

In this paper, we give another condition for the integrabify2/q (Theorem 2.1).
Like as in [4], the condition is also suggested by computettifor the figure eight knot
([4, Example 2.2]).
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We note two differences of this paper from [4]; one is that shiegery coefficient
appears in the condition instead of the Casson—-Walker-elpegwvariant, and another
is that we need more delicate estimation for the Dedekind suiprove the result.

(1) Let = be a homology 3-sphere, and létbe a knot inX. Then Ak (t) denotes the
Alexander polynomial ofK, and X(K; p/r) denotes the result op/r-surgery onK.
(2) The first author [3] introduced the norm of polynomialsidromology lens spaces:
Let ¢4 be a primitived-th root of unity. For an element of Q(¢4), Ng(«) denotes the
norm of ¢ associated to the algebraic extensiQfty) over Q. Let f(t) be a Laurent
polynomial overZ. We define| f (t)|q by

[f()la = INa(f(Za))l =

[T f@

ie(z/dz)*

Let X be a homology lens space withy(X) =~ Z/pZ. Then there exists a kndt in a
homology 3-spher& such thatX = Z(K; p/r) ([1, Lemma 2.1]). We definéX|y by

[Xlg = [Ak(t)]d,

whered is a divisor of p. Then |X]|q is a topological invariant ofX (Refer to [3]
for details).

(3) Let X be a closed oriented 3-manifold. TheiiX) denotes the Lescop invariant
of X ([5]). Note thatA(S®) = 0.

2. Result

Let K be a knot in a homology 3-sphei®. Let M be the result of 2g-surgery
onK: M =X(K;2/q). Letr: X — M be the universal abelian covering bf (i.e. the
covering associated to Ker{(M) — Hi(M))). Since H;(M) =~ Z/2Z, = is the 2-fold
unbranched covering.

In [4], we have definedK|qq) by the following formula, if| X|q is defined:

IKl@g,d) := | X]d.

Assume that the Alexander polynomial &f is t> — 3t + 1. Then, as noted in [4],
H1(X) = Z/5Z and |K|(5) is defined.
We then have the following.

Theorem 2.1. Let K be a knot in a homologB-sphere . We assume the
following.

(2.1) A=) =0,
(2.2) Ag(t) =t2—3t + 1,
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(2.3) lal = 3,

(2.4) VIKl@s) > 492

Then M= 2(K;2/q) is not a Seifert fibered space.

REMARK 2.2. LetK be the figure eight knot ir8%. Note thatA (t) = t?—3t +
1. Then|K|qs5 = (592 — 1)? by [4, Example 2.2]. Hence (2.4) holds || > 3.

REMARK 2.3. Theorem 2.1 seems to suggest studying the asymptdtiavioe
of |K|gq as a function ofg.

3. An inequality for the Dedekind sum

To prove Theorem 2.1, we need the following inequality foe thedekind sum

s(-, ) ([7D:

Proposition 3.1 ([6, Lemma 3]) For an even integer g 8 and for an odd in-
teger q such thaB < q < p— 3 and gcd(p, q) = 1, we have

Is(@. p)I < f(2, p)
where (2, p) = (p—1)(p — 5)/(24p).
By this proposition, we immediately have the following.

Lemma 3.2. For an even integer p 8 and for an integer ¢ such that q # +1
(mod p) and gcd(p, g.) = 1, we have

p
S P)I < 5
Proof. By assumptions, there exisgssuch thatg, = q (mod p) and 3< q <
p — 3. Hence by Proposition 3.1, we have

(|o—1)(|o—5)< p .

Is(@«, P)I = Is(@, p)| < 24p T

REMARK 3.3. The estimation given in Proposition 3.1 has a naturgllieg
tion ([6]).
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R EER;

‘71 ‘72 ‘13

Fig. 1. A framed link presentation d1 = X(K; 2/q).
4. Proof of Theorem 2.1

Suppose thaM = 3(K; 2/q) is a Seifert fibered space. Then, as shown in [4],
we may assume that

(%) M has a framed link presentation as in Fig. 1,

where 1<« < 8 and gcdg, 8) = 1.
Also as shown in [4],,/]K][q5 = (¢B)?. Hence by (2.4),

(4.1) @B)® > 49°
By (2.1), (2.2) and [5, 1.5 T2], we havg(M) = —q. Hence &B8)? > 4{A(M)}?,

and hence
(4.2) [A(M)] < %.

We now considee defined as follows:

S
e:= + 28 +
According to the sign of, we treat two cases separately: We first consider the
casee > 0. Then the order oHi(M) is 2xBe. Since Hi(M) = Z/2Z, 20ufe = 2,
ande = 1/(10xB). Hence by £) and [5, Proposition 6.1.1], we have

_ (. B e 1 1
(4.3) A(M)_( )aﬂ+24a+24ﬂ+1201ﬁ A

where T = s(t1, 20) + (02, 28) + S(ds, 5)-
By (4.2), we have
—% < AM(M).
Hence by (4.3),

ap 4 58 S5a 1 1
——<( )ﬂ+—+ﬁ+m—z+|1—|.
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Consequently

3 1 5 5/« 1
4.4 — =B+ =)+ ——+T]
(4.4) 10" = 4+24aﬂ+24(,8)+120x,3+| |
As in [4], we show thatx > 2 implies a contradiction: Suppose that> 2. Since
a < B, we haveg > 3 anda/B < 1. Hence

3;3 ! + > B+ > + + |T]
5" 727 24.2" T2 120237 "
Since|s(qp, 20)| < 2a/12 < 28/12, |s(02, 28)| < 28/12, and|s(gs, 5)| < 1/5 as in [4],

we have

B 1
T = Is(a, 2601 + (e, 26)] + I8, B < 5 + 5.
Hence
3 1 5 5 1 g 1
§ﬂ<‘z+4—sﬁ+ﬂ+m+(§+5)-
Thus
3 5 1/3 1+5+ 1 +1
————— <—-——4+ =+ =+ =
5 48 3 4 24 120-6 5
Therefore

39, 1 (5, 1)_ 39
240" = 240 3) = 240

This contradicts8 > 3.

We next show thatr = 1 implies a contradiction: Suppose that= 1. By (4.1),
B2 > 49°. Since|q| > 3, %2 > 4-3? = 36. HenceB > 6. Sincex = 1, e = 1/(108).
Hence

G, %  a_ 1
2+2,8+5_10ﬂ

and hence we have the following equation.
(4.5) (a1 + 502 + (28)az = 1.

Sinceq; and g, are odd (see Fig. 1) must be even. Sincg > 6, we haveg > 8.
We then have

(#) % +1 (mod ).

In fact, sinceq; is odd, (38)q; = B (mod 28). Hence by (4.5),

B+5p =1 (mod 28).
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Now suppose that, = 1 (mod 28). Theng +5=1 (mod 28). This is impossible
since 8 > 8. Next suppose thai, = —1 (mod 28). Then —5= 1 (mod 28). This
is also impossible sincg > 8. Thus {) holds.

Substitutinge = 1 in (4.4),

3,3 1+5ﬂ+ 5 1 T
— <—_ JE— — [
10 4" 24" " 248 " 1208

whereT = (0, 28) + s(gs, 5) (sinces(qs, 2) = 0). By () and Lemma 3.2,

S, 28] < 2 = L
Hence
IT| < I8(2. 26)] + |5, B)| < 2 + ~.
B 125
Since g > 8,
3 1 5 5 1 B 1
<t taes st (1 e)
Thus

3 5 1 5 1 n 5 n 1 n 1
_____ << —— —_— —_— —_
10 24 12 4 24.-8 120-8 5

and hences/120 < 0. This is a contradiction, and ends the proof in the caseO.
We finally consider the case < 0. Thene = —1/(10xg). By (%) and [5, Propos-
ition 6.1.1], we have

_ (.4 S S« 1 1
AM) = {( S)aﬁ+24a+24ﬂ+120w 4+T}.

The remaining part of the proof is similar to that in the case 0.
This completes the proof of Theorem 2.1. ]
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