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8. 13. Hinc ergo nacti sumus sequentem aequationem mazxime memorabilem:
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Leonhard Euler

The properties I propose to prove in this article, for any prime number n, > 3, are (1) that

the numerator of the fraction
1 1 1
14+ =4 =4 ...
+ 5 + 3 + + o1

when reduced to its lowest terms is divisible by n?, (2) the numerator of the fraction

12ty !
2 32 (n—1)2

is divisible by n, and (3) that the number of combinations of 2n — 1 things, taken n — 1
together, diminished by 1, is divisible by n>.

Joseph Wolstenholme
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1 Introduction

In this thesis, we introduce finite multiple polylogarithms and investigate their fundamental

relations. First, we provide some historical background.

Multiple zeta values

The study of zeta values goes back to the Basel problem proposed in the 17th century asking

the value of ((2). In 1734, this famous problem was solved by Euler as

and he studied the values of the Riemann zeta function at positive integers. The multiple
zeta values (= MZVs) are defined as certain nested series which are generalizations of the
Riemann zeta values and surprisingly the history of MZVs also goes back to Euler. In the
seminal paper [9], Euler introduced the double zeta-star value (*(ky, ko) which is an MZV of

depth two and found some relations such as

(1) C* (K1, ko) + (K2, k1) = C(k1)C(ka) + C(k1 + k2).

After a long interval, the study of MZVs became active in late 1980s. Moen proved a certain
relation among MZVs of depth three, which is a generalization of one of the relations among
MZVs of depth two proved by Euler. Moen also conjectured that a similar relation holds for
MZVs of general depth. In 1988, Hoffman who heard of Moen’s conjecture has started the
study of MZVs. He could not solve Moen’s conjecture but he discovered a conjecture called

the duality formula as a bi-product ([12]). MZVs have iterated integral expressions due to



Drinfel’d, Kontsevich, Le-Murakami and the duality formula is an immediate consequence
of this expression ([59]). Moen’s conjecture was proved by Granville [11] and Zagier later
and it is now called the sum formula. In [59], Zagier conjectured that the dimension of the
Q-vector space Z; spanned by MZVs of weght £ is equal to dj defined by the recurrence
dy = dy_o+dy_3,dg = 1,d; = 0,dy = 1 and Terasoma [55] and Deligne-Goncharov [5] proved
that dimg Z;, < dj, by a motivic approach. This inequality implies that there exist many
Q-linear relations among MZVs of the same weight. For example, there are 2'272 = 1024
MZVs of weight 12 and the dimension of the Q-vecter space spanned by these values is at
most dio = 12. On the other hand, it is believed that there exist no relations among MZVs of
different weights. By the harmonic product formula which is a generalization of the relation
(1), 2 := Zkzo Z becomes a Q-subalgebra of R. One of the main purpose of the study of
MZVs is to understand the algebraic structure of Z. In particular, we want to find explicit
relations among MZVs. Until now, there appeared huge amounts of explicit relations after
the sum formula and the duality formula such as Ohno’s relation [31], the derivation relation
[17], the extended double shuffle relation [17], and so on. MZVs appear not only in number
theory, but also in various fields of mathematics and physics. Nowadays, the study of MZVs

is quite active.

Finite multiple zeta values

According to Hoffman [14], the research on multiple harmonic sums modulo a prime number
by Moen and Hoffman was already going on before the article “What divisibility properties
do generalized harmonic sums have?” appeared in American Mathematical Monthly in 1992
[25]. Moen and Hoffman proved conjectures of Matiyasevich stated in the above article but
the proofs was not published.

Let Hy (k) := 375 1/5% and H,,(ky, ko) = 3271 H; 1 (k) /5" for positive integers n, k, k1,

and ky. Then we have H, ;(k) =0 mod p for any prime number p satisfying p > k+ 1. A



more non-trivial congruence is

k ko\ B, 1. _
1 2)M (mod p) (p > ki + ko +1),

H, 1 (k1, k) = (—1)F

p 1( 1 2) ( ) ( kl kfl‘f‘k’g
where B,, denotes the nth Seki-Bernoulli number. These are typical examples of congruences
of multiple harmonic sums. Moen and Hoffman thought of these objects as a sort of “toy
model” for MZVs. Recently, Zagier suggested that we should consider a collection of mod p

multiple harmonic sums for all prime numbers as an element of a (Q-algebra

A::( H Z/pz>/< EB Z/pZ).

Kaneko—Zagier [20] calls these elements finite multiple zeta values (= FMZVs). For example,
Ca(k) == (Hp—1(k) mod p), and Ca(ki,k2) := (Hp_1(k1,k2) mod p), in A. Then we have
Ca(k) =0 and

CA(kl, kg) = (_1)]‘31 (kl + k2> M

ky ki + ko

by the above examples. Here, B,_j := (B,_ mod p), in A for a positive integer k. Thanks
to the excellent framework of Zagier, we can consider the Q-vector space Z,; spanned by
FMZVs of weight k. Then Zagier [20] conjectured the dimension formula dimg Z4 5 = dj—_3
for k£ > 3 and Akagi-Hirose-Yasuda announced that they proved dimg Z 4 < di_3 by using
Jarossay’s recent work. By this inequality, there also exist many Q-linear relations among
FMZVs. Hoffman [15] gave an explicit conjectural basis of Z4; for k& < 9 by combining
results of Pilehrood—Pilehrood-Tauraso [37]. Since the harmonic product formula also holds
for FMZVs, we see that Z4 := Zkzo Z 41 becomes a Q-subalgebra of A. We believe that
FMZVs are not a “toy model” of MZVs, but Z4 has a very rich algebraic structure as much
as an algebraic structure of Z.

In [15], Hoffman proved some fundamental relations for FMZVs such as the reversal
relation, the duality formula for FMZSVs, and the relation between FMZVs and FMZSVs.

Here, FMZSV which is an abbreviation of “finite multiple zeta-star value” is a variant of
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FMZV and can be written as a Q-linear combination of FMZVs. It is remarkable that the
duality formula holds not for non-star values but for star values. This shows a different
phenomenon from the case of MZVs where the duality formula holds with non-star values
compared to the case of FMZVs. After Hoffman’s work, various analogous relations for
FMZVs were proved such as the sum formula [43], Ohno’s relation [36], the derivation relation
[30], the shuffle relation [19], and so on. Since we have (4(k) = 0 for every positive integer k,
we do not regard (4 (k) as a suitable finite analogue of the Riemann zeta value (k). According
to some observations the true counterpart of the Riemann zeta value ((k) is considered to
be B,_i/k. Kaneko-Zagier [20] conjectures that there exists a mysterious isomorphism as
algebra between Z,4 and Z/((2)Z.

On the other hand, the most classical result for congruence properties of multiple harmonic

sums is

Hy,1(1)=0 (mod p?) (p>3),

which is famous as Wolstenholme’s theorem [56]. J. Zhao [60] studied mod p multiple har-
monic sums independently of Moen and Hoffman. Zhao calculated not only mod p but also
many mod p? multiple harmonic sums inspired by Wolstenholme’s theorem. We want to ex-
tend Zagier’s framework to investigate the algebraic structures of mod p? multiple harmonic
sums or, more generally, mod p" multiple harmonic sums for a positive integer n. Based on

this idea, we can define the A, -finite multiple zeta values as elements of

A, = ( H Z/p”Z)/( @ Z/p"Z).

Moreover, Rosen [41] defined a Q-algebra A to be the projective limit of {A,}. The algebra
A is p-adically complete and we call this the p-adic number ring. Here, p € A is defined by
collecting all prime numbers, that is, p = (p,), where p,, € A, is defined to be (p mod p"),
for each n. We call p the infinitely large prime. Rosen suggested to study multiple harmonic

sums as elements in this new algebra. He calls these elements weighted finite multiple zeta

values, but we call A-finite multiple zeta values (= A-FMZVs) here. We can also define
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A-finite multiple zeta-star values (= A\—FMZSVS). In [41], Rosen only considered A-FMZVs
and proved p-adic generalizations of the reversal relation and the -duality formula. Here,
the 1-duality formula is a relation for A-FMZVs and is equivalent to Hoffman’s duality
formula for A-FMZSVs. We prove a direct generalization of the duality for A-FMZSVs and
the relation between A-FMZVs and A-FMZSVs. We do not know whether Rosen’s duality
is equivalent to our duality. We can also prove a p-adic generalization of Kaneko’s shuffle

relation.

Finite multiple polylogarithms

There are also finite analogues of polylogarithms which are important objects in number
theory. In the unpublished note [22], Kontsevich introduced so called the 11 -logarithm which
is a finite analogue of the logarithmic function and observed that it satisfies some functional
equations such as the four-term relation. The reason why he called this function lé-logarithm
is because the logarithmic function satisfies the three-term relation and the dilogarithm sat-
isfies the five-term relation. Kontsevich asked what are functional equations satisfied by the
finite analogue of dilogarithm. In [8], Elbaz-Vincent—Gangl introduced finite polylogarithms
and they answered to Kontsevich’s question. In fact, they proved that the finite dilogarithm
satisfies the 22-term relation and developed a general theory of finite polylogarithms.
Motivated by these results, Sakugawa and the author introduced finite multiple poly-
logarithms (= FMPs) in [44]. Kontsevich and Elbaz-Vincent—-Gangl considered finite poly-
logarithms for a fixed prime. But we generalized finite polylogarithms to multiple-cases
with multi-variables in the framework of Zagier, that is A,-FMPs. There are four types of
FMPs: finite harmonic multiple polylogarithm (= FHMP), finite shuffle multiple polyloga-
rithm (= FSMP), finite harmonic star-multiple polylogarithm (= FHSMP), and finite shuffle
star-multiple polylogarithms (= FSSMP). These are also generalizations of FMZVs in the
sense that our FMPs give FMZVs by substituting 1 into all variables. Our main purpose
is to establish fundamental relations for FMPs which generalize fundamental relations for

FMZVs obtained by Hoffman and some of functional equations for finite polylogarithms ob-



tained by Elbaz-Vincent-Gangl. In [44], we proved the reversal relation for As-FH(S)MPs
([44, Proposition 3.11}), the functional equation for Ay-FSSMPs ([44, Theorem 3.12]), and
the relation between A,,-FHMPs and A,,-FHSMPs for any n ([44, Theorem 3.15]). After this
work, motivated by Rosen’s work, the author defined A-FMPs and extended the fundamental

relations to p-adic relations [46, Theorem 3.1 and Theorem 3.4].

This thesis is based on [44] and [46]. The main result of this thesis is as follows:
Main Theorem. Let k = (ky,...,k.),ky, ..., k. be indices. Let t,...,t, be indeterminates
and o € {(,x}. Letk = (k,,..., k1) be the reverse inder of k. Put l; := dep(k;) and

ll:=dep(k}) fori=1,...,r. Here, k! is the Hoffman dual of k;. Furthermore, we define a

p-adic series C},k(tl, cooty) by

o

Lot 1) = Z(ﬂl*{l}l (1Y by ty) — 2£j*{1}1 ({1t b 1,1));;@'.

1=0

Then we have the following three fundamental relations for ./Zl\—ﬁmte multiple polylogarithms:
(i) Reversal relation for A-FH(S)MPs (= Theorem 12.1)

. > (ki -1
COMCERAS DY [ ( )] L bttty o 1P

]:1 7777

(ii) Functional equation for A-FSSMPs (= Theorem 12.2)

L5 gy A Tt AT ) = L o (T L=t {1 1= 1),

Z(—l)%k(kl o) (e )T (e ) = 0.

--------- k]+1)



The key ingredients of proofs of (ii) and (iii) are generalizations of the following identity

by Euler
N N
N\ 1 1
§ _1 n—1 i § -
n:l( ) (TL) n n=1 n

to multiple summations with variables. We carry out this generalizations by introducing the
truncated integral operators.

Independently of us, Ono—Yamamoto [35] defined another type of finite multiple poly-
logarithms and proved a shuffle relation of them. We give an explicit relation between

Ono—Yamamoto’s FMPs and our A-FMPs.

Special values of finite multiple polylogarithms

By applying our main theorem, we can calculate special values at 2 or 1/2 of FMPs. Before

stating our result, we recall a conjecture by Z. W. Sun. In [50], Z. W. Sun proved

p—1
H,(1)
= d
> S =0 modp) (>
and conjectured
ELH,(1) 7
— 7’72" EﬂBp—ifp (mod p?) (p>3), ifniseven.

This conjecture was already proved by Z. W. Sun-L. L. Zhao [51] and Mestrovi¢ [27]. We

noticed that these congruences can be regarded as explicit formulas of special values of FMPs.

7
Namely, we can rewrite the above results as £f4’(171)(1/2) =0 and £f427(171)(1/2) =91

Once we interpret the congruences through FMPs, we have quite natural generalizations of

Bpfgp.

the result and the conjecture by Z. W. Sun:

Theorem 1.1 (= Theorem 16.2 (143) and Theorem 16.5 (151)). Let k be a positive integer.

Then we have

" 21 _ 1B _k
s (1/2) = BT 2 ;
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. o 1B,
Ag,{l}k(l/z) T 1 p (k: even).

The first equality is a finite analogue of the following Zlobin’s result for the star-multiple

polylogarithms:

Theorem 1.2 (Zlobin [65, Theorem 8]). Let k be a positive integer. Then

Lifyy(1/2) = =5 (k).

By combining our main results and explicit evaluations of finite alternating multiple zeta
values calculated by Z. H. Sun, Tauraso—J. Zhao, Pilehrood—Pilehrood—Tauraso, we can calcu-
late not only the above theorem, but also many other special values obtained by substituting

1, 2, or 1/2 into variables of A-FMPs or A;-FMPs.

Outline of this thesis

This paper is organized as follows:

In Part I, we review multiple zeta values and multiple polylogarithms. In Part 11, we review
finite multiple zeta values. There are some new results on A-FMZVs. Part III is the main
part of this thesis. After generalizing Euler’s identity for binomial coefficients in Section 8 to
prove our main results, we define the finite multiple polylogarithms in Section 11. We prove
our main results in Section 12. Using our main results, we calculate special values at 2 and

1/2 of finite multiple polylogarithms in Section 16.
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1.1 Notations for indices

We use the following notations for indices throughout this thesis.

1.1.1 index

We define the set of indices I by

I'= ][] (Zoo x -+ x Zy)

r€Z>0 e

and we call an element of I an index.

1.1.2 weight, depth, and height

For an index k = (ky,...,k.) € I, we define the weight (resp. the depth, resp. the height) of
k to be ky + -+ + k, (resp. 7, resp. #{i | k; > 2}) and we denote it by wt(k) (resp. dep(k),
resp. ht(k)). We define by convention wt()) = dep(@)) = ht(() := 0.

1.1.3 admissible

An index k = (ky,...,k,) is called admissible if k = () or ky > 2.

1.1.4 abbreviation for repetitions

For a non-negative integer k, the symbol {k}" denotes r repetitions of k. Namely, {k}" =
k,...,k. fr =0,{k}" =0. Fori =1,...,r, put e; := ({0}*71,1,{0}"%) when r is clear
{k} p ({0} {03)

T

12



from the context.

1.1.5 reverse index

For an index k = (ky, ..., k,), we define the reverse index k to be (ky,..., k).

1.1.6 concatenation

For indices k = (ki,...,k.) and 1 = (Iy,...,ls), we define the concatenation (k,1) to be

(k1,..., k1, ..., ls). Furthermore, we use the notation kwl := (ky,... k.1, k.41, o, ... ).

1.1.7 componentwise addition

For indices k = (k1,..., k) and 1 = (I4,...,[,), we define the componentwise sum k &1 to be

(ky +11,..., k- +1.). We also use this notation when some components equal to zero.

1.1.8 eliminated index

For an index k = (ki,..., k) and a positive integer i satisfying 0 < i < r, we define k;
(resp. k@) to be (ki, ..., ki) (resp. (Kis1,---, k). Koy =k = 0.

1.1.9 contraction index

Let k = (k1,..., k) and 1 = (ly,...,ls) be indices. If there exist i,...,%, such that ky =
L+ -+l ko=l + -+l .. k=1, 41+ -+1,., then we say that k is a contraction

index of 1 and we use the notation k < 1.
1.1.10 dual index
Any non-empty admissible index k can be written in the form
k=(a;+ 1, {1} ag+ 1, {1} . ag + 1, {1}
with positive integers ay, b1, ..., as, bs. Then we define the dual index k' by

K = (by + 1,{1}% " byy + 1, {1} b+ 1, {1} 7).

13



By the definition of the dual index, we see that k' is admissible and that k” =k, wt(k') =
wt(k), and dep(k) + dep(k’) = wt(k) hold for any non-empty admissible index k.

Example 1.3. Let k; and ks be positive integers. Then
(b + 1L {171 = (ke + 1, {1} )
holds. In particular, (3)" = (2,1).

1.1.11 Hoffman dual

Let k be an index. Put k := wt(k) and r := dep(k). Then we define a subset A(k) of
{1,2,...,k— 1} by
A(k) = {Wt(k(l)), Wt(k(g)), c ,Wt(kv_n)}.

We define the Hoffman dual k" of k as the following equality holds:
Ak)UAKY)={1,2,...,k—1}.

By the definition of the Hoffman dual, we see that k¥ =k, wt(k") = wt(k), and dep(k) +
dep(kY) = wt(k) + 1 hold for any index k. We can use the notation k' since the operator

taking the Hoffman dual and the reversal operator k — k commute.

Example 1.4. We have the following equalities:
P = (1), (ki ke)Y = ({139 2, {1,
(ky, ko, ks)Y = ({1Y 71 2 {1}k272 9 {1}k,
(k1 {13270 = ({13" 7 k).

Here, r, k1, ko, and k3 are positive integers and the third equality holds only when k5 is greater

than or equal to 2.

14



1.2 Notations for indeterminates

Let t = (t1,...,t.) be a tuple of indeterminates. For tuples of indeterminates, we also
use notations of abbreviation for repetitions, reverse tuple, concatenation, componentwise
addition, eliminated tuple in the same manner as indices. Furthermore, we use the notations

t-1). For a commutative

»ur

ty = (tpo1),1), 1 —t:=(1—ty,...,1—t), and t7' == (¢7,...

ring R, we denote a multi-variable polynomial ring Rlty,...,t,| by R[t].

Part 1
Review of Multiple Zeta Values and
Multiple Polylogarithms

2 Review of multiple zeta values

2.1 Definition of multiple zeta values

Definition 2.1. Let k = (ky,...,k;) be an admissible index. Then we define the multiple
zeta value ((k) by

= Y

DY T
ny>ng>-->np>1 nl TLT

and define the multiple zeta-star value (*(k) by

(k) == Z 1 !

ni>ne>->np>1 1
These series converge since k is admissible. () = ¢*(0) := 1 by convention.

Multiple zeta values are defined by series expressions as above, but these values also
have integral expressions. By this fact, multiple zeta values become periods in the sense of

Kontsevich-Zagier [24]. This perspective is very important.

15



2.2 Integral expression of multiple zeta value

Theorem 2.2 (Drinfel'd, Kontsevich, Le-Murakami [59]). Let wo(t) = % and w;(t) = 2.

Let k be an admissible index. Put k := wt(k). For j =1,...,k, we define d(j) € {0,1} by

L )0 jEAK)U{k}
d(9>'_{1 jeAX U

Then we have

(2) (k) = /1>t . wa(r)(t1) = - W) (te)-

2.3 Integral expression of multiple zeta-star value

Let wo(t) = % and w;(t) = % as in Theorem 2.2. Let k be an index and k := wt(k). For

t 1-t

j=1,...,k we define §(j) € {0,1} by

{0 j-1¢ AR U )
5<J)'_{1 j—1e Ak) U0}

and define a domain A(k) in R* by

A(k) = {(tl, k) €0, 1]F

tp <tjy1 J & Ak) }
f> i jeAl) |

Theorem 2.3 (Yamamoto [58, Theorem 1.2]). Let n be a positive integer and k = (k, ..., k)

an index. We define sx(n) by

sk(n) = Z lﬁ;

n=ni2>ng>-->n,>1 ny ) nITfT
Then we have
) ) = [t o) (1)
A(k)

16



Corollary 2.4. Let k be an admissible index. Then

) = [ (1) s (1)
A(k)
Proof. This is obtained by the equality ¢*(k) =, sik(n). O

2.4 Relations among multiple zeta values

Theorem 2.5 (Duality formula). Let k be an admissible index. Then we have

¢(k) = ¢(K).

Proof. This equality is obtained by a change of variables (t1,...,tx) — (1 —t,..., 1 —t;) in

the integral expression (2). O
Euler’s famous identity ((3) = ((2, 1) is a special case of the duality formula.

Theorem 2.6 (Relation between MZVs and MZSVs [64]). Let k be an admissible index such
that k is also admissible. Then
dep(k) L

(1) ¢(k))¢ (kD) = 0.

Jj=

Theorem 2.7 (Sum formula [11]). Let k and r be positive integers satisfying r < k. Then

we have the following two relations:

k: admissible k: admissible
wt(k)=k, dep(k)=r wt(k)=k,dep(k)=r

17



Theorem 2.8 (Aoki-Ohno [1]). Let k and s be positive integers satisfying k > 2s. Then

> cw-2(y ) )a-2hew,

k: admissible
wt(k)=k,ht(k)=s

Theorem 2.9 (Ohno’s relation [31]). Let I be a non-negative integer and k an admissible

index. Then
S ke = Y (Ked),
ecziP®) o' ez3P )
wt(e)=l wt(e')=1
where k' is the dual index of k (See 1.1.10).
Many other relations are also known.
2.5 Hoffman’s algebras
Let $ := Q(z,y) be a non-commutative polynomial algebra in two variables and $' :=

Q+ Hy D H° := Q + zHy its subalgebras. For a word w € §, we define the weight wt(w) of
w as the total degree of w. For a positive integer k, we define z, € $' to be 257!y Then $H' is
generated by z;, (k=1,2,...) as a non-commutative algebra. For an index k = (kq,...,k,),

we define 2 to be zp, - - - 2z, € H'. If k is admissible, then zy is an element of £°.

Definition 2.10. We define the harmonic product * on $' by the Q-bilinearity and the

following rules:
1. wx1l=1%w=w for any w € HY,

2. Zp Wy * Zp,Wo = 2k, (W1 * 2, W) + 2k, (2, W1 * W) + 2y 4k, (W1 * Wo)

for any wy, wy € $H' and positive integers ki, ks.
We also define the shuffle product m on $ by the Q-bilinearity and the following rules:

1. wml = lmw =1 for any w € §,

18



2. uywI uswy = Uy (W Usws) + Ug(Uyw T W)

for any wq,wy € $ and uy,uy € {x,y}.

Proposition 2.11 (Hoffman [13], Reutenauer [39]). The harmonic product and the shuffle

product are commutative and associative.

Definition 2.12. We define a Q-linear mapping Z: H — R by Z(1) := 1 and Z(zy) := ((k)

for each admissible index k.

Two expressions of multiple zeta value (Definition 2.1 and Theorem 2.2) leads to the

following relation:

Proposition 2.13 (Double shuffle relation). For any elements wy and wy of H°, we have

Z(wy % wy) = Z(wim wy) = Z(wq)Z(ws).

Definition 2.14. Let n be a positive integer. Then we define a derivation 9, on ) by

On(x) =z(z+y)" 'y, Ouly) = —z(z+y)" v

The extended double shuffle relation which is a generalization of the double shuffie relation

onto $H' implies the following relation:

Theorem 2.15 (Derivation relation [17]). Let n be a positive integer. Then
Z(0p(w)) =0
holds for any w € H°.

2.6 Interpolated multiple zeta values

Let t be an indeterminate. In this subsection, we review the t-multiple zeta values defined

by Yamamoto.
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Definition 2.16 (Yamamoto [57]). Let k be an admissible index and ¢ an indeterminate.

Then we define the t-multiple zeta value (k) by

Ct(k) — thep(k)—dep(l)g(l).

1<k

Definition 2.17. Let 3 be a Q-submodule of $' generated by {z; | k= 1,2,...}. We define

a Q-linear action o of 3 on $H! by
2,0l =0, zo(zw)= 2z w
for any positive integers k, [ and w € H.

Definition 2.18. We define a Q-linear operator S* on $'[t] by
SH1) =1, SY(zw) = 2,.5"(w) + tzp, o S (w).
for any positive integer k and w € $H1.

Definition 2.19. We define a Q-linear mapping Z': $°[t] — R[t] as a composition Z! :=
Z o S*. Here, we naturally extend Z to a mapping H°[t] — R[t].

Z%(z) = (k) holds for any admissible index. We denote S = S! and Z* = Z!. Then

Z*(2x) = (*(k). The following proposition is a t-analogue of Theorem 2.6:

Proposition 2.20 (Relation between t-MZVs and (1 — t)-MZVs [57, Proposition 3.7]). Let
k = (ki,...,k.) be an index. Then we have

r

D (1S (e zh) + S T (2

Jj=0

In particular, if k and k are admissible, we have

D (1€ ()¢ () = 0,

J=0
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Yamamoto also proved a t-analogue of the sum formula (Theorem 2.7). Here, we recall

his proof briefly.

Definition 2.21. Let N be a Q[t]-submodule of $'[t]. Then we call N a differential sub-

module if it is closed under the differentiation with respect to t.

Lemma 2.22 ([57, Lemma 5.1]). Let N be a differential submodule, R a Q-algebra, and
a € R. Then the R[t]-module R ®g N is generated by an R-submodule N, = {f(c) | f(t) €
R®Q N} OfR@Qle.

For k > r > 1, we put

r—

Tjor = > 2 €Y P(t) = Z (k ; 1)#(1 — 1)1 e Q1.

1
k: admissible 7=0
wt(k)=k,dep(k)=r

Lemma 2.23 ([57, Lemma 5.2]). Let k > r > 2. Then

%St(xk,r) = (k —1)St(2,_1), %Pm(t} = (k—7) Py, ().

Theorem 2.24 (Sum formula for --MZVs [57, Theorem 1.1]). Let k and r be positive integers

satisfying r < k. Then we have the following relation:

S d= (Z (k . 1)#‘(1 - t)f-l—j) (k).

k: admissible 7=0
wt(k)=k,dep(k)=r

Proof. Let NSY be a Q[t]-submodule of $'[t] generated by {S*(zy,) — Per(t)2x | 7 < k}.
Then NJ¥ is a differential submodule by Lemma 2.23. Therefore, it is sufficient to show that

(N5¥)g is contained in Ker(Z). This follows from the sum formula (Theorem 2.7). O
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3 Review of multiple polylogarithms

Definition 3.1. Let k = (ki1,...,k,) be an index and z = (21,...,2,) a tuple of complex

numbers satisfying at least one of the following conditions for absolute convergence:
(i) |[z1]) < land |z <1 (2<i<r), (ii) |z] <1 (1 <i<r) and k is admissible.

Then we define the multiple polylogarithms by

. an --.Z
Lix(2z) := Z 21—7",

ny>ng>->np>1 1 r

. an...z
Lig(z) = ) — F—".

e L R
We define the one-variable multiple polylogarithms by
Lik(z) := Lik(z, {1}"7Y), Lig(2) := Lig(z, {1}"1).
If k is admissible, then we have Lix(1) = ((k) and Lij(1) = ¢*(k).

Theorem 3.2 (Landen connection formula, cf. [32]). Let k be an index and z a complex

number satisfying |z| < 1 and Re(z) < 1/2. Then

Lix(2) = (~1)*® S L, (Z - 1) .

k<1

Theorem 3.3 (Duality formula, Zlobin [63, Lemma 12], Imatomi [18, Proof of Theorem

3.2]). Let k be an index and z a complex number satisfying |z| <1 and Re(z) < 1/2. Then

(4) Lit(z2) = — Lity (Zfl).

These two theorems are proved by the following easy lemma and by induction.
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Lemma 3.4. Let k = (ky,...,k.) be an index and z a complex number satisfying |z| < 1.

Then
1
d — Lig,_1xy(2)  if k is admissible
d_ le(z) = z 1
< N Lizay(2)  if k is not admissible
—z
and
1 L o
d 2 Lify, 1 xan(2)  if k is admissible
L) =17
dz kK ) Li} 1) (2) if k is not admissible
z2(1—=2
hold.

The following theorem which is a generalization of Theorem 2.6 is obtained by the result

in Section 8 (= Theorem 8.11).

Theorem 3.5. Let k be an index of dep(k) = r and z = (z1,...,2.) a tuple of complex

numbers such that Liy(z) and Lir(Z) converge. Then we have

Part 11
Finite Multiple Zeta Values

4 Definition of finite multiple zeta values

4.1 Multiple Harmonic Sums

Before defining finite multiple zeta values, we define multiple harmonic sums which are gen-

eralizations of the harmonic number H, =37 1/j.
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Definition 4.1. Let n be a positive integer and k = (kq, ..., k,) an index. Then we define

the multiple harmonic sum H,(k) by

M= Y

e R
and we define the star-multiple harmonic sum S, (k) by
Sak) = > 1
n «— k—
n>ny>->nr>1 ny' - -nfr

These are rational numbers.

Lemma 4.2. Let k be an index and n a positive integer. Then

(5) Su(k) = H,(1),

1<k

(6) H,(k) = ) (~1)*rto-derls, ).

1=k

Proof. The equality (5) is clear by definition. The equality (6) is obtained by the M&bius

inversion formula for compositions (See [15]). O

4.2 The ring of integers modulo infinitely large primes and the

p-adic number ring

Zagier [20] proposed to define the finite analogue of multiple zeta value as an element of the

ring of integers modulo infinitely large primes

A (HF) / (@F) - (HF) 20

where p runs over all prime numbers, that is, (4(k) := ((Hp—1(k) mod p),) € A for an index
k. This ring was defined by Kontsevich in a different context (23, 2.2 Infinitely large prime]).

Rosen generalized this ring as follows in [41]:
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Definition 4.3. Let n be a positive integer. Then we define a Q-algebra A,, by

o (M) /(@)

where p runs over all prime numbers.

Definition 4.4 (The p-adic number ring). A system of rings {A,} becomes a projective

system by natural projections and we define A to be the projective limit @n A,. We equip
A, with the discrete topology for each n and A with the projective limit topology.

The topological Q-algebra A is not locally compact. There exist natural projections
T 7= Hp Ly — A and Ty A — A,, for any n, where Z, is the p-adic integer ring.

~

Definition 4.5. We define the infinitely large prime p to be w((p),) € A.

For any positive integer n, 7, induces an isomorphism fT/ p".Z ~ A, and the topology of

A coincides with the p-adic topology. So Ais complete with respect to the p-adic topology
(See Lemma 9.4).

Definition 4.6 (p-notation rule). We assume that an element a, of Z, is given for all
but finitely many prime number p. For the exceptional p’s, we put a, = 0. Then we denote

m((ap)p) € A by ap. By abuse of notation, we often use the same notation ay, for m,(ap,) € A,.
We recall the definitions of the Seki-Bernoulli numbers and the Fermat quotient.

Definition 4.7. The numbers By, B, ... are defined by the generating function

tet . ¢k
=S B.—.
et —1 kz:% kk‘!

We call these numbers the Seki-Bernoulli numbers. We define the modified Seki-Bernoulli
number Ek to be By/k for each k.

25



Definition 4.8. Let p be a prime number and a an element of Z(Xp), where Z, is the

localization of Z at p. Then we define the Fermat quotient g,(a) by

¢p(a) is also an element of Z,) by Fermat’s little theorem.
Example 4.9. The following two elements are often used.

1. Let k be an integer greater than or equal to 2. If p is a prime number greater than
k + 1, the (p — k)-th Seki-Bernoulli number B,_j is an element of Z, by the von

Staudt-Clausen theorem. Hence, B),_j is well-defined by the p-notation rule. If k is

even, then B,_, = 0. We also use the notation Ep_k.

2. Let a be a non-zero rational number. Then g,(a) is defined by the p-notation rule. We
also denote 7 (gp(a)) by log 4(a) in A. Then log 4(ab) = log 4(a)+log 4(b) holds for any

non-zero rational number a and b.
Conjecture 4.10. Let k be an odd integer greater than 1. Then Bp_j is non-zero in A.

Of course, if there exist infinitely many regular primes, the above conjecture is true. On

the other hand, the following theorem is known:

Theorem 4.11 (Silverman [47]). Let a be a non-zero rational number satisfying a # +1.

We assume that the abc-conjecture is true. Then log 4(a) is non-zero.

4.3 Definition of finite multiple zeta values

Definition 4.12. Let k be an index. Then we define the two kinds of the .Z—ﬁm'te multiple

zeta value which are elements of A as follows:
Calk) = 7m((Hp-1(k))p) (A-finite multiple zeta value (A-FMZV)),

k) := m((Sp-1(k))p) (A-finite multiple zeta-star value (A-FMZSV)).
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For a positive integer n and e € {{),x}, we define the A, -finite multiple zeta(-star) value

(An-FMZ(S)V) (4, (k) as an element of A, by

C, (k) == mn(C5(K)).

This definition is well-defined since H,_;(k) and S,_i(k) are elements of Z,) for each
prime number. We denote (% (k) by ¢4 (k) for @ € {0),x} and call it the A-finite multiple
zeta(-star) value (A-FMZ(S)V).

5 Relations among A-finite multiple zeta values

5.1 Hoffman’s fundamental relations for A-FMZVs

Proposition 5.1 ([15, Theorem 4.4]). Letk = (ky,..., k) be an index and ® € {(,x}. Then

we have

(7) > Gilok) =o0.

ceG,
Here, &, denotes the r-th symmetric group and o(k) = (ksq),-- -, ko@r))-

Proposition 5.2 (Reversal relation [15, Theorem 4.5]). Let k be an index and o € {(),*}.
Then

Culk) = (="M (k).

Theorem 5.3 (Hoffman’s duality formula [15, Theorem 4.6]). Let k be an index and k" its
Hoffman dual. Then

(8) Calk) = =Cu(k").

27



We give some comments for Hoffman’s duality formula since one of the main themes of
this thesis is to generalize this formula. Compared with the duality formula for multiple
zeta values (= Theorem 2.5), I am very curious that the duality formula for finite multiple
zeta values holds for the star case not for the non-star case. According to [14], Hoffman first

observed that the equality

(9) Calky, A1}=71) = Calke, {1471

holds for positive integers k1 and k. This seems to be a counterpart of the height 1 duality
Gy +1,{1}*71) = C(ke + 1, {1}"71)

and he defined the corresponding dual k' of each index k from the equality (9). Unfortu-
nately, the expected formula

Call) = Calic)
seems not to be true in general. He failed to find the true duality for five years. We should

have seen the equality (9) as the following equivalent formula:

Culkr, {1371 = =G k).

The equivalence can be proved by Proposition 5.2, Proposition 5.5, and the equality (17)
below. The true duality holds for FMZSVs! He proved his duality formula prior to September
2000.

Hoffman’s original proof is based on Hoffman’s identity (= Theorem 8.4). His proof of
the identity is an induction on the weight of the index. We can also prove the identity by
comparing the coefficients of powers of z in the equality (4). The proof presented here is

essentially due to Yamamoto [58]:

Proof. Let p be a prime number. By the equality (3), we have

p—1

p—1
k) = Zsk Z/ 1 ws) (t2) -+ - weg ()
n=1

1 -t
= ws(2)(t2) - - - Wsk) (te)-
Ay 1=t
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We put

e JO j—=1¢ AkY)U{0}
5@)_{1 j-1le AR U{o}

Then by a change of variables (¢y,...,tx) — (1 —t1,...,1 — 1), we have

1 (1— ¢!
Gl = [ ) )

Here, we note that the following congruence holds:

1 tpfl

( . )tf 1:—ZH t=— 1__;1 (mod p).

1—(1—t)rt &
1—(1—t)

Jj=1
Therefore, we have

* 1- tp_l *
Go1(k) = —/ . _; we=(2)(t2) -~ Ws= iy (tr) = —Cy_1 (k") (mod p).
AkY) 1

This completes the proof of Hoffman’s duality formula. O

Remark 5.4. 1f we use the p notation rule, the above proof symbolically can be written as

Gl = [ (1= s (t) ()
Ak)
= — — 7 wsy(t1) -+ wsry+ (tr) = —C4
(1= 7 sy (t1) (te) = —Ca(k”)
AkY)
by a change of variables (t1,...,tx) — (1—t1,...,1—t;). Compare with the proof of Theorem

2.5.

Proposition 5.5 (Relation between A-FMZVs and A-FMZSVs [15, Theorem 3.1], [16,
Proposition 6], [42, Proposition 2.9]). Let k be an index and r = dep(k). Then

T

3 (1) Calky) (kD) = 0.

J=0
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5.2 -duality

Definition 5.6. We define a Q-linear mapping Z4: H' — A by Z4(1) := 1 and Z4(zx) :=
Ca(k) for each index k. We also define Z%: ' — A to be a composition Z4 0 S.

Definition 5.7. We define an algebra automorphism 7: $ — $ by z — y and y — = and
define a Q-linear mapping T: H' — H! by T(1) := 1 and T(wy) := 7(w)y for any w € .
We also define an algebra automorphism ¢: $ — $ by x — x +y and y — —y.

Using these terminology, Hoffman’s duality formula can be rewritten as follows:
(10) Za(w) = Z3(T(w))
for any w € H.
Lemma 5.8. We see that STS™! = — holds on H'.

Proof. 1t is sufficient to calculate images of both sides at x and y. O]

By this lemma, we see that Hoffman’s duality is equivalent to the following relation for

A-FMZVs:

Theorem 5.9 (¢-duality [15, Theorem 4.7]). For any w € $', we have

Za(w) = Za(¥(w)).

Remark 5.10. We can regard the above relation as a duality for an element of $' since

1? = id. But this is not a duality for an indez. In fact, we can rewrite the 1)-duality as

Ca(k) = (=1)*H Y " ¢4 (1)

k=<1

for an index k. This is the reason why we call the relation (8) the true duality for finite

multiple zeta values.
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5.3 Recent results and some conjectures

Theorem 5.11 (Saito-Wakabayashi [43]). Let k, r, and i be positive integers satisfying

1 <i<r<k. Then the following two relations hold:

5 emmcn (e

> aw-co et (00 2

Theorem 5.12 (Oyama [36]). Let | be a non-negative integer and k an index. Then

Yo o lkee)= > Lk ee)).

eEZd;g)(k) e/GZie(f(kv)
wt(e)=l wt(e')=l

Theorem 5.13 (Murahara [30]). Let n be a positive integer. Then
Za(0n(w)) = =Za((z +y)"'yw)
holds for any w € H*.

Similarly to the case of MZVs, FMZVs satisty the harmonic product formula since multiple
harmonic sums also satisfy the same formula. On the other hand, Z4: ($',m) — A is not a

homomorphism as algebra.

Theorem 5.14 (Shuffle relation [19], [33, Corollary 4.1]). Let ky and ko be indices. Then

(11) Calkimky) = (—1)"* V¢4 (kg ka),

where (a(kym ko) is defined to be Z 4(z,m 2y, ).
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Conjecture 5.15 (Kaneko [19]). Let k and s be positive integers satisfying k > 2s. Then

>yt =2 T -2 Bt

k: admissible
wt(k)=k,ht(k)=s

Conjecture 5.16 (Kaneko [19]). Let k and s be positive integers satisfying k > 2s. Then

St =2(y ) Ja-2n P

k: admissible
wt(k)=k,ht(k)=s

Theorem 5.11, Theorem 5.12, Theorem 5.13, Theorem 5.14, and Conjecture 5.16 are
finite analogues of Theorem 2.7, Theorem 2.9, Theorem 2.15, a part of Proposition 2.13, and

Theorem 2.8, respectively.

5.4 Interpolated finite multiple zeta values

In this subsection, we discuss the interpolated finite multiple zeta values inspired by Ya-

mamoto’s t--MZVs.

Definition 5.17. Let k be an index and ¢ an indeterminate. Then we define the t-finite
multiple zeta value (t-FMZV) (% (k) as an element of A[t] by

Calk) =y _teerto=drlc, ).

1<k

Definition 5.18. We define a Q-linear mapping Z%: $'[t] — A[t] as a composition Z! :=
ZY o S*. Here we naturally extend Z,4 to a mapping 9'[t] — A[t].

Here, we observe that the following two interpolated relations for t-FMZVs hold.

Proposition 5.19 (Relation between t-FMZVs and (1 — ¢)-FMZVs). Let k be an index.
Then



Proof. This is an immediate consequence of Proposition 2.20. O

Proposition 5.20 (Sum formula for t--FMZVs). Let k and r be positive integers satisfying

r < k. Then we have the following relation:

> = (Z{(’“ e (T ) ea —t)T-l-J) Bt

k: admissible
wt(k)=Fk,dep(k)=r

Proof. Let by be an element of $' such that Z4(by) = Bp_x/k. Let ka be a Q-submodule
of H'[t] generated by {S*(xy,) — P, (t)or, — (—1)"Prr(1 — t)by, | 7 < k}. Then we can easily
see that Ni}?k is a differential submodule by Lemma 2.23. Therefore, it is sufficient to show
that (N, )o is contained in Ker(Z4) by Lemma 2.22. This follows from the sum formula for

A-FMZVs (Theorem 5.11). O

Question 5.21. What is an interpolated relation of Saito—Wakabayashi’s sum formula ( Theorem

5.11) of the case i = 2,...,1?

6 p-adic relations among finite multiple zeta values

We call a relation among A-FMZVs a p-adic relation. We review Rosen’s p-adic relations

and give some new p-adic relations.

6.1 Some p-adic relations

Proposition 6.1 (Rosen [40, Proposition 2.1]).

[e.9]

(12) > DGy =o.

i=1
Proposition 6.2 (p-adic reversal relation [41, Theorem 4.1]). Let k = (ki,...,k.) be an
index and o € {0, *}. Then

(13) G = (—1eY Y [ (’“lii‘l)]c;(k@npﬂ

i=0 1=(I,...,lr)€ZT, Lij=
Lt Al-=i
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Proof. This is a corollary of Theorem 6.4, Theorem 6.12, and Theorem 12.1. ]

Proposition 6.3 (Relation between A-FMZVs and .,Zl\—FMZSVs). Let k be an index. Then

dep

—

k) L
(1Y Ca(k())C5(k0)) = 0.

i
[e)

Proof. This is a corollary of Theorem 12.11 below. O]

Theorem 6.4 (p-adic shuffle relation). Let ky = (ky,...,k.) and ky are indices. Then

Cilkimky) = (—1)" 00y [H <kj +le]- N 1)] (ks @1 ky)p'.
Ir)€ZL, J

i=0 1=(Iy ..., j=1
ly+- =i

Here, we define ¢ z(kimky) to be Y a;(7(1;) when 2 mr 2z, =) a;2,.

Proof. Let ko = (k,..., k') and p a prime number. We use the notation C(f(2);2") as the
coefficient of 2° in a power series f(z). For a positive integer n and an index k, we have
H,(k) = >_"  C(Lik(2); 2"). Since one-variable multiple polylogarithms satisfy the shuffle

product formula and a p-adically convergent identity

1L (i1 P
" e~ ()
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holds for positive integers n < p and j, we see that a p-component of ( 7(k;m kj) is equal to

p—1
) C(Lig, (2) Liky(2);2) = Y C(Lik, (2); 2")C(Lig, (2); 2™)
i=1 p—1>nm>1
p—1>n+m
S o [
= ki ks ok k4 K,
p—1>nm>1 \n>no>-->n,>1 nk1n22 o nf m>mg>-->mg>1 mkllm; M
p—1>n+m

1
- Z ( Z (p—n)(p—nag)k- - (p— m)lw)

p—1>p—n,m>1 \p—n>p—no>-->p—n,>1
p—1=(p—n)+m

1
x > =
m>ma>->mg>1 TV = = Mg

— (1)) 3

p—1>n,>-->na>n>m>mao>->ms>1

< Z H (kj + lj - 1) 1 / pl1+~--+lr
ez, L l; nfrte .n’2€2+lznk1+llmk’1m§2 o
W - : k + l - 1 i
= (T Y [H( ) )] Hy (ki @ Lko)p'
i=0 1=(l1,....ly) Lr=1 J
ll++lr:Z
This completes the proof. 0

Proposition 6.2, Proposition 6.3, and Theorem 6.4 are p-adic generalizations of Proposi-

tion 5.2, Proposition 5.5, and Theorem 5.14, respectively.

6.2 Rosen’s asymptotic duality theorem

Let :61 be the completion of $!. Namely, :?3 is defined as the non-commutative formal power
series ring Q((z, y)) and H':= Q-+ Hy. Then each element of H' is written as D ok index M2k

where ay is a rational number.

35



Definition 6.5. We define the weighted finite multiple zeta function Z 3: 5%1 — A by
D aac— > algk)ptt .
Kk Kk

Since QQ acts on p"ﬁ for each ¢, the above definition is well-defined. The algebra auto-
morphism ¢ on $! (resp. the harmonic product x) is extended continuously to the mapping
on H! (resp. H! x H — 5/6\1), respectively and we define a continuous algebra automorphism

@:5?)1—”%1 by

w'—>(1+y)(1iy*w>.

Then Rosen generalized Theorem 5.9 as follows:

Theorem 6.6 (Asymptotic duality theorem [41, Theorem 4.5]). For any w € 9!, we have

Zi((w)) = Z z(@(w)).

6.3 The p-adic duality theorem for A-FMZSVs

In this subsection, we investigate a p-adic generalization of Hoffman’s duality formula for

A-FMZVs. Zhao proved a As-generalization of Hoffman’s duality formula:

Theorem 6.7 (Zhao [60, Theorem 2.11]). Let k be an index. Then the following Ax-relation
holds:

—C,(KY) = ¢, (k) + > Ca(1,)p.

1<k

We easily see that the above Zhao’s relation can be rewritten as the following symmetric

relation:

(15) (k) + G, (LK) = =, (k) — ¢4, (LK )p.

The simplest case of the duality (15) leads to a proof of Wolstenholme’s theorem. This is

essentially the same as Wolstenholme’s original proof.
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Theorem 6.8 (Wolstenholme’s theorem [56]).

Ca,(1) = 0.

Proof. We can reduce the equality “C4,(1) = 0” to the equality “C4(2) = 0" as follows and

to deduce “C4(2) = 07 is quite easy. By the duality (15), we have

Car (1) + G, (1, 1)p = 0.

Hence, the equality “(4,(1) = 0” is equivalent to the equality “C%(1,1) = 0”. Furthermore,

by Hoffman’s duality formula (8), we have

Ca(2) = —C4(1,1).
This means that “(%(1,1) = 0" is equivalent to the equality “(4(2) = 0”. We are done. [
We generalize the duality (15) to a p-adic duality:

Theorem 6.9. Let k be an index. Then we have
(16) > G Kp == G k)P
i=0 i=0

in the ring A.

Proof. This is a corollary of the functional equation for A-finite shuffle star-multiple poly-

logarithms (Theorem 12.2) which is one of our main results in this thesis. O

We can naturally extend S and T to mappings on Hl. We define ZJ*Z: H = A by

2% = Zz05. Then we can rewrite the ﬁ—duality as

A
() -l

for any w € 51.
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6.4 The p-adic shuffle relation for A-FMZSVs.

Muneta [29] defined the star-harmonic product and the star-shuffle product. He established
the double shuffle relation for multiple zeta star-values. Here, we only recall the star-shuffie

product.

Definition 6.10 (Muneta [29]). We define the star-shuffle product @ on $) by the Q-

bilinearity and the following rules:
1. wml = lmw = 1 for any w € 9,

2. wyw mugwe = up (W Mugws) + us(uywimws) — §(wy)7T(uy )usws — §(we) T (ug)usw;

for any wq,wy € $ and uy,uy € {x,y}.

For a word w € $', the Q-linear mapping ¢ is defined by

)1 (w=1)
5(w)—{0 (wt1)

Proposition 6.11 (Muneta [29, Proposition 2.6 and Proposition 2.7]). The star-shuffle prod-

uct 18 commutative and associative. Furthermore,
S(wimws) = S(wy)mS (ws)
holds for any wi,ws € H'.
A star-analogue of the shuffle relation (Theorem 5.14) is
Callaiiky) = (1) (¢ (K, ko) — Cilks Wky)) -
Moreover, the following p-adic relation holds:

Theorem 6.12 (p-adic star-shuffle relation). Let k; = (kq,...,k,) and ko are indices. Then
Ci(kitiks)

= (—1)wtk) f: ) [

i=0 1=(Iy,...,l;)€ZL,,
l1++lr:1

™, 1)] (GO k) ~ G B B k) p

Jj=1
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Here, we define C}(klﬁkz) to be > aiC}(li) when 2, M2y, = Y a;21,.

Lemma 6.13. Let ki and ko be indices. Then the equality

E 21, R, = E Zm; — E Zm;

11 <k; mi =<(ki,k2) mo<kj ko
1o <ko
holds in $H'.
Proof. This is clear by the notations for indices. m

Lemma 6.14 (A variant of Vandermonde’s identity). Let m, i, and r be positive integers.
Let ky, ko, ..., k. be positive integers satisfying ki + - - - + k. = m. Then we have
m+i—1 Skl —1
( i ) -2l ( lj '

(oo ) EZE, o =1
li4+lr=i

Proof. This is obtained by the generating function

o0

()

=0

and the identity

r

1 1
o~ U= -

Lemma 6.15. Let k = (ky,...,k;) be an index and i a non-negative integer. Then

> oy () e

m=(m1,....,ms)<k a=(a1,...,as) €L, Lj=1
a1+-+as=1t

(k-1

SV | (G | D oR
1=(l1,...lr)€ZL,, Li=1 J b=kal
ll++l7:7/7

holds in $H'.
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Proof. Let 1 € Z%, be a tuple of non-negative integers. Then there exists a natural bijection
from the set of contraction indices of k to the set of contraction indices of k & 1. For a
contraction index b of k @ 1 and the corresponding contraction index m of k, there exists
a tuple of non-negative integers a;,; < I uniquely determined by m and 1 such that b =
m @ a,, ). Hence, we have

S [H (k +1; - >] S Y [H (k: +1 - )] S s

1=(l1,....ly) €2, Li=1 b=kl 1=(l1,...lr)€ZL,, Li=1 m=k
L4 Hl=i ltetly=i

RN |
oI oD SRR | | [Chr |
m-<ka€Zdep(m)1 (I1,...lr)=a Li=1 j
wt(a)=i
For an index m = (my,...,ms) < k and a tuple of non-negative integers a = (ay,...,as),
the equality

[

I=(l1,...,lr)=a Lj=1

holds by Lemma 6.14. Therefore, we have the conclusion. O

Proof of Theorem 6.12. By Proposition 6.11, we have

25 (2 W2, ) = Z 7(S (21, Mok, ) = Z7(5 (21, )mS (2x,))

7, ((Z >m(z )) = Y Zy(ama)

1=k Io=ko 11311?
2=ko

For a contraction index 1y of kg, by Theorem 6.4, we have

IEACTERENCILNED SIND SIS SR ) | (i | EFES

L=<k Li=(ma,...,ms)<k1 i=0 a=(a1,...,as)€Z%, Li=1 J ]
a1+“‘+as:7;7

(1t i 3 S H (mj :‘;j - 1) Z 371 ¢a%1.)

1=0 11=(maq,...,ms)=3kq a:(al,.‘.,as)eZ‘;o Lj=1 |
a1+-+as=t
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and by Lemma 6.15, we have

Z Z z(amz,) = (=1l Z Z [H (kj +lllj - 1)] Z Z 3(21 21,).

1, <k =0 1:([1 ..... ZT)EZTZO j=1 J 1,1 j7k1691
ll++lr:7/

Therefore, by Lemma 6.13, we have

Z}(ZklﬁZkQ)

_ (_1)wt(k1) Z Z H (kj +llj - 1) Z Zj(zl{lle)

1=0 1=(I4,..., lT)EZTZO Lj=1 1y =<kl
li++lr=i I>=<kso

= (—1)vilk) i T H (k’j +ll‘j - 1)

=0 1=(l1,...,l;)€2%,, Li=1 J i
Littlp=i
X Z3 ( E zml) — ( E zm2>
m; =X(k1®Lko) my = (k1 Ol)wks

wi(ky) o (ki —1
= (—1) t(k )Z Z H ( J lj ) ZA\(S(Z(m’kQ)) — S(Z(m)&Jb»

i=0 1=(l1,...,l;)€2% , Li=1 J J

ll++l'r:Z

T

= kj+1;—1
— (—1)wt(k1) Z Z H ( J +ljﬂ ) ( }(z(@m)) — Z}(Z(@)&n@)) )

i=0 1=(Iy,....ly) €27, Li=1 i
Li4etlp=i

This completes the proof. O

6.5 Lifting Conjecture

We equip 5%1 a Q-algebra structure by the harmonic product *. Then Z 3 becomes an alge-

bra homomorphism. For each n, we define an algebra homomorphism Z,,: 5%1 — A, by a

composition Z, := m, o Z3. We define an ideal I, of 33\1 by

L, = {Zakzk € 51

k

ax = 0,if wt(k) < n} .
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Conjecture 6.16 (Lifting Conjecture [41, Conjecture A]). Let n be a positive integer. Then
the following equality of ideals holds:

Ker(Z,) = Ker(Z3) +I,.

This conjecture implies that every relation for A-FMZVs lifts to a p-adic relation for
A-FMZVs.

Question 6.17. We have generalized some relations for A-FMZVs to p-adic relations such
as the reversal relation, the duality formula, and the shuffle relation. What are p-adic liftings

of other relations for A-FMZVs, for example relations given in Subsection 5.3 ¢

7 Explicit evaluations of finite multiple zeta values

Proposition 7.1 (Zhou-Cai [62]). Let k and r be positive integers and o € {(),x}. Then

(17) CA({k}") =0,

(18) Cl{hY) = (C1 kL,
(19) G ({RY) = K2t

If rk is odd, then

k?(?“k + 1) Bp—rk—Q 2

(20 Gtk = (- D Boonia
@1 Gtk = A D Boorica

Proposition 7.2 (Z. H. Sun [48, Theorem 5.1] and [48, Remark 5.1)). Let k be a positive

integer. Then

("1 Bp_y—2p? if k is odd,

22 W=1.(5 B
(22) Cas (F) {k (Bprka — QBpikil) p if k is even,



-3 (Ezp—k—:a - 2§p_k_2) p? if k is odd,

(23)  Ca, (k) = ~ ~ ~ = L
! —k <ng,k,3 — 3Bayp k-2 + BBp,k,1> p— (kf) By k3p® if k is even.

Theorem 7.3 (Tauraso [53, Theorem 2.1]).

(24) gAs(l) = <§3p—5 - 3§2p—4 + 3§p—3> p2 + §p—5p4-

Proposition 7.4 (Hoffman [15, Theorem 6.1] and J. Zhao [60, Theorem 3.1, 3.2]). Let k;

and ko be positive integers and o € {0, x}. Then

k1 + ko \ Bp—ki—k
. ki ko) = (—1 k1 pP—Fk1 2'
(25) Gl k) = (- (1) o

If k := k1 + ko is even, then

@) Culhk) = {00 (5 T) <o) k] T

kE+1
and
. 1 b, (k41 o (k41 Bp 1
e Gk = g {cven (M) (U ) i Bty
hold.

Proposition 7.5 (Hoffman [15, Theorem 6.2] and J. Zhao [60, Theorem 3.5]). Let ki, ko,
and ks be positive integers. If k := ki + ko + k3 is odd, then

o o) o)
and
(29) Calla, o k) = {(—1)’“ (:) (e (:3) } sz
hold.
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Tauraso determined (4,(1,2) and (4,(2,1) ([53, Theorem 2.3]). Here, we calculate such

values in Ajs:

Theorem 7.6.

(30) Cas(1,2) = 3 <§3p75 — 3§2p74 + 3§p73) — §B\pf5p27
(31) Ca;(2,1) = =3 <§3p—5 - 3§2p—4 + 3§p—3) - %Ep—5p27
(32) ¢ (1,2) =3 (§3,,_5 — 3By + 3§p_3> + %Ep_5p2,
(33) Cu(2,1) = —3 (§3p_5 — 3Bspa + 3§,,_3) + %Ep_5p2.

Proof. By Theorem 6.9, we have
Cas(D) + G, (L Dp+ G, (L1, 1)p” + ¢ (1L, 1,1, 1)p? + ¢, (1,1, 1,1, 1)p* =0,
Cu (L) + ¢4, (L1, Dp+ ¢4, (1,1, 1, D)p* + ¢4, (1,1, 1, 1,1)p?
= —(a,(2) = ¢, (1,2)p — ¢4, (1, 1,2)p° — (4, (1,1,1,2)p°,
and
~Gul11,2) ~ G, 1, 1,2)p = G, 1) + Cu(1,3, )p = 5 By 5p.
By combining these and the equalities (23), (24), we have

~

. 1~ . ~ _ 1
CA5(17 2)p2 = CA5(1) - <.A4 (2)p + §Bp—5p3 =3 <B3p—5 - 332;}—4 + BBP—3) p2 + 7Bp—5p4~

Dividing both sides by p? gives the equality (32). By the duality, we have

C:l3<27 ]') + C23(17 27 1)p + C:‘g(]ﬂ 17 27 1)p2 = _C,Zg(l? 2) - C,Z:g(l? 17 2)p - 4-23(17 ]'7 17 2)p2

and
* * * * 11 5
CA2(17 2, 1) + CAQ(L 17 27 1)p = _C_AQ(Zv 2) - C_A2<17 27 2>p = _? p75p-
Hence,
* * n 2) n n L5
CAg (2, 1) = _CA3(17 2) + 6Bp,5p2 = -3 (B3p,5 - 3ng74 + 3Bp,3> + §Bp,5p2.
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The equalities (30) and (31) are obtained by

CA3(17 2) = C:\g(L 2) - CA3 (3)7 CAg (27 1) = Cj:\g, (Qv 1) - CA3(3)’ CA3 (3) = 6§p—5p2- O

Remark 7.7. This is also obtained by Rosen’s duality (Theorem 6.6). See [41, Paragraph
1.3.1 (1.3) and Paragraph 5.2.1].

Theorem 7.8 (Pilehrood—Pilehrood—Tauraso [37, Theorem 4.3]). Let ki and ko be positive

integers. Then

k1—1 ko—1\ _ [ 1\k1i—1 ki + ko BP—kl—kQ
(34 a2 1y = (e () S,

(3) Gl ey = (gt (B ) e

ky ki + ko

If ki + ko is even, then

(36) Cap({1FM 712, {171 = 1-—(—J)k1<k1+'k2*‘1):}~B¢klka1p

DO | =
—N

ki +1 ky 4+ ky+177

_ - 1 i+ ko + 1\ Y By k1

37 ({1l g rYkely ) (ke (] Zpkickeol
N R e L e N I = e

Kh. Hessami Pilehrood, T. Hessami Pilehrood, and Tauraso calculated the value
L, ({1371 2, {1}#271) by using their new identity ([37, Theorem 2.2]). Here, we give another

proof based on the duality formula.
Proof. By Hoffman’s duality and the equality (25), we have

G2 1)) =~y (b h) = oyt (M ) Bt

ky ky+ ko

This proves the equality (35). By Proposition 5.5, the equality (17), and Proposition 5.2, we

have

(~1)Fr IR 2, (1) = G L2 118 = (SRR (1 2, 1),
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Therefore we obtain the equality (34).
Form now on, we assume that k; + ks is even. By As-duality (15) and the equalities (27),

(29), (35), we can calculate as follows:
Cr ({1372, {137

=~y (k) = Cay (L b he)p — oy ({132, {132 )

ky + ko +1 ki + ko + 1 Bp ki —ky—1
—1)k2k — (=) ey + ko b —BT2
{( ) 1( ka > - 2( 3} >+ e 2}k?lJF’f2+1p

1 kv + ko + 1 By ki —ks—1
— =S (ki + ko + 1) — (—1)k Zphizhel
2{ (k1 + ko + 1) = (=) ( s )}k1+k2+1p

N | —

_ ey (PR T B )
ki1+1 kl—l-/{:g-l-l

e oY L N
2 ko +1 ky + ko +1
By Proposition 6.3, we have

Car ({15171, 2, {1377

= G L2 (1) + ) (1Y G ({1, ({12 2, {1 1)

j=1

ko—1

+ Z D, ({7 2, {1 G, ({17,

If j is odd, (a,({1}9) = 0. If j is even, (a,({1}7) and 4, ({1371, 2, {1}"177) in pA,
and hence (4, ({1})C%, ({13771, 2, {1}"7177) = 0 by the equality (18) and the equality (35).
Similarly, Ca, ({1371, 2, {111, ({1127 =0 for i = 1,..., ks — 1. Therefore we have

Ca ({1712, {1} 7Y) = G, ({11 2, {1 )

and the equality (36) is obtained by the equality (37). This completes the proof. O
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Theorem 7.9 (Pilehrood-Pilehrood-Tauraso [37, Theorem 4.2]). Let k; and ko be positive

integers. Then

(38)  Ca{2¥" 71 {2} =

(_1>k1+k271 (kl B kQ)(4k1+k2_2 - 1) 2k1 + 2]{32 —4
4k1+k2_3<2]{]1 — 1)(2k2 — 1) 2k’1 -2

) BP*QIQ —2ko+3>

) . by — ko) (4R HF2=2 1) (ke 4+ 2%y — 4
* k1—1 2 ko—1 — ( 1 2 B B 3 )
(39) CA({Z} ) 17{ } ) 4k1+k2_3(2k1 o 1)(2k2 . 1) 2]€1 . 2 p—2k1 —2ko+3

Theorem 7.10 (Pilehrood-Pilehrood-Tauraso [37, Theorem 4.1]). Let ky and ko be positive
integers. Then

ki4ko—1 ]{31 — k2 2]451 + 21{32 —2
k1 ko

(1) Gl = (e B (R T

ky — ko (2ky + 2ky — 2
* ki1—1 ka—1y _ M 2 1 2
) G S BRI

Part II1
Finite Multiple Polylogarithms

This part is the main part in this thesis.

8 Generalizations of Euler’s identity

Through this section, let R be a commutative ring including the field of rational numbers

and N a positive integer. The following identity with binomial coefficients is due to Euler:

Theorem 8.1 (Euler [10, §13]).
(12) S (V)i =X

n=1

There are various generalizations of this identity as follows.
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Theorem 8.2 (Dilcher’s identity [6, Corollary 3]). Let r be a positive integer. Then

N
N\ 1 1
_1 n—1 I -
StV X
N>ni>-2>nr>1

Theorem 8.3 (Herndndez’ identity [2]). Let r be a positive integer. Then
N
1 N 1
E I E -1 ny—1 - -
= Nece >1( ) <n1)n1~~nr
n= ZN1Z 2N 2

These two identities are special cases of the following identity due to Hoffman and we see

that Hernandez’ identity is the dual of Dilcher’s identity.

Theorem 8.4 (Hoffman’s identity [15, Theorem 4.2]). Let k = (ky,...,k;) be an index and
kY = (K}, ..., k.) its Hoffman dual. Then

N 1 1
ny—1 o
O T SlD Dl voyer:

N>n > >np>1 r N>ny>->ng>1 1" " Ths

The following theorem is a generalization of Dilcher’s identity and Hernandez’ identity to

a one-variable polynomial case:

Theorem 8.5 (Tauraso—Zhao’s identities [54, Lemma 5.5 and 5.6]. cf. [2, Lossers’ solution]).

Let r be a positive integer. Then we have the following polynomial identities:

N D o

n=1 N2ny2--2np21

D I e

n=1 Nzny2-2ne2>1

N

In this section, we further generalize FEuler’s identity to obtain main results (Theorem

12.2 and Theorem 12.11).

Remark 8.6. In [6], Dilcher gave a g-analogue version of Dilcher’s identity. A g-analogue

version of Herndndez’ identity was proved by Prodinger [38].
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8.1 Generalizations of Euler’s identity

Theorem 8.7. Let k = (ky,...,k,) be an index of weight k. Then the following polynomial
identities hold in R[ty,...,t,] :

ni

k1 k
N>ny>->ne>1 eyt

(43)
Z (1 _ t1>nll—nll+1 . (1 _ tr_l)mrflfmTflJrl{(l _ t,,)nlr _ 1}
N2n>-2>ny>1 e Mk
and
e -t:}:}l_nrt:}" B
Z nfr ke B
N>ni>->n,>1 1 r
(44)

Z (—1)™ (N) (1 — ty)™ ™M (1 — fyq) M Mt (1 — ) — 1}’

n n o« o e n
N>ng>o>ng>1 ! ! k

where ly = ky,lo = k1 + ko, ..., L, =k + -+ k(= k).

Corollary 8.8. Let k = (ky,..., k) be an index and k¥ = (k},...,k.) its Hoffman dual.

Then we have polynomial identities

> (Mg s

Lk K,
N>ni>>ne>1 LT N >asp>1 T s

Ny _ Ns __
> o= T ()
ki ke Ky K,
TP T L A | /gt

in R[t]. By Hoffman’s identity and t — 1 —t, we see that these two are equivalent.

Proof. See “Proof that Theorem 12.4 implies Theorem 12.2”. O]

Remark 8.9. Corollary 8.8 and hence Theorem 8.7 are clearly generalizations of Hoffman’s
identity and Tauraso—Zhao’s identities. Theorem 8.7 is also deduced from Kawashima—

Tanaka’s formula [21, Theorem 2.6], which is a generalization of the identity

i<_1)n(g>ni1_1vl+1'
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The above equality is equivalent to Euler’s identity (42). See [2, Woord’s solution]| for a proof
of the equivalence. Our proof of Theorem 8.7 given in Subsection 8.3 is quite different from
the proof by Kawashima—Tanaka. Their proof is based on a generalization of Theorem 3.2

and Theorem 3.3.

We give the following other generalizations of Euler’s identity:

Theorem 8.10. Let k = (ky,...,k;) be an index of weight k. Then the following identities
hold in R[t,,t3",... tF]

S () Ol

n DY kT
N>np>->np>1 T 1y ny

_ ( 1)7“—1 Z (1 — tr)"lf”lﬁl e (1 — t2>nlr—l_nlr—1+1{(1 _ tl)”lr _ 1}

Ny N

N>ni>-->np>1

(45)

T

- 3 (=1 > (tl/t2>n;£"(tjétj+1)nj " ( 3

j=1 N>ni>->n;>1 ey N>pa>e>ny,_ >1

(l — tr)ml L R (1 _ tj_,_Q)nlr—j—l_mT—j—l“{(1 . tj—&—l)nl"_j - 1}
ny:--- an,j

20



and

(tl/tQ)nl ..

(trfl/tr)nrfltnmm
n’fl

()

. (1 — t2>nl'r71_nlr71+

2.

N>ng>->n,>1

N

ni

SISD>

Nzni>-2>np>1

(1 — tr)nh*”h“ ..

=t - 1)

X
nl PR nk)
<46) r—1 |
r—j-1 (1 /to)™ - (/1)
+ > (=1 3 oty
J=1 N2n1>...>nj21 nl e nj

N

ny

l )

(1 — tr)"ll_"lﬁl ..

>

Nzniz-2n, 2

(1 = typg) T

(= ) — 1)

X
ny--- anij

where 1 =k, ls =k, + k._1,...,1,

kp+ -+ k(=

)

k).

By combining above results and eliminating the binomial coefficients, we have the follow-

ing polynomial identity:

Theorem 8.11. Let k = (ky,...

R[tl, Cee 7tr] :
ni Ny ni
(_1)7‘—1 Z tl . t?“7 _ Z tr
k1 N nkr k’”
N>ny>->n.>1 "1 r N>ni>-->n.>1
r—1 ni
; -
+>(-1) -
j=1 N>ny>->n;>1 1

o1

k) be an indez.

nl ..

k.
..n,J

Then the following identity holds in

Ny
]
k1
s Ny
Y ni, ., 4rod
2 bt i
kr. kjt1
j N>ny>e>n, >1 100 Ty



Proof. By combining Theorem 8.7 (44) and Theorem 8.10 (46), we have
S Gl

(1t

kv ook
N>ng>o>ne>1 ny ny"
fr—nz th—lfnrtglr
. E T
o kr .« kl
N>ni>o>n,>1 e
(t1/t)™ - (£ /tj01)"
Sy el
I .
7=1 N>ni>-->n;>1 1 J
ni—na ,,  Mr—j—1"Nr—j Nr—j
y Z ty tj+2 tj+1
nkT P nkj+1
N>ny>->n,_;>1 1 r—j

in R[t,,t3,...,t]. By replacing t,/to + ti,...,t,_1/t, + t._1, we obtain the desired
identity:. O]

8.2 Truncated integral operators

In this subsection, we introduce truncated integral operators to prove the theorems in Sub-
section 8.1. Through this subsection, let ¢ and s be indeterminates.
Let [*dt: R[t] — R[t] be the formal indefinite integral operator satisfying the condition

that the constant term with respect to t is equal to 0, that is,

/ (i ant”) dt = i na—:lt”“.

We prepare the following five R-linear operators:

() Lon: tRI] — tRIt], F() — / @dt.

(i) Lon: REs] — R[s/fl[], f(t,s) —> / %d&

00 N
(ili) 70 : R[] — R[], ) ant™ — ) ant"
n=0 n=0
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(iv) prug: R(t™) — R[], Z Ant" — Z ant™.

n=—0oo

(v) prog: R(t™) — 'Rt Z - Zant n

n=ng

For the definition of pr , we define Y "% ( a,t™ to be zero if ng is negative. We consider the
formal integral operator in the definition of I; ..z as an operator on R((¢™1))[s]. For instance,
we have

SnJrj t*j

(47) Lisr(s") =)

=
for a non-negative integer n.
Definition 8.12. We define the truncated integral operators J; ., and J p by

Jisr = Plypps) ©lesir: Rt s| — R[s][t],

Jrr = Tonen1 © Pryg s Blt 5] — T RIE] (8]
We can check easily that the image of Jf,p (resp. Ji\) is included in R[t,s] (resp.
tIR[tT, 5)).

For simplicity, we omit the ring R from our notations. The following Lemma 8.13 and
Lemma 8.16 are fundamental for the proofs of Theorem 8.7 and Theorem 8.10.
Lemma 8.13. Let n be a positive integer. Then we have the following identities:
m

(48) L(t") = p

(49) M- -n=y ==t

(50) UROEDY :

n

(51) J(a-pr -y =y GO

7j=1

23



Proof. The equality (48) can be easily checked by definition. We show the equality (49). Set
T :=1—t. Then the left hand side of (49) equals to

" —1 TJ — 1
dT / TdT =
A=Y b ]

By the definition of T', we obtain the equality (49). Let us show the equality (50). By the

equality (47), the following equalities hold:

Ji (") = pry proy (" Lesm(1)) = Pry prg (Z ;

j=1

=
Finally, we show the equality (51). Note that the following equalities hold:

R (L 1= (jj)n+ (j:i)n

t—s 1_8—1 1_8—1 1_3—1
t—1 t—1 t—1
n—1 7 n
_ (1 s—1 (1—ys)
= t—1 t—s
n—1
1—s)"
= 1—s)/(1—¢)" 7t (
D (=) (1=t it —

As Jr (f(s) = pry g (f [s)dsy — 0 for cach f(s) € R[s] by the equality (47), we have

JL (L=t =1) = J5((1 / ( 1 —5)/(1— t)"‘j_l) ds

Z 1—t"3{1—3)3—1}

=1

This completes the proof of the lemma. m

Before we give the lemma for Jt{\g (= Lemma 8.16), we prepare the following two auxiliary

lemmas:
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Lemma 8.14 (cf. [49, Proof of Lemma 4.1]). We have the following polynomial identities in
R[] :

(52) DI RIS S

w >0 S (Y) L

n=1 n=1

Proof. By the binomial theorem, we have (1 —#)¥N —1 =" (™)(—t)". Then by applying
I; on the both sides and using Lemma 8.13 (48) and (49), we obtain the identity (52). The
identity (53) is obtained by the substitution ¢ — 1 —¢ and the Euler’s identity (42), which is

a special case of the identity (52). O

Lemma 8.15. Let j and n be non-negative integers satisfying 7 < n. Then we have the

following polynomial identity in R][t] :

Proof. By the binomial theorem, we have

(t+s+ts)"={t+(1+1t)s}" = Zn: (?)tﬂ'(l + )" I8

Jj=0

On the other hand, we have

(t+s+ts)" = {1 +5)+s}" =D @ (14 s)Fs"

k=0
n k n n n k
o k k—j n—k k n—j
SO -SiE G0
k=0 j= J=0 \k=j
Compare the coefficient of s" 7. O
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Lemma 8.16. Let n be a positive integer. Then we have the following identities in R[t*!, s] :

N N gign—i
(54) I =D

Jj=n+1 J

(55)  JN((A-t)"—1)==>" (- t>n_j{(.1 )l Y (Z %—t)]) {1—t)" =1}

J

J=1 Jj=1

Here, we understand the summation in the right hand side of the equality (54) as 0 if n + 1

15 greater than N.

Proof. The equality (54) is an immediate consequence of the equality (47). We show the

equality (55). By the equality

(1= 17) = (1= 07 3 2 = S () (Z Sjt.j) ,

= i =
we have
(=) = ;“U‘“(Z) ( i tj)
o e

:ZN:(Sét)j@_t)n_ 3 (-1)k<z>

n>k>j>1

Since the equality

M (s/t) b kN (1 —5s/t) —1
()=

holds by Lemma 8.14 (53), we have

S () e () () e

n>k>j>1 n>k>j>1 J J
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Furthermore, by Lemma 8.15, we have

5 o (1) (F) L

n>k>j>1 J J
- . (1 —s/t)) —1
=\ j
n (t— ) — ¢

_ (n) (1- t)”’J¢
= \J j

-2 (E) - ()}

Therefore, according to Lemma 8.14 (52), we can delete the binomial coefficients completely

as follows:

Hence, we have the desired identity by the equality (56) and J;(1) = SV L Ji

j=1

8.3 Proof of Theorem 8.7 and Theorem 8.10

Proof of Theorem 8.7. We show this theorem by the induction on the weight k& of the index.

If £ =1, the assertion of the theorem is nothing but Lemma 8.14. We show only the equality

(43) because the proof of the equality (44) is completely the same. Now, we assume that the
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assertion holds for an index k = (k1, ..., k). Then it is sufficient to show that the assertions
also hold for the indices k @ e, = (ky,..., k. + 1) and (k, 1) = (kq,..., k., 1).
First, we consider the case k @ e,. By Lemma 8.13 (48), we have

(N Bt
5 ()

N>ny>w>n,>1

S (e (V)
- - )
’)’Ll n]fl e nfr‘Fl

NZ>ni>-2>np2>1

where I, := I .pjt,,..1,_,)- On the other hand, by Lemma 8.13 (49), we have

1_t Ny =My +1 ... 1_t1”— nlr—linlr—l‘i'l 1—'[;7,, nlr—l
th< g o (b {a-u) })

nl...nk

N2ny2>--2np2>1

Z (1 — )=t (1=t y) M1 Mt (1 — ¢, )Mt — 1}

n P n
N>ny>e>ngpr>1 ! k+l

where Iy = ky,lo = k1 + ko, ..., l, = ki1 +---+k.(= k). Thus, the equality (43) in the theorem
also holds for k @ e, by the induction hypothesis.
Next, we check the equality for the index (k,1). By Lemma 8.13 (50), we have

, (N7 it g
Jtrvtr+1 ( Z <_1) 1 (nl) k1

o omkr
N>ni>o>n,>1 LS .

_ oy (M)
nq l ’

N>ny > >npp>1 ny (OS]

where Jf , = J! iy 4y On the other hand, by Lemma 8.13 (51), we have
. (1 —t) st e (1 — )Mt Tt (1 — ¢, )™ — 1}

tritr41 Z ni--N

N>ny > > >1 LTk

_ Z (1 — tl)"ll_”ll-ﬂ ... (1 _ tr)nlr_nlr+l{(1 _ tr+1)nlr+1 — 1}

n ) n
N2ni>e>ngg>1 LTk

Using the induction hypothesis, the assertion of the equality (43) holds for the index (k,1).
This completes the proof of Theorem 8.7. O
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Proof of Theorem 8.10. We show this theorem by the induction on the weight k£ of the index.
If £ =1, the assertion of the theorem is nothing but Lemma 8.14. We show only the equality
(45) because the proof of the equality (46) is completely the same. Now, we assume that the
assertion holds for an index k = (ki,...,k,). Then it is sufficient to show that the assertions
also hold for the indices k @ e; = (k1 + 1,...,k.) and (1,k) = (1, k1, ..., k).

First, we consider the case k & e;. By Lemma 8.13 (48), we have

]tl ( Z <_1)nr (i:i) (tl/tQ)nl nkl Ft‘r‘_;’{fr)nr%;%)

N>ni>->np>1

- () (n/a)zégftf_l/u)mw’

n . . k’r‘
N>ny>->np>1 r n,

.....

I, (R. H. S. of the equality (45)) =

(_1)7"71 Z (]. — tr)nll_nlﬁrl

N>n1>-2>ngy12>1

e (1 — tg)nlrflinlr71+1{<1 _ tl)an+1 _ 1}

Ny Nyl

—

r—

r=i-l (t1/ta)™ - (t/tj41)"™
’ (_1) ] Z k1+1 k;
Jj=1 N>ny>-->n;>1 nq N nj

(L —tp)mamst e (1 — o)t Mg (1 — ¢)"r 7 — 1}

| 2
ng:-- an,j

NZ”lZ"'anrij >1

where I} = k., lo =k, + k—1,...,l, = k. + -+ + ki(= k). Thus the equality (45) in the
theorem also holds for the index k & e; by the induction hypothesis.
Next, we check the equality for the index (1,k). By Lemma 8.16 (54), we have

" NN (ty/to)™ - (tp_y ) =20
Jt1N,t0 < Z <_1) (nr> nlfl T nkr

N>ni>-->nr>1

- >y (N ) (oft2)" (a3

nr nonl .. nfr

N>no>ni>-->nr2>1
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where Jgto = JN 1

oS RIEED A ] On the other hand, by Lemma 8.16 (55), we have

.....

(—1)" 7}, (R. H. S. of the equality (45)) =

Z (1 —t,) "™t e (1 — )M et {(1 — fg) M+t — 1}

n . e n
N>n12>->npq12>1 ! k1

_ (i (tog;)"o)

no=1

nl.--nk

N>np>->ny>1

r—1

- (to/t1)™0 -+ (t;/tj41)™
+ Z(_l)] 1 Z k;
j:1 N2n0>n1>~~->nj21 nonlfl [P nj]
5 Z (1 _ tT)"ll_"’l“ o (1 _ tj+2)nlr—j—1_nlr—j—1+l{(1 — tjﬂ)nzr—j — 1}
N>ni>->ny _>1 ny---ny,_;

J

Using the induction hypothesis, the assertion of the equality (45) holds for the index (1, k).
This completes the proof of Theorem 8.10. n

9 Adelic rings

In order to define the finite multiple polylogarithms, we introduce some adelic rings in a

general setting.

Definition 9.1. Let R be a commutative ring and X an infinite family of ideals of R. We

define a ring Aﬁ r for each positive integer n by

o (M) /(o)

Then {AE r} becomes a projective system by natural projections and we define a ring A?% by
JZlER = @1 ATX;R
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We put the discrete topology on A;?}  for each n and we define the topology of uzl% to be the

projective limit topology.

Lemma 9.2. We use the same notations as Definition 9.1 and we define the I-adic com-
pletion ]/%[ of R to be lér_nn R/I™R. Then there exists the following natural surjective ring

homomorphism:

T I]}ﬁ[-——>)1§.

Iex

Proof. For a short exact sequence of projective systems of rings

Iex Iex

0—> {@R/J"} — {HR/I"} — {AS R} — 0,

the system {@, s R/I"} satisfies the Mittag—Leffler condition. Therefore, there exists a

natural surjection

[T 2 ~lm][] R/ — A% 0

Iex noJey

Remark 9.3. We assume that some topology of R/I™ is defined for any I € 3. If we put the
product topology on [],.y, R/I™ and the quotient topology on A} » by [],cs, R/I" — A} g,
then the topology becomes indiscrete. However, we put the discrete topology on AZ", r in this

thesis.

Lemma 9.4. We use the same notations as Definition 9.1 and Definition 9.2. We assume

that Ifif s a principal ideal of fi[ for any I € X. Furthermore, we define an ideal 1 ofJZl%
to be w((IR;)es). Let m, be the natural projection my: A% —» A g for any positive integer
n. Then we have ker(m,) = I". In particular, the topology 0]%4232 coincides with the I-adic

topology and .AE 1s complete with respect to the I-adic topology.

Proof. Let n be a positive integer. Take any element z of ker(m,). Then there exists an

element {z;}res of [[,cx R; such that = 7((z])ex) by Lemma 9.2. By the commutative
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diagram
H ﬁ] L) ./ZFI%

(mod In)lezl lﬂ'n

[[B/m - AZ,

Iex
we have
Tn(2) = mp 0 m((@1)1es) = pa((zr mod I")ex) = 0.
Here, p, is the canonical projection. Therefore, there exists a subset >’ of X such that ¥\ ¥’
is finite and z; € I"R; for every I € Y. We can take a generator a; of IR; for any I € X

by the assumption. Then there exists an element {y;}sesy of [[;cs ﬁl such that z; = aly;

holds for any I € 3. We define y; to be zero for I € ¥\ ¥'. Then we have

= 7((z1)1es) = 7((ajyr)ies) = (7((ar)1ex))" - 7((yr)1ex) € I"

and we obtain the inclusion ker(m,) C I". The opposite inclusion is trivial and the last

assertion follows from the fact that {ker(m,)} is a neighborhood basis of zero. O

In the rest of this thesis, we only use the case ¥ = {pR | p is a prime number} and
we omit the notation ¥. We will define the A-finite multiple polylogarithms as elements

of the Q-algebra /TZM in Section 11. Let 7: Hp Zmp —» ,Zl\z[t] be the natural surjection
obtained by Lemma 9.2. Here, Zmp = lim Z[t]/p™Z]t] is the p-adic completion of Z[t]|. Let

Ty . ./zl\z[t} — A, zi) be the natural projection for each n. The topology of ﬁz[t] coincides with

the p-adic topology and .,Zl\z[t] is complete with respect to the topology by Lemma 9.4.
Since an equality 7 ((Z;’io al? )pi) ) — 3% (a!”),p' holds, in order to obtain a p-adic
p

relation, it is sufficient to show the p-adic relations given by taking the p-components for all
but finitely many prime numbers p. Here, al(-p ) e Zp[t]. It seems that the opposite assertion

does not hold in general.
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10 Review of finite polylogarithms

After that Kontsevich defined “the 1%—logarithm” = the finite 1-logarithm in [22], Elbaz-
Vincent—Gangl defined the finite polylogarithm for fixed prime number p in [8]. In this

section, we define the A-finite (resp. A,-finite) polylogarithm as an element of ﬁz[t] (resp.

Anz)-

Definition 10.1. Let m and k be positive integers. The truncated polylogarithm £, x(t) is
defined by

m

Lit) =Y Z—Z

n=1

Then the fT-ﬁm’te polylogarithm of weight k £ @k(t) is defined by

£34(0) =7 ((£p14(0)),)
in A\Zm and the A, -finite polylogarithm of weight k £ 4, x(t) is defined by
Lo p(t) =7 <£ jﬁk(t))

in A, 7y for each positive number n.

Kontsevich observed that the following three functional equations for A-finite polyloga-

rithms of weight 1 hold:

Proposition 10.2 (Kontsevich [22]). Let t and s be indeterminates. Then

(57) Lax(t) = Laa(1—1),
(58) La1(t)=—tPL (),
s 1—s5
(59) La1(t) = Lai(s) +tP L (g) + (1 —=t)PLas (1 — t) =0.

Here, we consider the equality (58) in Az 1) and the equality (59) in Azp+r q1-¢-14-
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The following functional equation is a generalization of the equality (58):
Proposition 10.3 (Elbaz-Vincent—-Gangl [8, Theorem 5.7 (1)]). Let k be a positive integer.
Then
(60) £_A,k(t> = (—1)ktp£,47k(t_1)
m AZ[t:ﬁ:l] .

The equalities (57) and (60) will be generalized to A-finite multiple cases (Section 12).
Elbaz-Vincent-Gangl proved the following distribution property for £ 4:

Proposition 10.4 (Elbaz-Vincent—Gangl [8, Proposition 5.7 (2)]). Let m be a non-zero
integer and k a positive integer. Let (,, be a primitive |m|-th root of unity. Then we have

the following equality in Az, ;+1] :

|m|—1 _m .
(61) £ (™) = mF Z %f,&k(%ﬂ-
i=0 m

Proof. We assume that m is positive. Let p be a prime number not dividing m. Then

1e= 1 —tm ; 1 (% j s (Gt
m 21— (Gt £p- l,k’(Cmt):E <ZC ) (; pye

7=0
1 p—1 1 m—1m—1
_ j p+n
_E;W;;(%t)p

] pzlmzlm-l (¢ tyitn
2 22 (i

n=1 j=0 i=0

n Z(,p) [Cm7 t]. By

m_lgﬂ_{m if m |1

0 otherwise ’



we have

m—1 p—1
1 1—mr , trm 1
— - 1) = =—4£, 1 (") (mod p).
m ~ 1— gnt P 1J€<Cm ) ; (nm)k mk =P 1J€< ) ( p)
The negative case is obtained by combining the positive case with Proposition 10.3. O]

Kontsevich proved the 4-term relation (57) for £4; and he raised a question to find
functional equations for £ 45. Elbaz-Vincent-Gangl gave answers to the question in [§].

Especially, they proved the following 22-term relation for £ 4:

Theorem 10.5 (Elbaz-Vincent-Gangl [8, Theorem 5.12]). Let s, t, and u be indeterminates.

Then we have the following functional equation for A-finite dilogarithm:
UPLga(s) —uP£as(t) + (s —t+ 1P L ao(u)

+(1—=uwPLga(l—8)—(1—u)PLas(l—1t)+ (t —s)P£L£a2(l —u)

— i () et (V) s (1)

— (1= s)PLay <1:Z> + (1 =t)PLas (1—u> +uP(1 — 5)PL£ 4o (1_t>

-t 1—s
T L L)

u(l—1t)
() -0 (157

P tag (S5 ) 4 -0 srda (123

1—s
(s P L (%) = P L <—(1 _t“)_(ls_ 3))
TuP(s —t)P Ly (S(S__ux) +uP(t — 8)PL£ 42 (—(1 ;(QZ)_(ls)_ t))
=0

m AZ[sil,til,uil,(l—s)*l,(1—t)*1,(s—t)*1]c
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11 Definition of finite multiple polylogarithms

Before defining finite multiple polylogarithms, we define truncated multiple polylogarithms

which are generalizations of multiple harmonic sums (Definition 4.1).

Definition 11.1. Let n be a positive integer, k = (ky,..., k) an index, and t = (¢1,...,%,) a
tuple of indeterminates. Then we define the four kinds of the truncated multiple polylogarithms

which are elements of Q[t] as follows:

. Gty
Lo x(t) = Z IR

n>ny>-->np>1 nl T

ni n
tl "'trT

£ (t) = Z S E—

.« . e T
n>ny>zn,>1 1

ni—nz Np—1—Nr yn,
¢ ¢

S
)= 3 AL N

DY ™
n>n1>-->np>1 ny ny

ni—n2 Nr—1—Nr n,
tl tr

- ety
£nvl:(t) = Z k1 k

n>ny > >n,>1 eyt

If k = (), we consider the truncated multiple polylogarithms as 1.

Definition 11.2. Let k = (ky,...,k,) be an index and t = (¢1,...,t,) a tuple of indeter-
minates. Then we define the four kinds of the A\-ﬁnite multiple polylogarithms which are

elements of jz[t] as follows:

£}7k(t) = (£ 1k(t))p) (.Z—ﬁmte harmonic multiple polylogarithm = .Z—FHMP),

£}7*k(t) = (L7 5())p) (le\—ﬁm'te harmonic star-multiple polylogarithm = A\—FHSMP),

iﬁi’k(t) = (£ k(t))p) (A\—ﬁm'te shuffle multiple polylogarithm = A\—FSMP),

£”£1*((t) = m((L£7 1k (#))p) (A-finite shuffle star-multiple polylogarithm = A-FSSMP).

This definition is well-defined since £,°) | (t) is an element of Z,[t] for each prime number

p, 0 € {x,m}, and @ € {(), x}. We also define the A, -finite multiple polylogarithm (A,,-FMP)
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£Z:7k(t) as an element of A,z by
£50,8) = m(£5,0)

for each positive integer n, o € {*,m}, and e € {0, x}. We define 1-variable A-F(S)MPs as

follows:
£ = "5};((@ {137 = f%;({t}r) € -’Z{Z[th
B ()= £55 (070 = £50 ({17 1) € gy,
where ¢ is an indeterminate and e € {{),x}. In the same way, we can define 1-variable

A,-F(S)MPs £5 (t) and Z’:élmk(t) for each n.

Remark 11.3. Let R be a commutative ring. For any subset {iy,...,i,} of {1,...,r} and

ai,...,ap € R, the substitution mapping

T
defined by
(Bl )= Bttty ari )
where {ji, ..., ju} is the complement of {4y, ..., 4,} with respect to {1,...,r}. For example,
we have

for @ € {(),x}. Our definition of FMPs is natural in this sense.

12 Fundamental relations of finite multiple polyloga-
rithms

We prove three fundamental formulas as follows:

e Reversal relation for A-FH(S)MPs (= Theorem 12.1),
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e Functional equation for A-FSSMPs (= Theorem 12.2),

e Relation between A-FHMPs and A-FHSMPs (= Theorem 12.11).

These are main results of this thesis.

12.1 Reversal relation for A-finite harmonic (star-)multiple poly-

logarithms

Theorem 12.1. Let k = (ky,...,k.) be an index, t = (t1,...,t,) a tuple of indeterminates,

and e € {(),x}. Then we have the following p-adic relation in ﬁz[trl] :

‘o ! k?] + l] —1 *,@ T—1\ A0
£35%1) = (=1 Z > [H ( L; >] L )P
i=0 1=(l1,.. 1) €25, Li=1 I
Ll =i

where £Ak 1(tTl) is an element of jz[tfl].

Proof. Let p be a prime number. By the substitutions n; — p — n,,1_; and a p-adically
convergent identity (14), we have
tnl .. tn,«
L= > S
1k Ky e
- p—1>n1>->n>1 1 gt

P=nr  p—ma
2 o

- 2 (b= n)r - (p— )"

p—1>p—n, > >p—n1>1

= (=) (¢ ..o t,)P

. 5 Lrl(k - )

p—12n1>~~>n7~21 (ll ----- ZT)EZEO

= (— 1)Wt k) pz Z [

i=0 1=(l1 .. 1) €25,
l1+-+lr=t

L T L
tr tl 14+

k1+l1 kp+1
nl Y n/r'f’ ™

T (kL -1\ . —
H(J Z.J )] £, 1k@1(t Yp
J

J=1

in the ring Z[t],. Therefore, we have the conclusion for non-star case. The star case is

similar. O
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12.2 Functional equation for A-finite shuffle star-multiple polylog-

arithms

To state the functional equation for A\—FSSMP, we define a p-adically convergent series

£%k(t) with A-FSSMP-coefficients for an index k and a tuple of indeterminates ¢ by

* = 101, % 1 ]- 10T, % 7 7
(62) Lx(t) = ZO <£ﬁ7({1}i,k)({1} 't - §£ﬁ,({1}i,k>({1} ’t1>> P
We have the following functional equation for the series (62):
Theorem 12.2. Let r be a positive integer, ky, ..., Kk, indices, and t = (t1,...,t.) a tuple
of indeterminates. We define an index k to be (ky,..., k) and kK* to be (kY,..., k). Fur-
thermore, we define l; and l; by l; :== dep(k;) and I, := dep(k}) respectively for i =1,... r.

Then we have a multi-variable functional equation
E},k({l}’l‘l,tl, L) = Ej&k*({l}ll‘l, L—ty,... {1} 1—t)

in the ring .Zl\z[t].

The one-variable case of Theorem 12.2 is as follows:
Corollary 12.3. Let k be an index. Then we have

oo o0

©) 3 (s ® — 56040) 8 = 3 (T2 gy (10— 5601 )

in the ring .Zl\z[t].

In particular, we obtain Theorem 6.9 by substituting ¢ = 1. In order to prove Theorem

12.2, the case that k is k repetitions of 1 for a positive integer k is essential:

Theorem 12.4. Let k be a positive integer and t a tuple of k indeterminates. Then we have

Ej@{l}k (t) = ‘Cfﬁ\y{l}k(l —t)

in the ring .Zl\z[t].
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In fact, the following lemma is the reason why k repetitions of 1 case is important for

shuffle type FMPs.

Lemma 12.5. Let k = (ky,...,k.) be an indezx, k =

indeterminates, and o € {(),x}. Then we have

£A {1}k

"€j,k( ) = {0yt 1y, ...,

wt(k), ¢

(t1,...,t.) a tuple of

{0y 1,).

Proof. We can easily check it by the definition of the finite shuffle multiple polylogarithms.

m
Proof that Theorem 12.4 implies Theorem 12.2. Let k; = (kgi), e kl(l)) and kY = (k’gi), .,k’l(,_i))
fori=1,...,r. Put k := wt(k). Then
E*Aik({l}ll_l, tr, . {1 )
Lem 125£* 0 kgi)—l 1 0 kl( )_1_1 1.0 kl@—l .
A{l}k< {} ) 7"'7{} ; 7{}’ )i7"‘>
Th 24 Y- Rt o, (ke
- A{l}k( {} '7{}’ ) ’{}Z ) _i>'--)
(1 1. 11) N /(8 k‘/(,l_ k/(,z)_
OO () L TOUUOR (1) S RO T (1} A A B
hern 2.5 Lo {1 =, {1 =),
Therefore, we have the conclusion. O

We prove Theorem 12.4. The following proposition is the key ingredient:

Proposition 12.6. Let p be an odd prime number and t =

nates. Then we have the following p-adic expansion:

S\
2 (—1)”1<pn )1 =
1 nl..-

Nk — 1 nktnk

p—1>n1 > >ny>1 Mk
I, % I, % %
= 5 0apd +Z (fp L {1}k ({1}',4) - £
=1

70

(t1,...,tx) a tuple of indetermi-

}7, 172y{1}k—1)({1}i_1a t)> pia



—

in the ring Z[t] .

We give two proofs of Proposition 12.6. The first one is author’s original proof. The

second one is by an anonymous referee of [46].

The first proof of Proposition 12.6

Lemma 12.7. Let p be a prime number and n a positive integer less than p. Then the

following equality holds:

(64 (7)) = ey,

Proof. By the definition of a binomial coefficient, we can calculate as follows:

(1) = R T (12 2) - Y i

Since H,({1}") is zero if i is greater than n, we obtain the equality (64). O

The first proof of Proposition 12.6. By the substitution n; +— p — n; for every 7 satisfying

1 < i < k and the p-adic expansion formula (14), we have

Sy (P ) AT
1 -+

‘N
p—1>n1 > >0 >1 k

G

—n
p—1>p—ni>->p—np>1 p =

1

1 ) pp—m)=(p—n2) .t](fp_flnkfl)*(p*nk)ti_nk
(p—mn1)---(p— )

no—mni Ng—Ng—1,4p—ng
= (1" (=1)m-! p—1 b L SR Lot
- lp+1 l1+1 p
nl —_ 1 n kt - 1+
p—1>ng>-->n1>1 I, >0 k 1

k mo1_ M (p—1 R S [P
D D e (A B S

— N n ..
p—1>mp > > >1 P=mN My Teso o T ”1
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By Lemma 12.7 and Lemma 4.2 (6),

N Y et
ny-

ny SNy
p—1>n;>-->ni>1

SCY (Zp] ) (Z —1>iHm<{1}">pi>

p—1>ng>-->n12>1 = =0
ng—mni Neg—Nkg—1,4p—Ng
X E gl R R .
IS RS B
Iyl >0 k M

HETED> (z%) S Y (s, g

p—1>np>-->n1>1 \j=0 "1 i=0 wt(k)=i

tnz—nl .. tnk*”k—ltp*nk

§ : 1 - Lt
X nlk+1 .. nl1+1 p
I, >0 k 1

[c O lNe O lNe ]

k ZZ Z Z p]+z+l1+ g,

J=0 =0 =0 ki,..,k;>1 l1,...,lp>0

ki1+-+ki=1
7127711 Nk— nk 1 p Nk
e+l la+1 11+J+1 k'l . k1~
p—1>n> >0 >my > >m >1 Uk Ny M my- iy
Further, by the substitution ny — p —ng,...,ny — p—ny,m; — p—my,.

72

L, My — p— 1My



and the p-adic expansion formula (14),

ni—mn ng— 1_nk: n
DRI G L
ni ny .- Ng

p—1>n1>->ny>1

oo o0 o0
= (-1) ’f E § : lp]+l+ll+ g, Z
J=0 =0 1=0 ki,..,kg>1 l1,.. >0 p—1>p—np>-->p—n1>p—my>-->p—mi>1
ki+-+kj=i

tgpfnz)*(pfm)' t(p ng)— (p*nk—l)tif(p*nk)

X -
(p J— nk)lk+1 “ .. (p — n2)l2+1(p — nl)ll+]+1(p J— ml)kl “ .. (p — ml)kl

o0

oo
ZZ Z Z )b i

NE

7j=0 =0 =0 ki,....k;>1 I1,...,l;>0
ki1+-- +k‘l—l
ni—nsg Ng—1—Nk Ny
X E 12} ety ty

p—1>my > >my > > >0y >1

- li[(ka+;a >(l1+j+81)ﬁ(lb+sb)

r1,...,r1>0 La=1 b=2
S150-58, 20

pT1+-“+T‘l+51+"'+8k

k k li+yj 11 1 g 1°
m11+r1 . mlz+rzn11+1+81+ n22+52+ . _nkk+5k+

By collecting terms of the same indices, we have

S (Y
nq Ny Nk

p—lz2ni2--2np>1

0o oo
:EE l—i—nn

n=0 [=0

I [ea—1 e fi—1fi—1-s1 f 1
1 —
oy e RS e ()

€1yl sy fr>1 a=1 Lrqe=0 s1= 1
er+-+e+fit+ -+ fr=ntk

(65)

tnlfng tnk 1— nktnk

Gy o fo—1 1 : k
AR5 e

) e I SRR LN L
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Fora=1,... [,
R, (a1 1 ife, =1,
> (=1 =<
T 0 ife, > 2,
holds and for b =2, ...k,
f"i( 1y (fb— 1> 1t =1,
= s, ) |0 if f>2,
holds. Furthermore, if f; is greater than or equal to 3, we have
fi-1fi—1-s1 fi—1
fi— 1) 1 <f1 - 1) .
—1)" =) (=1)""'s =(i-DA-1"7?=0.
X (M) = Xt (M) = -na -

If fi = 1 or 2, this summation is equal to 1. Hence, we see that all terms of the right
hand side of (65) vanish except the cases (e, ... e, fi,..., fr) = ({1}™) (then [ = n) or
(e1,.sen, fi,-- o fr) = ({1},2,{1}¥71) (then | = n — 1). Therefore, we see that the desired
identity holds. O]

The second proof of Proposition 12.6

Lemma 12.8. Let p be a prime number and n a positive integer satisfying n < p. Then we

have the following p-adic expansion:

- my
=0 p—1>my12>-->m;>n

DRI (S S S
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Proof. We can calculate

as follows:

cr(M ) =

This completes the proof of the lemma.

p_

(—1)"1 (1 —

1

")
)

p
n

S

()
p—1p—-2)--n
1-2---(p—n)

2.

The second proof of Proposition 12.6. By Lemma 12.8, we have

2.

p—lz2ni2-2np>1

2.

p—1>2n12+-2n;>1

- (”

>0y >eng>1 (

n]1—ng Ng—1—Nk Ny
tl B ‘tk;—1 tk

-1
n

nlu..

ni—mns9 Nk—1—Nk yng

t oty by
nl e nk‘

p

o0

I, %
(fp_lv{l}k+i
=1

1-— 2

ny

This completes the proof of the proposition.

(-2)

)

{1}.1)

5

Nk

o
1=0 p—1>m1>-->m;>n1

ny—no Npe—1—Nk N
4 B 'tk—l tk: pi

ml..-minlu..nk

I, %
— L0y 2,0

.

ml---

{1y 8) v



Proposition 12.9. Let N and k be positive integers. Then the following polynomial identity

holds in Qlty, ..., tg] :
Z (_1)711 N t?l_nQ o tziillink (tzk - %)
nq Ny - N

Nzni2--2np>1

(1 —t)™ 7 (1= tpg)™ (1 — )™ — %}.

NZni1>--2>np>1

Proof. By Theorem 8.7 (43), we have
>, (=pnm (N) R T
N>ni>->np>1 ny ny - N

- ¥ (L— )™ (1 — g™ (L — f)"™ — 1}7

nl...nk

N>np>->n>1
and by substituting ¢, = 1, we have

S e (VYA
nq Ny« Nk

N>ni>-2>np>1

.. (1 _ tk_l)”k—lfnk

- Z (1 —ty)m 2
o nl---nk

N>ny2>--2np2>1

By combining these two identities, we obtain the desired identity.

In order to prove Theorem 12.4, it is sufficient to show the following theorem:

Theorem 12.10. Let n and k be positive integers and t a tuple of k indeterminates.

define L7 {1}k( ) to be

|
—

n

Eo ) = 3 (25 e (00 = S22 e (1)) )

7

Il
o

Then we have
m ATL,Z[t]-
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Proof. We prove the equality (66) by induction on n. By combining Proposition 12.6 with

Proposition 12.9, we have

3o { (£ 0Y0 - 325010

1, % i—1 1, % i—1
(£A ({1yi=12,{1}+-1) {137 - _"£A A({1}i-1,2,{1}k-1) ({1} tl))}p

fA{l}’“( - ) 2£.A{1}k(( _t)l)

We see that the equality (66) for n = 1 holds by the projection 7 : .ZZM — Agzpy). We assume
that the equality (66) for n — 1 holds for any tuple of indeterminates with any depth. By the

equality (67) and the projection 7, : ./Zl\z[t — Ay, 714, we have

Ay (8) = L7 (1= 8) = "€j*{1}’“((1_t)1)

(68) +Z (£j*{1}k+l {1}i_17t07 ) 2£j*{1}k+1({1}i_17t07t1)) pl

to=0

_ £j*{1}k( —t) — 2£j*{1}k((1—t)l)—i—ﬁgm{l}kﬂ(to,t)p

to=0

On the other hand, by the induction hypothesis, we have

‘C;\, 1k+1(t0’t):£j47 1k+1(1—t0,1—t).
n 17{} n 1:{}

Therefore, by the equality (68) and the canonical isomorphism A, 7y ~ pA, 7z, we have

fAn,{l}k( ) "Ej*u}k(l - ) 2£§*{1}k((1 - t)l) + ‘C;\m{1}k+l(t07t)p

to=0

o £j*{1}k(1 —1) - "gj*{l}k((l —t)1) + EA {1}k+1(1 —to, 1 —t)p

to=0
=L, nyp(1—1).
Hence, the equality (66) for n also holds. O
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Thus, we have finished the proof of Theorem 12.2.

12.3 Relation between A-finite harmonic multiple and star-multiple

polylogarithms

Theorem 12.11. Let k = (ky,...,k.) be an index. Then we have the following p-adic

relation in ./Zl\z[t] :

Proof. This is an immediate consequence of Theorem 8.11. [

12.4 Summary of fundamental relations of A-FMPs and A,-FMPs

We summarize the fundamental relations of A-FMPs and A5-FMPs in non-symmetrical forms

in order to refer them when we calculate special values of A-FMPs and As-FMPs.

Corollary 12.12 (Fundamental relations for one-variable A-FMPs). Let k,r, and i be pos-

itive integers satisfying 1 <1i <r, k an index, and ® € {(),*x}. Then we have

(69) £50) = (1)@ L (17,
(70) L50(t) = L0 (1= 1) — Ci(kY),
_ dep(k)—1 L
(71) (—1)2PM071 L (1) = 255 (1) + (—1)7 L 4, (8)Ca (K@),
j=1
_ dep(k)—1 A
(72) (~1)2PM071 L () = £ 5 (1) + (=1 Calky) £ D),
j=1
(73) £y (A + (1) £ (1 {1 ) =0,
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Corollary 12.13 (Fundamental relations for multi-variable A-FMPs). Let k = (ky,...,k;)
be an index, t = (t1,...,t,) a tuple of indeterminates, and o € {0, *}. Let ky,...,k, be
indices, k := (ky,..., k), k* := (k{,...,kY), and [; := dep(k;), l; := dep(k}) fori =1,...,r.

Then we have

) Elt) = (C)" 01y 1, P L),
L, )
(75) | | | |
- £ﬁ:§*({1}l1_1’ 1 - tla ct {1}lr_1a 1 - tr) - £j:£*({1}l1—1’ 1 - tl; ey {1}lr)7
o r—1 o
(76) (_1)T_1£:k4’k(t) - £Z,*E(t_l) + Z(_l)] £f4,k<j>(t(j))£z,*m(t(j))~
j=1

Corollary 12.14 (Fundamental relations for one-variable Ay-FMPs). Let k = (ky,..., k;)

be an index, t an indeterminate, and o € {(),x}. Then we have

(77) £5, gt = (=10 (Z;Q,kul) + zm <t1>p) ,
(78) Eapadd) + (L3000 = Lo P = Loy (1= 1) = Gy (KY),
(79) (—1) " Eault) = B, gl0) + §<—1>j£A2,km<t>czg<W>,
(30) (—1) 7 Eault) = £, 56 + §<—1>f<,42<k<j>>£;m<t>.
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Corollary 12.15 (Fundamental relations for multi-variable Ao-FMPs). Let k = (ky,. .., k;)
be an index, t = (t1,...,t,) a tuple of indeterminates, and o € {0, x}. Let ky,...,k, be
indices, k := (ky,..., k), k* := (k{,...,kY), andl; := dep(k;), l; := dep(k}) fori =1,...,r

Then we have

(81) £y

=

(t) _ (_1)wt(k)(t1 .. -tr) ( .Agk —|— Zk £A2 k@e] ) ) ,
Lot {1 )
(82) + (ffl’;(l,k)({l}ll?tb“'7{1}lr_17t ) £jz*e @k)({l}ll_17t17"‘a{l}lr_ljr))p

= £j;fk*({1}li—1, L=ty {1 1 —t) — £ k*({1}”—1 1—ty,... {1},

(83) (=1 x(8) = L5770 + D (-1 Ll (8) £ 15 (89).

Proof. These corollaries are deduced from our main results immediately. Note that we use
Proposition 7.1 (17) for a proof of the equality (73). The equality (73) was also proved by
Tauraso—J. Zhao ([54, Lemma 5.9]). O

Theorem 12.16. Let k be an index. Then we have
* l P * \%
ax(t) = (7 = 1) &% 1)t Ca(k”)

m Az[t,(t,l)fl] .

Proof. By the reversal relation (69) and the functional equation (70), we can calculate as

follows:
Su() = (1)L ()

= () (B (-7 = )
= 71— 7P e (1= 177 = PG ()
= Dt (757 ) - PG 0
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Remark 12.17. This is a finite analogue of the duality formula for star-multiple polylogarithms
(Theorem 3.3).

13 Functional equations of finite multiple polylogarithms
of index {1}

In this subsection, we argue about functional equations of 1-variable A-FMPs of the index

.

Lemma 13.1. Let k be a positive integer. Then we have

(84) Lappt) = (1D Lap(l - 1),

(85) L) = £an(1-1),

(56) Eagn0) = (007 - D (75
(57) b0 = @ = 0 (15

m AZ[L(t_l)fl].

Proof. The equalities (85) and (87) are obtained as corollaries of the equality (70) and The-
orem 12.16, respectively. The equality (84) is obtained by (71) (or (73)) and (85). The
equality (86) is obtained by (72) (or (73)) and (87). O

This lemma says that the above four types of A-finite multiple polylogarithms are essen-

tially A-finite polylogarithm. Therefore we have the following principle:

Principle 13.2. We can obtain functional equations of A-finite multiple polylogarithms
£ 4 113k Z’A,{l}k, £f47{1},€, and zj\,{uk from functional equations of A-finite polylogarithm £ 4,

via Lemma 13.1.

Theorem 13.3 (Distribution properties for FMPs of the index {1}*). Let m be a non-zero

integer and k a positive integer. Let (,, be a primitive |m|-th root of unity. Then the following
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equalities hold in Az,

m|—1
. B 1—¢mp
(88) Lapp@—tm)y =m'" )" T (cipp Ay (1= Ght),
j=0 (Cmt)
N e |
(89) (L=t = mt Y s e (L= G,
j=0 - (Cmt)
- 1 L 1
90 £ =mh! £ :
(90) A {1} <1 —tm) m JZ:; A {1}k (1 _ %t) )

m|—1
1 1
91 * — k—1 £* i .
( ) A {1}k (1 _ tm> m : : A {1}k (1 _ CJ t)

Proof. This theorem is obtained by Proposition 10.4 and Principle 13.2. Here, we only show

the formula (91). By the equality (87) and Proposition 10.4, we can calculate as follows:

* 1 P -m
A {1}k 1 _m = 1 —¢mp £.A,k(t )

lm|—-1

mp 1 —¢t—mp )
=T i 7jmpm’“‘1 ; T e (C;t_l)p £ar(Gt™)
_ mk—l lmzl:l (Crﬁjt)p £ ((C_jt>_1>
T (G

m|—1
1
_ k—1 Z £*
=m A7{1}k < —J >

m|—1
1
k
1 Z Loy ( Jt) -

Corollary 13.4. Let k be a positive integer. Then the following functional equations hold in
AZM .
(92) Eaqp(t) = (1) £y (1 —1),

(93) () = (FDFRE (1 =),
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Proof. Let m = —1 in Theorem 13.3. Then we have the desired formulas by replacing ¢/(1—t)
with ¢. ]

Remark 13.5. Lemma 13.1 (84) has been proved by Mattarei and Tauraso ([52, The proof of
Theorem 2.3|, [26, Lemma 3.2]) and Lemma 13.4 (92) has been proved by L. L. Zhao and Z.
W. Sun ([61, Theorem 1.2]).

By Theorem 10.5 and Principle 13.2, we see that each of A-finite (1, 1)-polylogarithms
£A,1,1)5 :éA,(l,l), £f47(171), and 227(1’1) satisfies a 22-term relation. Here, we only state a 22-

term relation for £f47(171).
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Theorem 13.6. Let s,t, and u be indeterminates. Then we have the following functional

equation for £:‘47(171) :

S t

(s —t+1)Pu—1)PLY 11)( 31)

N s—1 N t—1 N u—1
—sP(1 —u)P L7 J(1,1) ( p ) +1P(1 —u)? A(1,1) (T) —uP(t — 3)p£,4,(1,1) < )

u

U U t
—(u — s)P LY — — )P LY — Pt — s)P L
(u—s) A,(1,1) (u — s) + (u—1) A,(1,1) <u—t) +uP(t — s) A,(1,1) (t — s)

u

~s =0 (5) - 60 -9 - a-ora (GG iy)

+ (s — w)PLY 1) (M) — (= uw)P L% (t(tl__ U))

PP L (t_TS) — (1= t)P(1 = u)P L 1) <S_i)
— (t —us)P L2 1) (%)—((1—0%(1—8 ( 1_215:)5))
e () 0yt

=0.

Remark 13.7. Besser proved a formula relating Coleman’s p-adic polylogarithms and the
finite polylogarithms in [3]. His formula plays a key role in Elbaz-Vincent—Gangl’s theory.
On the other hand, the author and Sakugawa proved a formula relating Wojtkowiak’s étale
polylogarithms and the finite polylogarithms in [45]. Surprisingly, in the proof of the main

theorem of [45], we use the functional equation (87).
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14 Ono—Yamamoto’s finite multiple polylogarithms

Definition 14.1 (Ono—Yamamoto [35]). Let k = (kq,...,k,) be an index. Then Ono-
Yamamoto’s finite multiple polylogarithm £37{<(t) € Az is defined by

tl1+"'+lr

£OY 1) = / . |
Al <0 Z l]fl (I o)k oo (I 4 4 1) o p)

<l1,esy lr<p P

. ! . . .
where the summation )’ runs over only fractions whose denominators are prime to p.

We prepare the following notations to discuss the relation between Ono—Yamamoto’s

FMPs and our A-FMPs (cf. [35, Section 2]):
[l :={1,...,1},

XP == ,....l.)ep-1"| (wt(ly),p) = --- = (wt(li),p) = 1},
a: XP) — [r] is defined by a(ly,...,l,) = n such that (n — D)p <ly +--- + 1, < np,

r

X7 = a7 (),

D, = {¢: [r] = [I] : surjective | ¢(a) # ¢(a+ 1) for all a € [r — 1]},

re =1 when ¢ € ®,,
P, = |_|<I>,n7,, 0p(i) :=#{a € i — 1] | #(a) > ¢(a+ 1)} for ¢ € D,
=1

B: ®, — [r] is defined by 8(¢) := d4(r) + 1, ®L:= 87'(i),
VP = {(n,...n)ep—1'|1<n < - <m<p-—1},
where 7, [, and r are positive integers satisfying 1 <,/ < r and p is a prime number.

Lemma 14.2 ([35, Lemma 2.3)). For any z = (L1, ...,1,) € X', there exist unique | € [r],

¢ € D,y and (ny,...,n) € Yl(p) such that ly + - - -+ 1; = ngy + 04(i)p for any i =1,...,r.
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In the above situation, we use the notation ¢, := ¢. Further notations:

Vi={z e XP | ¢, = ¢} for ¢ € @,

ky = ( Z by Y kj> for an index k = (ki,..., k) and ¢ € ®,.
#(j)= d(F)=re

Note that X = Ugeas X P fori=1,...,r.

Proposition 14.3. Let k be an index of dep(k) = r. Then we have

(94) Zwl D L ({1yee0 g {13007,

PEDL

Proof. Let p be a prime number. By the above notations and Lemma 14.2, we have

gt

!/
2 (1 + L)k

0<ly,...lr<p '1

"(ll‘i‘""i‘lr)kr

tl1++l’7‘

:Z Z S LR ( AR A L

=1l )ex®)

tll++lr

:ZZ Z lkl(ll+l2)k2"'(ll+"'+lr)kr

=1 oe®l 1y, 1)ex P !

1o (r)

ED””’Z >

@i 1<n1 < <npy <p—1 M(1) M(r)

$1e(r)

— - (i-1)
= Zzlt Lp Z Z Poh)=1k --~n2¢(j):7'¢ k;

PeDL 1<n1 < <ny, Sp—1 Ny T

- Z i Z £p 1k¢ {]‘}T¢_¢(T))t7{]—}¢(r)_l> (mOd p)
=1

PEPL
Therefore, we complete the proof.
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Corollary 14.4. Let ki, ks, and k3 be positive integers. Then we have

(95) £A (k1, k‘g)( ) = £A,(k2,k1)(t> + tp"EA,(k‘th)(t)v
'£A (k1,ka, ks)( ) = £A,(k3,k2,k1)(t> + tp°€-47(k37k1,k2)(t) + tp"EA,(kmkl,ks)(t)

(96) TP LY s ) (1 6 1) F P LY 1y g gy (18,1

+ tpo{’}Av(kl-&-k?,,kz)(t) + tp£A7(k27k1+k3)<t> + t2p°€«4,(/€1,k2,k3)(t>'

Proposition 14.5. Let k = (ky,..., k) be an index. Then we have
£0%(1) =0.

Proof. If r = 1, we have £9&[{(1) = Ca(k1) = 0. We assume that r is greater than 1. Let [ be
one of 2,...,r and &; the [-th symmetric group. We define an equivalence relation on ®,;
as follows: ¢ ~ ¢ holds for ¢, ¢’ € @, if and only if there exists o € &; such that ¢ = oo ¢’
holds. We take and fix a system of representatives {¢;1,...¢;; } of the quotient set ®,;/&,;
where 4, is the cardinality of ®,;/&;. Then, by Proposition 14.3, we have

= Calke) =D ) Calky) = ZZ(ZCA o(ky,,) )
S, 1=2 e, 1=2 s=1
We see that this is zero by Proposition 5.1 (7). O

We prove the following functional equations for Ono—Yamamoto’s finite multiple polylog-

arithms:
Theorem 14.6.
£0() = £37(1 =), 059\?21,1)(?5) = 0591,\21,1)(1 —t).

Proof. Since £3Y(t) = £4.1(t), the first one is exactly the functional equation (57). So, we

prove the second one. By the equality (95), we have

5%1,1)(?5) = La0(t) + tpz’A,(l,l)(t)-
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On the other hand, by (84) and (92), we have

£l =t) = Laanl—t)+ (1 - tP) Lyl —1) = —£as(t) — (1= tP) £ 4 11)(1),

Hence,

05,91?21,1)(15) - 052%1,1)(1 —1) = fA,(l,l)(t) + fA,Z(t) + Z)Av(l,l)(w = CA<1)£A,1(t) = 0.
This completes the proof. n

Remark 14.7. Recently, Ono proved the functional equation £9&171’1)(t) = £2§171’1)(1—t) and

more general functional equations in [34]. His result suggests that £2§1},€ (t)=£ 9&1};@(1 —t)
does not hold in general. In fact, he proved £9%,,,)(t) # £3(1 111 (1 — t) under the

hypothesis that B, 5 # 0 in A.

15 Explicit evaluations of finite alternating multiple
zeta values

We call values obtained by substituting £1 into the variables of finite multiple polylogarithms
the finite alternating multiple zeta values. In order to calculate special values of finite multiple
polylogarithms in the next section, we summarize known results on finite alternating multiple

zeta values.

15.1 Calculations in general weights

Lemma 15.1 (Chamberland-Dilcher [4], Tauraso—J. Zhao [54, Corollary 2.3]). Let k be a

positive integer greater than 1. Then

1—-21RB _k
(97) Lan(=1) = ——5— 2 :
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Lemma 15.2 (Chamberland-Dilcher [4], Tauraso-J. Zhao [54, Theorem 3.1 (17), Theorem
3.1 (18)]). Let k1 and ko be positive integers such that k := ky + ko is odd. Then we have the

following equalities:

(98) e — =
(99 Py (1) = S 2k,
(100) £ (o) (—1) = 2162;—_:1%,
(101) (1) = 2

Lemma 15.3 (Z. H. Sun). Let k be an integer greater than 1. If k is even, then we have

E(2F —1) ~
(102) Lau =" B,

and if k 1s odd, then we have

|

W(Zﬁp_k - Egp_k_1>.

(103) La,p(—1) =

Proof. This is obtained by Z. H. Sun’s results ([48, Theorem 5.2 (b), Corollary 5.2 (a)]) and

the relation

p—1 p—1 N
(=)™ 1 1 1
(104) nk Lapk + ok—1 Z nk’
n=1 n=1 n=1
Here, p is any odd number. O

Remark 15.4. Tauraso and J. Zhao also proved the even case of the equality (102) (][54,
Corollary 2.3]).



Proposition 15.5. Let ky and ky be positive integers such that k := ki + ko is odd. Then
we have the following equalities:

1 — 2k

~ ~ ko(1 — 2F—1) ~
(105) £ A5 (k1 k) (—1) = W(ZBp—k — Bop_i—1) + %Bp—lﬂBp—kg—ﬂ%
- 9k-1_ 1 ~ (1 — 2k21) -
(106) o) (1) = == (2B = Bop-i—1) + — = Bp-t1 -1 Bp-i P,
- 1ol Ra(1—201) -
(107) Loy ko) (=) =~ (2Bp-k = Bap—r—1) + — 5= Bp-t-1Bp-1P

2k—1 o

(108) S (o o) (—1) = W(QBP,,C — Baypj-1) +

ko(1 =201~ o
TBpfkl Bp_,—1P,

where we assume that ky (resp. ks) is greater than 1 in the equalities (105) and (108) (resp.
(106) and (107)).

Proof. We consider the following relation:

£A2,/€1<_1)Cv42<k2) = £A27(k1,’€2)<_1) + zAz,(k2,k1)(_1) + "€A2,k1+k2(_1)‘

Since ki + ko is odd, we have £ 4, (b, ko) (—1) = EA27(,€2,;§1)(—1) by Corollary 12.14 (77) and
Lemma 15.1 (97). Therefore, we obtain the equalities (105) and (107) by Proposition 7.1
(18), Lemma 15.1 (97), and Lemma 15.3 (103). The proof of the equalities (106) and (108)

is similar. Namely, we can use the relation

£A27k'1(_]‘)c-/42(k2) - £j42,(/€1,k2)(_]‘) + "61(42,(1{32,]4:1)(_1) - "€A2,k31+k2<_1)' D

Lemma 15.6 (Chamberland-Dilcher [4], Tauraso-Zhao [54]). Let k, ki1, k2, and ks be positive
integers and ® € {(,x}. If k = ki + ko and k is odd, then we have

1—-21 kN B,
*,0 — k p_k
(109) £A,(k1,k‘2)(_17 —1) — (_1) 1 2k_1 <I€1> ]{j .

If k = k1 + ko, k is even, and ky, ko are greater than or equal to 2, then we have

st =1t 1)
(110) £ (—1—1) = =T By, By,
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If k is odd and greater than or equal to 3, then we have

2k—1 _ 1
(111) L= —1) = qu(Q)Bp_k.

If k = k1 + ko + k3, ky is even, and ko + k3 is odd, then we have

* 1 ks (R 1-2" 2" (K Byt
(112) £A,(k1,k2,k3)(_1’_1’1>:§{(_1) (k;g)_ 2k—1 (kl)} 2 '

If k = k1 + ko + k3, ky is even, and ko + ks is odd, then we have

| woa (Y 1=21 R\ Bpy
(113) fA,(kl,kQ,k3><—1,—171>:§{H) (k3>+ 7 ) f Tk

If k = k1 4+ ko + k3, k1 + ko 1s odd, and k3 is even, then we have

) 1 (kK 1—21 7k By
(114) fA(kl,kms)(l’_l’_l):5{(_1)k1 1(k1> T (kfs)} K

and

o 1 e 1 =21 k\\ Bp-rk
(115) £ k(L =1 =1) = 5 {(—1) (kl) o g, 2 :

If k = k1 + ko + k3, ky is even, ko is odd, and k3 is even, then we have

* 1 — 9k—1 k k By i
(116) Loaakop (711, =1) = —p— { (ka) - (k’l)} i
and

B k11 ( [k k\ | Bp-k
(117) £,4,(k1,k2,k3)(_1’ 1L,-1)= 2k { <k’3) N (]ﬁ)} ko

Proof. The non-star case of the equality (109) is [54, Theorem 3.1 (15)]. The equality (110)
and (111) are [54, Theorem 3.1 (20)]. Now, suppose that k := ky + ko + k3 is odd. By [54,

Theorem 4.1], we have

2£j<47(k17k27k3)(_17 _17 1)

(118) _
= Calks, k1 + ko) + L2 (b ) (T 1 —1) = L4k (1) £ 4 (ks 1) (—1)
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and

2°€f4,(k1,k2,k3)<_1> L, _1) = _£A,k1(_1)£v47(k3,k2)(_1) - £A,(k2,k1)(_1)£44,k3(_1)

+ £:k4,(k3,k1+k2)(_1’ _1) + £f4,(k2+k3,k1)(_17 _1)

(119)

If k; is even, then we have £ 44, (—1) = 0 by Lemma 15.1 (97). Therefore, we can calculate
L4 (k1 ko) (— 1 —1,1) by the equality (118), Proposition 7.4 (25), and the equality (109).
This proves the equality (112). If k; and k3 are even, then we have £ 44, (—1) = £44,(—1) =0
by Lemma 15.1 (97). Therefore, we can calculate £ ; , , (—1,1,—1) by the equalities
(109) and (119). This proves the equality (116). The equality (114) is obtained by Corollary
12.13 (74) and the equality (112). All star cases are obtained by Corollary 12.13 (76). Note
that [54, Theorem 3.1 (16)] which is the corresponding formula to the star case of the equality
(109) is incorrect. O

Lemma 15.7 (Pilehrood-Pilehrood-Tauraso [37]). Let k1 and ko be positive even integers.
Let k := ki1 + ko. Then we have

(ks — k(25 —1) (k+2\ kY Byors
120 £ -1,-1) = Y
(120) Aoy k) (=1 = 1) { 2k +2) \k+1) 2f k+1 P
and
fox (kQ — k’l)(2k — 1) k + 2 k Bp—k—l
121 £7 —-1,-1) = 5 .
( ) Am("v‘l,b)( ’ ) { 2’“‘*’1(]{: + 2) ki +1 + 2 k+1 p

Proof. The equality (120) is [37, Lemma 3.1]. The equality (121) is obtained by the relation

£t‘i:,(k1,k’2)(_1’ _]‘) = £:k42,(k1,k2)(_]‘7 _]‘) + CAQ(kl + k2)

and Proposition 7.1 (18). O
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15.2 Calculations in low weights

Lemma 15.8 (Tauraso—Zhao [54]). Let @ € {0, x}. Then we have
7

(122) L1, =1,-1) = 4p(2)* + 2By,
* ok 7
(123) £ =1, =1) = 4p(2)° = 2By,
. 7
(124) £A,{1}3(_17 -1, 1) = _QP(2)3 - ngf?n
* % 7
(125) L1 =11) = =p(2)° + 2By,
(126) £2"{1}3(—1,1,—1) =0,
*,@ 4 3 1
(127) £.A,{1}3(_1’ _17 _1) = _§QP<2) - EBP—{},
*,0 2 3 1
(128) £A,{1}3(1’ _17 1) = ng(Q) + EBP*B'

Proof. All non-star cases of these values are obtained by [54, Proposition 7.6]. All star cases

can be calculated by Corollary 12.13 (76).

Lemma 15.9 (Tauraso—Zhao [54]).

. 1
129) L3 0L -1 = 20,020~ (202 + 3B )

o 1
(130) 51 -1) = 205027~ (20,20 = 3 Bpa )

. 4 ~ 1~
(131) £A2,{1}3<_1v -1,-1)= _5%(2)3 + Bp—s — §B2p—4 + 2 <Qp(2)4 — 4p(2)Bp-s

s 4 ~ 14
(132) £¢4{2,{1}3(_17 —-1,-1) = _ngl(z)g + Bps — §B2p—4 +2 (%(2)4 + qp(2) Bp-3

O

Proof. The equalities (129), and (131) are [54, Proposition 7.3 (100)] and [54, Proposition
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7.6 (117)], respectively. The equalities (130) and (132) are obtained by the relations

oL =1 = £, (=1 =1 + Ca(2),

and
£i{:,{1}3(_17 —1,-1) = £:k42,{1}3(_17 -1,-1)+ £A2,(2,1)(_1) + "6442,(172)(_1) + £a,3(—1),
respectively. Here, note that
~ 3/ -~ ~ 4
Laren(=1)+ Laaa(-1) = -3 (23,,,3 - ng,4) ~ 30(2)Bp-sp

holds by [54, Proposition 7.3 (105) and (106)]. O

16 Special values of finite multiple polylogarithms

16.1 Special values of finite polylogarithms

Now, we recall the following results for finite polylogarithms obtained by Z. H. Sun [48, 49],
Dilcher—Skula [7], and Mestrovié¢ [28]:

Lemma 16.1. The following equalities hold:

(133) Eass(-1) = ~20p(2) + 4y (2Pp — (G0p(2 + {Bps) 5
(134) £402(2) = ~245(2) — 15 By "

(135) Easal?) = <02+ (502 + {Bya)

(136) £45(2) = —505(2)° = 57 Bps,

(137 £a01(1/2) = 05(2) = 50020 + (300020~ 5B ) P
(135) £42200/2) = =502 + (30020 + 515 )

(139) £45(1/2) = 5052 + 1< Bps
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Proof. The equality (133) is obtained by [48, Theorem 5.2 (c)| and the equality (104). The
equalities (134) and (135) are [49, Theorem 4.1 (i)] and [49, Theorem 4.1 (ii)], respectively.
The equalities (136), (137), and (138) are essentially due to Dilcher—Skula [7] (see [49, Remark
4.1]). The equality (137) is also shown by Mestrovi¢ [28]. The equality (139) is obtained by
the equality (136) and Proposition 10.3 (60). O

16.2 Calculations in general weights

Proposition 16.2. Let k be an integer greater than 1. Then

1—-21RB _k
(140) £a0y:(2) = i 2 :
~ . 1—-21RB _k
(141) L5y (2) = ok I]; :
~ 21 _ 1B _k
(142) Lappe(1/2) = —55— 2 ;
" 21 _ 1B _k
(143) oy (1/2) = BT I]; :
Proof. These values can be calculated by Lemma 13.1 and Lemma 15.1. [

Proposition 16.3. Let ki and ks be positive integers such that k := ki + ks is odd. Then

2k—1 -1 k B —k

(144) £A7({1}k1*1,27{1}’“2’1)(2) - { ok-1 (_Dkl (kl)} 2 7

- 1 -2k A FN L Bt

(145) OEA,({l}krl,z{l}’“Tl)(2> - { ok—1 (=1)* (kl)} 7;: ,
N 11— 2k k| Bp-r
(146) £A7({1}k1—1727{1}k2—1)(1/2) ~ 95 { ok—1 <—1)k1 (k1>} I]; )
. 1 (21 -1 o F By

(147) Layragpen/2) =557 — (1) ks k
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Proof. By substituting ¢ = 2 and k = ({1}*=12 {1}*271) in Corollary 12.12 (70), we have

£j47({1}k1*1,27{1}k2*1)(2) = Zl,(kl,kg)(_]‘) - C:t(kla kQ)'

Hence the equality (145) can be calculated by Proposition 7.4 (25) and Lemma 15.2 (99).
The equality (147) is obtained by Corollary 12.12 (69). We can also calculate this directly
by Theorem 12.16. By Corollary 12.12 (71), we have

—L a1 2,01y (2) = £yt g, k1) (2)

k1—1

+ 3 (1L ()T 2, {1y )

j=1

ko—1

+ Z (_]_)kl—1+i£A7({1}k1,1’2’{1}i_1)(2)4’2({1}162—1')‘
=1

The last summation vanishes by Proposition 7.1 (17). Let j € {1,2,...,ky — 1}. If j is
odd, we have (}({1}*71,2,{1}*~177) = 0 by Theorem 7.8 (35) and if j is even, we have
£ 4,(135(2) = 0 by Proposition 16.2 (140). Therefore, we have

Laquparaqye (@) = =Ly 2, 0yn ) (2)
This proves the equality (144). The equality (146) is obtained by Corollary 12.12 (69). O

Remark 16.4. Z. W. Sun proved that £7% ,2(1/2) = 0 (see [50, Theorem 1.1]). The proof
is based on some technical calculations. The case (ki,ko) = (1,2) or (ki,ks) = (2,1) of
Proposition 16.3 have already been obtained by Mestrovi¢ [27, Theorem 1.1, Corollary 1.2]
and by Tauraso—J. Zhao [54, Proposition 7.1].
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Theorem 16.5. Let k be a positive even number. Then we have the following in A, :

(148) £ 45, 13%(2) = (k; Sy 2> ipj?p,
" oo (v £20) B
(150) zAg,{l}’“(l/2> ! ;jjﬂ ipj?p,
(151) wap1/2) = 2 By,

Proof. First, we prove the star cases. By the functional equation Corollary 12.14 (78), we

have
~§12,{1}k(2) — Cu({11) = La,n(=1) + (35009 (=1) = £4,01(=1))p.

Therefore, by combining Proposition 7.1 (19), Lemma 15.3, Lemma 15.2 (99), and Lemma

15.1, we have
z)* (2) - Bp—k—l B ]{(Qk — 1) Bp—k—l 1-— Qk Bp—k—l B 1-— Qk Bp—k—l
An {13 k+1 P~ 2% jpy1? ok k+1 21 k11
or
~, k+1\ Bp_r-1

By Corollary 12.14 (77), we have

k
2L, 1 (1/2) = £, 1 (2) + D £, (yim .1 (2)P-
=1

Hence, by combining the equality (152) and Proposition 16.3 (145), we have
2P L%, e (1/2)

k
k+1\ Bp_i1 1—2F (k+1\) Bp_p1
fry k 2_ p _ _11 P
(+ 2k>k+1p+;{ T )<i>}k+1p

_ 2k+1_1Bp—k—1
% k41 P
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since k is even and Zle(—l)i(kj.l) = 0. Since the equality 2P = 2(1 + ¢,(2)p) holds in A,y
and £f42’{1}k(1/2)p = 0 by Proposition 16.2 (143), we obtain the equality (151).
Next, we prove the non-star cases. By Corollary 12.14 (79), we have

-1

(153) £, 00 (2) = =€, 1 (2) + ) _ (1) £, 10 ()G, ({17).
1

N

<.
Il

Since (4, ({1}*77) is contained in pAy, we have
£.45.011 (2)C, ({13777) = (a certain rational number) x By_;Bp_j1j_1p

for any j = 1,...,k — 1 by Proposition 7.1 (19) and Proposition 16.2 (140). If j is even, we
have Bp,_; = 0 and if j is odd, we have Bp_;4;_1 = 0. Therefore, the summation in the right

hand side of (153) vanishes and we have

~, k+1 Bp_k—
(154) £y 130 (2) = = £, (131 (2) = ( — k- 2> kp—kkllp'

By Corollary 12.14 (80), we have
~ k
2L 0,03 (1/2) = £, (1p0(2) + D Lo 0y 2005 (D).
i=1
Hence, by the equality (154) and Proposition 16.3 (144), we have
2P £ 4, 13+ (1/2)
k
E+1 By i1 2k — 1 (k+1\) Bp_i_1
- T | ek —(~1) Zphol
(Qk )k+1p+;{ A k+1 P

1— 2k+l Bp—k—l
% k1P

Since the equality 2P = 2(1 + ¢,(2)p) holds in A, and EA%{l}k(l/Q)p = 0 by Proposition
16.2 (142), we obtain the equality (150). We can also calculate by Corollary 12.14 (80). [
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Remark 16.6. The cases k = 2 of Theorem 16.5 have already been given by Z. W. Sun-L.
L. Zhao [51], Mestrovi¢ [27], and Tauraso—J. Zhao [54]. Indeed, the equality (148) is [54,
Proposition 7.1 (78)] and the equality (149) which is equivalent to Proposition 16.10 (195)
below is [27, Theorem 1.1 (1)] or [54, Proposition 7.1(77)]. The equality (151) was conjectured
by Z. W. Sun [50, Conjecture 1.1] and proved by Z. W. Sun-L. L. Zhao [51]. Mestrovi¢ gave
another proof of Sun’s conjecture in [27] and our proof of the equality (151) is similar to his

proof.

Theorem 16.7. Let k, k1, ko, and k3 be positive integers and o € {0, x}. If k = ki + ko and

k is odd, then we have

) B - 1—21 7 k\ B,
(155) a1 1/2,2, {13k 1)=<—1)’“—2k_1 (k1> "

If k = k1 + ko and k is odd, then we have

. B ~ k=1 _ 1/ k\ Bp_p
(156) £A’{1}k({1}kl 1’ 2, 1/27 {1}k2 1) - (-1)]“31 2]@7_1 (k1> 2 .

If k = k1 + ko and k is even, then we have
(157) ({17 1/2,2, {1371 = 0.
If k = ki + ko and k 1s even and ki, ky are greater than or equal to 2, then we have

(2](?171 - 1)(21@271 _ 1)
2k_3]{51]€2

(158) "E.:T{Hk({l}klilv 2, 1/27 {l}bil) == Bp—lep—k2‘

If k is odd and greater than or equal to 3, then we have

s B 1— 2]{:71
(159) £fi’{1}k+1({]-}k 1) 27 1/2) = WQp(Q)Bp—k

If k is odd and greater than or equal to 3, then we have

s B 1— 2k71
(160) <>€f{7{1}k+1(2; 1/27 {1}k 1) = qu(2)BP*k'
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If k = ky + ko, k1 is odd and greater than or equal to 3, and ks is even, then we have

2k=1 1 k B,
* k-2 ka—1\ _ p—k
(161) A,{l}k(z’ {1} ! 71/2727 {1} 2 ) - W { (kl) - 1} k .
If k is odd and greater than or equal to 3, then we have

(1 — 251 (k? — k +2) Bp_y
ok ko

(162) pe(2,1/2,2,{137%) =

If k = k1 + ko is odd and greater than or equal to 3 and ky is greater than or equal to 2, then

we have

k—
a63) £y () = S22 L e (R L B
.A,{]-} » = I 9 2]@‘71 kl k

If k = k1 + ko, ky is even, and ko is odd and greater than or equal to 3. Then we have

1 — 2kt k B,_

* ki—1 ko—2 _ p—k
ao) £tz ey = S {(F) <o) P
If k is odd and greater than or equal to 3, then we have

. - 21 — 1) (k* — k + 2) B,
(165) A7{1}k({]—}k 37 1/27 2a 1/2) = ( ;I(c—l—l ) 7;; k'

If k = ky + ko is odd and greater than or equal to 3 and ky is greater than or equal to 2, then

we have

(166) £ (12, {192, 2,172, 1)) = -1 {1 T (:1) } B,;_k'

If k is odd and greater than or equal to 3, then we have

\ o (2P —1)(k—1) B,y
(167) g (L,2,{137?) = ST 2 .

If k is odd and greater than or equal to 3, then we have

(21— 1)(k— 1) B,y
2k k-

(168> Z,{l}k({l}kia 1/27 1) = -
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If k is odd and greater than or equal to 3, then we have

o _ (261 = 1)(k — 1) B,_
(169) "E',Li’{l}k({l}k 27 2? 1) = 2k—1 1]){; k‘

If k is odd and greater than or equal to 3, then we have

(21 = 1)(k = 1) Bps

(170) L (1,1/2,{1}7%) = - o ’

A{1}

If k = k1 + ko + k3, ky 1s even, and ko + k3 is odd, then we have

£:k47({1}k1+k2*1,27{1}163*1)({1}k1_1? 1/27 27 {1}k2+k3_2)

{0 () -

If k = k1 + ko + k3, ky is even, and ko + k3 is odd, then we have
L7 ({137 2,1/2, {1}f=rhe72)

A ({1pFrth2=1 2 {1}k 1)

() - O

If k = k1 4+ ko + k3, k1 + ko 1s odd, and k3 is even, then we have

j‘l,({l}kl—l,Q,{l}k2+k3—1)({1}k1+k2_27 1/27 2, {1}k3_1>

T e

If k = k1 4+ ko + k3, k1 + ko 1s odd, and k3 is even, then we have

£2T({1}k1—1727{1}k2+k3—1)({1}k1+k2_27 2, 1/27 {1}k3—1>

o)

If k = k1 + ko + k3, ky is even, kg is odd and greater than 1, and ks is even, then we have

e (75 12,2, {11272 12,2, {1371

T
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If k = k1 4+ ko + k3, k1 is even, ko is odd and greater than 1, and ks is even, then we have

A{l}k({l}kl 1 9,1/2, {112 2, 1/2, {1}k1)

s R(ET

If k = k1 + ko and kq, ke are even, then we have

1—28 ((k+1 k+1\ | Bp-i-1
% k1—1 ke=1y — 2= -
A77) Lo L 12,12 1) = 3 {( ki )‘( 3 )} A

If k = k1 + ko and kq, ke are even, then we have

1—92% (/k+1 E+1\ ) Bp-i—1
ki1— 1 ka—1y _ 2

Proof. First, we prove the star-cases. By Corollary 12.13 (75), we have

iﬁ?kl k2)(s,t)

(179)

£j?1}k1+k2 ({1}k1_17 11— S, {1}k2_17 1-— t) £j?1}k1+k2 ({1}k1_17 1-— S, {1}k2),

where s and ¢ are indeterminates. If we substitute —1 and 1 into s and ¢ of the functional

equation (179) respectively, then we see that

(L. H. S. of (179)) = £%%  (~1,1) = £5, 1, (~1,-1)

and

(R. H. S. of (179)) = £j§1}k1+k2({1}’“‘1,2, {1}F2)

- A{l}k1+k2({1}k1 ! , 2, 1/2 {1}k2 1)

Therefore, we obtain the equality (156), (158), and (159) by Lemma 15.6 (109), (110), and
(111), respectively. The equality (160) is obtained by Corollary 12.13 (74). Next, if we

substitute —1 into s and ¢ of the functional equation (179), then we see that
(L. H. S. of (179)) = iﬁ?k ks )( L=1) = LY 4y gy (—1)

102



and

(R. H. S. of (179)) = £j?1}k1+k2({1}k17172, {1}k1 9) — £jzl}kl+k2({1}k17172, {1}P2),

Therefore, by combining Lemma 15.2 (101) and the equality (156) which has obtained just
before, we have the explicit value of £j?1}kl+k2({1}k1*1,2, {1}*2712) if ky + ky is odd. By
translating A-FSSMP into A-FHSMP, we have the equalities (163) and (169). The equalities
(166) and (170) are obtained by Corollary 12.13 (74).

By Corollary 12.13 (75), we have the following equality:

(180) £3 *kl k2 ks)( 1,1, 1) £y *{1}k1+’“2 L2 {1}k3~ 1)({1}k1_17 2, {1}k2+k3_1)7

since (ky, (ko, k3))* = ({1}FrTR2=1 2 L1}ks=1) - After translating A-FSSMPs into A-FHSMPs,
we have the equality (172) by Lemma 15.6 (113) when k; is even and ks + k3 is odd. The
equality (174) is obtained by Corollary 12.13 (74).

By Corollary 12.13 (75), we have the following equality:
(181) £m*k1 k2 kS)( 1, _1 ) £m?1}k1+k2+k3({1}k1_1727{]‘}k2_1727{1}k3)'

After translating A-FSSMPs into A-FHSMPs, we have the equalities (176) and (178) by
Lemma 15.6 (117) when k; is even, ks is odd, and k3 is even.

Next, we prove non-star cases. By Corollary 12.13 (76), we have
( 1)k1+k2 1"62 J1} k1tko ({1}k1_1a 1/2’ 27 {1}k2_1)

— £2T{1}k1+k2 ({:L}k?z—l7 2’ 1/2, {1}k1—1) ( ) "EA {1}k (1/2) A{1}k2 (2)

(182)

Suppose ki, ko > 2. By Proposition 16.2 (141) and (142), we have

(2]{171 o 1)(2]6271 - 1)
"5./4 {1}k1 (1/2) A, {1}k2 (2) = - 2k1+k2_3k_1k2 BP*kl Bp*kz'

If k1 + ko is odd, then
L3y (1711722 {1170 = L7717 2,172, {1397
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holds and if k1 + ks is even, then
Ly ({11971, 1/2,2, 1))

I (A ) k
- 2k1+k2—3k1k2 BpfleP*’W + (_1) '

(2]@171 o 1)(2]{271 o

1)
Qk1+k2 =3 L By, Bp—k, =0

holds by the equality (158). The case k; = 1 and ks = 1 are similar. Therefore we obtain
the equalities (155) and (157).
Suppose that ky + ko is odd. By Corollary 12.13 (76), we have
oy (L2 1/2,2, {11 = £ (1P, 2,172, {192, 2)

k1—1
(183) +Z 17 £ 413 (2) 7 s (11271, 2,1/2, {1} 797

(DM £y (22 12 E 0 (2).

Suppose that ky is even. £* (2) = 0 holds by Proposition 16.2 (141). Furthermore,

A {1} 2
if j is even, then £,4;(2) = 0 holds by Proposition 16.2 (140) and if j is odd, then

£ 1y ({1 21/2 {1}917971) = 0 holds by the equality (158). Hence,

L3 pyerens (21072 1/2,2, {170 = €70, (13271, 2,1/2, {13072, 2)
holds and we have the equality (161) by the equality (163). If £ > 5 is odd, we have
gk (2,1/2,2,{13572%) — A{l}k({l}k 3.2,1/2,2)
= — L4125y (172,2,1/2) + £302(21/2) £ 1y ()

] — ok-3 L1—2v3p .,
= —(—QQp(Q))m%@)Bp—Hz +(=20p(2)°) 5 — o

=0

by the equality (183), Lemma 16.1 (134), the equality (159), Proposition 16.14 (222) below,
and Proposition 16.2 (141). The case k = 3 is similar. Therefore, we have the equality (162).
The equalities (164) and (165) are obtained by Corollary 12.13 (74). The equality (167)
(resp. (168)) is obtained by Corollary 12.12 (73) and the equality (169) (resp. (170)).
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Since the equality (171) is obtained by Corollary 12.13 (74), we prove the equality (173).
Suppose that k; + k2 is odd and k3 even. By Corollary 12.13 (76), we have

Z,({l}k1—1,2,{1}k2+k3—1)({1}k1+k2_27 1/27 2, {1}k3_1)

= — L st gy ({1971 2,1/2, {10872

- (—1)k1+k271fA,({1}krl,2,{1}kz*1)(1/2)£;1,{1}k3(2)-

Since £*

A {1}k3(2) = 0 by Proposition 16.2 (141), we have the equality (173) by the equality

(172).
Suppose that k; is even, ko is odd and greater than 1, and k3 is even. By Corollary 12.13
(76), we have

;7{1}k1+k2+k3 ({1}k1_17 1/27 2, {1}k2_27 1/27 2, {1}k3_1)

=Ly ({42,172, (12 2,172, (1)

A{1ykrthaths

+ (DM Ly (1/2) £ g (1797, 2,1/2, {1372, 2)

ko—2

) DL i (7 12,2 {0 £ e (111971 2,172, {1392797)
j=0

+ <_1)k1+k2"€j47{1}k1+k2 ({1}k1_17 1/27 27 {1}k2_27 1/2)~f4,{1}k3 (2)

For j =0,...,k — 2, if j is odd, then £j‘47{1}k1+j+1({1}k1*1, 1/2,2,{1}7) = 0 holds by the

equality (157) and if j is even, then

£5 ({1}ks=12,1/2 {1}%27972) = (a certain element of A) x By 1, =0

Af1phaths=i=1

holds by the equality (158). Furthermore, ZéA,{l}kl (1/2) = 2’; (1)ks (2) = 0 holds by Propo-
sition 16.2 (141) and (142). Therefore, we obtain the equality (175) by the equality (176).
Similarly, we see that the equality (177) holds. O
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Remark 16.8. The case k = 3 of the equalities (167) and (168)

. 1
(184) £aps(1,2,1) = 5 Bps,

. 1
(185) e (11/2,1) = =3By s

also have been obtained by Tauraso—J. Zhao [54, Proposition 7.1 (85)].

Theorem 16.9. Let ki and ko be positive even integers. Put k := ki + ky. Then we have

1 28 —1/k+1\) Bp_r_1
" ki—1 ko—1y _ _ = 2 - P

1 28 — 1 /k+1\) Bp_r_1
k1—1 ko—1y _ — p
(187 £ {2,172, {1 >—2{1+ 7 ( N )} T

Proof. By Corollary 12.15 (82), we have
£2;(k1,/€2)(_1’ _1) + <£:‘4{:,(1,k1,k2)(17 _17 _1> - ‘£Z;(kl+17k2)<_17 _1)>p

_£z:7{1}k1+k2 <{1}k1_17 27 1/27 {1}k2_1)'

(188)

Therefore, the equality (187) is obtained by Lemma 15.6 (109), (115), and Lemma 15.7 (121).
By Corollary 12.15 (83), we have

£j<42 {1}k1+k2 ({]‘}kl ! 1/2 2 {1}k2 1) _°€:k4* {1} k1+k2 ({1}k2_17 27 1/27 {1}k1_1)

k1—1

= X PGl e (P 2172117

— (1ML, 1y (1/2) £, 132 (2)

ko—2

DI e (12,2, (1, (1)
i=0
For j=1,...,k —1,if j is odd, then (4,({1}/) = 0 by Proposition 7.1 (18) and if j is even,
then
Ca,({13) £7 A (11 (et 2 1/2 {13797 = (a certain element of Ay) x By g, = 0
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by Theorem 16.7 (158). By Theorem 16.5, we have

£.A2,{1}k1 (1/2)£j42,{1}k2 (2> =0.

For i =0,...,ky — 2, if i is even, then (3, ({1}*7"~') = 0 holds by Proposition 7.1 (19) and
if 7 is odd, then

227{1}’91+i+1({1}k1_17 1/2a 2a {1}1)<:l2({1}k2_2_1) =0

by Theorem 16.7 (157). Therefore, we have the equality (186) by the equality (187). O

16.3 Calculations in low weights

Proposition 16.10. Let e € {(),x}. Then the following equalities hold:

13
(159) Eaniir (1) = (20— (20 + 2B )
~ 13
(190) (D) = <2+ (24 3380 )
~ 1
(191) Eaniap (1) =~ + (2 + 5;5p-2) p
. 1
(192) S0 = 02— (120 + 5B )
1 2 1 3
(199) L (1/2) = 20,27 — S 20°p,
Tk 1 2 1 3
(199) w2 (1/2) = ~20p(2 + 20,2,
~ 2 1
(195) Faviip ) = 2 = (302 + 155p-a)
. 2 1
(196) L@ = =02 + (302 + 5B )
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1 25
(197) Laa2(1/2) = —6%(2)3 - EBP—&
- | 25
(198) £A,(2,1)<1/2) = 6%(2>3 + EBP—&
- 1 25
(199) £a,21)(2) = gqp@)g + ﬂBp_g,
. 1 25
(200) A,(l,z)(z) = —§Qp(2)3 - ﬁBpf?n
1 23
(201) Laen(l/2)= —gqp(2)3 + g B3
- | 23
(202) A,(1,2)(1/2) = 6%(2>3 - @Bp—fﬂa
- 1 23
(203) £a02(2) = g%(?)g — 51 B3
. 1 23
(204) °€A,(2,1)(2) = —§Qp(2)3 + ﬂBp—?n
. 1 3 7
(205) () = (2 — By
Te 1 3 7
(206) Ly ap(=1) = —§Qp(2) ﬂBpf&
1T
(207) £aqy2(1/2) = ECIp(Q) + 4—831:—3’
- 1T
(208) s (1/2) = (2 + B
- 1T
(209) Laqy2(2) = —gqp(z) ~ 57503
* 1 3 7
(210) iy (@ = 2~ LBy

Proof. We can calculate £7 2(=1), £7, 112(2), £33 19)(2), £3421)(2), £33 1y2(=1), and
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£%1.1133(2) by the relations
£, 0 (=) = Cu({11) + £asa(@) + (£3,02)(2) — £a,5(2)p,
0, 12(2) = Lo 1y2(2) + £4,2(2), £719)(2) = La,0.2(2) + Las(2),
1,(2,1)(2) = £A7(271)(2) + £43(2), zj&l,{l}i%(_l) = £A,3(2)7 £j4,{1}3(2) = £f4,{1}3(_1)7
respectively and by Proposition 7.1 (19), Lemma 16.1, Proposition 16.2, and Proposition

16.3. Here, we have used Corollary 12.14 (78), Lemma 13.1 (85), and Corollary 13.4 (93).
All other values obtained by Corollary 12.12 and 12.14. m

Remark 16.11. Note that all of the values that appear in the above proposition essentially
have been given by Mestrovi¢ [27, Theorem 1.1} and Tauraso—J. Zhao [54, Proposition 7.1].
We have determined all values of the form f;lmk(m) for — € {0,~}, e € {0,x}, and m €
{—1,2%} when n + wt(k) < 4.

Furthermore, we have the following some special values of A-FMPs of weight 4.

Proposition 16.12. Let o € {(),x}. Then, the following equalities hold:

. 1
(211) L203(=1) = 5%(2)310—3:
~e 1
(212) LY an(=1) = —5%(2)31:—37
1
(213) Laein(2)= —gqp(Z)Bpfsa
~ ]_
(214) A,(1,1,2)(2) = —56117(2)31:7&
~ 1
(215) La12(1/2) = —7ap(2) Bp-s,
N 1
(216) 05,4,(2,1,1)(1/2> = _ZQP(Q)BP—?V

Proof. By [54, Proposition 6.1 (55)], we have Z]A’(;;,l)(—l) = —%qp(Q)Bp,g. All of the other

values are obtained by Corollary 12.12. [
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Proposition 16.13. Let e € {(),x}. Then we have
7

(217) "52,.(1,2)(2: 1/2) = ¢,(2)° - gIP¥
*,0 7

(21 o (21/2) = 2 + LBy,
‘o 7

(219) £A,(1,2)(1/272) = g
*,0 7

(220) "8,4,(2,1)(1/27 2) = ng—&

(221) f:"{l}g (2,1,1/2) =0.

Proof. By applying the relation (180), we have the explicit value of £77, ,(2,1/2) by Lemma

15.8 (125). £7%,,,(2,1/2) is obtained by Corollary 12.13 (74). The star cases of the equalities

A2,1)
(219) and (220) are obtained by the following relations:

£A,2(2>£A,1<1/2) = (2 1)(2 1/2) (1/2 2) CA(3>

and
£a1(2)£a2(1/2) = £ 5(2,1/2) + £7515(1/2,2) — Cal3).

By applying the relation (181), we have the explicit value of £2*{1}3 (2,1,1/2) by Lemma

15.8 (126). The non-star cases are easily obtained from the star cases. O

Proposition 16.14.

. 7
(222) iy 21/2) = 20,2 + (0,2~ Bpa) p,
8
)
(223) £ e 2o1/2) = =202 + (02~ 1B )
. 5)
(221) o (1/2.2)= 2 Byp,
7
(225) £ 12(1/2,2) = =By op.
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Proof. We can obtain the equality (223) by the relation (188), Lemma 15.6 (109), Lemma
15.8 (123), and Lemma 15.9 (130). The equalities (222), (224), and (225) are obtained by

the following relations:
"62:7{1}2 (27 1/2) = £j42,{1}2 (27 1/2) + C.Az (2)7
£A2,1<2)£A2,1<1/2) = £j<427{1}2 (27 1/2) + £:k42,{1}2(1/27 2) + CA2 (2)7

£A2,1(2)£A2,1(1/2) = "52;{1}2 (27 1/2) + £Z:,{1}2(1/27 2) - <A2 (2) L
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16.4 Some values of Ono—Yamamoto’s finite multiple polyloga-

rithms

In general, it is difficult to calculate each term in the right hand side of the relation (94) for
1 <@ < r. Therefore, it seems to hard to calculate special values of Ono—Yamamoto’s FMPs.

However, we can evaluate the following values:

Proposition 16.15.

(226) £9% {1}2( 1) = 2%(2)2;

(227) £00132(2) = 2¢,(2)?,

(228) 35 01/2) = 5027,

(229) fA(1 2) (1) =0,

(230) £A (2,1) ( 1) =0,

(251) £%10(2) = 205(2)° = 2By s
(232 £3600(2) = 302 + 5Bp s,
(253 £3%12(1/2) =~ + By,
(234 £Q0an(1/2) =~ (D~ 3By
(235) £Qps(-1) = ~ 5302 — 2By,
(236) £94,5(2) = 502 = 3Bps
(237) £ (1/2) = 50p(2)° + 1By

Proof. All these values can be calculated by Corollary 14.4. All necessary special values of

our A-FMPs have already calculated. ]
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