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1. Introduction

A Finsler metric on a manifold is a family of Minkowski normsn aangent
spaces. There are several notions of curvatures in Fingemgtry. The flag curva-
ture K is an analogue of the sectional curvature in Riemannian geggmThe dis-
tortion 7 is a basic invariant which characterizes Riemannian neetaimong Finsler
metrics, namely,- = 0 if and only if the Finsler metric is Riemannian. The veatic
derivative of 7 on tangent spaces gives rise to the mean Cartan totsidie hori-
zontal derivative ofr along geodesics is the so-called S-curvatir@he vertical Hes-
sian of (3/2)S on tangent spaces is called the E-curvature. Thus if ther&ture is
isotropic, so is the E-curvature. The horizontal derivatdf | along geodesics is called
the mean Landsberg curvatude Thus J/I is regarded as the relative growth rate of
the mean Cartan torsion along geodesics. We see how thesditigsaare generated
from the distortion. Except for the flag curvatuke the above quantities are all non-
Riemannian, namely, they vanish whén is Riemannian. Sego8et for a brief dis-
cussion and [8] for a detailed discussion. In this paper, vile study a special class
of Finsler metrics — Randers metrics with special curvajumeperties.

Randers metrics are among the simplest Finsler metricschwaiise from many
areas in mathematics, physics and biology [1]. They areesged in the formF =
a+f3, wherea = /a;;(x)y’y/ is a Riemannian metric and = b;(x)y’ is a 1-form with
8], = SURer, i B(Y)/ey) < 1 for any pointp . Randers metrics were first studied
by physicist, G. Randers, in 1941 [7] from the standard poingeneral relativity [1].
Since then, many Finslerian geometers have made effortsvastigation on the geo-
metric properties of Randers metrics.

The shortest time problem on a Riemannian manifold alsosgiise to a Randers
metric. Given an object which can freely move over a Riemammanifold (1, «),
the object is pushed by a constant internal fotcevith a(u) = 1. We may assume
that the object moves at a constant speed, due to frictiorthigh case, any path of
shortest time is a shortest path @f If there is an external force field acting on the
object with «(x) < 1, then any path of shortest time is a shortest path of thevidig
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Randers metric

_ VY2 a1 -a(®)?) (X Y)a
(1) F = T 0002 ~ T ap yeT,M.

where ( , ), denotes the inner product dfi,M  associated witlsuch thata(y) =
v ¥, ¥)a- An interesting fact is that the Busemann-Hausdorff voluioen of F is
still equal to that ofae. By choosing appropriate and X, one obtains a Randers met-
ric defined in (1) with many special curvature propertiese $8] [11] [3] for more
details.

On the unit ballB" in R”, taking x, = F(x') at p = (x') € B" in (1), we obtain
the well-known Funk metrics oi®”,

_VIYP = (XY= (x,y)D) | (xy)
F= 1 X2 1o

(2) y € TR",

The Funk metrics have many special curvature properti@sS (v +(1/2)(n + 1)F,
(i) E ==+(1/4)(n + 1)F~*h and (iii) I+ (1/2)F 1 =0 and (iv)K = —1/4. Note that
(i) follows from (i). The geometric meaning d = £(1/2)(n + 1)F is that the rate of
change of the distortiomr along geodesics is a constant and the geometric meaning of
J+ (1/2)F | =0 is that the relative rate of change of the mean Cartanaisialong
geodesics is a constant.

Motivated by the properties of Funk metrics, we first studyn@Ras metrics satis-
fying (i), (ii) or (iii). We prove the following

Theorem 1.1. Let F = o+ be a Randers metric on am -dimensional manifold

(i) For a scalar functionc = c¢(x) on M, the following are equivalent
(ia) S=(n+1)F;
(ib) E=(1/2)(n + L) Fh;

(ii) For a scalar functionc = c(x) on M, the following are equivalent
(ia) J+cF 1 =0;
(iib) S= (n + 1) F and g is closed.

Assume that a Randers metilc o= (8 satisfies thatl = 0. By Theorem 1.1 (ii),
S=0 andg is closed. In this case, it is easy to verify thatis a Killing form. Then
we conclude thafs is parallel with respect tav. Recently, D. Bao has shown to the
author that for a Randers metrid,= 0 if and only if it is of Landsberg type, since
Randers metrics are C-reducible in the sense of Matsum@dtoA[4ong time ago, M.
Matsumoto [5] proved that if a Randers metfic o= g is of Landsberg type, thefi
is parallel with respect tar. Thus Theorem 1.1(ii) is a generalization of Matsumoto’s
result.

There are lots of Randers metrics with constant flag cureasatisfying thatS =
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0, but 3 is not closed [10] [11]. There are also lots of Randers mewith J+cF | =
0 for a functionc =c & )# constant. See Example 4.2 below.

Recently, the second author has classified all locally ptojely flat Randers met-
rics with constant flag curvature [9]. He proves that a lgcalojectively flat Randers
metric with constant flag curvaturk = X\ is either locally Minkowskian or after a
scaling, isometric to the a Finsler metric on the unit @&l in the following form

@ po YO CPVP—0yD) | kv, (ay)

1-—|x? 1-|x27 1+(a x)’

y € ItR",

wherea € R" is a constant vector witla] < 1. One can directly verify thaF,, a # 0,
are locally projectively flat Finsler metrics with negatigenstant flag curvature. More-
over, they have the above mentioned properties of the Furtkiasie

Based on Theorem 1.1 and the main result in [9] we classifydBanmetrics with
constant flag curvatur = X\ andJ/l = —c¢(x)F.

Theorem 1.2. Let F =+ be a Randers metric on am -dimensional manifold
M satisfyingd+cF | = 0 for some scalar functiom = ¢(x) on M. Suppose that' has
constant flag curvatur&k = \. Then\ = —¢? < 0. F is either locally Minkowskian
(A =—c?=0) or in the form(3) (A = —c? = —1/4) after a scaling.

In fact, we prove that for a Randers metric of constant flagrature, the mean
Landsberg curvature is proportional to the mean Cartanotori$ and only if it is lo-
cally projectively flat. Then Theorem 1.2 follows from the imaesult in [9].

Several people have made effects to find simple equivaledtsaificient condi-
tions for a Randers metric to be of constant flag curvature[§B]13] [14], etc. The
classification of Randers metrics with constant flag cumeatuas just been completed
recently by D. Bao, C. Robles and Z. Shen.

2. Preliminaries

Let F be a Finsler metric on a manifoléf . In a standard local do@ate system
(x%,y") in TM, F = F(x, y) is a function of ¢, y’ ). Let

(. 3) = SLF (5. )

and ") :=@; ). For a non-zero vectoy = y'(9/0x")|, € T,M, F induces an inner
product onT,M ,

gy(u’ V) = gl'j(x’ y)uivjv
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whereu = u'(0/0x")|,,v = v'(8/0x")|, € T,M. g = {gy} is called the fundamental
metric of F. For a non-zero vector € 7,M, define

hy(u, V) = gy(u, V) — F2(y)gy(y, U)gy(y,V), U, Ve T,M.

h ={hy} is called the angular metric af
The geodesics o are characterized locally by

d2x! . dx
P26 (v, ) =
dr? Y

where

i 1, 8g nk ag D

Gl = ZoiklpZ0Pk  ZOPY \\pyq
45 { Ox4 Oxk } Y

The Riemann curvature is a family of endomorphisRis= R’ dx* ® (9/0x'):

T,M — T,M, defined by

: oG . 0°G' . 0G'  9G'aG/
i = olY j _ 9z 9
“) R 28x’< Y OxJ Oyk *2 dyioyk 9yl 9yk’

F is said to be of constant flag curvatuke= ), if
gy (Ry(W). V) = AF()?hy(u. V),
or equivalently,
R, = A{dei - FE‘.kyi}.

There are many interesting non-Riemannian quantities ms|&i geometry [8]. Let
dVp =o(x)dx*---dx" denote the volume form of , where

3 Vol(B"(1))
70 = o) € R [ FO @701 < 1

For a non-zero vectoy € T, M, the distortionr(y) is defined by

Vdet(g; &, y))
o(x) '

The distortion characterizes Riemannian metrics amongléfirmetrics, namelyf is
Riemannian if and only ifr = 0.

The mean Cartan torsiohy, = [;(x, y)dx': T,M — R is defined as the vertical
derivative ofr on T, M,

7(y) :=1In [

or _1
oyl 4%

(5) I, =

‘jk[Fz]yiyjyk.
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The S-curvatures is defined as the horizontal derivative ofalong geodesics,

= & [0

9
=0

wherec ¢) is the geodesic with (0)F ard "(Oy= T, M. A direction computation
yields
_0G' y do
(6) S(y) = 8—}),-()6, y) = @W(x)'
For a non-zero vectoy € T,M, the E-curvatureEy = E;;(x, y)dx' @ dx’/: T,M x
T,M — R is defined as the vertical Hessian of/2)S on 7,M ,

1 1 9%G™
7 E; ==S,,==——(x, ).
(7) / 28’ Y 20ymdyidy) (x )

F is said to beweakly Berwaldianf E = 0.
For a non-zero vectoy € T, M, the mean Landsberg curvatudg = J; (x, y)dx":
T,M — R is defined as the horizontal derivative lofilong geodesics,
j 3!
ol IaGJ 2Gj81,- 1 w  0°G

=/ L 2 =_Z - -
® =y oxi ! Oyl dyJ 2" 8 Oyl dyi oyt

F is said to beweakly Landsbergianf J = 0.
The above mentioned geometric quantities are computableRémders metrics.
Let F =a+ 3 be a Randers metric on a manifod , where

a(y) = y/ai;(x)y'yi,  By) = bi(x)y'

with [|B]lx = sup,er, i B(y)/a(y) < 1. An easy computation yields

g o 22) (20 (Zon)

wherey; :=a;;y/ . By an elementary argument in linear algebra, weiobt

F\n+l
(10) det;i)=(~)  deti;)
Define b;|; by
bij07 = db; — b;0,”,

where¢' :=dx' and§,’ := T/ dx* denote the Levi-Civita connection forms of Let

1 1
=5 ilj T Ojli ) ij = 5 \Pili —Pijli )
ry =5 (b + b ), s = (b — b
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i .— ih — i —
S j ) S/,j, Sj .—b,‘S jo €,'j — rij +b,'Sj +bjS,'.

Then the geodesic coefficien are given by
(11) G' =G+ 2Fy — soy' +as'y,

where G’ denote the geodesic coefficients @f ego = ey'y!, so = syt andsiy =
s';y/. See [1].

Lemma 2.1. For a Randers metridd = o+ 3, the mean Cartan torsioh = I; dx’
and the mean Landsberg curvatude= J; dx’ are given by

_1 1 —2f 2, o
(12) 1 = S0+ DF o — By |
Ji = %(n + 1)F72072{204 {(eioOé2 — yieoo) — 28(sia? — yiso) + sio(a? + 5?)
+a?(ejof3 — bieoo) + Bleioa® — yieoo)
(13) —2(s;0® — yiso)(0? + %) + 4s,-00z26}.

Proof. First plugging (10) into (5) yield (12). Now we are ggito computeJ; .
Let

€00 ;

H' = 2Fy soyi +asi0.

We can rewrite (8) as follows

(14) Ji =yjI,-|j—IjH’ —ZHJI,J,

where H', := 9H/ /dy', I,.; = 01;/dy’ and I;; are defined by

oG dGI
ali Iy s _dxt = [ dx +1,,(dy * 5y dx )
By a direct computation, we obtain

n+1

I,'.j = 2 —F (yjcfl+bj) (Ckzb,' — ﬁy,)
—(n+ 1)F tay; (azb; - ﬁy,-)
n+l ., _
+——F 1o 2<2yjb bjyi — 6a,j)
j _ €00:j , €0 €00 _1
= gpdl + By = gp (et )y
—s00] — siy! + y,-oflsjo +as’;.
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whereb;o = b;);y/ and bgo = b;|;y'y/. Observe that
bijj =rij +sij =eij — bisj — bjs; +sij.
We have
bijo = eio — biso — i3 + si0, bojo = €00 — 2s5003.

By these identities, we obtain

T L 2 ntl 1 505
VI =~ 5 F bo‘o(a b; —5)’,') t Fla (a bi\o—bom)’i)
_ ntl 5, 2
= 5 F%a (eoo - 2505) (Oé b; — ﬁyz)
+1
+ Sl ((azeio — eoayi) — aP(biso + 5i8) + 2500; + azsio)-
Plugging them into (14) yields (13). U

3. Randers metrics with S =+ 1)cF

In this section, we are going to find a sufficient and necessanglition ona and
g for S=(n+1) F.

Consider a Randers metri€ =+ 3 on a manifold , wherex = \/a;;y’y/ and
B = biy'. Definer; ,s;; ,s'; ,s; ande; as above in Section 2. The geodesic coeffi-
cientsG' of F are related to the geodesic coefficiafitsof « by (11). Let

p=Iny/1-83
anddp = p; dx'. According to [8], the S-curvature of &+ 3 is given by
= €00 _
(15) S=(n+D{5% ~ (o* o)},

whereegg and so are defined in Section 2 ang := p,y”.
We have the following

Lemma 3.1. Let F = «+ 3 be a Randers metric on am -dimensional manifold
M, wherea = /a;;(x)y"y/ and 3 = b;(x)y'. For a scalar functionc = c(x) on M, the
following are equivalent
(@ S=(n+1) F;
(b) eoo = 2c(a® - ).

Proof. From (15), we see th&= (n + 1)cF if and only if

(16) e,-j:(s,-+p,-)bj+(sj+pj)b,-+2c‘(a,-j +b,'bj)
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(17) si+pi+2ch =0
On the other handggg = 2¢ (o — 3?) is equivalent to the following identity,
(18) eij = Z @ij — bib;).
First suppose tha® = (n +1)cF. Then (16) and (17) hold. Plugging (17) into (16)

gives (18).
Conversely, suppose that (18) holds. Contracting (18) Witlyields

(19) rigb! +1|8%s; = 2 (1= | 81%)b,
where we have used the fagth/  =0. Note that
(20) _bjbj|i =(1- ||5||2)/)i-

Adding (20) to (19) gives
(21) —(@—[1BIP)si = 2¢(1— ||B]P)b;: + (1= [1B]P)pi-

This is equivalent to (17) since 1 ||3]|? # 0. From (18) and (17), one immediately
obtains (16). This proves the lemma. [l

Lemma 3.2. Let F = o+ (3 be a Randers metric on am -dimensional manifold
M. For a scalar functionc = ¢(x) on M, the following are equivalent
(@ E=(1/2)n + L) Fh;
(b) eoo = 2¢(a” - 3).

Proof. It follows from (7) and (15) that

(22) £y =50+ 1))

F

Yy

Suppose thatgg = 2¢(o? — (3%). Then

e%) = 2c(a — f).
Plugging it into (22) we obtain
1 1
(23) E;; —E(n+l)c Qyiyj = E(n+1)c Fyiyi.

That is, E = (1/2)(n + 1)c F~ 1.
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Conversely, suppose that (23) holds. It follows from (22§ 4&3) that

E

F i|yi 2 = ZC E‘-i.‘-j ’

Thus at each poinp € M, the following holds onT,M \ {0},

e
20 =2cF +n+T,
F

wheren € T,;M and 7 is a constant. By the homogeneity, we conclude that O.
Then

(24) eqo = 2cF?+ nF.
Equation (24) is equivalent to the following equations,

(25) eoo = 2c(a®+ %) +np3
(26) 0= 4h+n.

By (26), we obtainp = —4c¢(3. Plugging it into (25), we obtain
€oo = 26(()&2 — ﬁz)
This completes the proof. [l

4. Randers metrics with J+cF | =0

As we know, the mean Landsberg curvatdrean be expressed in terms efand
6. But the formula (13) is very complicated. So the equatlohcF | = 0 is com-
plicated too. In this section, we are going to find a simplecessary and sufficient
condition forJ +cFI =0.

Lemma 4.1. Let F =« + [ be a Randers metric on a manifold . For a scalar
function ¢ = ¢(x) on M, the following are equivalent
(@ J+cF1=0;
(b) ego = 2c(a?® — $?) and 3 is closed.

Proof. Let
fij = eij — 2c(aij — bib;)
and fio == fi;/, foo:= fi;¥'y/. We have

20(ei0a”® — yieqo) + a*(eiofl — bieoo) + Bleioa® — yieoo) =
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2a( fioa® — i foo) + o(fioB — bi foo) + B(fioa® — yieoo) — 2¢(bia® — yiB)F2.
Plugging it into (13), we see that+cF | =0 if and only if

(27) (fioB — bi foo)o? + (fioa? — yi foo)B + 4sioa®3 — 2(si® — yiso)(a® + %) = 0,
(28) (fioa® — i foo) + sio(@® + %) — 2(s;0® — y;50)3 = 0.

Differentiating (28) with respect tg/ y* and , we obtain

0 = fijau + fixaji + fuajx — aij fu — ai fji — air fix
+5ij(ax +bxby) +sik(aji +bjby) +si (@ +bjby)
— (2aysi — aixs; — aiisi)b;
— (2aj;si — aijsi — ais;)by
(29) — (2ajisi — aijsk — aixs;)b.

Contracting (29) witha* yields
(30) nfij — Aaij +sij(n + 2+ 8]%) = 2(n + Vsib; +2(is; — bjs;) =0,

where\ := a¥ f,;. Here we have made the use of the identitg*’s; —s. It follows
from (30) that

A n+l
(31) fij =2 ai+ — (sibj +s;b;),
(32) sijf(n +2+(8]%) = (n — 1)(sibj — sjbs).

Contracting (32) withy' :=,a"" yields

S =0.
Plugging it into (32) we obtain that
Sij = 0
and
A
(33) ﬁj = ;a,-j.

Now equation (27) simplifies to

(34) Abia® — yi3) = 0.
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Taking y; =b; in (34) we obtain
(35) 1811 = 1)bi = 0.
Assume thatg # 0. It follows from (35) thatA = 0. From (33), we conclude that

ﬁj =0.
Conversely, we suppose thaj = 2c(o® — 5%). Then

eio = 2c(yi — bif9), eoo = 2c(a?® — (5?).

We obtain

(36) eioa® — yieoo = —2c(bia® — i),

(37) eiof3 — bieoop = —2¢(b; a? - vi[3).

Plugging (36) and (37) into (13) yields

(38) J; = %(n + l)oz_z{ —c [(b,-az —vp3)+ (s,-oz2 — y,-so)} + s,-oa}.

Further, suppose thét is closed, hence;; =0. From (12) and (38), we obtain
Ji = —}(n + 1)0@72{17-@2 — yﬂ} =—cF I
i 2 i i i+
This proves the lemma. [l
There are lots of Randers metrics satisfying
1 -1
:E(n+1)cF h, J+cF Il =0.

Besides the Randers metrics in (3) with 4£1/2), we have the following example
with ¢ = ¢(x) # constant.

ExavpLe 4.2. For an arbitrary number with 0 < ¢ < 1, define

— V(1= A(xu + yv)2 + e(u? + v2)(1 +e(x? + y?))
“ L+e(xZ+y?)
5= V31— e(xu+yv)

' 1+e(x2+y?)

We have

2442
18la=Vi-| S5t <1

e+x2+y2
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Thus F :=a+ 3 is a Randers metric on°RBy a direct computation, we obtain
J+cF 1 =0,

where
_ 1—¢2
C= "5 —>57-
2(c +x2+y?)
Moreover, the Gauss curvature 6f  is given by

3vV1— €2 (xu+yv) N 71— ¢€?) . 2¢

K=-— .
(e+x2+y2)2F 4(6 +.X2+y2)2 e+x2+y2

Thus F does not have constant Gauss curvature.

5. Proof of Theorem 1.2

By assumption thad + cFI =0 and Lemma 4.1, we know that
eij = 2c(aij — bibj), sij = 0.
Plugging them into (11) yields
(39) G' =G +c(a— B)y'.

Thus F =« + [ is pointwise projectively equivalent ta and the Douglas curvature
vanishes [2] (see also Example 13.2.1 in [8]). By assumpkion A, the Weyl curva-
ture (the Berwald-Weyl curvature in dimension two) vansiig?] (see also Chapter 13
in [8]). Therefore,F is locally projectively flat. Then Theon 1.2 follows from The-
orem 1.1 in [9].

For reader’s convenience, we sketch a direct proof beloweutide assumption
that

. A
e,-j:2c(a,-j—b,-bj), S,'J‘IO, le :AFZ{d;(—?‘Ayl}

First, plugging (39) into (4) and using

(40) bijy'y! = eoo = 2c(0® — 57,
we obtain

(42) R, :§ik+E5,’;+Tkyi,
where

E = 3c%a? — 2c%af — ¢?B5% — cjola — p).
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Then

R = Ry = 80—y’ = | = 3e)a® + 200+ D+ (A+ A2 + epofa — )] o + Ay’
This implies that

(A = 3c®)a? + 2(\ + P)af + (A +?) % + cpo(a — B) _
2 - b

(07

where = pu(x) is a scalar function oo  and it must be a constant when
dimM > 2. The above equation is equivalent to the following two ¢igua

(42) 200+ c?)B+c;p=0
(43) (A =3¢ — p)a? + (A +c?)B% = cjpf = 0.

From (42) we obtain thato = —2() +¢?)f. Plugging it into (43) yields
(A —3c% — p)a® + 30\ +c?)F% = 0.
It follows that
A—3c2— =0, A+c?=0.
Thusc is a constant\ = —c? and u = —4¢?, i.e.,
_ S ag
R, = —4czo¢2{5,’< - j}y’}.

We will follow [9] closely. First, we suppose that = 0. It folvs from (39) that
G' = Gi(x, y) are quadratic iny € R* for anyx . HenceF is a Berwald metric. More-
over,

R, =R',.

On the other handy = —4c¢? = 0 implies thata is flat, E’k =0. ThusF =a+(is
flat. We conclude tha¥ is locally Minkowskian.

Now suppose that # 0. After an appropriate scaling, we may assume that
+1/2. We can exprese in the following Klein form

o= VIVE = (XPIyP - (x,¥)?)
1-[x? '

Since g is closed, we can express it in the following form

(X, y)
1-|x?

B==+ +doly), y=(')eTB".
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It follows from (40) that

(44) bij = £(aij — bib)).
The Christoffel symbols ofx are given by

— xk§t+xI6E
Fl'k =_J = X
/ 1—|x|?

The covariant derivatives of with respect toa are given by

iy =*{ afizaif "1 —1|x|2 (6 - xi% - gﬁ )}

and

1 (3 i 09 JW)_@M_@

i —biby = ——— (5, —x 2P . .y
G TP T T TR Y oxi T 0x) T oxi oxd

Plugging them into (44) yields

2
0 +8<p8_<p'20.

(45) Oxidxi  Oxi OxJ

Let f = exp(). Then (45) simplifies to

Pf
(46) oxioxi 0
Thus f is a linear function
f=k(1+(a x), k> 0.

We obtain that
¢ =Ink +In(1 +{a, x)).

Finally, we find the most general solution fo

xy . (ay)

0 PTG Ty

y € T,B".
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