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Abstract

In this thesis, we investigate a codimension-two defect in the supersymmetric gauge theory.

The codimension-two defect is a sort of a non-local operator which has significant role to

disclose various aspects in quantum field theory. The characters of this class of non-local

defects are not largely uncovered in spite of many efforts to address this object. On the

other hand, it has been developed that a wide variety of supersymmetric gauge theories

can be descended from the six-dimensional superconformal field theory that is engineered

by M-theory. The six-dimensional theory of our interest contains a self-dual string as a

physical object. The specific model of the self-dual string was recently proposed as M-

strings as an attempt to directly measure physical spectra in the six-dimensional theory.

We mainly explore the origin of the codimension-two defect in the standpoint of M-strings

and propose that such a defect can be appropriately constructed by introducing an extra

M5-brane intersected with the original M5-branes in which M-strings reside. We provide

strong supports for our formation of the defect by evaluating its contribution using the exact

calculation scheme called the topological vertex and the elliptic genus.
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1 Introduction

In high energy physics, the fundamental and essential tool is quantum field theory which has

been brought to us great knowledge about the real world represented by the standard model.

It also manifests powerful applications to nuclear physics and condensed matter physics, and

shows novel interactions with a wide range of mathematics. Quantum field theory is built

essentially by integrating the Poincaré symmetry, translations and rotations in space-time,

with a few axioms (e.g. Wightman axioms and the gauge principle) and possibly internal

symmetries called global (flavor) symmetries. It has been found out that, assuming the

existence of a physical S-matrix, there is only one allowed extension of internal symmetries

named supersymmetry which describes the transformation exchanging bosons and fermions.

Remarkably, this is incorporated with the Poincaré symmetry in the sense that the super-

symmetry algebra is closed with the Poincaré symmetry. Also, this symmetry has potential

for solving long standing problems in the standard model (e.g. the naturalness problem and

the unification of the gauge couplings). Further, we often encounter conformal symmetry

under which physics enjoys the scale invariance as well as translations and rotations. The

famous example equipped with conformal symmetry is a theory at the fixed point of the

renormalization group (RG) flow, and a conformal field theory (CFT) could, for instance,

describe critical phenomena. The integration of supersymmetry and conformal symmetry

is progressing as superconformal symmetry which has been beautifully classified in
Nahm
[1] and

can exist maximally up to six-dimensional space-time. Lately, it has been advanced that the

six-dimensional superconformal field theory (SCFT) can originate a variety of quantum field

theories in lower dimensions, hence, it may be regarded as the “mother” theory of quantum

field theory. However, in fact, the standard notion for particle physics appears to be useless

towards the six-dimensional SCFT, which will be mentioned below. To reveal the much

deeper ranges of quantum field theory, we would like to study this theory using not only

standard local objects but also non-local extended ones.

There do exist some areas in quantum field theory which we cannot simply address with

ordinary local operators as elementary objects. For such a situation, non-local operators or

defects play a significant role to uncover a number of the properties of quantum field theory,

e.g. we can distinguish the phases in terms of their expectation values, particular spectra

can be read from them, and they would give us pieces of evidence for nontrivial dualities. A

representative of non-local operators is a Wilson line operator in gauge theories which can

be viewed as a world-line of heavy charged particles and has a variety of applications. This

is standardly defined by a gauge field A in the form

WR(γ) = TrRP exp
(
i

∮
γ
A

)
, (1.1)
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where R is a representation of a gauge group, and γ represents a certain path. This belongs

to a class of “electric” operators where operators can be comprised of fundamental fields in

the theory. There are counterparts which cannot be defined by elementary fields, phrased as

“magnetic” operators, and behave as defects in space-time. For the case of line operators, a

magnetic one is called a ’t Hooft line. The expectation value of a Wilson and ’t Hooft line

in four dimensions, for instance, work as order parameters to parameterize the phases,

Area law in a Wilson line ←→ confining phase,

Area law in a ’t Hooft line ←→ Higgs phase.

The non-local operators are mainly classified by dimension of their support, or equiva-

lently, codimension. We would use the latter concept in this paper since it is rather ubiqui-

tous. When an operator has a n-dimensional support in D-dimensional space-time, we state

it as an operator of codimension-d such that1

d = D − n. (1.2)

For D = 4, from the codimension point of view, non-local operators are sorted as follows.

• codimension-4: usual local operators supported at a point.

• codimension-3: line operators, i.e. Wilson lines and ’t Hooft lines.

• codimension-2: surface defects.

• codimension-1: domain walls, interfaces, and boundaries.

In this list, a surface defect is rather special since its codimension and dimension are the

same, d = n = 2, which implies that the electric definition of the defect is completely dual

to the magnetic one. Note that we do not mind distinction between the notions “defect”

and “operator,” and consistently using the former in this paper. Modern perspectives on

the surface defect have been initiated in
Gukov:2006jk, Gukov:2008sn
[2, 3], just as for the ’t Hooft line, by studying the

boundary conditions of elementary fields approaching near the defect. Then, the properties

of the surface defect have been investigated through the AdS/CFT correspondence
Maldacena:1997re, Gomis:2007fi, Drukker:2008wr, Koh:2008kt, Koh:2009cj
[4, 5, 6,

7, 8]. With these developments, the defect could be used as a powerful tool to test various

dualities, e.g. the Alday-Gaiotto-Tachikawa (AGT) correspondence
Alday:2009aq, Alday:2009fs
[9, 10]. Also, there are

some attempts to formulate the geometrical method via knowledge carried by the defect

for computing the BPS spectra of the bulk theory even if the Lagrangian description is not

active for this theory
Shifman:2004dr, Hanany:2004ea, Gaiotto:2011tf, Gaiotto:2012rg
[11, 12, 13, 14]. Recently, it was established for some cases

Gaiotto:2012xa
[15] that

1In mathematical terminology, if a submanifold M of the D-dimensional manifold satisfies d = D−dimM,

we say that M is a submanifold of codimension-d.
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the contributions of the surface defect to the partition function can be evaluated in the

exact way called the supersymmetric localization
Pestun:2007rz, Kapustin:2009kz, Hama:2011ea
[16, 17, 18]. Nevertheless, many aspects

of the surface defect have been not yet uncovered, e.g. its part as an order parameter is

absolutely mysterious (but a suggestion were made in
Gukov:2014gja
[19] from a geometrical viewpoint via

AdS/CFT). Generically speaking, it is challenging to understand codimension-2 defects in

diverse dimensions even until now. We would like to investigate this class of non-local defects

in supersymmetric gauge theories.

Although a vast amount of success has been accumulated in the framework of quantum

field theory, unifying quantum gravity is far from completion. The remarkable candidate to

naturally integrate gravity is superstring theory in ten-dimensional space-time. There are five

types of string theory allowed by theoretical consistency with physical requirements, and later

it has been found
HT, Witten:1995ex
[20, 21] that these five theories may be incorporated into so-called M-theory

in eleven-dimensional space-time. Thus, M-theory moves into the center of attention from

its discovery as the ultimate theory including quantum field theory and quantum gravity.

In M-theory, we have two kinds of physical extended objects called a M2-brane and a M5-

brane which have the three-dimensional and six-dimensional world-volume, respectively, and

produce various extended objects termed D-branes in addition to a fundamental string in

string theory. In order to understand these objects, it is relevant and necessary to find out

what quantum field theories should be induced as the world-volume theories on these branes.

For multiple N M2-branes, it has been suggested that the world-volume theory is possibly

described by the Chen-Simons-matter theory with the U(N)k × U(N)−k gauge symmetry

a.k.a the ABJM theory
Aharony:2008ug
[22], where k is a Chern-Simons level. This theory is actually inherent

in desired properties which the M2-brane should have.

On the other hand, the world-volume theory on multiple M5-branes has been found out

to be the six-dimensional N = (2, 0) SCFT
Stro
[23]. N = (2, 0) means that this theory has the

maximal number, 16, of supercharges in the field theory. This can be also realized as the

world-volume theory on D5-branes (six-dimensional extended objects) at the tip of ADE-type

singularities in type IIB string theory
W2
[24]. This theory is described by self-dual tensionless

strings
Ganor
[25] as physical degrees of freedom, which are originated from the boundary of the

M2-brane ending on these M5-branes in M-theory. However, though the ABJM theory has

been well studied, the details of the six-dimensional (2, 0) SCFT are unknown mainly because

it is quite hard to analyse directly the self-dual tensionless string. More precisely, there are

several works to suggest the action
Pasti:1997gx, Bandos:1997ui, Bandos:1997gm
[26, 27, 28] and equations of motion

Bandos:2014bva, Isono:2014bsa
[29, 30] for the

Abelian (2, 0) theory (i.e. on a single M5-brane)2, whereas even the Lagrangian description

for non-Abelian (2, 0) theories (i.e. on multiple M5-branes) is not found.

There is an idea to approach the six-dimensional (2, 0) theory; one lets the self-dual string

2Recently, the Witten index of the six-dimensional (2, 0) SCFT was directly computed in
Bak:2016vpi
[31].
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have small tension by separating M5-branes in one direction and extending M2-branes on

that direction. The self-dual strings deformed in this way were proposed recently as M-strings
Haghighat:2013gba, Haghighat:2013tka
[32, 33] drawn as the torus on the M5-brane in Figure

proposal1
1(a). They originally studied M-strings

compactified on a torus (Figure
proposal1
1(a)) and really found that the partition function of M-strings

could be computed by the so-called topological vertex
Aganagic:2003db, Awata:2005fa, Iqbal:2007ii
[34, 35, 36] (indirect but rather easy to

compute) and the elliptic genus
Witten:1986bf, Benini:2013nda, Benini:2013xpa
[37, 38, 39] (direct but somewhat complicated). The former

has been constructed as a computational tool in the topological string theory
Witten1988
[40] and shown

to be applicable to BPS state counting problems in supersymmetric gauge theories. The

latter provides a quantity to capture information from the world-sheet description of M-

strings. We will see how they work on the M-strings in Section
Mpf
4.

Our main focus in this thesis is a codimension-2 defect in the six-dimensional (2, 0)

theory from the M-strings point of view. Since the branes in M-theory can be intersected

with each other, several types of non-local defects supported on such intersecting subspaces

should be naturally defined in this theory. There are lots of developments to understand a

codimension-4 defect (surface defect) in six-dimensional SCFTs associated with M-theory,

e.g.
Berenstein:1998ij, Lin:2004nb, Lunin:2007ab, Chen:2007ir, Chen:2007zzr, Chen:2008ds, DHoker:2008lup, DHoker:2008rje, Young:2011aa, Mori:2014tca
[41, 42, 43, 44, 45, 46, 47, 48, 49, 50], but a codimension-2 defect may hold a more

relevant role then the codimension-4 one in the context of M-strings. This is because the

codimension-2 defect in the (2, 0) theory is only realized on the intersection of different

M5-branes where the M2-branes can end on both of them. M-strings as the boundaries of

these M2-branes do not exist in the (2, 0) theory without the defect, thus, it is expected

that these M-strings carry extra degrees of freedom, which is one of our motivations. There

is few attempt towards the codimension-2 defect, and this direction is highly challenging

but much relevant to comprehend profound aspects of M-theory. As a conclusion in this

paper, we propose the M-string configuration with an extra M5-brane (M5′) intersected

with the original M5-brane from which the codimension-2 defect is engineered, as shown in

Figure
proposal2
1(b). We show that the partition function of M-strings in the presence of M5′ can

be evaluated by the topological vertex formalism and actually contains the contribution of

the defect given by a elliptic theta function as expected. This result can be confirmed from

the independent calculation of the elliptic genus with additional matters. Further, based on

these results, we are trying to reproduce the partition function with a codimension-2 defect

directly from the framework of the open topological vertex that is still not well formulated.

The organization of the paper is as follows. In Section
4dCodim2
2, we would collect and review

shortly present knowledge for a class of codimension-2 defects in four-dimensional super-

symmetric gauge theories. We prepare a basic concept and setup of M-strings in Section
Mstrings
3.

Then, we perform how to compute the partition function of M-strings from the topological

vertex and the elliptic genus in Section
Mpf
4. Also, we would show the equivalence of these

schemes with the simplest example. In Section
Mdefect
5, we explain our main result as shown in

7



proposal1

M5

M2M-strings
⤴

(a) M-strings without a defect

proposal2
M5′

(b) M-strings with a defect

Figure 1: Our proposal for a codimension-2 defect in M-strings. (a) M-strings compactifiedproposal

to a torus on M5-branes which constructed in the original context
Haghighat:2013gba, Haghighat:2013tka
[32, 33]. (b) the insertion

of an extra M5-brane (M5′) to engineer a codimension-2 defect in the six-dimensional theory.

Figure
proposal2
1(b). The previous two methods are still applicable and give the same answer under

a suitable identification of parameters. Section
OpenTop
6 will be devoted to evaluate the partition

function of our M-strings by directly using the open topological string and present a prelim-

inary result. We are closing this thesis with small comments for future works in Section
Sum
7.

There are three appendices to package mathematical ingredients and technical details. The

convention and analysis formulae are aligned in Appendix
Math
A. The formulations and basics

for the usage of the topological vertex are provided in Appendix
TopV
B. Finally, Appendix

Calculus
C

contains calculations which are skipped in the main context.

2 Surface defects in four dimensions
4dCodim2

In this section, we would much briefly review recent developments on 4d supersymmetric

gauge theories in the presence of a codimension-2 defect, i.e. a surface defect, and prepare

ideas which will be applied to deriving our main result on the codimension-2 defect in Section
Mdefect
5. Those who would like to know more advanced topics on the surface defect are asked to

read a beneficial review
Gukov:2014gja
[19].

2.1 Current classifications
CClass

It has been found in recent studies that surface defects can be constructed in several seemingly

distinct ways. The current status for them are classified as follows.

• Singular boundary conditions near the defect: The defect is basically defined as giving

matter fields a specific singular behavior as approaching to it. For example, if a surface

defect is located at z = 0, where z is a complex coordinate in R4, a scalar field φ becomes
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singular as

φ(z) ∼ 1
z
. (2.1) singularBC

The surface defect described by this is often referred to as a Gukov-Witten defect
Gukov:2006jk
[2],

and there are a variety of works by relying on this definition, e.g.
Gomis:2007fi, Gukov:2008sn, Drukker:2008wr, Koh:2008kt, Koh:2009cj, Kanno:2011fw
[5, 3, 6, 7, 8, 51].

• The 2d-4d coupled system: we can consider two-dimensional degrees of freedom excited

on the surface defect
Gaiotto:2009fs
[52]. This 2d theory is just coupled to a 4d bulk theory, and a

gauge symmetry in four dimensions should be seen as a global symmetry from the view

of the 2d theory localized on the defect. A particular example is called a vortex
Hanany:2003hp, Hanany:2004ea
[53, 12]

as a solitonic object. Recently, another system could be investigated by means of a

superconformal index
Gadde:2013dda
[54].

• Renormalization group flow construction: given some matter field in the ultraviolet

(UV) region, let its expectation value have a nontrivial spacial dependence. This

expectation value triggers off a RG flow, and in the infrared (IR) scale, a defect really

arises depending on the expectation value of the matter
Gaiotto:2012xa
[15]. One can find great

advancements on this construction, e.g.
Bullimore:2014nla, Gaiotto:2015usa, Chen:2014rca, Maruyoshi:2016caf, Ito:2016fpl
[55, 56, 57, 58, 59].

• Geometric engineering by inserting extra D-branes: it is natural to explore counterparts

of surface defects in string theory and M-theory. It is naively expected that the defects

are realized as the boundaries of D-branes ending on another D-branes or intersecting

D-branes with each other in the geometrical way. This standpoint has been vastly

tested and utilized to support dualities, e.g. the AGT correspondence
Alday:2009fs
[10]. Also, there

is an attempt to provide a general prescription of the surface defect from M-theory
Gomis:2014eya
[60].

These descriptions could be independently developed but actually construct the same surface

defect in specific circumstances. The first and second one are considered as fundamentally

equivalent in the sense that we obtain a delta function localized on a two-dimensional surface

in the path integral when only 2d degrees of freedom are integrated out. Such a delta function

imposes a boundary condition such as (
singularBC
2.1) on remaining 4d fields in the path integral. For

the third one, since the flux of a vortex would be confined in a tube, we can treat with it as

a string-like object and consider a 2d world-sheet theory of this string. This prescription is

compatible with the second one. In this thesis, we will concentrate on the fourth point that

is suitable for our purpose to discuss a codimension-2 defect in M-theory. We will also give

small comments on the connection of this point with others.
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2.2 Geometric engineering
Geoengin

The key idea to geometrically engineer the surface defect in this paper is the so-called geomet-

ric transition that relates the geometry with a brane additionally inserted into the system.

We would explain this in the case of the conifold, the simplest nontrivial example of the

Calabi-Yau three-fold (CY3), which is not only the starting point for generalization to other

CY3’s but also an essential ingredient on our main result derived in Section
Mdefect
5.

2.2.1 Coniforld transition
Conitrans

The conifold. The conifold is defined by the algebraic equation on four complex variables

(x, y, u, v) of C4,

xy − uv = 0, (2.2) coni

namely, a complex three-dimensional manifold. To see the topology of the conifold, it is

convenient to change the variables such that

x = z1 + iz2, y = z1 − iz2, u = z3 + iz4, v = −z3 + iz4, (2.3)

where {zi}i=1,···4 ∈ C, then the conifold as an algebraic manifold (
coni
2.2) is rewritten as

z2
1 + z2

2 + z2
3 + z2

4 = 0. (2.4)

Further, setting zi = ai + ibi with ai, bi ∈ R, the real and imaginary part of this equation

become

4∑
i=1

(
a2

i − b2i
)

= 0,
4∑

i=1

aibi = 0, (2.5) cos3

respectively. The topology that we would like to know can be easily read from those two

conditions as follows. If concentrating on the slice given by

4∑
i=1

(
a2

i + b2i
)

= 2r2, r ∈ R, (2.6) slice

then the first equation of (
cos3
2.5) says

4∑
i=1

a2
i =

4∑
i=1

b2i = r2, (2.7) s3v2

which means that there are two three-spheres S3’s of the same radius r parametrized by {ai}
and {bi}. However, one set of them is restricted by imposing the second condition of (

cos3
2.5).

Therefore, {ai} span a three-sphere S3 of radius r, while {bi} form a two-sphere S2 because

of the constraint (
cos3
2.5). The slice (

slice
2.6) can be thought of as an S2 fibration over S3 at fixed

10



conifold1
(0, 0) (1, 0)

(0, 1) (1, 1)

(a) Toric diagram (fiber space)

conifold2

(b) Web diagram (base space)

Figure 2: The toric diagram and web diagram of the conifold. The set of labels on each topconifold

in the toric diagram is toric data which fixes the fiber structure.

r which turns out to be a trivial fibration. Moreover, the conifold shows the singularity at

the point of r = 0 that is equivalent to x = y = u = v = 0 in (
coni
2.2). As a consequence, the

conifold is described as the cone over S2 × S3.

The conifold is a kind of non-compact toric CY3’s. The toric geometry actually can be

visualised by a toric diagram of the so-called toric data which encodes the structure of a fiber

space. In addition, there exists a dual diagram to the toric diagram called the web diagram

displaying the structure of a base space. The toric and web diagram of the conifold are

shown in Figure
conifold
2. The tip of the cone in the conifold is now represented as the intersecting

point in the web diagram.

This is as for the generic case where we must relax the singularities of CY3 by appropri-

ately deforming the geometry. There are basically two deformations of the conifold to avoid

the singularity which we will review below.

The deformed conifold. The first one is to deform the complex structure of the conifold,

which is implemented in (
coni
2.2) by

xy − uv = µ2, µ ∈ R\{0}. (2.8) dconi

Through the same reparametrization as above, the defining equations in (
cos3
2.5) are slightly

changed as

4∑
i=1

(
a2

i − b2i
)

= µ2,
4∑

i=1

aibi = 0. (2.9) dcos3

In the first condition of (
dcos3
2.9), the variables {ai} satisfy

∑4
i=1 a

2
i ≥ µ2 for general ai and bi.

In other words, the sphere of bi shrinks as long as this inequality is saturated,
∑4

i=1 a
2
i = µ2.

In addition, it can be shown that the second condition of (
dcos3
2.9) is topologically equal to

describing the cotangent bundle T ∗S3 on S3 of ai. This geometry by deforming the conifold

in the way (
dconi
2.8) is called the deformed conifold whose topology is T ∗S3.

11



w = �µ2

w = 0

S1
�

S1
�

(a) Web diagram

0�µ2
w

S1
�

S1
�

(b) S3 as an T 2 fibration

Figure 3: The torus fibration of the deformed conifold. The structure of the base space isdeforconi

drawn as (a) in which the dotted interval linking the axises of w = 0 and w = −µ2 is an

torus fibration, that is, S3 as shown in (b).

For our purpose, it is relevant to view the deformed conifold as its torus fibration. Getting

back to the definition (
dconi
2.8), one can immediately see two U(1) isometries denoted as U(1)α×

U(1)β which act on the coordinates as

U(1)α ×U(1)β : (x, y, u, v) 7→ (eiαx, e−iαy, eiβu, e−iβv). (2.10)

These isometries imply that the deformed conifold has a tow-torus T 2 on which the (0, 1)-

cycle S1
α and (1, 0)-cycle S1

β generate the action of U(1)α and U(1)β, respectively. We here

should mention that the point of x = y = 0 is precisely the fixed point for U(1)α, hence,

S1
α collapses at this point. Similarly, S1

β collapses at u = v = 0. For the former case, the

algebraic equation (
dconi
2.8) is reduced to

uv = −µ2, (2.11)

which describes a cylinder S1
β × R. For the latter, (

dconi
2.8) becomes

xy = µ2, (2.12)

which describes another cylinder S1
α × R. Equivalently, if we define w := uv, Re(w) corre-

sponds to the real axis R of the cylinders with the points where the 1-cycles of T 2 collapse,

w = −µ2 ⇔ S1
α collapses, (2.13)

w = 0 ⇔ S1
β collapses. (2.14)

There is another real axis of w on which neither S1
α nor S1

β shrinks, namely, the torus fibration

over the interval [−µ2, 0] is realized. This is exactly the torus fibrer expression of S3 of the

12



t

⇐⇒

Figure 4: The web diagram of the resolved conifold. The singularity of the conifold is resolvedresolconi

by CP1 of size t and related to a triangulation of the toric diagram.

radius µ here just as described in (
dcos3
2.9). Note that this S3 shrinks to zero size as µ → 0 to

reproduce the conifold (
coni
2.2). We sketch the web diagram of the defamed conifold with the

torus structure and the torus fibration of S3 in Figure
deforconi
3.

The resolved conifold. The second deformation is associated with the Kähler structure

of the conifold, and the resultant manifold is termed the resolved conifold. Let us introduce

homogeneous complex coordinates (A,B) on CP1 of the size t,

|A|2 + |B|2 = t, (A,B) ∼ (λA, λB), (A,B) 6= (0, 0) (2.15) rcp1

with λ ∈ C\{0}. We would relate (A,B) with the coordinates of the conifold by

Ax+Bv = 0, Au+By = 0. (2.16) rconi2

Assuming x 6= 0, the first equation can be solved for A and B as

A = −v
x
B, (2.17)

then substituting this into the second equation leads to

xy − uv = 0, (2.18) rconi

which is absolutely the conifold (
coni
2.2). Although the conifold has the conical singularity at

all zeros as mentioned above, the manifold defined by the algebraic equation (
rconi
2.18) equipped

with (
rcp1
2.15) can be considered as the resolution of the conifold because any (A,B) are still

solutions to (
rconi2
2.16) even at (x, y, u, v) = (0, 0, 0, 0) and consequently this point is blown up

by the structure of CP1 ' S2 of the size t. That is why this geometry is named the resolved

conifold. The web diagram of the resolved conifold is depicted on the left side of Figure
resolconi
4.

We remark that the web diagram of the resolved conifold can be obtained by a triangulation

of the toric diagram of the conifold (Figure
conifold1
2(a)). Given a certain triangulation on the toric

diagram, the dual web diagram is produced in the way to draw a line orthogonal to each

edge of the triangles. This process is demonstrated on the right side of Figure
resolconi
4.

13



conitransition1

S2
S3

(a) deformed conifold

←→

conitransition2

S3S2

(b) conifold

←→

conitransition3

S3S2

(c) resolved conifold

Figure 5: The geometric transition for the conifold. The bottom line represents an associatedconitransition

topology for each geometry.

The conifold (Figure
conitransition2
5(b)) and its deformations (Figure

conitransition1
5(a) and

conitransition3
5(c)) pass through with

each other by tuning the radii µ and t of S3 and S2, respectively, which has been originally

referred to as the conifold transition
Candelas:1989js
[61]. This sequence has been cultivated as the geometric

transition
Gopakumar:1998ii, Gopakumar:1998ki, Gopakumar:1998jq
[62, 63, 64] in the context of the topological string theory.

2.2.2 Geometric transition in the topological string theory
Geotans

The topological string theory
Witten1988
[40] is a two-dimensional topological field theory on the world-

sheet of a fundamental string, which is basically constructed by topological twists for a

non-linear sigma model (NLSM) whose target space is CY33, and its partition function just

counts the BPS states mapped from the string world-sheet onto CY3. There are two types of

the topological string theory named A-model and B-model according to twists which make

a NLSM topological with preserving supersymmetry. In this paper, our standpoint based on

the web diagram is in the framework of the A-model topological string theory.

Since fundamental objects in string theory are a closed string containing gravity and

an open string which ends on various D-branes, the topological string theory is formulated

for both strings. It has been found
Witten:1992fb
[65] that the open topological string theory (i.e the

world-sheet of an open string) on T ∗S3, the deformed conifold (Figure
conitransition1
5(a)), is equivalent

to the Chern-Simons theory on S3 with an U(N) gauge group. The dictionary of this

correspondence is declared as follows. The string coupling constant gs in string theory is

3This is the case of the superconformal theory.
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related to the Chern-Simons level k, the coupling constant in the Chern-Simons theory, as

gs =
2π

k +N
. (2.19)

In addition, N corresponds to the number of D-branes wrapped on S3 because the open

string has boundaries on D-branes in the target space. On the other hand, the resolved

conifold (Figure
conitransition2
5(b)) plays the target space of the closed topological string theory (i.e the

world-sheet of a closed string).

After the establishment of this equivalence and the AdS/CFT correspondence
Maldacena:1997re
[4], it has

been conjectured
Gopakumar:1998ki
[63] that the open topological string theory on the deformed conifold is

dual to the closed one on the resolved conifold. Recall that the resolved conifold possesses

a Kähler parameter t, the size of CP1, to resolve the singularity of the conifold. The main

statement of this conjecture is given as the relation

t = igsN ⇔ Q = qN , (2.20) transition

where Q := et and q := eigs (in what follows, we will call Q a Kähler factor)4. This is

geometrically interpreted as the conifold transition (Figure
conitransition
5), and this duality under the

relation (
transition
2.20) is referred to as the geometric transition, which has been proven in

Vafa:2000wi, Ooguri:2002gx
[66, 67].

In other words, the geometric transition couples the open topological string theory to the

closed one by operating (
transition
2.20) (in this sense, often called the open/closed duality). Note

that the closed topological string theory does not include any D-brane, and it appears after

the geometric transition. As a result, the geometry describing the closed topological string

theory is translated into a physical object, D-brane, in the open topological string theory.

The geometric transition can truly be applied to the general non-compact CY3 in the

same manner as on the conifold explained above. For a generic case, a diagonal segment

in the web diagram always represents CP1 as for the resolved conifold (Figure
conitransition3
5(c)), while

S3 depicted as a dotted line in the deformed conifold (Figure
conitransition1
5(a)) is replaced by a certain

3-cycle called Lagrangian submanifold L in CY3. This follows on the fact that the boundary

conditions keeping supersymmetry in the A-model open topological string are identical with

the geometrical conditions for L. Namely, the emergence of L in a web diagram ensures the

existence of N D-branes on which an open string ends. Throughout this paper, we call a

thick dotted line presenting L a Lagrangian brane. There is a case where one CY3 contains

several L’s, and specifying one of L’s is represented by inserting a Lagrangian brane to the

corresponding edge of the web diagram. Note that no Lagrangian brane is resulted from the

geometric transition if N = 0, that is, there does not exist any D-brane. In short, we are

4More precisely, t is a complexified “area” of CP1 whose real part is just a Kähler class and imaginary part

is contributed from NSNS B-field. The fact that t becomes pure imaginary upon the geometric transition

(
transition
2.20) implies that CP1 shrinks but a non-zero B-field remains.
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localP1P11

(a) Local P1 × P1

⇐⇒

localP1P12

D4

NS5 NS5

(b) 4d pure gauge theory

Figure 6: The geometric engineering of the 4d N = 2 pure gauge theory from the locallocalP1P1

P1 × P1. This is in a generic point of the Coulomb branch.

working on the A-model open or closed topological string theory when the web diagram with

or without a Lagrangian brane, respectively, is focused on.

Generically, if we have the set of diagonal segments attached to the same horizontal line

in the web diagram, we can execute the geometric transition by taking the specialization

(
transition
2.20) simultaneously but with different Ni for each diagonal segment which represents the

resolution by CP1 of the size ti (i runs for the number of the associated segments). This

situation will be shown in Section
Mdefect
5. In the rest of this section, we would be mainly devoted

to providing the connection between the geometric transition and the surface defect.

2.2.3 Defects as Lagrangian branes
DefectL

It has been proposed
Kozcaz:2010af, Dimofte:2010tz
[68, 69] that we can geometrically engineer the surface defect as the

Lagrangian brane L that emerges through the geometric transition. We would briefly argue

this correspondence in terms of string theory.

An example which we would like to utilize for explanation is an CY3 with the web

diagram of Figure
localP1P11
6(a) known as the local P1 × P1. Remarkably, it has been discovered

in
Candelas:1990rm, Hori:2000kt
[70, 71] based on much complicated discussions associated with mirror symmetry that

there does exist the direct interpretation of the geometric data of CY3 expressed by the

web diagram into the brane system of string theory, and vice versa. We will rely on this

fact in the later sections. In the current case, the web diagram of the local P1 × P1 can be

mapped into the D4-branes ending on NS5-branes (NS is a shorthand for Neveu-Schwarz) in

type IIA string theory (Figure
localP1P12
6(b)). This relation allows us to rely highly on the geometric

languages to understand the dynamics of string theory. Further, the low energy dynamics on

the D4-branes of this brane system generates the 4d N = 2 pure gauge theory in a generic

point of the Coulomb branch of the moduli space
Witten:1997sc
[72]. Namely, the 4d supersymmetric gauge

theory can be engineered by the geometry thanks to the novel correspondence between the
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Q = q

1 = Q̃

←→ ←→

Figure 7: The geometric transition with producing a Lagrangian brane L (a dotted line ongeoEx3

the right side). The middle diagram shows the singular CY3 as for the conifold.

geometry and string theory.

Let us give a rough sketch how the surface defect that particularly preserve part of

supersymmetry can be inserted into the 4d theory as the Lagrangian submanifold L in CY3.

We start with a CY3 whose web diagram is given as on the left side of Figure
geoEx3
7. The

geometry is resolved by CP1’s depicted as the diagonal segments along the center line of this

figure in the same manner as for the resolved conifold. Let Q and Q̃ be Kähler factors for

them in the lower and upper segment, respectively. We carry out the geometric transition

for this geometry as for instance, the Kähler factors are specialized by

Q = q, Q̃ = 1. (2.21) limex1

This operation means that a Lagrangian brane L appears to attach the bottom edge of the

local P1×P1, but does not on the top edge (on the right side of Figure
geoEx3
7) after the transition.

The consequence of the limitation (
limex1
2.21) is pictorially performed in Figure

geoEx3
7.

Based on the correspondence of Figure
localP1P1
6 between the local P1 × P1 and the D4-NS5

system, an extra perpendicular line in the middle of the right picture in Figure
geoEx3
7 is also

viewed as an extra NS5-brane (NS5′), and the appearance of L is translated into a D2-

brane (D2′) suspended between the D4-brane and the NS5′-brane in the top line of Figure
localP1P1Lag
8. This D2′-brane is spanned on a two-dimensional subspace of the world-volume of the

D4-brane, and it actually behaves as the surface defect from the viewpoint of the 4d theory

on the D4-brane. This is the pictorial prescription to construct the surface defect from

purely the geometry via the geometric transition. Moreover, we can consider the limit where

the extra perpendicular line in the web diagram of Figure
localP1P1Lag1
8(a) is moved away at infinity,

correspondingly, the NS5′-brane is pushed away at infinity in a certain direction. Then the

D2′-brane is extending semi-infinitely along this direction. The basic difference between

the situation with and without NS5′ is as follows. In the type IIA picture, open strings

stretched between the D2′-brane and D4-brane induces the field theory degrees of freedom
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⇐⇒

D4

NS5

D2′

NS5

NS5′

localP1P1Lag1

(a) Lagrangian brane

⇐⇒

localP1P1Lag2

D4

NS5 NS5

D2′

(b) D2′ insertion

Figure 8: Lagrangian branes and D2-brane insertions (D2′) with a finite (upper line) andlocalP1P1Lag

a semi-infinite extent (lower line) corresponding to the different types of surface defects in

four dimensions.

on the world-volume of not only the D4-brane but also the D2′-brane. Accordingly, there

is effectively a 2d supersymmetric gauge theory at the end of the D2′-brane, and its gauge

coupling e2 is proportional to the finite extent of the D2′-brane along, say, the 7 direction,

1
e2
∝ ∆x7. (2.22)

The semi-infinite D2′-brane in the bottom line of Figure
localP1P1Lag
8 is produced as ∆x7 →∞, which

corresponds to the weak coupling limit of the 2d theory. Completing this limit, the effective

two-dimensional theory may get superconformal symmetry since the running coupling goes

away. The choice of the brane systems in Figure
localP1P1Lag
8 depends on what kind of the surface

defect we would like to study, but actually, the difference between them does not become

important when we investigate physics independent of the 7 direction that D2′ is extending

on. Indeed, the bottom situation in Figure
localP1P1Lag
8 is rather suitable for us because our calculations

are in the case of inserting a semi-infinite brane, and the topological vertex (Appendix
TopV
B) can

be straightforwardly applied to compute the partition function of the corresponding gauge

theory. In this paper, we would focus on such a situation5.

We would place brief comments on the relation of the geometric engineering with a vortex

5The case of the top in Figure
localP1P1Lag
8 with taking certain limits has been nicely discussed in

Dimofte:2010tz
[69].
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string theory. The vortex string is a solitonic object realized as a specific BPS configuration

in 4d theories. This has a support of the two-dimensional subspace, and its world-volume

theory is know as a 2d supersymmetric gauge theories coupled to the 4d bulk theory
Hanany:2004ea
[12].

This fact matches with the second perspective in Section
CClass
2.1, thus, the vortex is a natural

candidate to describe the surface defect. The BPS solution for the vortex actually includes

a singular behavior of a gauge field near the vortex, which implies that the vortex may also

be compatible with the first perspective in Section
CClass
2.1. The analysis for the surface defect in

Chen:2014rca
[57] is based on those viewpoints. Further, the brane system corresponding to the geometric

transition in Figure
localP1P1Lag2
8(b) is essentially identical with the brane construction of the vortex

string
Hanany:2004ea
[12]. In other words, we would think of the vortex string description for the surface

defect as the field-theoretic construction of the geometric transition.

2.3 AGT correspondence
AGT

2.3.1 Basic statements

The prominent application of the surface defect is in the 2d-4d duality known as the AGT

correspondence
Alday:2009aq
[9]. It has originally declared relationship between the 4d N = 2 SU(2) gauge

theory with four flavors and the Liouville CFT on the two-sphere, which is basically found

by comparing the instanton partition function
Nekrasov:2003rj
[73] of the N = 2 theory with the Liouville

conformal block. After this breakthrough, it has been revealed by lots of nontrivial tests that

this correspondence does hold for a much general class of the N = 2 theories called class S
Gaiotto:2009we
[74] and CFT’s on the Riemann surface Σ with several numbers of genera and punctures.

The novel point of this correspondence is that the 4d supersymmetric theory is equivalent

to the 2d non-supersymmetric CFT.

The AGT correspondence is heuristically derived from the 6d (2, 0) theory compactified

on a Riemann surface Σ and a four-manifold M4 = R4
ε1,ε2 or S4

ε1,ε2 ,

6d (2, 0) theory

onM4 × Σ

↙ ↘ (2.23) agtderive

4d N = 2 gauge theory

onM4

2d Liouville CFT
on Σ

where ε1 and ε2 are called Ω-deformation parameters respecting two-dimensional rotations

on the planes R2
ε1 and R2

ε2 ,

R4
ε1,ε2 ' R2

ε1 × R2
ε2 . (2.24)

Namely, introducing the Ω-deformation parameters breaks the rotational symmetry SO(4)

of R4 into SO(2)ε1 × SO(2)ε2 . On the other hand, the Ω-deformation brings the effect to
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regularize the divergence from the infinite volume of R4 so that6

Vol
(
R4

ε1,ε2

)
=
∫

R4
ε1,ε2

1 =
1
ε1ε2

, Vol
(
R2

ε1

)
=
∫

R2
ε1

1 =
1
ε1
. (2.25)

In general, the advantage of the Ω-deformation is that we can compute the volume of the Ω-

deformed manifold by only using the contributions from the fixed point of symmetries (called

the Duistermaat-Heckman fixed point theorem) without struggling the entire integration.

This fact lets us derive exactly the Nekrasov instanton partition function
Nekrasov:2002qd, Nekrasov:2003rj
[77, 73] that is

the volume integral of the instanton moduli space and plays a central role in the AGT

correspondence.

Soon after the discovery of the AGT correspondence, non-local operators, i.e Wilson-’t

Hooft loops and surface defects, in the 4d supersymmetric gauge theory have been incorpo-

rated in this duality
Alday:2009fs
[10]. We would focus on the story of the surface defect denoted as Dt

with a parameter t which is the combination of the labels used in the Gukov-Witten defect
Gukov:2006jk
[2]7. In the original paper

Alday:2009fs
[10], the following brane configuration in type IIA string theory

has been proposed to construct the surface defect in the AGT correspondence:

M4

0 1 2 3 4 5 6 7 8 9

NS5 × × × × × ×
D4 × × × × ×
D2′ × × ×

(2.26) agtIIAp

As shown above, the 4d N = 2 gauge theory in question is induced on the 0123 direction

of the D4-brane, and the boundary D of the D2′-brane ending on the D4-brane realizes the

surface defect in that theory. This D2′-brane on the flat space keeps half of supersymmetry,

and after the Ω-deformation, the surface defect as the boundary of D2′ still preserves half

of supersymmetry if its support D is extended on a submanifold of M4 respecting the Ω-

deformation, that is, D = R2
ε1 (or R2

ε2). With this brane system, they have noticed that the

surface defect may be described by a certain vertex operator called the degenerate field Φ2,1

carrying a momentum b in the Liouville CFT,

Φ2,1(z) = e−
b
2
φ(z), (2.27)

where z represents its insertion point on Σ. The first expectation of the AGT correspondence

has come from the behavior of the instanton partition function Z inst in the semiclassical limit

6There is the so-called Duistermaat-Heckman formula
Duistermaat1982, ATIYAH19841
[75, 76] to calculate the volume for the symplectic

manifolds of even dimensions.
7We here do not specify the parameter t, but basically this parametrizes the breaking pattern of the

symmetry initiated by inserting the surface defect.
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ε1ε2 → 0. This behavior in the presence of the surface defect can be determined from the

viewpoint of the brane system (
agtIIAp
2.26),

Z inst ∼ exp
[
−F(a)
ε1ε2

+
W(a, t)
ε1

+ · · ·
]
. (2.28) semilim4d

The coefficient of the leading term is the Seiberg-Witten prepotential
Nekrasov:2002qd
[77]. The function

W(a, t) turns out to be exactly the integral of the Seiberg-Witten differential λSW over an

open path starting from some reference point p∗ in the Seiberg-Witten curve,

W(a, t) =
∫ p

p∗

λSW, (2.29)

where the endpoint p roughly corresponds to t characterizing the surface defect in the IR

region. On the Liouville CFT side, the corresponding limit on the correlation function with

the degenerate field can be directly evaluated as

ZLiouv ∼ exp
[
−F(a)

~2
+
W(a, z)

~b
+ · · ·

]
, (2.30) semilim2d

where ~ is a fixed overall scale factor. The form (
semilim2d
2.30) in the CFT perfectly agrees with

(
semilim4d
2.28) on the 4d side under identifications

ε1 = ~b, ε2 = ~/b (2.31)

as originally stated in
Alday:2009aq
[9]. This observation strongly supports the AGT correspondence with

the surface defect. We should remark that the function W(a, t) (or W(a, z)) cannot be seen

unless the surface defect (or the degenerate field) is inserted. The emergence of this function

is really a specific consequence to consider the surface defect. We shortly write down the

dictionary of the AGT correspondence including the surface defect in the Table
defectAGT
1.

We note that there precisely are the higher-dimensional generalizations of the AGT cor-

respondence: the 5d supersymmetric gauge theories and the theories of the q-deformed

Virasoro algebra
Awata:2009ur, Awata:2010yy
[78, 79]: the 6d supersymmetric gauge theories and the theories of the

elliptic-deformed Virasoro algebra
Iqbal:2015fvd, Nieri:2015dts
[80, 81].

2.3.2 Construction via the geometric transition

Indeed, the brane configuration in type IIA string theory (
agtIIAp
2.26) proposed for the AGT

correspondence with the surface defect is identical with the brane system of Figure
localP1P1Lag
8 to

engineer the surface defect by the geometric transition. It has been actually pointed out
Kozcaz:2010af, Dimofte:2010tz, Taki:2010bj, Awata:2010bz, Bonelli:2011fq
[68, 69, 82, 83, 84] that there is a class of the AGT correspondence in the presence of the

surface defect which can be derived in the framework of the geometric transition explained

in the previous subsection. We would show a simple example of this statement.
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N = 2 gauge theory Liouville CFT

Ω-deformation parameters

ε1 : ε2
Q = ε1 + ε2

←→
Liouville parameters

b : 1/b

Q = b+ 1/b

UV gauge coupling τUV

exp [2πiτUV]
←→

Complex modulus of a tube

gluing Riemann surfaces

q

Mass m for an SU(2) flavor

m(Q−m)
←→

Conformal dimension of a

Liouville exponential e2mφ

∆m

Coulomb branch parameter a

a+ Q
2

←→
Momentum of an

intermidiate primary field eαφ̃

α

Instanton partition function

Z inst(a, ε1, ε2, τ)
←→

Liouville conformal block

ZLiouv(α, b, 1/b, q)

Surface defect

Dt

←→
Degenerate primary

operator at z ∈ Σ

Φ2,1(z)

Table 1: defectAGTThe basic dictionary of the AGT correspondence with the surface defect.

We begin with the 4d N = 2 SU(2)× SU(2) gauge theory shown as the quiver diagram

in the top of Figure
su2surface
9(a). Through the relation between the geometry and type IIA string

theory as Figure
localP1P1
6, this 4d theory can be engineered by the geometry of the web diagram

on the top of Figure
t11star
9(b), where thin dotted lines connecting the vertical lines indicate a

subspace compactified on S1 in the corresponding CY3. From the dictionary of the AGT

correspondence, this theory is mapped into the Liouville CFT on a torus with two punctures

that is often denoted as T2,1 (the top of Figure
torus1ptDeg
9(c)). The connection displayed in the top line

of Figure
deglim
9 has been checked by the direct computations of the Nekrasov partition function

and the correlation function on the torus. Although the geometry of the web diagram in

question is not toric at all, the geometric transition still consistently works. Choosing the

special values of the Kähler factors on the web diagram to take the geometric transition,

we obtain the web diagram with a Lagrangian brane depicted in the bottom of Figure
t11star
9(b)

from which the 4d N = 2 SU(2) gauge theory with a matter in the adjoint representation
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T2,1

| |
Geometric transition Degenerate limit

↓ ↓

su2surface

ONMLHIJK2
��

Doo

(a) 4d N = 2 theory

⇐⇒

t11star

(b) Geometric engineering

⇐⇒

torus1ptDeg

(c) Liouville CFT

T ?
1,1

Figure 9: The simplest picture of the AGT correspondence in the presence of a surfacedeglim

defect. (a) The 4d N = 2 SU(2) × SU(2) quiver gauge theory (top) and N = 2 SU(2)

gauge theory with a matter in the adjoint representation (a solid line) and a surface defect

D (bottom). (b) The geometric engineering of the 4d theories in (a). The surface defect as a

Lagrangian brane in the bottom is generated through the geometric transition as explained

in the previous subsection. (c) CFTs denoted as T2,1 and T ?
1,1 with a degenerate operator (a

cross) which corresponds to the 4d theories in (a).

and the surface defect is engineered (the bottom of Figure
su2surface
9(a)). On the CFT side, we

take the corresponding limit of the associated parameters, which results in simply replacing

one puncture with a degenerate operator drawn as a cross in the bottom of Figure
torus1ptDeg
9(c).

We would here name this CFT T ?
1,1. It seems surprising that only tuning the parameters

changes the type of the operator in the theory, however, this phenomena can naturally be

understood as the consequence of the geometric transition. The duality picture in Figure
deglim
9

has been clarified at least up to few lower levels of the expansions of the Nekrasov partition

function and the CFT correlation function
Taki:2010bj
[82]. Remarks that the geometric transition really

turns the field theories at the beginning to others. This is the basic story to derive the AGT

correspondence in the presence of the surface defect from the geometric transition, and one

can find other examples in the literatures.
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2.4 M-theoretic realization
Mdefect24

The AGT correspondence could be descended from the 6d (2, 0) theory as mentioned in

(
agtderive
2.23), it is natural to ask a question what is the six-dimensional origin to give rise to the

surface defect in the 4d N = 2 gauge theory and the degenerate field in the Liouville CFT

simultaneously. Recalling that the 6d (2, 0) theory should be embedded into M-theory as the

world-volume theory of the multiple M5-branes, the surface defect may also be engineered

by the brane in M-theory. In fact, the brane configuration in type IIA string theory (
agtIIAp
2.26)

can be lifted up to M-theory as follows. Both NS5 and D4-brane become M5-branes, and

the D2′-brane that is inserted to make the surface defect is replaced with a M2-brane:

M4 Σ

0 1 2 3 4 5 6 \ 7 8 9

M̃5 × × × × × ×
M5 × × × × × ×
M2 × × ×

(2.32) agtMp

where \ = 10 stands for the eleventh direction of space-time that we will call the M-theory

circle. We now put a tilde on the M5-brane (M̃5) that goes down to the NS5-brane to

distinguish the one down to the D4-brane. The point of this M-theory construction is

that the M2-brane ends on the M5-brane and extends semi-infinitely to the 7 direction

transverse to the M5-brane and the Riemann surface Σ. From the standpoint of the AGT

correspondence, the boundary D of the M2-brane causes the emergence of the surface defect

in the four-dimensional space-timeM4, and the fact that the M2-brane looks a point z on Σ

can induce the degenerate field Φ2,1(z). Thus, we comprehend that appropriately inserting

the M2-brane leads to the connection between the surface defect and the degenerate field in

the AGT correspondence.

Finally, we would provide other candidates in M-theory to build the surface (codimension-

2) defect in four dimensions. The defect as the boundary D of M2-brane on the M5-brane

in (
agtMp
2.32) is codimension-4 from the viewpoint of the 6d (2, 0) theory and then is reduced to

a codimension-2 one in the 4d N = 2 effective theory8. We can revive the situation with

incorporating a probe M5-brane instead of the M2-brane. Since the M5-brane cannot have

a boundary, we produce a codimension-4 defect in the 6d SCFT by intersecting the probe

M5-brane with the multiple M5-branes on a two-dimensional subspace D and extending its

other parts in R4 transverse to the multiple M5-branes, that is, being the point z on Σ.

This M5-brane looks introducing the same surface defect as from the M2-brane above in

four dimensions. The last candidate is a probe M5-brane wrapped not only on the two-

dimensional subspace D but also on Σ. This turns out to be a codimension-2 defect in the

8See
Gomis:2014eya
[60] for quite general (but not complete) constructions along this way.
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6d (2, 0) theory. In six dimensions, the codimension-2 defect should be essentially distinct

from the codimension-4 one, even so, they seem to originate the identical surface defect of

the 4d effective theory in the IR where the size of Σ becomes relatively small to that of

M4. This equivalence is quite of interest but not so clear for the moment, and we would

not pursue this issue beyond the scope of this paper (we will comment in Section
Sum
7). These

codimension-4 (M2 and M5) and codimension-2 (M5) defects are summarized as follows.

space-time : M4 × Σ × R5

‖ ‖ ∪
M5-brane : M4 × Σ × {pt}  6d N = (2, 0) SCFT  4d N = 2 theory on M4

∪ ∪
M2-brane : D × {pt} × R  codimension-4 defect  surface defect

M5-brane : D × {pt} × R4  codimension-4 defect  surface defect

M5-brane : D × Σ × R2  codimension-2 defect  surface defect

3 M-strings
Mstrings

3.1 Basic setup
Mstringsbasic

The 6d (2, 0) SCFT is not considered as the standard gauge theory in the sense that this

theory contains a self-dual 2-form field in a tensor multiplet, which implies that a dynamical

object in this theory is not a particle but a string which we would call a self-dual string. It is

known that the self-dual string should be tensionless to respect the conformal symmetry, but

it is quite hard to analyze its dynamics by means of usual ways in quantum field theory. To-

wards understanding the self-dual string, a promising system in M-theory has been proposed

by
Haghighat:2013gba
[32], which is named M-strings. The 6d (2, 0) SCFT naturally arises on the world-volume

of the multiple M5-branes where the M2-brane can end, thus, the self-dual string is realized

as the boundary of the M2-brane. In this construction, normally the self-dual string becomes

tensionless since the M5-branes are on top of each other (Figure
mst1
10(a)) and the M2-branes

stretched on each M5-brane do not acquire tension. In order to resolve this point, they have

introduced the system where M M5-branes are slightly separated in one direction together

with ki M2-branes suspended between them9. The configuration is as follows:

R1,1 R4 R4

0 1 2 3 4 5 6 7 8 9 \

M M5 × × × × × × {ai}

ki M2 × × ×

(3.1) mstrings0

9This circumstance is referred to as the tensor branch where scalars in the tensor multiplet have nonzero

expectation values, as an analogue of the Coulomb branch.

25



mst1

6
a0

M5

(a) Multiple M5-branes

mst2

6
a1 a2 a3 a4

M2

M5

(b) Separated M5-branes

Figure 10: (a) Self-dual tensionless strings on multiple M5-branes. (b) M-strings as self-dualmst

strings on M5-branes separated in the 6 direction. M-strings are depicted as bold lines.

where \ = 10 and {ai}i=1,...,M denote the positions of the M5-branes aligned along the 6

direction. The self-dual string as the boundary of the M2-brane in this setup is called the

M-string and may capture at least partially the sector of BPS states in the 6d (2, 0) SCFT

even though it has a small tension. We here take the flat space transverse to the M5-branes

and M2-branes as a first step, and in the next subsection, we replace it with the singular

background. Note that it is possible that different numbers of the M2-branes are put in each

interval between the M5-branes. In a general way, for i = 1, 2, . . . ,M − 1,

ki M2-branes in the i-th interval [ai, ai+1] of the M5-branes.

Let us see supersymmetry preserved on M-strings made in the system (
mstrings0
3.1). The six-

dimensional world-volume of the M5-brane extended in the 012345 directions without the

M2-brane has the superconformal group OSp(2, 6|4) whose bosonic subgroup is

SO(2, 6)× SO(5)R ⊂ OSp(2, 6|4). (3.2)

Precisely, SO(2, 6) is the conformal symmetry on the M5-brane and SO(5)R is an R-symmetry

corresponding to a rotational symmetry10 of the space transverse to it in the eleven-dimensional

space-time. As a result, the 6d (2, 0) theory on the stack of the M5-branes keeps this sym-

metry. For M-strings (
mstrings0
3.1), we separate somewhat these M5-branes along the 6 direction,

which means that the rotation along this direction is broken down while the 789\ directions

are not affected. Therefore, the original R-symmetry SO(5)R is reduced to the rotational

symmetry along these directions,

SO(5)R → SO(4)R. (3.3)

10A Spin group is often useful to characterize the supercharges as done in
Haghighat:2013gba
[32] since it is the double cover

of a SO group, but this discrepancy is not essential here.
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Now, we turn on the M2-branes extending the 6 direction with boundaries along the 01

directions on the M5-branes (
mstrings0
3.1) which appears as M-strings as explained. Adding them of

course breaks the Lorentz group SO(1, 5) ⊂ SO(2, 6) into its subgroup,

SO(1, 5)→ SO(1, 1)× SO(4). (3.4)

The former acts on the world-sheet of M-strings and the latter does on the space transverse

to M-strings as the rotation, or equivalently, the subspace of the M5-branes on which M-

strings are not wrapped. Consequently, the supercharges for preserved supersymmetry are

labelled by the charge of SO(1, 1) and the representations of SO(4) ' SU(2)L × SU(2)R and

SO(4)R ' S̃U(2)L × S̃U(2)R.

Further, it can be checked how many supercharges M-strings have. What we have to

do for this is to see independent components of an eleven-dimensional spinor ε (i.e. a 32-

component spinor) as a parameter of the supersymmetry transformations. Let ΓM (M =

0, 1, . . . , 9, \) be eleven-dimensional gamma matrices (i.e. 32× 32 matrices) satisfying

Γ12···9\ = 1, ΓM1M2···Mp := ΓM1ΓM2 · · ·ΓMp . (3.5) gamma11

Then, to preserve supersymmetry on the M5-brane and M2-brane requires the following

conditions:

Γ012345ε = ε for the M5-brane,

Γ016ε = ε for the M2-brane.
(3.6) susym5m2

Combining these with the property (
gamma11
3.5) results in

Γ01ε = Γ2345ε = Γ789\ε. (3.7) mstringsusy

At the beginning, there are 32 supercharges in eleven dimensions, and the presences of the

M5-brane and M2-brane reduce its number to 32× 1
2 ×

1
2 = 8 by imposing (

susym5m2
3.6). In addition,

the relation (
mstringsusy
3.7) tells us that the chiralities of the supercharges under SO(1, 1), SO(4), and

SO(4)R are the same. Finally, we can conclude by using the specific forms of ΓM that the

remaining supersymmetry on the two-dimensional world-sheet of M-strings is N = (4, 4).

From above consideration, the supercharges denoted as Qαa and Q̃α̇ȧ are transformed under

SO(1, 1) and four SU(2)’s as follows:

SO(1, 1) SU(2)L SU(2)R S̃U(2)L S̃U(2)R
Q̃α̇ȧ −1

2 1 2 1 2

Qαa +1
2 2 1 2 1

(3.8) mstringsupercharge

where α, a = ± for SU(2)L and S̃U(2)L, and α̇, ȧ = ±̇ for SU(2)R and S̃U(2)R, respectively.

We will refer to Q̃α̇ȧ as left-moving supercharges and Qαa as right-moving ones. Note that
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M5

M2ki

ki+1 M2
µi+1

µi

Figure 11: domainThe M5-brane as a domain wall for the M2-branes ending on it.

the R-symmetry of the 2d N = (4, 4) theory is SU(2)3. Thus, three of four SU(2)’s in (
mstringsupercharge
3.8)

form really the R-symmetry, and the rest one is regarded as a global symmetry.

We would comment on the role of the M5-brane from the M2-brane point of view. For

the M5-brane at the position ai+1 in the 6 direction, ki M2-branes are ending on it from the

left and ki+1 M2-branes from the right (Figure
domain
11). It has been found

Lin:2004nb, Gomis:2008vc, Berman:2009xd, Kim:2010mr
[42, 85, 86, 87] that

the ground states of the multiple M2-branes on the boundary are labelled by partitions µi

(µi+1) of ki (ki+1), and the M5-brane serves as a domain wall to support the existence of

such ground states. In this sense, the contribution of a single M5-brane on which M2-branes

can end will be called a domain wall partition function (Section
Mtop2
4.2).

3.2 On Taub-NUT space
TNspace

The 6d (2, 0) theory arises also in type IIB string theory on the ADE-type singularity
W2
[24]. In

order to make it suitable to connect M-strings with that type IIB picture, we would take the

M-string configuration on the AN−1 singularity generated by ΓN as the simplest extension
Haghighat:2013tka
[33],

R1,1 R4 R4/ΓN'C2/ΓN

0 1 2 3 4 5 6 7 8 9 \

M M5 × × × × × × {ai}

ki M2 × × ×

(3.9) mstrings

where

ΓN =

{(
γn 0

0 γ−1
n

)∣∣∣∣∣n = 1, 2, · · · , N − 1

}
, γn = e2πi n

N . (3.10)

Actually, this action is ZN orbifolding of which the M5-brane and M2-brane are sit on the

singularity. This orbifold causes the breakdown of (4, 4) supersymmetry of original M-strings
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(
mstrings0
3.1) as follows. Let (w1, w2) be complex coordinates on R4 ' C2 transverse to the M5-brane

and M2-brane. In our case, the orbifolding ΓN acts on this space so that

ΓN : (w1, w2) 7→ (γ1w1, γ
−1
1 w2), (3.11) orbifold1

which precisely breaks the rotational symmetry on C2 and accordingly supersymmetry be-

cause the supercharges (
mstringsupercharge
3.8) are charged under this rotation S̃U(2)L× S̃U(2)R. Nevertheless,

we can preserve part of supersymmetry by embedding ΓN into its subgroup. Here, we select

the embedding ΓN ⊂ S̃U(2)R that, from our charge assignments (
mstringsupercharge
3.8), gives the action

ΓN : (Q̃α̇+̇, Q̃α̇−̇,Qα+,Qα−) 7→ (γ1Q̃α̇+̇, γ
−1
1 Q̃α̇−̇,Qα+,Qα−). (3.12)

Namely, the left-moving supercharges Q̃α̇ȧ are nontrivially transformed under ΓN whereas the

right-moving ones Qαa are invariant, in other words, M-strings on the orbifolding singularity

keep N = (0, 4) supersymmetry as on its world-sheet theory.

From now on, we would resolve the singularity of ΓN since it is hard to deal directly

with it. The natural resolution of the AN−1 singularity is taken to be a Taub-NUT space

which we will denote as TNN . This space is a hyper-Kähler manifold and the geometry in

the presence of the Kalza-Klein (KK) monopole whose metric is given by

ds2TN = Hd~x2 +H−1
(
ds+ ~A · d~x

)2
,

H(~x) =
N∑

I=1

1
|~x− ~xI |

+
1

L2
TN

, ∇H = −∇× ~A,
(3.13)

where the coordinates ~x and s is a three-dimensional vector and a parameter along S1 of

the asymptotic radius LTN. Thus, TNN has in general the topology of R3 × S1. ~xI for

fixed I is a point called a center of TNN where S1 shrinks at this point. H(~x) should be the

solution to the Laplace equation in three dimensions, and the gauge field ~A becomes a source

of the KK monopole. The Taub-NUT space shows the AN−1 singularity if all centers are

coincided as summarized in Table
bTN
2. Note that the naive resolution of the AN−1 singularity

is an asymptotically locally Euclidean (ALE) space which is a specialized version of TNN

as LTN → ∞. Indeed, the choice of either the ALE space or TNN does not matter here

because our final results do not depend on the asymptotic radius LTN. We would continue

discussions with the Taub-NUT space for future analysis.

It is well known that the singular limit of the Taub-NUT space can be viewed as an

algebraic manifold defined locally by the equation

XN + Y Z = 0 (3.14)

around the origin, that is, when all centers are collected at the origin. This is recast to our

parametrization by X = w1w2, Y = wN
1 , and Z = wN

2 . Based on this expression, we can
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metric topology singulairty

ds2TN = Hd~x2 +H−1(ds+ ~A · d~x)2 R3 × S1 ∅

|~x| → ∞ ds2TN = 1
L2

TN
d~x2 + L2

TN(ds+ ~A · d~x)2 R3 × S1 ∅

|~x−~xI | ∼ 0 with

~xJ 6= ~xI for ∀J

4πds2TN =
1
r

(
dr2 + r2(dθ2 + sin2 θdφ2)

)
+ r(dψ − cos θdφ)

= dρ2 + ρ2dΩ2
3

(ψ := 4πs, ρ := 2r = 2|~x− ~xI |)

R4 ∅

|~x−~xI | ∼ 0 with

~xJ = ~xI for ∀J

4π
N ds2TN = dρ2 + ρ2dΩ2

3 = dwidw̄i

(ψ := 4π
N s, w1,2 ∈ C)

C2/ZN : (w1, w2)

∼ (γ1w1, γ
−1
1 w2)

AN−1

Table 2: bTNThe limits of the Taub-NUT space.

immediately find the following U(1) isometries of TNN
11:

U(1)f : (w1, w2) 7→ (e2πiαw1, e
−2πiαw2), (3.15) tniso1

U(1)b : (w1, w2) 7→ (e2πiαw1, e
2πiαw2). (3.16) tniso2

Those turn out to be crucial in the next subsection to implement the torus compactification

of M-strings. In what follows, we take S1 of TNN labeled by s to be the 7 direction in our

eleven-dimensional space-time.

3.3 Torus compactification
Torus

Let us go to a further modification of M-strings in addition to replacing C2 with the Taub-

NUT space. For practical reasons, we would employ M-strings sharing the 01 directions with

the M5-branes to be compactified on a two-torus T 2 (Figure
mstT2
12)12,

T 2 R4
ε1,ε2 TNN

0 1 2 3 4 5 6 7 8 9 \

M M5 × × × × × × {ai}

ki M2 × × ×

(3.17) mstringsTN

11The isometry is enlarged to U(1)f × SU(2)b for N = 1.
12In

Hohenegger:2013ala
[88], an additional circle compactification in the M-strings system has been studied.
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M5

M2

Figure 12: mstT2M-strings compactified on a torus.

and consequently the physical quantities of M-strings get the dependance on a complex

modulus τ of T 2 given by

τ = i
R0

R1
, (3.18)

where R0 (R1) is a radius of the 0 (1) direction. The advantages of the torus compactification

are to be able to introduce more parameters in the manner compatible with supersymmetry

and make it doable to compute the partition function of M-strings from the gauge theory

languages (see Section
Mpf
4).

Since there are two 1-cycles on T 2, we can have the system of M-strings enriched with

three parameters by twisted boundary conditions along these 1-cycles. For the 1 direction

over which the 789\ directions are viewed as a fibration, the twist is denoted as U(1)m called

the mass deformation with a parameter m,

U(1)m : (w1, w2) 7→ (gmw1, g
−1
m w2), gm = e2πim. (3.19) mass1

The reason why we name m the mass is that this parameter is identified with the mass

of matter fields in the adjoint representation of the 5d quiver gauge theory (Section
Mtop
4.1).

Actually, the action of U(1)m is similar to that of ΓN (
orbifold1
3.11), which implies that this action

can be embedded in the same manner as for ΓN . Hence, when taking U(1)m ⊂ S̃U(2)R, this

acts on the supercharges as

U(1)m : (Q̃α̇+̇, Q̃α̇−̇,Qα+,Qα−) 7→ (gmQ̃α̇+̇, g
−1
m Q̃α̇−̇,Qα+,Qα−). (3.20) mass2

The right-moving supercharges are still invariant, as a result, (0, 4) supersymmetry on M-

strings are compatible with the mass deformation.

The possible twist along the other 1-cycle, the 0 direction, is the Ω-deformation U(1)ε1 ×
U(1)ε2

Nekrasov:2002qd
[77] that corresponds to the infrared (IR) regularizations of the 2345 directions.

Note that these directions are often concentrated on as the space(-time) on which the four-

dimensional supersymmetric gauge theory is defined, in particular, when we consider the
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U(1)m U(1)ε1 U(1)ε2

Q̃+̇+̇ +1 +1
2 −1

2

Q̃+̇−̇ +1 +1
2 −1

2

Q̃−̇+̇ −1 −1
2 +1

2

Q̃−̇−̇ −1 −1
2 +1

2

Q++ 0 0 0

Q+− 0 +1 +1

Q−+ 0 −1 −1

Q−− 0 0 0

Table 3: supercharge2The supercharges transformed under U(1)m, U(1)ε1 , and U(1)ε2 .

torus relatively small compared with the energy scale of the theory on the 2345 directions.

This is in the case of, e.g., the AGT correspondence
Alday:2009aq
[9] as mentioned in Section

AGT
2.3. Let

(z1, z2) be complex coordinates on the 2345 directions, then in our situation, the action of

U(1)ε1 ×U(1)ε2 is given by

U(1)ε1 ×U(1)ε2 : (z1, z2) 7→ (e2πiε1z1, e
2πiε2z2),

: (w1, w2) 7→ (g−1
+ w1, g

−1
+ w2),

(3.21) om0

where g+ := eπi(ε1+ε2) and g− := eπi(ε1−ε2). With our convention of the supercharges, this

action also can be embedded into four SU(2)’s (
mstringsupercharge
3.8) so that

(Q̃+̇ȧ, Q̃−̇ȧ,Q+a,Q−a) 7→ (g−Q̃α̇+̇, g
−1
− Q̃α̇−̇, g+Q+a, g

−1
+ Q−a) when acting on (α, α̇),

(Q̃α̇+̇, Q̃α̇−̇,Qα+,Qα−) 7→ (Q̃α̇+̇, Q̃α̇−̇, g
−1
+ Qα+, g+Qα−) when acting on (a, ȧ).

(3.22) om1

Thus, the net action unifying those is dictated by

U(1)ε1 ×U(1)ε2 : (Q̃+̇+̇, Q̃+̇−̇, Q̃−̇+̇, Q̃−̇−̇) 7→ (g−Q̃+̇+̇, g−Q̃+̇−̇, g
−1
− Q̃−̇+̇, g

−1
− Q̃−̇−̇),

: (Q++,Q+−,Q−+,Q−−) 7→ (Q++, g
2
+Q+−, g

−2
+ Q−+,Q−−).

(3.23) om2

The fact that only Q++ and Q−− are neutral under U(1)ε1 × U(1)ε2 states that the Ω-

deformation along the 0 direction breaks N = (0, 4) supersymmetry to N = (0, 2). The

charges of Qαa and Q̃α̇ȧ under these twists are collected in Table
supercharge2
3. In conclusion, M-strings

compactified on T 2 which are placed at the tip of the AN−1 singularity of the Taub-NUT

space basically has (0, 4) supersymmetry on its world-sheet, and physical quantities with

nontrivial m, ε1, and ε2 can only preserve (0, 2) supersymmetry of it.

We are closing this section with comments on two issues. The one is about the relation

between the twists and the isometries of the Taub-NUT space. The mass deformation (
mass1
3.19)
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and the Ω-deformation (
om0
3.21) are obliviously identified with the U(1) isometries (

tniso1
3.15) and

(
tniso2
3.16) of TNN ,

U(1)m ≡ U(1)f , (3.24)

U(1)ε1 ×U(1)ε2 ≡ U(1)b. (3.25)

These two isometries ensure that we can introduce two types of the twists along T 2 in the

way to preserve at least (0, 2) supersymmetry.

The other is associated with the enhancement of supersymmetry in the case of TNN=1

where the background is flat but still has a single center of the Taub-NUT space. The non-

zero values of all twist parameters still break it to N = (0, 2) as shown above, but some of

supersymmetry might be possible to recover by tuning these parameters since some super-

charges get neutral under the twists (
mass1
3.19) and (

om0
3.21). From the charge under these twists in

Table
supercharge2
3, if we set m = ± ε1−ε2

2 , then two of four left-moving supercharges become invariant

under the twists, thus, supersymmetry get enhanced to N = (2, 2). On the other hand, when

choosing ε1 + ε2 = 0 (later called the unrefined limit), all of four right-moving supercharges

do not nontrivially rotated, as a result, N = (0, 4) arises. There is another possibility to tune

parameters as m = ± ε1+ε2
2 , which naively does not give extra supersymmetry. However, it

has been pointed out
Haghighat:2013gba
[32] that extra fermion zero-modes present with this tuning, and in

fact, supersymmetry enlargement may occur by appropriately removing these modes. We

will concretely demonstrate this phenomena in Section
Mstcont
4.3. If turning off all twist param-

eters, M-strings on TN1 has N = (4, 4) supersymmetry as explained in Section
Mstringsbasic
3.1. These

observations are summarized:

twist parameters (TN1) supersymmetry

m = ε1 = ε2 = 0 (4, 4)

m = ± ε1−ε2
2 (2, 2)

m 6= 0, ε1 + ε2 = 0 (0, 4)

m = ± ε1+ε2
2 (0, 2)∗

m 6= 0, ε1 6= 0, ε2 6= 0 (0, 2)

(3.26) enhancement

where ∗ means supersymmetry enhancement due to the fermion zero-modes.

4 Partition function of M-strings
Mpf

In this section, we would give the prescriptions how to compute the partition function of M-

strings. As mentioned above, we do not have on hand any direct evaluation of the partition

function because there is no known Lagrangian description of the 6d (2, 0) theory. Neverthe-

less, thanks to the chain of the duality, somehow indirect methods which have been developed

33



for decades are actually applicable to the M-strings calculations. There are basically two

perspectives for the moment suitable to the M-string.

• BPS state counting: roughly, the M-string can be viewed as the BPS particle on the

M5-brane world-volume R4
ε1,ε2 , which turns out to be the instanton counting problem.

This issue can actually be connected with the A-model topological string theory in

which a partition function is exactly computed by the refined or unrefined topological

vertex formulated in terms of geometry.

• 2d world-sheet theory: the 2d N = (0, 4) gauge theory may be induced on the world-

sheet of M-strings on the Taub-NUT space. The matter contents of the world-sheet

theory can be read off from string theory through the duality. As a result, we compute

its partition function on T 2 as an elliptic genus by the localization technique.

The refined topological vertex is technically more powerful but conceptually rather indirect

than the elliptic genus, but the fact that results obtained independently from them match

clarifies the validity of these techniques for M-strings. Note that, in what follows, we call

the M-theory circle a direction compactified on S1 in eleven-dimensional space-time which

becomes much small as M-theory is reduced to type IIA string theory. We will compute the

partition function of M-strings from the former standpoint in Section
Mstcont
4.3 and the latter in

Section
2dEG
4.4.

4.1 BPS counting with the refined topological vertex
Mtop

Let us see M-strings from the 4d plane R4
ε1,ε2 in the M5-brane at the starting point (

mstringsTN
3.17).

Each collection of ki M-strings is viewed as ki independent points on R4
ε1,ε2 . Actually, those

positions of M-strings become the parameters of its moduli space. The number of real

parameters of this moduli space is 4kiN , which is equivalent to that of ki SU(N) instantons

with a finite size
Haghighat:2013tka
[33]. Therefore, the M-string partition function can be computed as that of

this instanton moduli space. With the power of dualities in string theory, we may implement

this calculation by utilizing the so-called refined topological vertex in the topological string

theory. To see this, in this subsection let the 1 direction be the M-theory circle. As this circle

goes tiny, the M5-branes and the M2-branes wrapped on this circle are reduced to D4-branes

and fundamental strings indicated as F1, respectively, in type IIA string theory13:

S1 R4
ε1,ε2 TNN

0 2 3 4 5 6 7 8 9 \

M D4 × × × × × {ai}

ki F1 × ×

(4.1) geoIIA

13For the moment, we assume that the mass parameter m is turned off.
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Figure 13: The (p, q)-web diagram on the 67-plane that encodes the contribution of M-stringsdm33

(
mstrings
3.9). This is the case of (M,N) = (3, 3).

In order to make it easy to find the M-theory origin, we keep the labels for the coordi-

nates of eleven-dimensional space-time even when the ten-dimensional string theory is under

consideration. This reduction of course does not affect the Tabu-NUT space.

Then, we perform T-duality along the 7 direction that is S1 of TNN . This T-duality

brings the D4-branes into D5-branes wrapped on the 7 direction but does not change F1.

Further, it is known that the dense N centers of TNN are transformed to N NS5-branes.

The resultant configuration is the following D5-NS5 system with F1’s stretched between the

separated D5-branes:

S1 R4
ε1,ε2 S1

0 2 3 4 5 6 7 8 9 \

M D5 × × × × × {ai} ×
ki F1 × ×
N NS5 × × × × × ×

(4.2) pqweb

This configuration projected onto the 67-plane is shown on the left side of Figure
dm33
13 where the

dotted line on the D5-brane indicates that the 7 direction is compactified (as well as in Figure
deglim
9). We would restore the mass parameterm corresponding to the twisted boundary condition

on the 789\ directions. Since the D5-brane extends to the 7 direction, an Ramond-Ramond

(RR) field coupled to the D5-brane has non-zero components with this direction, thus, the

RR charge of the D5-brane is shifted by this twisted boundary condition when going around

the 7 direction. We have to complement this shift because of the charge conservation on the

D5-brane. The fact that the D5-brane is intersected with the NS5-brane allows us to absorb

it into the NSNS charge of the NS5-brane. This argument is carried out by introducing

the so-called (p, q)-fivebrane at the intersecting point where p and q are the NSNS and RR

charge, respectively, namely, an (1, 0)-fivebrane is NS5 and an (0, 1)-fivebrane is D5. For the
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current situation, the (1, 1)-fivebrane is brought into as the diagonal line shown on the right

side of Figure
dm33
13, for example, with (M,N) = (3, 3). This picture generically is called the

(p, q)-web diagram. We here treat only with this type of the (p, q)-web diagram along the

story of the M-string.

As a surprising fact, we can appropriately interpret the (p, q)-web diagram as purely a

geometric object: it is just translated into a web diagram of CY3 introduced in Section
Geotans
2.2.2

Aharony:1997bh, Leung:1997tw, Hollowood:2003cv
[89, 90, 91]. This is a prominent example that physics of string theory and the gauge theory

induced on the the (p, q)-web diagram is naturally investigated in the languages of geometry.

This fact also allows us to be able to evaluate the partition function of M-strings as we

will see. Upon this correspondence, the mass deformation also has the natural geometrical

interpretation. Getting back to the (p, q)-web diagram without the mass deformation in

Figure
dm33
13, the D5-brane and the NS5-brane cross at a point on the 67-plane. This intersecting

point is mapped into a singularity in the corresponding CY3, here nothing but the conifold

(Section
Geoengin
2.2). As a result, the mass deformation at that point actually resolves the singularity

of the conifold by blowing up it with CP1 of the size m as done in Section
Geotans
2.2.2. This is

another reason to take the mass deformation instead of keeping full supersymmetry on the

M-string.

The great success of relationship between the (p, q)-web system and CY3 provides the

application of the A-model topological string theory to the gauge theory on the D5-branes

under consideration. The basic ingredient of the computation in the A-model is the topolog-

ical vertex
Aganagic:2003db
[34] of which the combinatorics can produce the BPS partition function for the

general CY3 with a web diagram dual to the (p, q)-web diagram in type IIB string theory.

Therefore, the contribution of M-strings can be systematically evaluated by the topological

vertex. Moreover, there is the refined version of the topological string theory called the

refined topological string
Awata:2005fa, Iqbal:2007ii
[35, 36] basically to incorporate the Ω-deformation parameters

q1 = e2πiε1 , q2 = e−2πiε2 (4.3)

in the formulation of the topological string theory. From now on, we always say the unrefined

topological string as the standard topological string theory to distinguish it from the refined

one. Note that the refined topological string goes back to the unrefined one as taking the

limit

q1 = q2 ⇔ ε1 + ε2 = 0. (4.4) unrefine

Their definitions and necessary tools for the calculation are packed in Appendix
TopV
B. Also, to

avoid complexity, we basically note the details of calculations together in Appendix
Calculus
C.
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4.2 Domain wall partition function
Mtop2

At first, to easily derive the partition function of M-strings, we write down the partition

function for the domain wall (Figure
domain
11) that corresponds to the contribution of a single

M5-brane on the Taub-NUT space. More precisely, the reasons to prepare this as a building

block are that, by the construction of the refined topological string, gluing the domain

walls produces the web diagram for M-strings with general (M,N), and we need divide the

refined topological string partition function by the domain wall partition function to drop

parts come only from the KK towers of tensor multiplets in the 6d (2, 0) theory and extract

correctly information about M-strings. Let us denote the domain wall partition function as

Zν1ν2···νN
µ1µ2···µN (Qi; q1, q2), where the parameters are defined as follows. The web diagram for the

domain wall on TNN contains a single vertical line (i.e. a single M5) with N internal diagonal

segments. The vertical or diagonal internal line represents CP1 of a Kähler parameter ti, or

equivalently, a Kähler factor Qi,

Qi = e2πiti , (4.5)

where i runs for 1 to 2N . Since there are N external lines on both the left side and the

right side, we assign Young diagrams µT
j and νi on the left and the right, respectively, used

in the definition of the refined topological vertex (see Appendix
TopV
B). Further, we define an

additional Kähler factor Qτ such that

e2πiτ = Qτ :=
2N∏
i=1

Qi. (4.6) tauKahler

We will identify τ with the complex modulus of the torus on which M-strings are wrapped.

4.2.1 On TN1

As the first example, we would focus on the simplest domain wall, i.e. one M5-brane on TN1.

From string duality explained above, the associated brane system in type IIB string theory

consists of one D5-brane and one NS5-brane, and the web diagram of the corresponding CY3

is depicted in Figure
blockNM1
14. This diagram is obtained by combining two refined topological

vertex Cµνρ (
defrefined
B.8), thus, the refined topological string partition function is written as

Zν1
µ1

(Q1, Q2; q1, q2) =
∑
ρ1,ρ2

(−Q1)|ρ1|(−Q2)|ρ2|CρT
2 ρ1µT

1
(q2, q1)Cρ2ρT

1 ν1
(q1, q2). (4.7) nMbb1

Following the definition of the refined topological vertex (
defrefined
B.8) and the gluing prescription in

Appendix
TopV
B, (

nMbb1
4.7) can be deformed in the form of the infinite product (done in Appendix
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Figure 14: blockNM1The domain wall corresponding to a single M5-brane on TN1.

Mbb1
C.1),

Zν1
µ1

(Q1, Q2, Qτ ; q1, q2)

= q
||µT

1 ||2

2
1 q

||ν1||
2

2
2 Z̃µT

1
(q2, q1)Z̃ν1(q1, q2)

×
∞∏

n=1

1
1−Qn

τ

∞∏
i,j,k=1

(1−Q2Q
k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2 )(1−Q1Q

k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2 )

(1−Qk
τq

−µT
1,j+i−1

1 q
−µ1,i+j
2 )(1−Qk

τq
−νT

1,j+i

1 q
−ν1,i+j−1
2 )

 ,
(4.8) nMbb2

where the indices (i, j) run for all of the positions of boxes in the Young diagrams µ1 and

ν1, and in this case,

Qτ = Q1Q2. (4.9)

We need a further operation to derive the correct partition function of M-strings. To extract

the contribution from M-strings, the factor originated purely from the degrees of freedom

expect those self-dual strings should be removed. This can be achieved by the normalization

that the domain wall partition function is divided by the same one with Young diagrams

on the external lines being trivial, µ1 = ν1 = ∅. Concretely, the normalized domain wall

partition function Ẑν1
µ1

is given by

Ẑν1
µ1

(Q1, Q2, Qτ ; q1, q2)

:=
Zν1

µ1
(Q1, Q2, Qτ ; q1, q2)

Z∅
∅ (Q1, Q2, Qτ ; q1, q2)

= q
||µT

1 ||2

2
1 q

||ν1||
2

2
2 Z̃µT

1
(q2, q1)Z̃ν1(q1, q2)

×
∞∏

k=1

 ∏
(i,j)∈µ1

(1−Q2Q
k−1
τ q

νT
1,j−i+ 1

2

1 q
µ1,i−j+ 1

2
2 )(1−Q1Q

k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2 )

(1−Qk
τq

−µT
1,i+j−1

1 q
−µ1,j+i
2 )(1−Qk

τq
µT

1,i−j

1 q
µ1,j−i+1
2 )

×
∏

(i,j)∈ν1

(1−Q1Q
k−1
τ q

µT
1,j−i+ 1

2

1 q
ν1,i−j+ 1

2
2 )(1−Q2Q

k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2 )

(1−Qk
τq

−νT
1,j+i

1 q
−ν1,i+j−1
2 )(1−Qk

τq
νT
1,j−i+1

1 q
ν1,i−j
2 )

 .
(4.10) nMbb11
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Note that the parts independent of the Young diagrams on the external lines in (
nMbb2
4.8) are

dropped off by the normalization procedure. This is the wanted contribution of the domain

wall in Figure
blockNM1
14.

4.2.2 On TN2

The second example is one M5-brane on TN2 for which the web diagram with a specific

assignment of Kähler factors is shown in Figure
blockNM2
15. Since there are four vertices and,

correspondingly, four Kähler factors, the domain wall partition function Zν1ν2
µ1µ2

in terms of

the refined topological vertex is given by

Zν1ν2
µ1µ2

(Q1, Q2, Q3, Q4; q1, q2) =
∑

ρ1,ρ2,ρ3,ρ4

(−Q1)|ρ1|(−Q2)|ρ2|(−Q3)|ρ3|(−Q4)|ρ4|

× CρT
4 ρ1µT

1
(q2, q1)Cρ2ρT

1 ν1
(q1, q2)CρT

2 ρ3µT
2
(q2, q1)Cρ4ρT

3 ν2
(q1, q2).

(4.11) nMbb3

We can translate the skew schur functions in the refined topological vertex into the infinite

product over the Young diagrams in the same manner as for the previous case (shown in

Appendix
Mbb2
C.2). The result has also a factorized form,

Zν1ν2
µ1µ2

(Q1, Q2, Q3, Q4, Qτ ; q1, q2) = q
||µT

1 ||2+||µT
2 ||2

2
1 q

||ν1||
2+||ν2||

2

2
2 Z̃µT

1
(q2, q1)Z̃µT

2
(q2, q1)Z̃ν2(q1, q2)Z̃ν1(q1, q2)

× Zν1ν2
µ1µ2

(Q1, Q2, Q3, Q4, Qτ ; q1, q2), (4.12)

where Qτ = Q1Q2Q3Q4 (
tauKahler
4.6) and the last factor collects the infinite products,

Zν1ν2
µ1µ2

(Q1, Q2, Q3, Q4, Qτ ; q1, q2)

=
∞∏

n=1

1
1−Qn

τ

∞∏
i,j,k=1

(1−Q2Q3Q4Q
k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2 )(1−Q4Q

k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν2,i+j− 1

2
2 )

(1−Q3Q4Q
k−1
τ q

−µT
1,j+i−1

1 q
−µ2,i+j
2 )(1−Qk

τq
−µT

1,j+i−1

1 q
−µ1,i+j
2 )

× (1−Q2Q
k−1
τ q

−µT
2,j+i− 1

2

1 q
−ν1,i+j− 1

2
2 )(1−Q1Q2Q4Q

k−1
τ q

−µT
2,j+i− 1

2

1 q
−ν2,i+j− 1

2
2 )

(1−Q1Q2Q
k−1
τ q

−µT
2,j+i−1

1 q
−µ1,i+j
2 )(1−Qk

τq
−µT

2,j+i−1

1 q
−µ2,i+j
2 )

× (1−Q1Q
k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2 )(1−Q1Q3Q4Q

k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ2,i+j− 1

2
2 )

(1−Q1Q4Q
k−1
τ q

−νT
1,j+i

1 q
−ν2,i+j−1
2 )(1−Qk

τq
−νT

1,j+i

1 q
−ν1,i+j−1
2 )

× (1−Q1Q2Q3Q
k−1
τ q

−νT
2,j+i− 1

2

1 q
−µ1,i+j− 1

2
2 )(1−Q3Q

k−1
τ q

−νT
2,j+i− 1

2

1 q
−µ2,i+j− 1

2
2 )

(1−Q2Q3Q
k−1
τ q

−νT
2,j+i

1 q
−ν1,i+j−1
2 )(1−Qk

τq
−νT

2,j+i

1 q
−ν2,i+j−1
2 )

 .
(4.13) nMbb4

Then, normalizing (
nMbb4
4.13) by the one with setting µ1 = µ2 = ν1 = ν2 = ∅ results in the

products of these four Young diagrams as
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Figure 15: blockNM2The domain wall corresponding to a single M5-brane on TN2.

Ẑν1ν2
µ1µ2

(Q1, Q2, Q3, Q4, Qτ ; q1, q2) :=
Zν1ν2

µ1µ2
(Q1, Q2, Q3, Q4, Qτ ; q1, q2)

Z∅∅
∅∅ (Q1, Q2, Q3, Q4, Qτ ; q1, q2)

= q
||µT

1 ||2+||µT
2 ||2

2
1 q

||ν1||
2+||ν2||

2

2
2 Z̃µT

1
(q2, q1)Z̃µT

2
(q2, q1)Z̃ν1(q1, q2)Z̃ν2(q1, q2)

×
∞∏

k=1

 ∏
(i,j)∈µ1

(1−Q1Q
k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2 )(1−Q−1

1 Qk
τq

νT
1,j−i+ 1

2

1 q
µ1,i−j+ 1

2
2 )

(1−Qk
τq

µT
1,j−i

1 q
µ1,i−j+1
2 )(1−Qk

τq
−µT

1,j+i−1

1 q
−µ1,i+j
2 )

× (1−Q4Q
k−1
τ q

νT
2,j−i+ 1

2

1 q
µ1,i−j+ 1

2
2 )(1−Q−1

4 Qk
τq

−νT
2,j+i− 1

2

1 q
−µ1,i+j− 1

2
2 )

(1−Q1Q2Q
k−1
τ q

−µT
2,j+i−1

1 q
−µ1,i+j
2 )(1−Q−1

1 Q−1
2 Qk

τq
µT

2,j−i

1 q
µ1,i−j+1
2 )

×
∏

(i,j)∈µ2

(1−Q2Q
k−1
τ q

νT
1,j−i+ 1

2

1 q
µ2,i−j+ 1

2
2 )(1−Q−1

2 Qk
τq

−νT
1,j+i− 1

2

1 q
−µ2,i+j− 1

2
2 )

(1−Qk
τq

−µT
2,j+i−1

1 q
−µ2,i+j
2 )(1−Qk

τq
µT

2,j−i

1 q
µ2,i−j+1
2 )

× (1−Q3Q
k−1
τ q

−νT
2,j+i− 1

2

1 q
−µ2,i+j− 1

2
2 )(1−Q−1

3 Qk
τq

νT
2,j−i+ 1

2

1 q
µ2,i−j+ 1

2
2 )

(1−Q3Q4Q
k−1
τ q

−µT
1,j+i−1

1 q
−µ2,i+j
2 )(1−Q−1

3 Q−1
4 Qk

τq
µT

1,j−i

1 q
µ2,i−j+1
2 )

×
∏

(i,j)∈ν1

(1−Q1Q
k−1
τ q

µT
1,j−i+ 1

2

1 q
ν1,i−j+ 1

2
2 )(1−Q−1

1 Qk
τq

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2 )

(1−Qk
τq

−νT
1,j+i

1 q
−ν1,i+j−1
2 )(1−Qk

τq
νT
1,j−i+1

1 q
ν1,i−j
2 )

× (1−Q2Q
k−1
τ q

−µT
2,j+i− 1

2

1 q
−ν1,i+j− 1

2
2 )(1−Q−1

2 Qk
τq

µT
2,j−i+ 1

2

1 q
ν1,i−j+ 1

2
2 )

(1−Q2Q3Q
k−1
τ q

−νT
2,j+i

1 q
−ν1,i+j−1
2 )(1−Q−1

2 Q−1
3 Qk

τq
νT
2,j−i+1

1 q
ν1,i−j
2 )

×
∏

(i,j)∈ν2

(1−Q3Q
k−1
τ q

µT
2,j−i+ 1

2

1 q
ν2,i−j+ 1

2
2 )(1−Q−1

3 Qk
τq

−µT
2,j+i− 1

2

1 q
−ν2,i+j− 1

2
2 )

(1−Qk
τq

−νT
2,j+i

1 q
−ν2,i+j−1
2 )(1−Qk

τq
νT
2,j−i+1

1 q
ν2,i−j
2 )

× (1−Q4Q
k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν2,i+j− 1

2
2 )(1−Q−1

4 Qk
τq

µT
1,j−i+ 1

2

1 q
ν2,i−j+ 1

2
2 )

(1−Q1Q4Q
k−1
τ q

−νT
1,j+i

1 q
−ν2,i+j−1
2 )(1−Q−1

1 Q−1
4 Qk

τq
νT
1,j−i+1

1 q
ν2,i−j
2 )

 .
(4.14) nMbb12

This domain wall partition function for Figure
blockNM2
15 will be made use of in Section

PFGT
5.2 to

evaluate the contribution from a codimension-2 defect to M-strings.
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Figure 16: blockNMgThe domain wall corresponding to a single M5-brane on TNN .

4.2.3 On TNN

Finally, for general usage, we would like to write down the domain wall partition function

for the web diagram with generic N shown as Figure
blockNMg
16. The joint of 2N vertices can be

written in the following expression:

Zν1ν2···νN
µ1µ2···µN

(Qi; q1, q2) =
∑
{ρi}

N∏
a=1

(−Q2a−1)|ρ2a−1|(−Q2a)|ρ2a|CρT
2a−2ρ2a−1µT

a
(q2, q1)Cρ2aρT

2a−1νa
(q1, q2),

(4.15)

where {ρi}i=1, 2,··· , 2N = {ρ2a−1, ρ2a}a=1, 2,··· , N and the indices of the Kähler factors and

the Young diagrams are defined modulo 2N . We can generalize the process to deform the

partition function used in the above examples, which leads to the nicely factorized form,

Zν1ν2···νN
µ1µ2···µN

(Qi, Qτ ; q1, q2)

=

[
N∏

a=1

q
||µT

a ||2
2

1 q
||νa||2

2
2 Z̃µT

a
(q2, q1)Z̃νa(q1, q2)

]

×
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a,b=1

∞∏
i,j,k=1

1
(1−Qk

τ )
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1−Qk−1
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baq
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a,j+i− 1

2

1 q
−νb,i+j− 1

2
2

)(
1−Qk−1

τ Qabq
−νT

b,j+i− 1
2

1 q
−µa,i+j− 1

2
2

)
(

1−Qk−1
τ Q̃abq

−µT
b,j+i−1

1 q
−µa,i+j
2

)(
1−Qk−1

τ Q̃′
abq

−νT
b,j+i

1 q
−νa,i+j−1
2

) ,

(4.16) nMbb6

where Qτ is precisely (
tauKahler
4.6), and Qab, Q′

ba, Q̃ab, and Q̃′
ab are the products of some set of the

Kähler factors, as summarized in Table
qcombi
4. Note that there are simple relations, QabQ

′
ba = Qτ
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a < b a = b a > b

Qab

2b−1∏
s=2a−1

Qs Q2a−1

2b−1∏
s=1

Qs

2N∏
s′=2a−1

Qs′

Q′
ab

2b−2∏
s=2a

Qs QτQ
−1
2a−1

2b−2∏
s=1

Qs

2N∏
s′=2a

Qs′

Q̃ab

2b−2∏
s=2a−1

Qs Qτ

2b−2∏
s=1

Qs

2N∏
s′=2a−1

Qs′

Q̃′
ab

2b−1∏
s=2a

Qs Qτ

2b−1∏
s=1

Qs

2N∏
s′=2a

Qs′

Table 4: qcombiThe products of Kähler factors.

and Q2a−1Q̃ab = Q2b−1Q̃
′
ab. We visualize which region of the consecutive Kähler factors is

included in each one of Table
qcombi
4 as Figure

qcombi1
17 and

qcombi2
18.

As the final step, the normalization of the domain wall partition function (
nMbb6
4.16) for

general N provides

Ẑν1ν2···νN
µ1µ2···µN

(Qi, Qτ ; q1, q2)

:=
Zν1ν2···νN

µ1µ2···µN (Qi, Qτ ; q1, q2)
Z∅∅···∅
∅∅···∅ (Qi, Qτ ; q1, q2)

=

[
N∏

a=1

q
||µT

a ||2
2 t

||νa||2
2 Z̃µT

a
(q2, q1)Z̃νa(q1, q2)

]

×
N∏

a,b=1

∞∏
k=1

∏
(i,j)∈µa

(
1−Qk−1

τ Q′
baq

νT
b,j−i+ 1

2

1 q
µa,i−j+ 1

2
2

)(
1−Qk−1

τ Qabq
−νT

b,j+i− 1
2

1 q
−µa,i+j− 1

2
2

)
(

1−Qk−1
τ Q̃baq

µT
b,j−i

1 q
µa,i−j+1
2

)(
1−Qk−1

τ Q̃abq
−µT

b,j+i−1

1 q
−µa,i+j
2

)

×
∏

(i,j)∈νb

(
1−Qk−1

τ Q′
baq

−µT
a,j+i− 1

2

1 q
−νb,i+j− 1

2
2

)(
1−Qk−1

τ Qabq
µT

a,j−i+ 1
2

1 q
νb,i−j+ 1

2
2

)
(

1−Qk−1
τ Q̃′

abq
νT

a,j−i+1

1 q
νb,i−j
2

)(
1−Qk−1

τ Q̃′
baq

−νT
a,j+i

1 q
−νb,i+j−1
2

) .

(4.17) nMbb5

This is the general formula for the contributions of the domain wall, and we can also derive

the general partition function of M-strings by gluing (
nMbb5
4.17) M times which is the number of

domain walls.
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ab
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Q2b�1

Q2a

Q2b�2

Figure 17: Qab, Q̃ab, Q̃′
ab for a > b. Each is a product of the Kähler factors in the regionqcombi1

covered by the corresponding colored up-and-down arrow.
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µT
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µT
N

Q2

Q2N

Q1

Q2N�1

Qab�Qab
�Q�

ab
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Q2b�2

Q2a

Q2a�1

Q2b

Q2b�1

Figure 18: qcombi2Qab, Q̃ab, Q̃′
ab for a < b. Each is shown in the same manner as in Figure

qcombi1
17.
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4.3 M-string contributions
Mstcont

Let us turn to computing the M-string partition function that should be a quantity for the

BPS states captured by M-strings on the world-volume of the M5-branes. It actually turns

out that the quantity obtained simply by combining the domain wall partition functions

becomes the form of a generating function G(M,N) of M-strings. In what follows, we will

denote the partition function of k M-strings with M M5-branes on TNN as Z(M,N,k). As

described in Appendix
TopV
B, when connecting the external edges of the domain walls, we need

to assign a Kähler factor Qf and a Young diagram µ on each glued segment of the web

diagram and sum over µ. Therefore, gluing the domain wall partition functions computed

above provides schematically the following generating function:

G(M,N)(Qi, Qf ; q1, q2) =
∞∑

k=0

∑
|µ|=k

(−Qf )|µ|Z(M,N,k)(Qi; q1, q2), (4.18) genef

where the summation of |µ| = k means that it is taken over possible Young diagrams with

the number of boxes being k. The appearance of this sum naturally reflects the fact that

the ground state of k M2-branes ending on the M5-brane is parametrized by the partitions

of k as drawn in Figure
domain
11. We will use the Kähler factor Qf to characterize CP1 depicted

as the horizontal internal segment on the we diagram that corresponds to the finite extent

of the M2-brane along the 6 direction.

Here, we introduce an additional index on Kähler factors Qi and Young diagrams µa to

label the number of the M5-branes so that

Q
(a)
2a−1, Q

(a)
2a , µ

(a)
a for a = 1, 2, · · · , N, and a = 1, 2, · · · ,M. (4.19)

From now on, we use German letters a, b, . . . for the number of the domain walls. With

this convention, we arrange three conditions which have to be imposed on Kähler factors to

consistently glue the domain walls.

• The only one compactification radius along the vertical axis,

Qτ =
2N∏
i=1

Q
(a)
i = Q

(a)
ab Q

′(a)
ba for ∀a. (4.20) kag1

• The net effect of resolving the singularities is the mass deformation,

e2πim = Qm =
N∏

a=1

Q
(a)
2a−1 for ∀a. (4.21) kag2

• For each hexagon, the total length of the compactified direction should be the same,

Q
(a)
2a Q

(a)
2a+1 = Q

(a+1)
2a−1 Q

(a+1)
2a . (4.22) kag3
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Q(1)
1

Q(2)
1

Q(1)
2

Q(2)
2

Qf

Figure 19: webT20The web diagram corresponding to M-strings with two M5-branes on TN1.

Note that any condition on Q(a)
f,a for the horizontal internal segments does not occur. More-

over, to avoid the equations being indistinct, we define

Q
(a)
i :=

(
Q

(a)
i

)−1
. (4.23) kag4

4.3.1 The simplest case

The simplest example to demonstrate the calculation is the M-strings with (M,N) = (2, 1).

The corresponding web diagram is obtained as in Figure
webT20
19 by gluing two domain walls of

Figure
blockNM1
14 with setting a Kähler factor Qf on the line connecting them. Accordingly, we have

to multiply two domain wall partition functions of (
nMbb11
4.10) to derive the partition function of

M-strings, which gives

G(2,1)(Q
(a)
i , Qτ ; q1, q2) =

∑
µ

(−Qf )|µ|Ẑµ
∅ (Q(1)

1 , Q
(1)
2 , Qτ ; q1, q2)Ẑ∅

µ(Q(2)
1 , Q

(2)
2 , Qτ ; q1, q2)

=
∑

µ

(−Qf )|µ|q
||µT||2

2
1 q

||µ||2
2

2 Z̃µT(q2, q1)Z̃µ(q1, q2)

×
∞∏

k=1

∏
(i,j)∈µ

(1−Q(1)
1 Qk−1

τ q
−i+ 1

2
1 q

µi−j+ 1
2

2 )(1−Q(1)
2 Qk−1

τ q
i− 1

2
1 q

−µi+j− 1
2

2 )

(1−Qk
τq

−µT
j +i

1 q−µi+j−1
2 )(1−Qk

τq
µT

j −i+1

1 qµi−j
2 )

× (1−Q(2)
2 Qk−1

τ q
−i+ 1

2
1 q

µi−j+ 1
2

2 )(1−Q(2)
1 Qk−1

τ q
i− 1

2
1 q

−µi+j− 1
2

2 )

(1−Qk
τq

−µT
j +i−1

1 q−µi+j
2 )(1−Qk

τq
µT

j −i

1 qµi−j+1
2 )

.

(4.24) genef1

Here note that the condition for the unique compactified radius (
kag1
4.20) becomes

Qτ = Q
(1)
1 Q

(1)
2 = Q

(2)
1 Q

(2)
2 , (4.25) kas1

and the resolution by the mass deformation (
kag2
4.21) imposes the relation

Qm = Q
(1)
1 = Q

(2)
1 . (4.26) kas2

45



The third condition (
kag3
4.22) does not occur because the web diagram of Figure

webT20
19 does not

have a hexagonal loop. The existence of the infinite product over k is actually a key to recast

these terms in G(2,1) into the elliptic theta function θ1(x;Qτ ) of the complex modulus Qτ by

means of the Jacobi’s tuple product identity (
triple1
A.56). In the following, whenever its complex

modulus is Qτ , we will use an abbreviated notation θ1(x) unless otherwise stated. We would

here perform how this recasting works and show that we can generalize it systematically

to the example below. Indeed, since there is a slight difference between the numerator and

denominator to generate the theta function, we would like to consider separately them.

• The numerator of (
genef1
4.24): first of all, we use the relation (

kas1
4.25),

Gnum
(2,1) :=

∞∏
k=1

∏
(i,j)∈µ

(
1−Q(1)

1 Qk−1
τ q

−i+ 1
2

1 q
µi−j+ 1

2
2

)(
1−Q(1)

2 Qk−1
τ q

i− 1
2

1 q
−µi+j− 1

2
2

)

×
(

1−Q(2)
2 Qk−1

τ q
−i+ 1

2
1 q

µi−j+ 1
2

2

)(
1−Q(2)

1 Qk−1
τ q

i− 1
2

1 q
−µi+j− 1

2
2

)
=

∞∏
k=1

∏
(i,j)∈µ

(
1−Q(1)

1 Qk−1
τ q

−i+ 1
2

1 q
µi−j+ 1

2
2

)(
1−Q(1)

1 Qk
τq

i− 1
2

1 q
−µi+j− 1

2
2

)

×
(

1−Q(2)
1 Qk

τq
−i+ 1

2
1 q

µi−j+ 1
2

2

)(
1−Q(2)

1 Qk−1
τ q

i− 1
2

1 q
−µi+j− 1

2
2

)
. (4.27)

Comparing this with the definition of θ1(x; p) of multiplicative variables (
t12
A.55), the terms

coming from the same domain wall could be brought together with the infinite product of

k into the Jacobi’s triple product identity (
triple1
A.56). With this observation, we concentrate on

the factors of the first domain wall (i.e. including only Q(1)
a ),

∞∏
k=1

(
1−Q(1)

1 Qk−1
τ q

−i+ 1
2

1 q
µi−j+ 1

2
2

)(
1−Q(1)

1 Qk
τq

i− 1
2

1 q
−µi+j− 1

2
2

)
=

θ1

(
Q

(1)
1 q

i− 1
2

1 q
−µi+j− 1

2
2

)
−iQ

1
8
τ

(
Q

(1)
1 q

i− 1
2

1 q
−µi+j− 1

2
2

) 1
2

(Qτ ;Qτ )∞

,

(4.28)

where (x; p)∞ is the q-Pochhammer symbol (or the q-shifted factorial) defined in (
qshifted
A.60).

The remaining factors from the second domain wall can be straightforwardly transformed

into the elliptic theta function in the same manner, hence, we have

Gnum
(2,1) =

∏
(i,j)∈µ

 1

iQ
1
8
τ (Qτ ;Qτ )∞

2 θ1

(
Q

(1)
1 q

i− 1
2

1 q
−µi+j− 1

2
2

)
θ1

(
Q

(2)
1 q

−i+ 1
2

1 q
µi−j+ 1

2
2

)
(
Q

(1)
1 q

i− 1
2

1 q
−µi+j− 1

2
2

) 1
2
(
Q

(2)
1 q

−i+ 1
2

1 q
µi−j+ 1

2
2

) 1
2

=
(
Q

(1)
1 Q

(2)
1

) |µ|
2
∏

(i,j)∈µ

 1

iQ
1
8
τ (Qτ ;Qτ )∞

2

θ1

(
Q

(1)
1 q

i− 1
2

1 q
−µi+j− 1

2
2

)
θ1

(
Q

(2)
1 q

−i+ 1
2

1 q
µi−j+ 1

2
2

)
.

(4.29) genefnum1
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Note that the first factor in the product of µ that does not contain (q1, q2) will be simply

cancelled with that of the denominator.

• The denominator of (
genef1
4.24): we bring the functions Z̃µTZ̃µ together,

Gden
(2,1) :=

1

Z̃µT(q2, q1)Z̃µ(q1, q2)

∞∏
k=1

∏
(i,j)∈µ

(1−Qk
τq

−µT
j +i

1 q−µi+j−1
2 )︸ ︷︷ ︸

(1-i)

(1−Qk
τq

µT
j −i+1

1 qµi−j
2 )︸ ︷︷ ︸

(1-ii)

× (1−Qk
τq

−µT
j +i−1

1 q−µi+j
2 )︸ ︷︷ ︸

(2-i)

(1−Qk
τq

µT
j −i

1 qµi−j+1
2 )︸ ︷︷ ︸

(2-ii)

, (4.30)

where the terms labeled by (1-i), (1-ii) originally belong to the first domain wall and ones

labeled by (2-i), (2-ii) to the second domain wall. The situation differs from the numerator.

The factors in the first line of the infinite product cannot be directly combined into the

elliptic theta function via the Jacobi’s triple product identity because the powers of q1 and

q2 do not match; we can incorporate terms which include the same power of variables. In

the present case, the combination of the terms (1-ii) and (2-i) is adequate to do this, and

also that of the terms (1-i) and (2-ii) is. Substituting the definition of Z̃µ(q1, q2) given in

(
defrefined
B.8), the former is deformed as

1

Z̃µ(q1, q2)

∞∏
k=1

∏
(i,j)∈µ

(1−Qk
τq

µT
j −i+1

1 qµi−j
2 )︸ ︷︷ ︸

(1-ii)

(1−Qk
τq

−µT
j +i−1

1 q−µi+j
2 )︸ ︷︷ ︸

(2-i)

=
∏

(i,j)∈µ

(
1− q

µT
j −i+1

1 qµi−j
2

) ∞∏
k=1

(1−Qk
τq

µT
j −i+1

1 qµi−j
2 )(1−Qk

τq
−µT

j +i−1

1 q−µi+j
2 )

=
∏

(i,j)∈µ

∞∏
k=1

(1−Qk−1
τ q

µT
j −i+1

1 qµi−j
2 )(1−Qk

τq
−µT

j +i−1

1 q−µi+j
2 )

=
∏

(i,j)∈µ

θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
−iQ

1
8
τ

(
q
−µT

j +i−1

1 q−µi+j
2

) 1
2

(Qτ ;Qτ )∞

, (4.31)

Similarly, the other set of the terms (1-i), (2-ii), and Z̃µT(q2, q1) can generate a single elliptic

theta function. As a result, we obtain

Gden
(2,1) =

∏
(i,j)∈µ

 1

iQ
1
8
τ (Qτ ;Qτ )∞

2 θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

)
(
q
−µT

j +i−1

1 q−µi+j
2

) 1
2
(
q
−µT

j +i

1 q−µi+j−1
2

) 1
2

= q
||µT||2

2
1 q

||µ||2
2

2

∏
(i,j)∈µ

 1

iQ
1
8
τ (Qτ ;Qτ )∞

2

θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

)
,

(4.32)
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where, in the last line, we used the formulae (
yn1
A.4) and (

yn2
A.5) to pull out the prefactors of q1

and q2. As we commented, the first factor independent of (q1, q2) in the product of µ cancels

the one that appears in the numerator (
genefnum1
4.29). We should remark that the calculation process

for the denominator here happens for the general case. A term in a certain domain wall is

combined with the one coming from the nearest neighbor domain wall into θ1(x) (see details

in Appendix
Gene
C.4).

Now, we are in the stage to write down the partition function of M-strings. Getting Gnum
(2,1)

and Gden
(2,1) back into the generating function (

genef1
4.24) leads to

G(2,1)(Qm, Qτ , Qf ; q1, q2)

=
∑

µ

(−Qf )|µ|q
||µT||2

2
1 q

||µ||2
2

2

Gnum
(2,1)

Gden
(2,1)

=
∑

µ

(
−Qf

√
Q

(1)
1 Q

(2)
1

)|µ| ∏
(i,j)∈µ

θ1

(
Q

(1)
1 q

i− 1
2

1 q
−µi+j− 1

2
2

)
θ1

(
Q

(2)
1 q

−i+ 1
2

1 q
µi−j+ 1

2
2

)
θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

)

=
∑

µ

(−QfQm)|µ|
∏

(i,j)∈µ

θ1

(
Q−1

m q
i− 1

2
1 q

−µi+j− 1
2

2

)
θ1

(
Q−1

m q
−i+ 1

2
1 q

µi−j+ 1
2

2

)
θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

) , (4.33) genef3

where the condition (
kas2
4.26) is put in. This is precisely the form of the generating function as

(
genef
4.18). From this expression, we can simply extract the partition function of k M-strings,

Z(2,1,k)(Qm, Qτ ; q1, q2) =
∑
|µ|=k

∏
(i,j)∈µ

θ1

(
Q−1

m q
i− 1

2
1 q

−µi+j− 1
2

2

)
θ1

(
Q−1

m q
−i+ 1

2
1 q

µi−j+ 1
2

2

)
θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

) .

(4.34) genef4

This function equipped with the theta function is expected since M-strings are now com-

pactified on the torus T 2 and its partition function should have the elliptic property that

is usually realized as the theta function as for many situations in physics. At this point, τ

defined in (
tauKahler
4.6) is smoothly identified with the complex modulus of T 2. The reason to hold

this identification is roughly that the complex modulus is mapped into the size of the elliptic

fibration in CY3
Haghighat:2013gba
[32]. Although it is not really trivial that the theta function arises from

the refined topological vertex, its emergence strongly supports us to correctly produce the

contribution of M-strings.
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The limit m = 1
2(ε1 + ε2)

We would consider a certain limit on the M-string partition function to see supersymmetry

enhancement as commented in the last of Section
Mstrings
3. At fist, by using the formula (

ycombi1
A.12), we

rewrite the numerator of (
genef4
4.34) as

Z(2,1,k)(Qm, Qτ ; q1, q2) =
∑
|µ|=k

∏
(i,j)∈µ

θ1

(
Q−1

m q
i− 1

2
1 q

−j+ 1
2

2

)
θ1

(
Q−1

m q
−i+ 1

2
1 q

j− 1
2

2

)
θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

) . (4.35) genef5

Here, we concentrate on the following limit:

m =
1
2
(ε1 + ε2) ⇔ Qm =

√
q1
q2
. (4.36) masslimit1

Substituting this specialization into (
genef5
4.35), we have

Z(2,1,k)(Qτ ; q1, q2) =
∑
|µ|=k

∏
(i,j)∈µ

θ1

(
qi−1
1 q−j+1

2

)
θ1

(
q−i
1 qj

2

)
θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

) . (4.37) genef6

As a result, the above partition function vanishes if the Young diagram µ contains at most

one box, (i, j) = (1, 1) because

θ1(qi−1
1 q−j+1

2 ;Qτ ) = θ1(1;Qτ ) = 0

for the first theta function in the numerator. This sequence is interpreted as the emergence

of fermion zero-modes
Haghighat:2013gba
[32] which corresponds to an overall U(1) of U(k) and really the

center of mass degree of freedom of the M-strings on the M5-branes. We need get rid of this

contribution in order to still retain the nontrivial partition function. A simple treatment

which does not exclude other contributions from the M-strings is to divide Z(2,1,k) (
genef6
4.37) by

Z(2,1,1) the partition function of a single M-string and then do the limit (
masslimit1
4.36). Namely,

Ẑ(2,1,k)(Qτ ; q1, q2) :=
Z(2,1,k)(Qm, Qτ ; q1, q2)
Z(2,1,1)(Qm, Qτ ; q1, q2)

∣∣∣∣
m= 1

2
(ε1+ε2)

. (4.38) genef7

This gives properly the non-zero result, and it is found that this is compatible with the

elliptic genus of the 2d N = (4, 4) SU(k) gauge theory (at least of rank k ≤ 10)
Haghighat:2013gba
[32] that

is exactly computable by the supersymmetric localization
Benini:2013nda, Benini:2013xpa
[38, 39]. This should not be U(k)

since the overall U(1) is removed in (
genef7
5.32). We can check quantitatively that the enlargement

of supersymmetry happens due to the fermion zero-modes in the limit of the mass parameter.
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M

M � 1

1
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3

1

2

N � 1

N

Figure 20: webTMNThe web diagram corresponding to M-strings with M M5-branes on TNN .

4.3.2 The general formula for the partition fucntion
GenePf

As for the domain wall, we can compute the M-string partition function captured by the

web diagram of general (M,N)14 in Figure
webTMN
20. Gluing M domain wall partition functions

of (
nMbb5
4.17) results in

G(M,N)(Q
(a)
i , Qτ , Q

(a)
f,a; q1, q2)

=
∑

{µ(a)
a }

[
M−1∏
a=1

N∏
a=1

(
−Q(a)

f,a

)]
Ẑ

µ
(1)
1 µ

(1)
2 ···µ(1)

N

∅∅···∅ (Q(1)
i , Qτ ; q1, q2)

×

[
M−1∏
b=2

Ẑ
µ

(b )
1 µ

(b )
2 ···µ(b)

N

µ
(b−1)
1 µ

(b−1)
2 ···µ(b−1)

N

(Q(b)
i , Qτ ; q1, q2)

]
Ẑ∅∅···∅

µ
(M−1)
1 µ

(M−1)
2 ···µ(M−1)

N

(Q(M)
i , Qτ ; q1, q2),

(4.39) genef2

where µ(a)
a and Q

(a)
f,a are a Young diagram and a Kähler factor, respectively, on the a-th

segment from the bottom that joints the a-th and (a + 1)-th domain wall. The domain wall

14A class of geometries with the chains of CP1’s is known as the bubbling Calabi-Yau geometry
Gomis:2006mv, Gomis:2007kz
[92, 93].
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partition functions are

Ẑ
µ

(1)
1 µ

(1)
2 ···µ(1)

N

∅∅···∅ : the 1st domain wall at the left end,

Ẑ
µ

(b )
1 µ

(b)
2 ···µ(b)

N

µ
(b−1)
1 µ

(b−1)
2 ···µ(b−1)

N

: the b-th domain wall in the middle,

Ẑ∅∅···∅
µ

(M−1)
1 µ

(M−1)
2 ···µ(M−1)

N

: the M -th domain wall at the right end.

We would rewrite (
genef2
4.39) in terms of the elliptic theta function by generalizing the calcula-

tion steps from (
genef1
4.24) to (

genef3
4.33). Because this is basically straightforward but notationally

complicated, we throw details into Appendix
Gene
C.4. The final result is given by

G(M,N)(Q
(a)
i , Qτ , Q

(a)
f,a; q1, q2)

=
∑

{µ(a)
a }

M−1∏
b=1

[
N∏

a=1

(
Q

(b)
f,a

)|µ(b)
a |
] N∏

a,b=1

∏
(i,j)∈µ

(b )
a

θ1

(
A

(b)
ab (i, j)

)
θ1

(
B

(b)
ab (i, j)

)
θ1

(
C

(b)
ab (i, j)

)
θ1

(
D

(b)
ab (i, j)

)
 , (4.40) genef8

where we define for the weights in the sectors of |µ(b)
a |,

Q
(b)
f,a := Q

(b)
f,a

(
q2
q1

)N−1
2

(
N∏

b=1

Q
(b)
2b−1Q

(b+1)
2b−1

) 1
2

, (4.41)

and for the multiplicative variables of the elliptic theta function,

A
(b)
ab (i, j) := Q

(b+1)
ab q

µ
(b+1)
b,j

T−i+ 1
2

1 q
µ

(b )
a,i−j+ 1

2

2 , (4.42)

B
(b)
ab (i, j) := Q

(b)
ba q

−µ
(b−1)
b,j

T+i− 1
2

1 q
−µ

(b )
a,i +j− 1

2

2 , (4.43)

C
(b)
ab (i, j) := Q̂

(b)
ba q

−µ
(b )
b,j

T+i−1

1 q
−µ

(b )
a,i +j

2 , (4.44)

D
(b)
ab (i, j) := Q̂

(b)
ab q

µ
(b )
b,j

T−i

1 q
µ

(b )
a,i−j+1

2 , (4.45)

with Q
(b)
ab :=

(
Q

(b)
ab

)−1
and

Q̂
(b)
ab =

 1 for a = b,(
Q̃

′(b)
ab

)−1
for a 6= b.

(4.46)

Finally, the general formula for the partition function of M-strings originated from ka M2-

branes stretched between the a-th and (a + 1)-th M5-branes on TNN can be read as

Z
(M,N,~k)

(Q(a)
i , Qτ ; q1, q2) =

∑
PN

a=1 |µ
(a)
a |=ka

M−1∏
b=1

N∏
a,b=1

∏
(i,j)∈µ

(b )
a

θ1

(
A

(b)
ab (i, j)

)
θ1

(
B

(b)
ab (i, j)

)
θ1

(
C

(b)
ab (i, j)

)
θ1

(
D

(b)
ab (i, j)

) ,
(4.47) genef9

where ~k = (k1, k2, · · · , kM−1) for a = 1, 2, · · · ,M − 1.
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4.4 Elliptic genus of the world-sheet theory
2dEG

The other perspective to calculate the M-string partition function is on the world-sheet

theory of M-strings. Since the M-string on TNN keeps basically (0, 4) supersymmetry, its

world-sheet theory could be a 2d N = (0, 4) theory with U(ki) gauge symmetries associated

with the stacks of the M2-branes and several matter fields in some representations of U(ki).

The matter contents of this theory may not easily be read off from the world-volume of the

M5-brane since we know much less the 6d SCFT15. Nevertheless, we can nicely pick up them

from string theory as the low energy prescription of M-theory. Then, we calculate exactly

the elliptic genus of the 2d theory on M-strings by the so-called supersymmetric localization
Pestun:2007rz, Kapustin:2009kz
[16, 17].

4.4.1 N = (0, 2) elliptic genera

At first, we would list the formulae for the elliptic genera of 2d N = (0, 2) supersymmetric

theories. The elliptic genus
Witten:1986bf
[37], simply speaking, is a partition function on a torus of the

complex modulus τ , or equivalently, an index on the Hilbert space of quantum mechanics.

This quantity can be evaluated exactly in the path integral formalism by using the localiza-

tion
Gadde:2013dda, Benini:2013nda, Benini:2013xpa
[54, 38, 39]. The formulae basically are written in terms of the elliptic theta function

θ1(z|τ) (
t12
A.55). If one would know more about 2d N = (0, 2) and (0, 4) theories, see e.g.

Witten:1993yc, Edalati:2007vk, Gadde:2013lxa, Tong:2014yna, Putrov:2015jpa
[94, 95, 96, 97, 98].

The N = (0, 2) theory consists of a vector V , a chiral Φ, and a Fermi multiplet Ψ which

contain the following fields as on-shell degrees of freedom:

N = (0, 2) scalar fermion gauge

vector V λ+ Aµ

chiral Φ φ ψ−

Fermi Ψ ψ+

(4.48) 02multiplet

The elliptic genus on the Neveu-Schwarz (NS) sector16 of the Hilbert space H is defined as

INS(ξi; τ) = TrHNS
(−1)F pHL p̄HR− 1

2
JR
∏

i

e2πiξifi , (4.49)

where F is the fermion number operator, and HL, HR are the left-moving and right-moving

Hamiltonian, respectively. JR is the charge generator of the right-moving U(1) R-symmetry,
15More precisely, there is the list of multiplets in the 6d SCFT, but it is quite hard to fix the appropriate

reduction to the 2d theory because we do not have any Lagrangian description which encodes interactions.
16In the similar way, the elliptic genus on the Ramond (R) sector is given by

IR(ξi; τ) = TrHR(−1)F pHL p̄HR
Y

i

e2πiξifi .
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and fi are Cartan generators of a flavor symmetry. The multiplicative parameter is given by

p = e2πiτ , and ξi corresponds to chemical potentials associated with a flavor symmetry. We

now assume that the theory has one flavor symmetry, but we can easily generalize it to the

case of several flavor symmetries. As an usual argument, we can choose supercharges such

that the elliptic genus does not depend on p̄. We obtain the elliptic genus by multiplying

one-loop determinants ∆1-loop as contributions from all multiplets in the theory of interest.

The one-loop contributions of the multiplets in (
02multiplet
4.48) are given as follows.

• The vector multiplet V with a gauge group G,

∆V
1-loop =

(
−2πiη(τ)2

)rankG ∏
α∈adj
α 6=0

iθ1(α · v|τ)
η(τ)

. (4.50) eg02vec

• The chiral multiplet Φ in a representation R,

∆Φ
1-loop =

∏
ρ∈R

iη(τ)
θ1(ρ · v + fiξi|τ)

. (4.51) eg02chi

• The Fermi multiplet Ψ in a representation R,

∆Ψ
1-loop =

∏
ρ∈R

iθ1(ρ · v + fiξi|τ)
η(τ)

, (4.52) eg02Fer

where α and ρ are the elements of the root and weight of G. The function η(τ) is the

Dedekind eta function,

η(τ) = e
πiτ
12

∞∏
n=1

(
1− e2πinτ

)
= p

1
24 (p; p)∞, (4.53)

where (p; p)∞ is the q-Pochhammer symbol (or the q-shifted factorial) given in (
qshifted
A.60). For

instance, the elliptic genus of the U(k) gauge theory with one chiral and one Fermi multi-

plet in the fundamental representation and transformed under an U(1)ξ1 and U(1)ξ2 global

symmetry is written as

I(ξ) ∼
∫

T
dkv

k∏
i6=j

θ1(vi − vj)
k∏

i,j=1

θ1(vi + ξ2)
θ1(vi + ξ1)

, (4.54)

where we omit τ , and ∼ stands for the equality up to a prefactor independent of integration

variables vi which are taken in the maximal torus T of U(k). Remark that as for the

refined topological vertex, we often use a convention I(a; p) with a collection of multiplicative

parameters a ≡ {ai} defined by ai = e2πiξi (i.e. the exponentiations of arguments).
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Figure 21: gaugeIIA56The D2-D6-NS5 system projected onto the 56-plane.

4.4.2 Type IIA brane system
2dEGIIA

Field contents

Let the 7 direction, S1 of TNN , be the M-theory circle in (
mstringsTN
3.17). As the circle shrinks,

the M5-branes and the M2-branes unwrapped on this S1 are mapped to NS5-branes and

D2-branes, respectively. The centers of TNN now are affected by this reduction to change

to N D6-branes. Thus, we reach to the D2-D6-NS5 system of type IIA string theory (called

the IIA brane model in
Hosomichi:2014rqa
[99]17),

T 2 R4
ε1,ε2

0 1 2 3 4 5 6 8 9 \

M NS5 × × × × × × {ai}

ki D2 × × ×
N D6 × × × × × × ×

(4.55) gaugeIIA

We would focus on the D2-branes whose world-volume theory originally is a 3d N = 2 gauge

theory. The 2d N = (0, 4) effective theory of our interest that becomes the quiver gauge

theory is obtained by reducing this 3d theory. We remark that since the multiplets of the

N = (0, 4) theory can be decomposed into these of the N = (0, 2) theory, we list the field

contents induced on the D2-branes in the languages of N = (0, 2) as follows
Hosomichi:2014rqa
[99]. The gauge

group of the 2d theory is ⊗M−1
i=1 U(ki) that arises from open strings ending on the stacks of ki

17They have mainly investigated the world-sheet theory of self-dual strings as the boundary of the ABJM

theory
Aharony:2008ug
[22] phrased as the ABJM slab and discussed its connection to the IIA brane model.
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D2-branes. There are associated (0, 2) vector multiplets V(i), including gauge fields Aµ(i) and

fermions λα̇ȧ
+(i), and (0, 2) chiral multiplets B(i) in the adjoint representation which consist

of scalars bαα̇
(i) and fermions χαȧ

−(i). Further, Fermi multiplets Λ(i) which does not have the

gauge fields appear:

Aµ(i), λ
α̇ȧ
+(i) ∈ V(i) : vector

bαα̇
(i) , χ

αȧ
−(i) ∈ B(i) : chiral

λ̃α̇ȧ
+(i) ∈ Λ(i) : Fermi

 adjoint of U(ki), (4.56) 02matter1

where we recycle the notation in the previous section that α, a = ± for SU(2)L and S̃U(2)L,

and α̇, ȧ = ±̇ for SU(2)R and S̃U(2)R, respectively. From the point of view of the D2-branes

in the i-th interval [ai, ai+1], the open strings stretched between the D2-branes and D6-branes

give rise to chiral multiplets Φ(i) in the fundamental representation ki, containing scalars

φα̇
(i) and fermions ψȧ

−(i), and Fermi multiplets Ψ(i), Ψ̃(i) comprised of fermions ψ+(i), ψ̃+(i),

respectively:

φα̇
(i), ψ

ȧ
−(i) ∈ Φ(i) : chiral

ψ+(i) ∈ Ψ(i) : Fermi

ψ̃+(i) ∈ Ψ̃(i) : Fermi

 ki of U(ki). (4.57) 02matter2

Moreover, we actually find the open strings between the i-th and the (i + 1)-th stacks of

D2-branes, which lead to chiral multiplets Y(i), with scalars yȧ
(i) and fermions λα̇

−(i), and

Fermi multiplets X(i), with fermions χα
+(i), in the bifundamental representation (ki,ki+1):

yȧ
(i), λ

α̇
−(i) ∈ Y(i) : chiral

χα
+(i) ∈ X(i) : Fermi

}
(ki,ki+1) of U(ki)×U(ki+1), (4.58) 02matter3

where the first entry ki belongs to U(ki) and the second ki+1 to U(ki+1). We should note

that there are also the fields conjugate to the above one, that is, chiral and Fermi multiplets

in the bifundamental representation (ki,ki+1) in addition to chiral and Fermi multiplets in

the antifundamental representation ki. The matters in (
02matter1
4.56)-(

02matter3
4.58) and their conjugate

compose (0, 4) multiplets (see Table
mstringsmatter21
5). Figure

gaugeIIA56
21 shows the brane system with open strings

originating these fields which are connected from the D2-branes in the i-th interval. This

picture can be compared with the well-known brane system of type IIB string theory as

worked in
Haghighat:2013tka
[33]. We would briefly mention this standpoint in the next subsection.

The simplest example of (M,N) = (2, 1)

To make discussions concrete, now we would restrict ourselves to the simplest example,

(M,N) = (2, 1), as in the previous subsection, and then shortly demonstrate the computation

of the elliptic genus of this theory following
Hosomichi:2014rqa
[99]. In this case, there is only one stack of k
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N = (0, 4) N = (0, 2) U(k) U(1)m U(1)ε1 U(1)ε2

vector
vector V adj 0 0 0

Fermi Λ̃ adj 0 +1 +1

hyper
chiral B adj 0 +1 0

chiral B̃ adj 0 0 +1

hyper
chiral Φ k 0 −1

2 −1
2

chiral Φ̃ k 0 −1
2 −1

2

Fermi
Fermi Ψ k −1 0 0

Fermi Ψ̃ k −1 0 0

Table 5: The matter contents of the 2d U(k) gauge theory on k D2-branes ending on M = 2mstringsmatter21

NS5-branes and lain on N = 1 D6-brane.

D2-branes, hence, the world-sheet theory is the N = (0, 4) U(k) gauge theory without

bifundamental fields. The matter contents are immediately read off from the above list, as

summarized in Table
mstringsmatter21
5 with U(1) charges under twists introduced in (

mass1
3.19) and (

om0
3.21).

The elliptic genus of this theory is contributed from the N = (0, 2) multiplets displayed

in Table
mstringsmatter21
5 and written in the integral form by combining their one-loop determinants given

in (
eg02vec
4.50)-(

eg02Fer
4.52),

I(2,1,k)(m, ε1, ε2; τ) ∼
∫

T
dkv

k∏
i6=j

θ1(vi − vj)
k∏

i,j=1

θ1(vi − vj + ε1 + ε2)
θ1(vi − vj + ε1)θ1(vi − vj + ε2)

×
k∏

i=1

θ1 (vi −m) θ1 (−vi −m)
θ1
(
vi − 1

2ε1 −
1
2ε2
)
θ1
(
−vi − 1

2ε1 −
1
2ε2
) . (4.59) eg04v1

We can easily find that the integrand possesses infinitely many poles, thus, the integration

contour must be carefully chosen to pick up appropriate sets of poles. The correct prescrip-

tion to do this turns out to be the so-called Jeffrey-Kirwan (JK) residue
Benini:2013nda, Benini:2013xpa
[38, 39]. However,

the calculation based on the JK residue seems quite intricate, hence, we would accept an

alternative viewpoint called the Higgs branch localization. This idea has been introduced in

studying the exact partition function on a two-sphere
Benini:2012ui, Doroud:2012xw
[100, 101]18, while the form of (

eg04v1
4.59)

is termed the Coulomb branch localization. Roughly speaking, the Coulomb branch local-

ization is taken on the locus where a gauge field is localized on a non-trivial configuration,

i.e. part of the gauge symmetry remain unbroken. The Higgs branch localization is a way

to focus on the locus where matter fields are localized on a non-trivial configuration but

trivial for the gauge field, which means that the gauge symmetry is completely violated and

18The higher dimensional versions of the Higgs branch localization also have been derived in
Chen:2013pha, Fujitsuka:2013fga, Benini:2013yva, Yoshida:2014qwa, Peelaers:2014ima, Pan:2014bwa, Chen:2015fta, Pan:2015hza
[102, 103, 104,

105, 106, 107, 108, 109].
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the integration over vi does not occur. The final result of the Higgs branch localization is

expressed by the summation over vacua in the Higgs branch of the moduli space. What

we have to do is to determine BPS configurations constrained by the D-term and F-term

condition that are the equations of motion for auxiliary fields. In the present situation, these

conditions are found out to be

φφ̄− ¯̃
φφ̃+ [b, b̄] + [b̃, ¯̃b] + ζ · 1k×k = 0,

φφ̃+ [b, b̃] = 0,
(4.60) const04DF

where an FI parameter ζ is turned on. Note that these are just identical with the ADHM

equations for the moduli space of k U(1) instantons, which is consistent with the observation

stated at the beginning in Section
Mtop
4.1. The moduli space of the theory in question should be

determined by (
const04DF
4.60) and U(k) gauge invariance. In the case of ζ 6= 0 for explanation, the

gauge symmetry is entirely broken by some condensed scalars. Accordingly, the theory flows

to a non-linear sigma model in the IR which describes the moduli space of k U(1) instantons,

and I(2,1,k) is actually the elliptic genus of this non-linear sigma model. In the non-linear

sigma model, the isometries of the target space are parametrised by m, ε1, and ε2, and we

can incorporate them by gauging these isometries and coupling the resultant background

gauge field to the theory. Especially, the target space owns a finite number of fixed points

which are invariant under isometries associated with ε1, ε2. At each fixed point, we can

sufficiently approximate the non-linear sigma model to a free theory with chiral and Fermi

multiplets coupling to background fields. Therefore, the resultant elliptic genus is given by

bringing the contributions from all fixed points.

With above arguments, the following formula for the elliptic genus is conjectured:

I(2,1,k)(m, ε1, ε2; τ) =
∑
{ui}

k∏
i,j=1

θ1 (ui − uj) θ1 (ui − uj + ε1 + ε2)
θ1 (ui − uj + ε1) θ1 (ui − uj + ε2)

×
k∏

i=1

θ1 (ui −m) θ1 (−ui −m)
θ1
(
ui − 1

2ε1 −
1
2ε2
)
θ1
(
−ui − 1

2ε1 −
1
2ε2
) , (4.61) ellconj

where the summation is taken over fixed points u := diag(u1, u2, · · · , uk). Note that this

expression still includes fermion zero-modes in the numerator of the first line and seemingly

may be trivial. It is expected that these zero-modes are excluded by substituting the precise

values of the fixed points. With the charge assignments read from Table
mstringsmatter21
5, the fixed points

of isometries generated by ε1 and ε2 in the target space are to be determined by

ub− bu + ε1b = 0, uφ+
1
2
(ε1 + ε2)φ = 0,

ub̃− b̃u + ε2b̃ = 0, − φ̃u +
1
2
(ε1 + ε2)φ̃ = 0.

(4.62) fixedpteq

Therefore, the fixed points u are described by (
const04DF
4.60) and the BPS conditions (

fixedpteq
4.62) as an

eigenvalue problem. The way to solve these equations is well-studied mathematical problem,
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for example, the solutions for ζ > 0 are in a vector with k linearly independent entries

given by the forms φ̃bib̃j (φ = 0). It is known that those solutions can be recast into ones

characterized by a Young diagram µ with k boxes as

(u)i,j =
(
i− 1

2

)
ε1 +

(
j − 1

2

)
ε2, (4.63) fixedpt

where labels (i, j) stand for the positions of boxes in µ. A careful sight of (
fixedpt
4.63) finds out that

the fermion zero-modes in the numerator of (
ellconj
4.61) really are canceled by the contributions

of the scalars in the denominator. Through sort of effort with nontrivial mathematical

identities, we finally obtain

I(2,1,k)(m, ε1, ε2; τ) =
∑
|µ|=k

∏
(i,j)∈µ

θ1
(
−m+ (i− 1

2)ε1 + (j − 1
2)ε2

)
θ1
(
−m− (i− 1

2)ε1 − (j − 1
2)ε2

)
θ1

(
(−µT

j + i)ε1 + (µi − j + 1)ε2
)
θ1

(
(µT

j − i+ 1)ε1 + (−µi + j)ε2
) .

(4.64) ellconj2

This can be seen as the elliptic genus of a free theory with 2k chiral and Fermi multiplets

coupled to the background fields for U(1)m, U(1)ε1 , and U(1)ε2 . Remark that the number

2k is nothing but that of the Higgs branch in the moduli space. Rewriting this formula with

multiplicative variables gives

I(2,1,k)(Qm, Qτ ; q1, q2) =
∑
|µ|=k

∏
(i,j)∈µ

θ1

(
Q−1

m q
i− 1

2
1 q

−j+ 1
2

2

)
θ1

(
Q−1

m q
−i+ 1

2
1 q

j− 1
2

2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

)
θ1

(
q
µT

j −i+1

1 qµi−j
2

) . (4.65) ellconj3

This is in agreement with (
genef5
4.35) up to an overall sign19. One can of course explicitly see the

enhancement of supersymmetry with setting m = 1
2(ε1 + ε2) as for the refined topological

vertex case shown in (
genef7
5.32).

4.4.3 Type IIB brane system on the flat space

Finally, let us make brief comments on the brane system of type IIB string theory used

mainly in
Haghighat:2013tka
[33] for approaching the world-sheet theory of the M-strings.

We would restart the argument from the IIA brane system (
gaugeIIA
4.55). Taking T-duality along

the 1 direction that is one of the 1-cycles of T 2 results in the following brane configuration

in type IIB string theory:

19We are not sure that this sign is relevant for agreement. It is necessary to take a sum over k for (
ellconj3
4.65)

if we would like to compare it with the partition function G(2,1) (
genef3
4.33) of the refined topological vertex.

However, k the number of M-strings is fixed in computing the elliptic genus, and relative weights for elliptic

genera in the sum of k cannot be simply determined only from the computation here.

58



NS5

D5

NS5 NS5

ai ai+1 ai+2

N

D1ki+1

D1ki

�+(i)

�̃+(i)

��̇
(i), �ȧ
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Figure 22: gaugeIIB16The D1-D5-NS5 system projected onto the 16-plane, T-dual to Figure
gaugeIIA56
21.

T 2 R4
ε1,ε2

0 1 2 3 4 5 6 8 9 \

M NS5 × × × × × × {ai}

ki D1 × ×
N D5 × × × × × ×

(4.66) gaugeIIBa

Note that N D5-branes are on top of each other, and the mass deformation affects again

the intersection of the D5-brane and the NS5-brane to introduce (N, 1)-fivebrane depicted

as slanting lines in Figure
gaugeIIB16
22. The 2d gauge theory on the D2-branes that we focused on in

the previous subsection corresponds to the world-volume theory of the D1-branes. There are

various open strings stretched from the D1-branes to the neighboring stacks of the D1-branes

and the multiple D5-branes, and the detailed analysis of their lightest spectra concludes the

same N = (0, 2) matter contents on the D1-branes
Haghighat:2013tka
[33] as (

02matter1
4.56)-(

02matter3
4.58) obtained from the

type IIA brane system.

4.4.4 Type IIB brane system on the orbifolded space

There is another interesting brane configuration of type IIB string theory. Assuming the

6 direction is compactified in the IIA brane model (
gaugeIIA
4.55), T-duality along this direction

provides the D1-D5 system on TNM :

T 2 R4
ε1,ε2 TNM

0 1 2 3 4 5 6 8 9 \

ki D1 × ×
N D5 × × × × × ×

(4.67) gaugeIIB
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As explained in Section
TNspace
3.2, TNM acts on the stack of the D1-branes as ZM -orbifold, and

the world-volume theory of the D-branes at the tip of ZM -orbifold becomes generically a

quiver gauge theory
Douglas:1996sw
[110]. Indeed, the current brane system (

gaugeIIB
4.67) has been well studied in

Douglas:1996uz, Okuyama:2005gq
[111, 112] that the world-volume theory of the D1-branes turns out to be the 2d N = (0, 4)

⊗M−1
i=1 U(ki) quiver gauge theory with fundamental chiral and Fermi multiplets, and the field

contents of this theory are basically identical with these (
02matter1
4.56)-(

02matter3
4.58) in the IIA brane model

except for a bifundamental chiral and Fermi multiplet
Haghighat:2013tka
[33]. The last multiplets are caused

from the extra compactification of the 6 direction. On this frame, the partition function

of M-strings can be considered as the elliptic genus of this 2d quiver gauge theory, and the

equivalence of this elliptic genus, after removing the additional bifundamental multiplets,

to the partition function by the refined topological vertex has been checked in the case of

(M,N) = (2, 1)
Haghighat:2013tka
[33]. These different perspectives to give the same elliptic genus play a role

to justify the application of the refined topological vertex to the M-strings. We can rely on

one of these duality frames in computing the M-string partition function according to our

convenience.

5 M-strings with a codimension-two defect
Mdefect

In this section, we would explain the realization of a codimention-2 defect of the six-

dimensional theory in the context of M-strings that is our main result obtained in
Mori:2016qof
[113].

As mentioned in Section
Mdefect24
2.4, while the codimension-4 defect in the world-volume theory

of the stack of M5-branes can be constructed by probe M2-branes ending on it or probe

M5-branes intersected with it, the codimension-2 defect is only made from an intersecting

M5-brane because of the matter of dimension. This construction of the codimension-2 defect

is also true for the M-string system, and we will show the effects of the defect as an operator

in the 6d theory and as new matter contributions onto the M-string world-sheet theory.

5.1 Brane configuration
BraneConfig

We would concentrate on the situation of (M,N) = (2, 1), i.e one collection of k M2-branes

suspended between two M5-branes on TN1. Our proposal is that a half-BPS codimension-2

defect in the 6d SCFT is produced by inserting a probe M5-brane (M5′) into the M-string

configuration as follows (Figure
mstdefect
23):
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M5′

M5

Figure 23: mstdefectM-strings with a defect engineered by an intersecting M5′ (a thick gray brane).

T 2 R2
ε1

R2
ε2 TN1

0 1 2 3 4 5 6 7 8 9 \

2 M5 × × × × × × {ai}
k M2 × × ×
1 M5′ × × × × × ×

(5.1) mstringsp

This M5′ hits the singularity of the background, which is basically the same construction

as given in
Kanno:2011fw
[51] where the stack of the M5-branes to produce the codimension-2 (Gukov-

Witten type) defect in 4d gauge theories extends to the subspace of the orbifolded space.

This codimension-2 defect also can generate a surface defect in the 4d N = 2 gauge theory

belonging to the 2345 directions along which we take the twist of the Ω-deformation. In

general, the introduction of non-local operators breaks part of or full supersymmetry. In

fact, to preserve supersymmetry requires a condition,

Γ014578ε = ε for the M5′-brane, (5.2)

in addition to (
mstringsusy
3.7). Therefore, (0, 4) supersymmetry on M-strings is broken down to (0, 2)

supersymmetry, and M5′ is really a half-BPS defect.

The ingredient of our proposal is that the contribution of M5′ is calculable by the refined

topological vertex and the localization. In the rest of this section, we would verify our

proposal with performing the computation of its partition function. We trace again the

passes for the original setup of M-strings in the previous section. On the perspective of the

BPS state counting as in Section
Mtop
4.1 where the M-theory circle is taken to be the 1 direction,

our M-string configuration (
mstringsp
5.1) is reduced to the following brane system of type IIA string
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NS5

D5

D3′

D5

Figure 24: geoIIBpfThe D5-NS5-D3′ system that can engineer a codimension-2 defect.

theory:

S1 R2
ε1

R2
ε2 TN1

0 2 3 4 5 6 7 8 9 \

2 D4 × × × × × {ai}

k F1 × ×
1 D4′ × × × × ×

(5.3) geoIIAp

Then, performing T-duality along the 7 direction results in

S1 R2
ε1

R2
ε2 S1

0 2 3 4 5 6 7 8 9 \

2 D5 × × × × × {ai} ×
k F1 × ×
1 D3′ × × × ×
1 NS5 × × × × × ×

(5.4) pqwebp

where the brane originated from the defect M5′-brane is signalled by a prime on it. The resul-

tant D5-NS5-D3′ system is drawn in Figure
geoIIBpf
24. The insertion of M5′ makes the appearance

of D3′ in the (p, q)-web diagram, and through the correspondence between the (p, q)-web

and the web diagram of CY3, it is mapped into the presence of a Lagrangian brane L.

This is because the boundary condition preserving the half amount of supersymmetry in

the A-model topological string theory is absolutely equivalent to the condition for L in CY3

as a target space. This effect may in principle be evaluated by the open topological string

theory which will be argued in the next section. However, we face difficulty that for L on

the internal segment in the web diagram, a tensor product µ⊗ ν appears in the formula of

the open topological vertex (see details in Section
OpenTop
6), and its calculation seems impossible to

proceed at the present stage. However, we find that the geometric transition
Gopakumar:1998ii, Gopakumar:1998ki, Gopakumar:1998jq
[62, 63, 64] is

applicable to reproduce (
pqwebp
5.4) and allows us to compute the partition function with avoiding

this problem. Therefore, we proceed the discussion based on the geometric transition in the

next subsection. We will come back this issue and try to resolve in Section
OpenTop
6.
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Q(1)
2

Q(1)
3

Q(1)
4

Figure 25: The web diagram connected to the (p, q)-web diagram with two D5-branes (ver-webT21

tical) and two NS5-branes (horizontal).

5.2 Partition function via the geometric transition
PFGT

To construct the M-string system (
mstringsp
5.1) via the geometric transition, the starting point is the

web diagram corresponding to two D5-branes and two NS5-branes with the mass deformation

as depicted in Figure
webT21
25, which is descended from M-strings (

mstrings
3.9) with (M,N) = (2, 2):

S1 R4
ε1,ε2 S1

0 2 3 4 5 6 7 8 9 \

2 D5 × × × × × {ai} ×
k F1 × ×
2 NS5 × × × × × ×

(5.5) pqweb22

This geometry can be obtained by gluing two domain walls whose partition functions are al-

ready given in (
nMbb12
4.14). We remark again that in consistently linking them, there are necessary

conditions,

Qτ = Q
(1)
1 Q

(1)
2 Q

(1)
3 Q

(1)
4 = Q

(2)
1 Q

(2)
2 Q

(2)
3 Q

(2)
4 (5.6) ka1

for the compactifying radius being identical on both vertical lines, and

Q
(1)
2 Q

(1)
3 = Q

(2)
1 Q

(2)
2 , or equivalently, Q

(1)
4 Q

(1)
1 = Q

(2)
3 Q

(2)
4 (5.7) ka3

for the total length of a vertical and diagonal segment in the hexagon being equal, in addition

to the relation

Qm = Q
(1)
1 Q

(1)
3 = Q

(2)
1 Q

(2)
3 (5.8) ka2
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respecting the net effect of the mass deformation by m. Its generating function with combin-

ing (
ka1
5.6)-(

ka2
5.8) is wrote down from the general expression (

genef8
4.40) with setting (M,N) = (2, 2)

(and the direct computation performed in Appendix
MT21
C.3 for validity) as

G(2,2)(Q
(a)
i , Qτ ; q1, q2) =

∑
µ1, µ2

(
−Qf,1Q

(2)
1 Q

(2)
3

√
q1
q2

)|µ1|(
−Qf,2Q

(1)
1 Q

(1)
3

√
q2
q1

)|µ2|

×

 ∏
(i,j)∈µ1

θ1

(
Q

(1)
1 Q

(1)
3 Q

(1)
4 q

i− 1
2

1 q
−µ1,i+j− 1

2
2

)
θ1

(
Q

(1)
1 q

i− 1
2

1 q
−µ1,i+j− 1

2
2

)
θ1

(
Q

(1)
1 Q

(1)
4 q

−µT
2,j+i

1 q
−µ1,i+j−1
2

)
θ1

(
Q

(1)
2 Q

(1)
3 q

µT
2,j−i+1

1 q
µ1,i−j
2

)

×
θ1

(
Q

(2)
1 Q

(2)
2 Q

(2)
3 q

−i+ 1
2

1 q
µ1,i−j+ 1

2
2

)
θ1

(
Q

(2)
1 q

−i+ 1
2

1 q
µ1,i−j+ 1

2
2

)
θ1

(
q
−µT

1,j+i

1 q
−µ1,i+j−1
2

)
θ1

(
q
−µT
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1 q
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2

)

×
∏

(i,j)∈µ2

θ1

(
Q

(1)
1 Q

(1)
2 Q

(1)
3 q

i− 1
2

1 q
−µ2,i+j− 1

2
2

)
θ1

(
Q

(1)
3 q

i− 1
2

1 q
−µ2,i+j− 1

2
2

)
θ1

(
Q

(1)
1 Q

(1)
4 q

µT
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1 q
µ2,i−j+1
2

)
θ1

(
Q

(1)
2 Q

(1)
3 q

−µT
1,j+i−1

1 q
−µ2,i+j
2
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×
θ1

(
Q

(2)
3 q

−i+ 1
2

1 q
µ2,i−j+ 1

2
2

)
θ1

(
Q

(2)
1 Q

(2)
3 Q

(2)
4 q

−i+ 1
2

1 q
µ2,i−j+ 1

2
2

)
θ1

(
q
−µT

2,j+i

1 q
−µ2,i+j−1
2

)
θ1

(
q
−µT

2,j+i−1

1 q
−µ2,i+j
2

)
 ,

(5.9) pfMT21

where recalling our notation Q
(a)
i :=

(
Q

(a)
i

)−1
. Now, we apply the geometric transition

explained in Section
Geoengin
2.2 to this web diagram in order to engineer the defect as a Lagrangian

brane. We remark that the geometric transition for the refined case, i.e. general (q1, q2), is

not yet entirely understood in the standard languages of geometry. Nevertheless, it has been

suggested in
Dimofte:2010tz
[69] that an elementary (single) surface operator in 4d supersymmetric gauge

theories on R4
ε1,ε2 can be realized as a Lagrangian brane in this way. We would extend their

discussion to M-strings. As the simplest attempt, we accept the limit of the parameters,

Q
(1)
1 =

√
q1
q2
, Q

(2)
1 =

1
q2

√
q1
q2

⇔ Q
(1)
1 =

√
q2
q1
, Q

(2)
1 = q2

√
q2
q1
. (5.10) gt1

Note that in the unrefined limit, q = q1 = q2, these are reduced to

Q
(1)
1 = 1, Q

(2)
1 = q−1 = e−igs . (5.11)

From the dictionary of the geometric transition (Section
Geotans
2.2.2), these signify that, while no

D-brane appears on the left side, a single D-brane does on the right side. In other words,

there should be a Lagrangian submanifold on the right side where a D-brane can be wrapped

on (Figure
webT11brane
26). That is why it is thought that the specialization (

gt1
5.10) should work well to
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Figure 26: The web diagram with (M,N) = (2, 2) (the left one) and the geometric transitionwebT11brane

to generate a Lagrangian brane represented by a dotted line on the right side.

engineer a surface defect even for the refined topological string theory. At the same time,

we precisely set

Qm = Q
(1)
3 = Q

(2)
3 (5.12) ka5

since the resolution caused from the mass deformation is executed by the CP1’ s of Kähler

factors Q(1)
3 and Q

(2)
3 after the geometric transition. Also note that, in this limit, the com-

bination of (
ka1
5.6) and (

ka3
5.7) leads to

Q
(1)
1 Q

(1)
4 = Q

(2)
3 Q

(2)
4 ⇒ Q

(1)
4 =

√
q2
q1
QmQ

(2)
4 . (5.13) ka4

We would denote the partition function obtained by the geometric transition as the one with

? in the superscript to clearly declare the starting setup and the operation of the geometric

transition. Combining (
gt1
5.10)-(

ka4
5.13) together into G(2,2) (

pfMT21
5.9), we find that the resultant

function G?
(2,2)(Q

(a)
i , Qτ ; q1, q2) contains

∏
(i,j)∈µ1

θ1

(
Q
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3 Q
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Q
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) . (5.14) pfMT21v2

At this point, the second factor in the first line of the numerator, θ1
(
qi−1
1 q

−µ1,i+j
2 ;Qτ

)
,

vanishes even if µ1 consists of only one box. Accordingly, we must set µ1 = ∅ to get the
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nontrivial contribution, and then,

G?
(2,2)(Q
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) , (5.15) pfMT21v3

where we used (
ka4
5.13) in the last line. Finally, the partition function of k M-strings is

withdrawn as

Z?
(2,2,k)(Q

(2)
4 , Qm, Qτ ; q1, q2) =

∑
|µ|=k

∏
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) , (5.16) pfMT21v4

where we drop off the subscript of the Young diagram. One can notice that the first line

of Z?
(2,2,k) completely agrees with the partition function Z(2,1,k) (

genef4
4.34) of M-strings without

the M5′-brane. This observation can be a support for our prescription of the geometric

transition with turning on two parameters (q1, q2). The second line of Z?
(2,2,k) should be

the contributions of the M-strings attaching the M5′-brane and encode the BPS sector that

might not be reached without the defect. The difference of q2 between the numerator and

the denominator is originated from the specialization (
gt1
5.10), which means that our present

defect is placed on the surface R2
ε2 ⊂ R4

ε1,ε2 corresponding to our M5′ in (
mstringsp
5.1). We will

confirm this calculation in the next subsection from the standpoint of the world-sheet theory

as before. In addition, we are discussing the properties of our defect in Section
MdefectDiscuss
5.4.

5.3 Partition function from the ADHM sigma model

To confirm the geometric transition and our result, we would reuse the type IIA string picture

in Section
2dEGIIA
4.4.2 to compute the elliptic genus of the world-sheet theory in the presence of a
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defect. Now, the M-theory circle is the 7 direction, which reduces the system (
mstringsp
5.1) to

T 2 R2
ε1

R2
ε2

0 1 2 3 4 5 6 8 9 \

2 NS5 × × × × × × {ai}

k D2 × × ×
1 D4′ × × × × ×
1 D6 × × × × × × ×

(5.17) gaugeIIAp

From open strings stretched between k D2-branes and a D4′-brane descended from M5′, there

would be an (0, 2) chiral multiplet Θchi and an (0, 2) Fermi multiplet ΘFer in the fundamental

representation of U(k) in addition to the original multiplets in Table
mstringsmatter21
5. We assume that they

are accompanied with an U(1)ξ global symmetry. The emergence of Θchi and ΘFer does not

change the D-term and F-term constrain in (
const04DF
4.60), thus, the formula (

ellconj
4.61) is modified to

simply multiply new one-loop contributions from Θchi and ΘFer,

I?
(2,2,k)(m, ε1, ε2, ξ; τ) =

∑
{ui}

k∏
i,j=1

θ1 (ui − uj) θ1 (ui − uj + ε1 + ε2)
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1
2ε2
)
θ1
(
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2ε1 −
1
2ε2
) × θ1 (ui + ξ − ε2)

θ1 (ui + ξ)
.

(5.18) elldefect1

The charge of ε2 comes form the fact that the D4′-brane is extending the 45 directions, i.e.

R2
ε2 . Actually, this does also not affect the BPS conditions to determine fixed points, in

particular the left one in the second line of (
fixedpteq
4.62). Therefore, the fixed points on the moduli

space are still given by (
fixedpt
4.63). Along the same line as to get (

ellconj2
4.64), we conclude
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) . (5.19) elldefect2

This elliptic genus is thought of as the one of a free theory including 2k chiral and Fermi

multiplets with additional k chiral and Fermi multiplets. In the form of multiplicative vari-
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ables,
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1 q−µi+j−1
2

)
θ1

(
q
µT

j −i+1

1 qµi−j
2

)

×
θ1

(
e2πiξq

i− 1
2

1 q
−j+ 3

2
2

)
θ1

(
e2πiξq

i− 1
2

1 q
−j+ 1

2
2

)

=
∑
|µ|=k

∏
(i,j)∈µ

θ1

(
Q−1

m q
i− 1

2
1 q

−j+ 1
2

2

)
θ1

(
Q−1

m q
−i+ 1

2
1 q

j− 1
2

2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

)
θ1

(
q
µT

j −i+1

1 qµi−j
2

)

×
θ1

(
e−2πiξq

−i+ 1
2

1 q
µi−j+ 3

2
2

)
θ1

(
e−2πiξq

−i+ 1
2

1 q
µi−j+ 1

2
2

) , (5.20) elldefect3

where we used (
ycombi1
A.12) and an inversion formula (

period1
A.46) in the last line. This is exactly the

same as (
pfMT21v4
5.16) under the identification

e2πiξ = QmQ
(2)
4

√
q1
q2
. (5.21) elldefect4

We can reproduce the result of the refined topological vertex via the geometric transition

from the viewpoint of the world-sheet theory that should be the 2d N = (0, 2) U(k) gauge

theory with an extra chiral and Fermi multiplet. The validity of the refined version of the

geometric transition got supported in this point.

5.4 Characteristics of the defect
MdefectDiscuss

In this subsection, we would like to discuss our results for the codimension-2 defect as the

intersecting M5′-brane.

5.4.1 Operator interpretation in the Hilbert space of the M2-brane
MdefectDiscuss1

Let us focus on the contribution Zdefect
µ of a codimension-2 defect in (

pfMT21v4
5.16),

Zdefect
µ (Q(2)

4 , Qm, Qτ ; q1, q2) =
∏

(i,j)∈µ

θ1

(
Q−1

m Q
(2)
4 q−i

1 qµi−j+2
2

)
θ1

(
Q−1

m Q
(2)
4 q−i

1 qµi−j+1
2

) =
∏

(i,j)∈µ

θ1

(
Q−1

m Q
(2)
4 q−i

1 qj+1
2

)
θ1

(
Q−1

m Q
(2)
4 q−i

1 qj
2

) ,

(5.22) defectcontv2

where the formula (
ycombi1
A.12) is used for the second equality. Following the definition of the

product over the Young diagram (
ydef2
A.2), we can find that many theta functions are canceled
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• · · · contributions in the numerator

◦ · · · contributions in the denominator

Figure 27: The action of the defect on a state in the Hilbert space of the M2-brane whichdefectope

labeled by a Young diagram.

out between the numerator and denominator, and this is simplified as

Zdefect
µ (Q(2)

4 , Qm, Qτ ; q1, q2) =
d(µ)∏
i=1

θ1

(
Q−1

m Q
(2)
4 q−i

1 qµi+1
2

)
θ1

(
Q−1

m Q
(2)
4 q−i

1 q2

) . (5.23) defectcontv1

The remaining contributions here are visualized onto the Young diagram in Figure
defectope
27, where

black and white dots stand for the positions of boxes contributing to the partition function

in the numerator and denominator, respectively. We try to provide the interpretation to

Zdefect
µ as the expectation value of an operator acting on the Hilbert space of M2-branes.

One can see this Hilbert space simply as follows
Haghighat:2013gba
[32]. In the generating function of M-

strings, the distances of M5-branes as domain walls and the complex modulus τ are treated

as independent parameters, hence, we can consider the limit that the size of a torus of the

M-string becomes sufficiently smaller than the separation of the M5-branes. The stacks of

the M2-branes look like an one-dimensional system along the 6 direction. If this direction is

virtually regarded as “time” in this system, the M2-branes may be described in terms of this

Hilbert space with the M5-brane domain walls as operators acting on it. Then, the states

of the M2-branes span this Hilbert space whose ground states |µ〉 are labelled by a Young

diagram µ, and the “Hamiltonian” is given by H = |µ|. A domain wall Z on which the

different numbers of the M2-branes are attached from the left and right actually acts on this

Hilbert space, and the domain wall partition function Zν1
µ1

(
nMbb2
4.8) and the generating function

G(2,1) (
genef1
4.24) of M-strings on TN1 can be schematically written as

Zν1
µ1

(Qm, Qτ ; q1, q2) = 〈µT
1 |Z|ν1〉, (5.24)

G(2,1)(Q
(a)
i , Qf , Qτ ; q1, q2) = 〈0|Ze−βHZ|0〉, (5.25)

where Qf = eβ, and |ν〉 is a complete basis of the Hilbert space. Also, we can re-express

our result (
pfMT21v3
5.15) in the languages of this Hilbert space. Let Z? be a domain wall with a
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codimension-2 defect, then,

G?
(2,2)(Q

(2)
4 , Qm, Qf , Qτ ; q1, q2) = 〈0|Ze−βHZ?|0〉

=
∑

µ

〈0|Ze−βH |µ〉〈µT|Z?|0〉

=
∑

µ

e−β|µ|〈0|Z|µ〉〈µT|Z?|0〉. (5.26)

Therefore, the expectation value 〈µT|Z?|0〉 includes the contribution (
defectcontv1
5.23) from the defect.

Note that 〈µT|Z?|0〉 contains the spectra of M-strings attaching both the domain wall and the

defect, but we can easily extract the effect of the defect since its contributions are factorized.

Accordingly, we can specify the action of the codimension-2 defect on a state of a certain µ

shown as in Figure
defectope
27. We are seeking its physical meaning as a future work.

5.4.2 World-sheet description
MdefectDiscuss2

In the previous subsection, we could identify the world-sheet theory of k M-strings in the

presence of a codimension-2 defect with the 2d N = (0, 2) U(k) gauge theory. Recall that

this theory is comprised of the N = (0, 2) matter contents listed in Table
mstringsmatter21
5 and additionally

A chiral multiplet Θchi

A Fermi multiplet ΘFer

}
← open strings between k D2-branes and a D4′-brane in (

gaugeIIAp
5.17),

originated from introducing the defect. We can interpret the appearance of Θchi and ΘFer

as describing the effect of the defect in the sense of two-dimensional degrees of freedom. We

would like to pursue the relation between (Θchi,ΘFer) and the action of Figure
defectope
27 as the

operator in the Hilbert space of the M2-branes.

Further, we assumed that Θchi and ΘFer are simultaneously rotated under the global

symmetry U(1)ξ, and the equivalence of the partition functions computed by two methods

is valid with the identification (
elldefect4
5.21), or equivalently,

ξ = m+
ε1 + ε2

2
+ t

(2)
4 , (5.27) elldefect5

where Q(2)
4 = exp(2πit(2)

4 ) is a Kähler parameter of CP1 associated with an internal line in

the web diagram (Figure
webT21
25). We naively expect that this global symmetry is originated from

the rotation in the 78-plane of (
mstringsp
5.1) where the defect M5′ extends to it. This expectation

is actually true because the first and second part of (
elldefect5
5.27) are nothing but gm (

mass1
3.19) and

g+ (
om0
3.21), respectively, that are the generators of the mass and Ω-deformation acting on

the 78-plane. On the other hand, the role of the final one t(2)
4 is still mysterious. We are

exploring its exact meaning in the context of M-strings.
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5.4.3 Specializations of the mass and supersymmetry enhancement

For the case of TN1 which is basically flat, the theory on M-strings has (4, 4) supersymmetry.

The insertion of a codimension-2 defect breaks half of them, and the M-string system with the

defect keeps (2, 2) supersymmetry. As explained in Section
Torus
3.3, physical quantities containing

nontrivial twist parameters are invariant only under (0, 2) supersymmetry, however, this can

be enlarged if we tune these parameters. Among these situations, we would pick up two of

them in (
enhancement
3.26).

The limit m = 1
2(ε1 − ε2)

The first case is the limit

m =
1
2
(ε1 − ε2) ⇔ Qm =

√
q1q2, (5.28) masslimit2p

where N = (0, 2) is enhanced to N = (2, 2). It has been pointed out that the partition

function of M-strings without the defect is reduced to a constant, that is, does not depend

on the complex modulus τ , which we can directly verify. However, this phenomena does not

occur in the presence of the defect. Substituting the limit (
masslimit2p
5.28) into (

defectcontv1
5.23) gives

Zdefect
µ

∣∣∣
Qm=

√
q1q2

=
d(µ)∏
i=1

θ1

(
Q

(2)
4 q

−i− 1
2

1 q
µi+

1
2

2

)
θ1

(
Q

(2)
4 q

−i− 1
2

1 q
1
2
2

) . (5.29) defectcontv2

This could capture physical states respecting (2, 2) supersymmetry which are completely

hidden for M-strings without the defect.

The limit m = 1
2(ε1 + ε2)

The second limit is the one argued in Section
Mstcont
4.3,

m =
1
2
(ε1 + ε2) ⇔ Qm =

√
q1
q2
. (5.30) masslimit1p

Let us try if this enhancement is the case for our defect. Again using the formula (
ycombi1
A.12),

the result (
pfMT21v4
5.16) becomes

Z?
(2,2,k)(Q

(2)
4 , Qm, Qτ ; q1, q2) =

∑
|µ|=k

∏
(i,j)∈µ

θ1

(
Q−1

m q
i− 1

2
1 q

−j+ 1
2

2

)
θ1

(
Q−1

m q
−i+ 1

2
1 q

j− 1
2

2

)
θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

)

×
θ1

(
Q−1

m Q
(2)
4 q−i

1 qµi−j+2
2

)
θ1

(
Q−1

m Q
(2)
4 q−i

1 qµi−j+1
2

) . (5.31) genef5p
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Q

−→

Figure 28: The geometric transition on the uncompactified web diagram, i.e. the toric CY3.sl1

The thin gray region is an arbitrary diagram which is not affected by the geometric transition.

Then, the situation is the same as in Section
Mstcont
4.3 where the substitution of (

masslimit1p
5.30) leads to

the fermion zero-modes, thus, we expect that supersymmetry enhancement happens even in

the presence of the defect. We have to remove these zero-modes corresponding to the overall

U(1) part of U(k) to get a nontrivial contribution,

Ẑ?
(2,2,k)(Q

(2)
4 , Qm, Qτ ; q1, q2) :=

Z?
(2,2,k)(Q

(2)
4 , Qm, Qτ ; q1, q2)

Z?
(2,2,1)(Q

(2)
4 , Qm, Qτ ; q1, q2)

∣∣∣∣∣∣
m= 1

2
(ε1+ε2)

, (5.32) genef7

where the part of a codimension-2 defect is written as

∏
(i,j)∈µ

(i,j) 6=(1,1)

θ1

(
Q

(2)
4 q

−i− 1
2

1 q
µi−j+ 5

2
2

)
θ1

(
Q

(2)
4 q

−i− 1
2

1 q
µi−j+ 3

2
2

) . (5.33)

This form seems the one of a chiral multiplet in the 2d N = (2, 2) theory, and supersymmetry

might get enhanced. We would postpone a precise check of this enhancement near future.

5.4.4 Generalization of the geometric transition

More general parameter tuning for the geometric transition in the refined case has been

suggested in
Dimofte:2010tz
[69] to be able to insert nonelementary surface defects in the 4d gauge theory

as multiple Lagrangian branes. The natural extension of the specialization (
gt1
5.10) is

Q
(1)
1 =

√
q1
q2
, Q

(2)
1 =

qr
1

qs
2

√
q1
q2

for r, s ≥ 0. (5.34) gt2

In
Dimofte:2010tz
[69], it has been found that the emergence of the surface defect labeled by (r, s) via

the geometric transition could restrict the shape of the associated Young diagram. They

considered only web diagrams without any compactification, that is, toric CY3 cases. For

example of Figure
sl1
28 and the choice of the preferred direction in the refined topological vertex

different from our calculation, the refined topological string partition function contains the

factor
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Figure 29: The zero-dimensional boundary on the Young diagram due to the surface defect. sl2

1−Qq−j+ 1
2

1 q
µT

j −i+ 1
2

2

1−Qq−j+ 1
2

1 q
−i+ 1

2
2

→ 1− qr−j+1
1 q

µT
j −s−i

2

1− qr−j+1
1 q−s−i

2

, (5.35)

where we implement the limitation (
gt2
5.34) as

Q =
qr
1

qs
2

√
q1
q2

for r, s ≥ 0. (5.36) slgt

This type of the specialization may be expected to geometrically engineer the surface defect

in R4
ε1,ε2 whose support is given by

zr
1z

s
2 = 0, (5.37)

where z1 and z2 are complex coordinates on R2
ε1 and R2

ε2 , respectively. One can immediately

see that this factor vanishes if the conditions j ≥ r + 1 and µT
j − i ≥ s are simultaneously

satisfied. This is because the numerator contains 0 when there is a box in some position for

j ≥ r+1 and µT
j − i ≥ s. Thus, the insertion of this surface defect brings a zero-dimensional

boundary on the Young diagram such that the nontrivial partition function picks only up

the boxes of positions within

1 ≤ j ≤ r or 1 ≤ i ≤ µT
r+1 − s (5.38)

in the Young diagram (see Figure
sl2
29). Consequently, the shape of the diagram is restricted

to be hook-shaped.

Let us apply the general limitation (
gt2
5.34) to our M-strings. Putting it to the generating

function (
pfMT21
5.9) gives

Z?
(2,2,k)(Q

(2)
4 , Qm, Qτ ; q1, q2) =

∑
|µ|=k

∏
(i,j)∈µ

θ1

(
Q−1

m q
i− 1

2
1 q

−µi+j− 1
2

2

)
θ1

(
Q−1

m q
−i+ 1

2
1 q

µi−j+ 1
2

2

)
θ1

(
q
−µT

j +i

1 q−µi+j−1
2

)
θ1

(
q
−µT

j +i−1

1 q−µi+j
2

)

×
θ1

(
Q−1

m Q
(2)
4 q−i−r

1 qµi−j+1+s
2

)
θ1

(
Q−1

m Q
(2)
4 q−i

1 qµi−j+1
2

) . (5.39) pfMT21D
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The above result (
pfMT21v4
5.16) is the case of (r, s) = (0, 1). The defect as in the second line of

(
pfMT21D
5.39) does not make an effect to constraint the shape of the Young diagram (see Figure
defectope
27). From the field theory viewpoint, this discrepancy seems not to matter since the theory

and also the kind of the defect under consideration in
Dimofte:2010tz
[69] basically differ from ours. On

the other hand, in the standpoint of the topological vertex, this gap might be interpreted

as the difference of the normalization to derive the partition function for the BPS counting.

Specifically, the basic ingredient of the refined topological vertex is to select the preferred

direction, but this is actually a technical artifact, hence, results naively computed by the

refined topological vertex should not depend on the choice of the preferred direction (see an

example in Appendix
RefineV
B.2). This statement is schematically given as

ZDGH

�

�

 = Z


�

�

 , (5.40)

where ZDGH is in the calculation scheme of
Dimofte:2010tz
[69], and a wavy line stands for the preferred

direction. These need to be normalized in order to produce the partition function in the

gauge theory, and for the current situation, our normalization is different from that in
Dimofte:2010tz
[69],

ZDGH = ZDGH

�

�


/
ZDGH

�

�
�

�

�

�  , (5.41)

Z(2,1,k) = Z


�

�

/Z

 �
�


2

, (5.42)

as a result, ZDGH 6= Z(2,1,k). The normalization is simply the scheme in the sense of the

topological vertex, but the choice of it looks physically meaningful. We wonder if this is

really in the case or not.

6 Defects and open topological string
OpenTop

In the previous section, we found that the insertion of a Lagrangian brane corresponding

to a codimension-2 defect can be calculated by the refine topological vertex through the

geometric transition, which is confirmed by comparing it with the elliptic genus of the M-

string world-sheet theory with the defect. However, we notice that there is the situation

where the geometric transition may not naively be applied to generating the Lagrangian

brane. In order to overcome this point, the direct computation of the open topological

vertex is necessary. We restrict ourselves to the unrefined case (q1 = q2 = q) as the first
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Figure 30: openformulaThe parameter assignments for the unrefined open topological vertex.

attempt. Since there are still ambiguities for the formalism of open topological vertex, we

would fix them from our results obtained so far.

6.1 A-model open topological string

Gluing rules

We start with packaging rules to bring a Lagrangian brane into the unrefined closed topo-

logical vertex based on parameter assignments shown in Figure
openformula
30. In the topological string

theory, the Lagrangian submanifold in CY3 appears as the boundary condition of an open

string to preserve half of supersymmetry. This boundary condition actually is encoded into

inserting a holonomy X in the context of the matrix model that is utilized to derive the for-

mula of the topological vertex, thus, the effect of the Lagrangian brane in the web diagram

is expressed to multiply the topological vertex Cµνρ by

TrσT
1
X × TrσT

2
X−1, (6.1)

where, roughly speaking, the inverse of X comes from opposite orientations on the glued

edges. Note that the trace is taken over the transpose of σ1 (σ2), which is different from the

original formulation in
Aganagic:2003db
[34]. We here would use this convention. There is an extra Kähler

factor QL as in Figure
openformula1
30(a). Also, we have to take the framing factor fρ(q)

˜̀ defined in (
ff1
B.4),

where a tilde on ` is used for the framing factor of the open topological vertex because,

unlike the closed topological vertex, it is a free parameter for the moment. Bringing all

together, the topological vertex in the presence of a Lagrangian brane of Figure
openformula2
30(b) is in

the following form:∑
ρ,σ1,σ2

(−Q)|ρ|fρT⊗σ2
(q)`C(ρ⊗σ1)ηTνC(ρT⊗σ2)λµT

(
fρ⊗σ1(q)

˜̀
Q

|σ1|
L TrσT

1
X
)(

fρT⊗σ2
(q)˜̀(QQ−1

L )|σ2|TrσT
2
X−1

)
.

(6.2) openrule1
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Figure 31: webT11bflop1The domain wall on TN1 with a Lagrangian brane.

In practice, the trace of X can be written by the Schur function,

TrσX = sσ(x), (6.3) monodolomy

where the collection x ≡ {xi} is a set of eigenvalues of X. The simplest example as an

application of the open topological vertex is given below, which is sufficient for our purpose.

The simplest web diagram with a Lagrangian brane

We demonstrate the actual computation with the web diagram in Figure
webT11bflop1
31. The partition

function of the open topological string following (
openrule1
6.2) is given by

Zν1
µ1

(Qi, QL; q) =
∑

ρ1,ρ2,σ1,σ2

(−Q1)|ρ1|(−Q2)|ρ2|CρT
1 (ρ2⊗σ1)µT

1
(q)Cρ1(ρT

2 ⊗σ2)ν1
(q)

×
(
fρ2⊗σ1(q)

`Q
|σ1|
L TrσT

1
X
)(

fρT
2 ⊗σ2

(q)`(Q2Q
−1
L )|σ2|TrσT

2
X−1

)
. (6.4) dmLag1

Here we take an ad hoc value ˜̀= 1. A problem to proceed with the computation is to deal

with the skew Schur functions possessing the tensor product of Young diagram. Fortunately,

we can reduce those to the standard skew Schur functions thanks to the formula (
ssf4
A.37) and

its definition (
ssf
A.32) as follows,∑

σ1,σ2

(−QL)|σ1|(−Q2Q
−1
L )|σ2|s(ρ2⊗σ1)/λ1

(q−µ1−n)s(ρT
2 ⊗σ2)/λ2

(q−νT
1 −n)sσT

1
(x)sσT

2
(x−1)

=
∑
σ1,σ2

(∑
γ1

N γ1
ρ2σ1

sγ1/λ1
(q−µ1−n)

)(∑
γ2

N γ2

ρT
2 σ2

sγ2/λ2
(q−νT

1 −n)

)
sσT

1
(−QLx)sσT

2
(−Q2Q

−1
L x−1)

=
∑
λ1,λ2

sγ1/λ1
(q−µ1−n)sγ2/λ2

(q−νT
1 −n)

(∑
σ1

N γT
1

ρT
2 σT

1
sσT

1
(−QLx)

)(∑
σ2

N γT
2

ρ2σT
2
sσT

2
(−Q2Q

−1
L x−1)

)

=
∑
λ1,λ2

sγ1/λ1
(q−µ1−n)sγ2/λ2

(q−νT
1 −n)sγT

1 /ρT
2
(−QLx)sγT

2 /ρ2
(−Q2Q

−1
L x−1), (6.5) dmLag2

where we use the property N ρ
µν = N ρT

µTνT . Then, we evaluate the domain wall partition

function (
dmLag1
6.4) along the same manner for the one (

nMbb1
4.7) without a Lagrangian brane (see
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Appendix
DMLag
C.5 for details), and the resultant form is

Zν1
µ1

(Qi, QL; q) = q
1
2
(κ

µT
1

+κν1)
sµT

1
(q−n)sν1(q

−n)
∞∏

n=1

1
1−Qn

τ

×
∞∏

i,j,k=1
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1−Qk−1

τ Q1q
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)(
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1−Qk
τq

−νT
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×
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1 Q−1
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i
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τ Q1QLq
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τQ
−1
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2x−1

i

) (1−Qk
τxix

−1
j

)
.

(6.6) dmLag3

To use this for the comparison with the result obtained via the geometric transition in Section
Mdefect
5, we again normalize this partition function,

Ẑν1
µ1

(Qi, QL; q) :=
Zν1

µ1
(Qi, QL; q)

Z∅
∅ (Qi, QL; q)

= q
1
2
(κ

µT
1

+κν1 )
sµT

1
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∞∏
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∏
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(
1−Qk−1

τ Q1q
νT
1,j−j+µ1,i−i+1

)(
1−Qk−1

τ Q2q
−νT

1,j+j−µ1,i+i−1
)

(
1−Qk

τq
−µT

1,j+j−µ1,i+i−1
)(

1−Qk
τq

µT
1,j−j+µ1,i−i+1

)
×

∏
(i,j)∈ν1

(
1−Qk−1

τ Q2q
µT

1,j−j+ν1,i−i+1
)(

1−Qk−1
τ Q1q

−µT
1,j+j−ν1,i+i−1

)
(
1−Qk

τq
−νT

1,j+j−ν1,i+i−1
)(

1−Qk
τq

νT
1,j−j+ν1,i−i+1

)
×

d(µ1)∏
i=1

(
1−Qk−1

τ QLq
−µ1,i+i− 1

2xj

)
(
1−Qk−1

τ QLq
i− 1

2xj

) d(ν1)∏
i=1

(
1−Qk−1

τ Q1QLq
i− 1

2xj

)
(
1−Qk−1

τ Q1QLq
−ν1,i+i− 1

2xj

)
×

ď(µ1)∏
j=1

(
1−Qk

τQ
−1
L qj− 1

2x−1
i

)
(
1−Qk

τQ
−1
L q−µT

1,j+j− 1
2x−1

i

) ď(ν1)∏
j=1

(
1−Qk

τQ
−1
1 Q−1

L q−νT
1,j+j− 1

2x−1
i

)
(
1−Qk

τQ
−1
1 Q−1

L qj− 1
2x−1

i

) , (6.7) dmLag4

where d(µ) and ď(µ) represent the number of rows and columns, respectively, in the Young

diagram µ.

6.2 Comparison to M-strings with a codimension-two defect

We would check if the above prescription of the open topological vertex correctly reproduces

our results (
pfMT21v4
5.16) (or equivalently (

elldefect3
5.20)) in the previous section. We should remark that the

resolution corresponding to the mass deformation (i.e. a diagonal line) on the domain wall

in Figure
webT11bflop1
31 differs by ninety degrees from the one in Figure

blockNM1
14. These web diagrams are

related by the so-called flop transition
Iqbal:2004ne, Konishi:2006ev, Taki:2008hb, Sugimoto:2015nha
[114, 115, 116, 117]. We first introduce the concept

of the flop transition and next apply it to the comparison with the M-string calculation.
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Figure 32: flopThe flop transition in the case of the conifold.

Flop transition

The flop transition
Iqbal:2004ne, Konishi:2006ev, Taki:2008hb, Sugimoto:2015nha
[114, 115, 116, 117] is a transformation to exchange different resolutions

on web diagrams. The partition function of the topological string theory should be invariant

under the flop transition, and this statement can be understood as follows. As shown in

Figure
resolconi
4, a web diagram with the resolution is dual to to a triangulated toric diagram. This

relation is an one-to-many correspondence since the way of triangulations is not unique,

namely, there are several web diagrams corresponding to one toric diagram. The different

triangulations are translated into the flop transition acting on the associated web diagrams

(Figure
flop
32). However, a quantity does not depend on the choice of triangulations up to the

suitable transformation of parameters. This requirement has directly been verified for the

unrefined case
Iqbal:2004ne, Konishi:2006ev
[114, 115] and the refined case

Taki:2008hb
[116] with a transformation

Q̃m = Q−1
m . (6.8) floptrans1

Note that originally this was derived in the case of toric CY3’s, and it is also found
Sugimoto:2015nha
[117]

that the flop transition actually works on non-toric ones corresponding to M-strings on which

we are focusing in this paper. For M-strings, the following transformation is additionally
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Figure 33: The web diagram with a Lagrangian brane corresponding to the M-strings ofwebT11bflop2

(M,N) = (2, 1) in the presence of M5′ up to the flop transition.

requested:

Q̃τ = Qτ , (6.9) floptrans2

where Q̃τ is the complex modulus for the compactified web diagram corresponding to the

one on the left side in Figure
flop
32. At the level of the partition function Z(M,N,k) of k M-

strings, the invariance under the flop transition may be valid by accompanying the inversion

formula (
period1
A.46) of θ1(x; p) with transformations (

floptrans1
6.8) and (

floptrans2
6.9). The conditions on other

Kähler factors can be determined recursively
Sugimoto:2015nha
[117].

Comparison in the simplest case: (M,N) = (2, 1)

Let us test whether the computation of the open topological vertex in this section is consistent

with the conclusion in Section
Mdefect
5. First of all, we would calculate the refined topological string

partition function for the web diagram in Figure
webT11bflop2
33 by the same strategy as in Section

Mtop
4.1.

We can immediately glue (
dmLag4
6.7) with a domain wall partition function Ẑµ

∅ (Q̃(1)
i ; q) which does

not possess a Lagrangian brane,

Ǧ(2,1)(Q̃
(a)
i , QL, Qf ; q1, q2) =

∑
µ

(−Qf )|µ|Ẑµ
∅ (Q̃(1)

i ; q)Ẑ∅
µ(Q̃(2)

i , QL; q)

=
∑

µ

(
−Qf Q̃m

)|µ| ∏
(i,j)∈µ

θ1

(
Q̃−1

m q−i+µi−j+1
)
θ1

(
Q̃−1

m qi−µi+j−1
)

θ1

(
q−µT

j +i−µi+j−1
)
θ1

(
q−µT

j +i−µi+j−1
)

×
∞∏

k=1

d(µ)∏
i=1

(
1− Q̃k−1

τ QLq
−µi+i− 1

2x
)

(
1− Q̃k−1

τ QLq
i− 1

2x
) ď(µ)∏

j=1

(
1− Q̃k

τQ
−1
L qj− 1

2x−1
)

(
1− Q̃k

τQ
−1
L q−µT

j +j− 1
2x−1

) ,
(6.10) dimLag5

where we use a tilde on Kähler factors to distinguish the ones used in the web diagram of

Figure
webT21
25 because these are primarily different. Obliviously, the contribution of the open
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Figure 34: The flop transition transforming the web diagram used in this section into theflopcomp1

one considered in the previous section.

topological string is extracted as

Žopen
µ (QL, Q̃τ ; q1, q2) =

∞∏
k=1

d(µ)∏
i=1

(
1− Q̃k−1

τ QLq
−µi+i− 1

2x
)

(
1− Q̃k−1

τ QLq
i− 1

2x
) ď(µ)∏

j=1

(
1− Q̃k

τQ
−1
L qj− 1

2x−1
)

(
1− Q̃k

τQ
−1
L q−µT

j +j− 1
2x−1

) .
(6.11) dimLag6

This form seems not to be simply formed into the elliptic theta function, but with the

definition (
ydef2
A.2), we can actually do as follows.

Žopen
µ (QL, Q̃τ ; q1, q2) =

∞∏
k=1

d(µ)∏
i=1

µi∏
j=1

(
1− Q̃k−1

τ QLq
−j+i− 1

2x
)

(
1− Q̃k−1

τ QLq
−j+i+ 1

2x
)
ď(µ)∏

j=1

µT
j∏

i=1

(
1− Q̃k

τQ
−1
L q−i+j+ 1

2x−1
)

(
1− Q̃k

τQ
−1
L q−i+j− 1

2x−1
)


=
∞∏

k=1

∏
(i,j)∈µ

(
1− Q̃k−1

τ QLq
−j+i− 1

2x
)

(
1− Q̃k−1

τ QLq
−j+i+ 1

2x
)
(
1− Q̃k

τQ
−1
L q−i+j+ 1

2x−1
)

(
1− Q̃k

τQ
−1
L q−i+j− 1

2x−1
)

= q−|µ|
∏

(i,j)∈µ

θ1

(
Q−1

L q−i+j+ 1
2x−1; Q̃τ

)
θ1

(
Q−1

L q−i+j− 1
2x−1; Q̃τ

) . (6.12) dimLag7

This is essentially identical with the unrefined limit of (
defectcontv2
5.29) obtained by the geometric

transition in the previous section20, but we have to keep in mind that the equivalence between

both calculations is up to the flop transition. Consequently, we conjecture the following

identification with parameters used in (
pfMT21v4
5.16):

QL ≡ Q(2)
4 , x ≡ q−

1
2 . (6.13) floptrans3

We now demonstrate the flop transition to match up to the partition function obtained

through the geometric transition (
pfMT21v4
5.16). Upon the flop transition, the relation (

floptrans2
6.9) gives

the same elliptic theta function for both expressions, and the condition (
floptrans1
6.8) fixes the trans-

formation law of Q(2)
4

Sugimoto:2015nha
[117] as

Q
(2)
4 7→ QmQ

(2)
4 . (6.14) floptrans4

20The weight q−|µ| may be absorbed into the overall one in Ǧ(2,1) (
dimLag5
6.10), but we postpone this point.
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Therefore, the extra Kähler factor QL is transformed as

QL 7→ QmQ
(2)
4 . (6.15) floptrans5

Finally, we can observe that the open string contribution (
dimLag7
6.12) perfectly coincides with the

result (
pfMT21v4
5.16) (except for the weight factor q−|µ|). As a result, we suggest that the unrefined

open topological vertex (
openrule1
6.2) is the (preliminary) correct prescription. Note that the value

of ˜̀ here was taken for computational simplicity, and we would like to find the way to

appropriately determine this as a future work.

7 Summary and outlooks
Sum

In this thesis, we constructed a codimension-2 defect in the 6d SCFT appropriately as a

probe M5-brane. The physical degrees of freedom in this theory on which we focused are

M-strings realized as the boundaries of M2-branes ending on slightly separated M5-branes,

and we computed the partition function of M-strings in the presence of the codimension-2

defect by using the refined topological vertex and the supersymmetric localization. As main

results in the paper through these calculations, we could

• find that the geometric transition to engineer the defect works for the M-string system:

• evaluate the refined topological string partition function with a Lagrangian brane in

the internal segment.

In general, the codimension-2 defect in diverse dimensions are defined in a way to impose

a specific singular behavior near the support of the defect on fundamental fields in the theory.

However, we propose that the definite action of a class of defects realized via the geometric

transition is as given in Section
MdefectDiscuss1
5.4.1. On the other hand, the partition function of M-strings

with the defect can be somewhat directly calculated from the point of view of its world-sheet

theory which is read from type IIA string theory. The presence of the defect introduces an

additional chiral and Fermi multiplet, which is confirmed by comparing these results under

the suitable parameter identification. We believe that these results become the first step to

classify codimension-2 defects in the 6d SCFT and build applications towards understanding

this theory, and as mentioned in Section
MdefectDiscuss2
5.4.2, it is an important issue to reveal the interplay

of these points as a future direction.

Further, to make our computation robuster, we tried to directly apply the open topo-

logical vertex to our defect. It is found that we can avoid somehow severe problems on its

usage, and the preliminary result perfectly matches with the previous calculations. We also

suggest that, at least for the unrefined case, the open topological vertex used in this paper

is a correct form with fixing some ambiguities for the known formulation. In closing this

paper, we would shortly comment on open problems in which now we are interested.
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Connection with codimension-4 defects

In the six-dimensional standpoint, the relation between a codimension-2 and codimension-4

defect is a long standing problem. As considered in this paper, the former is constructed

only from an intersecting M5-brane, and the latter is basically originated from a M2-brane

with the boundary on the M5-branes. They are of course distinct in M-theory, however,

their discrepancy might not appear in the low energy field theory, namely, these engineer

completely the same surface defect in the 4d IR theory. It has been suggested
Frenkel:2015rda
[118] that

it can be interpreted as a transformation called the separation of variables connecting the

Wess-Zumino-Witten (WZW) model and the Liouville theory on a Riemann surface Σ where

the M5-brane is wrapped on and the M2-brane is rendered a point, respectively (see e.g.
Sklyanin:1987ih, Frenkel:1995zp, Stoyanovsky:2000pg
[119, 120, 121]). In the sense of the AGT correspondence, the former is in the case where the

M5-brane is wrapping Σ, and the latter where the M2-brane behaves as a vertex operator.

It is quite interesting to explore whether our codimension-2 defect could nontrivially confirm

the statement of this framework.

Reduction to five dimensions

The codimension-2 defects in five dimensions have been investigated in
Gaiotto:2014ina
[122] by making use

of the geometric engineering in the (p, q)-fivebrane web diagram as we done in this paper.

The 5d supersymmetric gauge theory can be realized by reducing one of spatial directions

in the world-volume of the M5-branes, and for our situation, this is the limit where the 1

direction as a 1-cycle of a torus shrinks as in Section
Mtop
4.1, that is, in terms of the complex

modulus,

R1 → 0⇒ τ → i∞. (7.1)

In this limit, the elliptic theta function produces to the trigonometric function, which is a

regular situation for the reduction of the 6d theory on a torus to the 5d theory on a circle.

Moreover, our system may be reduced to the 4d gauge theory on Rε1,ε2 as R0 → 0 (we

usually need to be careful in shrinking the 0 direction that is originally the time direction,

however, we naively consider this situation because here the 0 direction completely is Euclid-

ian, not the thermal one). As commented in Section
BraneConfig
5.1, the result is highly similar to the

instanton counting problem considered in
Kanno:2011fw
[51]. They have given the general formula for the

instanton partition function in the presence of the defect and tested the AGT correspondence

with several examples. We are wondering if our defect in M-strings could be the origin to

describe the one studied in
Kanno:2011fw, Gaiotto:2014ina
[51, 122].
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Relation to an Y-operator

There is an effort to interpret and reformulate supersymmetric gauge theories in terms of

representation theory
Nekrasov:2015wsu
[123] where the main idea is to think of the shape of a quiver diagram

for the gauge theory as a Dynkin diagram. Then, it is conjectured that the partition function

of the quiver gauge theory is dual to a character formula which is one of basic ingredients in

representation theory. Also, this character has been generalized to an one-parameter family

of q (unrefined) and a two-parameter family of (q1, q2) (refined) which are named q-character

and qq-character, respectively. These parameters are ones for the Ω-deformation. On this

correspondence, the so-called Y-operator Y
Kimura:2015rgi, Kim:2016qqs, Kimura:2016dys
[124, 125, 126] has a crucial role to connect them

in the concrete way. Schematically, Y(x, q) depending basically on some fugacity x and q

turns out to satisfy the difference equation

〈Y(x, q)〉+
〈

1
Y(q−1x, q)

〉
+ (polynomial) = 0. (7.2)

In fact, the action of Y(x, q) is very similar to that of our defect expressed by the ratio of

the elliptic theta functions in the sense of eigenvalues of a difference operator. We now are

investigating the relation between our codimension-2 defect and the Y-operator based on the

above equation.

The modular property

Because M-strings are compactified on a torus, we would expect the invariance of the M-

string partition function under the SL(2,Z) transformation. However, this is not the case

because θ1(x; p) is not equipped with the modular property as mentioned in Appendix
Theta
A.5.

Instead, the partition function of M-strings is holomorphic with τ as expected from the

formalism of the topological vertex. We can take this to be modular invariant by adding the

non-holomorphic term by hand. This implies that there are holomorphic anomaly equations

derived from the M-string partition function
Haghighat:2013gba
[32]. This should be true also for our M-strings

with a probe M5′-brane, and it is interesting to understand the meaning of the holomorphic

anomaly equation in the context of M-strings from the viewpoint of the string world-sheet.

The refined open topological vertex

The concrete formalism of the refined open topological string is still not established as far

as we know. There are basically three points which must be resolved; fixing the framing

factor; decomposing the tensor product of Young diagrams; two-parameter generalization

of the Schur function associated with a holonomy X. An ad hoc way for first two issues

is to determine these factors such that the open topological vertex computation becomes

compatible with our result based on the geometric transition. On the final point, in fact,
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Figure 35: webT21v4The web diagram with additionally compactifying the horizontal direction.

it is expected that the insertion of X written as the Schur function sµ(x) in the unrefined

case is replaced with the Macdonald function Pµ(x; q1, q2) as commented in
Dimofte:2010tz
[69]. This is an

absolutely analogue of the extension from the unrefined topological vertex to the refined one.

We would try to test if this replacement could work by comparing it with our result.

On further compactification

There is an additionally modified version of M-strings that the 6 direction in (
mstringsTN
3.17) is also

compactified, and the corresponding (p, q)-fivebrane web diagram with (M,N) = (2, 2) is

shown in Figure
webT21v4
35. The refined topological vertex still can be applied to this setup, and

the M-string partition function is also evaluated as the elliptic genus
Hohenegger:2013ala
[88]. However, we may

not make use of the geometric transition to engineer the defect in this M-string system and

need the direct calculation from the open topological vertex (Section
OpenTop
6) or the elliptic genus.

This is another motivation to absolutely formulate the refined version of the open topological

vertex, which is in turn applied to the analysis of a more general class of the codimension-2

defects. The result in Section
OpenTop
6 has possibility to overcome this issue.

Interpretation in matrix model and B-model

The formula of the topological vertex has been initiated from the observation of similarity

between the topological string theory and the Chern-Simons matrix model
Gopakumar:1998ki
[63]. This is in

the unrefined case, and its refined extension is conjectured to be described by the so-called

refined Chen-Simons theory. With these developments, we would like to know whether there

could be a counterpart in the matrix model to our results. Further, there are some works,

e.g.
Kozcaz:2010af, Haghighat:2016jjf
[68, 127], to try to translate and analyse the topological vertex results of the A-model

topological string theory into the languages of the B-model. It is natural and important for

us to seek the interpretation of our results in the B-model.
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Kim, Taro Kimura, Can Kozçaz, Kazunobu Maruyoshi, Tomoki Nosaka, Masato Taki, and

Wenbin Yan for helpful comments to polish up our results.

85



Y2

Y1

Yd
Y

Y T
1

Y T
2

Y T
d

Y T

⇐⇒

Y

Y T
1 Y T

dY T
2

Figure 36: yttThe sequence of the Young diagram Y and its transpose Y T.

A Analysis
Math

In this appendix, we would collect notations and formulae which play a central role in

computing our main focuses.

A.1 Young diagrams
Young

Convention

There are several ways to define the Young diagram Y . We here accept the decreasing

sequence of nonnegative integers that is useful for the instanton counting,

Y = {Yi ∈ Z≥0|Y1 ≥ Y2 ≥ · · · ≥ Yd} ,

Y T =
{
Y T

j ∈ Z≥0|Y T
j = #{i|Yi ≥ j}

}
,

(A.1) ydef1

where T means the transpose of the original diagram (Figure
ytt
36), and #{i|Yi ≥ j} represents

the number of i satisfying Yi ≥ j. For notational simplicity, we use the following symbols:

|Y | =
d(Y )∑
i=1

Yi, ||Y ||2 =
d(Y )∑
i=1

Y 2
i ,

∏
(i,j)∈Y

f(i, j) =
d(Y )∏
i=1

Yi∏
j=1

f(i, j) =
ď(Y )∏
j=1

Y T
i∏

i=1

f(i, j), (A.2) ydef2

where d(Y ) and ď(Y ) are the number of rows and columns, respectively, with non-zero entry

in Y . Similarly, we will use ď(Y ) for the number of columns in Y . One can immediately find

that |Y | is the total number of the boxes of Y and

|Y | = |Y T|, |Y ⊗W | = |Y |+ |W |, d(Y T) = ď(Y ). (A.3)

In addition, we introduce the concepts of an arm and a leg of the Young diagram. Given a

box whose position is labelled by s = (i, j) in the Young diagram Y , Yi is the length of the

i-th row and Y T
j is the height of the j-th column as shown in Figure

ytt
36. Then, Yi − j and

Y T
j − i are to be the length of an arm and a leg, respectively, in Y (see Figure

length
37). Note

that these values become negative when the boxes are outside Y .
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j

Yi � j

Y T
j � i

Figure 37: The length of an arm (horizontal arrow) and a leg (vertical arrow) for the boxlength

s = (i, j) in Y .

Useful formulae

We enumerate formulae associated with the Young diagram which significantly utilized in

the computation of the topological vertex. First, the following relations hold:

n(Y ) :=
d(Y )∑
i=1

(i− 1)Yi =
1
2

d(Y )∑
i=1

Y T
i (Y T

i − 1) =
∑

(i,j)∈Y

(Y T
j − i) =

||Y T||2

2
− |Y |

2
, (A.4) yn1

n(Y T) :=
d(Y T)∑
i=1

(i− 1)Y T
i =

1
2

d(Y T)∑
i=1

Yi(Yi − 1) =
∑

(i,j)∈Y

(Yi − j) =
||Y ||2

2
− |Y |

2
. (A.5) yn2

Next, the hock length h(i, j) and the content c(i, j) are defined as

h(i, j) = Yi − j + Y T
j − i+ 1, (A.6)

c(i, j) = j − i, (A.7)

which satisfy ∑
(i,j)∈Y

h(i, j) = n(Y T) + n(Y ) + |Y |, (A.8)

κY :=
∑

(i,j)∈Y

c(i, j) = n(Y T)− n(Y ) =
||Y ||2

2
− ||Y

T||2

2
. (A.9) kappa

Moreover, for the Young diagrams Y and W , we have∑
(i,j)∈W

Y T
j =

∑
(i,j)∈Y

WT
j , (A.10) yn3

∑
(i,j)∈Y

Y T
j = ||Y T||2, (A.11)
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where the first one was shown in
Taki:2007dh
[128]. Finally, when we normalize the partition function

of the refined topological string, the following formulae with the Young diagrams µ and ν is

highly made use of:∏
(i,j)∈µ

(
1−Qq−i+ 1

2
1 q

µi−j+ 1
2

2

)
=

∏
(i,j)∈µ

(
1−Qq−i+ 1

2
1 q

j− 1
2

2

)
, (A.12) ycombi1

∞∏
i,j=1

1−Qq
µT

j −i+1

1 qνi−j
2

1−Qq−i+1
1 q−j

2

=
∏

(i,j)∈µ

(
1−Qq

−νT
j +i

1 q−µi+j−1
2

) ∏
(i,j)∈ν

(
1−Qq

µT
j −i+1

1 qνi−j
2

)
,

(A.13) ycombi2

where Q is some parameter. There are expressions descended from this by limiting µ or ν,

∞∏
i,j=1

1−Qq
µT

j −i

1 qµi−j+1
2

1−Qq−i
1 q−j+1

2

=
∏

(i,j)∈µ

(
1−Qq

µT
j −i

1 qµi−j+1
2

)(
1−Qq

−µT
j +i−1

1 q−µi+j
2

)
, (A.14) ycombi3

∞∏
i,j=1

1−Qq
µT

j −i+ 1
2

1 q
−j+ 1

2
2

1−Qq−i+ 1
2

1 q
−j+ 1

2
2

=
∏

(i,j)∈µ

(
1−Qqi− 1

2
1 q

−j+ 1
2

2

)
, (A.15) ycombi4

∞∏
i,j=1

1−Qq−i+ 1
2

1 q
µi−j+ 1

2
2

1−Qq−i+ 1
2

1 q
−j+ 1

2
2

=
∏

(i,j)∈µ

(
1−Qq−i+ 1

2
1 q

j− 1
2

2

)
, (A.16) ycombi5

or equivalently, for the convenient usage in our calculations,

∞∏
i,j=1

1−Qq
−µT

j +i− 1
2

1 q
−νi+j− 1

2
2

1−Qqi− 1
2

1 q
j− 1

2
2

=
∏

(i,j)∈µ

(
1−Qq

νT
j −i+ 1

2

1 q
µi−j+ 1

2
2

) ∏
(i,j)∈ν

(
1−Qq

−µT
j +i− 1

2

1 q
−νi+j− 1

2
2

)
,

(A.17) ycombi6

∞∏
i,j=1

1−Qq
−µT

j +i

1 q−µi+j−1
2

1−Qqi
1q

j−1
2

=
∏

(i,j)∈µ

(
1−Qq

−µT
j +i

1 q−µi+j−1
2

)(
1−Qq

µT
j −i+1

1 qµi−j
2

)
.

(A.18) ycombi7

A.2 Schur function
Schur

The main ingredient of the topological vertex (Appendix
TopV
B) is the Schur function that is

a kind of symmetric polynomials. The vast details about the symmetric polynomial are

packaged in, e.g.,
DiFrancesco:1997nk, macdonald1998symmetric
[129, 130]. Let us denote the set of N variables (x1, x2, . . . , xN ) as x

shortly. Given a representation labelled by the Young diagram Y , the Schur function is

defined by

sY (x) =
detxYi+N−i

j

detxN−i
j

, (A.19) sf
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where

detxYi+N−i
j =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

xY1+N−1
1 xY1+N−1

2 · · · xY1+N−1
N

xY2+N−2
1 xY2+N−2

2 · · · xY2+N−2
N

...
...

. . .
...

x
YN−1+1
1 x

YN−1+1
2 · · · x

YN−1+1
N

xYN
1 xYN

2 · · · xYN
N

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (A.20)

detxN−i
j =

∣∣∣∣∣∣∣∣∣∣∣

xN−1
1 xN−1

2 · · · xN−1
N

xN−2
1 xN−2

2 · · · xN−2
N

...
...

. . .
...

x0
1 x0

2 · · · x0
N

∣∣∣∣∣∣∣∣∣∣∣
=

∏
1≤i<j≤N

(xi − xj) (A.21)

for the numerator and the denominator, respectively. The denominator is nothing but the

Vandermonde determinant. For examples with N = 3, the Schur functions for the symmetric

and antisymmetric representation of two boxes are given by

s (x) =

∣∣∣∣∣∣∣∣
x4

1 x4
2 x4

3

x1
1 x1

2 x1
3

x0
1 x0

2 x0
3

∣∣∣∣∣∣∣∣
/ ∏

1≤i<j≤3

(xi − xj) = x2
1 + x2

2 + x2
3 + x1x2 + x2x3 + x3x1,

s (x) =

∣∣∣∣∣∣∣∣
x3

1 x3
2 x3

3

x2
1 x2

2 x2
3

x0
1 x0

2 x0
3

∣∣∣∣∣∣∣∣
/ ∏

1≤i<j≤3

(xi − xj) = x1x2 + x2x3 + x3x1.

The Schur function is sometimes alternatively shown by the following economical expression

reflecting the symmetric character:

sY (x) = TrYX, (A.22)

where the variables x = (x1, x2, . . . ) are eigenvalues of the matrix X. The Schur function

satisfies the following relations:

sY (αx) = α|Y |sY (x), (A.23) sf3

sY ⊗W (x) = sY (x)sW (x), (A.24) sf4

sY (qn) = q
1
2
κY sY T(qn) = (−1)|Y |sY T(q−n), (A.25) inversionschur

sY (qn)sW (qn+Y ) = sW (qn)sY (qn+W ), (A.26)
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where κY is defined in (
kappa
A.9) and n := −n + 1

2 =
{
−1

2 , −
3
2 , −

5
2 , · · ·

}
(n ∈ Z>0), and the

Cauchy formulae,

∑
Y

sY (x)sY (y) =
∏

i,j≥1

1
1− xiyj

= exp

 ∞∑
i,j,k=1

1
k
xk

i y
k
j

 , (A.27) sf2

∑
Y

sY T(x)sY (y) =
∏

i,j≥1

(1 + xiyj) = exp

− ∞∑
i,j,k=1

(−1)k

k
xk

i y
k
j

 , (A.28) sf1

where the sum of Y is taken over all of representations. We should remark that the Schur

function can precisely become the orthogonal basis of the vector space ΛN spanned by N -

order homogeneous polynomials. In fact, let 〈·, ·〉 be a scalar product on ΛN (i.e. a ZN -valued

bilinear form), then the relation (
sf2
A.27) is equivalent to

〈sY (x), sW (x)〉 = δY W for ∀Y, ∀W, (A.29) orths

where δY W is the Kronecker delta.

A.3 Skew Schur function
SkewSchur

There is a generalization of the Schur function called the skew Schur function sY/W (x) defined

by

〈sY/W , sV 〉 = 〈sY , sW sV 〉. (A.30) ssfdef1

The functions have the same argument when we omit it. Note that, by definition, the product

of the Schur functions also spans ΛN and can be re-expanded by the Schur function with

some coefficients N V
Y W ,

sY sW =
∑
V

N V
Y W sV . (A.31) ssfdef2

Putting this into the original definition (
ssfdef1
A.30) with orthogonality (

orths
A.29), we have

〈sY/W , sV 〉 =
∑
R

NR
WV 〈sY , sR〉

= N Y
WV

=
∑
R

N Y
WR〈sR, sV 〉,

thus, the skew Schur function is alternatively defined as

sY/W =
∑
R

N Y
WRsR. (A.32) ssf
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Here, the coefficients N Y
WR are called Littlewood-Richardson coefficients since it counts the

multiplicity of the representation parameterized by Y in the decomposition of the tensor

product W ⊗ R and can be determined using the Littlewood-Richardson rule. The skew

Schur function is reduced to the standard Schur function by setting W = ∅ in (
ssfdef1
A.30),

sY/∅(x) = sY (x). (A.33)

Similarly for the Schur function, this function satisfies the following relations:

sY/W (αx) = α|Y |−|W |sY/W (x), (A.34) ssf1∑
Y

sY/W (x)sY/V (y) =
∏

i,j≥1

1
1− xiyj

∑
Y

sV/Y (x)sW/Y (y), (A.35) ssf2

∑
Y

sY/WT(x)sY T/V (y) =
∏

i,j≥1

(1 + xiyj)
∑
Y

sV T/Y (x)sW/Y T(y). (A.36) ssf3

Furthermore, as for (
sf4
A.24), by compounding the definition (

ssfdef1
A.30), (

ssfdef2
A.31), and the orthogo-

nality (
orths
A.29),

〈s(Y ⊗R)/W , sV 〉 = 〈sY sR, sW sV 〉

=
∑
P, Q

NP
Y RN

Q
WV 〈sP , sQ〉

=
∑
P

NP
Y RNP

WV

=
∑
P, Q

NP
Y RNP

WQ〈sQ, sV 〉

=
∑
P

NP
Y R〈sP/W , sV 〉,

thus, we can express the skew Schur function with the tensor product of the Young diagrams

as

s(Y ⊗R)/W =
∑
P

NP
Y RsP/W . (A.37) ssf4

A.4 Macdonald function
Macdonald

The Macdonald function Pρ(x; q1, q2) has been introduced firstly in
macdonald1998symmetric
[130] as the two-parameter

generalization of several significant symmetric functions. The Macdonald function is uniquely

determined by requiring basic properties of the symmetric function, and reproducing some-

how familiar symmetric functions as specializing two parameters (q1, q2):

(I) Pρ(x; q, 1) = mρ(x): the monomial symmetric function.

(II) Pρ(x; 1, q) = eρT(x): the elementary symmetric function.
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(III) lim
q→1

Pρ(x; q, qβ) = P (1/β)
ρ (x): the Jack symmetric function.

(IV) Pρ(x; 0, q) = Pρ(x; q): the Hall-Littlewood function.

(V) Pρ(x; q, q) = sρ(x): the Schur function.

The explicit form of Pρ(x; q1, q2) is quite complicated to write down here (first few terms

can be found in
Awata:2005fa
[35]), instead we summarize the expressions sufficient for our calculations

obtained by limiting x = q±n
1 ,

Pρ(q−n
1 ; q2, q1) =

∏
(i,j)∈ρ

q
ρT

j −i+ 1
2

1

1− q
ρT

j −i+1

1 qρi−j
2

for |q1| < 1, (A.38) mac1

Pρ(qn
1 ; q2, q1) =

∏
(i,j)∈ρ

−q
1
2
1 q

ρi−j
2

1− q
ρT

j −i+1

1 qρi−j
2

for |q−1
1 | < 1, (A.39)

PρT(q−n
1 ; q2, q1) =

∏
(i,j)∈ρ

−q−
1
2

1 q
−ρT

j +i

2

1− q−ρi+j−1
1 q

−ρT
j −i

2

for |q1| < 1, (A.40)

PρT(qn
1 ; q2, q1) =

∏
(i,j)∈ρ

q
−ρi+j− 1

2
1

1− q−ρi+j−1
1 q

−ρT
j −i

2

for |q−1
1 | < 1. (A.41)

A.5 Theta functions
Theta

The elliptic theta functions are defined by
Whittaker
[131]

θ1(z|τ) = −
∑
n∈Z

eπiτ(n+ 1
2)

2
+2πi(n+ 1

2)(z+ 1
2), (A.42) et1

θ2(z|τ) =
∑
n∈Z

eπiτ(n+ 1
2)

2
+2πi(n+ 1

2)z = θ1
(
z + 1

2

∣∣ τ) , (A.43) et2

θ3(z|τ) =
∑
n∈Z

eπiτn2+2πinz = e
πiτ
4

+πizθ2
(
z + τ

2

∣∣ τ) , (A.44) et3

θ4(z|τ) =
∑
n∈Z

eπiτn2+2πin(z+ 1
2) = θ3

(
z + 1

2

∣∣ τ) , (A.45) et4

where we have a variable z ∈ C and a constant τ ∈ C whose imaginary part is positive. They

satisfy inversion and periodic properties listed below which we can easily check from their

definitions,

θ1(−z|τ) = −θ1(z|τ), θ1(z + 1|τ) = −θ1(z|τ), θ1(z + τ |τ) = −e−πiτ−2πizθ1(z|τ), (A.46) period1

θ2(−z|τ) = θ2(z|τ), θ2(z + 1|τ) = −θ2(z|τ), θ2(z + τ |τ) = e−πiτ−2πizθ2(z|τ), (A.47) period2

θ3(−z|τ) = θ3(z|τ), θ3(z + 1|τ) = θ3(z|τ), θ3(z + τ |τ) = e−πiτ−2πizθ3(z|τ), (A.48) period3

θ4(−z|τ) = θ4(z|τ), θ4(z + 1|τ) = θ4(z|τ), θ4(z + τ |τ) = −e−πiτ−2πizθ4(z|τ). (A.49) period4
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It is also worth enumerating their modular transformations, that is, T and S transformation

of SL(2,Z):

θ1(z|τ + 1) = e
πi
4 θ1(z|τ), θ1

(
z
τ

∣∣− 1
τ

)
= −i(−iτ)

1
2 e

πiz2

τ θ1(z|τ), (A.50) modular1

θ2(z|τ + 1) = e
πi
4 θ2(z|τ), θ2

(
z
τ

∣∣− 1
τ

)
= (−iτ)

1
2 e

πiz2

τ θ4(z|τ), (A.51) modular2

θ3(z|τ + 1) = θ4(z|τ), θ3
(

z
τ

∣∣− 1
τ

)
= (−iτ)

1
2 e

πiz2

τ θ3(z|τ), (A.52) modular3

θ4(z|τ + 1) = θ3(z|τ), θ4
(

z
τ

∣∣− 1
τ

)
= (−iτ)

1
2 e

πiz2

τ θ2(z|τ). (A.53) modular4

It is well known that the elliptic theta functions can be re-expressed in terms of the infinite

product, for instance,

θ1(z|τ) = −ie
πiτ
4 eπiz

∞∏
k=1

(
1− e2πikτ

)(
1− e2πikτe2πiz

)(
1− e2πi(k−1)τe−2πiz

)
= 2e

πiτ
4 sinπz

∞∏
k=1

(
1− e2πikτ

)(
1− e2πikτe2πiz

)(
1− e2πikτe−2πiz

)
. (A.54) t11

There are other expressions θa(x; p) (a = 1, . . . , 4) for the elliptic theta functions with setting

x := e2πiz and p := e2πiτ with |p| < 1 due to Im(τ) > 0, e.g. for θ1(z|τ),

θ1(x; p) = −ip
1
8x

1
2

∞∏
k=1

(
1− pk

)(
1− pkx

)(
1− pk−1x−1

)
, (A.55) t12

which is nothing but the Jacobi’s triple product identity. Further, this identity for θa(x; p)

can be rewritten as the following useful forms:

θ1(x; p) = −ip
1
8x

1
2 (p, px, x−1; p)∞, (A.56) triple1

θ2(x; p) = p
1
8x

1
2 (p,−px,−x−1; p)∞, (A.57) triple2

θ3(x; p) = (p,−p
1
2x,−p

1
2x−1; p)∞, (A.58) triple3

θ4(x; p) = (p, p
1
2x, p

1
2x−1; p)∞, (A.59) triple4

where the q-Pochhammer symbol (or the q-shifted factorial) is given by

(x; p)n =



1 for n = 0,

n−1∏
k=0

(1− xpk) for n ≥ 1,

−n∏
k=1

(1− xp−k)−1 for n ≤ −1,

(A.60) qshifted

and (x; p)∞ := limn→∞(x; p)n with |p| < 121. For simplicity, we use the shorthand notation

(x1, x2, · · · , xr; p)n := (x1; p)n(x2; p)n · · · (xr; p)n. (A.61)

21As named, p is normally denoted by q, but we keep p as an elliptic variable for avoiding confusion with

q in the topological vertex.
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On the other hand, the theta function closely related to the elliptic theta functions is

defined by

θ(x; p) =
1

(p; p)∞

∑
n∈Z

(−1)np
1
2
n(n−1)xn = (x, px−1; p)∞, (A.62) theta

which is often used in the literatures of physics22. This function actually fulfils the following

inversion formula and difference equation:

θ(x−1; p) = −x−1θ(x; p) = θ(xp; p), (A.63) inversion

θ(xpn; p) = (−x)−np−
n(n−1)

2 θ(x; p). (A.64) ethetav1

The elliptic theta functions (
et1
A.42)-(

et4
A.45) are replaced with this theta function via the Ja-

cobi’s triple product identity,

θ1(x; p) = ip
1
8x−

1
2 (p; p)∞ θ(x; p), (A.65) triple1d

θ2(x; p) = p
1
8x−

1
2 (p; p)∞ θ(−x; p), (A.66) triple2d

θ3(x; p) = (p; p)∞ θ(−xp
1
2 ; p), (A.67) triple3d

θ4(x; p) = (p; p)∞ θ(xp
1
2 ; p). (A.68) triple4d

Eisenstein series

We have another series expansion for the elliptic theta function useful to discuss the modular

property,

θ1(z; τ) = (2πiz)η(τ)3 exp

[ ∞∑
k=1

B2k

2k · (2k)!
E2k(τ)(2πiz)2k

]
, (A.69) thetaEisen

where the 24th power of the Dedekind eta function η(τ)24 = ∆(τ), called the modular

discriminant, is a modular form of the weight 12, and B2k are the Bernoulli numbers defined

as the coefficients of the Taylor expansion,

x

ex − 1
=

∞∑
n=0

Bn

n!
xn. (A.70)

22There are several notations with the symbol θ(x; p) also in the literatures of mathematics. For example,

θ(x; p) =
X

n∈Z

p
n2
2 (−x)n =

“

p, p
1
2 x, p

1
2 x−1; p

”

∞
,

which is called the theta function of Jacobi in our paper
Mori:2016eaz
[132] (denoted by θp(x) with the base p as ter-

minology). This is absolutely identical with θ4(x; p), and the elliptic theta functions above are frequently

referred to as the theta functions of Jacobi (or Jacobi’s theta functions) without distinction. Remark that

some notations are basically related with each other only by redefining x.
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The function E2k(τ) is the Eisenstein series of the wight 2k defined by

E2k(τ) = 1 +
2

ζ(1− 2k)

∞∑
n=1

n2k−1 qn

1− qn
= 1− 4k

B2k

∞∑
n=1

σ2k−1(n)qn, (A.71)

where ζ(1 − 2k) is the Riemann zeta function given by ζ(s) =
∑∞

n=1 n
−s. In addition,

σx(n) =
∑

d|n d
x is called the divisor sum function which is the summation over the x-th

power of the positive divisors of n ∈ N. Precisely speaking, the Eisenstein series E2k(τ) is

regarded as the one by normalizing the holomorphic Eisenstein series,

E2k(τ) =
G2k(τ)
2ζ(2k)

, G2k(τ) =
∑

(m,n)∈Z\(0,0)

1
(m+ nτ)2k

, (A.72)

and transformed as

E2k

(
aτ + b

cτ + d

)
=

 (cτ + d)2E2(τ)− iπc(cτ + d) for k = 1,

(cτ + d)2kE2k(τ) for k > 1,
(A.73)

under the modular transformation (
a b

c d

)
∈ SL(2,Z). (A.74) modular

Therefore, E2(τ) is not a modular form. To make it a modular form, we have to add a

non-holomorphic term such that

Ê2(τ, τ̄) := E2(τ)−
3

πIm(τ)
, (A.75)

then Ê2(τ, τ̄) becomes exactly a modular form of the weight 2,

Ê2

(
aτ + b

cτ + d

)
= (cτ + d)2Ê2(τ). (A.76)

This observation actually tells us that if we exchange E2(τ) with Ê2(τ, τ̄) in θ1(z; τ) (
thetaEisen
A.69),

the M-strings partition function becomes non-holomorphic but invariant under the modular

transformation acting on the twist parameters as

SL(2,Z) : (τ,m, ε1, ε2) 7→
(
aτ + b

cτ + d
,

m

cτ + d
,

ε1
cτ + d

,
ε2

cτ + d

)
. (A.77)

B Topological vertex
TopV

The topological vertex
Aganagic:2003db
[34] and its refined extension

Awata:2005fa, Iqbal:2007ii
[35, 36] are basic blocks to compute

quantities, e.g. a free energy and Gromov-Witten invariants, in the A-model topological

string theory23. There are a wide variety of works associated with the topological string
23The counterpart in the B-model topological string theory is called the topological recursion

Eynard:2007kz
[133].
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theory beyond the original geometrical perspectives, and recently it was found that this

technique might be applied to condensed matter physics
Hatsuda:2016mdw
[134]. We would summarize the

definitions of the unrefined/refined topological vertex and demonstrate how to use it to count

the BPS states on Calabi-Yau three-folds (CY3’s). The details of deriving the formulation

and further geometrical aspects of the topological vertex are not shown here because these

are not the scope of this paper, and our standpoint is to make use of it as a computational

tool relying on its successful advancements in string theory and gauge theories. The readers

who are interested in arguments beyond this paper24 is asked to refer to the literatures
Aharony:1997bh, Leung:1997tw, Aganagic:2003db, Hollowood:2003cv, Awata:2005fa, Iqbal:2007ii, Taki:2007dh, Iqbal:2008ra, Bao:2013pwa, Hayashi:2013qwa
[89, 90, 34, 91, 35, 36, 128, 138, 139, 140].

B.1 Unrefined case
UnrefineV

The topological vertex Cµνρ(q)
Aganagic:2003db
[34] is a function of q charactering the trivalent vertex of

Figure
tv
38, which is the web diagram of the simplest CY3, C3. A class of non-compact toric

CY3’s25 basically can be described in terms of the web diagram by appropriately gluing this

trivalent vertex. The indices µ, ν, and ρ there represent Young diagrams assigned on the

ends of the vertex, and the directions of arrows on edges fix the Young diagrams such that

we choose µ if the arrow is outgoing from the vertex and its transpose µT if the arrow is

ingoing. These labels correspond to the boundary conditions of fundamental strings in the

topological string theory. The topological string theory is a supersymmetric non-linear sigma

model on the world-sheet of a string whose target space is CY3, and the string is wrapped

on a two-dimensional subspace of CY3. Thus, the partition function of the topological string

theory captures information about BPS states yielded by the string states on CY3 (more

precisely, counts the holomorphic maps of the world-sheet to the target space). Through

the correspondence between the web diagram of CY3 and the (p, q)-fivebrane web in string

theory
Aharony:1997bh, Leung:1997tw, Hollowood:2003cv
[89, 90, 91], the presence of the edges in the former is mapped to the corresponding

D-branes where open strings can end on. Roughly, in this viewpoint, the boundary condition

and the winding direction of the strings are characterized by the Young diagram and the

arrow on the edge, respectively. The topological vertex Cµνρ(q) has been derived as

Cµνρ(q) = q
1
2
(κν+κρ)sρ(q−n)

∑
λ

sµT/λ(q−ρ−n)sν/λ(q−ρT−n),

κν := ||ν||2 − ||νT||2, n := −n+
1
2

=
{
−1

2
, −3

2
, −5

2
, · · ·

}
(n ∈ Z>0),

(B.1) defunrefined

where the functions used here are the Schur function (
sf
A.19) and skew Schur function (

ssf
A.32).

The parameter assignment of Cµνρ is depicted in Figure
tv
38. There we also give vectors v

24For example, the topological string theory is well established only in the perturbative sense, and one of

interesting directions is towards its non-perturbative definition
Hatsuda:2012dt, Hatsuda:2013oxa, Sugimoto:2016vnb
[135, 136, 137] (and references therein).

25The toric manifold is a n-dimensional complex manifold equipped with n isometries which commute with

each other.
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Figure 38: The definition of the unrefined topological vertex. µ, ν, and ρ are Young diagrams,tv

and a vector v is appropriately chosen for each associated edge.

for edges to fix the so-called framing since it has been shown that the final result has an

ambiguity of this framing
Aganagic:2001nx
[141]. The appropriate way to specify this framing will be provided

below. For C3 as an example, the vectors are

vµ = (−1,−1), vν = (1, 0), vρ = (0, 1), (B.2)

along the directions of arrows in Figure
tv
38. Note that the topological vertex has a non-trivial

symmetry called cyclic symmetry,

Cµνρ(q) = Cρµν(q) = Cνρµ(q). (B.3)

Next, we would like to give the prescription of gluing the topological vertex to obtain the

partition function on a non-compact toric CY3 as a target space. For given two vertices, the

gluing process is comprised of the following four steps:

(UR1) Fix a pair of edges to connect the vertices so that one has the outgoing arrow with a

Young diagram ρ and the other has the ingoing arrow with a Young diagram ρT.

(UR2) Multiply the topological vertices (
defunrefined
B.1) by a Kähler factor (−Q)|ρ| which corresponds

to a Kähler parameter of CP1 arising on a internal segment after making a joint.

(UR3) In addition to the Kähler factor, we have to include the so-called framing factor fρ(q)`

(` ∈ Z)
Aganagic:2001nx
[141] given by

fρ(q) = (−1)|ρ|q−
1
2
κρ . (B.4) ff1

(UR4) Finally, take a sum over ρ allocated on the glued edge.

We should note that an exponent ` of the framing factor is determined as follows. One

specifies vectors for the edges counterclockwise next from the glued edge on the vertices in

question (Figure
frame
39) and then take the exterior product of those vectors,
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Figure 39: frameOur convention to determine the exponent of the framing factor.

µ

�

� �T

�

�

=⇒

�

�µ

�

Q

Figure 40: ex1The web diagram of O(0)⊕O(−2)→ P1.

` = vµ∧vη = det

(
v1
µ v2

µ

v1
η v2

η

)
. (B.5) exterior

This value is actually what we have to use for the framing factor. We would demonstrate

this below with a simple example.

Example: O(0)⊕O(−2)→ P1.

We would show the way to access the topological vertex with one of the simplest CY3,

O(0) ⊕ O(−2) → P1 (Figure
ex1
40). The only necessary thing is to determine an integer

exponent ` of the framing factor. In Figure
ex1
40, we choose horizontal edges to link the

vertices, and following the prescription (
exterior
B.5),

` = vµ∧vλ = det

(
−1 1

0 −1

)
= 1. (B.6)

Combining the steps (UR1)-(UR4), the topological string partition function is written as

Zηλ
µν (Q; q) =

∑
ρ

(−Q)|ρ|fρ(q)Cµνρ(q)CληρT(q). (B.7)
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rtv1

�µ
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q1

q2

(a) Parameters and the preferred direction

rtv2

(b) 3D Young diagram

Figure 41: The definition of the refined topological vertex. The wavy line stands for thertv

preferred direction.

B.2 Refined case
RefineV

The topological vertex given in the previous subsection depends on a single parameter q,

and the two parameter extension has been constructed in
Awata:2005fa, Iqbal:2007ii, Awata:2008ed
[35, 36, 142]26, which is called the

refined topological vertex. Accordingly, the previous vertex Cµνρ(q) was rephrased as the

unrefined topological vertex. The main purpose of this generalization is to reproduce the

instanton counting with the Ω-background (ε1, ε2) in four-dimensional quantum field theories

as well as the unrefined one does, but we should remark that it is not known whether the

refined topological vertex can be interpreted consistently in the languages of geometry and

string theory. Therefore, at least with the current status, we would treat it as a systematic

computing method, but developing examples to justify the refined topological vertex is now

making its applicable range wider and wider. The refined topological vertex Cµνρ(q1, q2) is

defined as

Cµνρ(q1, q2) = q
− ||νT||2

2
1 q

||ν||2+||ρ||2
2

2 Z̃ρ(q1, q2)
∑

λ

(
q2
q1

) |λ|+|µ|−|ν|
2

sµT/λ(q−n
1 q−ρ

2 )sν/λ(q−ρT

1 q−n
2 ),

Z̃ρ(q1, q2) =
∏

(i,j)∈ρ

1

1− q
ρT

j −i+1

1 qρi−j
2

, n := −n+
1
2

=
{
−1

2
, −3

2
, · · ·

}
(n ∈ Z>0).

(B.8) defrefined

The main distinction from the unrefined topological vertex is that we need to specify the

preferred direction expressed as a wavy line in Figure
rtv1
41(a). The role of the preferred direction

is seen as follows. We put a Young diagram on each end, hence, the vertex can be viewed

as a three-dimensional Young diagram as in Figure
rtv2
41(b). This is because there now exist

two parameters (q1, q2) corresponding to the Ω-background, and then we can distinguish the

26At the beginning, the formulation of the refined topological vertex has been proposed by
Awata:2005fa
[35] and

Iqbal:2007ii
[36]

independently, and latter it was argued in
Awata:2011ce
[143] that they are precisely equivalent.
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edges by bringing them together with the edges of the vertex like as Figure
rtv1
41(a). When it

is mapped into the three-dimensional Young diagram, all axises are independent, thus, we

project it onto a two-dimensional slice by choosing one axis to utilize the standard method for

an usual Young diagram. The choice of the slice on the three-dimensional Young diagram is

implemented by the preferred direction. Upon the computation with the refined topological

vertex, firstly we fix the preferred direction, secondly assign (q1, q2) on the remaining edges.

Note that the function Z̃ρ(q1, q2) is essentially the Macdonald polynomial Pρ(x; q2, q1) (
mac1
A.38),

Z̃ρ(q1, q2) = q
− ||ρT||2

2
1 Pρ(q−n

1 ; q2, q1). (B.9)

The refined topological vertex Cµνρ(q1, q2) in the unrefined limit q1 = q2 = q is reduced, as

required, to the unrefined one Cµνρ(q) due to the property (V) of the Macdonald function.

Let us turn to providing the gluing prescription for the refined topological vertex. The

rule is basically the same as for the unrefined case, but there are differences come from the

number of the parameters and the preferred direction. For given two refined vertices, this is

achieved by the following steps:

(R1) Fix a pair of edges to connect the vertices so that one has the outgoing arrow with a

Young diagram ρ and the other has the ingoing arrow with a Young diagram ρT.

(R2) Further, fix the preferred direction on one edge of the one vertex, then for the other

vertex the preferred direction is chosen on the edge extending to the same axis as the

previous one.

(R3) Assign parameters (q1, q2) on two of three edges as follows: If the preferred direction is

not on the glued edge, these parameters are placed in the same manner as Figure
rtv1
41(a)

for the one vertex so that q1 (q2) presents on the glued edge, and then the parameters

are put on the other vertex such that q2 (q1) resides in the glued edge: If the preferred

direction is on the glued edge, q1 in the one vertex and q2 in the other vertex are set

as to belong to the edges counterclockwise next from the glued edges as if the edges

associated with q1 and q2 would be connected.

(R4) Multiply the refined topological vertices (
defrefined
B.8) by a Kähler factor (−Q)|ρ| and the

framing factor fρ(q1, q2)` (` ∈ Z) for the refined one given by
fµ(q1, q2) = (−1)|µ|q

||µT||2
2

1 q
− ||µ||2

2
2 if the preferred direction is the glued edge,

f̃µ(q1, q2) = (−1)|µ|q
||µT||2+|µ|

2
1 q

− ||µ||2+|µ|
2

2 if the preferred direction is not the glued edge.

(B.10) framing2

(R5) Finally, take a sum over ρ allocated on the glued edge.
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Figure 42: The web diagram of O(0)⊕O(−2)→ P1. The preferred direction is set along theex2

vertical line in (a) and along the horizontal glued line in (b).

The forms in (
framing2
B.10) have been determined in

Bao:2013pwa, Hayashi:2013qwa
[139, 140] by requesting the refined topological

string partition function to match the superconformal index of the gauge theory engineered

by the associated (p, q)-fivebrane web. We perform this procedure with O(0)⊕O(−2)→ P1.

Example: O(0)⊕O(−2)→ P1 revisited

There are three different ways to select the preferred direction in gluing two vertices, here

we implement two of them in the refined topological vertex computation since the crucial

point is whether the preferred direction is taken on the glued segment or not (Figure
ex2
42).

As before, the power of the framing factor is ` = 1. For the case (a) in Figure
ex2
42,

Zηλ
µν (Q; q1, q2) =

∑
ρ

(−Q)|ρ| f̃ρ(q2, q1)Cρµν(q1, q2)CηρTλ(q1, q2). (B.11) p1simple3

For the case (b) in Figure
ex2
42 where the preferred direction is on the glued edge, following

the step (R3), we assign q1 on the edge of µ in the left vertex and q2 on the edge of λ in the

right vertex. As a result, we have

Žηλ
µν (Q; q1, q2) =

∑
ρ

(−Q)|ρ| fρ(q2, q1)Cµνρ(q1, q2)CηλρT(q2, q1). (B.12) p1simple4

Independence of the choice of the preferred direction

The preferred direction is a simply artificial technique to execute the formalism of topological

vertex, thus, the final results computed by the several choices of the preferred direction must

be completely equivalent. This expectation leads to the infinite number of the conjectures

of nontrivial mathematical identities. Indeed, one can immediately see that (
p1simple3
B.11) looks
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Figure 43: The compactification process in the topological vertex. webcompact

highly different from (
p1simple4
B.12), however, equivalence between them as the independence of the

preferred direction has been rigorously established in
Haghighat:2013gba
[32].

B.3 Compactification

It is a regular circumstance to consider quantum field theories on space-time with compacti-

fied directions including a class of them geometrically engineered by the brane system. This

also happens for CY3 via the correspondence between its web diagram and a brane configu-

ration in string theory, namely, the web diagram of CY3 may contain a compactified segment

if the corresponding brane is wrapped on some compactified subspace. Such a situation has

been firstly considered in
Iqbal:2008ra
[138], and the computation of the M-string partition function is in

this framework as explained in Section
Mtop
4.1. We would like here to provide the prescription of

the computation with the topological vertex in the presence of the compactified direction in

the web diagram. Throughout this paper, we express it as a dotted curve shown as in Figure
webcompact
43. The procedure is rather simple; first we assign a Young diagram ν for the outgoing

arrow and νT for the ingoing arrow; second multiplying the topological vertex by a Kähler

factor (−Q)|ν|; third taking the sum over ν. This is quite similar to the process to glue the

topological vertices but does not need the framing factor, which is depicted in Figure
webcompact
43.

C Calculation details
Calculus

In this appendix, we would package the details of computations which are skipped to show

in the main context.

C.1 Domain wall on TN1
Mbb1

Let us perform the computation of the domain wall partition function Zν1
µ1

(
nMbb2
4.8) and the

normalized one Ẑν1
µ1

(
nMbb11
4.10) for the web diagram in Figure

blockNM1a1
44. At first, the formula of the

refined topological vertex with parameter assignments as shown in Figure
blockNM1a1
44 directly gives
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Figure 44: blockNM1a1The parameter assignments on the web diagram for a single M5-brane on TN1.

Zν1
µ1

(Q1, Q2, Qτ ; q1, q2) =
∑
ρ1,ρ2

(−Q1)|ρ1|(−Q2)|ρ2|CρT
2 ρ1µT

1
(q2, q1)Cρ2ρT

1 ν1
(q1, q2)

= q
||µT

1 ||2

2
1 q

||ν1||
2

2
2 Z̃µT

1
(q2, q1)Z̃ν1(q1, q2) Zν1

µ1
, (C.1) cal1

where

Zν1
µ1

:=
∑
ρ1,ρ2

∑
λ1,λ2

(−Q1)|ρ1|(−Q2)|ρ2|
(
q2
q1

) |λ2|−|λ1|
2

× sρ2/λ1

(
q−n
2 q

−µT
1

1

)
sρ1/λ1

(
q−µ1
2 q−n

1

)
sρT

2 /λ2

(
q−n
1 q−ν1

2

)
sρT

1 /λ2

(
q
−νT

1
1 q−n

2

)
. (C.2) cal2

In any case of calculating the domain wall partition function, the main problem is evaluating

the skew Schur functions in the factor Zν1
µ1

into the infinite product by repeating the formulae

(
ssf1
A.34)-(

ssf3
A.36) of the skew Schur function. For the purpose to do this and extend to the generic

case, we would like to treat a slightly simple expression

Z̃ν1
µ1

:=
∑
ρ1,ρ2

∑
λ1,λ2

A
|ρ1|
1 A

|ρ2|
2 B

|λ1|
1 B

|λ2|
2 sρ1/λ1

(X1) sρT
1 /λ2

(X2) sρT
2 /λ2

(Y2) sρ2/λ1
(Y1) , (C.3) cal3

where A1,2 and B1,2 are just parameters and we will use

Ca := AaBa (a = 1, 2) and C :=
2∏

a=1

Ca. (C.4)

Before going to details, we note strategy to advance the deformation of Z̃ν1
µ1

step by step:

(i) Use (
ssf1
A.34) for skew Schur functions whose Young diagrams have the same index so

that coefficients Ai and Bi are combined into Ci.

(ii) Use (
ssf3
A.36) for the pairs of skew Schur functions with ρi and ρT

i .

(iii) Use (
ssf1
A.34) again for skew Schur functions whose Young diagrams have the same index.

(iv) Use (
ssf2
A.35) for the pairs of skew Schur functions with λT

i .
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(v) Repeat step (i) and (ii).

(vi) Repeat step (iii) and (iv).

Note that the actual arguments of the skew Schur functions are abbreviated as, e.g., X1 =

{X1,i}i=1,2,···. We perform the sequence from step (i) to (vi) N times, where N is the number

of external lines on the left side or the right side of the web diagram. After that, we get

coefficients Ci back to Ai and Bi by again (
ssf1
A.34), then it will be found that the summand is

basically the same as Z̃ at the starting point but with all variables multiplied by C. Thus,

we can immediately continue this k →∞ times subsequently, and then the infinite product

will arise. Finally, there should be 2N2 terms in the numerator and denominator. Let us

demonstrate this strategy to (
cal3
C.3).

Step (i):

Z̃ν1
µ1

=
∑
ρ1,ρ2

∑
λ1,λ2

A
|ρ1|
1 A

|ρ2|
2 B

|λ1|
1 B

|λ2|
2 sρ1/λ1

(X1) sρT
1 /λ2

(X2) sρT
2 /λ2

(Y2) sρ2/λ1
(Y1)

=
∑
ρ1,ρ2

∑
λ1,λ2

C
|λ1|
1 C

|λ2|
2 sρ1/λ1

(A1X1) sρT
1 /λ2

(X2) sρT
2 /λ2

(A2Y2) sρ2/λ1
(Y1) .

Step (ii):

Z̃ν1
µ1

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY1,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

C
|λ1|
1 C

|λ2|
2 sλT

2 /ρ1
(A1X1) sλT

1 /ρT
1

(X2) sλT
1 /ρT

2
(A2Y2) sλT

2 /ρ2
(Y1) .

Step (iii):

Z̃ν1
µ1

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY1,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

C
|ρ1|
1 C

|ρ2|
2 sλT

2 /ρ1
(A1X1) sλT

1 /ρT
1

(C1X2) sλT
1 /ρT

2
(A2Y2) sλT

2 /ρ2
(C2Y1) .

Step (iv): :

Z̃ν1
µ1

=
∞∏

i,j=1

(1 +A1X1,iX2,j)
(1−A1C2X1,iY1,j)

· (1 +A2Y2,iY1,j)
(1−A2C1Y2,iX2,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

C
|ρ1|
1 C

|ρ2|
2 sρ2/λT

2
(A1X1) sρT

2 /λT
1

(C1X2) sρT
1 /λT

1
(A2Y2) sρ1/λT

2
(C2Y1) .
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Step (v):

Z̃ν1
µ1

=
∞∏

i,j=1

(1 +A1X1,iX2,j)
(1−A1C2X1,iY1,j)

· (1 +A2Y2,iY1,j)
(1−A2C1Y2,iX2,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

C
|λ1|
1 C

|λ2|
2 sρ2/λT

2
(C2A1X1) sρT

2 /λT
1

(C1X2) sρT
1 /λT

1
(C1A2Y2) sρ1/λT

2
(C2Y1)

=
∞∏

i,j=1

(1 +A1X1,iX2,j)
(1−A1C2X1,iY1,j)

· (1 +A2Y2,iY1,j)
(1−A2C1Y2,iX2,j)

(1 + C2A1X1,iC1X2,j) (1 + C1A2Y2,iC2Y1,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

C
|λ1|
1 C

|λ2|
2 sλ1/ρ2

(C2A1X1) sλ2/ρT
2

(C1X2) sλ2/ρT
1

(C1A2Y2) sλ1/ρ1
(C2Y1) .

Step (vi):

Z̃ν1
µ1

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 + CA1X1,iX2,j)
(1−A1C2X1,iY1,j)

· (1 +A2Y2,iY1,j) (1 + CA2Y2,iY1,j)
(1−A2C1Y2,iX2,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

C
|ρ1|
1 C

|ρ2|
2 sλ1/ρ2

(C2A1X1) sλ2/ρT
2

(C1C2X2) sλ2/ρT
1

(C1A2Y2) sλ1/ρ1
(C1C2Y1)

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 + CA1X1,iX2,j)
(1−A1C2X1,iY1,j) (1− C2A1X1,iCY1,j)

· (1 +A2Y2,iY1,j) (1 + CA2Y2,iY1,j)
(1−A2C1Y2,iX2,j) (1− C1A2Y2,iCX2,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

C
|ρ1|
1 C

|ρ2|
2 sρ1/λ1

(C2A1X1) sρT
1 /λ2

(CX2) sρT
2 /λ2

(C1A2Y2) sρ2/λ1
(CY1) .

Then, we use (
ssf1
A.34) to factor out coefficients C |ρ1|

1 C
|ρ2|
2 so that

Z̃ν1
µ1

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 + CA1X1,iX2,j)
(1−A1C2X1,iY1,j) (1− C2A1X1,iCY1,j)

· (1 +A2Y2,iY1,j) (1 + CA2Y2,iY1,j)
(1−A2C1Y2,iX2,j) (1− C1A2Y2,iCX2,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

A
|ρ1|
1 A

|ρ2|
2 B

|λ1|
1 B

|λ2|
2 sρ1/λ1

(C2A1B1X1) sρT
1 /λ2

(CX2) sρT
2 /λ2

(C1A2B2Y2) sρ2/λ1
(CY1)

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A1CX1,iX2,j)
(1−A1C2X1,iY1,j) (1−A1C2CX1,iY1,j)

· (1 +A2Y2,iY1,j) (1 +A2CY2,iY1,j)
(1−A2C1Y2,iX2,j) (1−A2C1CY2,iX2,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

A
|ρ1|
1 A

|ρ2|
2 B

|λ1|
1 B

|λ2|
2 sρ1/λ1

(CX1) sρT
1 /λ2

(CX2) sρT
2 /λ2

(CY2) sρ2/λ1
(CY1) .

(C.5)

As commented above, we have the same summand as the one at the beginning except a

coefficient C in the arguments of the skew Schur functions. Accordingly, we can iterate the
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sequence of step (i)-(vi) as

Z̃ν1
µ1

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A1CX1,iX2,j)
(1−A1C2X1,iY1,j) (1−A1C2CX1,iY1,j)

·
(
1 +A1C

2X1,iX2,j

) (
1 +A1C

3X1,iX2,j

)
(1−A1C2C2X1,iY1,j) (1−A1C2C3X1,iY1,j)

× (1 +A2Y2,iY1,j) (1 +A2CY2,iY1,j)
(1−A2C1Y2,iX2,j) (1−A2C1CY2,iX2,j)

·
(
1 +A2C

2Y2,iY1,j

) (
1 +A2C

3Y2,iY1,j

)
(1−A2C1C2Y2,iX2,j) (1−A2C1C3Y2,iX2,j)

×
∑
ρ1,ρ2

∑
λ1,λ2

A
|ρ1|
1 A

|ρ2|
2 B

|λ1|
1 B

|λ2|
2 sρ1/λ1

(
C2X1

)
sρT

1 /λ2

(
C2X2

)
sρT

2 /λ2

(
C2Y2

)
sρ2/λ1

(
C2Y1

)
= · · · · · ·

=
∞∏

k=1

∞∏
i,j=1

(
1 +A1C

k−1X1,iX2,j

)
(1−A1C2Ck−1X1,iY1,j)

·
(
1 +A2C

k−1Y2,iY1,j

)
(1−A2C1Ck−1Y2,iX2,j)

lim
k→∞

Z̃ν1
µ1

(CkXi, C
kYi).

(C.6)

The last part does not become nontrivial unless the condition

|ρ1| = |ρ2| = |λ1| = |λ2| (C.7)

is satisfied from the definition of the skew Schur function. Then, with the assumption |C| < 1,

this factor is simplified as

lim
k→∞

Z̃ν1
µ1

(CkXi, C
kYi) =

∑
σ

C |σ| =
∞∏

n=1

1
1− Cn

. (C.8)

Thus,

Z̃ν1
µ1

=
∞∏

n=1

1
1− Cn

∞∏
i,j,k=1

(
1 +A1C

k−1X1,iX2,j

) (
1 +A2C

k−1Y2,iY1,j

)
(1−A1C2Ck−1X1,iY1,j) (1−A2C1Ck−1Y2,iX2,j)

. (C.9)

Getting back the original parameters identified with

Aa = −Qa, B1 =
√
q1
q2
, B2 =

√
q2
q1
, C = Q1Q2 = Qτ ,

X1 = q−µ1
2 q−n

1 , X2 = q
−νT

1
1 q−n

2 , Y2 = q−n
1 q−ν1

2 , Y1 = q−n
2 q

−µT
1

1

(C.10)

into the above expression, we have

Zν1
µ1

=
∞∏

n=1

1
1−Qn

τ

∞∏
i,j,k=1

(
1−Q2Q

k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2

)(
1−Q1Q

k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2

)
(

1−Qk
τq

−νT
1,j+i

1 q
−ν1,i+j−1
2

)(
1−Qk

τq
−µT

1,j+i−1

1 q
−µ1,i+j
2

) .

(C.11)
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As a result, the final form of Zν1
µ1

can be given by

Zν1
µ1

(Q1, Q2, Qτ ; q1, q2)

= q
||µT

1 ||2

2
1 q

||ν1||
2

2
2 Z̃µT

1
(q2, q1)Z̃ν1(q1, q2)

×
∞∏

n=1

1
1−Qn

τ

∞∏
i,j,k=1

(
1−Q2Q

k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2

)(
1−Q1Q

k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2

)
(

1−Qk
τq

−νT
1,j+i

1 q
−ν1,i+j−1
2

)(
1−Qk

τq
−µT

1,j+i−1

1 q
−µ1,i+j
2

) .

(C.12)

To view this as a partition function in the corresponding quantum field theory, we need

to normalize this by the same function with µ1 = ν1 = ∅,

Ẑν1
µ1

(Q1, Q2, Qτ ; q1, q2) :=
Zν1

µ1
(Q1, Q2, Qτ ; q1, q2)

Z∅
∅ (Q1, Q2, Qτ ; q1, q2)

= q
||µT

1 ||2

2
1 q

||ν1||
2

2
2 Z̃µT

1
(q2, q1)Z̃ν1(q1, q2)

×
∞∏

k=1


∏

(i,j)∈µ1

(
1−Q2Q

k−1
τ q

νT
1,j−i+ 1

2

1 q
µ1,i−j+ 1

2
2

)∏
(i,j)∈ν1

(
1−Q2Q

−1
τ kq

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2

)
∏

(i,j)∈ν1

(
1−Qk

τq
−νT

1,j+i

1 t−ν1,i+j−1

)(
1−Qk

τq
νT
1,j−i+1

1 tν1,i−j

)

×

∏
(i,j)∈µ1

(
1−Q1Q

k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2

)∏
(i,j)∈ν1

(
1−Q1Q

k−1
τ q

µT
1,j−i+ 1

2

1 q
ν1,i−j+ 1

2
2

)
∏

(i,j)∈µ1

(
1−Qk

τq
−µT

1,j+i−1

1 q
−µ1,i+j
2

)(
1−Qk

τq
µT

1,j−i

1 q
µ1,i−j+1
2

)


= q
||µT

1 ||2

2
1 q

||ν1||
2

2
2 Z̃µT

1
(q2, q1)Z̃ν1(q1, q2)

×
∞∏

k=1

 ∏
(i,j)∈µ1

(
1−Q2Q

k−1
τ q

νT
1,j−i+ 1

2

1 q
µ1,i−j+ 1

2
2

)(
1−Q1Q

k−1
τ q

−νT
1,j+i− 1

2

1 q
−µ1,i+j− 1

2
2

)
(

1−Qk
τq

−µT
1,i+j−1

1 q
−µ1,j+i
2

)(
1−Qk

τq
µT

1,i−j

1 q
µ1,j−i+1
2

)

×
∏

(i,j)∈ν1

(
1−Q2Q

k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1

2
2

)(
1−Q1Q

k−1
τ q

µT
1,j−i+ 1

2

1 q
ν1,i−j+ 1

2
2

)
(

1−Qk
τq

−νT
1,j+i

1 q
−ν1,i+j−1
2

)(
1−Qk

τq
νT
1,j−i+1

1 q
ν1,i−j
2

)
 .

(C.13)

This is exactly (
nMbb11
4.10) what we want.

C.2 Domain wall on TN2
Mbb2

We here derive the domain wall partition function Zν1ν2
µ1µ2

on TN2 with the parameter as-

signments shown in the web diagram of Figure
blockNMa
45. Gluing four refined topological vertices

results in
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Figure 45: blockNMaThe parameter assignments on the web diagram for a single M5 on TN2.

Zν1ν2
µ1µ2

(Q1, Q2, Q3, Q4; q1, q2) =
∑

ρ1,ρ2,ρ3,ρ4

(−Q1)|ρ1|(−Q2)|ρ2|(−Q3)|ρ3|(−Q4)|ρ4|

× CρT
4 ρ1µT

1
(q2, q1)Cρ2ρT

1 ν1
(q1, q2)CρT

2 ρ3µT
2
(q2, q1)Cρ4ρT

3 ν2
(q1, q2)

= q
||µT

1 ||2+||µT
2 ||2

2
1 q

||ν1||
2+||ν2||

2

2
2 Z̃µT

1
(q2, q1)Z̃µT

2
(q2, q1)Z̃ν2(q1, q2)Z̃ν1(q1, q2)

× Zν1ν2
µ1µ2

(Q1, Q2, Q3, Q4, Qτ ; q1, q2), (C.14)

where

Zν1ν2
µ1µ2

:=
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

(−Q1)|ρ1|(−Q2)|ρ2|(−Q3)|ρ3|(−Q4)|ρ4|
(
q2
q1

) |λ4|−|λ3|+|λ2|−|λ1|
2

× sρ4/λ1

(
q−n
2 q

−µT
1

1

)
sρ1/λ1

(
q−µ1
2 q−n

1

)
sρT

2 /λ2

(
q−n
1 q−ν1

2

)
sρT

1 /λ2

(
q
−νT

1
1 q−n

2

)
× sρ2/λ3

(
q−n
2 q

−µT
2

1

)
sρ3/λ3

(
q−µ2
2 q−n

1

)
sρT

4 /λ4

(
q−n
1 q−ν2

2

)
sρT

3 /λ4

(
q
−νT

2
1 q−n

2

)
. (C.15)

We will again use the shorthand notation C :=
∏4

a=1AaBa. As for the previous example,

we define and evaluate the following general expression:

Z̃ν1ν2
µ1µ2

:=
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

A
|ρ1|
1 A

|ρ2|
2 A

|ρ3|
3 A

|ρ4|
4 B

|λ1|
1 B

|λ2|
2 B

|λ3|
3 B

|λ4|
4

× sρ1/λ1
(X1) sρT

1 /λ2
(X2) sρT

2 /λ2
(Y2) sρ2/λ3

(Y3) sρ3/λ3
(X3) sρT

3 /λ4
(X4) sρT

4 /λ4
(Y4) sρ4/λ1

(Y1) .

(C.16)

Again, the sequence of (i)-(vi) described in the previous section works as follows.
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Step (i):

Z̃ν1ν2
µ1µ2

=
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|ρ1|
1 C

|ρ2|
2 C

|ρ3|
3 C

|ρ4|
4

× sρ1/λ1
(A1X1) sρT

1 /λ2
(X2) sρT

2 /λ2
(A2Y2) sρ2/λ3

(Y3)

× sρ3/λ3
(A3X3) sρT

3 /λ4
(X4) sρT

4 /λ4
(A4Y4) sρ4/λ1

(Y1) .

Step (ii):

Z̃ν1ν2
µ1µ2

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY3,j) (1 +A3X3,iX4,j) (1 +A4Y4,iY1,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|ρ1|
1 C

|ρ2|
2 C

|ρ3|
3 C

|ρ4|
4

× sλT
2 /ρ1

(A1X1) sλT
1 /ρT

1
(X2) sλT

3 /ρT
2

(A2Y2) sλT
2 /ρ2

(Y3)

× sλT
4 /ρ3

(A3X3) sλT
3 /ρT

3
(X4) sλT

1 /ρT
4

(A4Y4) sλT
4 /ρ4

(Y1) .

Step (iii):

Z̃ν1ν2
µ1µ2

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY3,j) (1 +A3X3,iX4,j) (1 +A4Y4,iY1,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|λ1|
1 C

|λ2|
2 C

|λ3|
3 C

|λ4|
4

× sλT
2 /ρ1

(A1X1) sλT
1 /ρT

1
(C1X2) sλT

3 /ρT
2

(A2Y2) sλT
2 /ρ2

(C2Y3)

× sλT
4 /ρ3

(A3X3) sλT
3 /ρT

3
(C3X4) sλT

1 /ρT
4

(A4Y4) sλT
4 /ρ4

(C4Y1) .

Step (iv):

Z̃ν1ν2
µ1µ2

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY3,j) (1 +A3X3,iX4,j) (1 +A4Y4,iY1,j)
(1−A1C2X1,iY3,j) (1−A4C1X2,iY4,j) (1−A2C3Y2,iX4,j) (1−A3C4Y1,iX3,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|λ1|
1 C

|λ2|
2 C

|λ3|
3 C

|λ4|
4

× sρ2/λT
2

(A1X1) sρT
4 /λT

1
(C1X2) sρT

3 /λT
3

(A2Y2) sρ1/λT
2

(C2Y3)

× sρ4/λT
4

(A3X3) sρT
2 /λT

3
(C3X4) sρT

1 /λT
1

(A4Y4) sρ3/λT
4

(C4Y1) .
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Step (v):

Z̃ν1ν2
µ1µ2

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY3,j) (1 +A3X3,iX4,j) (1 +A4Y4,iY1,j)
(1−A1C2X1,iY3,j) (1−A4C1X2,iY4,j) (1−A2C3Y2,iX4,j) (1−A3C4Y1,iX3,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|ρ1|
1 C

|ρ2|
2 C

|ρ3|
3 C

|ρ4|
4

× sρ2/λT
2

(A1C2X1) sρT
4 /λT

1
(C1X2) sρT

3 /λT
3

(A2C3Y2) sρ1/λT
2

(C2Y3)

× sρ4/λT
4

(A3C4X3) sρT
2 /λT

3
(C3X4) sρT

1 /λT
1

(A4C1Y4) sρ3/λT
4

(C4Y1)

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY3,j) (1 +A3X3,iX4,j) (1 +A4Y4,iY1,j)
(1−A1C2X1,iY3,j) (1−A4C1X2,iY4,j) (1−A2C3Y2,iX4,j) (1−A3C4Y1,iX3,j)

× (1 +A1C2C3X1,iX4,j) (1 +A3C4C1X3,iX2,j) (1 +A2C3C4Y1,iY2,j) (1 +A4C1C2Y3,iY4,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|ρ1|
1 C

|ρ2|
2 C

|ρ3|
3 C

|ρ4|
4

× sλ3/ρ2
(A1C2X1) sλ4/ρT

4
(C1X2) sλ4/ρT

3
(A2C3Y2) sλ1/ρ1

(C2Y3)

× sλ1/ρ4
(A3C4X3) sλ2/ρT

2
(C3X4) sλ2/ρT

1
(A4C1Y4) sλ3/ρ3

(C4Y1) .

Step (vi):

Z̃ν1ν2
µ1µ2

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY3,j) (1 +A3X3,iX4,j) (1 +A4Y4,iY1,j)
(1−A1C2X1,iY3,j) (1−A4C1X2,iY4,j) (1−A2C3Y2,iX4,j) (1−A3C4Y1,iX3,j)

× (1 +A1C2C3X1,iX4,j) (1 +A3C4C1X3,iX2,j) (1 +A2C3C4Y1,iY2,j) (1 +A4C1C2Y3,iY4,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|λ1|
1 C

|λ2|
2 C

|λ3|
3 C

|λ4|
4

× sλ3/ρ2
(A1C2X1) sλ4/ρT

4
(C4C1X2) sλ4/ρT

3
(A2C3Y2) sλ1/ρ1

(C1C2Y3)

× sλ1/ρ4
(A3C4X3) sλ2/ρT

2
(C2C3X4) sλ2/ρT

1
(A4C1Y4) sλ3/ρ3

(C3C4Y1)

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A2Y2,iY3,j) (1 +A3X3,iX4,j) (1 +A4Y4,iY1,j)
(1−A1C2X1,iY3,j) (1−A4C1X2,iY4,j) (1−A2C3Y2,iX4,j) (1−A3C4Y1,iX3,j)

× (1 +A1C2C3X1,iX4,j) (1 +A3C4C1X3,iX2,j) (1 +A2C3C4Y1,iY2,j) (1 +A4C1C2Y3,iY4,j)
(1−A1C2C3C4X1,iY1,j) (1−A2C3C4C1X2,iY2,j) (1−A3C1C2C4X3,iY3,j) (1−A4C1C2C3X4,iY4,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

C
|λ1|
1 C

|λ2|
2 C

|λ3|
3 C

|λ4|
4

× sρ3/λ3
(A1C2X1) sρT

3 /λ4
(C4C1X2) sρT

4 /λ4
(A2C3Y2) sρ4/λ1

(C1C2Y3)

× sρ1/λ1
(A3C4X3) sρT

1 /λ2
(C2C3X4) sρT

2 /λ2
(A4C1Y4) sρ2/λ3

(C3C4Y1) .
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For N = 2, we have to iterate the sequence of (i)-(vi) once more and obtain

Z̃ν1ν2
µ1µ2

=
∞∏

i,j=1

(1 +A1X1,iX2,j) (1 +A1CX1,iX2,j) · (1 +A2Y2,iY3,j) (1 +A2CY2,iY3,j)
(1−A1C2X1,iY3,j) (1−A1C2CX1,iY3,j) · (1−A4C1X2,iY4,j) (1−A4C1CX2,iY4,j)

× (1 +A3X3,iX4,j) (1 +A3CX3,iX4,j) · (1 +A4Y4,iY1,j) (1 +A4CY4,iY1,j)
(1−A2C3Y2,iX4,j) (1−A2C3CY2,iX4,j) · (1−A3C4Y1,iX3,j) (1−A3C4CY1,iX3,j)

× (1 +A1C2C3X1,iX4,j) (1 +A1C2C3CX1,iX4,j) · (1 +A3C4C1X3,iX2,j) (1 +A3C4C1CX3,iX2,j)
(1−A1C2C3C4X1,iY1,j) (1−A1C2C3C4CX1,iY1,j) · (1−A2C3C4C1X2,iY2,j) (1−A2C3C4C1CX2,iY2,j)

× (1 +A2C3C4Y1,iY2,j) (1 +A2C3C4CY1,iY2,j) · (1 +A4C1C2Y3,iY4,j) (1 +A4C1C2CY3,iY4,j)
(1−A3C1C2C4X3,iY3,j) (1−A3C1C2C4CX3,iY3,j) · (1−A4C1C2C3X4,iY4,j) (1−A4C1C2C3CX4,iY4,j)

×
∑

ρ1,ρ2,ρ3,ρ4

∑
λ4,λ3,λ2,λ1

A
|ρ1|
1 A

|ρ2|
2 A

|ρ3|
3 A

|ρ4|
4 B

|λ1|
1 B

|λ2|
2 B

|λ3|
3 B

|λ4|
4

× sρ3/λ3
(CX1) sρT

3 /λ4
(CX2) sρT

4 /λ4
(CY2) sρ4/λ1

(CY3)

× sρ1/λ1
(CX3) sρT

1 /λ2
(CX4) sρT

2 /λ2
(CY4) sρ2/λ3

(CY1) . (C.17)

We put this expression into the last three lines sequentially infinite times, then, this expres-

sion is simply written in the form of the infinite product,

Z̃ν1ν2
µ1µ2

=
∞∏

n=1

1
1− Cn

∞∏
k=1

∞∏
i,j=1

(
1 +A1C

k−1X1,iX2,j

)
·
(
1 +A2C

k−1Y2,iY3,j

)
(1−A1C2Ck−1X1,iY3,j) · (1−A4C1Ck−1X2,iY4,j)

×
(
1 +A3C

k−1X3,iX4,j

)
·
(
1 +A4C

k−1Y4,iY1,j

)
(1−A2C3Ck−1Y2,iX4,j) · (1−A3C4Ck−1Y1,iX3,j)

×
(
1 +A1C2C3C

k−1X1,iX4,j

)
·
(
1 +A3C4C1C

k−1X3,iX2,j

)
(1−A1C2C3C4Ck−1X1,iY1,j) · (1−A2C3C4C1Ck−1X2,iY2,j)

×
(
1 +A2C3C4C

k−1Y1,iY2,j

)
·
(
1 +A4C1C2C

k−1Y3,iY4,j

)
(1−A3C1C2C4Ck−1X3,iY3,j) · (1−A4C1C2C3Ck−1X4,iY4,j)

,

(C.18) nMbb4aaa

where we use

lim
k→∞

Z̃ν1ν2
µ1µ2

(CkXi, C
kYi) =

∞∏
n=1

1
1− Cn

. (C.19)

For our purpose to get Zν1ν2
µ1µ2

, substituting the original parameters identified with

Aa = −Qa, B1 = B3 =
√
q1
q2
, B2 = B4 =

√
q2
q1
, C = Qτ ,

X1 = q−µ1
2 q−n

1 , X2 = q
−νT

1
1 q−n

2 , X3 = q−µ2
2 q−n

1 , X4 = q
−νT

2
1 q−n

2 ,

Y1 = q−n
2 q

−µT
1

1 , Y2 = q−n
1 q−ν1

2 , Y3 = q−n
2 q

−µT
2

1 , Y4 = q−n
1 q−ν2

2
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Figure 46: webT21v3The web diagram obtained by gluing two domain walls on TN2.

into (
nMbb4aaa
C.18) leads to

Zν1ν2
µ1µ2

(Q1, Q2, Q3, Q4, Qτ ; q1, q2)

=
∞∏

n=1

1
1−Qn

τ

∞∏
i,j,k=1

(1−Q2Q3Q4Q
k−1
τ q

−µT
1,j+i− 1

2

1 q
−ν1,i+j− 1
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 ,
(C.20) nMbb4aa

thus, we can produce (
nMbb4
4.13).

C.3 Generating function on TN2
MT21

For consistency, we would directly reach the generating function G(2,2) (
pfMT21
5.9) that is necessary

as the starting point of our main arguments in Section
PFGT
5.2. This is obtained by gluing two

domain wall partition functions (
nMbb4aa
C.20) as shown in Figure

webT21v3
46,
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∑
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∑
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 . (C.21) genefa1

Because the deforming process into the elliptic theta function is different between the nu-

merator and denominator, we concentrate separately on them.

• The numerator of (
genefa1
C.21): We can naively combine factors from the same domain wall into

θ1(x; p). For instance, picking up the first line in the first bracket that belongs to the first
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(left) domain wall in Figure
webT21v3
46, then we have

(1−Q(1)
2 Qk−1

τ q
i− 1

2
1 q

−µ1,i+j− 1
2

2 )(1−Q(1)
2 Qk
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Q
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2
2

, (C.22)

where we use Qτ = Q
(1)
1 Q

(1)
2 Q

(1)
3 Q

(1)
4 with the convention Q(1)

1 =
(
Q

(1)
1

)−1
. Similarly, other

parts can be recast into θ1(x; p), and we gather them together,
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(2,2)µ1

=
∏
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Q
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Q
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Q
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Q
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2
2

)
,

(C.23)

where we omit constant factors depending only on Qτ since these are canceled out by the

ones in the denominator. Along this way, we can obtain the similar expression Gnum
(2,2)µ2

for

the µ2 sector.

• The denominator of (
genefa1
C.21): Unlike the numerator, factors from a certain domain wall are

formed together with ones from the next domain wall into θ1(x; p). There are two groups to

make a pair. The first group does not need to incorporate the function Z̃µ(q1, q2) with itself.

For example, the terms labeled by (1-i) and (2-i) are combined as

∞∏
k=1
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=
∞∏
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=
θ1

(
Q

(1)
1 Q

(1)
4 q

−µT
2,j+i

1 q
−µ1,i+j−1
2

)
−iQ

1
8
τ (Qτ ;Qτ )∞
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. (C.24)

On the other hand, the second group is requested to bring the function Z̃µ(q1, q2) such as,
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for the pair of (1-ii) and (2-ii),

1

Z̃µT
1
(q2, q1)

∞∏
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. (C.25)

We can divide the remaining parts into those two groups and apply the same deformation

as above, and consequently, in the µ1 sector,

Gden
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=
∏
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(C.26)

We can also generate the similar expression Gden
(2,2)µ2

for the µ2 sector.

Finally, collecting them together with using the relations (
ka3
5.7) and (

ka2
5.8) results in
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|µ1|q
||µT

1 ||2+||µT
2 ||2

2
1 q

||µ1||
2+||µ2||

2

2
2

Gnum
(2,2)µ1

Gden
(2,2)µ1

·
Gnum

(2,2)µ2

Gden
(2,2)µ2

=
∑

µ1, µ2

(
−Qf,1Q

(2)
1 Q

(2)
3

√
q1
q2

)|µ1|(
−Qf,2Q

(1)
1 Q

(1)
3

√
q2
q1

)|µ2|

×

 ∏
(i,j)∈µ1

θ1

(
Q

(1)
1 Q

(1)
3 Q

(1)
4 q

i− 1
2

1 q
−µ1,i+j− 1

2
2

)
θ1

(
Q

(1)
1 q

i− 1
2

1 q
−µ1,i+j− 1

2
2

)
θ1

(
Q

(1)
1 Q

(1)
4 q

−µT
2,j+i

1 q
−µ1,i+j−1
2

)
θ1

(
Q

(1)
2 Q

(1)
3 q

µT
2,j−i+1

1 q
µ1,i−j
2

)

×
θ1

(
Q

(2)
1 Q

(2)
2 Q

(2)
3 q

−i+ 1
2

1 q
µ1,i−j+ 1

2
2

)
θ1

(
Q

(2)
1 q

−i+ 1
2

1 q
µ1,i−j+ 1

2
2

)
θ1

(
q
−µT

1,j+i

1 q
−µ1,i+j−1
2

)
θ1

(
q
−µT

1,j+i−1

1 q
−µ1,i+j
2

)

×
∏

(i,j)∈µ2

θ1

(
Q

(1)
1 Q

(1)
2 Q

(1)
3 q

i− 1
2

1 q
−µ2,i+j− 1

2
2

)
θ1

(
Q

(1)
3 q

i− 1
2

1 q
−µ2,i+j− 1

2
2

)
θ1

(
Q

(1)
1 Q

(1)
4 q

µT
1,j−i

1 q
µ2,i−j+1
2

)
θ1

(
Q

(1)
2 Q

(1)
3 q

−µT
1,j+i−1

1 q
−µ2,i+j
2

)

×
θ1

(
Q

(2)
3 q

−i+ 1
2

1 q
µ2,i−j+ 1

2
2

)
θ1

(
Q

(2)
1 Q

(2)
3 Q

(2)
4 q

−i+ 1
2

1 q
µ2,i−j+ 1

2
2

)
θ1

(
q
−µT

2,j+i

1 q
−µ2,i+j−1
2

)
θ1

(
q
−µT

2,j+i−1

1 q
−µ2,i+j
2

)
 .

(C.27) pfMT21a
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We can verify the generating function G(2,2) (
pfMT21
5.9).

C.4 Generating function on TNN
Gene

Let us apply the procedure described in the previous subsection to deriving the generating

function G(M,N) on general TNN written in Section
GenePf
4.3.2. Recall the form obtained by gluing

M domain walls,
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(C.28) genef2a1

Let us pick up the b-th and (b + 1)-th domain wall from (
genef2a1
C.28),
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(C.29) genef2a2

116



Both include the contributions of the b-th domain wall encoded into the products of µ(b)
a ,

and it is enough to concentrate on this sector,

Gnum
(M,N,b)

Gden
(M,N,b)

:=

[
N∏

a=1

q
||µ(b )

a
T||2

2
1 q

||µ(b )
a ||2
2

2 Z̃
µ

(b )
a

T(q2, q1)Z̃µ
(b )
a

(q1, q2)

]

×
N∏

a,b=1

∏
(i,j)∈µ

(b)
a

(
1−Qk−1

τ Q
′(b)
ab q

−µ
(b−1)
b,j

T+i− 1
2

1 q
−µ

(b )
a,i +j− 1

2

2

)(
1−Qk−1

τ Q
(b)
ba q

µ
(b−1)
b,j

T−i+ 1
2

1 q
ν
(b)
a,i −j+ 1

2

2

)
(

1−Qk−1
τ Q̃

′(b)
ba q

µ
(b )
b,j

T−i+1

1 q
µ

(b )
a,i−j

2

)
︸ ︷︷ ︸

(1-i)

(
1−Qk−1

τ Q̃
′(b)
ab q

−µ
(b )
b,j

T+i

1 q
−µ

(b )
a,i +j−1

2

)
︸ ︷︷ ︸

(1-ii)

×

(
1−Qk−1

τ Q
′(b+1)
ba q

µ
(b+1)
b,j

T−i+ 1
2

1 q
µ

(b )
a,i−j+ 1

2

2

)(
1−Qk−1

τ Q
(b+1)
ab q

−µ
(b+1)
b,j

T+i− 1
2

1 q
−µ

(b )
a,i +j− 1

2

2

)
(

1−Qk−1
τ Q̃

(b+1)
ba q

µ
(b)
b,j

T−i

1 q
µ

(b )
a,i−j+1

2

)
︸ ︷︷ ︸

(2-ii)

(
1−Qk−1

τ Q̃
(b+1)
ab q

−µ
(b)
b,j

T+i−1

1 q
−µ

(b )
a,i +j

2

)
︸ ︷︷ ︸

(2-i)

,

(C.30) genef2a3

where the first and second line in the product of µ(b)
a come from the b-th and (b + 1)-th

domain wall, respectively. We can transform independently these in the numerator Gnum
(M,N,b)

and denominator Gden
(M,N,b) into the elliptic theta function θ1(x; p) as follows.

• The numerator of (
genef2a3
C.30): As done in Section

Mstcont
4.3 and Appendix

MT21
C.3, the factors sit in

the same domain wall can be combined into θ1(x; p). This is rather easily implemented by

defining

A
(b)
ab (i, j) := Q

(b+1)
ab q

µ
(b+1)
b,j

T−i+ 1
2

1 q
µ

(b )
a,i−j+ 1

2

2 , (C.31)

B
(b)
ab (i, j) := Q

(b)
ba q

−µ
(b−1)
b,j

T+i− 1
2

1 q
−µ

(b )
a,i +j− 1

2

2 , (C.32)

then, we have

N∏
a,b=1

∞∏
k=1

∏
(i,j)∈µ

(b )
a

(
1−Qk

τA
(b)
ab (i, j)

)(
1−Qk−1

τ A
(b)
ab (i, j)

)(
1−Qk

τB
(b)
ab (i, j)

)(
1−Qk−1

τ B
(b)
ab (i, j)

)

∼
N∏

a,b=1

∏
(i,j)∈µ

(b )
a

θ1

(
A

(b)
ab (i, j)

)
√

A
(b)
ab (i, j)

θ1

(
B

(b)
ab (i, j)

)
√

B
(b)
ab (i, j)

=
N∏

a,b=1

∏
(i,j)∈µ

(b )
a

√√√√√ Q
(b+1)
ab Q

(b)
ba

q
µ

(b+1)
b,j

T

1 q
−µ

(b−1)
b,j

T

1

θ1

(
A

(b)
ab (i, j)

)
θ1

(
B

(b)
ab (i, j)

)
, (C.33)

where A
(b)
ab (i, j) :=

(
A

(b)
ab (i, j)

)−1
, and ∼ stands for the equality up to factors depending

only on Qτ which will be canceled out in the final step. From the definition in Table
qcombi
4, the
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prefactor of Kähler parameters is simplified as

Q
(b+1)
ab Q

(b)
ba =

Q
(b)
2b−1Q

(b+1)
2b−1 for a = b,

QτQ
(b)
2b−1Q

(b+1)
2b−1 for a 6= b.

(C.34)

Moreover, the denominator in the square root will be also canceled out after the joint of all

domain walls. To see this, using the relation,
∑

(i,j)∈W Y T
j =

∑
(i,j)∈Y W

T
j ,

N∏
a,b=1

∏
(i,j)∈µ

(b )
a

q
µ

(b+1)
b,j

T

1 q
−µ

(b−1)
b,j

T

1

∏
(i,j)∈µ

(b+1)
a

q
µ

(b+2)
b,j

T

1 q
−µ

(b )
b,j

T

1

=
N∏

a,b=1

∏
(i,j)∈µ

(b+1)
b

q
µ

(b )
a,j

T

1

∏
(i,j)∈µ

(b)
a

q
−µ

(b−1)
b,j

T

1

∏
(i,j)∈µ

(b+1)
a

q
µ

(b+2)
b,j

T

1 q
−µ

(b)
b,j

T

1

=
N∏

a,b=1

∏
(i,j)∈µ

(b)
a

q
−µ

(b−1)
b,j

T

1

∏
(i,j)∈µ

(b+1)
a

q
µ

(b+2)
b,j

T

1 . (C.35)

The same cancellation happens for the rests by gluing all domain walls. Therefore, the actual

contributions of the numerator is given by

Gnum
(M,N,b) =

N∏
a,b=1

∏
(i,j)∈µ

(b )
a

√
Q

(b+1)
ab Q

(b)
ba θ1

(
A

(b)
ab (i, j)

)
θ1

(
B

(b)
ab (i, j)

)
. (C.36) numgene1

• The denominator of (
genef2a3
C.30): As for the numerator, it is convenient to define

C
(b)
ab (i, j) := Q̂

(b)
ba q

−µ
(b )
b,j

T+i−1

1 q
−µ

(b )
a,i +j

2 for the terms (1-i) and (2-i) in (
genef2a3
C.30), (C.37)

D
(b)
ab (i, j) := Q̂

(b)
ab q

µ
(b )
b,j

T−i

1 q
µ

(b )
a,i−j+1

2 for the terms (1-ii) and (2-ii) in (
genef2a3
C.30), (C.38)

with a normalized notation for the specific product of Kähler factors,

Q̂
(b)
ab =

 1 for a = b,(
Q̃

′(b)
ab

)−1
for a 6= b.

(C.39)

These factors do not contain any Kähler factor if a = b and, hence, should be incorporated

with the functions Z̃
µ

(b )
a

T(q2, q1)Z̃µ
(b)
a

(q1, q2). With its definition (
defrefined
B.8), the denominator for
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a = b becomes

N∏
a=1

∞∏
k=1

∏
(i,j)∈µ

(b)
a

1

Z̃
µ

(b )
a

(q1, q2)

(
1−Qk

τq
µ

(b )
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1 q
µ

(b)
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2

)(
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τq
−µ

(b )
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1 q
−µ

(b)
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2

)

× 1
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µ
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a
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(
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τq
−µ

(b )
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T+i
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−µ
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2
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T−i
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2

)

=
N∏
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∞∏
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∏
(i,j)∈µ

(b)
a

(
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µ

(b )
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T−i+1

1 q
µ
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2

)(
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2

)

×
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(b)
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2

)(
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τ q
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(b )
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1 q
µ

(b )
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2

)

∼
N∏
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∏
(i,j)∈µ

(b)
a

θ1

(
C

(b)
aa (i, j)

)
√
q
−µ

(b )
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1 q
−µ

(b )
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2
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(
D
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√
q
−µ
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=
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∏
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(b )
a

(−1)q
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2

1 q
µ

(b )
a,i−j+ 1

2

2 θ1

(
C(b)

aa (i, j)
)
θ1

(
D(b)

aa (i, j)
)

=
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a
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∏
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(
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θ1

(
D(b)

aa (i, j)
)
, (C.40) dengene1

where D
(b)
aa (i, j) =

(
D

(b)
aa (i, j)

)−1
. On the other hand, the contributions from a 6= b are

deformed as

N∏
a 6=b

∞∏
k=1

∏
(i,j)∈µ

(b )
a

(
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τ Q̃
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µ
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)

=
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∏
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(
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√
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=
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∏
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(
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. (C.41) dengene2
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Combining (
dengene1
C.40) and (

dengene2
C.41) together provides the denominator contribution as

Gden
(M,N,b) =

N∏
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(−1)|µ
(b )
a |q

1
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a
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a ||2
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a |
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∏
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(
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ab (i, j)

)
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(
D

(b)
ab (i, j)

)
. (C.42) dengene3

Then, as gluing M domain walls, the partition function of a single domain wall is written

from (
numgene1
C.36) and (

dengene3
C.42) by

Gnum
(M,N,b)

Gden
(M,N,b)

=
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q
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a
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∏
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=
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2b−1Q
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∏
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(
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(
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) . (C.43)

Finally, we can simplify the generic generating function (
genef2a1
C.28) as the ratio of the elliptic

theta functions,

G(M,N)(Q
(a)
i , Qτ , Q

(a)
f,a; q1, q2) =

∑
{µ(a)

a }

M−1∏
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[{
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=
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(
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(
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)
 ,

(C.44)

where we define

Q
(b)
f,a := Q

(b)
f,a

(
q2
q1

)N−1
2

(
N∏

b=1

Q
(b)
2b−1Q

(b+1)
2b−1

) 1
2

. (C.45)

C.5 Unrefined open topological vertex for the domain wall on TN1
DMLag

In this subsection, the domain wall partition function on TN1 with a Lagrangian brane

Zν1
µ1

(Qi, QL; q) (
dmLag3
6.6) is concretely derived by the formalism of the unrefined open topological
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string (
openrule1
6.2). The starting point with ˜̀= 1 is

Zν1
µ1

(Qi, QL; q) =
∑

ρ1,ρ2,σ1,σ2

(−Q1)|ρ1|(−Q2)|ρ2|CρT
1 (ρ2⊗σ1)µT

1
(q)Cρ1(ρT

2 ⊗σ2)ν1
(q)

×
(
fρ2⊗σ1(q)Q

|σ1|
L TrσT

1
X
)(

fρT
2 ⊗σ2

(q)(Q2Q
−1
L )|σ2|TrσT

2
X−1

)
. (C.46) dmLaga1

Putting the formulae of the unrefined topological vertex (
defunrefined
B.1) and (

dmLag2
6.5) into it leads to

Zν1
µ1

(Qi, QL; q) = q
1
2
(κ

µT
1

+κν1 )
sµT

1
(q−n)sν1(q

−n) Žν1
µ1
, (C.47)

where

Žν1
µ1

=
∑

ρ1,ρ2,γ1,γ2,λ1,λ2

(−Q1)|ρ1|(−Q2)|ρ2|

× sρ1/λ1
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1 −n)sρT
1 /λ2
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(q−νT
1 −n)sγT

1 /ρT
2
(−QLx)sγT

2 /ρ2
(−Q2Q

−1
L x−1).

(C.48) dmLaga2

The main differences from the closed topological string in Appendix
Mbb1
C.1 are the number

of the skew Schur functions and Young diagrams over which we take the summations. As

before, let us consider an useful form,

˜̌Zν1
µ1

=
∑

ρ1,ρ2,γ1,γ2,λ1,λ2

(−Q1)|ρ1|(−Q2)|ρ2|

× sρ1/λ1
(X1)sρT

1 /λ2
(X2)sγ1/λ1

(Y1)sγT
1 /ρT

2
(Y2)sγ2/λ2

(Z1)sγT
2 /ρ2

(Z2). (C.49) dmLaga3

The strategy is basically the same as for the previous cases, but we would carefully trace the

computational process. First of all, using (
ssf1
A.34) to the skew Schur function with ρ1,

˜̌Zν1
µ1

=
∑

ρ1,ρ2,γ1,γ2,λ1,λ2

(−Q1)|λ1|(−Q2)|ρ2|

× sρ1/λ1
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(Y1)sγT
1 /ρT

2
(Y2)sγ2/λ2

(Z1)sγT
2 /ρ2

(Z2). (C.50) dmLaga4

Next, applying the formula (
ssf3
A.36),

˜̌Zν1
µ1

=
∞∏

i,j=1

(1−Q1X1,iX2,j) (1 + Y1,iY2,j) (1 + Z1,iZ2,j)
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1
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1
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2 /γT
2
(Z2).
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Then, again using (
ssf1
A.34) to the skew Schur functions whose Young diagrams have the same

number,

˜̌Zν1
µ1

=
∞∏

i,j=1
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(−Q1)|γ1|(−Q2)|γ2|

× sλT
2 /ρ1

(−Q1X1)sλT
1 /ρT

1
(X2)sρ2/γ1

(Y1)sλT
1 /γT

1
(−Q1Y2)sρT

2 /γ2
(−Q2Z1)sλT

2 /γT
2
(Z2).

We can now employ the formula (
ssf2
A.35) in addition to (

ssf3
A.36),
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Further, applying (
ssf1
A.34)-(

ssf3
A.36) leads to
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µ1

=
∞∏

i,j=1
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and this settles down by using (
ssf1
A.34) once more,
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(1−Q1X1,iX2,j) (1 + Y1,iY2,j) (1 + Z1,iZ2,j) (1−Q2Y1,iZ1,j) (1−Q1Y2,iZ2,j)
(1 +Q1X1,iZ2,j) (1 +Q1X2,iY2,j) (1−QτX1,iY1,j) (1−QτX2,iZ1,j)

×
∑

ρ1,ρ2,γ1,γ2,λ1,λ2

(−Q1)|ρ1|(−Q2)|γ2|

× sρ2/γT
2
(QτX1)sρT

2 /γT
1
(−Q1X2)sλT

2 /γT
2
(−Q2Y1)sλ2/ρT

1
(−Q1Y2)sλT

1 /γT
1
(−Q2Z1)sλ1/ρ1

(−Q1Z2).
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This looks like the form of (
dmLaga4
C.50) but not identical, and we repeat the sequence from (

dmLaga4
C.50)

to (
dmLaga5
C.51) once again. The result is given by

˜̌Zν1
µ1

=
∞∏

i,j=1

(1−Q1X1,iX2,j) (1−Q1QτX1,iX2,j)
(1 +Q1X1,iZ2,j) (1 +Q1QτX1,iZ2,j)

(1 + Y1,iY2,j) (1 +QτY1,iY2,j)
(1 +Q1X2,iY2,j) (1 +Q1QτX2,iY2,j)

× (1−Q2Y1,iZ1,j) (1−Q2QτY1,iZ1,j)
(1−QτX1,iY1,j) (1−Q2

τX1,iY1,i)
(1 + Z1,iZ2,j) (1 +QτZ1,iZ2,j)

(1−QτX2,iZ1,j) (1−Q2
τX2,iZ1,j)

× (1−Q1Y2,iZ2,j) (1−Q1QτY2,iZ2,j)
∑

ρ1,ρ2,γ1,γ2,λ1,λ2

(−Q1)|ρ1|(−Q2)|ρ2|

× sρ1/λ1
(QτX1)sρT

1 /λ2
(QτX2)sγ1/λ1

(QτY1)sγT
1 /ρT

2
(QτY2)sγ2/λ2

(QτZ1)sγT
2 /ρ2

(QτZ2).

(C.52)

We get to the same alignment of the skew Schur functions as in (
dmLag3
6.6) except a factor Qτ in the

arguments. Iterating this sequence infinite times produces the following infinite products:

˜̌Zν1
µ1

=
∞∏

n=1

1
1−Qn

τ

∞∏
i,j,k=1

(
1−Q1Q

k−1
τ X1,iX2,j

)(
1 +Q1Q

k−1
τ X1,iZ2,j

) (
1 +Qk−1

τ Y1,iY2,j

)(
1 +Q1Q

k−1
τ X2,iY2,j

)
×
(
1−Q2Q

k−1
τ Y1,iZ1,j

)
(1−Qk

τX1,iY1,j)

(
1−Q1Q

k−1
τ Y2,iZ2,j

)
(1−Qk

τX2,iZ1,j)

(
1 +Qk−1

τ Z1,iZ2,j

)
, (C.53)

where we again employ the fact

lim
k→∞

Zν1

µT
1
(Qk

τXi, Q
k
τYi, Q

k
τZi) =

∞∏
n=1

1
1−Qn

τ

for |Qτ | < 1. (C.54)

Here, replacing the parameters with the original variables as

X1 = q−µT
1 −n, Y1 = q−µ1−n, Z1 = q−νT

1 −n,

X2 = q−ν1−n, Y2 = −QLx, Z2 = −Q2Q
−1
L x−1, (C.55)

brings ˜̌Zν1
µ1

back to Žν1

µT
1
,

Žν1

µT
1

=
∞∏

n=1

1
1−Qn

τ

∞∏
i,j,k=1

(
1−Qk−1

τ Q1q
−µT

1,j+j−ν1,i+i−1
)(

1−Qk−1
τ Q2q

−νT
1,j+j−µ1,i+i−1

)
(
1−Qk

τq
−µT

1,j+j−µ1,i+i−1
)(

1−Qk
τq

−νT
1,j+j−ν1,i+i−1

)
×

(
1−Qk−1

τ QLq
−µ1,i+i− 1

2xj

)(
1−Qk

τQ
−1
1 Q−1

L q−νT
1,j+j− 1

2x−1
i

)
(
1−Qk−1

τ Q1QLq
−ν1,i+i− 1

2xj

)(
1−Qk

τQ
−1
L q−µT

1,j+j− 1
2x−1

i

) (1−Qk
τxix

−1
j

)
.
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As a result, we can obtain the domain wall partition function with a Lagrangian brane using

the open topological vertex,

Zν1
µ1

(Qi, QL; q) = q
1
2
(κ

µT
1

+κν1)
sµT

1
(q−n)sν1(q

−n)
∞∏

n=1

1
1−Qn

τ

×
∞∏

i,j,k=1

(
1−Qk−1

τ Q1q
−µT

1,j+j−ν1,i+i−1
)(

1−Qk−1
τ Q2q

−νT
1,j+j−µ1,i+i−1

)
(
1−Qk

τq
−µT

1,j+j−µ1,i+i−1
)(

1−Qk
τq

−νT
1,j+j−ν1,i+i−1

)
×

(
1−Qk−1

τ QLq
−µ1,i+i− 1

2xj

)(
1−Qk

τQ
−1
1 Q−1

L q−νT
1,j+j− 1

2x−1
i

)
(
1−Qk−1

τ Q1QLq
−ν1,i+i− 1

2xj

)(
1−Qk

τQ
−1
L q−µT

1,j+j− 1
2x−1

i

) (1−Qk
τxix

−1
j

)
.
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