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Abstract
We give sufficient conditions for Mosco convergences for thibofing three
cases: symmetric locally uniformly elliptic diffusionsyrametric Lévy processes,

and symmetric jump processes in terms of tHgRY; dx)-local convergence of the
(elliptic) coefficients, the characteristic exponents #mel jump density functions, re-
spectively. We stress that the global path properties ofcitreesponding Markov

processes such as recurrence/transience, and consemestyexplosion are not pre-
served under Mosco convergences and we give several example such situa-

tions indeed happen.

1. Introduction

In the present paper, we are concerned with Mosco convergesicéhe follow-
ing three types of the Dirichlet forms: symmetric strongbedl Dirichlet forms satis-
fying the locally uniformly elliptic conditions, symmetritranslation invariant Dirichlet
forms, and symmetric jump-type Dirichlet forms. We givefsuént conditions for the
Mosco convergences in the above three cases in terms df ‘thecal convergence of
the corresponding coefficients, and show instability ofoglopath properties under the
Mosco convergences such as recurrence or transience, asereativeness or explosion
by giving several examples.

We find that the Mosco convergences follow from quite mild agstions (see As-
sumption A, B and C), which are essentially(RY; dx)-local convergences of the corres-
ponding coefficients, which are diffusion coefficients, i&xponents and jump densities.
Heredx denotes the Lebesgue measuréRdn Hereafter we fix our state space RF(dx)
and we writeL P(RY) (or LP) shortly forLP(RY;dx) (1 < p < o). Since thel_*-local con-
vergence is one of the weakest notions of strong convergence results mean that the
weakest convergence of the coefficients implies the Moscuergaences.

The Mosco convergence is a notion of convergences of closedsfen Hilbert
spaces (see Definition 2.1), which was introduced by U. Mo4&d$, [originally to study
the approximations of some variational inequalities. 18][lhe showed that the Mosco
convergence is equivalent to the strong convergences ofdhesponding semigroups
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568 K. SUuzukl AND T. UEMURA

and resolvents. The strong convergence of semigroupsemfiie convergence of finite-
dimensional distributions of the corresponding Markov psses when closed forms in
guestion are regular Dirichlet forms. For such reasonsMbsco convergence has been
used to show the weak convergence of stochastic processbe itheory of Markov
processes (see e.g. [18, 7, 16, 5, 4] and references thetaitjp], Kuwae and Shioya
generalized the notion of the Mosco convergence, now is cahe Mosco—Kuwae—
Shioya convergence, as the bakfespaces can change, while Hino considered the non-
symmetric version of the Mosco convergence in [3]. Althougithbgeneralizations are
quite important, in the present paper, we consider only sgtrimcases and we fix a
basicL?-space ad ?(RY).

Our another aim is to show that the Mosco convergence of Daidlorms does
not preserve any global path properties for the correspgnpiocesses of the Dirichlet
forms in any respect. As stated above, the Mosco convergeneguivalent to the
strong convergence of the corresponding semigroups, wimighies only the conver-
gences of finite-dimensional distributions of the corregfing Markov processes. Thus
it is easy to imagine that global properties such as recoeféransience and conserva-
tiveness/explosion are not preserved under the Mosco agawvee. It seems, however,
that those studies how to construct such examples congtiedge not been investigated.

In this paper, we construct several examples whose glolmgdepties such as re-
currence/transience and conservativeness/explosiomarereserved under the Mosco
convergence. In constructing such examples, we use thésedout sufficient condi-
tions for Mosco convergences as explained in the second nagfagn this introduction.

To be more precise, let us first consider symmetric strongtgll Dirichlet forms
having the locally uniformly elliptic coefficients. Namelgt A,(x) = (a{} (X)) be a se-
quence ofd x d symmetric matrix valued functions Wheaﬁ} is a locally integrable
Borel measurable function oR? satisfying the following conditions:

ASSUMPTION A. (A1) For any compact seK C RY, there exists. = A(K) > 0
so that for alln € N,

AMER < (An(X)E, &) < A7LE[Z, ae. xe K, VEeRY

(A2) For any compact sei,
/ [An(X) — AX)|dx = 0 (n — 00),
K

where | Ay(x) — AX)[12 := Y11, Y51 (a (x) — & ()%, x € R
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Then, consider a sequence of symmetric quadratic forms

E"u,v) = / (An(X)Vu(x), Vu(x)) dx
Rd
and

E(u,v) = /Rd(A(x)Vu(x), Vu(x)) dx

for uandv in Cgo(]Rd), Wherecgo(Rd) is the set of infinitely differentiable functions de-
fined onRY with compact support. Under Assumption A, it is known thét, C3*(RY))
(and €, Cg"(Rd))) are Markovian closable forms on?(RY) (see [2, Section 3]). They
become regular symmetric Dirichlet formg&"( ") and ¢, F) on L2(RY). Our first
result is the following:

Theorem 1.1. Suppose thahssumption Aholds. Then the Dirichlet form&", 7™)
converges tq<, F) on L2(RY) in the sense of Mosco.

REMARK 1.2. (1) In [12], Mosco gave several examples for which thechiet
forms converge in Mosco’s sense. In the case of our stronglgl llorms, assuming
the convergence of the elliptic coefficients locally irt(RY), he have shown thé&'-
convergence. Thé&-convergence is weaker than Mosco convergence. He clainad th
in addition to the convergence of the elliptic coefficientsdlly in LY(RY), if the so-
called “compactly imbedded” condition is satisfied, thei@ilet forms converge in his
sense. However, it is a bit harder to verify the “compacthypéuded” condition.

(2) In [3], Hino has given several equivalent conditions miler that the semigroups
converge strongly in.? corresponding to time-dependent Dirichlet forms incligdboth
of symmetric and non-symmetric cases. In the case of our strionstrongly local
forms, his conditions required the diffusion coefficieafs L>(RY, dx) for anyi, j,
which is stronger than (Al) (see [3, Example 4.3]).

(3) In [8] and [14], they studied the convergence of quadrédrms under the uni-
formly elliptic condition and obtained the weak convergermf corresponding Markov
processes. In Theorem 1.1 in the present paper, we only ashieniocally uniformly
elliptic condition.

We now consider the convergence of symmetric Lévy proceskes {¢p,} be a
sequence of the characteristic functions defined by synenebdnvolution semigroups
{v{', t > O}pen:

e 0 = (X)) (= fpo €XYP(dY)), x € R
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According to the Lévy—Khinchin formula (Example 1.4.1 inl)[2we have the Follow-
ing characterization of/":

(L.1) o) = (8%, x) + [ (1= cos(x, yi)m(ay),
where

(1.2) S, is a non-negative definite symmetrid % d)-matrix
and

nn(dy) is a symmetric Borel measure @&f \ {0} so that

(2) f X2/(1 + [x[*)nn(dx) < oo.
R9\(0)

We consider the following condition:
ASSUMPTION B. ¢, converges to a functiop locally in L1(RY).

Under the assumption, we find thatis also the characteristic function of a sym-
metric convolution semigroupv;, t > 0}. Moreover the corresponding quadratic forms

&) = [ 609009n00

n __ 2mdy. o 2
F' = {ue L2(R )./Rd|u(x)| <pn(x)dx<oo}
and

E(u, v) = [ 0003((0) d,
— 2 dy. A 2
F = {u € L(R"): /Rd|u(x)| p(x)dx < oo}

are symmetric translation invariant Dirichlet forms @A(RY). We show that £", F")
converges to§, F) in the sense of Mosco under Assumption B:

Theorem 1.3. Assume thafissumption Bholds. Ther(E",F") converges t¢&,.F)
in the sense of Mosco.

The point is that we only assume the convergdocally in L(RY) of the respective
guantities and no other further assumptions are needed.
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We next consider the convergence of symmetric jump-typécBlgt forms. Let
J(x, y) be a non-negative symmetric Borel measurable functionR8nx RY \ diag
satisfying

(1.4) X > @A AdXx y)A)I(x, y)dy e LE (RY).
Y#X

Here diag means that the diagonal sefiag = {(X, x): X € RY}. Consider the following
quadratic formé on L2(RY):

Ewv = / [ (469~ U6 — vy s, )y
x#y

for functionsu, v € CP(RY). Here Cl’(RY) is the set of all Lipschitz continuous func-
tions onRY with compact support. Under the condition (1.4), it is alswkn that
(€, CP[RY) is a closable Markovian symmetric form dr?(RY). Then the smallest
closed extension& F) is a regular Dirichlet form.

Now take J,(X, y) and J(Xx, y) non-negative symmetric Borel measurable functions
on RY x RY \ diag satisfying (1.4) in place ofi(x, y) and then consider regular sym-
metric jump-type Dirichlet forms as follows:

£ = 5 / / (009~ U)0) ~ ) Hx. ) dx oy
XAy
JE

F' = CPP(RY)

and
£ = [ 60— uo00 - v 6 ) ax
F=CP®)

where £1(u, v) = £(u, v) + (U, V) 2ge). We make the following assumption.

ASSUMPTIONC. (i) Ju(x,y) < J(x,y) for dx® dy-a.e. &, y) € R4 x R?\ diag
andVn € N,
(i) {JIn(x,y)} converges tal(x, y) locally in LY(RYxR? \ diag; dx ® dy).

Theorem 1.4. AssumeAssumption C Then(&", F") converges tq&, F) in the
sense of Mosco.

From now on, by using the above theorems, we construct dexesanples whose
global path properties are not preserved under the Moscoeogence. We first con-
sider the instability of conservativeness/explosion @& #iymmetric diffusion processes.
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Under the same settings of Theorem 1.1, let the diffusionfficaents be diagonal
An(X) = an(X)l, where | denotes the identity ofd(x d)-matrices. Then we have the
following result:

Proposition 1.5. The following results hotd
(i) (explosive ones to conservative oné)we set

an(X) = 2+ [x’(log(2+ X)), a(x) = (2 + [x])*(log(2 + |x]))
for n € N, then (&", F") is explosive for any n and converges in the sense of Mosco
to the conservative Dirichlet fornt€, F).
(i) (conservative ones to explosive oné)we set

an(X) = 2+ [X)* " (log(2+ [x]))?,  a(x) = (2+ [x])*(log(2 + [x]))?

for n € N, then (E", 7") is conservative for any n and converges in the sense of Mosco
to the explosive Dirichlet fornf€, F).

We now consider the instability of recurrence/transientdhe symmetric Lévy
processes. Lett and o, be measurable functions on [&;) satisfying that there exist
positive constantgr and @ so that

O<ag<aonft)<a <2, a.e. te]0,o00)
and define Lévy measures ®f as follows:

nn(dx) = |x| 74D dx, n(dx) = [x|74*PD dx,

Then the corresponding characteristic (Lévy) exponerndsgaren by

o) = [ (0= cosx, @), o9 = [ (1 cosix, ENInce)
respectively. Then the following proposition holds:
Proposition 1.6. Let n, and n be as above. Assume=dl. Then the following
results hold.
(1) (recurrent ones to transient on¢)we set

on(u) = 1+ 1/n— (logu + €2)) Y2, «(u) = 1— (log(u + €?))Y2

for u>0 and ne N, then (", M) is recurrent for any n and converges in the sense
of Mosco to the transient Dirichlet forrt€, F).
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(2) (transient ones to recurrent oné)we set
an(u) = 1— (log(u + €9))" ", a(u) = 1 (log(u + €%))~*

for u>0 and ne N, then (", F") is transient for any n and converges in the sense
of Mosco to the recurrent Dirichlet fornt€, F).

The point is the sharp criterion of the recurrence/trarcgeior the stable-type pro-
cesses (see e.g. Theorem 3.3 in [20] and Theorem 4.2 in Appenthe present paper).

REMARK 1.7. We can give a rather simple example for which the symimetr
Dirichlet forms corresponding to transient symmetric Luypcesses converge to the
symmetric Dirichlet form corresponding to a recurrent sysinc Lévy process in the
sense of Mosco:

Assumed = 2. Consider a functiom,(x) := |x|>"¥/", x € R? for eachn. Theng,
defines the characteristic exponent associated with ai¢rarsymmetric (2- 1/n)-stable
process oR?. Clearly ¢,(x) converges ta(x) := |x|? for all x and the limitp(x) is the
characteristic exponent associated with a 2-dimensionalvBian motion that is recur-
rent. Note that this example shows not only the instabilftygbobal) path properties but
also the instability of path types. Namely, the jump proesssonverge to the diffusion
process. We will discuss such instability of path types irorhicoming paper.

We finally consider the instability of recurrence/transierof symmetric jump pro-
cesses. Letr and oy be measurable functions on [8) satisfying that there exist
positive constantgr and @ so that

O<g<oaopu)<a <2, a.e. uel0,o0).

Let c(x) be a measurable function ®f satisfying that there exist & ¢ < C < oo so
thatc < ¢(x) < C for all x e RY. We consider the following jump kernels:

In(%, ¥) = (€(x) + D)x =y~ x y e RY, x #y,
and
I, y) = () + Dx =y CD - x yeRY, x#y.
We note that the corresponding jump processes are not redgsgvy processes because

c(x) is not necessarily translation-invariant. Even in thisegzave have the following result
similar to Proposition 1.6:

Proposition 1.8. Let }, and J be as above. Assume=dl. Then the following
results hold.
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(i) (recurrent ones to transient on#)we set
an(u) = 1+ 1/n — (log(u + €9))™?,  «(u) = 1 — (log(u + €?))~Y?

for u> 0 and ne N, then (E", F") is recurrent for each n and converges in the sense
of Mosco to the transient Dirichlet forrt€, F).
(i) (transient ones to recurrent ond#)we set

an(u) = 1— (logu + €)Y () = 1— (log(u + €°))*

for u> 0 and ne N, then (", F") is transient for each n and converges in the sense
of Mosco to the recurrent Dirichlet fornt€, F).

The organization of the paper is as follows. In the next saective recall the Mosco
convergence and give sufficient conditions for the Mosco emgence of the three types
of Dirichlet forms. In Section 3, we give several examplesrehglobal path properties
are not preserved under the Mosco convergence. In Appendixgive a necessary
and sufficient condition for the recurrence of a class of swytnim stable type Lévy
processes.

2. Mosco convergence of symmetric Dirichlet forms orL?(RY)

In the first part of this section, we briefly recall the notiohMosco convergence
following [12]. For a closed form{q, F) on a Hilbert spaceH, let £(u, u) = oo for
everyu € H \ F. Here a closed form means a nonnegative definite symmetged|
form on 7, not necessarily densely defined.

DEFINITION 2.1. A sequence of closed fornd® on a Hilbert spacé is said to
be convergent t& in the sense of Mosco if the following two conditions are s
(M1) for everyu and every sequencil,} converging tou weaklyin #,

IirEn inf £"(un, un) > &(u, u);

(M2) for everyu there exists a sequenda,} converging tou in H so that

lim sup&™(up, un) < £(u, u).

n—oo

In [12], Mosco showed that a sequence of closed fofifison # is converging
to £ in the sense of Mosco if and only if the resolvents associatitld &' converges
to the resolvent associated withstrongly on H, and hence the semigroups associated
with E" converges to the semigroup associated witkstrongly on .
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2.1. Convergence of symmetric strongly local Dirichlet foms. Consider a se-
guence of forms

E"u, v) = /Rd(An(x)Vu(x), Vu(x)) dx

for some functionsu, v in L?(RY), where A (x) = (a] (x)) ared x d symmetric matrix
valued functions satisfying Assumption A.

Under Assumption A, the forms&l, C(RY)) for eachn and €, C(RY)) are
Markovian closable forms oh?(RY). They become regular symmetric Dirichlet forms
(E",FM and €,F) on L?(RY) (see [2]). Note that we s&t"(u,u) = oo if ue L3(RY)\
F". We first give a simple lemma which is used in showing thatconverges t&€ in
the sense of Mosco.

Lemma 2.2. Suppose thaAssumption Aholds. For any compact set K R,
there exists a subsequeng®}x so that [, [| Av°(x) — AY4(x)[|2 dx — 0 as k— oc.

Proof. SinceAn(x) is a non-negative definite matrix for each there exists a
nonnegative definite matriA%/z(x) so that (O\rlfz(x))2 = A(x). Then by the uniform
boundedness ofAL? on the compact sei, we have

supess supAY?(x) — AY3(x)||? < oco.
neN xeK

By (A2), there exists a subsequengg}x so that A, (X) — A(X) with respect to]| - ||

for a.e.x € K. By general theory of linear operators, we can check #gf(x) —
A2(x) in a.e.x € K with respect to] - |. Thus, by using the dominated convergence
theorem, we finish the proof. O

We now prove Theorem 1.1:

Proof of Theorem 1.1. We first show (M1): Takee L%(RY) and any sequence
{un} € L%(RY) so thatu, converges tou in L2 weakly. We may assume that
liminf,_ o £"(un, Uy) < co. Taking a subsequend@y}, we have
(21) oo > liminf ENun, uy) = lim E™(up,, Uy,) = lim / |AY2vup, (X)) dx.

n—o00 k—o00 k—o0 JRd k
Let us setA7%(x) = (b} (x)) and AY3(x) = (bjj (x)). By (2.1), there existsy; € LA(RY)

so that, by taking a subsequence{of, } if necessaryZ?:lbi’}kajunk converges weakly
to wi in L2(RY) for eachi.
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We now show thatw; = Z?:l bijd;u. To this end, take any € CF(RY). Then
we find that

d
/ <wi —Zbij(x)aju(x))n(x)dx
R4 =1
d
= i — b (X)d; Un, d
; /R (1~ 5097 Un, GO )
d
+3 / (B7X(X)9; Un, (X) — bij (X)3; Un, (X))7(X) dIx
j=1 7R

d
+> /Rd(bij (X)3jun, (x) = bij (X)au(x))n(x) dx =: (i + (1) + (1) «.
=1

We know that (I} converges to zero by definition. Now let us denotekbyhe support
of the functionn. Then

d
(0= Y- [ B0 = by 00)0;un () dx.
=17k

By Lemma 2.2, taking a subsequence if necesﬂé;fyconverges tdy;; in L?(K). Since
u, converges weakly tai, (3;un,) also converges weakly t@;u) in L2(RY). Thus (1)
converges to 0 ak — oo by the Schwarz inequality and?-boundedness of the weakly
convergent sequend®;un}n. The third term (I} converges to O sincg u,, converges
weakly to diu in L2(RY) and bjjn € L2(RY). Thusw; = Z?:l bij dju holds for each

i =1,2,...,d. Hence we hav§ {_, bfd;uy, converges weakly t3_|_, bj;;u, and
we conclude that

lim inf £"(un, un) = Jim / | A2V Up, (x)]> dx > / |AY2Vu(x))? dx = £(u, u).
—00 —oo JRd RY

We second show (M2): It is enough to show foe F. SinceCF(RY) is a (common)
core for the Dirichlet forms §", F"), there exists a sequen¢s} C C(RY) so that

IIim E(u —u, U —u)

(2.2) = lim (/ |AVu|(x)—AVu(x)|2dx+/ |u|(x)—u(x)|2dx)
|—=o00\ JRd Rd

=0.
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Since any norms in the space af x d)-matrices are equivalent, by Lemma 2.2 and
taking a subsequence if necessary, it follows that for daetN,

/ |AY2Vui(x) — A2V (X)) dx < / IAT2(x) = AY2(x) |55 Vi [2(x) dx
Rd K|

<ClIVullZ, /K | AL2(x) — AY2() | dx
|
—-0 as n— oo,

where C > 0 denotes some constant such that|o, < C| - || and || Allop means the
operator norm ofA: ||Allop = SUR,cga: |uj<1| AUl/[U]. This gives us that

nIim E"u,u)=EW,y), |eN.

Thus, with (2.2), we have

lim lim &, u) = &(u, u).

| —00 N—00

This shows (M2) (see, e.g. Corollary 1.18 in [1], and the proibTheorem 3.1 in [3]).
O

2.2. Convergence of symmetric translation-invariant Dirchlet forms. Let
{vi}1=0 be a sequence of probability measuresRshof a continuous symmetric con-
volution semigroup:

vk vs(A) = vas(A), t,5>0, Ae B[RY),
w(A) = n(-A), AeBRY),
v — 3§ weakly,

where v x v denotes the convolution of andvs (v; * vs(A) := fvt(A—x)vs(dx), Ae
B(RY)) and § is the Dirac measure concentrated at the origin. Define theels by

pt, X, A) := p(x, A) ;= w(A=x), t>0, xeRY AeBRY,

then{p(x, A); t > 0, x e RY, A e B(RY)} is a Markovian transition function which is
symmetric with respect to the Lebesgue measure in the follpwense:

/ b F()g(x) dx = [ FOPOM) dx, 1, g € By RY).
]Rd Rd

According to the Lévy—Khinchin formula, we see that a cambms symmetric convo-
lution semigroup{v;, t > 0} is characterized by a pailS(n) satisfying (1.2) and (1.3)
through the formula (1.1).
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Now let {¢n} be a sequence of the characteristic functions defined by sjrim
convolution semigroup$v{’, t > O}nen:

e = DN(X) (= [po €%Y(dy)), x eR%

Let ¢ be also a characteristic function defined by a symmetric @otion semigroup
{u, t > 0}. The Dirichlet forms corresponding are defined by

E"u, v) = /R ) ()0 (X)gn(X) dx,

Fh = {u e L2RY: [ |0(X)]%@n(X) dx < oo}.
Rd

We set that for each, £"(u, u) = oo if u e L3(RY)\ F". We assume Assumption B.
Then we show Theorem 1.3:

Proof of Theorem 1.3. We first show (M1): Take anye L2(RY) and any se-
quence{u,} C L?(RY) for which u, converges tai weakly in L?(RY). We may assume
liminf,_ o E"(up, Uy) < oo.

According to the Parseval formula, note thaf converges tou weakly in L2 if
and only if (, converges tal weakly in L2. Here (i denotes the Fourier transform of
u. Thus

oo > liminf £"(up, uy) = lim inf / |0n(X)[2@n(X) dx
n—o00 n—oo Rd
implies that there exist a subsequeriog} and an elemen € L2(RY) so thatly, - /@n,

converges tav weakly in L2(RY). We now show that = (- /. For anyv € CF(RY),
we see that

[Rd(“’(x) — 009 Ve (x)v(x) dx
[ 060 00,00 VB
i fRu (G, (X) v/ (X) = 0(X) y/n, (x))0(x) dx
i [Ru (G0X) V/eon, (x) = 0() v/ ¢ (x))v(x) dx

=: (D + () + () .

=

The first term (I} converges to O by definition. For the second term,(IDsing the
condition (B) and the inequality,/a— +/b| < y/]a—b|, we have that /g,v converges
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to /pv in L2(RY). Thus the second term ({)converges to zero by the Schwarz in-
equality andL2-boundedness ofy, }k. For the third term (ll1),

) =| [ (Vo6 = VG000 dx

= 0] \//d(\/wnk(X)v(X) — Ve(Xv(x))2dx -0 as k— co.
R
Thus we conclude thab = G,/p. Hence we find that
lim inf (U, up) = lim £"%(Up,, Uy,) = lim / |0 |%0n, dx
n—oo k—o00 k—oo JRpd
> / |0)%pdx = E(u, u).
Rd
This shows (M1).
We second show (M2): It is enough to show foe F. SinceC8°(Rd) is a (com-
mon) core for the Dirichlet forms, there exists a sequefigg of Cg°(Rd) such that
nIim E1(Op —u, U —U)
(2.3) = lim (/ 18 (X) — G(X)[20(X) dx+/ (G(x) — u(x))zdx)
n—o0 Rd Rd
=0.
We now take a sequende,} of Cg"(Rd) satisfying

an(X) = xn(=X%), 0= xn(X) < xny1(X) =1, neN,
lim xn(x) =1, x e RS,
n—oo

For anyn, | € N, setun(x) = Uy * %i(X) = [ga X1(X — Y)Un(y) dy, x € R%. Here the
inverse Fourier transform of, is denoted byy,. Since

1 X — U Xille = [[(Gn — 0) - i llLe

< |Gn =0z = |[Gn—ufz— 0 as n— oo
for eachl and

luxx —ulliz= |G- —0],z—0 as | - oo,
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then we have that

lim lim |ju,; —ulj.2 = 0.
| =00 N—00

On the other hand, we see that from (2.8),- xi\/@n = Un % J1 /@ CONVerges to
0-xye = mﬁ in L2(RY) for anyl. In fact, using the inequalitiesa(— b)? <
2a% + 212, |/a— +/b| < /]a—b]| and the condition (B), we have

/d(ﬁn‘lefpn_ﬂ‘Xlx/@de

R

5Z/d(ﬁn'Xl«/fpn—ﬁn'X|«/¢)2dX+2/d(ﬁn'X|J¢—0-x|¢6)2dx
R R

=2 [ Eflon—oldxr2 [ (o xvo- 0o dx
R R

—-0 as n— oo.

Thus we find that

im £ (Uny, Uny) = fim [ G = Ja Pgn dx = / U 3% dx
n—oo Rd ]Kd

n—o0

= [ 1oz dx
R

and

Iim/ |0|2X|2<de=/ 020 dx = E(u, u).
| =00 RY RY
These imply that

lim lim £"(un,, uny) = E(u, u) and lim lim / |un) —ul>dx = 0.
—00 N—00 ]Rd

|—o00 N—>00
Therefore, by the diagonalization argument, we can find aieszp{l(n)}, so that
I(n)<I(n+1) /o0 (n— o0), nIi_)r‘rgO E"(Unin)s Uniny) = E(u, )
and then (M2) is shown. O

2.3. Convergence of symmetric jump-type Dirichlet forms. Let J(x, y) be a
non-negative symmetric Borel-measurable functionRshx RY \ diag satisfying

(2.4) X > (A Adx, y)?)JI(x, y)dy e L (RY).
y#X
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Consider the following quadratic forréi on L2(RY):
Eu 0= [ 000 -uwe - v e v ax dy

for some functionss,v € L2(RY). Under the condition (2.4), it is known thaf,Ci’ (RY))
is a closable Markovian symmetric form @rf(RY). Thus taking the closure cﬂgp(]Rd)

with respect to\/?, we find that £, F) is a regular Dirichlet form.

Now take J,(X, ¥) and J(X, y¥) non-negative symmetric Borel-measurable functions
on RY x RY \ diag satisfying (2.4) in place ofi(x, y) and then consider regular sym-
metric Dirichlet formsE™ and £ of pure jump type orL?(RY) as follows:

ENu, v) = }/ , (Ux) —u(y))((x) — v(y)) In(x, y) dx dy,
XAy

2
F = C!;”(Rd)f,
and

1
£ = [ 60— uo00 ~ )6 v ax
X#y
N
F=CP®Y .
We assume Assumption C. Then we prove Theorem 1.4.

Proof of Theorem 1.4. We have to check the following two ctiods:
(M1) For anyu € L2(RY) and {u,} ¢ L?(RY) which converges ta weakly in L2(RY),

Iign inf £"(un, un) > £(u, u).

(M2) For anyu € L%(RY), there exists a sequenda,} c L?(RY) which converges to
u in L2(RY) such that
lim sup&™(up, uy) < E(u, u).

n—o00

Proof of (M1). Suppose that
(1) u, is weakly convergent tal in L%(RY) and
(2) liminfosos [f,,Un(X) = Un(y))? In(x, y) dx dy < co.

We may assume that lim . ffx#y(un(x) — Un(Y))?dn(x, y) dx dy < oco.

Then for eachn, put Un(X, ¥) = (Un(X) — Un(Y))/In(X, y) for (x, y) € RY x RY \
diag. Then {0,} are bounded sequence IIF(RIxRY \ diag; dx ® dy), and so there
exists a subsequendé,, } which converges to some elementweaklyin L?(RYxRY\
diag; dx ® dy).
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We now claim that

a(x, y) = (U(x) —u(y)vI(x, y), (dx®dy)ae. &y wih x#y.

For any nonnegative € Co(RY x RY \ diag) and for anyny, we see

‘ f / (066 ) = (069 ~u) T Ve, ) x M
X#£Y

=

/ / (006 Y) = (00,60 = U 00)y I G Pt ) M
Xy

T ‘ [ 0,00~ tn /3603 - VI St ) M
XF£Y

T ‘ / (0,00 = Un () = 109 ~ ) VT, Y, ) dx M
Xy
=: (I)nk + (”)nk + (I ng*

Sinceln converges tai weakly in L2(RYxRY\ diag;dx®dy), we see lim_.« (1), = 0.

By making use of the Schwarz inequality and Assumption C aoting {u,,} is a
bounded sequence in%(RY; dx), we see

(D n,

< \///x;éy(unk()() — unk(Y))ZU(X, y) dx dy

x \// (VI (X, ¥) — VI, y)?v(x, y) dx dy
X#Y

=< IIvIlelunklle\/Z(‘/ lu(x, -)l dx
{x: (x,-)esuppp]}
x \//[ [ (%, Y) — I(x, ¥)| dx dy
suppp]

— 0 as ng— oo.

¥ H/ |v(-,y)|dyH )
o {y: (y)esupppl} oo

Here we used elementary inequalities in the second indguabove: & — b)? <
2(@2 + b?) and|a— vb| < \/la—b]| for a, b= 0. As for (Ill),, note that both

<p(X)=/# VI Yu(x, y)dy, x € R,
y#X

o) = [ IRACTICIES
Y#X
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are in L3(RY). So we see

(), = | [ (00,00 = u)o(0) dx

+| [ om0 - usput ay
goes to 0 whemy — oo. Thus we see

alx, y) = (Ux) —u(y)vJIx,y) (dx®dy)-ae. &vy) with x#y.
Hence

im inf £ (un, up) > [ / | (09 ~uIc, ) dx dy= £, ). 0
XAy

Proof of (M2). Sincecg”(Rd) is a common core forg", 7M), it is enough to
show (M2) for functions inC(')ip(Rd) (see, e.g. Corollary 1.18 in [1], and the proof of
Theorem 3.1 in [3]). Take any € Cg”(Rd). Putu, = u for eachn, thenu, converges
to u in L?(RY). Denote byK the support olu and take compact sé with K ¢ F and

(2.5) d(K, F®) =inf{d(x,y): x e K, ye F} > 1.
Then
gn nvnzgn, = — an, dxd
(U, Un) = (U, U) / [ (100 U, ) 0 dy
— [ (w60 - uenx y) dx dy
FxF\diag

_ 2
12 / /K (00~ Uy h(x, ) dx dy

s (D + 2010,

We first estimate (}). For alln € N and @x ® dy)-a.e. §, y) € K x K \ diag, we
see that the integrand in () that is, ((x) — u(y))?Ju(X, y), is bounded byM(1 A
d(x, y)?J(x, y) from above, whereM := max{Lip(u)?, 4|u[,}. Here Lip{i) means
the smallest Lipschitz constant af By the fact that the function (& d(x, y)2)J(x, y)
is integrable on the sdf x F \ diag and Assumption C, we have

. _ _ 2
im 0= [ 00— uP e vy dx oy

We next estimate (I}) The integral (ll) is the following:

/AXFC u(x)2Jn(x, y) dx dy.



584 K. SUzukl AND T. UEMURA
For dx ® dy)-a.e. &, y) € K x F¢, by Assumption C, we see
u()? (%, ¥) =< ulZ,I(x, y),

and the right hand side is integrable on the Ket F¢ because of (2.4). Thus, by
Assumption C, we have

lim (1), = lim // u(x)2dn(x, y) dx dy
n—co K xFe

n—oo

//prc u(x)2J(x, y) dx dy.

Combining these two estimates, we have

im e = [ 00 - ur e vy dx oy
x F\diag
2
+2//KXFC u(x)J(x, y)dx dy
=[] 60— w30 vy dx dy = £ )
x#y

This concludes that (M2) holds. ]

3. Instability of global path properties

3.1. Proof of Proposition 1.5.

Proof of Proposition 1.5. By [17, Theorem 2.2] and the Fa&le¢est in [10], in
the case of (i), ", 7") is explosive and {, F) is conservative, and, in the case of
(i), (&M, FM is conservative and&( F) is explosive (see also, e.g., [2, p.300]). By
Theorem 1.1,&", ™) converges to{, F) in the sense of Mosco in the both cases (i)
and (ii) and we finish the proof. ]

3.2. Proof of Proposition 1.6. We first show the following lemma which is a
sufficient condition for localL'-convergence of, to ¢:

Lemma 3.1. If ay(t) — a(t) for every te [0,00), theng, — ¢ locally in L1(RY).
Proof. We show that, for any compact sétc RY, Jlen(X) — @(x)| dx — 0.

Since ¢, and ¢ are continuous functions anig, — ¢| is uniformly bounded onK,
making use of the dominated convergence theorem, it suffceshow thatp,(x) —
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¢(x) for a.e.x € K. We see that

lon(X) — ()| = /Rdll— oS, £))[ - | |E| 7LD _ g L-aleD| g
= / 11— cos(x, £))] |g]7 (D dg
Rd
+/ 11— cos(x, £))| |]71ED de
Rd
=< [ |1 — cos(x, &))| max{|g|—1—&, |§|—l—(_x} dé
Rd
+ [ 11 cosx, &)l mael %, ¢
Rd
< Q.
Sincean(t) — «(t) asn — 0 for anyt € [0, c0), it follows that
(1 — cos(x, £)))(|&| (€D _ |g|-L-a€Dy 5 o

asn — oo. By the dominated convergence theorem, we see ¢hét) — ¢(x) for
a.e.x € RY. The proof is completed. O

Now we show Proposition 1.6:

Proof of Proposition 1.6. (i): By Theorem 4.1, we can verifatt €", F") is re-
current for anyn and €,.F) is transient. By Lemma 3.1, we have th&f' (F") converges
to (£, F) in the sense of Mosco. (ii): The transience 6 (F™) and the recurrence of
(&, F) follow directly from Theorem 4.2. By Lemma 3.1, we have tii&k, 7") con-
verges to £, F) in the sense of Mosco and we finish the proof. O

3.3. Proof of Proposition 1.8.

Proof of Proposition 1.8. We use Proposition 1.6 and the @ispn theorems
of Dirichlet forms [2, Theorem 1.6.4]. 0

4. Appendix: Sharpness of recurrence criteria for symmetrc Lévy processes

It is well-known that a translation invariant symmetricldtaprocess with an index
a(0O<a=<2)isrecurrentifand only il =1<a <2 ord =« =2. The Lévy kernel
is given byn(dh) = c|h|~* dh for some constant = ¢(d, &) if 0 < @ < 2.

In this appendix, we give a recurrent criteria for a classtable type Lévy pro-
cesses having the Lévy measufdh) = |h|~4-*(")dh, wherea is a measurable function
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defined on [0p0). Whene is a constant between 0 to 2, then this corresponds nothing
but to a symmetriex stable process. Consider also the following quadratic form

E(u,v) = //r:#o(u(x + h) — u(x))(v(x + h) — v(x))n(dh) dx
:/f (u(y) —uC))@(y) — v(x)
Xy

[x — y|d+04(|><*y|)

dx dy,
D[E] = {u € L2RY): £(u, u) < oo}.

Then it is known that&, D[€]) is a symmetric, translation invariant Dirichlet form on
L2(RY) under the following condition:

/ (1 A [hPn(dh) = cq / QAU du < co.
h#0 0

In [20] (see also [9, 13]), we have shown the following theoere

Theorem 4.1 (cf. Theorem 3.3 in [20]) If the conditions

R
lim supR~2*d / ul=*W du < oo
R—o0 0

and

[o¢]
lim sup R¢ / u™ W du < oo
R

R—00

hold, then the process is recurrent.
In the case where = 1, we can show the following. Let > 0 and set
a(u) =1—(logu + €)™, u=>0

for instance. Let us also consider the corresponding form:

E(u,v) = /[h¢O(U(x + h) — u(x))(v(x + h) — v(x))n(dh) dx
:/f (u(y) — u(x)(v(y) — v(x)
XY

[x — y|1+04(|><*y|)

dx dy,
D[E] = {u € LAR): £(u, u) < oo}.
Then we have the following criterion for the recurrence:

Theorem 4.2. The form/process is recurrent if and only&f> 1.
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Proof. Though we have shown in [20] (cf. [19]) that the fornmrdésurrent ife > 1,
we give the proof of it for reader’s convenience. Namely, \gtngate two integrals in
the previous theorem in the cade= 1.

For R > e,

R R
R-1 / U@ gy — R / Glogu+e)~ g,
0 0
Sincee > 1, we find that
R
R—l/ u(log(u+e2))*" du
0

VR-€ R
- R! / u(log(u+e2))*f du+ R? / u(log(u+e2))*‘ du
0 VR-€2
JR R
< R*1/ u? du-+ R’1/ ul@/2109R)™ g4y
0 VR-€2

2--1_1
i R-HW2109R (R _ /R + &)

2 e 1 e
— R@/2)logR™ (¢ __ _— 4 * |
(1+ 2f)RE-2 * vR * R

<

Sincee > 1, it follows that
@2ogr~ _ (1 B
log R =13 logR| -logR

0 i
= 2(log R} * — _ as R— oo.
2 if =1,

Thus we find that

R
lim supR‘1/ ulW du < co.

R—o00 0

We now estimate the second condition: FRr> /€,

[ee] o0 o0
R/ u-teWgy = R/ u-2+logu+e)) ™ gy < R/ u-2+2IgR* §
R R

R
— R[ 1 y-L+@log R)S]OQ
-1+ (2logR)—¢ R

R-1+ (2logR)—* R(Z logR)~*

R = .
1-logR)—* 1-—(2logR)—*
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Similar to the previous calculus, we find that IR§'°9R™ = 2-¢(log R)**. Then it
follows that

o0
lim supR/ u™t W du < co.
R

R—00

Thus the process is recurrent for> 1.
Now we show that the process is transient ikGe < 1. In order to show this,
recall that the characteristic functign of the process is defined by

o(6) = /R (1 coseh)lh "M dh, & c R

and the process is recurrent if and only if for some (or edeitdy, for all) r > 0,

/ g4 _ o
(lg|<ry @) '

(see [15]). Then we will prove thaf{‘g‘(r}(lﬁp(f;‘)) dé < oo for some O<r <1 pro-
vided that O< ¢ < 1. This means it is enough for us to estimate the functioon
{EeR:|§] <1}

Since ¢(0) = 0, we only consider the case<0|¢| < 1.

First assume that & & < 1. Then

p(§) = /R (1 — cosgh))lh|~2-0") g

> / (1— cosgh))|h|~2+(egln+e)™ gpy
{m/2<Ex<m}

—2+(log(lu/§|+€))
u du
:[ (1 —cosu)|— — (Eh=u)
{m/2<u<m} & &
> g1-(ogtr/e+) / (1 cosu)u~2 du > cl-loar/e+e)
{m/2<u<m}

where c is a constant independent gt Similarly, we can get a similar bound for
-1<&<0:

p(§) = /(l — cosgh))|h| =20 dh
R
= / (1 — cosgh))|h| 20" dh
(=7 /2>Ex>—7)

> (—g)-loatr/(-)+e) / (1— cosuyu—2du

{m/2<u<m}

> C(_§)1*(|09(ﬂ/(fé)+ez))"_
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Thus it follows that
1-(l )~
p(€) = clg|t oo/ 0 < 5| < 1.

Then, noting O< ¢ < 1, we find that

/ d_é < C/ |E|—1+(|09(ﬂ/|§\+e2))’5 de
B ¢(§) <1

1
<2 / u T/ EN T gy (rju+ 2 =1)
0

o0
=7c / (rr(t —e?)~h) 1™ 1 — )2 dt
462

IA

c [ (t —e?) 009" dt  (logt = s)
42

IA

c [ (E—ed) s .efdt <’ / es 'ds (st =x)
I

og(r+€?) 2

C// o0 &
= / e *x¢/1-8) dx < C'”F( + 1) < 00,
l1-—¢ Jo- 1-¢

wherec’ and c” are positive constants independenttofind s respectively. Therefore
the form/process is transient for<0e < 1. ]
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