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Abstract

Radiation reaction (RR) force plays an important role in gamma ray produc-

tion in the interaction of ultraintense laser with relativistic electron beams at

the laser intensity beyond 10

22 W/cm2. The relationship between emission

spectrum and initial kinetic energy of the electrons at such intensities has not

been studied experimentally yet. The energy from both the relativistic elec-

tron beams and laser pulse may be converted into the gamma rays. Therefore,

the conversion efficiency of energy purely from laser pulse into gamma rays

is of great interest. We can use them as an alternative gamma ray source if

the conversion efficiency is high enough.

We present the simulation results for the dynamics of an electron in strong

laser field by taking into account the effects of RR. We have investigated how

the effects of RR affect the emission spectrum and photon number distribu-

tion for different laser and electron beam conditions. We found that the peak

locations of emission spectra are suppressed for higher initial kinetic energies

of the electron interact with a long laser pulse duration.

We have studied the conversion efficiencies of laser energy into gamma

ray energy. We found that that an electron with an energy of 40 MeV would

convert maximally 80 % of the sum of electromagnetic work and its initial

kinetic energy to the radiation energy when interacting with 10 fs laser pulse

at the laser intensity of 2⇥ 10

23 W/cm2. By using this estimation, a bunch of

electrons with the maximum charge of 1 nC at Helmholtz-Zentrum Dresden-

Rossendorf (HZDR) would emit around 0.1 J of energy into gamma ray emis-
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sion.

The laser field energy depletion can be neglected for a single electron.

When considering a realistic electron beam with 10

9 electrons, the laser en-

ergy depletion has to be included, and we have to solve Maxwell’s equations

self-consistently via Particle-in-Cell (PIC) method. For this purpose, we per-

formed three-dimensional PIC simulation by considering the interaction of a

pulsed Gaussian beam with a finite size electron beam. We present the simu-

lation results for electron charge density in strong laser field with and without

RR. We investigate how the ponderomotive force affects the emission pro-

cess at laser intensity more than 10

23 W/cm2. When treated self-consistently,

however, the conversion efficiency reduces to 8% due to the laser field energy

depletion. This is because the laser field energy reduction is sensitive to the

motion perpendicular to the laser beam. As the energy of the electron beam

increases, the laser energy reduction is relatively small. We emphasise that

to obtain efficient gamma ray production at laser intensity more than 10

23

W/cm2, an electron beam with energy more than 1 GeV is required to reduce

the laser energy change. The same requirement is also necessary in order to

observe a clear signature of radiation reaction in the radiation spectrum at

high power laser facility such as Extreme light Infrastructure (ELI) where the

laser intensity is expected to reach the order of 1023�26 W/cm2.
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Chapter 1

Introduction

The intensity of the laser has increased dramatically since the introduction of chirped

pulse amplification (CPA) [2]. This opens up the opportunity for light-matter interaction

into the relativistic regime. For instance, an electron at rest becomes relativistic in one

laser period if the normalized laser amplitude exceeds unity such that

a0 =
|e||E|
mc!0

& 1 (1.1)

where e and m are the charge and mass of the electron respectively, c is the speed of light,

|E| and !0 are the amplitude and frequency of the laser respectively. The normalized laser

amplitude is expressed in terms of laser wavelength and laser intensity as

a0 = 0.85 ⇥ 10

�9
�[µm]

q
I[W/cm2

]. (1.2)

The corresponding laser intensity for a0 ⇠ 1 is 1018 W/cm2 for � = 1 µm. To date, fo-

cused laser intensity of the order of ⇠ 2⇥10

22 W/cm2 was experimentally achieved by the

300 TW HERCULES laser [3]. The “Moore’s law” trend for laser (see Fig.1.1) predicts

that the laser intensities are expected to reach to the order of 1025 W/cm2 at Extreme Light

Infrastructure (ELI) [4]. At such extreme intensities the exotic physics such as radiation

reaction (RR) effects, e�-e+ pair plasma and nonlinear Quantum Electrodynamics (QED)

may be tested [5]. On the other hand, quantum field theory describes that the vacuum is

1



1. INTRODUCTION

not empty. Instead, virtual particles and antiparticles can be created and annihilated in

an extremely short time allowed by Heisenberg uncertainty principle. When an external

electric field is applied to the vacuum at the Schwinger limit

E

S

= m

2
c

3
/e~ = 1.3 ⇥ 10

16V/cm, (1.3)

real e�-e+ pairs can be produced. The Schwinger limit is the critical electric field that

needed to separate a virtual electron-positron pair out of vacuum providing the energy

that exceeds the electron rest mass energy mc

2 over a Compton wavelength �
C

= ~/mc.

However, the corresponding laser intensity at Schwinger limit is

I

S

= 2.3 ⇥ 10

29W/cm2 (1.4)

and perhaps difficult to be archived at ELI in the near future. On the contrary, Bell and

Kirk [6, 7] showed that pair production can be archived by two counterpropagating cir-

cularly polarized laser beams at the laser intensity of the order of 1024 W/cm2. The seed

electron is confined for a long time by two counterpropagating pulse lasers to emit high

energy photons. The high energy photons then interact with the laser to produce pairs.

These pairs repeat the same process and trigger an avalanche which is usually called

QED cascades. The studies of QED cascades by using the laser in laboratory [8, 9, 10]

become popular as it plays an essential role in understanding the high-energy astrophysi-

cal phenomena [11, 12].

At the intensity of the order of 1023 W/cm2 and above the effects of radiation reac-

tion become dominant in a single laser period [13]. The dynamics of an electron changes

significantly due to its own radiation emission. The study of radiation reaction were pur-

sued vigorously by Lorentz, Abraham, and Dirac in the context of classical electrodynam-

ics. The covariant expression for radiation reaction is known as Lorentz-Abraham-Dirac

(LAD) equation [14, 15, 16]. However, the solution of this equation suffers from the

physical inconsistency where an electron is accelerated exponentially in the absence of an

external field.
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Figure 1.1: The “Moore’s law” for laser.

An alternative way to avoid such physical inconsistency was proposed by Landau

and Lifshitz such that the RR reaction is small as compared to the Lorentz force in the

instantaneous rest frame of the electron. Therefore, radiation reaction force was consid-

ered as terms of first order perturbation and the Landau-Lifshitz (LL) [17] equation was

obtained. The acceleration of an electron described by the LL equation vanishes as the

external field goes to zero.

Apart from the LL model, there were many different models proposed to solve

the inconsistency of the LAD equation (see Ref. [18] for a review of different models).

In spite of many models proposed, the LAD equation is still the subject of extensive

investigation and is still an open question.

In addition, QED effects such as electron recoil become substantial if the electric

field exceeds the Schwinger limit or � � 1 where

� =

~
mc

p
�f

L

· f
L

mc

2
(1.5)
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1. INTRODUCTION

is the relativistic gauge invariant parameter and

f

µ

L

= �(f

Le

· u/c, f
Le

), (1.6)

f

Le

is the Lorentz force and u = c

2
p/

p
m

2
c

4
+ p

2
c

2. It is very hard to achive such con-

dition even at 1023 W/cm2 for a non-relativistic electron. However, this is possible if an

ultrarelativistic electron interacts with a counterpropagating laser field where the laser fre-

quency “seen” by the electron is Doppler up-shifted. Therefore, the laser field undergoes

Lorentz transformation and exceeds the Schwinger limit. For an ultrarelativistic electron

initially counterpropagating with respect to the laser this parameter is expressed as [19]

� = 2

~!0

mc

2
�0a0. (1.7)

For instance, the condition � ⇠ 1 can be achived for a counterpropagating 1 GeV electron

interacting with a laser field at intensity 2 ⇥ 10

22 W/cm2. This configuration is widely

utilized in the production of high energy radiation such as Thomson backscattering and is

distinguished from Compton backscattering if quantum effects are important.

The mechanism of Thomson/Compton backscattering is of key importance for

high brilliance x-ray or gamma ray production. Such high brilliance sources are of in-

terest in many applications. For example, resonant photonuclear isotope transmutation

(RPIT) and resonant photonuclear isotope detection (RPID) [see Appendix A]. For such

process to be effective, the gamma rays in the energy range of 10 - 20 MeV with photon

intensity more than 10

13
/s in 0.1% bandwidth is required. A recent experiment is capable

to produce gamma rays with photon intensity of the order of 1017/s in 0.1% bandwidth

at 15 MeV via nonlinear relativistic Thomson scattering with laser intensity of the order

of 1018 W/cm2 [20]. On top of that, one may expect that if we increase the laser intensity

and initial electron beam energy the photon production rate may increase subsequently.

However, the physics of photon production at the laser intensity of the order of

10

22 W/cm2 and beyond may not rely solely on Compton/Thomson backscattering. At

these intensities (a0 >> 1) the processes become nonlinear and the effect of radiation

4



reaction also comes into play [21]. The laser energy conversion rate, emission spectrum,

and photon production rate may be greatly different from what we expect. Therefore, the

production of gamma rays at such intensities becomes a subject of great interest to us.

In the previous studies on related topics, the conversion efficiency of laser energy

into gamma ray was measured by calculating the ratio of total emitted energy to laser

pulses energy [22, 23, 19]. However, extra care has to be taken when measuring the

conversion efficiency for an electron beam from linear accelerator when radiation reaction

effect is included. This is because the energy from the electron beam can be converted

into radiation emission.

A remarkable experiment was done at Stanford Linear Accelerator (SLAC) by us-

ing 46.6 GeV electron beam collide with a terawatt laser at I ⇠ 10

18 W/cm2 (a0 ' 0.8,

� ' 0.4) to study the nonlinear QED effects [24]. In addition, a laser-Thomson backscat-

tering experiment was carried out at Helmholtz-Zentrum Dresden-Rossendrof (HZDR)

with DRACO Ti:sapphire laser system and the ELBE linear accelerator [25]. Electron

bunches of 22.5 MeV with charge of 77 pC undergo head-on collision with the laser at

a0 ' 0.05. There is no similar experiment performed up to date at I & 10

22 W/cm2. Thus,

theoretical predictions of laser-matter interaction would help to determine the feasibility

of such experiments at higher power laser facilities, in particular, the ongoing upgrade

of DRACO laser system to 500 TW and high peak power diode-pumped laser system

PEnELOPE [26] at HZDR.

The goals of this thesis are listed below:

1. To find out how the radiation spectra change with the inclusion of radiation reaction

and how the interacting electron trajectory changes consequently.

2. To find out if the emission spectra are changed then how much the change is for

high energy gamma ray.

3. To find out what are the optimized conditions for high energy gamma ray production

for applications.
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1. INTRODUCTION

This thesis is organized as follows. In Chapter 2, we review the LAD equation and differ-

ent models proposed to solve the physical inconsistency. We discuss the classical radiation

dominant regime and moderate quantum regime and observe that the classical emission

overestimates the production of high energy photon.

In Chapter 3, we describe our numerical approach and compare it to recent exper-

imental results. After that, we present the trajectories, time evolution of electron energy,

radiation spectrum, photon number distribution and radiation angular distribution in the

same chapter. We found the suppression of the peak locations of radiation spectra as a

result of cumulative effects of RR. A maximum conversion efficiency is observed for an

electron with the energy of 40 MeV interacting with 10 fs laser pulse at the laser intensity

of 2 ⇥ 10

23 W/cm2.

In Chapter 4, we discuss the concept of Particle-in-Cell method. A realistic laser

beam such as pulsed Gaussian laser beam is discussed in this chapter.

In Chapter 5, we present the 3D PIC simulation results of 40 MeV and 1 GeV

electron beam. We show that the ponderomotive force plays a crucial role in determining

radiation emission. The laser field energy depletion is then shown to reduce the conversion

efficiency when compared to the case of the single-particle model.

Conclusions are given in Chapter 6. Finally, we discuss the uses of gamma ray

in resonant photonuclear isotope transmutation (RPIT) and resonant photonuclear isotope

detection (RPID) in Appendix A.
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Chapter 2

Radiation Reaction

2.1 Lorentz-Abraham-Dirac

The dynamics of an electron in external electric and magnetic field is governed by the

Lorentz equation

f

Le

= e[E+ u ⇥ B] (2.1)

where E and B are the electric and magnetic field. Radiation emission of an accelerated

electron is not taken into account. During radiation emission, energy and momentum are

lost and this leads to a radiation reaction force which is in the opposite direction of motion.

As a result, the dynamics of an electron is modified. The radiation reaction is one of the

most fundamental problems in the classical electrodynamics and is still widely studied

in present days. The first attempt to take into account the effect of radiation reaction

in nonrelativistic regimes was done by Lorentz [27]. The radiation reaction force was

derived from the Larmor formula which gives the power emitted by accelerated electron

and the energy loss corresponding to the reaction force. The equation of motion is written

as

m

˙v = F
ext

+ F
rad

(2.2)
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2. RADIATION REACTION

where F
ext

is the Lorentz force and F
rad

is the reaction force. Assuming the particle

motion is periodic, the average work done by the radiation reaction force is equal to

negative of the Larmor formula integrated over one period from t1 to t2. Integrating the

Larmor power formula we obtain

Z
t2

t1

F
rad

· vdt = �
Z

t2

t1

2

3

e

2

c

3
v̇ · v̇dt

=

2

3

e

2

c

3

Z
t2

t1

v̈ · vdt � 2

3

e

2

c

3
v̇ · v|t2

t1
. (2.3)

The second term or the boundary term on the right-hand side of Eq. (2.3) vanishes for

periodic motion of an electron in an external field and then we can write

Z
t2

t1

✓
F

rad

� 2

3

e

2

c

3
v̈

◆
· vdt = 0. (2.4)

In this way, the radiation reaction force is written as

F

rad

=

2

3

e

2

c

3
v̈ (2.5)

while the equation of motion can be reduced to

m

✓
v̇ � 2e

2

3mc

3
v̈

◆
= F

ext

. (2.6)

The new equation of motion contains second time derivative of the velocity. In the absence

of external field, the solution reads

˙

v(t) = ae

t/⌧0 (2.7)

where

⌧0 =
2e

2

3mc

3
= 6.4 ⇥ 10

�24
s. (2.8)
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2.1 Lorentz-Abraham-Dirac

This solution is unphysical because the electron is accelerated to extremely high velocities

in a very short time. Such physical inconsistent solution is usually termed as “runaway”

solution.

In order to generalize the equation of motion including the radiation reaction force

to the relativistic case, we may make the replacement v �! v

µ as four-vector generaliza-

tion. Furthermore, the relativistic generalization of Eq. (2.6) has to be Lorentz invariant

so that the time t is replaced by proper time ⌧ . The relativistic equation takes the form

dv

µ

d⌧

=

e

mc

F

µ⌫

v

⌫

+ ⌧0v̈
µ

. (2.9)

However, Eq. (2.9) does not satisfy the constraint vµv
µ

= c

2 such that d (vµv
µ

) /d⌧ =

0. Eq. (2.9) should be modified by adding the extra term ⌧0v
µ

v̇

µ

v̇

µ

/c

2 which can be

neglected in the non-relativistic limit shown in Eq. (2.2) so that Eq. (2.9) is in Lorentz

invariant form. The equation becomes

dv

µ

d⌧

=

e

mc

F

µ⌫

v

⌫

+ �

µ (2.10)

where

�

µ

= ⌧0

�
v̈

µ

+ v

µ

v̇

µ

v̇

µ

/c

2
�
. (2.11)

The first and second term in Eq. (2.11) correspond to the Schott term and radiation damp-

ing term respectively. Eq. (2.11) is known as Abraham four vector. It is neither radiation

reaction nor external force as the Schott term differs from the negative of emission rate.

However, the relativistic form of the equation of motion doesn’t avoid the runway solution

due to the Schott term.

In 1938, Dirac suggested to start from the coupled Maxwell and Lorentz equations
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2. RADIATION REACTION

in order to solve the problem of a radiating electron self-consistently:

@

µ

F

µ⌫

T

= �4⇡

c

J

⌫

@

�

F

T,µ⌫

+ @

µ

F

,T⌫�

+ @

⌫

F

T,�µ

= 0

m0
dv

µ

d⌧

= eF

µ⌫

T

v

⌫

(2.12)

where F µ⌫

T

= F

µ⌫

ext

+F

µ⌫

ret

, with F

µ⌫

ext

being the external/incident electromagnetic field, F µ⌫

ret

being the field of the moving electron, while m0 is the bare electron mass and J

⌫

(x) =

ec

R
d⌧�[x�x(⌧)]�

⌫ is the current. In the work by Dirac [16], the field of a moving charge

is taken as both retarded and advanced field. In the later work by Rohrlich [28] it is found

that the advanced field is not necessary for the derivation of radiation reaction force. The

physical interpretation of the Schott term arises when the retarded field is separated into

two parts [29].

The field of a moving charge is determined by the retarded Liénard-Wiechert so-

lution of the Maxwell equations

F

µ⌫

ret

=

e

⇢

2
c

(v

µ

u

⌫ � v

⌫

u

µ

)

+

e

⇢c

2


(a

µ

v

⌫ � a

⌫

v

µ

) /c � u

µ

✓
v

⌫

c

a

µ

u

µ

+ a

⌫

◆
+ u

⌫

✓
v

µ

c

a

µ

u

µ

+ a

µ

◆�

(2.13)

where ⇢ is the distance between retarded point and field point in the instantaneous rest

frame of the charge at the retarded time and u

µ

is spacelike unit vector. The field Eq.

(2.13) can be decomposed into two parts

F

µ⌫

ret

= F

µ⌫

I

+ F

µ⌫

II

(2.14)

where F

µ⌫

I

and F

µ⌫

II

correspond to the first term and second term of Eq. (2.13) respec-

tively. The first term F

µ⌫

I

is called velocity field and is essentially the static field as

it is proportional to ⇢�2, whereas the second term F

µ⌫

II

is called acceleration field as it
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2.1 Lorentz-Abraham-Dirac

depends on acceleration. The second term is also called radiation field. Next, the energy-

momentum tensor can be evaluated as

T

µ⌫

=

1

4⇡

✓
F

µ↵

F

⌫

↵

+

1

4

⌘

µ⌫

F

↵�

F

↵�

◆

= T

µ⌫

I,I

+ T

µ⌫

I,II

+ T

µ⌫

II,II

. (2.15)

The physical meaning of these tensors arises by evaluating their divergence. The

divergence of the tensor T µ⌫ is

@

µ

T

µ⌫

=

1

4⇡

F

�⌫

@

↵

F

↵

�

(2.16)

and we obtain

@

µ

T

µ⌫

I,I

= � e

2

2⇡⇢

5
a

µ

u

µ

R

⌫ (2.17)

@

µ

T

µ⌫

II,II

= 0 (2.18)

@

µ

�
T

µ⌫

I,I

+ T

µ⌫

I,II

+ T

µ⌫

II,II

�
= 0. (2.19)

where R

µ ⌘ x

µ � z

µ

(⌧) and ⇢ = u

µ

R

µ

.

For a charged particle moving with constant velocity, the momentum of the charged

particle contains the bare momentum and the contribution from the Coulomb field. When

the charged particle is in acceleration, the contribution of acceleration to the momen-

tum is taken into account. The energy-momentum tensor, T µ⌫

I,I

+ T

µ⌫

I,II

corresponds to

the four-momentum of an accelerating particle while T

µ⌫

II,II

corresponds to the radiated

four-momentum. The electromagnetic field contribution to the momentum is equal to

e

2
v

µ

/2c

2
✏. The momentum contribution from the acceleration and electromagnetic field

is

P

µ

I,I:I,II(⌧) =

✓
e

2

2c

2
✏

◆
v

µ � 2

3

e

2

mc

3
a

µ (2.20)

where the limit ✏ ! 0 is to be taken. The second term of Eq. (2.20) is recognized as the

11



2. RADIATION REACTION

Schott term. The total momentum is then

p

µ

= p

µ

bare

+ P

µ

I,I:I,II

=

✓
m0 +

e

2

2c

2
✏

◆
v

µ � 2

3

e

2

mc

3
a

µ (2.21)

where p

µ

bare

= m0v
µ.

When the acceleration of the charged particle is zero, the term e

2
v

µ

2c2✏ is added to

m0v
µ. If we assume the electron as a uniformly charged sphere of radius ✏ the quantity

e

2

2c2✏ is divergent in the limit ✏ ! 0 (of a point charge). Therefore, in order to handle the

divergence, e

2

2c2✏ is grouped into m (m = m0 +
e

2

2c2✏ ) to form the physical charged particle

mass which is usually observed. This is sort of “classical renormalization” concept.

Furthermore, by including the radiated four-momentum with the present of exter-

nal force

dp

µ

d⌧

+

dP

µ

II,II

d⌧

= F

µ

ext

(2.22)

one finds

ma

µ

= F

µ

ext

+ ⌧0

�
ȧ

µ � a

2
v

µ

�
(2.23)

which is the Lorentz-Abraham-Dirac (LAD) equation. The LAD equation also did not

avoid the runaway solution.

2.2 Landau-Lifshitz Model

There were plenty of models proposed for the avoidance of runway solution in LAD

equation. One of the standard ways was introduced by Landau and Lifshitz [17]. In the

instantaneous rest frame of the electron, the radiation reaction force is much smaller than

the Lorentz force. This permits the substitution dv

µ

/d⌧ ! e/mcF

µ⌫

v

⌫

into the LAD
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2.3 Sokolov Model

equation. On the other hand, this also corresponds to first-order perturbation expansion

to the electron four velocity �µ = �

µ

0 + ⌧0�
µ

1 + O(⌧ 20 ) [18]. The resulting equation is

Landau-Liftshitz (LL) equation

dv

µ

d⌧

=

e

mc

F

µ⌫

v

⌫

+ ⌧0

✓
e

mc

˙

F

µ⌫

v

⌫

+

e

2

m

2
c

2
F

µ⌫

F

↵⌫

v

↵

+

e

2

m

2
c

2
(F

↵⌫

v

⌫

)(F

↵�

v

�

)v

µ

◆
.

(2.24)

In the LL equation, electron acceleration is zero when the electromagnetic field is

turned off and the runaway solution is avoided. The LL equation can be reduced to the 3-

dimensional form which is convenient for computational simulation. The 3-dimensional

LL equation reads

d��

dt

=

e

mc

(E+ � ⇥ B) � 2e

2

3mc

2
g

0

g

0
=

e

mc

2
�

✓
@

@t

+ v · r
◆
(E+ � ⇥ B) +

⇣
e

mc

2

⌘2

c [(� · E)E+ (E+ � ⇥ B) ⇥ B]

�
⇣

e

mc

2

⌘2

�

2
c�

⇥
(E+ � ⇥ B)

2 � (� · E)2
⇤
. (2.25)

2.3 Sokolov Model

The LL equation is not the only model proposed to overcome the unphysical solution of

LAD equation. There are many models discussed in Ref. [18]. The question of energy

conservation in the Landau-Lifshitz equation was raised by Sokolov [22, 30, 31]. He

pointed out that the Landau-Lifshitz equation conserves neither the generalized momen-

tum of electron nor the total energy-momentum of the system. The dynamics of radiating

electron begins with the equations,

ṗ

µ

=

e

c

F

µ⌫

ẋ

⌫

� (ṗ)

µ

rad

, ẋ

µ

= m

�1
p

µ

+ (ẋ)

µ

rad

(2.26)
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2. RADIATION REACTION

where (ṗ)

µ

rad

and (ẋ)

µ

rad

are to be determined. The second equation indicates that the

four-velocity is not collinear to the four-momentum for an accelerated charged particle.

This fact arises when we obtain the total momentum of an accelerating electron with

renormalized mass in Eq. (2.21). The identities ẋ

2
= c

2 and p

2
= m

2
c

2 cannot be

satisfied simultaneously by Eq. (2.26). If one chooses to satisfy identity ẋ

2
= c

2 and by

assuming the dipole radiation, we obtain

(ṗ)

µ

rad

= �m⌧0ẍ
2

c

2
ẋ

µ

, (ẋ)

µ

rad

= ⌧0ẍ
µ

. (2.27)

The combination of Eq. (2.26) and Eq. (2.27) gives LAD equation. The total energy

becomes E2
/c

2
= p

2
+m

2
(c

2
+ ⌧

2
0 ẍ

2
) where m is the electron rest mass and ẍ

2
< 0. The

satisfaction of identity ẋ

2
= c

2 by Eq. (2.26) leads to the decreases of electron invariant

mass. The rest mass energy of the electron can eventually vanishes into radiation which

violate the energy-momentum conservation law.

Instead, in order to satisfy the energy-momentum conservation or the identity p

2
=

m

2
c

2, which is possible with the following choice [31]:

(ṗ)

µ

rad

=

I

QED

mc

2
p

µ

, (ẋ)

µ

rad

=

⌧0

m

I

QED

I

E

f

µ

L

(2.28)

where f

µ

L

is given in Eq. (1.6) and

I

QED

=

Z 1

!

min

~! dW

d⌧d!

d! (2.29)

is the quantum emission intensity, I
E

= �⌧0f 2
L

/m is the dipole emission intensity and

f

L

=

e

mc

F

µ⌫

v

⌫

being the Lorentz force. The resulting equations of motion are

dp

µ

d⌧

=

e

mc

F

µ⌫

ẋ

⌫

� I

QED

mc

2
p

µ (2.30)

ẋ

µ

= m

�1
p

µ

+

⌧0

m

I

QED

I

E

f

µ

L

. (2.31)

The velocity of an accelerated electron now contains an additional term. In the frame
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2.3 Sokolov Model

where the electron momentum is zero, p = 0, the velocity of the electron does not vanish

where ẋ = ⌧0eE/m. This indicates that extra work is done to compensate the energy loss.

The non-vanishing of electron velocity leads to the impossibility to have an instantaneous

rest frame for a radiating particle and the concept of proper time changed [32]. For a free

particle, the worldline is parameterized by proper time and the identities p2 = m

2
c

2 and

ẋ

2
= c

2 satisfied simultaneously. However, for a radiating charged particle, the worldline

is not parameterized by the proper time. Instead, it would be the time measured in the

frame where the spatial momentum is zero [33]. In other words, the violation of the

identity ẋ

2
= c

2 implies the breaking of Lorentz invariance. The identity ẋ

2
= c

2 is

violate by a term proportional to �:

ẋ

2
= c

2

✓
1 � �

2

137

2

◆
. (2.32)

The violation of the Lorentz invariance is less than 1 % for � < 13. Therefore, we can

assume the Lorentz invariance is preserved below this limit. The model proposed by

Sokolov is still subject to controversy and debate [34]. Nevertheless, Sokolov model has

an advantage in numerical computation as compared to LL equation in Eq. (2.25) where

the time derivative of the field is avoided. For instance, in classical limit, I
E

= I

QED

, the

three vector formulation is written as [22]

dp

dt

= fLe +
e

c

[

¯

u ⇥ B] � uE2

m

2
c

6
(

¯

u · fLe) (2.33)

dx

dt

= u+

¯

u,

¯

u =

⌧0

m

fLe � u(u · fLe)/c2

1 + ⌧0(u · fLe)/(mc

2
)

(2.34)

E

mc

2
=

r
1 +

⇣
p

mc

⌘2

, u =

c

2
p

E
, (2.35)

where ¯

u being the back-reaction effect of electron velocity. The energy equation is written

as
dE

dt

= e(u+

¯

u) · E � E2

m

2
c

4
(

¯

u · fLe). (2.36)
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2. RADIATION REACTION

2.4 Classical radiation-dominated regime

The radiation reaction (RR) force on the charged particle is much weaker than Lorentz

force in non-relativistic limit and it is also small in instantaneous rest frame of the charged

particle for the case of relativistic limit, if the wavelength � and the external field ampli-

tude E satisfy � >> ↵�

C

and E << E

S

/↵ where E

S

is the Schwinger limit (see Eq.

(1.3)). However, there is a regime in the ultrarelativistic case where the RR force is com-

parable to the Lorentz force in laboratory frame while much weaker in the instantaneous

rest frame of the charged particle. This regime is so-called classical radiation-dominated

regime (CRDR) where the quantum effect is neglected (� << 1). This regime was inves-

tigated by many authors and being discussed in detail in Ref. [5]. The definition of CRDR

in the background laser field is defined as a significant comparison of average energy loss

by the electron in one laser period to the initial kinetic energy of electron [21]. A. Di

Piazza [13, 35] obtained the parameter, R
C

that determine the condition for CRDR for a

counterpropagating electron with respect to laser field by solving the LL equation and is

written as

R

C

=

2

3

↵

~!0

mc

2
�0a

2
0(1 + �

x

) (2.37)

where �0 is initial gamma factor and �
x

=

p
�

2
0 � 1/�0. This parameter determine the

strength of RR. The effects of RR are strong if R
C

& 1 and negligible if R
C

<< 1.

The same condition can be obtained by using the same method for Sokolov’s

model: the equation of motion is multiplied by the laser wave vector k0. The major

term that contributes to RR is the last term of Eq. (2.31). By setting I

QED

= I

E

=

⌧0(k0 · p)2c2a20|d /d⇠|2 where ⇠ = k0 · x and  is an arbitrary scalar function of ⇠, we

obtain

(k0 · p) = (k0 · p)|
⇠=0

1 +R

C

R
⇠

0 |d 
d⇠

|2d⇠
. (2.38)
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2.5 Moderate quantum regime

The term (k0 ·p) is proportional to the electron kinetic energy. When R

C

>> 1, the kinetic

energy of electron reduces and being converted into radiation energy. When R

C

<< 1,

there is no significant energy conversion from the kinetic energy of electron into radiation

energy. However, there will be a region where R
C

<< 1 while � ⇠ 1. For example, the a

laser field of intensity I = 10

22 W/cm2 (a0 = 85) and wavelength � = 1 µm (~!0 = 1.23

eV, T = 3fs [one laser period]) counterpropagating with 1 GeV (�0 ⇡ 1957, �
x

⇡ 1)

electron is

R

C

⇡ 0.33, � ⇡ 0.8. (2.39)

In this case, the effects of RR are insignificant, but the quantum effect is not negligible at

� ⇡ 0.8. The quantum effects will modify the radiation emission spectrum instead of the

effects of RR.

2.5 Moderate quantum regime

At � ⇠ 1, emitted radiation carries away a large amount of the electron energy. In this situ-

ation, the change in momentum of the electron is discontinuous and the classical equation

of motion fails [36]. This effect is often referred as electron recoil or quantum recoil. The

quantum recoil can be explained in the context of photon rather than the classical field for

an emitting radiation. However, if we can obtain a correct description of radiation emis-

sion in this regime, the correction to the classical trajectory can provide an acceptable

approximation to the quantum processes. Besides, the classical approach of the radiation

emission overestimates the total radiated power when � approach unity. The electron

can emit radiation more than its own energy and do not conserve energy. When treated

quantum mechanically, the maximum emitted photon energy is limited by the electron

energy [7, 37, 38]. The quantum correction to classical equation is not included in the LL

equation. However, quantum modification is included in Sokolov model and represented

by I

QED

in Eq. (2.31). To include quantum effects, the following substitution is made on
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2. RADIATION REACTION

the second equation of Eq. (2.34) [30]:

⌧0 �! ⌧0
I

QED

I

E

. (2.40)

The expression I

QED

can be expressed by the probability rate of photon emission [39, 40]

dW

em

=

↵mc

2

p
3⇡~�

✓
1 � ⇠ +

1

1 � ⇠

◆
K2/3(�)

�
Z 1

�

K1/3(s)ds

�
d⇠ (2.41)

where

⇠ =

~!
�mc

2
, � =

2⇠

3(1 � ⇠)�

(2.42)

and K

⌫

(x) is modified Bessel function. The parameter ⇠ ensures that electron cannot emit

photon with energy larger than its own. At classical limit � << 1, the quantum emission

is reduced to classical synchrotron radiation

dP = EdW
em

! e

2
!

cp
3⇡c

1

�

2

!

!

c

[2K2/3(�) �
Z 1

�

K1/3(s)ds]d!

where P is the power radiated, !
c

is the critical frequency and � �! 2⇠/3�. When

integrated with respect to the emitted photon frequency, one obtains the expression I

E

(see Eq. (9) - (19) in Ref. [30]).

Fig. 2.1 shows the log-linear plot of the photon number distribution for 1 GeV sin-

gle electron backscattered from 83 fs laser pulse of intensity I = 10

22 W/cm2 by Sokolov

model with and without quantum correction. The classical limit is where I

QED

= I

E

being taken and it reduces to the LL equation. There is a clear distinction between quan-

tum case and the classical case for high photon energy production. One would observe the

suppression of high energy photon production in the experiment according to the quantum

description. Although the production of high energy photon is small for a single electron,

it will be significant for an electron beam. We can obtain the total emission energy by in-
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2.5 Moderate quantum regime

tegrating the area under the curve. Therefore, the inclusion of quantum recoil is necessary

to avoid the overestimation of conversion efficiency. Since LL equation does not contain

the term with quantum correction, the equation of motion suggested by Sokolov will be

implemented.
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Figure 2.1: Photon number distribution for 1 GeV electron backscattered from 83 fs laser
pulse of intensity I = 1022 W/cm2 by Sokolov model with (red line) and without (blue line)
quantum correction. The classical limit is where I

QED

= I

E

being taken. A clear distinction
between quantum case and classical case at high photon energy is observed.

As � ⇡ 1, the creation of electron-positron pair from emitted hard photons by

interacting with the same laser field may occur. This process is called the Breit-Wheeler

process [41]. Unlike the radiation emission process, the Breit-Wheeler process is a thresh-

old process. In order to create a pair with an optical laser with photon energy on the order

of 1 eV, the energy of the counterpropagating photon should be at least 250 GeV. In strong

laser field, a0 >> 1, multi-photon process or non-linear Breit-Wheeler process may help

in the pair creation. For 1 keV photon, around 10

6 optical laser photons are required to

reach the threshold energy. However, the effective mass of electron and positron in strong

laser field is m⇤ = m

p
1 + a

2
0/2 which leads to the up-shift of the threshold energy.

Besides, the cross section �
pair

/ exp(�8/3�

�

) where �
�

= �~!/�0mc

2 for counter-

propagating photons with respect to the EM field [42]. For the condition in Eq. (2.39),
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2. RADIATION REACTION

�

�

<< 1 and the probability for pair production is suppressed. It was also mentioned that

the pair could be created at the laser intensity of 1024 W/cm2 with two counterpropagating

circularly polarized laser beam.

We will work at initial kinetic energy of electron in the range of 10 MeV - 1

GeV which is within the current achievable electron beam energy by laser wakefield ac-

celeration, [43] the availability of 600 MeV accelerator facilities at ELI [44] and maxi-

mum total energy of 40 MeV electron beam with bunch charge up to 1 nC from Electron

Linac of high Brilliance and low Emittance (ELBE) at the Helmholtz-Zentrum Dresden-

Rossendorf (HZDR) [45]. The pair production is assumed to be negligible in the process

considered.

2.6 Ponderomotive Force

Apart from the effects of radiation reaction and quantum effects, the ponderomotive force

also plays a crucial role in the interaction of the electron with the intense laser field partic-

ularly a short pulse laser. The ponderomotive force is a second order force for a charged

particle moving in a spatially inhomogeneous oscillating external field. The first order

force being the force for a charged particle moving in a spatially homogeneous oscillating

external field. The derivation of the ponderomotive force can be obtained if the trajectory

of the charged particle is treated as a perturbation such that x = x0 + x1 + x2 where x0

is the initial position of the charged particle and x1 and x2 are the first order and second

order solution respectively. A crucial assumption for this solution is that the spatial vari-

ation of the field is much larger than the wavelength of the oscillating field. By assuming

an external electric field in one dimension

E(x, t) = E(x) cos(!0t) (2.43)

20



2.6 Ponderomotive Force

where !0 is the angular frequency of the oscillating field and E(x) vary slowly around its

initial position, the first order solution can be written as

m

dẋ1

dt

= eE(x0) cos(!0t) (2.44)

ẋ1 =

e

m!

E(x0) sin(!0t) (2.45)

�x1 = � e

m!

2
E(x0) cos(!0t). (2.46)

This is the solution for a charged particle in uniform oscillating field. If the electric field

is expanded around its initial position by means of Taylor expansion to the first order

E(x) = E(x0) + �x1
d

dx

E(x). (2.47)

the second order equation of motion is written as

m

dẋ2

dt

= e�x1
d

dx

E(x0) cos(!0t). (2.48)

Substituting Eq. (2.46) into Eq. (2.48), one obtains

m

dẋ2

dt

= � e

2

m

2
!

2
0

E(x0)
d

dx

E(x0) cos
2
(!0t). (2.49)

Averaging the time oscillating term over one period the equation of motion takes the form

F

p

= � e

2

4m!

2
0

d

dx

E

2
(x0). (2.50)

Eq. (2.50) is called the ponderomotive force which is proportional to the gradient of elec-

tric field square. When this force is strong, the charged particle tend to move into regions

of diminishing field strength. The direction of the motion is independent of the sign of

the charged particle. For a three-dimensional system including the magnetic field, the

ponderomotive force can be obtained by using the Faraday’s law cr ⇥E(x) = �!B(x).
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2. RADIATION REACTION

The resulting equation is

F

p

= �r�
p

(2.51)

where

�

p

=

e

2

2m!

2
0

< E

2
(x0) >

=

m

2

< ẋ

2
1 > . (2.52)

is the ponderomotive potential. Eq. (2.51) can also be interpreted as the minus gradient

of the average oscillating energy. For a relativistic particle travel in an external field, their

kinetic energy is mc

2
(� � 1) ' mc

2
(

p
1 + a

2 � 1) where a = eA/mc

2. By taking

the minus gradient of the average energy, the ponderomotive force in relativistic form is

written as

F

p

= �mc

2r(

p
1+ < a

2
>)

= �rm

eff

c

2 (2.53)

where m
eff

= m

p
1+ < a

2
> being the effective mass of a charged particle in an external

field. A more detail information about the ponderomotive force can be found in Ref.

[46, 47].
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Chapter 3

Numerical Scheme for Single Electron

In this chapter, we describe the numerical scheme to simulate the motion of an electron

in the laser field. The motion of a radiating electron is governed by Sokolov equation. In

order to verify the numerical scheme, we compare our simulation to a recent published

experimental result. The trajectories, time evolution of electron energy, emission spectra,

photon number distribution and photon angular distribution are presented. Different kinds

of conversion efficiencies are introduced. These conversion efficiencies are then shown

for various laser intensities and different pulse duration.

3.1 Algorithm implementation

We followed part of the algorithm implemented by Ref. [30]. The equation of motion

Eq. (2.33) is solved by using the standard leapfrog scheme. The position of the electron

is normalized by the Larmor radius for the speed of light R
m

and unit magnetic field

B

0
= 1. The simulation variables are normalised as follows:

x

0 �! x

R

m

, t

0 �! ct

R

m

, p

0 �! p

mc

, � �! E

mc

2
,

u

0 �! u

c

, E

0 �! eER

m

mc

2
, B

0 �! eBR

m

mc

,

f

0
Le

=

dp

0

dt

0 = E

0
+ u

0 ⇥ B

0
.
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3. NUMERICAL SCHEME FOR SINGLE ELECTRON

We should emphasize that we start the normalization of Lorentz force and Sokolov’s

equations in SI unit such that |E0| = |B0| = 1 and |E| = c|B| for electromagnetic field

in vacuum and the velocity is normalized by the speed of light. The particle is pushed

forward in time via leap-frog Boris scheme (see Sec. 4.1.4). Energy and velocity of the

electron are obtained. After that, the Lorentz force is recovered from the momentum.

At this stage, the value � is calculated for the used of emission process. The term ¯

u is

obtained from the Lorentz force and velocity. The RR force is then added to the momen-

tum and velocity. Finally, the particle position is obtained. The procedures are listed as

follows:

1. p

0n+1/2
= p

0n�1/2
+�t

0
f

0
Le

(E

0
,B

0
)

2. �n+1/2
=

q
1 + (p

0n+1/2
)

2

u

0n+1/2
= p

0n+1/2
/�

n+1/2

3. f

0
Le

= (p

0n+1/2 � p

0n�1/2
)/�t

4. � =

3
2
⌧

0
0
↵

�

p
(E

0
+ u

0 ⇥ B

0
)

2 � (E

0 · u0
)

2

5. ¯

u

0
= ⌧

0
0
f 0Le�u0(u0·f 0Le)
1+⌧ 00(u

0·f 0Le)

6. p

0n+1/2 �! p

0n+1/2
+�t{�[

¯

u

0 ⇥ B

0
] � u

0n+1/2
(�

n+1/2
)

2
(f

0
Le · ¯u0

)}

7. u

0n+1/2
= p

0n+1/2
/

q
1 + (p

0n+1/2
)

2
+

¯

u

0

8. x

0n+1/2
= x

0n
+ u

0n+1/2
�t

0

The parameter � determines the importance of QED effects. During the computation,

the lower limit of � is set to be 1 ⇥ 10

�3. Below this limit the motion of the electron is

treated as classical. Above this limit, the motion of the electron is modified as Eq. (2.40)

and I

E

is taken as classical synchrotron emission intensity. In the calculation of emission

spectrum, the probability of photon emission is negligible if � is below this limit.

A logarithmic grid for �
k

= A0exp[↵(k � 1.5)] and k 2 [1, 200] is introduced

where A0 = 1 ⇥ 10

�3 and ↵ = [ln(1000) � ln(0.001)]/199 such that �
k=1 = 1 ⇥ 10

�3
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3.1 Algorithm implementation

and �
k=200 = 1 ⇥ 10

3. In order to assemble the emission, energy bin is introduced. The

emission energy E = (�

n+1/2
)

2
(f

0
Le · ¯u0

)�t

0 is added into the suitable bin. The normalised

emission spectrum is calculated as

E
rad,i,k

�! E
rad,i,k

+

EdW
em,i,k

W

em,k

(3.1)

where i is a particular energy bin. The differential probability dW

em,i,k

depends on � and

E while total emission probability W

em,k

depends only on � of each time step. Instead of

calculating the differential probabilities and total probabilities at every time step, the data

arrays of W
em,k

and dW

em,i,k

are prepared in advance. During the calculation process, the

differential probability rate is obtained via interpolation at particular �
k

. The photon num-

ber distribution is obtained by dividing Eq. (3.1) with photon energy. In order to compute

the angular distribution of emission, an angular grid for a polar angle is introduced such

that ✓
j

= cos

�1
(�p

x

/

p
p

2
x

+ p

2
y

). The emission energy E is put into the proper angular

grid. The photon number distribution is converted into observable results by multiplying

the physical bin size and number of electrons. A bin size of 1 MeV is used throughout the

simulation.

For the sake of comparison of the emission spectrum with RR and without RR,

stage 5, 6 and 7 are not needed. The emission energy at each time step is obtained from

total power emitted by an electron with the correction as in Eq. (2.40) [7]. The emission

spectrum is then obtained from Eq. (3.1).

In the simulation code, the shape of the electron beam bunch may be considered

by using representative points (electrons). These points are located two-dimensionally

and uniformly around the center of the electron bunch. Then, the weight of each point is

defined by

w

i

= exp


�y

2
i

� z

2
i

�

2

�

weight

i

=

w

i

⌃

i

w

i

(3.2)
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3. NUMERICAL SCHEME FOR SINGLE ELECTRON

according to the position of the point (y, z) where i is the number electrons. The dynamics

of electrons is calculated for each point and the resulting emission spectrum is integrated

by using weight to include the effect of finite beam size.

3.2 Comparison with experiment

In order to verify the feasibility of the numerical scheme, we compare our simulation

result to a recently published experiment [20]. In the experiment, an electron beam is

scattered from a laser pulse of wavelength � ⇡ 800 nm and pulse duration of ⌧ ⇡ (42±4)

fs. In Fig. 3.1 (a), the measured laser intensity is shown with a sharp peak of a0 = 10. Due

to the small spatial extent of this sharp peak, there is only one in a hundred of the electrons

effectively interacts in this region. Therefore, a peak at a0 = 2 is used for numerical

calculation. The laser pulse is assumed to be Gaussian with the width of ⇠ 100 µm. In

Fig. 3.1(b), the electron spectrum with an average energy at 550 MeV is shown. The area

under the spectrum indicated by the red line is taken to be the number of electrons in the

bunch which contains about N = 3.7⇥ 10

8 electrons. The diameter of the electron bunch

is (30± 3) µm. The experimental results are shown in the green band in Fig. 3.2 (a). The

effects of RR and quantum effects are assumed to be negligible in the simulation in Ref.

[20] for a0 = 2 and a0 = 1. However, we included the effects of RR and quantum effects

for a0 = 2 in our simulation as shown in Fig. 3.2 (b). Our numerical scheme explains the

experimental result at classical and small RR limit (R
C

⇡ 1 ⇥ 10

�4, � ⇡ 0.01).

3.3 Dynamics of an electron in a laser pulse

In order to demonstrate the effects of RR in the interaction of a laser pulse with a coun-

terpropagating ultrarelativistic electron, the setup shown in Fig. 3.3 is considered. A

laser pulse which is linearly polarized in y direction and propagates in the �x direction is
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3.3 Dynamics of an electron in a laser pulse

(a) (b)

Figure 3.1: (a) Measured laser intensity for the scattering process . The laser profile was taken
to be Gaussian with a peak at a0 = 2. (b) The electron spectrum for scattering process. The
area under the red line is estimated to be the number of electron. Reproduced with permission
from G. Sarri et al., Phys. Rev. Lett. 113, 224801 (2014). Copyright 2014 American Physical
Society.
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Figure 3.2: (a) The photon number distribution of the scattering process. The green band is
the experimental results. The red line and red dashed line correspond to simulation results
with a0 = 2 and a0 = 1 respectively. Reproduced with permission from G. Sarri et al.,
Phys. Rev. Lett. 113, 224801 (2014). Copyright 2014 American Physical Society. (b) Our
numerical result with RR and quantum effect included for a0 = 2.

implemented, and the electric and magnetic field are expressed as

E

x

= E

z

= 0

E

y

= E0e
� y

2+z

2

�

2
0

e

� (!0t�kx)2

(!0t
L

)2
sin(!0t � kx)

B
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= B

y

= 0

B

z

= B0e
� y

2+z

2

�

2
0

e

� (!0t�kx)2

(!0t
L

)2
sin(!0t � kx) (3.3)
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!"�# $
1

Figure 3.3: The setup of a laser pulse interacting with an ultrarelativistic electron.

where �0 is the laser waist radius, k is the laser wave vector and t

L

is the laser pulse

duration. The laser spot size is set to 2 µm. In this work, single electron travel along the

laser beam axis is assumed. When the laser beam is focused to 2 µm the paraxial approx-

imation or beyond paraxial approximation would be a more realistic laser pulse [48, 49].

At the vicinity of the laser beam axis, the paraxial approximation with the longitudinal

electric and magnetic field components is sufficient for a laser beam with �0 � 1.06�

[48]. Besides, it was shown that relativistic particle travel close to the beam axis does not

experience a net acceleration by the electric field component along the trajectory of the

particle [49]. Thus, it poses no serious modification to the radiation emission process. The

amplitude of an oscillating electron in a laser field y0 / a0�/2⇡�0. For a0 = 85, �0 = 100

and � = 1 µm, y0 ⇠ 0.14 µm << 2 µm. Then the longitudinal component of the electric

field is small compared to the transverse component such that E
x

/E

y

/ ⇠" ⇠ 2 % where

⇠ = y/�0 and ✓0 = �/⇡�0 is the diffraction angle. Furthermore, the values of the Gouy

phase change from 0 to ⇡/2 as x changes from 0 to 1 (see Sec. 4.2 and Ref. [50]).

In this work, a pulsed laser beam is considered. At the edge of the pulse, the effect of

Gouy phase is negligible as the field strength is small. Therefore, the approximation of

Eq. (3.3) with �0 = 2� and � = 1 µm provide an acceptable estimation for an electron

moving along the laser beam axis.
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Figure 3.4: Electron trajectories with and without RR at (a)1021 W/cm2, (b) 1022 W/cm2, (c)
1023 W/cm2 and (d) 1024 W/cm2. The initial electron energies are 10 MeV, 50 MeV and 100
MeV. The amplitude of electron oscillation with RR is larger due to the decrease of Lorentz
factor � and the electron effective mass. In (a), a0 << �0 the ponderomotive force is small
and the electron passes through the laser; in (c) & (d), a0 >> �0 the ponderomotive force is
large and the electron changes its direction of motion.

3.3.1 Trajectories and time evolution of electron energy
Figure 3.4 shows the trajectories of the electron at different laser intensities with and

without RR. The effects of RR are not significant at the laser intensity of the order of 1021

W/cm2 as shown in Fig. 3.4 (a). As we increase one order of laser intensity, the effect

of RR begins to appear. The amplitude of electron oscillation with RR is significantly

larger as compared to the case without RR due to the decreasing of electron energy over

time (� = E/mc

2, see Fig. 3.6 and Fig. 3.7). This in turn leads to the decreasing of

electron effective mass. This is shown in Fig. 3.4 (b) for the case of 50 MeV and 100

MeV. The oscillation amplitude of the case of 100 MeV is almost two time larger for RR

as compared to the case without RR due to the reason described above.

On the other hand, an electron interacting with the inhomogeneous oscillating

electromagnetic field will experience the ponderomotive force. The electron tends to
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3. NUMERICAL SCHEME FOR SINGLE ELECTRON

move to the region of diminishing field amplitude as the ponderomotive force is propor-

tional to the negative of the gradient of electric field square. If the field amplitude a0 is

large enough electron may reverse its trajectory. This is shown in Fig. 3.4 (b) for the case

of 10 MeV and Fig. 3.4 (c) for the case of 10 MeV and 50 MeV. In the case of 100MeV

with RR the electron is reflected by ponderomotive force, but the case without RR is seen

to show the passing case. This depends on how much energy electron loses its kinetic

energy during the interaction with the laser pulse. The final direction of the deflected

electron (up or down) depends on its final position in the laser carrier envelope phase.

The regime that determines the passing thru and reflected case is generally cate-

gorised by the laser normalized amplitude, a0 and initial Lorentz factor �0. For a0 << �0

the ponderomotive force is small and the electron passes through the laser while a0 >> �0

the ponderomotive force is large and the electron changes its direction of motion.

As shown in Fig. 3.5 (a), there is no difference between the initial energy and the

final energy for the case without RR. When the effects of RR are included, the energy of

electron decreases. Meanwhile in Fig. 3.5 (b), the electron first loses some amount of

energy and then accelerated to higher energy for the case with RR. When the effects of

RR are ignored, the electron is accelerated to the energy lower than the case of RR. In this

work, the laser pulse with a spot size (waist radius) of 2 µm is used. When the electron

is accelerated to very high energy, it escapes from the focused region. This explains the

jump in electron energy at 240 fs in Fig. 3.5 (b) for the case of RR. The trajectory for the

corresponding process is shown in Fig. 3.4 (d) for 100 MeV electron. The interval of the

vertical scale is [�2, 2] µm. The situation in Fig. 3.5 (a) corresponds to a0 << �0 while

in Fig. 3.5 (b) corresponds to a0 >> �0. The intermediate situation a0 ⇠ �0 is shown

in Fig. 3.6 (c) where a0 = 268 and �0 ⇡ 200 for 100 MeV electron. In this situation,

the electron first lost energy and then accelerated to different final energy either lower or

similar to its initial kinetic energy depends on its last position in the focused region.

In Fig. 3.6 (a), the time evolution of electron energy at the laser intensity of 1021

W/cm2 is shown for electron initial energies of 10 MeV, 20 MeV, 30 MeV, 40 MeV, 50

MeV and 100 MeV. The same plots are shown in (b), (c) and (d) at the laser intensities
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Figure 3.5: Comparison of the time evolution of electron energy at laser intensities (a) 1022

W/cm2 and (b) 1024 W/cm2 for case with RR (red line) and without RR (blue). The initial
energy of electron for at both intensities is 100 MeV. The situation in (a) corresponds to the
condition where a0 << �0 while in (b) corresponds to the condition where a0 >> �0.

of 1022 W/cm2, 1023 W/cm2 and 10

24 W/cm2 respectively. An electron with initial energy

of 100 MeV propagates and loses its energy when interacting with the laser pulse at 1021

W/cm2 at 190 fs. The electron settles down to lower energy after leaving the laser pulse

as shown in Fig. 3.6 (a). However, for the case of 10 MeV to 50 MeV electron does not

show significant energy losses.

When laser intensity is increased in one order of magnitude to 10

22 W/cm2, elec-

tron with initial energies 30 MeV, 40 MeV, 50 MeV and 100 MeV shows a pattern of

energy loss where 100 MeV being the strongest as shown in Fig. 3.6 (b). Meanwhile, the

electron with an initial energy of 10 MeV interacts with the laser pulse at 180 fs gains

energy and is accelerated to higher energy. These results correspond to the trajectories

shown in Fig. 3.4 (b) and the reasons explained there.

If the laser intensity is further increased to 10

23 W/cm2 as shown in Fig. 3.6 (c), the

electron first loses some energy when interacting with the laser pulse. Then the electron

is accelerated to higher energy in the case of 100 MeV. For other cases, electrons gain

energy directly from the laser pulse. Similar results are observed at the laser intensity of

10

24 W/cm2 for all energies as shown in Fig. 3.6 (d).

Similar plot is shown in Fig. 3.7 for the cases of 200 MeV, 400 MeV, 600 MeV,

800 MeV and 1000 MeV. At the laser intensity of 1021 W/cm2 in Fig. 3.7 (a), the electrons

show the pattern of energy loss for all cases and settle down to different final energies. On
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Figure 3.6: The time evolution of electron energy at different laser intensities are shown with
the effects of RR included. The electron initial energies are 10 MeV, 20 MeV, 30 MeV, 40
MeV, 50 MeV and 100 MeV.

the other hand, the electrons lose their energy and come to the same final energy (i.e. 30

MeV) for intensity 10

22 W/cm2 as shown in Fig. 3.7 (b). The similar pattern also occur

in Fig. 3.7 (c) and (d) at the laser intensity of 1023 W/cm2 and 10

24 W/cm2 where the

electrons energies converge to the same point around 180-190 fs. It is unclear what is the

reason for this behaviour; however, quantum effects are expected to responsible for this

behaviour. A further study on this behaviour should be carried out in the future.

The situation in Fig. 3.7 (c) at 1023 W/cm2 is similar to the case of 100 MeV in

Fig. 3.6 (c) except that the electron does not gain energy higher than its initial energy.

Meanwhile, at the laser intensity of 1024 W/cm2 in Fig. 3.6 (d) the electrons gain energy

higher than its own except for the case of 400 MeV. The final energy of the electron is

dependent on the laser spot size.

3.3.2 Emission spectra for long and short laser pulse duration
When a relativistic electron moves in the laser field, high energy radiation is emit-

ted in the direction of electron momentum. The emission spectra of electrons with initial

32



3.3 Dynamics of an electron in a laser pulse

100
200
300
400
500
600
700
800
900

1000
1100

160 180 200 220 240 260

(a)

I=1021 W/cm2

E
ne

rg
y 

[M
eV

]

0
100
200
300
400
500
600
700
800
900

1000
1100

160 180 200 220 240 260

(b)

I=1022 W/cm2

E
ne

rg
y 

[M
eV

]

200 MeV
400 MeV

600 MeV
800 MeV

1000 MeV

0
100
200
300
400
500
600
700
800
900

1000

160 200 240 280 320

(c)

I=1023 W/cm2

E
ne

rg
y 

[M
eV

]

Time [fs]

0
200
400
600
800

1000
1200
1400

160 200 240 280 320 360

(d)

I=1024 W/cm2

E
ne

rg
y 

[M
eV

]

Time [fs]

Figure 3.7: The time evolution of electron energy at different laser intensities are shown with
the effects of RR included. The electron initial energies are 200 MeV, 400 MeV, 600 MeV,
800 MeV and 1000 MeV.

energy between 10 MeV - 1GeV scattering from 83 fs laser pulse at I = 10

21 W/cm2

and I = 10

22 W/cm2 are shown in Fig. 3.8. The emission spectra is normalized to initial

kinetic energy of electron. Intuitively, one may expect that the peak location of the emis-

sion spectrum will increase as we increase the initial kinetic energy of the electron. For

instance, the peaks of the emission spectra shift to the right when the energy of the elec-

tron is increased as shown in Fig. 3.8 (a). However, the peaks are saturated around 1 MeV

at I = 10

22 W/cm2 even if the electron energy is increased to 1 GeV as shown in Fig. 3.8

(b). It was shown that an electron with an initial energy of 1 GeV counterpropagtes with

respect to the laser at I = 10

22 W/cm2 (R
C

⇡ 0.33) is below the CRDR. However, the

condition for CRDR is defined for single laser period. For R
C

< 1 the integral term in Eq.

(2.38) can be larger than unity for a laser pulse. In order to make a prediction, we assume

a linearly polarized vector potential of the laser field that resembles Gaussian shape

a = a0 (⇠)ŷ (3.4)
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Figure 3.8: Emission spectra of an electron with different initial energy interacting with 83
fs laser pulse at (a) I = 1021 W/cm2 and (b) I = 1022 W/cm2. The emission spectra is
normalized to initial kinetic energy of electron. The peak location of the spectra at I = 1022

W/cm2 are saturated as the initial energy of electron increases due to RR effects.

where  (⇠) = g(⇠)e

i⇠, g(⇠) = sech(⇠/⇠0), ⇠0 = !0tL = 2⇡N and N is the number of

laser cycles. The pulse shape function g(⇠) = sech(⇠/⇠0) is chosen instead of g(⇠) =

exp[�(⇠/⇠0)
2
] and the condition g

0
<< g is satisfied for simplicity of analytic estimation.

The second term of the denominator of Eq. (2.38) becomes

R

C

⇠0 tanh

✓
⇠

⇠0

◆
. (3.5)

For a short laser pulse duration, ⇠0 ⇠ 1, the term R

C

⇠0 �! R

C

and the effects of RR are

negligible for R
C

<< 1. For a long laser pulse duration, ⇠0 >> 1 and R

C

⇠0 & 1 then the

RR is not negligible even if R
C

<< 1. As a result, the effects of RR become significant

as a cumulative effect.
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3.3 Dynamics of an electron in a laser pulse

The difference in the photon number distribution between the laser intensity of

10

21 W/cm2 and 10

22 W/cm2 can be observed in the production of high energy photon.

For instance, no photon with energy of 1 MeV is produced by 10 MeV electron at 1021

W/cm2 as shown in Fig. 3.9 (a), while some photons with this energy are produced at

10

22 W/cm2 as shown in Fig. 3.9 (b). The number of photon produced with the energy of

1 MeV at the laser intensity of 1022 W/cm2 by the electron with energy above 100 MeV

are roughly the same as shown in Fig. 3.9 (b). It can be concluded that the increase in

laser intensity opens the channel for high energy photon production. The effects of RR

on photon production will be shown next.
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Figure 3.9: Photon number distribution of an electron with different initial energy interacting
with a 83 fs laser pulse at (a) I = 1021 W/cm2 and (b) I = 1022 W/cm2.

The comparison of emission spectra and photon number distributions for 100 MeV
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Figure 3.10: Comparison of emission spectra and photon number distribution with RR and
without RR for 83 fs laser pulse interacting with 100 MeV electron. (a) The emission spectra
for two different intensities. (b) The photon number distribution at the laser intensity of
I = 1021 W/cm2 and (c) at I = 1022 W/cm2. In 0.1% bandwidth at 15 MeV photon energy,
an electron emits about 2.5 ⇥ 109 photons per pulse with RR while 7.2 ⇥ 1010 photons per
pulse without RR at I = 1022 W/cm2. The difference of photon production rate is small at
I = 1021 W/cm2.

electron are shown in Fig. 3.10 (a) & (b) at I = 10

21 W/cm2 with R

C

⇡ 3 ⇥ 10

�3. For

example, a laser pulse of 1000 cycles, the RR becomes significant but for a 83 fs, the

pulse duration is about 25 cycles. Thus, for 83 fs pulse duration, the cumulative effects

of RR are small where R

C

⇠0 ⇡ 0.47 < 1. The same situation at I = 10

22 W/cm2 gives

R

C

⇡ 0.03 and the cumulative effects of RR become significant for a 83 fs laser pulse

(R
C

⇠0 ⇡ 4.71 >> 1) as seen in Fig. 3.10 (a) & (c). The number of emitted photon will

be different for an electron scattering off a 83 fs pulse at I = 10

22 W/cm2. For instance,

an electron emits about 2.5 ⇥ 10

9 photons per pulse in 0.1% bandwidth of photon energy

at 15 MeV. This is 30 times smaller that the case without RR. On the other hand, there is

only about 5 times difference for the case at I = 10

21 W/cm2 as seen in Fig. 3.10 (b).

The emission spectra of similar configuration and parameters with pulse duration

of 10 fs are shown in Fig. 3.11 (a) & (b) for laser intensity of 1021 W/cm2 and 10

22 W/cm2

respectively. It is easily observed that the spectra scaled intuitively with electron energy

because the cumulative effects of RR are small for a 10 fs laser pulse. Fig. 3.12 compares

the spectra with and without RR for a pulse duration of 10 fs and R

C

⇠0 ⇡ 0.56 < 1 at the

laser intensity of 1022 W/cm2. From this figure, we can conclude that the RR dominantly

affects the spectrum when the laser pulse duration is long.
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Figure 3.11: Emission spectra of an electron with different initial energy interacting with 10
fs laser pulse of intensity (a) I = 1021 W/cm2 and (b) I = 1022 W/cm2.

3.3.3 Peaks of the emission spectra
In order to compare the peak location of our results to the case without RR, we use the

result of synchrotron radiation in which the effects of RR is not taken into account. Fol-

lowing the principle of synchrotron radiation in uniform magnetic field, a charged particle

moves at relativistic speed in circular orbit emits radiation into a cone of �✓ / 1/� and

observer sees the radiation with a time duration of [17, 27]

T =

1

2�

2

⇢

c�

(3.6)

where ⇢ is the radius of curvature. The emission spectrum contains harmonics and extends

up to critical frequency

~!
c

=

3

2

�

3~c
⇢

. (3.7)
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Figure 3.12: Comparison of emission spectra and photon number distribution with RR and
without RR for a laser pulse duration of 10 fs interacting with 100 MeV electron.

For an arbitrary motion of a charged particle in the external field, a portion of the path

traveled are assumed resembling an arc of circle. The critical frequency is written as

~!
c

=

3

2

�

2~eB
m

(3.8)

where the radius of curvature is given by m�c�/eB and � ! 1 for a particle that moves

with ultrarelativistic speed. In the case of an electron that counterpropagates with respect

to a laser pulse such that � � p

0
= 2�,

� =

2

3

~!0

mc

2
(� � p

0
)

����
da(⇠)

d⇠

���� ⇠ 4

3

~!0

mc

2
a0�. (3.9)

Following, Ref. [30] the critical frequency can be written as

~!
c

=

4

3

�

2~!0a0. (3.10)

From synchrotron radiation, the peak of the emission spectrum is located at

~!
peak

= 0.29~!
c

. (3.11)
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3.3 Dynamics of an electron in a laser pulse

This relation does not include the effect of RR. Eq. (3.11) is plotted as blue solid and

red dashed lines at 1022 W/cm2 and 10

21 W/cm2 respectively in Fig. 3.13. The data

points are obtained from numerical results with the effects of RR. For a pulse duration

of 83 fs (Fig. 3.13 (a)) the peak locations at 1022 W/cm2 (blue square points) fall below

the peak locations at 1021 W/cm2 (red triangle points) at electron energy 200 MeV and

above. There is not much different for electron energies 40 MeV - 100 MeV. The effects

of RR for 83 fs pulse are strong at 1022 W/cm2 with increasing initial kinetic energy of the

electron. The peaks of emission spectra are strongly suppressed. In contrast, the peaks

follow the relation in Eq. (3.11) at 1021 W/cm2 and 10 fs pulse duration (Fig. 3.13 (b),

red triangle points). Similarly, the peak locations at 1022 W/cm2 follow the relation up

to 100 MeV and begin to deviate (Fig. 3.13 (b), blue square points) and converge to the

same points as in 10

21 W/cm2 at 600 MeV - 1000 MeV.

3.3.4 Angular distributions
In synchrotron radiation, the radiation is emitted in the direction of the electron mo-

mentum within a very narrow angle. Most of the radiation is emitted within �✓ where

�✓ / 1/�. In Fig. 3.14, the angular distributions of 100 MeV electron interacting with

83 fs laser pulse at 1021 W/cm2 and 10

22 W/cm2 were shown for the case with RR and

without RR. With the inclusion of RR, the Lorentz factor decreases as electron moves

in the laser field. In other words, the electron is slowed down by its own emission and

the average Lorentz factor, < � > decreases. This results in the broadening of angular

spread. This effect becomes large for higher intensity where RR effectively modifies the

electron energy.

3.3.5 Conversion efficiency
We define the total emitted energy and electromagnetic work done normalized

to initial kinetic energy of electron E
rad

/E0 and E
EM

/E0 respectively as two different

conversion quantities for an electron. The electromagnetic work done is calculated by
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Figure 3.13: The peaks of the emission spectra versus initial kinetic energy of electron for (a)
83 fs and (b) 10 fs laser pulse. The points are numerical results with RR while the lines are
the prediction of the peaks as given in Eq. (3.11) without RR.
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Figure 3.15: (a) Total emitted energy normalized to initial kinetic energy of electron E
rad

/E0

as the function of laser pulse duration where E0 = 40 MeV. (b) Electromagnetic work done
normalized to electron initial energy as the function of laser intensity with RR (solid line) and
without RR (dashed line) for pulse duration of 80 fs. (c) Total emitted energy normalized to
initial kinetic energy of electron E

rad

/E0 as the function of laser intensities. (d) Radiation
energy conversion from electromagnetic work done and initial kinetic energy of electron.
Points are numerical result and connected by lines.

integrating the second term on the right hand side of Eq. (2.36):

E
EM

=

Z
e(u+

¯

u) · E dt. (3.12)

These values may be larger than 100 % and indicating the possibility of excess energy

conversion from laser pulse. We also define E
rad

/(E
EM

+E0) as radiation energy conver-

sion from electron initial energy and electromagnetic work done. We consider an electron

with initial kinetic energy of 40 MeV which is available at ELBE in HZDR [45].

Fig. 3.15 (a) shows the total emitted energy normalized to electron initial energy

as the function of pulse duration. At the laser intensity of 1021 W/cm2 and 10

22 W/cm2,

the RR is small for a short laser pulse. Thus, only small amount of electron energy is

lost into radiation energy. As the laser pulse duration increases, the RR becomes large

as a cumulative effect and total electron energy lost into radiation is increased. This
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3.3 Dynamics of an electron in a laser pulse

was discussed in Sec. 3.3.2. For these two intensities, the radiation energy comes from

the electron and the electromagnetic work done is relatively small. Therefore, the total

radiation energy loss is limited by electron initial energy for pulse duration beyond 100 fs

and not more than 100 %. At the laser intensity of 1023 W/cm2 and 10

24 W/cm2, the total

radiation energy is more than 100 %. The excess of energy is drawn from the laser pulse.

This is related to electromagnetic work done as shown in Fig. 3.15 (b). However, not

all the electromagnetic work done is converted into radiation energy. Most of the work

done is used on electron acceleration to higher energy. The longer the pulse duration, the

more energy gain by electron for acceleration. Therefore, the emitted radiation energy is

suppressed as pulse duration increases.

The work done by the electric field is a conversion of field energy into the mo-

mentum of the charged particles. In order to make the field energy conversion happen, the

electron velocity has to be parallel to the electric field. The parallel component of electron

velocity propagating inside the laser pulse is small for a high initial kinetic energy of the

electron. This can be understood from Fig. 3.4 where the velocity is proportional to the

trajectory. Therefore, this implies that the work done for an electron with an initial energy

of 1 GeV is very small. The decrease of electromagnetic work done with the increasing

of the initial kinetic energy of an electron applies to both cases with RR and without RR.

However, the work done for the case with RR is slightly higher than the case without RR.

This is due to the decreasing of electron effective mass that leads to a larger parallel com-

ponent of electron velocity. This explains the curve shown in Fig. 3.15 (b). As the laser

intensity increases, where a0 >> �0, the electron reverses its direction of motion for the

case with RR. The work done by electromagnetic field become very large, and most of the

work done is used to accelerate the electron to higher energy. For the case without RR, the

electron may not reverse its direction of motion and the work done remains small. This

is shown in Fig. 3.15 (b) from the laser intensity of 1022 W/cm2 to 10

23 W/cm2. Beyond

that, electron reverses its trajectory for both cases with RR and without RR. Therefore,

the difference of the work done in both cases appears to be small.

In Fig. 3.15 (c) the normalized emitted radiation energies are shown as the func-
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tion of laser intensities. At the laser intensity of 1021 W/cm2 and 10

22 W/cm2, the radia-

tion energy comes mostly from electron. As laser intensity increases to 10

23 W/cm2 the

electromagnetic work done is dominant and electron emits radiation energy more than its

own initial kinetic energy. As described in Fig. 3.15 (a), the longer the pulse duration,

the more energy gain by electron for acceleration instead of emission of radiation at the

laser intensity of 1023 W/cm2 to 10

24 W/cm2. The same explanation applies to the emitted

radiation energy for the same laser intensity.

On the other hand, the emitted radiation energy normalized to the total of electro-

magnetic work and its initial kinetic energy is shown in Fig. 3.15 (d). The optimum of

the conversion rate for different pulse duration is observed. For a pulse duration of 10 fs,

electron converts up to 80 % of the total of electromagnetic work and its initial kinetic

energy at the laser intensity of 2 ⇥ 10

23 W/cm2. The electron emits a total energy of

1.8 ⇥ 10

�11J. For a bunch of 6 ⇥ 10

9 electrons from ELBE at HZDR, the total emission

energy would be 0.1 J. As the laser intensity is further increased, the radiation emission

is limited by electron initial kinetic energy and the electromagnetic work done goes to

electron acceleration.

3.4 Summary

In summary, we have demonstrated the effects of RR in the numerical simulation of an

ultraintense laser pulse interact with a relativistic electron. In the consideration of the

QED effects, we employed the Sokolov’s model in the simulation. We began by consid-

ering an electron with kinetic energy within the range 10 MeV - 1 GeV undergoes head

on collision with counterpropagating 83 fs Gaussian shape laser pulse. We observed that

the dynamic of an electron in laser pulse is different with and without RR included. By

including the RR effects, the amplitude of electron oscillation is larger due to the decreas-

ing of Lorentz factor � and lead to the decreases of electron effective mass. For a0 << �0

the ponderomotive force is small and the electron has sufficient energy to pass through the
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laser pulse. While for a0 >> �0 the ponderomotive force is large and electron direction

of motion is reversed.

From the emission spectra, we found that the effects of RR could be observed

by using a laser with longer pulse duration at intensities ⇠ 10

22 W/cm2 interacting with

100 MeV counterpropagating electron. It was shown that the peaks of emission spectra

were suppressed as the initial kinetic energy of electron increased. We found that such

suppression is due to the cumulative effects of RR in many cycles laser pulse. These

effects are small for a 10 fs laser pulse. For an electron with an energy of 100 MeV

undergoes head on collision with a laser pulse of 83 fs pulse duration, the electron emits

roughly 2.5⇥10

9 photons per pulse at photon energy 15 MeV in 0.1% bandwidth with RR

included. At the same energy and bandwidth, the electron would emit around 7.2 ⇥ 10

10

photons per pulse without RR effect which is 30 times higher from the former case. On

the other hand, the electron emits radiation into wider angle if RR is taken into account

as the electron continuously lost a significant amount of energy inside the laser pulse.

By taking into account the effects of RR, electron losses significant amount of energy

into radiation emission and part of the electromagnetic work done on the electron is also

converted into radiation emission. The total emitted energy is limited by the initial kinetic

energy of the electron and also the work done. For a bunch of 6 ⇥ 10

9 electrons with an

initial energy of 40 MeV would emit about 0.1 J of radiation when interacting with a 10 fs

laser pulse at the laser intensity of 2⇥10

23 W/cm2. The laser energy reduction is assumed

to be negligible for the dynamic of an electron in the laser pulse. The laser pulse energy is

then assumed to be constant. For a bunch of 1 billion electrons or higher, the laser energy

loss has to be included and treated self-consistently by solving Maxwell’s equations.
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Chapter 4

Particle-in-Cell (PIC) Method

4.1 Particle-in-Cell Algorithm

Particle-in-Cell (PIC) method was developed in the late 1950’s and early 1960’s to bring

the connection between theoretical and experimental study in the field of plasma physics.

In plasma, the motion of electrons and ions are governed by the electromagnetic field gen-

erated by themselves. In a straightforward manner, one may compute the force for each

particle. However, it is impossible to calculate all of them even with the most powerful

supercomputer up to date for a typical laboratory plasma consisting 10

10�14 particles in

one centimetre cube. This makes the numerical analysis of the behaviour of plasma be-

comes difficult. Instead, one can make the assumption such that one simulation particle is

a representation of many real particles. Such particle is called superparticle or macropar-

ticle. By doing this, the computational power required can be reduced and making the

numerical analysis of plasma possible.

On the other hand, when this assumption is made, the charge and mass of sim-

ulation particle are enlarged while the ratio between them is kept. This makes the force

among the simulation particles become large as compared to the real plasma and increases

the collisional effect. This becomes a problem to the study of the plasma behaviour es-

pecially high-temperature plasma in many phenomena in which the collisional effect is

negligible. In order to reduced the collisional effect, the Finite-Size Particle (FSP) is used
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instead of Zero-Size Particle (ZSP).

Figure 4.1: The flow chart of PIC method in one time step. The field components are first
interpolated to the particle position. The particle position and velocity are pushed forward
in one time step. FRR is the correction to the Lorentz force. From the particle position and
velocity, charge density and current density are assigned to the nearest grid points. After that,
the new fields are computed by Maxwell’s equations. This process repeats until the simulation
terminated.

In PIC method, the simulation space is divided into the grid. The electromagnetic

fields, charge density and current density are defined on the grid nodes. Meanwhile, the

particles can move freely through the grid. Since the fields are defined on the grid nodes,

they are interpolated to the position of the particle so that the particle can be pushed to its

new position by solving the equation of motion. The particle is pushed forward in time

by using leapfrog Boris scheme. Next, the charge of simulation particle is assigned to its

neighbouring grid nodes and the new fields are computed by Maxwell’s equations. The

information of the new fields and particles are brought to the next iteration, and the same

process is repeated. The steps are shown in Fig. 4.1.

The radiation reaction force and radiation spectrum are computed based on the

method introduced in Sec. 3.1. Detail of Boris scheme and method of solving Maxwell’s
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equations will be discussed in the coming sections.

4.1.1 Finite-Size Particle (FSP)
The finite-size particle is an artificial simulation particle in which the shape or charge

distribution is pre-defined. The shape of FSP is defined such that they feel the Coulomb

force of each other when they are far apart while the force is small when they are near. For

instance, a collection of point charges or zero-size particle can be described using delta

function as

q

SP

�(r � r

p

) (4.1)

where r

p

is the position of the superparticle and q

SP is the chrage of a superparticle so

that

q

SP

= Mq (4.2)

where M is the number of real particle in the superparticle. The delta function is three

dimensional where �(r) = �(x)�(y)�(z). However, the Coulomb force between two

superparticles in two and three dimensions becomes large when they are close to each

other. The Coulomb force scales as r�(D�1) where D is the number of spatial dimensions.

On the other hand, Coulomb force falls off slowly at large distance and gives rise to the

collective behaviour of plasma. In order to keep the collective behaviour while reducing

the collisional effect, Eq. (4.1) is replaced by

q

SP

S(r � r

p

). (4.3)

where S(r) is shape factor. The shape factor is symmetry with respect to the origin and

the integral in all space is Z
S(r)d

3
r = 1. (4.4)
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and S(r � r

p

) = S(x � x

p

)S(y � y

p

)S(y � y

p

). The charge density and current density

are written as

⇢(r, t) =

X

s

q

SP

s

N

SP

sX

p

S(r � r

p

)

J(r, t) =

X

s

q

SP

s

N

SP

sX

p

v

ps

S(r � r

p

) (4.5)

where s is the species of particle (e.g. ion, electron, positron) and N

SP

s

is the total number

of superparticle for each species.

4.1.2 Field interpolation and Charge decomposition
The FSP is placed at any location in the simulation space. In order to push the particle

forward by using the equation of motion, the fields have to be interpolated to the particle

position. For example, the average effective electric and effective magnetic field acting

on the superparticle in one dimension are

E(x

p

, t) =

Z
E(x)S(x � x

p

)dx. (4.6)

Eq. (4.6) calculates the overlap of shape function with the function E(x) representing

the fields in a grid cell. By assuming E(x) is constant and performing integration from

x

p

��x to x

p

+�x for a triangular shape factor the field at particle position is

E(x

p

, t) =

1

2

✓
1

2

+�

◆2

E

i�1 +

✓
3

4

��2

◆
E

i

+

1

2

✓
1

2

��
◆2

E

i+1 (4.7)

where � =

x

i

�x

p

�x

where �x is the grid spacing. The overlap of the shape function with

the constant fields in a grid cell is illustrated in Fig. 4.2. Besides, the charge density and

current density in Eq. (4.5) are continuous in space and have to assign to its neighbouring

cell nodes so that the new fields can be obtained by solving Maxwell’s equations. This

method is very similar to the field interpolation. It calculates the overlap of the shape

function with the i

th cell. The charge density and current density decomposition are
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Figure 4.2: The illustration of (a) density decomposition and (b) field interpolation. The
region between the dotted lines indicates the territory of x

i

. The coloured areas are the overlap
of the particle shape function with the (a) grid and (b) field. The colour box represents the
field which is assumed to be constant inside a grid territory.

written as

⇢(i) =

X

s

q

SP

s

N

SP

sX

p

1

�x

W (x

i

� x

p

)

J(i) =

X

s

q

SP

s

N

SP

sX

p

v

ps

�x

W (x

i

� x

p

) (4.8)

where

W (x

i

� x

p

) =

8
>>>>>><

>>>>>>:

3
4 ��2

, if |�|  1
2

1
2(

3
2 � |�|)2, if 1

2 < |�|  3
2

0, |�| > 3
2

(4.9)

is the weight function for a triangular shape factor. The equation of motion for superpar-

ticle reads

d�u

sp

dt

=

Q

s

M

s

[E(x

sp

, t) + u

sp

⇥ B(x

sp

, t)] (4.10)

where Q

s

/M

s

is the charge to mass ratio for superparticle. It should be noted that the

charge to mass ratio of the superparticle is the same as single point particle.
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4.1.3 Maxwell’s equations
The 3 dimensional Maxwell’s equations are

r · E =

⇢

✏0
(4.11)

r · B = 0 (4.12)

r ⇥ E = �@B
@t

(4.13)

r ⇥ B = µ0J+

1

c

2

@E

@t

. (4.14)

In PIC method, r·E = ⇢/✏0 and r·B = 0 are assumed to be satisfied at initial condition.

Therefore, the charge is conserved and one have to solve only Eq. (4.13) and Eq. (4.14).

For instance, by inserting r · E = ⇢/✏0 into Eq. (4.14) and taking the divergence of both

side, one obtain the continuity equation

r · J+

@⇢

@t

= 0 (4.15)

which is a statement of charge conservation. The Maxwell’s equations are discretized in

space and time and solved by using Finite Different Time Domain (FDTD) method. In

FDTD method, fields are distributed onto the grid nodes as shown in Fig. 4.3. This is

Figure 4.3: The position of the field components on the grid nodes. (a) The transverse mag-
netic mode (TM) and (b) the transverse electric (TE) mode.
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slightly different from Yee scheme [51] where the field components are defined at the

centre of a grid. The time and space derivative are discretized according to the finite

centre difference which is accurate to second order. In the time domain, the update of E

field and B field are staggered according to leapfrog scheme. The E field is advanced by

integer time step while B field is advanced by half integer time step. The discretized form

of Eq. (4.13) and Eq. (4.14) reads

E

n+1
y

(i, j, k) = E

n

y

(i, j, k) + c�t

"
(B

n+ 1
2

x

(i, j, k + 1) � B

n+ 1
2

x

(i, j, k � 1))

2�z

� (B

n+ 1
2

z

(i+ 1, j, k) � B

n+ 1
2

z

(i � 1, j, k))

2�x

#

� J

n+ 1
2

y

(i, j, k)�t

B

n+ 3
2

z

(i, j, k) = B

n+ 1
2

z

(i, j, k) + c�t


(E

n+1
y

(i+ 1, j, k) � E

n+1
y

(i � 1, j, k))

2�x

� (E

n+1
x

(i, j + 1, k) � E

n+1
x

(i, j � 1, k))

2�y

�
.

(4.16)

Meanwhile, the magnetic field at integer time step is obtained as follow for the used of

particle pusher:

B

n+1
z

(i, j, k) =

1

2

[B

n+ 3
2

z

(i, j, k) + B

n+ 1
2

z

(i, j, k)]. (4.17)

For the stability and accuracy of this scheme, the time step have to satisfy the Courant

condition such that c�t/�x < 1/

p
3 for �x = �y = �z.

On the other hand, the calculation of charge density and current density requires

the position and velocity of the particle which is defined at the different time. Thus, the

local charge conservation can not be guaranteed. In order to make sure the local charge

conservation at each time step, the current density should be derived from the continuity

equation in finite difference form. In this scheme, Gauss law and r · B = 0 should

be initially satisfied so that the charge conservation is ensured for each time step. This

current conserving scheme is valid for an arbitrary form-factor in Cartesian coordinate.
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Detail steps and algorithm of this scheme can be found in Ref. [52].

4.1.4 Boris pusher
After obtaining the field at particle position, the new position and momentum of particle

are calculate according to the equation of motion:

d�u

sp

dt

=

Q

s

M

s

[E(x

sp

, t) + u

sp

⇥ B(x

sp

, t)]

dx

sp

dt

= u

sp

. (4.18)

Although the superparticle is used in plasma simulation but the number of superparticles

required is still very large. Particle pusher in the simulation is the most CPU time con-

suming since each particle needs to be moved separately. Therefore, an efficient particle

pusher is important. There are two schemes used for the particle pusher namely the im-

plicit and explicit pusher. In the implicit method, the velocity of the particle is updated

using the new field. Whereas, in the explicit method the velocity of the particle is updated

using the old force which is easier and faster. Two frequently used explicit pusher are

leapfrog method and Boris method [53]. The leapfrog method of Eq. (4.18) is written as

p = �u

p

n+ 1
2 � p

n� 1
2

�t

=

Q

s

M

s

"
E

n

+

p

n+ 1
2
+

n� 1
2

2�

n

⇥ B

n

#

x

n+1 � x

n

�t

=

p

n+ 1
2

�

n+ 1
2

. (4.19)

In Boris pusher, the electric force and magnetic force are separated completely by substi-

tuting

p

n� 1
2

= p

� � Q

s

M

s

E

�t

2

p

n+ 1
2

= p

+
+

Q

s

M

s

E

�t

2

(4.20)

53



4. PARTICLE-IN-CELL (PIC) METHOD

into second equation of Eq. (4.19). As a result, it becomes

p

+ � p

�

�t

=

Q

s

2M

s


p

+ � p

�

2�

n

⇥ B

n

�
(4.21)

which is a rotation. At first, pn� 1
2 undergoes half time step acceleration by electric force

to get p�. Then, p� is rotated by the magnetic force to obtain p

+ and then undergoes

the remaining half time step acceleration by electric force to obtain p

n+ 1
2 . The Boris

algorithm is summarized as follow:

• p

�
= p
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2
+
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s
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�t
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4.1.5 Energy balance
In PIC method, the field evolves according to Maxwell’s equations. During the interac-

tion, energy is transferred from particle to field or vice versa. Thus it is important to check

the energy balance for the whole process. The energy equation for the field is written as

@W

EM

@t

+ r · S = �J · E (4.22)

where W

EM

=

1
2

h
✏0E

2
+

1
µ0
B

2
i

is the electromagnetic field total energy density and S

is the Poynting vector. Integrating Eq. (4.22) over the volume on both side and substitute

the particle energy equation

dE
e

dt

=

Z
J · Ed3x � dE

rad

dt

. (4.23)
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one obtains
@

@t

Z
W

EM

d

3
x+ E

e

+ E
rad

�
= �

I
S · dA. (4.24)

Integrating both sides of this equation and assuming that the volume covered over the

whole interaction domain goes to infinity, we can write the energy balance equation as

�E
field

+�E
e

+�E
rad

E

initial

= 0 (4.25)

where E
initial

= E

e

+E

laser

,�E
field

= E
field

(t)�E
field

(t = 0),�E
e

= E
e

(t)�E
e

(t = 0)

and �E
rad

= E
rad

(t) � E
rad

(t = 0). E
rad

(t = 0) is assumed to be zero.

4.1.6 Normalization
Introducing the normalization variables with respect to the wavelength:

x
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where the current density and charge density are normalized with respect to critical den-

sity, n
cr

= m!

2
✏0/e

2. Upon normalization, the equation of motion for superparticle

becomes
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where Q

s

/M

s

is the normalized charge to mass ratio such that Q
e

/M

e

= �1 for elec-

tron and Q

i

/M

i

= Z/(M

i

/m

e

) for ion with charge number, Z and ion mass, M
i

. The
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normalized charge and current density is then

⇢

0
(i) = N

const

X

s

Q

s

N

SP

sX

p

W

0
(x

0
i

� x

0
p

)

J

0
(i) = N

const

X

s

Q

s

N

SP

sX

p

v

0
ps

W

0
(x

0
i

� x

0
p

). (4.27)

and
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with Q

e

= �1 for electron and Q

i

= Z for ion. Meanwhile, normalized Maxwell’s

equations read

r0 · E0
= ⇢

0 (4.29)

r0 · B0
= 0 (4.30)
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= �@B
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@t

0 (4.31)
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0
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0
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@E
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0 (4.32)

and the continuity equation is

r0 · J0
+

@⇢

0

@t

0 = 0. (4.33)

The normalized field energy is written as

E0
field

=

Z
1

2

h
E

02
+B

02
i
d

3
x

0 (4.34)

and multiplied by E0 =
emc

2
�

2↵�
C

to obtain the field energy in Joule.

It was mentioned that the charge to mass ratio for particle and superparticle are the

same. Therefore, the dynamics of a superparticle is the same as single particle. However,

when the effects of RR is considered the characteristic time is different by a factor of M
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from the single particle. The characteristic time for a superparticle is expressed as

⌧

SP

0 = M
2e

2

3mc

3
. (4.35)

As a result, the particle dynamics would be different for a different number of particle

per superparticle. In order to ensure the correct dynamics of superparticle when RR is

included, it is necessary to assume that characteristic time of the superparticle is the same

as the single particle. This approach gives the same result for particle dynamics and

radiation spectrum regardless of the number of real particle in one superparticle [54].

4.2 Fields of Gaussian beams

In order to obtain the laser intensity beyond the order of 1022 W/cm2 for a fixed laser

power, the laser needs to be focused to a waist radius of the order of the laser wavelength.

For example, a 10 PW laser is focused to 1 µm waist radius gives the laser intensity of the

order of ⇠ 10

24 W/cm2. The fields of a tightly focused laser beam need to be described

beyond paraxial approximation. Besides, the fields described in PIC method need to

satisfy Maxwell’s equations r ·E = 0 and r ·B = 0 to the order of the diffraction angle,

✓0 = 2/k�0.

The fields of a pulsed Gaussian beam propagating in the x�direction can be ob-

tained in a similar way as in McDonald [49, 50] and Y. I. Salamin [48]. Beginning with

the configuration specified in Fig. 3.3, the vector potential polarized along the y�axis

and propagate along the x�axis is:

A(x, y, z, t) =

ˆ

yA0 (x, y, z)g(⌘)e
i⌘ (4.36)

where g is the laser pulse shape function,  (x, y, z) is spatial envelope function and ⌘ =
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!t � kx. The vector potential needs to satisfy the wave equation

r2
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1

c

2

@

2
A

@t

2
(4.37)

and it is related to the scalar potential by the Lorentz gauge

r · A+

1

c

2

@�

@t

= 0. (4.38)

The electric field and magnetic field in term of the vector potential and scalar potential

are written as

E = �r�� @A

@t

B = r ⇥ A. (4.39)

Inserting Eq. (4.36) into the wave equation one obtains

r2
 � 2ik

@ 

@x

✓
1 � g

0

g

◆
= 0 (4.40)

where g

0
= dg/d⌘. In order for Eq. (4.40) to be consistent, the condition g

0
/g ⌧ 1 have

to be satisfied. Making the change of the variable in term of the laser waist radius, �0 and

Rayleigh length x

r

= k�

2
0/2

⇠ =

y

�0
, � =

z

�0
, ⇣ =

x

x

r

, ⇢

2
= ⇠

2
+ �

2 (4.41)

Eq. (4.40) takes the form

r2
? � 4i

@ 

@⇣

+ ✓

2
0

@

2
 

@⇣

2
= 0 (4.42)

where

r2
? =

@

2

@⇠

2
+

@

2

@�

2
. (4.43)
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4.2 Fields of Gaussian beams

Eq. (4.42) can be solved by the series expansion of

 =  0 + ✓

2
0 2 + ✓

4
0 4 + ... (4.44)

in term of the small parameter ✓20. Inserting this series expansion and collecting the terms

with the coefficient of ✓0 and one obtains

r2
? 0 � 4i

@ 0

@⇣

= 0, (4.45)

r2
? 2 � 4i

@ 2

@⇣

+

@

2
 0
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2
= 0, (4.46)

r2
? 4 � 4i

@ 4

@⇣

+

@

2
 2

@⇣

2
= 0. (4.47)

The solution of Eq. (4.45) is the paraxial approximation [55] while the solution of Eq.

(4.46) and Eq. (4.47) gives the higher order corrections [56]. These solutions are

 0 = fe

�f⇢

2
, (4.48)

 2 =

✓
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2

� f

3
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4
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 0, (4.49)
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32

◆
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where

f =

i

i+ ⇣

=

e

i 
G

p
1 + ⇣

2
;  

G

= tan

�1
⇣ (4.51)

and  
G

is the Gouy phase which change from �⇡/2 to ⇡/2 as x change from �1 to 1.

Meanwhile, the structure of scalar potential is chosen analogous to the vector potential in

the form of

� = g(⌘)�(x, y, z)e

i⌘

. (4.52)

and one obtains
@�

@t

= i!�

✓
1 � g

0

g

◆
⇠ !�. (4.53)
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By using the Lorentz gauge we obtain

� =

i

k

r · A. (4.54)

Eq. (4.39) can then be written as

E = �i!A � ic

k

r(r · A); B = r ⇥ A. (4.55)

The real part of the electric field and magnetic field components up to the order of ✓40 are
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= 0, (4.60)
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where
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and  0 is the constant initial phase. The field components in Eq. (4.56) - (4.61) satisfy

Maxwell’s equations r · E = 0 = r · B plus terms of order ✓6 [57]. A possible choice
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4.2 Fields of Gaussian beams

of the temporal pulse function that satisfies the condition g

0
/g ⌧ 1 is

g(⌘) =

1

cosh(

⌘

⌘0
)

(4.63)

where ⌘0 = !0tL = 2⇡N and N is the number of laser cycles.
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Chapter 5

3D PIC Simulation

In Chapter 3, the laser energy was assumed to be constant, and the fields are not solved by

Maxwell’s equations. This condition is valid for a single particle. However, Fig. 3.15 (b)

showed that the electromagnetic work becomes significant at laser intensity above 10

22

W/cm2 without RR and 2 ⇥ 10

23 W/cm2 if RR is taken into account. In particular, when

a bunch of 109 electrons are involved in the interaction. Thus, the laser energy can no

longer be assumed to be constant, and the conversion efficiency will be overestimated. As

a solution, we need to solve Maxwell’s equations and the equation of motion for radiating

charged particles self-consistently via Particle-in-Cell (PIC) method.

Besides, the laser energy cannot be defined for 2D system as there is only one

spatial variation along the polarization plane. In order to study the laser field energy

variation, 3D system is required. On the other hand, when the laser is focused into a waist

radius of the order of laser wavelength, longitudinal field component cannot be neglected

for off-axis electron. Therefore, 3D simulation is necessary when considering the finite

beam size for laser and electron beam.

In the following sections, the 3D PIC simulation results will be presented. The

results include the charge density, emission spectra, photon number distribution and pho-

ton angular distribution. Electron beams of different energy, namely 40 MeV and 1 GeV,

were applied in the simulation. The 3D PIC simulation results were compared with the

results obtained by using the method �where the beam profile is assumed, but Maxwell’s
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5.1 Setting

equations are not solved� described in Sec. 3.1.

5.1 Setting

To consider a more realistic situation, the laser beam is taken to be pulsed Gaussian beam

up to 5th order correction as shown in Sec. 4.2. An electron beam with Gaussian profile

is considered and the phase space distribution is

f(x,p) = exp


� x

2

2�

2
L

� y

2
+ z

2

2�

2
T

� p

2
i

2�

2
p

i

�
(5.1)

where p

2
i

/�

2
p

i

= p

2
x

/�

2
p

x

+ p

2
y

/�

2
p

y

+ p

2
z

/�

2
p

z

, �
p

i

is the momentum spread while �
L

and

�

T

being the longitudinal and transverse beam spread respectively. The value for �
L

and

�

T

are both taken to be 1 µm while the momentum spread is taken to be 5 % of the

initial momentum of the electron. A laser pulse with 10 fs pulse duration propagates in

the x�direction from the left of the simulation domain and focused to 2 µm waist at the

center as shown in Fig. 5.1 (b). Meanwhile, the electron beam propagates in the opposite

direction as shown in Fig. 5.1 (a). There are a total of 40000 superparticles to represent

1 ⇥ 10

9 electrons. The size of the simulation domain in the x�direction has the length

of 50 µm while 10 µm in both y� and z�directions. The simulation domain has a total

of 1000 ⇥ 200 ⇥ 200 cells. The time step is taken to fulfil the Courant condition where

c�t = 0.5�x.

In the PIC simulation of an electron motion in the background field, the grid size

is necessary to be smaller than the Larmor radius so that the information of electron can

be well resolved. The Larmor radius for a relativistic electron (v ⇡ c) can be written as

R

m

= ��/2⇡a0. For instance, R
m

= 0.046 µm for a 40 MeV electron (� ⇡ 80) at a0 =

380 while R

m

= 0.374 µm for 1 GeV electron (� ⇡ 2000) at a0 = 850. However, the

Lorentz factor � is dynamic and change over the time if the effects of RR is included.

So, the grid size for each cell is set to be �x = �y = �z = �/20 = 0.05 µm for laser

wavelength of � = 1 µm and the time step becomes �t =0.083 fs.
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5. 3D PIC SIMULATION

The mentioned grid size and time step are the smallest for current work. The

smaller resolution required a more sophisticated parallelization which is limited by the

time constraint of this study. The accuracy of the results are checked by the conservation

of the total energy at every time step and are shown in Fig. 5.8 and Fig. 5.14. The energy

is conserved within 0.1 % of the total initial energy (laser energy + electron beam) for the

case of RR.

The simulations presented in this thesis consist of 16 full-scale 3D simulations.

The interaction of four laser intensities with two different electron beam energies with

and without RR were performed. A maximum memory of 200 GB and 1 hour com-

putation time were spent for one simulation by the supercomputer with vectorization in

Cybermedia Center Osaka University. Part of the simulations were performed by using

the supercomputer at HZDR. A maximum memory of 200 GB and 13 hours computation

time were spent for one simulation without vectorization.

Figure 5.1: Initial setting of the simulation. (a) The charge density of an electron beam
travelling in the �x direction, (b) the field component E

0
y

for a pulsed Gaussian beam with 10
fs pulse duration propagates in the +x direction and focused to 2 µm waist radius at x = 25
µm. The longitudinal and transverse beam spread for electron beam are �

L

= 1 µm and
�

T

= 1 µm respectively with a total of 1 ⇥ 109 electrons.
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5.2 Pulsed Gaussian Field Components

5.2 Pulsed Gaussian Field Components

In this section, the electric and magnetic field components of pulsed Gaussian laser beam

are presented. The field components described by Eq. (4.56) - (4.61) are set as initial

conditions for the laser pulse and advanced in time through Maxwell’s equations. The

laser pulse with the laser intensity of 1023 W/cm2 and pulse duration of 10 fs begins at

x = 12.5 µm and reaches the focusing region at x = 25 µm. Eq. (4.63) is taken as laser

temporal pulse shape. The constant initial phase  0 is set to zero.

5.2.1 Results

(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.2: The field components (a) E

0
x

, (b) E

0
y

, (c) E

0
y

, (d) B

0
x

, (e) B

0
y

and (f) B

0
z

on the x�y

plane at z = 5 µm are given at the focusing region. Note that E

0
y

and B

0
z

are the strongest
components while others are small.

Figure 5.2 (a) - (c) show the electric field components on the x � y plane at z = 5 µm,

while Fig. 5.2 (d) - (f) are the magnetic field components. The field components E 0
x

and

E

0
z

is zero along the laser beam axis (i.e. y = 5 µm, also note that the difference of the

scale for E 0
y

component compared to E

0
x

and E

0
z

). A particle that travels along the beam

axis only reacts to E

0
y

. Meanwhile, the magnetic fields B

0
y

was set to zero as the initial
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5. 3D PIC SIMULATION

condition. However, the fields described by Eq. (4.56) - (4.61) do not satisfy Maxwell’s

equations exactly. Therefore, the field E

0
x

and E

0
z

will contributed to B

0
y

during the laser

propagation as shown in Fig. 5.2 (e). The field magnitude of B0
y

is 0.0025% of B0
z

and

1.25% of B0
x

. The contribution of B0
y

to the radiation emission can be neglected for a

relativistic particle.
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Figure 5.3: The snapshots of the electric field components (a) E

0
x

, (b) E

0
y

and (c) E

0
z

on the
y � z plane at x = 25 µm.
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Figure 5.4: The snapshots of the magnetic field components (a) B

0
x

, (b) B

0
y

and (c) B

0
z

on the
y � z plane at x = 25 µm.

Figure 5.3 and 5.4 show the snapshots of the electric and magnetic field com-

ponents on the y � z plane at x = 25 µm. From this point of view, the electric field

component E 0
x

is zero on the x � z plane at y = 5 µm while E

0
z

is zero on both the x � z

plane at y = 5 µm and the x � y plane at z = 5 µm. On the contrary, the magnetic field

component B0
x

is zero on the x � y plane at z = 5 µm. A small component of B0
y

is

observed due to the similar reason to Fig. 5.2 (e). E

0
x

and B

0
z

being the strongest field

components.
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5.3 Interaction of pulsed Gaussian laser beam with 40 MeV electron beam

5.2.2 Discussions
The emission rate of a charged particle in an arbitrary external electromagnetic field is

rather complex. However, there are two approximations can be taken so that the emission

rate can be reduced to that of the constant crossed field (i.e. Eq. (2.41)) [58]. First,

the wavelength and period of the field should vary in the scale much longer than the

coherent interval. This is possible in the limit of a0 >> 1 where the coherent interval

x

coh

⇡ (E

S

/E0)(~/mc) = �/2⇡a0 [7] which is the order of Larmor radius. Second, the

field invariant parameters f = |E 02 � B

02|/E 02
S

and g = |E0 · B0|/E 02
S

should be much

more smaller than unity or �2 where the normalized Schwinger field E

0
S

= 4.12⇥ 10

5 for

� = 1 µm. These invariant parameters vanish for a plane electromagnetic wave but do

not vanish for the fields described by Eq. (4.56) - (4.61). The cause of non-vanishing f

and g is due to the longitudinal field components E 0
x

and B

0
x

. The invariant parameters for

this laser beam are estimated to be f, g < 10

�6. We can then assume the field at particle

position as constant cross field and Eq. (2.41) can be applied for the pulsed Gaussian

beam.

5.3 Interaction of pulsed Gaussian laser beam with 40

MeV electron beam

In conjunction to the observation of high conversion efficiency from a single electron with

an energy of 40 MeV at pulse duration of 10 fs at the laser intensity of 2⇥ 10

23 W/cm2 in

Fig. 3.15 in Chapter 3, we performed 3D PIC simulation of the same process by inclusion

of a more realistic situation as described in Sec. 5.1.

5.3.1 Results
When speaking in term of the classical radiation-dominant regime, R

C

⇠0 > 1 at 1023

W/cm2 and the effects of RR should be strong. However, the effects of RR are not signif-

icant at the laser intensity of 2 ⇥ 10

23 W/cm2 and 10

24 W/cm2. This can be seen at Fig.
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5. 3D PIC SIMULATION

5.5 (a) & (b) and Fig. 5.6 (a) & (b). Both of these figures show the charge density of the

electron beam with and without RR. Due to the 3-dimensional effects (of the finite laser

spot size and electron beam size), the strong ponderomotive force repelled the electrons

away from entering the laser pulse. At the edge of the laser beam, the field strength is

weak and therefore the effects of RR is small.

Figure 5.5: The charge density of 40 MeV electron beam (a) without RR, (b) with RR and (c)
the field component E

0
y

at the laser intensity of 2 ⇥ 1023 W/cm2 at the laser focusing region.

The comparison of emission spectra, photon number distributions, and photon

angular distribution are shown in Fig. 5.7 at the laser intensity of 1024 W/cm2 while the

difference at the laser intensity of 2 ⇥ 10

23 W/cm2 is not noticeable as compared to the

former case. In Fig. 5.7 (a), the peak locations of the emission spectra do not show a big

difference. Meanwhile, there is some suppression of photon production at high photon

energy when the RR is included as shown in Fig. 5.7 (b). The electron beam emits about
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5.3 Interaction of pulsed Gaussian laser beam with 40 MeV electron beam

4 ⇥ 10

18 photons per pulse in 0.1 % bandwidth at the photon energy of 15 MeV for the

case with RR, which is one order smaller than the case without RR.

The strong ponderomotive force not only pushes the electrons to the region of a

weaker field but also pushes them in the opposite direction (i.e. trajectories of electrons

are reversed) as observed in the case of a single particle in Fig. 3.4 (d) of Chapter 3.

Therefore, radiation will be emitted in the direction of the electron momentum and dis-

tributed over 2⇡ direction. The rule of�✓ / 1/� only valid for single electron but not for

a whole bunch of electrons.

Figure 5.6: The charge density of 40 MeV electron beam (a) without RR, (b) with RR and (c)
the field component E

0
y

at the laser intensity of 1024 W/cm2 at the laser focusing region.

The time evolution of energy conservation at the laser intensity of 2⇥10

23 W/cm2

and 10

24 W/cm2 are shown in Fig. 5.8. The electric field energy and magnetic field energy

of the electron beam are not taken into account as the initial conditions. When the field
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5. 3D PIC SIMULATION
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Figure 5.7: Comparison of (a) emission spectra, (b) photon number distribution and (c) photon
angular distribution with RR and without RR at the laser intensity of 1024 W/cm2. In 0.1 %
bandwidth at 15 MeV photon energy, an electron beam emits about 4⇥1018 photons per pulse
with RR while it is one order larger for the case without RR.

energy of the electron beam is taken into account via Maxwell’s equations from the first

time step, the fluctuation gradually decreases. However, the field energy from the beam

is rather small and will not give a serious deviation to the total energy conservation.

One can observe that the laser field energy is transferred to electrons, and only a

small fraction is converted into radiation emission. The strong laser field depletion at the

laser intensity of 2 ⇥ 10

23 W/cm2 is due to a larger number of electrons with velocity

parallel to E

0
y

in the strong field region as compared to the laser intensity of 1024 W/cm2.

At the laser intensity of 1024 W/cm2, most of the electrons are in the region of a weaker

field strength and laser field depletion is thus small. The total energy is conserved within

0.006 % for all cases shown in Fig. 5.8.

In addition, Fig. 5.9 shows the time evolution of the average energy for 40 MeV

electron beam with the effects of RR included. At the laser intensities above 10

22 W/cm2

electrons are accelerated to higher energy which is similar to the case of an electron in

Chapter 3. Due to the fact that the electrons are being pushed towards the region of weaker

field strength, the values of � are not more than 0.1 as shown in the secondary axis of Fig.

5.9. At such a low value of �, pair production is unlikely to occur. This verified the

assumption in Chapter 2 that pair production is negligible in such case.

5.3.2 Discussions
As discussed at the end of Sec. 5.1, the Larmor radius is not resolved for the cases of

higher intensities for 40 MeV electron beam. The unresolved grid might lead to energy
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5.4 Interaction of pulsed Gaussian laser beam with 1 GeV electron beam
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Figure 5.8: Time evolution of energy conservation (a) with RR and (b) without RR at the laser
intensity of 2 ⇥ 1023 W/cm2 while (c) with RR and (d) without RR for 1024 W/cm2. The red
line is electron energy balance while the green dotted line is the energy balance for laser field.
The blue dash-dotted line is the energy balance for radiation emission. The pink dashed line
is the total energy balance. The negative value indicates the energy loss of the electron or
laser.

loss. For the cases where a0 >> �0 most of the electrons are accelerated to higher energy

and the Larmor radius changed. The choice of smaller grid size implies a larger number

of grids are needed, and it is very challenging for 3-D simulation. Nevertheless, from the

observation of Fig. 5.8, the energy balance is kept to an acceptable level.

5.4 Interaction of pulsed Gaussian laser beam with 1 GeV

electron beam

After considered the case for an electron beam with an energy of 40 MeV in previous

section, we proceed to study the same interaction by increasing the electron beam energy

to 1 GeV. We focus on how the charge density and emission spectrum change as compared
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Figure 5.9: Time evolution of the average energy of 40 MeV electron beam for different laser
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W/cm2, green dash-dotted line for 1022 W/cm2, blue dotted line for 2 ⇥ 1023 W/cm2 and
black dashed line for 1024 W/cm2. The � parameter for different laser intensities are shown
with corresponding colors at the bottom of the energy plots.

to the case of 40 MeV.

5.4.1 Results
The energy of electrons does not decrease throughout the whole process for the case

without RR. Therefore, the charge density shown in Fig. 5.10 (a) & 5.11 (a) does not

change. On the contrary, in Fig. 5.11 (b), the energy of electrons is lost into radiation

emission at the beginning of the interaction. After that, those electrons with lower energy

meet the condition a0 >> � and being accelerated to higher energy. We can observe in

Fig. 5.15 that the average energy loss is smaller than at the laser intensity of 1024 W/cm2

as compared to 10

23 W/cm2. The strong ponderomotive force pushes the electrons in the

direction away from the laser beam axis and increases the velocity parallel to E

0
y

.

The comparison of emission spectra, photon number distribution and photon an-

gular distribution are shown in Fig. 5.12 & Fig. 5.13 at the laser intensity of 1023 W/cm2

and 10

24 W/cm2 respectively. The peak locations of the emission spectra are shifted about

100 MeV at 1023 W/cm2 in Fig. 5.12 (a) and more than 100 MeV at 1024 W/cm2 in Fig.

5.13 (a). On the other hand, the difference in photon number between the case of RR and
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5.4 Interaction of pulsed Gaussian laser beam with 1 GeV electron beam

Figure 5.10: The charge density of 1 GeV electron beam (a) without RR, (b) with RR and (c)
the field component E

0
y

at the laser intensity of 1023 W/cm2 at the laser focusing region.

without RR becomes prominent starting from photon energy of 10 MeV at the laser in-

tensity of 1023 W/cm2 as shown in Fig. 5.12 (b). The electron beam emits about 7⇥ 10

18

photons per pulse in 0.1 % bandwidth at the photon energy of 15 MeV for the case with

RR, which is one order smaller than the case without RR. However, this difference is

extended to lower photon energy at the laser intensity of 1024 W/cm2 as shown in Fig.

5.13 (b). This is because there are a large number of electrons with velocity parallel to

E

0
y

in strong field region for the case of RR as compared to the case without RR. This

is in contrast to 40 MeV electron beam where parallel velocity components are the same

for the cases with and without RR. Therefore, the production of low energy photon is

significantly less for the case with RR. The electron beam emits about 9 ⇥ 10

20 photons

per pulse in 0.1 % bandwidth at the photon energy of 15 MeV for the case with RR, while
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5. 3D PIC SIMULATION

Figure 5.11: The charge density of 1 GeV electron beam (a) without RR, (b) with RR and (c)
the field component E

0
y

at the laser intensity of 1024 W/cm2 at the laser focusing region.

it is 1.2 ⇥ 10

22 for the case without RR. Besides, the broadening of angular spread is as

expected due to the decrease of average Lorentz factor and is stronger for higher laser

intensity as seen in Fig. 5.12 (c) and Fig. 5.13 (c).

In addition, the time evolution of energy conservation at the laser intensity of 1023

W/cm2 and 10

24 W/cm2 are shown in Fig. 5.14 for the case of with and without RR.

In Fig. 5.14 (a), the laser field depletion is negligible and the radiation emission comes

mostly from electron beam. It can be observed that at the laser intensity of 1024 W/cm2,

the energy difference for electron is �0.01 % and by adding the laser field depletion of

�0.0025 % is equal to the radiation energy difference 0.0125 % as shown in Fig. 5.14 (c).

This implies that the laser energy is transferred to the electrons and then converted into

radiation emission. The negative value simply indicates the energy loss. The total energy
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5.4 Interaction of pulsed Gaussian laser beam with 1 GeV electron beam
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Figure 5.12: Comparison of (a) emission spectra, (b) photon number distribution and (c)
photon angular distribution with RR and without RR at the laser intensity of 1023 W/cm2. In
0.1 % bandwidth at 15 MeV photon energy, an electron beam emits about 7 ⇥ 1020 photons
per pulse with RR while it is one order larger for the case without RR.
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Figure 5.13: Comparison of (a) emission spectra, (b) photon number distribution and (c)
photon angular distribution with and without RR at the laser intensity of 1024 W/cm2. In 0.1
% bandwidth at 15 MeV photon energy, an electron beam emits about 9 ⇥ 1020 photons per
pulse with RR while it is 1.2 ⇥ 1022 photons per pulse for the case without RR.

is conserved within 0.005 % for the case with RR for both intensities. On the other hand,

the total energy is not conserved for the case without RR.

Figure 5.15 shows the time evolution of the average energy of 1 GeV electron

beam. At electron energy of 1 GeV, the effects of RR is certainly significant for laser

intensity more than 10

21 W/cm2 such that R
C

⇠0 & 0.5. Besides, for the case of a0 << �0

the electrons have enough energy to enter the centre of the laser field as observed in Fig.

5.10 & 5.11. The value of � is then larger as compared to the case of 40 MeV electron

beam. Even though the value of � is greater than the case of 40 MeV, however, the pair

production via non-linear Breit-Wheeler process is suppressed as discussed in Sec. 2.5.
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5. 3D PIC SIMULATION
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Figure 5.14: Time evolution of energy conservation (a) with RR and (b) without RR at the
laser intensity of 1023 W/cm2 while (c) with RR and (d) without RR for 1024 W/cm2. The red
line is electron energy balance while the green dotted line is the energy balance for laser field.
The blue dash-dotted line is the energy balance for radiation emission. Pink dashed line is the
total energy balance. The negative value indicates the energy loss of the electron or laser.

5.4.2 Discussions
From the observation, the effects of RR can be distinguished not only from the particle

beam spread but also from the radiation spectra for 1 GeV electron beam interacts with the

laser at the intensity of 1024 W/cm2. If the laser pulse duration increases, the cumulative

RR effect will be shown up with lower laser intensity and beam energy at experiment

facilities such as ELI.

5.5 PIC vs non-PIC

From the previous section, we observed the laser field energy depletion for some situations

via PIC simulation. Thus, it is essential for us to compare the difference of PIC method
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5.5 PIC vs non-PIC
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Figure 5.15: Time evolution of the average energy of 1 GeV electron beam at different laser
intensities. The red solid line is at 1021 W/cm2, green dash-dotted line at 1022 W/cm2, blue
dotted line at 1023 W/cm2 and black dashed line at 1024 W/cm2. The � parameter at different
laser intensities are shown with corresponding colors at the bottom of the energy plots.

to the method described in Sec. 3.1 and is referred as non-PIC. In the non-PIC method, a

bunch of electrons is described by Eq. (3.2). Same laser parameters and beam conditions

are assumed except that there is no momentum spread and longitudinal spread for the

non-PIC method.

5.5.1 Results
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Figure 5.16: Comparison of (a) emission spectra and (b) photon number distribution for PIC
(red solid line) and non-PIC (blue solid line) for a bunch of 109 electron with energy of 40
MeV interact with the laser intensity of 2 ⇥ 1023 W/cm2.

Fig. 5.16 and 5.17 shows the difference on the emission spectra and photon number

distribution at two laser intensities. It can be clearly observed that the difference is rather
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Figure 5.17: Comparison of (a) emission spectra and (b) photon number distribution for PIC
(red solid line) and non-PIC (blue solid line) for a bunch of 109 electron with energy of 40
MeV interact with the laser intensity of 1024 W/cm2.

small but not negligible. Small difference lies on the position of the peaks of the emission

spectra in Fig. 5.16 (a) and 5.17 (a). Meanwhile the difference on the photon number

distribution is small at the laser intensity of 2⇥10

23 W/cm2 in Fig. 5.16 (b). The difference

on photon number distribution at the laser intensity of 1024 W/cm2 begins from photon

energy of 1 MeV. One of the reasons is that Larmor radius is not resolved by the grid in

PIC method. In the non-PIC method, Maxwell’s equations are not solved and therefore

one can take spatial resolution as small as possible. However, in PIC method, smaller grid

size would require a large number of cells and is very challenging for 3-D simulation. The

second reason may due to the electron longitudinal and momentum beam spread that is

not taken into account in the non-PIC method, but those effects are expected to be small.

On the other hand, a similar comparison is shown in Fig. 5.18 for a bunch of 1.6 ⇥ 10

10

electrons. The increase in the number of electrons in the regime a0 >> �0 leads to the

increases in the velocity parallel to E

0
y

and leads to higher electromagnetic work done.

The conversion efficiencies defined in Sec. 3.3.5 are compared to the single par-

ticle (blue square points), PIC (red square points) and non-PIC method (green triangle

points) for 40 MeV electron beam in Fig. 5.19. The case of 1 GeV electron beam is

shown in black crosses and joined with black dashed line in the same figure. In single

particle model, an electron moves along the laser beam axis, and the interaction with the

other field components is assumed to be negligible. When a finite beam size is considered,
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Figure 5.18: Comparison of (a) emission spectra and (b) photon number distribution for PIC
(red solid line) and non-PIC (blue solid line) for a bunch of 1.6 ⇥ 1010 electron with energy
of 40 MeV interact with the laser intensity of 2 ⇥ 1023 W/cm2.

the conversion efficiencies are shifted to a lower value. The difference between PIC and

non-PIC is certainly obvious at the laser intensity of 2⇥10

23 W/cm2 as the field depletion

is large as shown in Fig. 5.8. The conversion efficiencies at the laser intensity of 1021

W/cm2 and 10

24 W/cm2 are so close for the cases of PIC and single particle model. The

strong ponderomotive force moves the electrons in the direction perpendicular to (away

from) the laser beam. It means that the ponderomotive force does the work on the elec-

trons, and the energy of the laser is carried away in the form of kinetic energy rather than

radiation emission. As a consequence, the conversion efficiency is significantly reduced.

When an electron beam with the energy of 1 GeV is considered, the ponderomotive force

is overcome and the conversion efficiencies increase for all intensities.

5.5.2 Discussions
After taking into account the laser field depletion, the conversion efficiency at the laser

intensity of 2 ⇥ 10

23 W/cm2 reduces to about 8 % while the remaining 92 % is carried

away by the electrons. On the other hand, about 77 % of radiation energy is converted

from the total of electromagnetic work and the initial kinetic energy of 1 GeV electron

beam at the laser intensity of 1024 W/cm2. More study should be carried out by means

of PIC method to investigate whether the conversion efficiency will increase at the laser

intensity of 1025 W/cm2 and 10

26 W/cm2.
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Figure 5.19: The radiation energy conversion from the total of electromagnetic work and its
initial kinetic energy for single particle (blue square points), PIC (red square points), and non-
PIC (green triangle points) for 40 MeV electron. The black crosses joined with the dashed
line are the case of 1 GeV electron beam via PIC method.

5.6 Summary

In summary, we have shown the 3D PIC simulation results for the interaction of a pulsed

Gaussian beam at different laser intensity with 40 MeV and 1 GeV electron beam. We

considered a 10 fs laser pulse being focused to the waist radius of 2 µm. The longitudinal

and transverse spread of 1 µm and 5 % of energy spread were assumed. We observed

that the ponderomotive force plays a crucial role in determining the radiation emission

at the laser intensity of 1023 W/cm2 and 10

24 W/cm2. This force serves as a barrier to

the electron with lower energy to enter the laser pulse and leads to the reduction of the

radiation emission. If an electron beam with higher energy passes through the laser pulses

of the above intensities, higher conversion efficiency will be obtained.
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Chapter 6

Conclusions

In this thesis, we studied the dynamics of an electron in the strong laser field by including

the effects of radiation reaction by employing the Sokolov model. The time evolution

of electron energy, gamma ray emission spectra, photon number distribution and photon

angular distribution are studied for electron energies 10 MeV to 1 GeV for laser intensities

10

21 W/cm2 to 10

24 W/cm2.

We defined the conversion efficiency to be the radiation energy conversion from

the sum of initial electron energy and electromagnetic work done. We presented the con-

version efficiencies of 40 MeV electron at different laser intensities and pulse durations.

An optimum conversion efficiency was observed at the laser intensity of 2 ⇥ 10

23 W/cm2

and 10 fs pulse duration.

For a single particle, the laser energy depletion is negligibly small and we can

assume the energy of the laser to be constant. However, for a realistic situation such as

a bunch of 109 electrons, the laser energy depletion have to be taken into account. To

do so, we solved Maxwell’s equations self-consistently via Particle-in-cell method. We

performed 3D PIC simulations for the interaction of a 10 fs pulsed Gaussian beam at laser

intensities 2⇥10

23 W/cm2 and 10

24 W/cm2 with 40 MeV electron beam at ELBE, HZDR.

The same interaction was studied at the laser intensity of 1023 W/cm2 and 10

24 W/cm2

with 1 GeV electron beam to compare the effects of electron energy to the ponderomotive

force.
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6. CONCLUSIONS

The field components of the pulsed Gaussian beam are analysed. We studied the

charge density distribution for these electron beams, the emission spectrum, photon num-

ber distribution, photon angular distribution and energy conservation with and without

RR included. We then compared the results of PIC simulation with the non-PIC method.

The results are summarized as follows:

• By including the effects of RR, the amplitude of electron oscillation is larger than

the case without RR due to the decreases of the electron energy or the Lorentz

factor. This, in turn, leads to the reduction of electron effective mass in the field.

• For the case a0 << �0, the ponderomotive force is small, and the electron has

sufficient energy to pass through the laser field. However, for the case a0 >> �0,

the ponderomotive force dominates. The electron does not have sufficient kinetic

energy to overcome the ponderomotive potential, and its trajectory is reversed.

• The cumulative effects of RR lead to the suppression of the peak locations of emis-

sion spectra as we increase the initial kinetic energy of the electron. Such suppres-

sion is small for 10 fs laser pulse.

• The effects of RR also reduces the production of high energy photon and broaden

the angular distribution due to the decreases of electron energy.

• An electron with an energy of 40 MeV would convert up to 80 % of the total of

electromagnetic work and its initial kinetic energy when interacting with 10 fs laser

pulse at intensity 2 ⇥ 10

23 W/cm2.

• When we treated the interaction self-consistently, however, the conversion effi-

ciency reduces to 8 % due to the laser field energy depletion. The laser field energy

reduction is sensitive to the motion of the electron perpendicular to the laser beam

as a consequence of large ponderomotive force. As the energy of the electron beam

increases, the laser energy reduction becomes relatively small.

To generate high-intensity gamma ray with high conversion efficiency at the energy range

of 10 - 20 MeV by using the high-intensity laser above 10

23 W/cm2, we emphasized that
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an electron beam with energy more than 1 GeV be required to overcome the pondero-

motive potential from the laser field. The same requirement is also necessary in order

to observe a clear signature of radiation reaction in the radiation spectrum at high power

laser facility such as ELI where the laser intensity is expected to reach the order of 1023�26

W/cm2.
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Appendix A

Applications

Various kind of radioisotopes (RIs) are being used for nuclear physics, medicine and other

applied science. For instance, RI Technetium (99mTc, half-life = 6 hours) are major in-

gredients for nuclear medicine imaging technique by using gamma rays in Single Photon

Emission Computed Tomography (SPECT) while Molybdenum (99mMo, half-life = 66

hours) being the source for 99mTc production. RI productions and transmutation are usu-

ally proceeding via (n,�) reaction and nuclear fission. However, RIs produced from such

methods are not purely of desired RI but in addition with other RIs. The extraction and

separation of the desired RIs are necessary but expensive.

On the other hand, resonant photonuclear isotope transmutation (RPIT) was re-

cently reported [59] to be a promising way in the production of the desired RIs. This

method uses resonant photonuclear (�, n) and (�, 2n) reactions through isovector E1 gi-

ant resonance (GR) for RPIT. The energetic photon beam to be used is obtained from laser

Thomson/Compton backscattering off GeV electron. The resonant photonuclear GR reac-

tion possesses the following advantages as candidates for RIs production. First, the cross

section of GR is large because of resonant excitation of many nucleons. The cross section

at GR energy is written as �(GR) ⇡ 2.5⇥10

�3A b, where A is the mass number. Second,

the resonance width and resonance energy are insensitive to the individual nuclear struc-

ture. The resonance energy can be expressed as E(GR) ⇡ aA

�1/5
= 14� 22 MeV for A

= 30 - 200 nuclei [see Fig. A.1]. Third, photonuclear reactions on medium-heavy nuclei
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at GR energy are mostly (�, n) and (�, 2n) reactions. Nuclei with (Z, N-1) and (Z, N-2)

are expected to be obtained. For light nuclei, (�, p) reactions are used to obtain nuclei

with (Z-1, N). Thus, the production of desire RIs seems promising. It was demonstrated

that with medium-energy � rays at the intensity of the order of 106/s irradiated on 100Mo

and 197Au, RIs 99Mo/99mTc and 196Au production were observed. From that, RPIT with

photon intensity of the order of 1013�15
/s is expected to produce RIs of 99Mo/99mTc with

the rate of 1011�13
/s and RI density of 0.5-50 G Bq/mg for many applications such as

SPECT.

Besides, RPIT can be utilized for nondestructive high-sensitivity detection of nu-

clear isotopes called resonant photonuclear isotope detection (RPID) [60]. RPID uses

RPIT to transmute impurity isotopes to RIs and measure the � rays from RIs decay. For

instance, H. Ejiri et al reported that the sensitivity of RPID of 196Au RIs produced by

RPIT from 197Au in Mo-Au sample was measured to be around 5 ppm or lower by using

Ge detector. For photon intensity of the order of 1013�15
/s one may expect the detec-

tion sensitivity up to ppt level. The source of energetic photon beam obtained from laser

Thomson/Compton backscattering off GeV electron is chosen due to its unique feature of

small beam divergence around 0.5 mrad for 1 GeV electron. This implies that it is pos-

sible to obtain high-density RI of the order of G Bq/mg. In addition, the photon energy

of 16 MeV at GR energy can be obtained by tuning the energy of electron beam. This

energy is more than the neutron binding energy of 8 MeV and is more than sufficient for

photonuclear reactions. In contrast, photon produced from bremsstrahlung drop rapidly

as the energy of electron increases and not effective for photonuclear reactions [1].

With present laser technologies and synchrotron facilities, energetic photon sources

are available at HI�S with Free Electron Laser (FEL) [61], NewSUBARU with Nd-YVO4

laser and others [62]. The photon production rate at HI�S by using 1.6 eV FEL and the

electron with energy 0.475 GeV is the order of 109/s. Meanwhile in NewSUBARU elec-

trons with energy around 1 GeV and backscattered off with 1.064µm laser to produce

photons with the energy of 6-17 MeV [62]. The photon production rate which was used

by H. Ejiri et al was measured to be the order of 106/s [59]. Generation of MeV range
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A. APPLICATIONS

Figure A.1: Spectrum of bremsstrahlung gamma-quanta that hit the sample of the studied
substance for a tungsten bremsstrahlung target 0.1 mm thick. Curves 1, 2, 3, 4, and 5 corre-
spond to the energy of electrons E

m 10, 15, 20, 25, and 30 MeV respectively; curve 6 is the
excitation cross section of GDR at the nucleus 197Au. The left scale corresponds to curves
1–5, the right scale corresponds to excitation cross section of GDR at the nucleus 197Au [1].

.

and ultra high brightness � rays by nonlinear Thomson scattering of the ultrarelativistic

laser-wakefield-accelerated electron beam was also reported recently [20]. On the other

hand, a new generation of photon sources are being planned in Extreme Light Infrastruc-

ture (ELI) [4] with photon production rate of the order of 1013/s by using laser intensity

of the order of 1023�24 W/cm2.
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