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Introduction

This paper is concerned with the characteristic classes for complex bundles
with values in the complex cobordism U*(+). These are the dual Chern classes
c®, the Wu classes #® and the classes ¢ corresponding to the power operations P.
On these classes with values in the classical cohomology, Haefliger and Wu have
proved some interesting theorems in [11], [19], [20]. The aim of this paper is
to show the complex cobordism version of their theorems.

Quillen [17] has given a formula relating the power operation P to the
Landweber-Novikov operations s, and a formula relating the class g to the Chern
classes c®. These formulae play a central role in this paper.

The layout of this paper is as follows.

§1 contains a recall of the Landweber-Novikov operations and the conjuga-
tion in Hopf algebras. In §2 we consider the dual Chern classes ¢®(¢) and the
Wu classes u®(E) of a complex bundle £ in connection with the Landweber-
Novikov operations s® and their conjugations s¥. §3 is devoted to the dual Chern
classes ¢®(M) and the Wu classes u®(M) of a weakly complex manifold M, with
which a Riemann-Roch type theorem is proved along the line of Atiyah-Hirze-
bruch [4]. We have in particular the following formula which may be regarded
as a complex cobordism version of the formulae in Wu [19], [20]:

SsRa, [M> = 31 s<au! (M), [M]>,

where a= U*(M) and [M]e Uy(M) is the fundamental class of M.

In §4 and §5, we consider the power operations P and the corresponding
characteristic classes g, and give a proof of the formulae due to Quillen.

In §6 an element A U*(EGZ<M") is defined after Haefliger [11] for a

closed almost complex manifold M, where Eg is the universal G-bundle for a
cyclic group G of order p (prime). We prove a formula connecting A to u®(M)
in terms of P, which may be regarded as a complex cobordism version of Theorem

3.2 in Haefliger [11].
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§7-89 are concerned with immersions and imbeddings of closed almost
complex manifolds. In §8 we prove a complex cobordism version of the theorem
of Haefliger [11] on immersions and imbeddings. This is given in a form of
integrality condition in localization. In §9, this is converted to a theorem given
in terms of K-theory, and is employed to give another proof of the results due
to Atiyah-Hirzebruch [5] and Sanderson-Schwarzenberger [18] on non-imbedd-
ability and non-immersibility of complex projective spaces in Euclidean spaces.
This fact make us expect that the theorems of §8 would yield better results on
immbedding and immersion problem if we could manage well the complex co-
bordism theory, but I am not successful.

1. Landweber-Novikov operations

We shall consider the complex cobordism theory, that is, the generalized
cohomology theory with values in the Milnor spectrum M U(see [2]). We denote
by U*(X, A4) the complex cobordism of a CW pair (X, 4).

We shall first recall some facts on characteristic classes and cohomology
operations in the complex cobordism theory from Landweber [12] and Novikov
[16] (see also [1]).

Let S* denote the Z-algebra (under composition) of stable cohomology
operations of complex cobordism, and C* the Z-algebra of stable characteristic
classes of complex bundles with values in complex cobordism. Each of these
contains U*(pt) naturally as a subalgebra. An isomorphism «r: S*=C* of graded
modules can be defined by

W(7)(§) = dg (1) UX(X),

where 7€ S*, £ is a complex bundle over X, and ¢¢ is the Thom isomorphism
of £ in complex cobordism. Later on +(7) (&) will be denoted by (7, £).

Let R=(r,, 7,, -*) be a sequence of non-negative integers which are almost
all zero, and R be the set of such sequences. We put

IRI=Sl7, [IRI=Sir.
For I=(1,, 2,, ***), J=(J1, Jo» ***)E R, we define

I4] = (b i ) E R
We write 0=(0, 0, -+, 0, --+).

Consider the elementary symmetric functions o, o,, -+ in a sufficiency of
variables #,, t,, -+, ¢,, and define for each Re R a polynomial f by

fR(O'l, O,y ---) = E ti”lt;'z-..tz'n ,

where the sum runs over n-tuples (m,, m,, ---, m,) such that r, of the m’s are 1, 7,
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of the m’s are 2, and so on, while the rest of the m’s are 0.
Given a complex bundle & over X, we define the Chern class c®(¢)e U*'RII(X)

by
CR(E) =fR(cl(E)’ CZ(E)’ '") ’

where ¢;(£)e U*(X) are the characteristic classes of Conner-Floyd [7]. Since
cRe(C*, the cohomology operation sR& S* of degree 2||R|| is defined by

(L1 - Y =c®  or () =P E).
s® is called the Landweber-Novikov operation. It holds that
(12) Fgdn) = 3] () (),

(1.3) sR(aB) = 2 sla-s'B.

Let S*C S* denote the submodule generated by all s®. Then {s%} zcq is a
basis of the module S*, and S* is a subalgebra of S*. Furthermore S* is a
connected Hopf algebra with a commutative coproduct {r: S*¥*—S*Q S* defined

by
P(®) = > Q7.

J=R

The Hopf algebra S* is called the Landweber-Novikov algebra.

Next we shall recall the following result due to Milnor-Moore [15]. Let 4
be a connected Hopf algebra with commutative coproduct. Then there is asso-
ciated to each a4 an element 2 4 so as to satisfy the following properties:

i) deg a=deg a, i) 1=1,
i) a=a, iv) atb=a+tb,
V) —a—zz(_l)degadegbga’

vi) if Y(@)=23] a/®a,” for the coproduct v, then

0 (deg a > 0),

rE I
’Ea,a, {a (dega=0).

The element & is called the conjugation of a.
We shall denote by s® the conjugation of s® in the Landweber-Novikov
algebra S*. It follows that

(1.4) ' Dl = D) ¥ =

I+J=R I+J=R

{0 (R + 0),
id (R=0).

We have also

(1.5) FaB)= X fa-5/8.

I+J=R
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This is proved as follows by induction. To do this we introduce an order
in R such that R<R'if |R|<|R’|. Since (1.5) is obvious if R=0, we assume
R=+0. Then (1.3) and (1.4) imply '

FaB)=— 2 F(sFa-stB).
I+ K+L=R
4R
Since 7 <R, we have inductively

Raf)=— 3 3 FsKa-5L0
I+E+L=R P+Q=I
I4R

= BRI E O B

I+J=R P+K=I

2. Wu classes and the dual Chern classes

Corresponding to (1.1) we put
a*(E) = w(s*, £)e U™I(X)
for a complex bundle £ over X. We have
2.1) gD = 3 @@ (),
which is shown as follows (compare [10], Appendix 2).

Let D(£), S(&) denote respectively the disc bundle, the sphere bundle asso-
ciated to £, and z¢: D(£)—X the projection. Then, for the Thom isomorphism
¢pe: U¥(X)=U*(D(E), S(£)), we have ¢pg(a)=nF(a)-pe(1). Therefore it follows

Besn(W(55 E) X Y57, m))
= zfan(P (5", E) X5, 1))+ bexn(1)
= (zFY (", E)XmFY(s, 1))+ (de(1) X $o(1))
= mEP(s", £) (1) X7 Y(s, m)- ba(1)
— Fe(1)xFpy(1)
Consequently we have
Branl, 31 Y, )9, 7))
= deond*( 33 W5, E)x (57, 7))
= @5t 31 (6", )X, 7))
= a* 31 74u(1) x5/$.(1)

£T=R

= 31 57e(1)-5 (1)

J=R



CHARACTERISTIC CLASSES 525

= sR(¢pe(1)-9(1)) Dby (1.5)
= §R¢5®,,(1)
= ¢'£$n'\!"(§R: E@"?) s

where d* is induced by the diagonal map. Since ¢¢g, is an isomorphism, we
get (2.1).

For a complex bundle £ over X and Re R, we define the Wu class uR(§)e
U*'RI\(X) and the dual Chern class c®(E)e U*'®I(X) by

uR(E) = 33 §'c/(§),
I+J=R

cR(E) = X s'al(E).
I+J=R

Obviously u®, t®<(C*, and it follows from (1.4) that

(€)= 2 sul(§),

(2.2)

®3) #(E) = 31 7).
Moreover it follows from (1.2), (1.5) that
(24) wi(EDn) = 33 w'(EW (),
and from (1.3), (2.1) that
(2.5) ch(EDm) = 21 T (€)% () -
We have also
v JO O REO),
26) Seewe-{]  Rr
venaren JO (RFO),
@) Seoro-{] Rl

In fact, it follows from (1.5), (1.4) that
bl 3 w(EW(£)
= i 3T B) 9, €))
= 31 s e(l) mbgE s de(1) - du(1)

K+L+J=R

= 2 stxfep'sth(1) 5 de(1)

K+L+J=R

= 2 M(addr " (1) pe(1))

M+L=R

= 2 sMstey(1)

M+L=R
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(0 (R=*0),
$e(1)  (R=0).
This proves (2.6). Similar for (2.7).
By (2.4) and (2.6) and by (1.2) and (2.7), we have
Lemma 1. If £ and 7 are complex bundles such that EDn is trivial, then
cRE)=c®(n),  uR(E)=u"(n).
The following relations can be proved by the argument similar to the proof
of (2.1).
S p(a) =, 3 stael(E),
(2.8) . I+]=R—I s
¢t () = > Fa-@(§).
ReMARK 1. Let C*C C* be the subalgebra generated by ¢; (=0, 1, 2, ---).

Then +Jr gives rise to an isomorphism S*=C* of modules. We see &, aR=C*,
and hence ¢%, u®C* by (2.6) and (2.7).

REMARK 2. For a prime p, let p,: U*(-)—=H?*(-; Z,) be the natural trans-
formation. Let A(j)E R be a sequence with 7 in the j-th place and zero else-
where. Then s*4»~? corresponds to &* or S¢* according as p> 2 or p=2 under
p, (see [12], p. 107). Therefore p, sends w**® to the classical Wu class Ug,,
and ¢%® to the dual Stiefel-Whitney class W?*. Similarly p, (p>2) sends
ui®= to Ut,, and t?4?~ to Q* (see [11] for the notations).

3. Riemann-Roch type theorem

Let M be a weakly complex manifold. Then the stable tangent bundle 7 is
endowed with the complex structure. We write u®(M) for ®(), and call it the
Wu class of M. Similar for ¢®(7) and ¢®(7).

The following Riemann-Roch type theorem holds.

Theorem 1. Let M and N be closed weakly complex manifolds, and f: M—
N be a continuous map. Then, for the Gysin homomorphism f: U(M)—Ui*"~™(N)
(m=dim M, n=dim N), we have

B SN =, 3 [T 0),
I +JZ==R§Iﬁa ) u](N) =I +J2_Rﬁ (EIa ’ uJ(M))

for ac Ui(M).

Proof (compare [10], Theorem 10). Take a differentiable imbedding 7 of M
into the interior of the k-dimensional disc D* such that the imbedding (f, 7):
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M—>N x D* is homotopic to a differentiable imbedding f: M—N x D¥, where k
is a sufficiently large interger such that n+%&—m is even. The normal bundle
»(f) of the imbedding f is endowed with the complex structure. Consider the
collapsing map ¢ of the Thom complex T'(k)=NXD*/Nx S** to the Thom
complex T(v(f)), where k denotes the real k-dimensional trivial bundle over N.
By definition f; is the composite

Uiy 24D renenom( T £)
% -1
_(i__) l]i+n+k—m(T(k))_"> Ui+n—1n(N) .
Take a differentiable imbedding j of IV into the interior of D’, where [ is a
sufficiently large integer such /—n is even. Let v(M) be the normal bundle of
the imbedding

F i X id
LN prypr

and »(V) the normal bundle of the imbedding j. Then it follows that
»(M)=v(f)Bv(N)

as complex bundles. Therefore we have the following commutative diagram:
*

DT F)PNY) — THTReDo(N))) 2 THTRNY)

Uu*m) C T(ﬁvw) Tqbv(m T‘f’vw)
Puch - ! B o* ~ b i
UNT((F) ——> UXTK) <—— U*N)

(see [6], p. 97). Thus we have
(3.1) fr=diodr oc*oducar -

Since ¢ is 1he iterated suspension, it commutes with §%. Therefore it follows
from Lemma 1, (2.8) and (3.1) that

33 fiE (@) w! (M) = 33 fi(s(a)- /(v D)

= filpranS hran(@)) = didvsdi ‘¥ drcans(ar)
= PSR dr c*buan(a) = PR P filax)

= 22 ¥ fila)-#/ (V) = 3 5 fila)-u/(N)

J=R
and the second equality has been proved. Similar for the first equality.
Let Uy(X) denote the complex bordism group of a CW complex X, and let

Dt UX)QUX)—»U;_((pt) = Ui~i(pt)
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be the Kronecker product.
Theorem 2. If M is a closed weakly complex manifold, we have
<sRa, [M]> = 31 /<ol (M), [MD>,
<sRa, [M]D =I+§R§’<a-E’(M), [M]>
for a € U*(M), where [M]< Uyx(M) is the fundamental class of M.

Proof. Let ¢: M— pt be the collapsing map. Then it is easily seen that
a(a)=<a, [M]>. Therefore the first equality is equivalent to

as®(a) =I”Zlﬂs’c;(a-uf (M)).
It follows from Theorem 1 that
(o) = DY aFa-w/(M)).
I+J=R
Hence in virtue of (1.4) we have
L‘gSR(a) = 3 SIEPL‘].‘Q(C{)
I+PT@=R
= > s 3 a3sCa-u/(M))
P

I+P+Q=R J+EK=

= 3 s’c,(xgzviKsQa-uf(M))

T+J7+U=R

= > sle(a-u/(M)).
I+J=R
This proves the first equality. Similarly we can prove the second equality.

Remark 1. If V is a closed weakly complex manifold of dimension 7z and »
is its stable normal bundle, it is known by Novikov [16] that s® sends the element
of U~i(pt)=U(pt) represented by V to cxD7'c®(v), where D: Uy(V)=U*(V) is
the Atiyah-Poincaré¢ duality and cy: Uy(V)—Uk(pt) is induced by the collapsing
map (see also [1]).

RemaARk 2. With the classical (co)homology, Wu proves

8¢, [M]> =<a- U, [MD,  (p=2),
{Pa, [MP=<a-Us, [M]>, (p>2)

for ac H¥(M; Z,), where M is a closed manifold and is assumed to be oriented
if p>2. The first formula in Theorem 2 may be regarded as a complex cobord-
ism version of these formulae (see Remark 2 of §2). The classical form of the
second formula in Theorem 2 is seen in Massey-Peterson [14].
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4. The classes q

Throughout the remainder of this paper, we denote by G a cyclic group of
order k, where & is a fixed integer.
Denote by L the complex 1-dimensional G-module where the generator mul-

tiplies by exp (27+/ —1/k), and define a complex (k— 1)-dimensional G-module
A as a linear subspace

{(21, Ry 0y z,,)EC"; 21+zz+"'+zla = 0}

of C* on which G acts by the cyclic permutation of coordinates. Let p resp. A
denote the bundle associated to the universal G-bundle E;—B; with fibre L
resp. A. Since there is an isomorphism A=LPL*P---PL*™* of complex G-
modules, we have an isomorphism

(1) A= pB B Bt

of complex bundles.
We shall put

v=e(p)EUYBs), w=-e(\)E U (Bg),

where e stands for the Euler class, z.e. the top dimensional Chern class.
For a complex m-dimensional bundle £ over a CW complex X, we put

4(8) = (ARE)E Um*-(Byx X) ,

where ® denotes the external tensor product. It follows that ¢ is natural and
multiplicative:

q(f*€) = (1xf)*q(&),  q(EDn) = q(E)q(n) .
Let
F(x, y) = x+y+ iélaﬁx"y” e U*(pt)[[x, y]]

be the formal group law for the complex cobordism theory, that is, a formal
power series on x and y with coefficients in U*(pt) such that

e(m:,@n,) = Fle(m,), e(,))

for complex line bundles 7, and #, (see [9], [16]). Define [¢](x)s U*(pt)[[x]]
(=1, 2, --) by

[Jx) ==,  [](x)= F([i—1](x), %),
and define a;(x)e U*(pt) [[x]](j=0, 1, 2, ---) by
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T A1), ) = S asy’

Since e(p*)=[z](v), it follows from (4.1) that
a,(v) = ‘g [](e) = w.

It is easily seen that a;(v)e U**""%(B;). We shall write

a(v)R = a,(v)"1a,(v) 2+ a (V)

for R=(ry, 1,5 -+, 75, - )ER..

Theorem 3 (Quillen [17]). For a eomplex m-dimensional bundle &, we

have

q(&) = 23 @™ Fla(v)®x ().

IRIs™

Proof. For a complex line bundle 7 over X, we have
a(n) = e(3} o) = 11 e(pto' @)
= 11 F([i](ptelp)), pie(n))
— 33 ptay(e(p)- pte(ny
= wx 1+ D ay(o) xe(n)’,

where p,: Bo X X—Bg, p,: B X X—X are the projections. Therefore, if £=7,P
<@, is a sum of line bundles, it follows that

q(¢) = ,]:[1 (X 14-a,(v) X e(n;)+a,(v) X e(7;)*+++*)
= DV @™ Rig(v)R X fr(c,(E), ¢,(E), *+*, cm(E))

IRI<™

= >V w™ Rig(v)R x cR(E).

IR <™

To prove the result for £ which is general, we apply the splitting principle.
Let f: Y—X be a splitting map. Since f*£ is a sum of line bundles, we have

(1xf)*q(&) = 9(f*E)
= >3 w" Fla(v)® X c*(f*£)

IR <™

= (1 xf)*(mlzg}mw”‘“‘e'a(v)’? X cR(£)).

Since (1 Xf)* is monic, we have the desired result.
We shall regard U*(Bgx X) as a U*(Bg)-module via the homomorphism
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U*(Bg)—U*(Bgx-X) induced by the projection, and consider the localization
U*(Bgx X)[w™] of U*(Bgx X) with respect to the multiplicative set generated
by w.

We put

%:(&) = w"¢(§) € UX(Be X X) [»™’]

for a complex m-dimensional bundle & over X. Then it follows that g, is natural,
multiplicative and stable.

Corollary. For a complex bundle & over a finite dimensional complex X, we
have

go(£) = 23 w™Fla(v) X c*(£) -
Proof. Since ¢(f)=w=* for a trivial complex bundle of dimension z, Theorem
3 implies
wiE) = 5w RaoR X R(E)

Since c®(£) is in U?'RI|(X) which is zero if 2||R|| > dim X, we have for a sufficiently
large ¢

w™rig(£) = @™ 31w Fla(v)F X e¥(E)
R
which proves the corollary.

REMARK. Suppose & is a prime p, and let e H*(Bg; Z,) denote the usual
Euler class of p. Then it is easily seen that

pw) = —e’7,  pyla,,(v)) =1,  pai(v)=0(=*0,p-1),
and hence

i (_l)ﬂl—ie("‘—i)(ﬁ—l)x Qs(E) (P > 2) ,

§=20

pa®) =1
St eI X W (E) (r=2)

(see Remark 2 of §2).

5. Power operations

Let Y be a pointed CW complex, and consider the smash product B¢A 'Y,
where B¢ is the disjoint union of Bg and a point. In [8] tom-Dieck defines the
k-th power operation

P: U#(Y) - U**BEAY),
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where U*(+) is the reduced complex cobordism theory. Fora CW complex X,
taking Y=X" he defines the power operation

P: U¥(X) — U*¥(Bgx X).
He shows that P is natural, multiplicative, and
P(c’a) = o*(wP(ar))

holds for a € U%(Y), where o*: U%(Y)— U%+(Y A S?) is the double suspension,
and U*(BA Y) is regarded as a U*(Bg)-module as usual. He shows also that
q is the characteristic class corresponding to P in the following sense:

a(®) = $2aP(1)

where £ is a complex bundle over X, and ¢;4.¢: U*(Bgx X)—U*(T(id x £))=
U*(B&AT(£)) is the Thom isomorphism.
We shall define
P,: U*%(X) —» (U¥(Bex X)[w™'])*

by P,a)=w"iP(a). It follows that P, is natural, additive, multiplicative and
stable.

Theorem 4 (Quillen [17]). For a finite complex X we have
Pa)= %} w™ Rlg(v)R xR, (@€ U%(X)).

Proof. Let o be represented by f: X+ A S* %—>MU (n), where MU(n) is
the Thom complex of the universal complex bundle {=¢, of dimension z.
Then we have

[H(#e(1)) = o™ *(a) -
Therefore it follows from the properties of P mentioned above and Theorem 3
that
O_Zﬂ—ziwn—iP(a) — Po_zn-zi(a)
= Pf*($:(1)) = (1 Xf)*Pe(1)
= (1xf)*biaxcq(£)
= (1Xf)*ares 3 " Ria(o) X 5(0)
= 3 @ Rla(0)® X f*¢ee(0)
Since
J*Pec®(8) = fH*sRpe(1) = s* fH*de(1)
J— sRo_zn—z{(a) —_— o_zn-z.‘sR(a) ,



CHARACTERISTIC CLASSES 533

we have
o_zn—ziwn- iP(a) — a_zn—zi E w""R‘a(v)R X sRa .
IRIZ”
Since % is monic, this proves the desired result.

Corollary. For a complex bundle & over a finite complex, we have
98) = S 0 Rla(@FP, @ (E)
Proof. From the corollary of Theorem 3, (2.3) and Theorem 4 it follows that
2 = 3 0™ Rla(o)® X cR(§)
= 2w ®la(v)®x >3 su/(E)
R I+J=R
= >Yw Vla(v) 33w Mla(v) X s'ul (£)
J I
= St V(@) Pu £))

Remark. The power operations P for k=p (a prime) correspond to the
usual Steenrod reduced power under the transformation p,. Therefore the
formula in Theorem 4 may be regarded as a complex cobordism version of the
Steenrod formula given in 2.5 of [11] (see Remark of §4).

6. The class A

Let M be a closed almost complex manifold, and 7(M) be the tangent bundle
of M endowed with the complex structure. Consider the k-fold product M* on
which G acts by the cyclic permutation of coordinates. Let »: W—M be the
normal bundle of the diagonal imbedding d: M—M*. Then v is endowed with

a G-equivariant complex structure which is isomorphic with 7(M)®A. This is
seen from an exact sequence

0 — (M) — T(M*)| M — 7(M)QA — 0

of complex G-bundles over M, which comes from the exact sequence 0—C—
C*—A—0 of complex G-modules.
Consider the complex bundle

v,=1dXv: EgXW — BgX M.
q G
Then we have isomorphisms
v =id X (1(M)QR)=AQ7(M)

of complex bundles, and hence
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(6.1) e(v,) = ¢(7(M)) .

If we regard W as an equivariant tubular neighborhood of d(M) in M¥*, we
have the Thom class

t(v,)E U™* Y Eg X M*, Ec X (M*—W))
G 4
(dim M=2m). We define

(6.2) A = j¥(t(v,)) € U"* " YEc X M*),
where j* is induced by the inclusion.

We have obviously
(6.3) e(v,) = (id;< d)*A

for the homomorphism (idx d)*: U*(Egx M*)—U*(Bg X M).
G G

ReMARK. If we consider the standard G-action on the sphere S***' and
define A,& U™ *-D(§***1 x M*) to be the Atiyah-Poincaré dual of the element
q

[SE*IX M, id X d]E U, yrm+1(S¥+ X MF), then it is seen that A, is the image of
G G
A under the homomorphism U*(Egx M¥)—U*(S*"** X M*) induced by the in-
q q

clusion.
Let

Pext: UH(X) — Uk(Eg X X*)
denote the external power operation. By definition we have
(6.4) P = (id X d)*oPext .
We shall regard U *(EG3;<X") as a U*(Bg)-module as usual and consider the
localization U*(E¢ X X*)[w™']. Define now
Pgt: UH(X) > (UH(Eox X*) [w™"])*
by P§(a)=w"P**(a), a = U*(X).

Theorem 5. If k is a prime, for a closed almost complex manifold M of di-
mension 2m we have

A = S1u (o) Py (M)
in UX(Eg X M*)[0™].

Proof. By (6.1), (6.2), (6.4) and Corollary of Theorem 4, we have
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(idx d)*A = g(7(M))
= 31" Ra(o) Po(uF(M))
= (idxdy* 33w Ma(o) P§(ur(M))

in U¥(BgX M)[w™]. Since k is a prime, d(M) is the fixed point set of the G-

space M*. Therefore, by the localization theorem for the equivariant cohomology

theory U¥(+)=U*(E¢ X +) (see [9]), we see that (id X d)* induces an isomorphism
G a

U*(Ec X M*)[w '] U*(Be X M)[w™*]. Thus we have the desired result.
q

Corollary. For a continuous map f: S*™'—M to a closed almost complex
manifold M of dimension 2m, we have

(@dXf**A = v
in U*(Eg X (S™+1)¥) [w].

Proof. Since both U*(S***') and U*(pt) are zero if i>0, we have
Jf*UR(M)=0 (R=+0). Therefore Theorem 5 implies

(i f4Y* 5 = T Rlae) P fHuR(M))

=",

RemMARK. Theorem 5 may be regarded as a complex cobordism version of
Theorem 3.2 in [11].

7. The imbedding class and the immersion class

In next section we shall prove theorems on immersions and imbeddings of
closed almost complex manifolds. To do this, given a continuous map f: M—M’
between closed almost complex manifolds, we shall define for each prime & the
imbedding class ¢ . and the immersion class +, after Haefliger [11] and Wu [21].

Consider the G-space M* as in the preceeding section, and identify M with
the diagonal d(M). Since % is a prime, we have a principal G-bundle M*— M
—(M*—M)|G. Let h: M¥*—M—E; be a bundle map classifying this bundle.

The bundle (M*— M) X M’*—(M*— M)|G associated to M*— M—(M*—

M)|G with fibre M’* has a cross section s: (M*— M)/G—(M*— M)x M’* deter-
6

mined by f*: M*—M’*,
We shall now write A’ for the element A of (6.2) for M’, and define ¢, to
be the image of A’ under the composite
(hxid)*

G

U(EgX M) —— U(M*—M)x M) R U*(M*—M)/G).
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Obviously @, depends on the homotopy class of f. If f is a topological im-
bedding, then (hxid)os takes (M*—M)/G into Egx(M’*—M’). Therefore it
G G

follows from the definition of A’ that @ ,=0 if f is a topological imbedding.
Thus we have

Lemma 2. If f is homotopic to a topological imbedding, then ¢ ,=0.

Consider the following diagram:

(hxid)*
U(Ee X M™*) ——> U*((M*—M)x M")
sk
| (G < f*)* UX(M*—M)|G)
G . P*

U(Egx M¥) ——> U*(Egx (M*—M)),
G G

where p is the projection and 7 is the inclusion. It follows that p* is an isomor-
phism and the map sending (x,, -+, xg) EM*—M to (h(x,, =+, X), Xy, **+, Xp) iN=
duces the inverse of p*. Therefore the above diagram is commutative, and we
have

(7.1) PX(pg) = A X fOPA

Consider the direct limit lim U*((W—M)/G), where W runs over all equi-
variant neighborhoods of M in M*. We have the canonical homomorphism

©: UX(M*—M)|G) — lim U(W—M)/G) .
We shall define y» ,.=x(p ).
If f is a topological immersion, (%X id)os takes (W—M)/G into Eg X (M’*—
M) for sufficiently small W. Therefoie, as in Lemma 2, we have ’
Lemma 3. If f is homotopic to a topological immersion, then +r ,=0.

Consider the homomorphisms
1 o £
(B x M) L) Us(Bo e M) < lim U*(Ee W)
G
— s limy UK(Egx (W—M)) <— limy UX(W—M)[G),
G

where ¢ and ¢* are induced by the inclusion maps and p* is induced by the pro-
jection. It follows that ¢ and p* are isomorphisms. Lemma 3 and (6.3) prove
the following equality by diagram-chasing:
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(7.2) PH(¥rp) = RN idx fFe(@)),

where v/’ is the bundle v, for M’.

8. Theorems on immersion and imbedding

In this section we shall prove a complex cobordism version of the immer-
sion and imbedding theorems due to Haefliger and Wu (see §5 in [11]).

Consider the localization homomorphism U*(Bg X M)—U*(Bgx M) [w™].
An element in the image of this homomorphism is said to be integal.

Theorem 6. Let M and M’ be closed almost complex manifolds with dim
M=2m, dim M’=2m’. Let f: M—M’ be a continuous map homotopic to a topolo-
gical immersion. Then, for any prime k, the element

ST R@)x (5] frel(M')-2 (M)

of U¥(Bg X M)[w™"] is integral.

Proof. Consider the bundle »,: Egx W—>BsxM. Then we have the
Thom isomorphism ’

Ui(Be X M)=U***"* = (E, X W, Eg X (W—M)).
Therefore the exact sequence for (Eg X W, EGX(W’—M)) yields an exact se-
quence ’ ’
o — Uit D(Bo x M) — U"(EG>(§ W) — U"(EG>G§(W—M)) —> oo

Passing to the limit we have an exact sequence

; 'e(Vl) :
v = Ui2&=D(B 5 M) ——5 Ui(Bgx M)

1¥o0,7?

—> lim U(Eg X (W—M)) — -

with the notations of (7.2). Therefore, in virtue of Lemma 3 and (7.2), there
exists a € U*(Bg X M) such that

(fdxf)*e(v)) = a-e(vy),

ie.
(idx f)*q(7(M")) = a-q(7(M))
(see (6.1)). This shows that
@™ " (id X f)*qi(7(M")) - go(v(M)) € U*(Bo X M) [w™]

is integral, where v(M) is the stable normal bundle of M. It follows from
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Corollary of Theorem 3 and Lemma 1 that
(1d X f)*q(7(M")) - go(»(M))
= (X w™Ma(0) X f*e!(M))- (2] w™Va(w)’ x T/ (M)
= ; w™ Rig(v)R x (H;,:Rf*c’(M’)-EJ(M)) .

This completes the proof.

Theorem 7. Let M and M’ be closed almost complex manifolds with dim M
=2m, dim M’'=2m’. Let f: M—>M’ be a continuous map which is null-homotopic.
Then, if f is also homotopic to a topological imbedding, for any prime k the element

ZR]w"'"”“lR‘v“a(v)R XTR(M)
of U¥(Bg X M)[w™] is integral.

Proof. It follows from Lemma 2 and (7.1) that ¢*(id X f5)*A’=0 for 7*:
U*(Eg X M*)—U*(Eg X (M*—M)) induced by the inclusion. Therefore there
exists ﬁge U*(Bsx M) :uch that

(XA = [*6,,(8)
with the notations in the following diagram:

*

UKBex M) ——> UXM)
w0 s
U*(EG2<(M", Mk—M)) — U*(M*, M*—M))

J* « J*
U(Egx M*) BLANR U(M*)
faxroys Ny

US(Eqx M) "> U*(M")
q

where 7,, 7, 7’ and j are the inclusion maps. The diagram is commutative, and
(f*)*=0 since f is null-homotopic. Therefore we have j*¢,7¥(3)=0.
Consider the commutative diagram
) 7*
U¥(Egx (M¥—M)) > Ug(Eg X< (M*, M%—M))— U*(E; X MF)
f r¥* ’ r* . ,.(:e

5
US(M*—M) ——> UX(M*, Mt—M) ——> U*(M*)

in which the horizontal lines are the exact sequences of pairs. Since 7* in the
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left is an isomorphism, it follows that there exists 3,€ U* (Eg X (M*%—M)) such
(2]

that ¢, 73 (8)=r*3(B,). Take‘ B, U*(Bg x M) such that §(8,)=¢,,(3,), and put
a=B—0(,. Then it follows that

j*(l)vl(a) = ]*¢V1(B)_]*¢V1(182)
= J*bu(B)—j*3(B,) = j* b, (8)

and

o) = drE(B)— 3(B,)
= 7*8(181)—7*¢v1(182) = r*¢vl(:82)_r*¢v1(ﬁz) =0.

Consequently we have
(8.1) J*bul) = (xRN’
(8.2) r¥(a)=0.
Since
ae(v,) = (idXd)*j* b (@),
it follows from (6.1), (6,3) and (8.1) that
ag(r(M)) = (idx dy*(id < fe)* A’
= (id Xj)*(id); d)*AN = (id x f)*q(r(M")) .
Since f is null-homotopic, we have
aq(t(M)) = w™ .
We know that
X : U*Bg) ® UHM)=U*[BcxM),
U*(Be)=U*(pt)[[2]/([%](2))

(see [13]). Therefore it follows from (8.2) that there exists o, &€ U*(Bg X M)
such that a=va;. Thus we have

W™ a,gy(T(M)) = w™ ,
which shows that
w™ " g, (v(M)) = Sw™ " \Riy~1a(v)R X TR(M)
R
is integral. This completes the proof.

Corollary. If a closed almost complex manifold M of dimension 2m can be
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immersed (resp. imbedded) in R**, for any prime k the element
D" IRlg()R x tR(M)
R
(resp. Dlw" ™ IRiy~lg(v)R X cR(M))
R
of U¥(Bgx M)[w™"] is integral.

RemMARK. Applying p, converts the conclusion for k=p of the above
corollary to the following (see Remark of §4): if p=2 then W%(M)=0 for i>
n—m (resp. W*%(M)=0 for i=n—m); if p>2 then Q*(M)=0 for i >n—m (resp.
Qi(M))=0 for i=n—m).

9. Imbeddings and immersions of CP™

In this section, we shall give a K-theory version of Corollary of §8 for
k=2, and apply it to prove non-existence of imbedding and immersion of
complex projective spaces in Euclidean spaces.

For a complex bundle £ over X, let v,(¢)= K(X) denote the Atiyah class of
& (see [3].) There exists a natural transformation y, : U*(+)—K*(+) such that
po(c(E))=7E) (see [7]). We define the dual Atiyah class 7;(§)e K(X) (i=0,
1’ 2’ ...) by

SrETE=00>0, =1

It follows that p (¢(€))=#%:(€). If M is an almost complex manifold and 7 is its
tangent bundle, we write ¥,(M) for #,(7). It follows that ¥,(M)=0 (:>m) if
dim M=2m.

Theorem 8. Let M be a closed almost complex manifold such that K (M)
has no elements of finite order. Then, if M can be imbedded (resp. immersed) in
R®, the element

52 (M)K(M)
is divisible by 22™"+' (resp. 2°™ ™).
Proof. Since v,(n)=7—1 for a complex line bundle 7, we have v,(»®7’)
=v,(0)+v.(7)+7.(2)7.(7"). Therefore if k=2 it holds

pla@) =147, plafo) = 0(=2)

with y=pu (v)= p(w)= K(Bg).
It is known that K(Bg)=Z[v]/(v*+2v) if k=2 (see [3]). Therefore we
have (1+v)’=1 and y*=(—2)"""y (=1). From these we see

()™ = (—1)*727  (i20,j=1)
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in the localization K(Bg) [y~"].
It follows now from Corollary in §8 for k=2 that if M can be imbedded in
R?*" ,the element

S "1 y) X §,(M)

— (___ 1)”_m2”—2m_1;=n2":m2m—ir?"(M)

of the localization K*(Bgx M) [y™"] is integral. Since K(Bg) and K(M) have
no element of finite order, it is easily seen that the above integrality condition
implies that

B2

is divisible by 2?”-*** in K(M). This proves the desired result for imbeddings.
Similarly we have the result for immersions.

Remark If % is an odd prime p, we see that

- (p—1)! i<h—
o) = BN i<,
(@, (0) =1, pfa0)) =0(=p),

where N=p ()= g(l—pf).

As an application of the above theorem, we shall prove the following result
due to Atiyah-Hirzebruch [5] and Sanderson-Schwarzenberger [18].

Theorem 9. The complex m-dimensional projective space CP™ can not be
imbedded (resp. immersed) in R*™**™™ (resp. R*™ **™~1) where a(m) is the number
of s in the dyadic expansion of m.

Proof. Put §=7—1=K(CP™), where 7 is the canonical line budle over
CP™. 'Then it is easily seen that

7P = (")

Since K(CP™)=Z[6]/(6™"") has no elements of finite order, it follows from
Theorem 8 that if CP™ is imbedded in R* then

S—1y2mi("F)erek(cem)

i=0

2m

is divisible by 22"~** and hence (
m

)is divisible by 2"+, This means
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a(m)=2m—n-+1. Thus CP™ can not be imbedded in R**~2*™,

To prove the result for non-immersion we borrow the device of [18]. Sup-
pose that CP™ is immersed in R*~'. Take an integer s which is a power of 2
and is greater than m. Since CP*® can be imbedded in R“™', CP™x CP° can
be imbedded in R****~%(see [18]). Apply Theorem 8 to this imbedding. Since

K(CP”"x CP)=K(CP™")QK(CP*),
7(CP™x CP*) =.§:7,-(CP"*) x7;(CP*),

(Zm <Zs

m )\ s

is divisible by 2*”~**2  and hence a(m)=2m—n+1. Thus CP™ can not be
immersed in R**~**®>~*_ This completes the proof.

it follows then that '

OsakA UNIVERSITY
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