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Abstract
This paper is concerned with the abstract quasilinear hyperbolic equations of Kirchhoff type
with perturbation. We show the existence of the wave operators and the scattering operator for
small data, and that these operators are homeomorphic with respect to a suitable metric in a
neighborhood of the origin.

Introduction

Let H be a separable complex Hilbert space H with the inner product (-, -); and the norm
|| - ||. Let A be a non-negative injective self-adjoint operator with domain D(A), and let m be
a function satisfying

m € C2([0, c0); [mg, ),

with a positive constant ny. Let b(¢) be a C' function on R. We consider the initial value
problem of the abstract quasilinear hyperbolic equations of Kirchhoft type with perturbation

0.1) W' (1) + b(Ou' (1) + m(|JA2u(d)|>)*Au(t) = 0,
0.2) u(0) = ¢o, 1’ (0) = .

The asymptotic behavior of the solution of the equation above depends on the integrability
of b with respect to t.

Ifb() = (1 +1)7? with 0 < p < 1, it is known that the global solution of (0.1)-(0.2) exists
uniquely and behaves like solutions of a corresponding parabolic equation, for small initial
data (¢o, o) € D(A) x D(A'/?) (see Yamazaki [14] for 0 < p < 1 and Ghisi and Gobbino
[7] for p = 1, and see Ghisi [6] for a mildly degenerate case m(1) = A¥ with y > 1 and
0 < p < 1). There are no result about the global solvability for large initial data in Sobolev
spaces, even for the constant dissipation term.

On the other hand, if b satisfies the assumptions

(0.3) Tim b(r) =0,
(0.4) (HY1b' (1) € L'(R),

where p > 0 is a constant and () := (1 +|¢|*)'/2, the author [15] showed the global existence
of a solution for small data in some class and showed the following (see Theorems B and
O):
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288 T. YAMAZAKI

(i) The solution of the Cauchy problem for the perturbed Kirchhoff equation has the
same asymptotic behavior of a function obtained by a transformation of time vari-
able from a solution of the free wave equation with an appropriate wave speed.

(i) Conversely, there exists a solution of the Kirchhoff equation which has the same
asymptotic behavior of a function obtained by a transformation of the time vari-
able from the solution of the Cauchy problem of the free wave equation with an
appropriate wave speed.

However, these facts do not imply that solutions of the perturbed Kirchhoff equation are not
asymptotically free, in the sense that it has the same asymptotic behavior as that of solutions
of free wave equations, since the transformation of time variable is used. The author [16]
showed the following: If b satisfies (0.3) and (0.4) with p = 0 and does not change sign for
sufficient large |f|, and there exists a solution with small data which is asymptotically free,
then tb(¢) must be integrable (see Theorem D). The integrability of ¢b(¢) is equivalent to the
condition (0.3) and (0.4) with p = 1 if b is monotone for sufficiently large || (see remark 3).
Hence, in order to show that the solutions are asymptotically free, it is necessary to assume
that p > 1 in the assumption (0.4), if b is monotone for sufficiently large |¢| (see remark 3).

The purpose of this paper is to show the following assertions under the assumption that b
satisfies (0.3) and (0.4) with p > 1.

(iii) The solutions of the perturbed Kirchhoff equation with small data in some class are
asymptotically free.

(iv) For small initial data in some class and the solution of the free wave equation with
an appropriate wave speed, there exists a solution of perturbed Kirchhoft equation
which approaches to the solution.

(v) The wave operators exist and they are homeomorphic in a neighborhood of the
origin with respect to a metric given in Notation 5 in Section 1. It follows that the
scattering operator is also homeomorphic in a neighborhood of the origin.

Last we list previous results on the asymptotic behavior or scattering, in the case b = 0
and A = —A on L*(R"). Ghisi [5] first showed (iii) above. The author [11] showed (iii)
and (iv). However [11] did not prove (v), but proved the existence of the wave and its
inverse operators for initial data in some class, and the continuity of the scattering operator
only at the origin with respect to a metric somewhat different from the one in this paper,
together with the continuity from a neighborhood of the origin in this topology to a Sobolev
space with weaker norm. Kajitani [8, 9] considered the Kirchhoff equation of the type
m(d) = 1 + &4, where A is an elliptic differential operator with coeflicients depending on
space variables and he showed that, for every initial data in a class, there exists a positive
constant &y > 0 such that for every € € (0, &y) the property (i) and (ii) above hold. Hence,
even in the case b = 0 and A = —A on L*(R"), our result (v) is new.

The outline of this paper is as follows: In section 1, we state notations and results. In
section 2, we state some examples of Sobolev spaces included in the spaces we consider. In
section 3, we transform original problem. In section 4, we prove propositions. In section 5,
we prove Theorem 1. In section 6, we prove Theorems 2 and 3.

1. Results

For a closed operator B in a Hilbert space H, D(B) and R(B) denote the domain of B and
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the range of B, respectively.
For a non-negative number J, the domain of A”/?> becomes a Hilbert space D(A’/?)
equipped with the inner product

(f-9)s = AP LAy + (f. 9.
and the norm ||f||3 = (f, f);. We note that || f|l, = IIf]l-

Nortation 1. Let £(H) denote the space of all bounded linear operator on Hilbert space H
equipped with the operator norm ||| ¢ ().

We state notations and some classes of functions as in [15].

Nortarion 2. Let p be a non-negative number. For a continuous function f on R, put
o= [ @rireyar
R

Nortation 3. For every a > 0, let H,, denote the completion of D(A®) by the norm [|A” - |.
Let A“ be the extension of A% on H,. The fact that A is an injective self-adjoint operator
implies that the range R(A%) is dense in H, and thus A% : H, — H is surjective. From this
fact and the definition, it follows that A% : H, — H is an isometric isomorphism.

For example, if H = L*>(R") and A = —A with D(A) = H*(R"), then H, is equal to the
homogeneous Sobolev space H>.

Nortation 4. Let k and p be non-negative numbers and let € be a positive number. We put

Xip :=((f.9) € Hipp x H; (A2 f, g) € D(AY*) x DA,
.l = A2 AV A A2 f) ),
AP g A g,
+ Zl(Ak/4eZirA”2Al/2f’ Ak/4g)H|p < ool
and
Yk,p = Xk,p N (H X H).
We abbreviate kif k = 1 as
X, :=X1p, Y,:=Y).

We put
f’p ={(f,9) € Y,; (f, g) satisfies the following (1.1)},
(1.1) lim (A £ A )y = lim (6 g 9)u

lim (""" A2 f, g\ = 0.

—+00

Remark 1. Kajitani [9] introduced notation Y , and noted

Y,NYo,=Y1,NY,CY,
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since the functions in (1.1) and their derivatives with respect to ¢ are integrable.

ReMARK 2. In the case H = L*(R") and A = —A with D(A) = H*(R"), we can prove that
(1.1) holds for every (f,g) € H,/2xH, in the same way as in the proof of Riemann-Lebesgue
Theorem.

Notarion 5. For J > 0, we put
X7 =1{(f.9) € Xp: (A" f.9) € D(A?) x D(A7?)},
Y] =Y, N (DAY?) x DA?)),
V) =7, n(DAY?) x D)),
and put
f> g = 1 9lx, + [AZF], +lgll,  for (F.9) € X;
o Dlys = L@y + 1AL =1 Dlx, + 1 lgar + gl for (fr9) € V5.

We define a metric on XI{ as

d(f1.90)- (f2.92)) := dp((f1.91): (f2.92)) + || A2 (FL = )|, + llgr — gl
for (fi.91), (f2.92) € X, where
d,((fi,91), (o, 92))
- I(Al/4e2irA1/2Al/2fl, -A3/4fl)H _ (Al/462irA A1/2f2’ A3/4f2)H|p
+ 1AM gy A g ) — (AT gy, A g,

. A1)2 Al
+2|(A1/4621rA Al/Zfl’A1/4g1)H _ (A1/4ezer A1/2f2,A1/4g2)H|p-

1/2

We define a metric on YI{ as

dy (f1,91) (f2,92) = dy((fi. 91 (fo.92) + IIfi = foll
for (fla gl), (f2’ g2) € YpJ

: J J : J J : J
It is easy to see that d;, and dyp become metrics on X, and Y, respectively, and thus, X,

and Y 1{ become metric spaces with the metrics d[J7 and d{, respectively.
4

Nortarion 6. For J > 0 and & > 0, we define a subset X7 (g) of X7 by
X/ (&) =((f.9) € Xy |(f,9lx, + A2 fll + gl < &).
We define subsets Y 1{ (¢) and f’[{ (&)of Y 1{ by
Y)(e) := X)(e) N Y, = X)() N (H x H),
Yi(e) = X)(e)NY,,

In [15], we extended the space considered in problem (0.1)—(0.2) to a larger one, namely,
we consider the problem

(1.2) W' (0) + b () + m(| A2 u@)P)*AY* A u@r) = 0, t>0,
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(1.3) u(0) = ¢o,  1'(0) = yo,
for (¢, o) € Hyjp x D(A'/?) satisfying A'%¢y € D(A'?).

Nortation 7. Let I be one of the interval R, (0, c0) or (—o0,0) and let b(¢) € C(I). We say
that u is a solution of

(1.4) W (1) + b’ (1) + m(| A u@)|)? AV A u(r) = 0, tel,
if
ue C' (I Hyp), (APuu) e (1) (1 DATTP) x DAT?)),
j=0,1

and (1.4) holds in H.

The author showed the following global existence of solution.

Theorem A (Theorem 1 of [15]). Let J > 1 and p > 0. Assume that b satisfies (0.3)
and (0.4). Then there exist a positive number €| such that the following holds. For every
(¢o,¥0) € le,(sl), perturbed Kirchhoff equation (1.2)—(1.3) has a unique global solution
u € C(R; H,y ) satisfying

(1.5) (A € ﬂ loll (R; DAy D(A(l—j)/z)).
Jj=0.1

Furthermore, the following holds.
(u.u') € C(R: X7),
(A 2u,u') € C' (R: D(AY™Y72) x DAYD1?)).
If (0. %) € Yi(&1), then u € (2,1, C (R; D(AVH1=12)),

The global solutions of Kirchhoff equation given by Theorem A has the same asymptotic
behavior as time-transformed function of the solution of a free equation:

Theorem B (Theorem 2 of [15]). Let J > 1 and p > 0. Assume that b satisfies (0.3) and
(0.4). Let g\ be the positive constant in Theorem A.

(i) There exists a positive constant €,(< ¢€1) such that the following holds. Suppose
that (¢o, ¥o) € le,(sz), and that u(t) € C'(R;H, ) is the solution of (1.2)~(1.3) satisfy-
ing (A'"u,u’) € M, €’ (R; D(AU=D/2) x D(A(l‘f)/z)). Then the limits

Cico = lim m(JA?u@)|?)
[—+00
exist and satisfy
lim (A7 [m(IA"2u(®)I*) = Cicol = 0,
—+o00

and there uniquely exist global solutions v,,v_ € C! (R;Hip) of
V(1) + CE AP A, =0, teR,
V() + CP AP AV =0, teR,
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satisfying
(A0, 0,) € (1) € (R; DA x D7)
j=0.1
and
Tim (Il () = A" Pon(CZLT@)I + (1) = L (CZLT@) = 0,
where

t
(1) := f m(|A?u(s)|)ds  for teR.
0
Furthermore, it holds that
(1.6) (vs. ) € C(R: X)),
(1.7) (A0, 0)) € C' (R; DY) x DY),

tim (07 (At = A" Poa(CoLT@)y + ' (6) = o ColT(t)ls) = 0.

(ii) Assume moreover that (¢o, ¥o) satisfies (1.1). Then

1
2Ci.

1
(1.8) Cioo = m(inA‘%nz + ||wi||2),

and the limits 1lim,_ s | A ?u()|* and im,_ ., ||’ (1)||* exist and satisfy the equality
Tim [’ ()I* = m( lim |4 2u(@|P)* lim (LAY 2u(@).

Conversely to Theorem B, [15] showed the existence of the solution of perturbed Kirch-
hoff equation which has similar asymptotic behavior as that of the solution of the free equa-
tion. By (1.8), it is necessary to assume the relation (1.9) below.

Theorem C (Theorem 3 of [15]). Let J > 1 and p > 0. Assume that b satisfies (0.3) and
(0.4). Then there exist a positive constant €3 such that the following holds. Suppose that
(o, ¥) € X£(83) satisfies (1.1). Then there uniquely exists a positive number ¢, satisfying the
equality

1 1
1 = m| =42 2|
(1.9) c m(zllA Pl + 2C%ollllfll
Let v be the solution of

V(@) + AAVPAY) =0 teR

with v(0) = ¢,v'(0) = ¢. Then there uniquely exist global solutions u.(t) € C' (R; Hy)2) of
(1.2) satisfying

(A" Pu, i) € (1) € (R DAD2) x D@AT)),
j=0.1

Tim (Il (5) = Ao CT@)I + () = ' (CZLT @) = 0,
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and that %IIA” 2u. O is integrable on R.
Furthermore, u.. satisfy the following.
(us,ul,) € C(R; X;),
(A"Pug, i) € C' (R: DAYD1) x D@AYD?)).
Tim (0P (A us(e) = AP €T )l + (1) = o (CLlr)]ls) = O,

d . p 2 -7l
<t>pdz”A us(O|° € L'(R).

Theorem C does not mean that the non-trivial solutions of Kirchhoft equation which is
given by Theorem A are asymptotically free, since the transformation 7(¢) is used. Different
from the linear wave equation, we need more decay condition on b for the asymptotically
free property, in view of the next theorem.

Theorem D (Theorem, its proof and Remark 2 of [16]). Assume that m satisfies
m'(x) #0 for every x> 0.
Assume that b satisfies (0.3) and (0.4) with p = 0 and
b(t) does not change sign for every t < —Ty,

and

b(t) does not change sign for every t > Ty,

for a positive constant T. Let &, be a positive constant given by Theorem B. If there exists
a solution u € C(R;H,)2) of perturbed Kirchhoff equation (1.2)—(1.3) with initial value
(¢ho, ¥0)(# (0,0)) € Xé (£2) N Xo0 which is asymptotically free as t — +oo, in the sense that
there exist positive constants ¢4, C—co and global solutions v, ,v_ of

V() + A AAY e, =0, teR,

V() + A AVPAY_ =0, reR,
such that

lim (JlA"2u() = Ao Ol + 1l () = L0 = 0,
then
tb(f) € L'(R).
Remark 3. If b satisfies (0.3) and (0.4), then Lemma 3 in section 4 with f = b and

1o = 0 implies
(1.10) (HPb(1) € L'(R).

This relation is also seen in the proof of Lemma 5 in [15].

If b is monotone for sufficiently large [¢], then the converse holds, that is, (1.10) implies
(0.3) and (0.4).

In fact, if b(¢) is monotone-decreasing on [Ty, o) for sufficiently large T\, and satisfies
(1.10), then it follows that b satisfies (0.3), b(t) > 0 on [T, o0) and
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R R
f<wﬂmmm=ifvwwvwz

Ty Ty

R
=[] +(p+1) f (O 1b(1) dt
-1, .

R

<(TY'D(Ty)+(p+1) | (P '1h(r)dt < o,
Ty
for every R > T,. Hence, (t)’tb’ € L'((0, )). In the same way, we can treat the case
b(t) is monotone-increasing on [T, o) for sufficiently large 7. In the same way, we can
prove that the integrability of (£)?b(t) on (—co, 0) implies {¢)”th’(t) € L'((—0,0)), under the
assumption that b is monotone on (—oo, —T}) for sufficiently large Ty, which completes the
proof.

In view of Theorem D and Remark 3, it is natural to assume that b satisfies the decay
condition (0.4) with p > 1, for solutions of perturbed Kirchhoff equation to be asymptotic
free.

On the other hand, let us consider the case H = L>(R"), A = —A with D(A) = H*(R").
For every p € [0, 1), we see from Matsuyama [10] that there exists a small initial data (¢, 0)
in Y, such that Kirchhoff equation (0.1)-(0.2) with b = 0 has a solution whose asymptotic
behavior is different from that of solutions of the corresponding free equations. In view of
this fact, it is natural to assume that initial data belong to Y, with p > 1, for solutions of
Kirchhoff equation to be asymptotic free.

Hence assuming p > 1, we show that the global solutions of perturbed Kirchhoft equa-
tion given by Theorem A has the same asymptotic behavior of that of the solutions of free
equations.

Theorem 1. Let J > 1 and p > 1. Assume that b satisfies (0.3) and (0.4). Then there
exist positive constants &4 and K5 (> 1) such that the following holds for every & € (0, &4].
Suppose that (¢y, ¥) € YI{ (&), and that u(t) be the solution of (0.1)—(0.2). Then the limit

Ciwo = lim m(JA"u(n)®),
[—+00

whose existence is guaranteed by Theorem B, satisfies decay estimates
0
(L.11) @ ma o) - ¢l < o,

(1.12) f<NWMMWWW%CMW<m
0
and there uniquely exist global solutions

vy, U_ € ﬂ C/ (R; D(A<J+1—i)/2))
j=0,12

(LE:C,w0) V() +C: Av, =0, tER,
(LE:C_..) V(1) + C* Av_ =0, reR,
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such that
(1.13) tim (A" 2u(t) = A" ool + I (1) = 0L (0)) = 0.
1—+00 -

Furthermore it holds that

(1.14) tl_i}inoo(llu(t) = 0:(Oll7+1 + I’ (1) = V. (Dl;) = 0,
(1.15) lggo@"_l (le(®) = v Olly + Il () = V(D] 7-1) = 0.
The operators
(1.16) Y. 2 ((0),u'(0)) = (g0, Y0) > (P, ¢) = (v2(0),v,.(0))
are continuous from YI{ (&) to YI{ (K5 &) for every € € (0, &4].

If p =2, then

0

(1.17) @ ) - 0.l + ') = o) < o,
(1.18) fo O (@) = v Ol + ' (@) = v, (Dl -1) di < oo

RemMark 4. Assume that b is monotone for sufficiently large |¢|. Then in view of Theorems
D and 1 together with Remark 3, the assumption (0.3) and (0.4) with p = 1 is necessary and
sufficient condition for solutions of perturbed Kirchhoff equation with small initial data in
Y! to be asymptotic free.

REmARK 5. The operator T'.. is the inverse of the wave operator W, as is seen in the next
theorem.

Conversely, we show the existence of the solution of perturbed Kirchhoff equation which
converges to the solution of the free equation. For this purpose, it is necessary to assume the
relation (1.9) in view of (1.8) as well as Theorem C. Here we note that A'/%2¢ = A'/2¢ in
(1.8) and (1.9) if (¢, 4) € Y),.

Theorem 2. Let J > 1 and p > 1. Assume that b satisfies (0.3) and (0.4). Then there
exist positive constants &5 and K5 (> 1) such that the following holds for every & € (0, &s]:
Suppose that (¢, ) € Y 1{ (&). Let ¢ be a uniquely determined positive number satisfying the
equality (1.9) in Theorem C, and let v be the solution of

(LE:Ceo) V() +cAAv=0 (r€R),
v0) =¢, V(O0)=y.
Then there uniquely exist global solutions
Uy, U_ € ﬁ C/(R; D(AV+1=0)12y)
j=0
of (0.1) such that
(1.19) Tim (A" (0) = Ao + 1 (6) = 0 Ol]) = 0,
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and that

(1.20) S € L@,
Furthermore, the following holds:

(1.21) Tim m(lA"us(O)P) = co.

(1.22) Tim (s (1) = v(®llg1 + () = o' Oll) = 0,
(1.23) Tim (0! (s (1) = 0(@lly + [l (1) = V' (D)lls-1) = 0,

and the wave operators

Wa (¢, 4) = ((0),0'(0) = (Po.+, Yo+) = (ux(0), u,(0))

are continuous from 17,{(8) to Y ;{ (K5e).

If p>2, then
0
(1.24) f (0" (1A 2us(e) = Aol 1 + e (6) = ' @l ) dt < oo,
(1.25) f o (A" 2us(t) = AYV2u(0)l 1+ le(t) = o' D)1 ) dt < oo
0

Assume furthermore that € < min{ey/ K;—’, e5/K5}. Then W, is a homeomorphism from
17[,(8) to Wi(f/l{(s))(c YI{(K;—'s) C 171{(84)) with respect to the metric d{,P. Let Y, be the
mapping defined by (1.16). Then W. Y. and Y. W.. are the identity mappings on Y[{ (&).

The existence and the continuity of the scattering operator immediately follows from
Theorems 1 and 2.

Theorem 3. Let J > 1/2 and p > 1. Let &4 and K3 be the constants given by Theorem 1.
Let &5 and K5 be the constants given by Theorem 2. Then for every & < min{eq4/ K7, &s}, the
scattering operator S = W;l W_ is a homeomorphism from f/[{ (&)to S (f/[{ (e)c Y 1{ (K3 K3 &)
with respect to the metric d{/p.

2. Examples of Sobolev spaces included in the set Y »

Let Q be the whole space R” or a non-trapping exterior domain with smooth boundary.
In this section, we give some examples of Sobolev spaces which are included in ¥,, in the
case H = L*(R"), A = —A with domain D(A) = {u € H*(Q); u(t,x) = 0 on 0Q}. Here
D(A) = H*(R") if Q = R". As is noted in Remark 1, these follows from examples included
in Yy , for k = 0, 1, which were shown in the previous papers [11, 12, 13]. Before describing
sufficient conditions, we prepare some notations.

Nortarion 8. Let 1 < p < oo and s > 0. Let
WyR") = {f € S'®") |F~'(&)' f) e L’ RN},

with the norm || fllys = |71« P, - Let

L

W5(Q) = {f | 3g € Wy®R") such that glo = [},
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with the norm || f ||W;;(Q) = inf { ||g||W;(Rn) glo=f } Let W;’O(Q) be the completion of C’(€2)
with respect to the norm |[|-|lys). When p = 2, W3(R") and W;(€) are denoted by H*(R")
and H*(Q), respectively.

Nortation 9. For non-negative numbers s and p,
H* = {f;(x)' f € H'R")}(= {f;(DY(x)" f € L*(R"))).
Nortarion 10. For non-negative numbers k and ¢, we put

@, W),

= Sllp(r)q(|(Ak/4A1/2€2irA
reR

1/2

9, A A2 g ) + (AP g Ay

+ 2|(Ak/462irA1/2A1/2¢’ Ak/4lﬁ)H|)-
Here we note that (¢, Y)|x,, < Cl($, ¥)lz,,if 1 <p+1<gq.

We first give examples of weighted Sololev spaces included in Y; ,. Although [11] and
[12] consider about the sufficient conditions for belonging to Z; 4, it follows from the proof
that these sufficient conditions are also sufficient conditions for belonging to Z; , N Zy 4:

ExampLE 1 (see [3, Lemma A] for integer p, and [11, Lemma 1.1] for general p). Let
H = L*(R"), A = —A with domain D(A) = H*(R"). Let p > 0 in the case n = 1 and
0 < p<ninthecasen > 2. Let ¢ > p + 1, and assume furthermore that ¢ < n + 1 in the
case n > 2. Then the following inclusion holds.

H(R") x H*(R") € Zy, N Zo, N(HXH)C Yy ,NY,, C .

We give examples of non-weighted Sobolev spaces included in Y; :

ExampLE 2 (see [12, Theorem 2]). Assume thatn > 4. Let 2(n — 1)/(n — 3) < g < o0, and
let ¢’ be the dual exponent of ¢, thatis, 1/g+1/¢' = 1,andlet0 < p < (n—1)(1/2-1/q)—1.
Then

(Hmax{n(l/Z—l/q)+1,3}(Rn) N W;7+1)(1/2_1/q)+1(R”))
% (HmaX{n(l/z—l/qil}(Rn) N WL(117+1)(1/2—1/4)(Rn))
cYi,NnYy,CY,
ExampLE 3 (see [12, Theorem 4]). Assume that n > 4 and € is non-trapping exterior
domain with smooth boundary. Let 2(n—1)/(n—3) < g < oo, and let ¢’ be the dual exponent

of g, thatis, 1/g+ 1/q' = 1,andlet0 < p < (n—1)(1/2 — 1/q) — 1. Let M be the smallest
integer such that M > (n + 1)(1/2 — 1/g). Then

WA QX WAl Q) c Yy, N Yo, C T

In the above examples, the sufficient condition for belonging to Y, follows from the
condition for belonging to Z, ;. In the space dimension 3, we [13] showed that the following
unweighted Sobolev spaces are included in Yy = Y directly, although we did not use the
notation Y. It follows from the proof that these sufficient conditions are also sufficient
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conditions for belonging to Yy N Yy o:

ExampLE 4 (see [13, Theorem 3]).
(W2®) 0 B ®)) € Y100 Yoo € To.

ExampLE 5 (see [13, Theorem 5]). Let Q be a non-trapping exterior domain in R* with
smooth boundary. Let p, p, g and g be real numbers such that 1 < § < 3/2 < ¢ <2,3 < p.
Then there exists a positive constant C such that

2 ~
(W5(Q) N W, ((Q) N W, ((Q) N WHQ)) € Y1 Yo C o,

3. Transformed equation

Greenberg-Hu [4] introduced a transformation from a solution # of Kirchhoft equation
into a pair of unknown functions expressed by using Fourier decomposition. D’Ancona-
Spagnolo [1, 2, 3] improved their transformation in R”. [15] used a similar transformation
by using spectral decomposition of the operator A instead of the Fourier transform.

We first state some classes and metrics which are transformed from X, ¥, d,, and dyp in
Section 1.

Notation 11. Let J > 0, p be a non-negative number and let € be a positive number. We
define sets X, and ), as

X, = ((V, W) € DA x DAY [(V, W)y, < oo},
Yy =V, W) € X, V=W eRA),
where
(VWG = 1A TV AV, + (A WA W,
+ 2|(A1/462irA”2V’A1/4W)H|p,
and subsets X, (&) of X, and V,(¢) of Y, as
Xp(e) = {(V, W) € X3 [(V, W)y, + IV + W]l < &},
V(&) = Xp(e) N Y.
We put
X = X, N (DA?) x D(A'?)), X](e) 1= X,(e) N (D(A"?) x D(A?)),
Y, 1= Yp N (DA x DA?)), ) (e) 1= Vyle) N (DAT?) x DA,
and
IV, W)l = IV, Wlx, + 11Vl + I,
IV, Wlys = 1(V, Wl + IA72(V = W)).
For (Vi, W1), (V2, W) € &, we define
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dp(Vi, W), (V2, Wa))?
- |(A1/482irA'/2V1’A1/4V1)H _ (Al/462irA‘/2V2’A1/4V2)H|p
+ |(Al/4e2irA1/2W1,A1/4W1)H _ (A]/4e2i’Al/2W2,A1/4W2)H|p
+2AARA Y AW, — (AR V2,A1/4W2)H|p,
and put
d;((Vl, W1), (Va, Wa)) := d,((Vi, Wy), (Va, Wa)) + [IVi = Vally + IW) = Wally,
dN)J/p((Vl’ W1), (Va, Wa)) = dN;((Vl’ W), (V2, Wa))
+HIAT2 (V= W) = ATV, = W)l
We see that JIJ, and J{/p become metrics on le and Y/, respectively. We equip A’If and a
subset X (g) of X with the metric JIJ,, and V) and a subset Y/ () of V) with the metric ‘%p
Notation 12. Let
Gy : (0, 00) X (D(A**) x D(A'*) = D(AY*) x D(A"*
be the operator defined by
Go(A, (¢ 0)) = (177 (v — idA2g), A7 (g + idA ).
Nortation 13. Let
Go : (0,00) X {(V,W) € DAY x DA*);V = W € R(A?)
— D(AY* x DAY

be the operator defined by
j 1
Co(4, (V; W) := (éf‘/zfr”z (V=W), 327 (V + W)) :

Lemma A (Lemma 2 of [15]). (i) For every positive numbers A, p, g, the following holds.
Go(d, -, )X)(e) C X7 (2€),
Go(A, -, )X(e) C X&),
where & = \Vmax{a, 1/}l
(ii)
dN(Go(A1, ($1,41)), Go( Az, (2, ¥2))

< 2ma (maxtd;. 1/4;) + @5,
X (11 = Aol + d((B1,91)). (2. ¥2)))
for every and (4;,(¢;,/})) € (0, 00) X X;(j =1,2), and
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d7(Go(A1, (Vi, W), Go( Az, (Va, Wa)))
< max(yfmax(d;. 1/4;) + (V2. W)l
X (14 = Ao + dy (V1. W), (Va, Wi)))
for every (4;,(V;,W;)) € (0, 00) X Xl{(j =1,2).
Lemma 1. (i) For every positive numbers A, p, g, the following holds.
Go(A,-,)Y; () C Yy (28"),
Go(A, -, )Yy () C Yo (&),

where & = Ymax{A, 1/A}e.
(ii)
sz/p(Go(ﬂl,(%,l//1)),Go(/12,(¢z,l//2))

< 251=1.'1:1)2(( max{d;, 1/4;} + |(¢j,1//j)|y[{)
X (141 = ol + dy, (¢1.41)): (2. 42))
for every and (4;,(¢;,y)) € (0, 00) X Yl{(j =1,2), and
dép(go(/ll , (V1, W), Go(Aa, (V2, W2)))
< 5;21%(, [max{A;, 1/} + |V, W)lys)
X (|41 = A2 + J)j/p((vl, W1)), (Va, Wa)))
for every (1;,(V;, W) € (0,00) x Y7(j = 1,2).
Proof. Let (V, W) = Go(4, (¢, ¢)). Then by definition, we have
ATV —w) = 2412,
with which Lemma A implies the conclusion.

Lemma B (Lemma 3 of [15]). Let p >0, >0, J > 1/2 and a,b € [my, o).
() If (V, W) € X/(e), then (A" V,e A" W) € XJ(27/%(a)?e).
(i) The mapping

g : (a,(V, W) > (" V, e 4 W)
is continuous from R X X[{ to XI{ .

Lemma2. Letp>0,&>0,J>1/2and a,b € [mgy, o).
Q) If (V, W) € V) (o), then (V" V,e ™" W) € Y] 2" a)" e).
(1) The mapping

@ : (a,(V,W)) — (eiaAl/Z‘/’ e—iaA'/ZW)

is continuous from R X y,{ to 371{ .
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Proof. (i) Since
an Ay miad Py — GiaA (y _yry 4 2iAV2 AT12 Gin(a AV W
' € R(A'?),

sin(al!'’?)

where A™1/2 sin(aA'/?) = fooo ==im—dE, € L(H) is meaningful by the spectral decomposi-

tion of A with
© dn(all/?
f sin(ad'/<) JE,
0

<
all’? =l

3.2) |47 sin@A')|[, ., = ‘a

L(H)
Then Lemma B (i) and (3.1) imply the conclusion.

(i) Let (a1, (V;, W})) be an arbitrary point of R x Y/, and put U, = A7V2(v —w)). By
Lemma B, we only have to prove the continuity of the mapping (a,V,W) -
ATl (ei“Al/zV — e= """ W) from Y to H at the point (a1, (Vi, W1)). Let (a, (V, W) € Rx )
and put U = A™V2(V = W), U, = A"V2(V, = Wy). Since (d/ds)e*A"” f = £iA!2e*s4"” f for
f =V, W, we have

(@A"Y — Ty (fA Yy - i A gy
iaA'? iaA'? —igA/?

= (V= V) = (W= W))) + (€4 — e ™ \W - W)
+ (eiaAl/Z _ eialAl/z)Vl _ (e_iaAl/z _ e_i‘”A”Z)Wl

= e @A AV2(U — Uy) + 2isin(@AVA)(W - W)
+iA1/2f @V + e W ds.
ai

: 1/2 .
A" | .y < 1, we obtain

Hence by using (3.2) and ||e
||A—1/2 ((eiaAl/ZV _ e—iaAl/zw) _ (eia1A1/2 Vl _ e—ia1A]/2W1)) “

< U = Uil + 2lallW = Will + 2la — ay [(IVi | + [[WAD,

which implies the mapping (a, V, W) — A~!/2 (ei”Al/ZV — giaA” W) is continuous from yg
to H. O

Now we transform the equation (0.1).
Assume that u(z) is a solution of (0.1). Put

t
(3.3) c(0) == m(IAPu@)|?), () = f c(s)ds, for teR.
0
Then, 7(¢) is a strictly increasing function on R. Let #(7) be the inverse of 7(¢), and put

(3.4) C(1) = c(t(1)),

s { V() i= C(r) R BUOR (1 (1(2)) — iC(DA Pu(n(r))

W(x) = ) Pe ™ O (i (1)) +iCOA Pu(r)

for every 7 € R, where
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t
B(1) := f b(s)ds for teR.
0
By this transformation, we easily see that the equation (0.1)—(0.2) is transformed into

V(@) =~ W@, W@ = —q@e V),

) = m{ o Py — oy
T)=m 4C(T) e T e T .
(V(0), W(0)) = Go(m(llA" 2 $olI), do, ¥o),
where
_C@+bi) , d
90 = =50 (=27

The Hamiltonian H(u, t) is defined as
H(u, 1) := MOIAu@)P) + lu’ @),

where
¥
M(p) = f m(s)*ds (0 =0).
0
Then we have
t
HGu) = Hu.T) =2 [ oo 6IPds
T

and thus, we have by Gronwall’s inequality that
(3.6) H(u,t) < expQ||bllp)H(u,T) forevery teR.
Since M(p) > mZp, inequality (3.6) implies
(3.7) 1A 2u@)|* < explbll, ) H(u, T)/mj for every t € R.
Put

L := expQ2llbll,)(M(1) + 1)/m.
Then (3.7) implies

||A1/2u(t)||2 <L foreveryteR,
if A 2u(T)|| + ()|l < 1.

Observing the fact above, we put
my = sup{m(x);0 < x < L}, my = sup{lm’'(x)[;0 < x < L}
m3 = sup{lm” (0};0 < x < L).
Nortation 14. Let
C,=C,R):={Ce BC'(R); IC’, < oo}.

Here, BC'(R) is the set of all bounded C' functions with bounded derivatives on R. The
space C,(R) becomes a Banach space with the norm
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— y— ’
IClle, = IClle, ey := IClI ) + ||C
For a positive number 9, let

Cos(R) :={C € Cp)(R); my < C(r) < my forevery 7 € R, |C'|p <0},

’
L@ T I, -

which is a closed subset of C,(R).

Let T € [—o0, oo]. Taking the aforementioned fact into account, we consider the following
equation:

(3.8) V(1) =~ WD), W) = —qe ™ Vo),
_ e P iTAl? 2

(3.9) C(r)—m( 200 lle V(t)—e™ W) )

(3.10) V)=V, W) =W,

where

(3.11) t(r)zf;%da for T€R,
_C@+bi(x) ,_ d [

(3.12) q(t) := — o (= dT), B(f) := fo b(s)ds.

Here, V(+c0) = V and W(+00) = W mean that
lim V@)=V and lim W) =W in D(A”?).
t—=+00

t—+00

Lemma C (Lemma 4 of [15]). Let C,C; € C,(R) (j = 1,2). Then the functions t defined
by (3.11) and t; defined by (3.11) with C = C| for j = 1,2 satisfy the following.

kg 7|

(3.13) — <D < — for TE€ER,
nmq my
7]
(11 = 22)(7)] < ﬁ“cl - Collp~  forevery teR.
0

Lemma D (Lemma 5 of [15]). Let T € [—o0,00] and fix it. Let J > 0 and p > 0. Let
C; € Cp, and let t; and q; be the functions defined by (3.11) and (3.12) with C = C; for
j=12

1 ;o (m)?
(g€ L'®R) and g, < 2 (Gl + === 11y)

for j=1,2 and
L my(my)? mylib| C5|
S (——L + [bly) + =22 | €1 = Calle,-
mo 2m0

— <| —
lg1 — qol, < (2m0 2m?

Proposition A (Propositions 3 and 5, Proof of Proposition 5 and Lemma 3 of [15]).
Let T € [—oo,00]. Let J > 1 and p > 0. Then there exist positive constants &¢ and Ks
such that for every (V,W) € XI{(S) with 0 < € < &, a solution (C,(V,W)) € C'(R) x
Nj=0.1C/(R; D(AY=7/2) x D(AY=)12)) of (3.8)~(3.10) exists and satisfies
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C € Cp,KSE(R)a

(3.14) (V, W) € C(R; XJ(Ks&)),

(3.15) IVl + W@ < expdiglli) (171l + W)
Furthermore, the limits

(3.16) Vieo = lim V(7) and Wew = lim W(1) in D(A”?),
(3.17) Cico = Tg;flm C(1) €R, .

exist and satisfy the following:

(3.18) tim (DP|IV(T) = Vawolly = 1im (@ IW () = Waeoll, = 0,
(3.19) TE{Il(}g(T)”IC(T) - Cil = 0. i

Assume furthermore that
(3.20) Tim (7T, V) = lim (@ W, Wy

= lim (22" V, W)y = 0,

r—+oo

which condition we denote as (V, W) € X. Then

_Btoo

(3.21) Cio = m(e

V+oo 2 + W+oo 2 1)
4Cim(ll sooll” + [[Weoall ))

where B.o, = foiw b(s)ds, and (Vie, Was) € X.

Proposition B (Proposition 4 of [15]). Let J > 1, p > 0. Let & be a constant given
by Proposition A. There exist positive constants 7(< &¢) and K¢ such that the following
assertion holds. Let (\7]-, Wj) € X,{,&, and assume that (C;,(V;,W;)) € C!(R) x

ﬂjzo,le(R; D(AY=D12) x D(AY=D/2)) are solutions of (3.8)—~(3.10) satisfying (3.33) and
V,W) = (Vj, Wj)forj = 1,2. Assume moreover that {t}*C € L'(R) if T = +oo. Then

(3.22) IC: = Calle, < Kod,(V1, W), (Va, Wa)),
(3.23) N ((Vi(7), Wi(1), (Va(T), Wa(D))) < Ked) (V1, W), (V2, Wa))
for every T € [—0co, 0.

If initial data belongs to ), for p > 1, then the following propositions hold.

Proposition 1. Assume that A is injective. Let T € [—co,0]. Let J > 1 and p > 1. Let &
and Ks be the constants in Proposition A. Let (V,W) e )7[{(8) with 0 < & < gg. Then there
exists a solution (C, (V, W)) € BC'(R) x C'(R; D(A??) x D(A?'?)) of (3.8)—(3.10) such that

(3.24) C e Cpkse
(3.25) V(r),W(1r)) € y,{(ng) forevery T € R,
(3.26) (V.W) € CR; ).

The uniqueness holds in the class

(C,(V,W)) € BC'(R) x C'(R; D(A"*) x D(A"?)) if T # +oo,
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(C,(V,W)) € BC'(R) x C}(R; D(A"*) x D(A"?)), " e L'(R)
if T = too. Furthermore the following hold. Put
U(t) .= A""2(V(t) - W(1)) for T€R.
Then U € C'(R; D(AY*V/2) and the limit
Useo = lim U(1) in D(AY+DI2)

exists. The limits C.co, Vieo and W, shown by Proposition A and U .« satisfy the following:

(3.27) lim ()"~ |U(7) = Usesllyo1 = 0,
(3.28) f . (P NVE) = Viwlldr

0

=+00
" f (TP W (1) = Wellydr| < oo,
0

(3.29) f (OP2U®T) = Usoollysrdr| <00 if p =2,

0
(3.30) Vieo = Wioo = AY?U 1.
(3.31) (Voo Wioo) € Vi (K58),

00 0
(3.32) f (TP NCT) = CyooldT + f (YW C(1) = C_oldr < 0.

0 —00

Proposition 2. Let J > 1, p > 1 and € > 0. Let &7 be a positive constant given by
Propositions B. There exist a positive constant K; such that the following assertion holds.
Let (V;,W)) € Y](&7), and assume that (C;,(V;, W))) € C'(R) X M=o C/(R; D(AY=/2) x
D(AY=D12)) are solutions of (3.8)~(3.10) with (V, W) = (V;, W)) for j = 1,2, satisfying

(3.33) my < C(t) <my forevery T €R.
Assume moreover that C € Cp, if T = +o0. Then
(3.34) dy (V1(0), Wi(@)), (Va(1), Wa (1)) < Krdy (Vi, W), (V2, W2))

for every T € [—0o, c0].

4. Proof of Propositions
Since we sometimes use the following calculations, we describe them as a lemma.

Lemma 3. Let Z be a Banach space with norm ||-||,. Let p be an nonnegative number. If
f € CY(R; Z) satisfies |t|P||f' (1), € L'(R), then the limit lim;_, 10 f(f) = Qo0 exists in Z and
satisfies the following.

(4.1 Tim [iP1£(0) = el = 0.

Furthermore, if p > 1 and (ty*~'1||f'(¢)|l, € L' (R), then

(4.2) f (@ Nf(0) = areolldo < f (@ || f ()] ,do < eo
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foreveryt >0, and

f (@ 1f(0) = a-wlldor < f (@) ol (@) der < oo
foreveryt <O.

Proof. We only prove lemma in the case r > 0. The case ¢ < 0 is calculated in the same
way. Let S be an arbitrary nonnegative number of R. Then

S S
TP IAS) = FDl < el f 1 (llzdo < f Pl (@zdor

for every 0 < 7 < § < oo. Hence, there exists a limit lim,_,,, f(¢) in Z satisfying (4.1).
For every ¢ > 0, we have by Fubini’s Thoerem

f O (T) = pllydr < f (T f |f" @) ,derdr

- [

which implies (4.2). ]

f(@)| drdo < f (o f ()| do < e,

Proof of Proposition 1.
(Step 1) By Propositions A and (0.4), we see that (tf)’q € L'(R) and sup,z (IIV@Il; +
[[W()Il;) < co. Hence, using the fact that (V, W) satisfies (3.8), we have

()|

Thus by Lemma 3 with Z = D(A’/?), we obtain (3.28).
(Step 2) We show that there is U(t) € D(A'/?) such that

V@), + W) e L'®).

4.3) V(7) — W(r) = AY2U(t)(e R(A'?)) forevery teR,

which satisfies U € C'(R; H). Kajitani [9, Proposition 2.4] proved this fact for a second
order differential operator A which defines non-negative definite self-adjoint operator on
L*(R™), by using the differential equation of V(7)—W () together with the expression e =
cos(tA'/?) +isin(tA'/?) and the boundedness of (tA'/?)~! sin(rA'/?). By using this idea, we
prove (4.3). From (3.8), it follows that

(4.4) %(V(r) — WD) = ()™ (V(r) - W(1)) — 2ig(7) sin2tA )V (1)

for every T € R. Hence,

4 (exp (— f ' q(v)e”f”““da) (V(r) - W(r)))
dT T

= —2iexp (— f ' q(O')eZi‘TAI/ZdO') q(7) sinTA?) V(1)
T

for every 7 € R. Here, exp (— fTT q(O')ezi‘TAl/de') is meaningful by spectral decomposition.
Thus,
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(4.5) V() — W(T) = exp ( f ' q(O')eZi"Al/de') (V(T) — W(T))
T

~2i f exp( f q(a)er‘fA‘”da)q(s) sin(2sA?)V(s5)ds.
T K

By the assumption that (V(T), W(T)) = (V, W) e Y,, there is U € D(A'?) such that V(T) —
W(T) = AV2U. By (3.2), the assumption g(s)s € L'(R) and the closeness of the operator
A2 we see that the second term of the right-hand side of (4.5) belongs to R(A'/?). Hence,
V(1) — W(7) is expressed as

V(r) - W) = A?U(1),

where

4.6) UQ):= exp( f ' q(O')eZi‘TAI/de')U
T

— 4 f exp (f T Q((f)e”"wd(’) q(s)s (2sA?) ™ sin(254'%)) V(s)ds
. |

N

e D(A'?)

for every T € R, and U € L*(R; H). We show that U € C'(R; H). We easily see that the first
term of (4.6) belongs to C'(R; H). The inequality

|A7' 2 sin(2(s + MA'2) f - A7 sin@sA )|,

= 2||cos((2s + MA'"?) sin(hA”z)A‘m”aH) <2h forheR

implies that A=!/?sin(25A'/?) is a norm continuous operator on H with respect to s. Using

this fact together with the facts that (f)g € L'(R) and V € C(R; H), we see that the second
term of the right-hand side of (4.6) also belongs to C!(R; H), and thus we conclude that
U € C'(R; H). This fact together with (3.14) and (3.15) implies (3.25) and (3.26).

(Step 3) Last we consider the asymptotic behavior. Equation (4.4) yields

% U(t) = (o)™ Ur) - 4ig(r)r(2rA?) ' sin2rA )V (1)

for every 7 € R. Then, by the uniform boundedness of V(r) and U(t), the fact that
(1)~ 'q(t) € L'(R) and the boundedness of the operator (2rA'/?)~! sin(2rA'/?) on H uni-
formly to 7, we can use Lemma 3 with Z = H to obtain the existence of U.o, = lim,_,.o, U(T)
in H satisfying (3.27) and (3.29) with J = 0. This fact, (3.18) and (3.28) imply (3.27) and
(3.29) for general J. By the closeness of the operator A!/? in H, we see that U.., € D(A'/?)
and satisfies (3.30).

Since (3.14) and (3.16) hold, Fatou’s lemma implies (V, W) € X [{ (Kse), which together
with (3.30) yields (3.31).

Lemma 3 together with (3.24) implies (3.32). ]

Proof of Proposition 2. By using the expression (4.6), we easily see that
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U1(7) = U2l
< e||¢]1||,41(R)||U1 _ l’]2||1 + emaX{”‘Il”Ll(R)-H‘IZHLI(R)}”ql _ q2||L'(R)H02”J
" 4emax{||q1||L1(R),||¢]2||L1(R)}”ql _ qz”Ll(R)”SQI ”L'(R) sup ||V1(S)||J
seR
+4elCl@|Is(g) = g2)lli gy sup Vi)l
seR
+ 48”(12”““&)||qu||L1(R) SSE]II; IVi(s) = Va(s)ll,
for every T € R, where U; = A‘]/Z(Vj - W;) and ﬁj = A‘l/z(f/j - Wj). This inequality, (3.23)
and (3.25) yield
IU(7) = U0l
< et ([0, - O], + s - gl O],
+ 4K537(||611 - QZ”LI(R)HSQI”LI(R) + [Is(q1 — QZ)”LI(R))
+ 4K 5G|y dy (V1. Wh), (Va, Wa)),
which together with Lemma D, (3.22), (3.23) and (3.24) yields (3.34). O

5. Proof of Theorem 1

Proof of Theorem 1. Let £, and &7 be positive constants given by Theorem A and
Proposition B, respectively. Let K denote various constants independent of 7. Assume that
g4 <min{l, &1, 7/(2K10)}, where

5.1) Kuo = max{\%m_o,x/nTl}(z D.

(Step 1) We give a solution u of (0.1). Let (¢o, ¥o) € Y,(e) for € € (0, &4]. By Lemma 1,
we have

(5.2) (V. W) := Go(m(|A"goll*). do. ¥o) € V) (2K 108) C V(7).

Then by Propositions A and 1, the equation (3.8)—(3.10) with (V, W) defined by (5.2) has a
solution

(5.3) (C,(V,W)) € Cpy X C'(R; D(A'?) x D(A"?)),
satisfying
(V,W) € CRR, V,(2K5K10€))
U:=A"2(V-W)eC'R,DAY?).
Furtheremore, the limits

(5.4) Cieo = lim C(1) € R,

T—+00

Vi = lim V() and W.e, = lim W(r) in D(A"?),
T—+00

T—=+00

U.oo = lim U(7) in D(A(J+l)/2)’
T—+00

exist and satisfy (3.18), (3.19), (3.27)—(3.30),
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(5.5) (Vico, Wieo) € V) (2K5K108),

and (3.32). Let #(7) be the function defined by (3.11). By the fact that C € C,, it holds that
1 dt 1 1

5.6 —<—(n)= < —

(5:6) mp dT(T) C(t) — my

Then, #(7) is a strictly increasing function on R. Let 7(¢) be the inverse of #(7), and define
5.7) c(t) = C(7(1)).

Here we note that

13
(5.8) 7(1) = f c(s)ds, for teR,
0
and the assumption that C € C,, (3.13) and (5.6) yield
5.9) c€Cp.
Since

e—iT(t)Al/ZV(T(t)) _ eiT([)Al/ZW(T(t))
= O WD) - W) + (O - O W)
= TP AU (2(r) - 2isin(r(DAP)W(x (1) € R(A?),

we can define u(f) by

.1 =
(5.10) u(r) 5

! —B(1)/2 A—I/Z —it(H)A'/? _itA?
Ol (e NV () - O W)

Then we have

5.11) u(t) = e—B“)/Z(e—”(”A‘“ U((t)) — 2iA™"2 sin(T(t)Al/z)W(T(t))).

i
2VC ()
Since (C, (V, W)) is the solution of (3.8)—(3.10) with T = 0, we see that

u'(f) = —C(;(t)) e B2

c(t) = C(x (1) = m(IA*u(@)|),

(e—i'r(t)Al/z V(T(f)) i ei‘r(t)Al/z W(T(t))) s

and u(r) € Nj=g12C* (R : D(A®™/?)) is a solution of (0.1). By the uniqueness of the
solution which is stated in Theorem A, the solution given by Theorem A equals u given by
the formula (5.11).

(Step 2) We express the solution v of (LE : C.«). The formulas (5.3), (5.4) and (5.6)
together with Lemma 3 with Z = R imply (1.11) and (1.12), and we can define

(5.12) Guos = f ) - Con) di = f T C@) - Co) - dr e,
0 0 C(1)
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with

1 +00
(5.13) |drco] £ — ’f |C(1) — CicoldT
moy |Jo

1 +00
— f looC’ (o)|do
my Jo

Here we used the assumption that C € C; ;(R) in the last inequality above. Using Lemma 3

with Z = R again, we have
t
< f |sc’(s)|ds,

O (1) = (Cooet + a_oo)| < f (@)’ (o)ldor

1, 1
<—IC'h £ —.
my my

<

(5.14) [7(1) = (Coool + a-0)| = ‘f (c(s) — C-co)ds

for every ¢ < 0. Thus,

for every ¢t < 0, which together with (5.9) implies
(5.15) [lim OP(t) = (C_oot + a_oo)] = 0.

In the case p > 2, it follows from (5.14),

0 0 t
(5.16) f (OP721(1) = (C—oof + a_oo)|dt < f f (tYP~2|sc’ (s)|d sdt

0 0 1 0
- f f <z>P—2|sc'(s)|dzdssp_1 f ()P~ s¢’ (9)ds.

Hence by (5.9), we have

0
(5.17) f P 21(t) = (Ccol + a_co)dt < c0.

By (3.30) of Proposition 1, we have
(5 1 8) e—i(Cimt+u1m)A1/2 Vioo _ ei(Cimt+uim)A1/2 Wioo
— e—i(Cimt+aim)A‘/2Al/2U+w
— 2iAY2AT2 SIn((Cacol + o) A Wono)
€ R(A'?).

with U € D(A'/?). Thus, we can define function v, (f) by

(5.19) v.(f) : = %ﬂe_B*“’/ZA_I/z
2Cioo

—i 1/2 i 1/2
x (e 1(Crool+as00)A V. el(Cin—aim)A W, )
Ihen weE haVe

1
(520) Ui(l’) = ﬁe

+0o0

—Bim/z(ie_i(cimt+aioo)A]/2 Uioo _ 2l-A—l/2 Sin((Ciool‘ + aioo)Al/z)Wioo)y

where B = foioo b(s)ds. Then, we easily see that
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e () CI®: DA,
j=0,1,2

and satisfies (LE:C.).

(Step 3) We prove formulas (1.14) and (1.15) for t — —oco and (1.17). Formula (1.13)
follows from (1.14). The formulas (1.14) and (1.15) for t — +o0 and (1.18) are proved in
the same way. By definitions (5.10) and (5.19),

A2 (u(t) — v_(r)) = _t e 802
(u(r) = v-(1)) oo
x (e—ir(z)A‘ﬂ(V(T(t)) —V_o)+ (e—i-r(t)A‘/2 _ e—i(C_mt+a_m)A‘/2)V_oo
_ eir(t)A”z(W(T(t)) — W) —( eiT(t)Al/z _ ei(C_wt+a_m)A”2)W_oo)
1 (ie™BO2 je=B-/2
+ p— —_
2( Ve()  VCoo

Let k be a nonnegative integer such that k < J. Since c(f) > my, we have by the intermediate
theorem that

—i 172 i 1/2
) X (8 (C_ott+a_s)A V—oo _ et(C_mHa_m)A W—oo) .

e—B(t)/Z e—B_m/Z
(5.21) -
Ve(t) VC_w
< e—B(t)/2 1 _ 1 + 1 |e—B(Z)/2 _ e—B,m/2|
Ve(t) VC_oo| VC-w
e_B(’)/Zlc(t) - C_ol e~ BD/2

(3 € (—o0,1))

= b(s)d
VCeD(VC s + VD) | NCo Lo (s
Il /2 t
< 67( f Ib(s)lds + — |c(t)—C_oo|).
m —co 0

m
0
Thus, we have

(5.22) A" () - o)),
e”b”Ll /2

= 172
2m0

IV(T(®) = Vocollx + IW(7(1)) = W_collg

—i 1/2 —i 1/2
N ”( oA _ —i(C_ctta o)A )V_oon

. 1/2 . 1/2
+||(en'(t)A _ i (Cstta_)A )W—oo”k

! 1
+ (f Ib(s)lds + m—OIC(T(t)) - C—ool) (IV=colli + ”W—oonk)]-

(o]

We shall estimate the term ”(e"'T(’)A”2 - e‘i(cfwt+“*°°)Al/2)V_oo|’k in the inequality above. Let

k € [0,J — 1] and let f be an arbitrary element of D(A®*D/2) Using the equality
(d /ds)e"'SA”2 f= —jemisA A1/2 f and that the operator A g unitary on D(A*?), we have

(1) an
f e—lSA Al/zfds

C_ool+a_o

(523) e ety

k
< @) = (Cooot + a_oo)|||A”2f ||k
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Hence (5.15) implies
(5.24) tim (17! [(e O — i@ttty |
t——00
Since operators e"TWA and e~i(C-1+a-2)A" are bounded in D(A*'?), and since D(A%*1/2)

is dense in D(AX/?), it follows that (5.24) holds also for every f € D(A*?) in the case p = 1.
Thus, by the fact that V_,, € D(A”/?), we see that

. _ 1/2 _j 12
lim H(e iTOA? _ =i(Cotta_)A )V“x’”] =0,

——00

lim <t>l7—1”(e—i‘r(t)A1/2 _ e—i(C,mHa,m)A”z)V—m“J 1 =0
[——00 -
In the same way, we have
fim ”(eir(t)Al/z _ ei(c,wt+a,w)A'/2)W_ooH -0,
t——00 J
lim <t>P—1||(eiT(t)A”2 _ ei(C_mt+a_m)A”2)Wioo|’J 1 =0.
t——00 -

By using these convergences, (3.18), (3.19) together with (3.13) and (1.10), we derive the
following estimates from (5.22)

Tim JIAY(u(r) = v-(@)ll; = 0,
Tim ()P A2 (u(t) = o-())ll-1 = 0.
In the same way, we can prove that
Tim (5 = o/ )l = Tim 6P (1) = 0 @l -1 = 0.
Thus, the proof of (1.14) and (1.15) for t — —oo is complete if we show that
(5.25) Tim ()"~ flu(t) = v-()l] = 0.
From equalities (5.11) and (5.20), it follows that

o~ BO/2

M(t) - U_(f) = T(T([))

x [e—ir(z)AW(U(T(t)) —U_)+ (e—i'r(t)A'/z _ e—i(C,mHa,w)A”z)U_oo
= 2isin(r(HAHATVE(W (1) — W_o)
+ 4iA™ 2 sin ((2(t) = (Coot + a_o))A?/2)
x c08 ((1(1) + (Cot + a_))A'/2) W_, |
je B0IZ  jo=B/2
“ )

2We@)  2VC

x (et = 2isin((Coct + @) AVHATPWL).

Hence, by (5.21), (5.23), (3.2) and |[cos(sA'/?)| can < 1 we obtain
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llee(2) — v_(D)|
ol /2

< W[IIU(T(D) Ui+ 170 = (C oot + a- AU ]
m

0
+ 2OV (T(1) = Weool| + 21(7(1) = (Coo? + o)) [[W-oll

d 1
+ ( f [b(lds + —Ic(r) c_m|)(||U_oo|| +2/C et + am|||w_oo||)].
—c0 myo
Thus, by using (3.13), we have
(5260 Ollu@) - v_@)

< K|[GOMIUGE ) = U—ooll + z@OY W (1) — Wl

+ (O () = (Ccot + a— (A2 U_oo|l + [|W_cs])
+(<t>"+1 f |b<s>|ds+<r(r)>’<“|C<r(z)>—cm|)(||Um||+||Ww||)].

By (1.10), (3.18), (3.19), (3.27) and (5.15), we see that the right-hand side of (5.26) with
k = p—1tends to 0 ast — —oo. Thus, (5.25) holds, which completes the proof of (1.14)
and (1.15).

Assume that p > 2. By Fubini’s Theorem together with (1.10), we have

0 t 0 0
(5.27) f P! f |b(s)|dsdt = f f &P b(s)|drds

< f ' Is|(s)?L|b(s)|ds < oo.
Inequalities (5.23) and (5.17) imply
I:<t>p—2||(e—i‘r(t)A]/2 _ e_i(c‘”’+“‘°°)A]/2)V,oo||J_ldt < oo
In the same way, we have
£:<t>p—2|'(ei‘r(t)A]/2 _ ei(c_MH—a_m)Al/z)Wfoonj_ldt < oo

By these inequalities, (5.27), (3.28) and (3.32) together with (5.6), we derive the following
from (5.22);

0
(5.28) f NP 2IAY2 (u(t) — v_(0)ll-1dt < oo.

In the same way, we can prove

0
(5.29) f Ol (1) = v (DNl y-1dt < oo,

By using (3.28), (3.29), (3.32), (5.17) and (5.27), we derive the following from (5.26);

0
f O () - v_(Ddt < oo,
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which together with (5.28) and (5.29) implies (1.17).
Uniqueness of the solution v, is clear.
(Step 4) We prove the continuity of the mapping T.. Formula (5.19) implies

Ti(Po,¥o) : = (P, 2) = (v+(O) = (0))
= exp(—B+/2)Go (Ciw, (e_’“i‘*’Al/z Voo, ei4=A" WJ_,OO)) .
By Lemma 2 (i) together with (5.5) and (5.13), we have
(e_i“imA]/Z Vicos giteA? Wioo) € y[{(Kns)
with Ky := 2”/4+1(ml0)1’/2K5K10. Hence by (i) of Lemma 1, we have
(¢=, ) € Yy (Ky€) with K5 = exp(—Biw/2)K10K11,

and therefore we obtain ’I’J_,(Y[{ (e))cY [{ (K5e).
We show the continuity of the mapping .. By the definition of (V, W) in (5.2), Lemma
1 (ii) together with the continuity of m, we easily see that the mapping

($0,%0) = (V, W)
is continuous from Y[{ (e) to y,{ (2K pe) C )71{ (7). By Propositions 1 and 2,
(V, W) 15 (C)s (Vico, W)
is continuous from y; (&g7) to Cpkye, X )71{ (Kse7). Thus, if we prove the continuity of the
mapping
Q:C() P zoo
from C, k., to R, Lemma 2 (ii) guarantees the continuity of the mapping

(CC), (Voo Wieo)) (Ciw’ (e—iaiooAl/z Ve eiaicx,Al/z Wioo))

from C, kye, X yl{ (Ks5&7) to [mg, my] X )71{ (K1187). Then Lemma 1 (ii) guarantees the conti-
nuity of the mapping

(Ciooa(e_iaiMA]/ZVJ_rooaeiaiWAl/ZWioo)) o (bay )

from [mg, m;] X y,{ (Ki1&7) to J?[{ (K5 é&7), and therefore the continuity of T';. follows.
Now we prove the continuity of the mapping ®. Let C; € C, k,,, and let C;, and a; be
the numbers defined by (5.4) and (5.12) with C = C; (j = 1,2). Then a, .. is expressed as

(5.30) Qe = fm(l - C-"i"")dr
. 0 C;(1)
+00 =+ 00 1 ’
:_f Cj+oo(fr (C (0')) dO')dT
s 0 CjonC(0)
f f “Ciop 4T

Ci(o)
_—f(; O-Cj,i CJ( )2d >
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where we used Fubini’s Theorem in the third step. Thus, we have

00 Ci(o Ci(o
al’ioo - az’ioo = - f g (CL-{.OOL - C2,+w£ dO—.
0 (o

T Ci(0)? T Cy(0)?
Since
C'(0) C(0) Ci(o)
IC1 e 3 = Ca-co 5| < | =5 1IC1 -0 — Ca |
Ci(o) Cy(o) Ci(o)
+ Cz’i_“’lc’ (o) = Ci(o)] + M(C (0) + C2(0)IC1 (o) = Ca(0)]
Ci(o)? ! 2 Ci(0)Cy(0)? ! 2O 200
and C; € Cy 1, we have
IC1
(5.31) |a1,-c0o = @2,—col <—-1IC1 = Call
n,

ml ’ !’ zm% ’
+ et - oyl + HIC) - Call-ICH)
m

n, 0
1+m 2m?
< Ly ZLIC = Calle.
2 4 1= +2lc,
) my,

In the same way, we see that |a; +oo — d2.+0| 1S dominated by the right-hand side of (5.31).
Hence we have proved the continuity of @, and thus we conclude that the continuity of the
mapping Y. holds. m|

6. Proof of Theorems 2 and 3

Proof of Theorem 2. Let K5, &7 and K5 be positive constants given by Propositions A, B
and 2, respectively, and Ko be the number defined by (5.1). Put

p/2
ny + _ +
—2> , K5 = K5K0K}, K3,

6.1) Kiy = 2¢™"Kp, Ki3 = 2"/4<
my

where By = foim b(s)ds. Let &5 be a positive constant satisfying

6.2) K05 < min{y/Lmo, m—nj} and  max{K}y, Kp}Kizes < &7,
\V2l]

Assume that & < s, and let (¢, ) € ¥ z{ (¢). We prove the statements of Theorem 2 in the
case ”—". The case ”+” is proved in the same way.

(Step 1) In Proof (Step 1) of [15, Theorem 3] (see also Proof of [11, Theorem 1.3]),
we proved the existence of c., satisfying (1.9) and the Lipschitz continuity of the mapping
(¢, ¥) = co from D(AY*) x H — R. Especially c., is determined uniquely, and satisfies

(6.3) moy < Coo < M.
(Step 2) We express the solution of (LE : ¢,). Put
(6.4) (Voo Weo) := Go(Cous (@), Uso := =2icl?¢p = ATV2(Veg — Weo).
Then by (6.3) and Lemma 1, we have
(6.5) (Veo, Weo) € V(2K 108).
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Since Voo — Wy, = AU, € R(Al/z), we can define

(6.6) wi= AT (e Ry A ),
Coo
i

- 2012

[ee]

(e—icth”z Us — 2iA™"? sin(cootAl/z)Woo)-

Then we easily see that v(¢) is the unique solution of (LE : c.) with initial value

(©(0),0'(0)) = (¢, ¥).

(Step 3) We show the existence of a solution (u_, du_/0t) of (0.1) satisfying (1.22) and
(1.23). Convergence (1.19) follows from (1.22). In view of (6.1) and (6.2) and (6.5), Propo-
sitions A and 1 with 7 = —oco imply that there uniquely exists a solution

(C@), (V(1), W(T))) € Cp1 X (C'(R; D(A'?) x D(A") N C(R; Y)))
of (3.8), (3.9) and
6.7 (Ve Wew) = lim (V(1), W(D)) = e"~2(Vio, Weo)(€ V) (Kpe) € T, (7).

where ) = Y7 N X and the limit is taken in D(A”/?) x D(A”/?), and the solution satisfies
the following:
(6.8) (V(1), W(1)) € VJ(KsK;pe)  for every T € [—o0, 0],

and the limit C_,, = lim,_,_o, C(7)(> my) exists and satisfies (3.21). Then in the same way
as in the proof of [15, Theorem 3], we can prove

(6.9) Co = Coo = 1lim C(7),

by observing that both ¢, and C_., are unique solution of

1= IVaoll? + [[Weol 2
=m|l——— .
42

Let #(7) and c(¢) be the functions defined by (3.11) and (5.7). In the same way as in the
definition of a.., (see (5.12) and (5.30)), together with using (6.9), we can define

0
(6.10) Ty = To(C) : = —Ci f (c(s) — ceo) ds

0 0 ’
:f (L—i)m:f @
o \C(M)  Co —w C(7)?

From the last equality, (5.8) and the fact that C € C, , it follows that

1 [0 1 1
6.11) ITo| < _zf [7C’(Dldr < IC'y < ;.
mo —00 mo mo

m
< m1|T0| < —;
m

0

0
[r(=To)] = | f c(s)ds

Ty

Equalities (5.8) and (6.10) yield
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=Ty

T(t = Ty) — Coot = (T(t = T) — Coo(t — Tp)) — Co Ty = f (c(s) — coo)ds.

—00

Thus in the same way as in the proof of (5.15) and (5.17), we obtain

(6.12) Tim (0" et = To) = coot] = 0,

(6.13) f 0(l‘>p_2|‘l'(t —To) — cootldt < 00 if p > 2.

Let u* be a function defined by (5.10), that is,

(6.14) Wity = Z;We-’?(’)/zfr”z (e V(z(r)) - ™M Wz (1))

l

" 2VC)

e BOR(e= 04 1 (7(p))
= 2iA™' 2 sin(z(0A ) W(x (1)),
which is a solution of (0.1) satisfying u* € ﬂ}:o Ci(R; D(AV*1=)/2)) Put
(6.15) u_(t) = u*(t - To).
Then it is easy to see that u_ is a solution of (0.1).
Since C(7(f)) = m(||A"?u*(1)||?), the equality (6.9) implies
Tim m(IAu@l?) = Tim m(IA"u"0)) = cw,

that is (1.21) for t — —oo holds. The fact C € C, implies (1.20).
By definition (6.15) and expressions (6.6) and (6.14), we have

l
U-(H) — v(t) = ———— BT
2VC(r(t = To))
x [ T Ut~ To)) - PP UL)
+ (e—i‘r(t—To)A”z _ e—iC,mtA‘/Z)eBw/ZU
= 2iA7' 2 sin(x(t = TOAYW(T(0) - e®* W)
+4iA™ 2 sin ((z(t - T) - C_D)A'2/2)
X cos ((r(t = To) + C_o)A'?/2) eB"“/ZWoo]
N ( e BT ,-e—i.?oo/z)eBm/2
et —To) 2VC-w
x (e Uy = 2iA7M2 sin(C_tAV) W),
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Then using (6.12) and (6.13), we can prove (1.22)—(1.25) for t — —oo, in the same way as

in the proof of Theorem 1.

(Step 4) We prove the uniqueness of the solution satisfying (1.19) and (1.20) in the case
“-”. Let u_ be the solution constructed above and put u#; = u_. Let c(¢?), 7(¢), C(1), V(1) and
W(7) be the functions defined in (Step 3). Let uy € C'(R; H, ) be an arbitrary solution of

(0.1) satisfying
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|
(A, 1) € () CI(R: DAY x DATP),
j=0
(1.19) for t — —oo and (1.20). We show that u; = u,. Letc;(1), 7;(1), tj(7), Ci(1), Vi(1), W;(7)
be the functions defined by (3.3), (3.4) and (3.5) foru = u; (j = 1,2). Then Cj(r) =
m(||AY2u(,)|[) € CR), (V;, W)) € CL(R; D(A'2) x D(AY2)), and (C}, (V;, W))) satis-
fies (3.8)—(3.9) and C;.(T) e L'(R). Since (V, W) satisfies (3.5) with u = u* and

(6.16) C(x(t — To)) = c(t — To) = m(|A"*u* (¢ — To)|I*)
= m(IA"?u (DI = ¢1(t) = C1(71(1)),
t=To
£t = To) = 7(=To) = f m(IAY 2 (9)D)ds
-Ty

t
= [ )P = 100,
0
we see that
(6.17) V(r(t — Tp))
=c(t - TO)—1/Zei‘r(t—To)A1/2+B(1—T0)/2
X (u”(t = To) = ic(t = To)A'u’ (¢ = T))
= c1 ()2 (DA!2+B()/2 pir(=To)A 2+ [0 b(s)ds/2
x (1) = ic1 (DA ?uy (1))
=e Jery st 2 pit(=To)A'l? Vi(Ti(0).
In the same way, we have
(6.18) Wt — Tg)) = & Jrno "W gmie oy 0 gy,

By (6.7) and the assumption b € L'(R), letting  — —oco in the equations (6.17) and (6.18),
we see that the limits

(6.19) (V1,mes W) 1= Tim (V)(2), W(7)
exists in D(A”/?) x D(A?/?) with

(6.20) (Vi—oos Wi o) = (€7 TCTOA ot CTOA P gy .
Hence, by Lemma 2 (i) together with (6.7) and (6.11), we have

(6.21) (V1—c0s Wi—0) € y,{(Kl_zKISS),

where K7, and K3 are constants defined by (6.1). Equality (1.19) with u_ = u; (j = 1,2)
for the same v implies

(6.22) Tim (JIAY2 (1) = w @)l + 1l (1) = o)) = 0.

Since lim,_,_., C(7) exists, (6.16) implies that lim,_,_., C;(7) exists. Hence by (6.22),
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(6.23)  lim C(7) = lim m(JA"?uy(ty(0)I) = lim m(IA"uy (1)][)
T——00 T——00 t——oco
= lim m(JA"u)IP) = lim m(JA"uy(t(0)IP) = lim Ca(2).
t——00 T——00 T——00

By the equality lim,_,_o, B(t1(7)) = B_c = lim;__o, B(t2(7)), (6.19), (6.21)- (6.23), we see

that the limit lim,_,_o(V2(7), Wa(7)) := (Va_eo, Wa_) exists in D(A”/?) x D(A"/?) with
(V200 Wa,—00) = (Vi oo Wi o) € V(K11 K138) C V) (£9).

Hence, (C(7), (Vi(7), Wi(7))) and (Cy(7), (V2(7), Wa(7))) are solutions of (3.8)—(3.10) with

the same data at 7 = —co. Hence by Proposition 2, we have

(C1(7), (Vi(), Wi(1))) = (Ca(7), (Va(7), Wa(7)))

for every 7 € R, and therefore u; () = u,(¢) for every r € R.
(Step 5) We prove the continuity of the wave operator. By the construction above,

du*
7 (—To))

= Go (C(x(=To)), (e ™MV (r(=Ty)), ™ TN W(x(=Ty))),

W_(p,¥) = (¢o, ¥o) = (M*(—To),

where u*, T, Ty, V, W are functions and numbers defined in (Step 3). By the procedure
above together with (6.8), (6.11) and Lemmas 1 (i) and 2 (i), we see that the operator W_ is
decomposed into the following four operators:

W_(¢, ) = Gy o @3 0 Oy 0 Oy(¢h, ¥),
with
Dy 2 (4, 8) P (Coor (Voo Wew)) = (Coor €72 G(Coor (6, 1))
Y(&) = [mo,m] x Yy (Kp8),
D5 1 (Coos (Veoos Wee)) = (C, (V. W)
[mo, mi] X Yy (Ki58) = Cp kskrye X BCR 1 V5 (KsK€)),
@31 (C, (V. W)
b (C(a(=Tp)), (7Y (2(=Tp)), ™ TA W(r(=Tp))))
Cpkskie X BCR = V) (KsK,8)) = [mo, mi] X Yy (KsKp, K138,
Go : [mo, my] X y,f(KstQKBS) - Y,{(Kg_s)-

Here BC(R : )71{ (K5K7,&)) denotes a metric space of all y,{ (K5K7,¢&) valued bounded con-
tinuous functions, where the distance of two element (V;, W;) for j = 1,2 is defined by

Sup dy(Vi(7), Wi (1), (Va(7), Wa(7))).

The function 7 is the inverse of #(t) which is defined by (3.11), and T is the number defined
by (6.10), and both depend on C. We write T = 7¢ and Ty = To(C), if we need to represent
the dependence on C.

By Lemma 1 (ii) together with the continuity of the mapping (¢, ) — co which is shown
in (Step 1), we easily see that the mapping @, is continuous.

Propositions 2 implies the continuity of the mapping @,.
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We prove the continuity of the mapping ®s. For this purpose, we first show that
Yo : C = 7(=Ty) = 7c(=To(C)) := ¥o(C)

is continuous from C,, to R. Let C; € Cp, and put T; := =To(C)), 7; = 7¢, for j = 1,2. By
the definition of Ty together with the fact ¢, = lim,_,_., C(7), we obtain the following, in
the same way as in the proof of (5.31):

(6.24) Ty = 12| <K|ICi = Cole,-
By (3.11), we have

() M)
Ti - Ts = t1(ry(T1)) - ta(t2(T5)) = do = o
1 = T2 = 11(71(Th)) — 12(72(T2)) fo Ci(o) fo C2(0)

_ fTI(T]) 1 do— B fTZ(Tz) Cl(o_) _ Cz(o_)do-
o) Ci1(0) 0 Ci()Cy(o)

Since my < C;(0) < my for every o € R, the above formula yields
71(T1) 1
do
Iz(Tz) Ci(o) ‘

1
<IT =Tl + = [ 1€ - Coodon
mo R

LI|T1(T1) —1(Ty)| <

(6.25)

This inequality together with (6.24) yields
(6.26) [Wo(C1) = Wo(C)l = [t1(T1) — T2(T2)| < KIICy = Cole,,
which implies the continuity of Wy. Thus
(627) IC1(¥o(C1) = Co(Po(C))
< IC1(Fo(C)) = Ci(Fo(C))] + [C1(Fo(C2)) = Co(Fo(C2))
< ||ci]],¥o(C1) = Wo(C)l + [IC1 = Callp= < KIIC) = Calle,
which implies the continuity of the mapping
¥ : C - C(r(=Tp)) = C(¥o(C))
from C, — R. Next we prove that the mapping
P2 (G (VW) = (V(Fo(C)), W(Fo(C)))
Cpiske X CR - V) (KsKpye)) = V)
is continuous at every point (Cy, (Vi, Wy)) € Cp g, ke XC(R: y; (KsK7,&)). We have
(6.28) J§p((V1 (Fo(C1)), Wi(Fo(C1))), (V(Fo(C)), W(Ho(C))))
< 075;”((‘/1 (Fo(C1)), Wi(Ho(C1))), (Vi(Fo(C)), Wi(Fo(C))))
+ Jf;p((Vl (Fo(C)), W1 (Fo(C))), (V(Fo(C)), W(¥o(C))))
for (C,(V,W)) € Cp x5k X C(R : yI{(KsKl‘zs)). Assume that

12¢

IC = Cill, + supds, (VD) W), (Vi) Wi (@) = 0.
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Then (6.26) and the assumption (Vi, W;) € C(R, )71{ ) imply that the first-term of the right-
hand side of (6.28) tends to 0. It is clear that the second term of the right-hand side of (6.28)
tends to 0. Hence the continuity ¥, holds. Combining the continuities of ¥y, ¥, and @,
(see Lemma 2 (ii) ) together, we obtain that the mapping

W3 1 (C, (V, W) (e MOy (), e O Wwy(C)))
= y(—Wo(C), ¥,(C, (V, W)))

is continuous at the point (C1, (Vy, 1)) from C, k;x-s X C(R; YVI(K5K,£)) to X;. Continu-
ities of ¥; and W5 imply the continuity of ®3.

By definition and Proposition A, we see that W_(¢,) € ¥ 1{(K3‘ g). The operator Gy
is continuous by Lemma 1 (ii), which completes the proof of the continuity of the wave
operator W_.

(Step 6) Assume that 0 < & < min{e4/K5,&5/K5}. We check the last assertion in the
case “ — 7. Let (¢o,¥0) € Y,(¢). Then by Theorem 1, there exist a unique solution u(f) of
(0.1)=(0.2) with limit lim,_, _o, m(||A"?u(?)||*) =: C_c, and a unique solution v_ of (LE:C_)
and (1.13). Furthermore,

T (u(0),u'(0)) = (o, ¥o) = ($-,¥-) = (0-(0),0(0))
€ V/(Kye) C 1) (es).
Since u and v_ satisfy (1.19) for — with u_ = u and v = v_, the uniqueness of the solution of
(0.1) and (1.19), which was proved in (Step 4), implies
W_(0-(0),v_(0)) = (u(0), u’(0)).

Hence,

W_Y (o, o) = W-(0-(0),0_(0)) = (u(0), u’(0)) = (do, o).

This means that W_Y_ is the identity mapping on 171{ (&). In the same way, we can check that
T_W_ is the identity mapping on f’lf (&), and thus the assertion follows. We can also check
the case “ + ” in the same way. m|

Proof of Theorem 3. Assume that 0 < & < min{e4/K7, &s}. Then by Theorems 1 and 2,
the operator § = W;l W_ is a homeomorphism from )71{(8) to S(f’lf(s))(c ?;(K;Kgs)). m]
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