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Introduction

Let g be a classical complex simple Lie algebra. We assume g has a Z-
gradation of the form:

g = g(—1)+g(0)+g(1).

Let G be a connected complex Lie group with Lie algebra g, and G(0) the con-
nected subgroup of G corresponding to the Lie subalgebra g(0) of g. We further
assume that the pairs (G(0), g(4-1)) are irreducible regular prehomogeneous
vector spaces [6], [8]. Letd\ be a 1-dimensional representation of the parabolic
subalegebra p=g(0)+g(1), and C,, its representation space. Let U(g)and U(b)
be the universal enveloping algebras of g and b, respectively. We denote by
V (d\) the generalized Verma module induced from dx:

V(dr) = U(g)®u(P) Car,

and by L(d\) its irreducible quotient.

The purpose of this paper is to give a realization of the U(g)-module L(d\)
using the irreducible relative invariant polynomial f of the pair (G(0), g(—1)).
As an application, we recover the reducibility criterion of V' (d\) (due to Jantzen
[2]) and show that it has a natural interpretation in terms of the zeros of the
b-function [4], [8] of f.

Acknowledgement. The author would like to express his sincere thanks
to Professor N. Kawanaka for his constant encouragement and valuable advice.
He also would like to express his thanks to Professors T. Hirai and T. Nomura
for informing him the result of Johnson [3].
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1. Statement of main results

In this section we state our main results more precisely. Let g, g(0), g(4-1),
p, U(g) and U(P) be as in the Introduction. In particular g is a classical com-
plex simple Lie algebra with Z-gradation of the form:

(1.1) g=g(—1)+g(0)+g().

Let P be the normalizer of the parabolic subalgebra p=g(0)-+g(1) in G. Let
P be the universal covering group of P and z: P—P the projection homomor-
phism. We choose an open neighborhood ¥V’ C P of the identity element so that
there exists a section ¢: V—P of .

We assume that the pairs (G(0), g(+1)) are irreducible regular prehomo-
geneous vector spaces [6], [8]. Let f (resp. f*) be the irreducible relative in-
variant polynomial on g(—1) (resp. g(1)). By definition f is an irredicible poly-
nomial on g(—1) satisfying

(1.2) f(Ad(k) x) = X (k) f(x) (REG(0), x€g(—1))

for a 1-dimensional character X of G(0). We extend X to P trivially. We
also consider X as a character of P and denote it by the same letter.

Let N~ be the subgroup of G corresponding to g(—1). We denote the
inverse of the exponential map exp: g(—1)—N~ by log: N-—g(—1). We set
O=N"V, which is an open subset of G. Let A be an arbitrary 1-dimensional
character of P, Let

(1.3) H(\) = {h: O—C: his holomorphic, k(gq) = M (c(q)) (g), =0, gEV} .

We can identify H(\) with the space of holomorphic functions H(N~) on N-.
By differentiating the left G-translation on H(\), we get an algebra homomor-
phism @: U(g)—>D(N-) from U(g) to the algebra P(N~) of differential opera-
tors on N~ with holomorphic coefficients.

Let f, be the holomorphic function on O defined by

fx(ng) = X"(o(g)) f(logn) nEN-,¢EP.
We denote the differentials of A and X by d\ and dX, respectively. Let p=
#(\) be the complex number defined by

(1.4) dr = pdX.

We consider the complex power v*=f3* of f,. Then @(U(g)) acts on v*. Let
W(A)=¢@(U(g)). v*, a U(g)-module generated by v*. Rigorously speaking, v*
should be defined as follows. Let @ be a variable. Let X be an open ball in
{xeN~: f(log(x))+0}. Let Y(N")[a] be a polynomial ring with coefficients
in P(N~). Then N,=D(N")[a] fxis a D(N~) [a]-module on X. We define
v* to be the image of f5 in the quotient H(N~) [a]-module N,/(2u+a) N,.
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Theorem 1.1. W(\) is an irreducible highest weight U(g)-module with
highest weight . In other words, W (\) is isomorphic to L(d)). ‘

If A is the highest weight of a finite dimensional U(g)-module, then the above
realization is a special case of the Borel-Weil Theorem. (See, for example, [5].)

As an application of Theorem 1.1, we give a reducibility criterion for the
generalized Verma modules V' (d\). To state this, let f*(D,) be the linear dif-
ferential operator with constant coefficients defined by

J*(D,) exp<E, x> = f*(§) exp <, x>, E€g(l), xEg(—1),

where <, > is the Killing form on g. It is known [4], [6] that there exists a
polynomial b(s) such that

(1.3) FXD:) f(x) = b(s) f(x) ", s€C .
The polynomial b(s) is called the b-ufnction of the relative invariant f.

Corollary 1.2. If —2y is a positive integer or a zero of b(s), then V (d\)
is reducible.

This gives a new interpretation of a result of Jantzen [2] in this special case.
Theorem 1.1 is proved in Sections 4-7 by case-by-case consideration.
Corollary 1.2 is proved in Section 8.

2. Irreducible Regular Prehomogeneous Vector Spaces of Com-
mutative Parabolic Type

In this section we summarize a part of the results of [6] in a form conve-
nient to our purpose (See also [8]). We also give explicit formulas for the irre-
ducible relative invariant polynomials and the corresponding characters.

We retain the notations in Section 1. If (G(0),g(+1)) are irreducible
regular prehomogeneous vector spaces, then the pairs (G (0), g(4-1)) are called
irredicible regular prehomogeneous vector spaces of commutative parabolic type.
According to [6], if g is classical, these are classified into the following four
cases.

Case I.
g =sl(2n,C). ‘
We define the gradation g=g(—1)+g(0)+g(1) by

o) = | oo | CEMON

a(0) = { [:)4 g} 4, DeM,(C), trA-+tD = 0} ,
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0B
= 1] | e

We set G=SL(2n,C). Then

40
G(0) = {[0 D]: A, DEGL(n, C), detd detD = 1}

== S(GL(n,C)xGL(n,C)).

The irreducible relative invariant f is given by
00
=detC, x = €g(—1).
s =dee,x=[ o leat-1
The character X defined by (1.2) is given by

A0
X(g) = (detd)?, g= [0 D]eG(O).

Case II.
g = sp(2n, C) = {XEMy,(C): ‘X Ayt 4, X = 0} ,

where Az,,=|: 01 })"] with the 7 X s identity matrix 1,,.

00
o) = | g s CeMOL C= 1,
4 0
8(0) = {[O B A]‘ Aeme),
0B
g(1) = {[O O:|: BeM,(C),'B= B} .
We set G=Sp(2n, C)={g€GL(2n, C): ‘g Apyg—Ay}. Then

G(0) = { [84 ‘AO_J: AeGL(n, C)} =GL(n, C),

f(x)=detC for xz[gg]eg(——l),

A4 0
X(g) = (det4)™? tor g= [0 'A“:IEG(O) .
Case III.

g = so(4n, C) = {XEM,,(C): ‘XS, + S, X = 0, trX = 0} ,



HicHesT WEIGHT MODULES

where S,,= [ 10 1(2)" .
2n

00
g(—1) = {':C O:l: ceM,(C),'C=—C},
0) = 40 t AeM,,(C
)01y, | acmcn,

0B ‘o
o(l) = {[O 0}: BeM,(C),'B= —B} .

We set G=S0(4n, C)={gcGL(4n,C): g S,, g=S,, det g=1}. Then

G(0) = { [:)4 ,AO.I} AeGL(2n,C)} =GL(2n,C) .

The irreducible relative invariant f is the Pfaffian defined by:
fix)=det C, x = [O O}E (-1
IR FoT ] i

A
X(g) = (detd)” g =

0 t4- ‘:|GG(O) .

Case IV.

g = s0(n+2,C) = {XEM,.,(C): *Xsp1,+ 5,42 X =0, rX =0} ,

"0 017
2

where s,4,=| 0 1, 0

—Lo o
2

000
9(—1)={{x 0 0}:"‘:("1:"‘:%)60”},
02x 0
a0
a(0) = {

00 —a
02x0
g(l)={l:0 0 x}:‘x=(x,,---,x,,)€6"‘}.
000

We set

04 0 }: aeC, AcM,(C), A+'A =0, trA = 0} ,

327
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G = SO(n+2,C)= {g&GL(n+2,C): ‘g Syi28 = Snias detg=1}.

Then
a0 0
G0)={|04 0 |:acC*, A= SO(n, C)} =SO(n,C)XGL(1,C) .
00a
000
f(y) =tax = al+-+aj for y=|x 0 0|€g(—1),
02x0
a0 0
X(g)=a? for g=]04 0 |=G(0).
00a

Remark 2.1. Besides these four ‘“classical” ones there exists an “exception-
al” irrecucible regular prehomogeneous vector space of commutative parabolic
type: g is the simple Lie algebra of type E,, g(0) is of type Eg; and dim g(+41)
=27. ‘

See [6] for the details.

3. W) is a highest weight module

In this section we show that the U(g)-module W(\) defined in Section 1 is a
highest weight module with highest weight A. We retain the notations in the
previous sections.

Lemma 3.1. For acG(0)NV sufficiently near to the identity, we have
a-v* = Ao(a)) v*.
Proof. For neN~ and gV, we have

(a-v") (ng) = v™(a™" ng)
=fi*(a'naa’q)
= X(o(a™* q))" f~*(A4d(a™") (log(n)))
= X(o(9))" X(o(a))™ X(c(a))* f~*(log(n))
= NMo(a)) v (ng) . Q.E.D.

Lemma 3.2. The Lie subalgebra g(1) annihilates v*.

We first consider cases I—III simultaneously. In these cases the Lie
subalgebras g(—1), g(0) and g(1) are given in the following form:
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00 40
== 1| oo eah a0 =[] ) ]ear ma sw=1[ o]ear

The subgroups G(0) and N~ are

10

A0
G(0)={[OD]eG},N-={[CI

]eG} .
Let v be any complex number, we define a 1-dimensional character A=, of
Pby
AB
M) = (detd)* for =(g) = 0D €P, gex"(V)NP.

Then v* is given by

10
(¢ 1 |9=No@) @ g2V
(If we define the complex number x by (1.4), then p=—»/2 (case LII) or u=
—u (case III).)
Proof of Lemma 3.2 (cases I—III).

0X 10
or 00 eg(l), n c1

1 —sX[10
e><p(—sz4!)nq=[0 1}[01]9

. 1 0 :| [ 1—sXC —sX ]
- [C(l—sXC)“ 1 0 1+sC(1—sX0)' X 7

In the above calculations we assumed that s is small enough so that (1—sXC)™!
exists. Now from the definition of v*, we have

]EN‘ and gV, we have

Mexp(—s4) ng) = Mo(g)) det{C(1—sXC)™'}" det(1—sXC)*
= Mo(q)) det(C)"
= v'(ng)

Differentiating this at s=0, we get the assertion of the lemma in cases I-III.

Q.E.D.

We consider the remaining case IV. In this case the subgroups G(0)
and N~ are given by
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a0 0
G0)={|04 0 |:acsC*, AeSO(n, C)}=SO(n, C)XGL(1,C)
00a?
and

1 00

N-={ li x 1, 0}: tx = (%, -+, %,)EC"} .
txx 2'x 1

Let v be any complex number, we define a 1-dimensional character A=X, of

Pby

a * *

04 ]eG(O), gex\(V)NP.

00 a™

M) =a" for z(g)=g=

Then o* is given by

1 00
v‘({ x 1, O}q)=h(a(q))(xf+-'-+x3)”, qgev.
txx 2'x 1

(If we define the complex number p by (1.4), then p=—v/2).
Proof of Lemma 3.2 (case IV).

0220 1 00
ForA=|:O 0 z}eg(l),n={x 1, O}EN‘ and g€V,

00O xxt 2'x 1
we have
exp(—sd4) nq
- 1 0 07
(r—s(xx)z) g o |[ 12wt si(em) () —2o'5 H(az)
= | (1—2s'zx+5(*22) (“xx))) 0  —sz :' p
txx 0 0 .

_(1—2stzx+45%(*22) (*xx))) *

In the above calculations we assumed that s is small enough so that (1—2s'zx--
§*(*z2) (*xx))~" exists. From the definition of v*, we have

Aexp(—sA)ng) = Mo (9)] t((f __ngzzfzzg,’;;)‘gz;‘;);? Y1255+ (ta3) ()

= Ma(g)) (xx)"
= vN(ng),
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from which the lemma follows. Q.E.D.
From Lemma 3.1 and Lemma 3.2 we have:

Proposition 3.4. The U(g)-module W(\)=q(U(g)). v* is a highest weight
module with highest weight \.

4. The irreducibility of W(a) (Case I)

In this section we prove Theorem 1.1 in case I. We retain the notations
in the previous sections. First we analyze the representation space (U(g)). v*
=W(\). From the definition (1.3), we can identify H(\) with the space H(N ")
of holomorphic functions on N~. The latter space can be idnetified with the
space H(g(—1)) of holomorphic functions on g(—1) via the exponential map.
Let (ejs)j,4=1,-,» be the #Xn matrix units, and (%;);4=,,» the standard co-
ordinate system on

8(—1) = {[g g} ceM,c) .

Then the set of matrices

00
4.1 E; = y k=12,
1) I "
gives a basis of g(—1). It is easy to see that E;; acts on H(A)=H(g(—1)) as
By the Poincaré-Birkhoff-Witt theorem, we have

0x
o(U(g))-2* = @(U(g(—1)) U(a(0) U(g(1)))-2* = (U(g(—1)))-2*
= {DU}‘Z DEQconat(g(_l))} ’

where D,ont(g(—1)) is the set of constant coefficient differential operators on

g(—1).
For the proof of Theorem 1.1, we introduce simple root vectors of g ex-

plicitly. Let
00

1
E, = 00  1<j<2n—1,
O .

and let E;=E, .
Since W()) is a highest weight module by Proposition 3.4, the following
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theorem yields its irreducibility.

Theorem 4.1. Suppose we W(\) is annihilated by every p(E,), j=1, -,
2n—1. Then w is a scalar multiple of the highest weight vector v™.

We need some lemmas for the proof of this Theorem. We can assume
w is a weight vector. In particular, w may be considered as a weight vector with

respect to the center of g(0).
171, 0O
z=_ ,
210 -1,

Let
which is an element of the 1-dimensional center of g(0). It is easy to check
that dX(2)=—n.

Lemma 4.2. Let p be the complex number defined by (1.4). Then the
element 2z acts on H(A\)=H (g(—1))

3]
0x

42) (=) = 33 = —tun.

In other words, ¢(2) is essentially the Euler’s differential operator.

Proof. For gV and

1, 0
m = Cln EN",Cz(xjk),

1, 0 es?1, 0
exp(—-sz) mq = es C 1 0 es/Z 1 q-

Hence, for he H(\)=H(g(—1)), we have

we have

{exp(s=) h} (mg) = h(exp(—sz) mq)
= n(exp(—s2)) A(e’C)
= X (exp(—sz2)) “h(¢’C) .

Differentiating this at s=0, we get the lemma. Q.E.D.

As a function on g(—1), v* has homogeneous degree —2nu. By Lemma
4.2 if the vector w in Theorem 4.1 is a weight vector with respect to ¢(z), then
it must be a homogeneous function on g(—1). Since  is a linear combination
of various partial derivatives of v*, we can assume that it is a linear combination
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of the i-th derivatives of ¢* some fixed nonnegative integer i. Hence we can
assume that

00
(4.3)  w(x) = a(C) (detC) ™~ for x= [c O]eg(l) (C = (x;1))

where a(C) is a homogeneous polynomial in x;, whose degree is (n—1) 7.

Let U be the maximal unipotent subgroup of G(0) generated by{exp(tE,i)} e
Since w is annihilated by {p(E, )} ss w is an Ad(U)-invariant function on
g(—1). Since (detC) - is Ad(U)-invariant, a(C) is also an Ad(U)-invariant
polynomial. The following proposition on the ring of Ad(U)-invariant poly-
nomials on g(—1) is due to Johnson[3]. (See also Muller, Rubenthaler and
Schiffmann [6].)

Proposition 4.3. Let C[g(—1)]V be the ring of Ad(U)-invariant polynomi-
als on g(—1). Then it is isomorphic to the polynomial ring with n indeterminates: -

Cla(—=1)) =C[L, -, L].
Here 1; is given by the following formulas:

(4.4) I. = det | coeeer  wverne eueene , j=1,2,-m.

]

We also need:

Lemma 4.4. The simple root vector Eg acts on H(\)=H(g(—1)) as

(*5) PEg) = 3y 14—+ 2ty
jrk=1 ax,-,,
where 2ux,, means a multiplication operator.

Proof. Using E; instead of A in the calculations of the proof of Lemma
3.2, for he H(g(—1)), we have

fexp (eEg) B (5) = (1=swe) ™ bt T22000 )
Differentiating this at s=0, we get the lemma. Q.E.D.
Lemma 4.5. If we write p(Eg)=Dg+2ux,,, then Dy acts on det(x;;)
(4.6) Dg(det(x;)) = x,, det(x;;) .

Proof. By Lemma 3.2 we have
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Dg(det(x;,))"% = —2pux,, det(x;) ™% .
B j J

Since D, is a first-order differential operator, the left hand side of the above
equation is

—2p det(x;4) " Dy(det(x;4)) ,
from which the lemma follows. Q.E.D.

Proof of Theorem 4.1.

If dA=0, then v*=1° corresponds to the function whose value is identi-
cally 1 on g(—1). Hence W(A\)=@(U(g))-¢* is the 1-dimensional trivial g-
module and Theorem is obvious in this case.

Suppose dA=0 and assume w(x) is annihilated by all the @(E, ), j=1, -+,
2n—1. Recall (4.3) that we can assume

w = w(x) = a(C) (det C)™2-7,

Here a(C) is a homogeneous polynomial in {x;} with homogeneous degree
(n—1)4. If i=0, we have nothing to prove. Hence we assume :>0. By Prop-
osition 4.3 we conclude a(C) is an element of C[,, -+, I,]. By Lemma 4.5 we
have
P(Ep) w(x) = (Dp+2p%,,) (a(C) (detC) ™~

= (Dg a) (C) (detC) 2~ —(2p+17) a(C) (detC) 2" Dy(detC)

+2ux,, a(C) (detC)~2-

= (Dg a) (C) (detC)~#~—(2p+-7) x,, a(C) (detC)*~ +2pux,, a(C) (detC) -2~

— {(Ds @) (C)—its, a(C)} (detC) 2+
Hence @(Eg) w(x)=0 implies (D, a) (C)—ix,, a(C)=0. Since a(C) has homo-
geneous degree ni—i, we write a(C) in the following form:

a(C) = 2 .am(Il’ M) In—l) I:’ )
0 m<i
where a,(1,, -+, I,-,)€C[L,, +++, I,_,]. Then by Lemma 4.5
(Dg—1x,,) a(C) =OS§<‘ {Dg ap+(m—i) x,, a,} I7 .
Hence we have
(DB a) (Il’ R ln—l)'f'(m"'i) X1n am(IU ) In—l) =0 (0Sm<z) .

We consider the coefficients of #,, in the above equation. We can write Dj as
follows:
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.2 6 -1 6 ”
Dy = w1, _ﬁxl,, + E X9 X1 "“"“axlk + jgz Xjn X1n

0
0x;,

n 0
+ X in X1k

Pz 0x;
k1

From the definition of I, -+, I, ;, (4.4), an({}, **+, I,-;) contains no xy, =+, %,
Xymy ***» Xqn. Hence the above description of Dy shows that the coefficient of x,,
in (Dg a) (1, +++, I,-,) is equal to zero. This implies a,(1}, -+, I,-;) is equal to
zero for any m. Hence w(x) must be zero. This completes the proof of
Theorem 4.1. Q.E.D.

5. The irreducibility of W(A) (Case II)

In this section we set g=sp(2n, C) and prove the irreducibility of W(\) in
case II. We use the notations in Section 2. In particular the Lie subalgebra
g(—1) is given by

00 ,
o(—1) = {[c 0]: CeM,C),'C=C}.

As in the previous section we identify H(\) with H(g(—1)). Let {e;s}; s=1,n
be the matrix units of # X7 matrices and (x;) 1<j <k<n the standard coordi-
nate system on g(—1). Then the set of matrices

Ba=|, 1, o] 1sisks
a eirter; 0 ’ g *
gives a basis of g(—1). Itis easy to see that E;, acts on H(A\)=H(g(—1)) as

9 for j<k, and as —2 —2 for j=k. Hence by the Poincaré-Birkhoff-Witt
ox § ax ii

theorem, we have

P(U(g)) v* = {Dv*: DE Deonu(g(—1))}

Let

e; 0 )
E, = 0 —t, , 1<j<n—1, where e;=¢; ;,,.

0
Let Ep=|:0 ea“:l.

We prove the following Theorem which yields the irreducibility of W(\).

Theorem 5.1.  Suppose we W(X) is annihilated by every ¢(E,), j=1, -,
n—1 and p(Eg). Then w is a scalar multiple of the highest weight vector v*.

We can assume that w is a weight vector and consider the weight of the
central element
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11, O:I
== ,
210 —1,

of g(0). The following lemma can be proved by a calculation similar to that
in the proof of Lemma 4.2.

Lemma 5.2. Let y be the complex number defined by (1.4). Then the
element z acts on H(\)=H(g(—1)) as the following differential operator:

_ d

As a function on g(—1), v* has homogeneous degree —2nyu. Hence if the

vector w in Theorem 5.1 is a weight vector with respect to @(2), then it must

be a homogeneous function on g(—1). Hence w must be a linear combination

of the i-th derivatives of v* for some fixed nonnegative integer . Hence we can

assume that

1, 0

(5.2) w(x) = a(C)(detC) "¢ for x= I:(; 1 J, ‘C=C, C=(x;)
where a(C) is a homogeneous polynomial in {x;,} ;<;, whose degree is (n—1) 3.

Let U be the maximal unipotent subgroup of G(0) determined by the sim-
ple root vectors {Ea,} j=1,-~n-1- Oince w is annihilated by {p(E, B} IR,
then w is an Ad(U)-invariant function on g(0). Since (detC) ¢ is Ad(U)-
invariant, we conclude that ¢(C) is also an Ad(U)-invariant polynomial. Here
we need Johnson’s result [3].

Proposition 5.3. The ring of Ad(U)-invariant polynomials C[g(—1)] is
isomorphic to the polynomial ring with n indeterminates:

Cle(=1)F =C[L, -, L]
Here I; are given by the following formulas:

Xy 'xlj

(5.3) J:det ......... , j= 1’2’ e,

Lemma 5.4. The simple root vector Eg acts on HA)=H(g(—1)) as the
differential operator:

_ 0
(5.4‘) ¢(Eﬂ) = ]SEk xj” Xy a—;-}—zl.l,xm, .

J

Lemma 5.5. If we write Eg=Dg+2ux,,, then
(5.5) Dg(det C) = x,,(det C) . for C="'C, C = (x;).
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We omit the proof.

Proof of the Theorem 5.1.

If dA=0, then W(A) is the 1-dimensional trivial g-module and Theorem
is obvious.

Suppose dA=+0 and

w = w(x) = a(c) (det C)** W), C="'C = (%)

is annihilated by @(E,) j=1, -+,n—1 and ¢(E,). Here a(C) is a homogene-
ous polynomial in {x;} ;<; with homogeneous degree (n—1)7. We can assume
i>0. By Proposition 5.3 we conclude ¢(C) is an element of C[[;, ---, I,]. We
consider the action of the simple root vector E;. By Lemma 5.6 we have

P(Ep) (%) = (Ds+2u,,) a(C) (det )~
= (Dg @) (C) (det C)~i—(2u+1) a(C) (det C)~#~i-1 Dyg(det C)
+22,,a(C) (det C) 2~
= (Dy a)(C)(det C) 2~ —(2p+i) %,, a(C)(det C)#~i+2x,, a(C)(det C)#~
— {(Dj ) (C) i, a(C)} (det )2~

Hence @(Eg) w(x)=0 imples (Dg a) (C)—ix,, a(C)=0. Since a(C) has homo-
geneous degree ni—1, we write ¢(C) in the following form:

a(€) =, 3 aully = L) 1T,
where a,(1,, -+, I,_,)C[1,, -+, I,]. Then by Lemma 5.5
(Dp—ias) a(C) =, 5 Dy ayt-(m—i) ¥pu au} I .
Hence we have
(Dg ap) (Iyy =+ Iy )+ (m—12) 2,y ap(Iy, -+, I,.,) =0 0<m<z.

We consider the coefficients of x,, in the above equation. We can write D, as
follows:

s a n—-1 a
Dﬂ = Xnn + E Xjn Xnn + 2 Xin Xkn
0x,, =t Ox;, 1<i<h<n 0x

From the definition (5.3) of I, -+, I,_,, a,(1}, +*+, I,,) contains no x,,, ¥, ***,
%,,. Hence the above description of Dy shows that the coefficient of x,, in
(Dg @) (1, +++, I,,,) is equal to zero. This implies a,(I,, -+, I,,) is equal to
zero for any m. Hence w(x) is zero. This completes the proof of Theorem 5.1.

Q.E.D.
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6. The irredicibility of W(A) (Case III)

In this section we set g=so(4n, C) and prove the irreducibility of W(A) in
case ITI. We use the notations in Section 2. In particular the Lie subalgebra
g(—1) is given by

00
o0 =1 & o et c=—cr.

We identify H(\) with H(g(—1)) as in the previous sections. Let {e;4} ; 4=1, 25
be the matrix units of 2nX 2z matrices, and (x;) 1<j<k<2n the standard co-
ordinate system on g(—1). Then the set of matrices

0 o0 .

Ej= y 1<j<k<2n
ej,,—e,,j 0

gives a basis of g(—1). It is easy to see that E;, acts on H(A)=H(g(—1)) as

Hence by the Poincaré-Birkhoff-Witt theorem, we have

axj,,
¢( U(g)) v = {-D‘v)‘: Deg)const(g(_l))} .
Let
e; 0 .
E,, = e ] 1<j<2n—1 where e; = ¢;4,.
j
Let E,— |:O eZnZn—l_e2n—12n] )
0 0

We prove the following Theorem which yields the irreducibility of W(\).

Theorem 6.1. Suppose wE W(\) is annihilated by every @(E,), j=1, -+,
2n—1 and @(Eg), then w is a scalar multiple of the highest weight vecotr v*.

We can assume that w is a weight vector and consider the weight of the
central element
L]
2= _— ,
210 —1,,
of g(0).

Lemma 6.2. Let p be the complex number defined by (1.4). Then the ele-
ment 2 acts on H(\)=H(g(—1)) as the following differential operator:

(6.1) Pz) = 33 9 | pn.

Xjp——
1<j<k<2n ax,- "

As a function on g(—1), v* has homogeneous degree —2nu. Hence if the
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vector w in Theorem 6.1 is a weihgt vector with respect to the @(z), then it
must be a homogeneous function on g(—1). Hence w is a linear combination
of the i-th derivatives of v* for some fixed nonnegative integer 7. Hence we
can assume that

1,, 0

(62)  w(x) = a(C) (detC) ™, x = [

where a(C) is a homogeneous polynomial in {x;} ;<, whose degree is (2n—1) .
Let U be the maximal unipotent subgroup of G(0) determined by
{E,J.} j=1,m2u-1- Oince w is annihilated by {@(E, )} ;-1,-.on-1, @ is an Ad(U)-
invariant function on g(—1). Since (detC)™*~* is Ad(U)-invariant, we conclude
that a(C) is an Ad(U)-invariant polynomial. Here we need Johnson’s result [3].

Proposition 6.3. The ring of Ad(U)-invariant polynomials C[g(—1)]V is
isomorphic to the polynomial ring with n indeterminates:

Co(—1)’=C[L, -, L].
Here I; are given by the following formulas:
0 —ayy o —%yy;
(63) j=det) Bp DN THw =120
Hypy e e O

Lemma 6.4. The simple root vector Eg acts on H(A)=Hg(—(—1)) as:

0
E.) = Xiowt Koy —Xiog Xpony) ———
¢( ﬂ) X ]<§2n—2( jen—1 Vk2n jon “k2n 1) a ik

6 2n—1 8
+ 2_3 Xjom Xan-r2n T 21X p-120 -
Xjon-1 =1 20
Lemma 6.5. If we write @(Eg)=Dg+2uXsy—134, then Dg(detC)=
2%34-124 (detC) for CEM,,(C), 'C=—C.

Proof of Theorem 6.1.
If dA=0, then W(\) is the 1-dimensional trivial g-module and Theorem is

obvious.
Suppose dA =0 and

w = w(x) = a(C) (detC)™*“eWl), C= —'C=(x3)

2n-2
+ ,gl Xian-1X2n-124

is annihilated by (E, ) j=1, -+:,n—1 and @(Eg). Here a(C) is 2 homogeneous
polynomial in {x;};<; with homogeneous degree (2n—1)i. We can assume
:>0. By Proposition 6.3, ¢(C) is an element of C[1,, -+, I,]. By Lemma 5.6,
we have
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() 0() = (D + 21530-12,) a(C) (detC) -
= (Dga) (C) (detC)~*~i—(u+1) a(C) (detC) "¢ Dy(detC)
+2p%-124 @(C) (detC) ™~
= (Dga) (C) (detC) ™" —2(n+7) %412, a(C) (detC) ™
+2u%30-124 (C) (detC)™"~
— {(D3a) (C)—2i¥ps-120 a(C)} (detC) ™

Hence @(Eg) w(x)=0 implies (Dj @) (C)—2ixy,_15, a(C)=0. Since a(C) has

homogeneous degree 2ni—i, we write a(C) in the following form:
d(C) = 2] _am(In ) In—l) I ’
0<m<s
where a,(1,, :++, I,.,)€CI[I,, ---,1,]. Then by Lemma 6.5,
(DB_ZixZn—IZn) d(C) =OSmE<1 {Dﬂ a,,,—i—Z(m—i) X2n-120 am} I;.
Hence we have
(DB am) (Ils ) In—1)+2(m_i) X2n-12n am(ID ) In—l) =0 ) 0<m<i.

We consider the coefficients of «,,_,,, in the above equation. Since

Dp = 3 (ijn—l Xpan—Xj2n Xpon-1)
1<Sj<k<zn-2 axik
2n—2 6 2n-1 6
-+ 2 Xjon-1%X2n-124 + 2 Xjon Xop—120
i=1 Xjap—1 771 0%; 2

and from the definition of I, «++, I,_, (6.3), a, contains no #,,,_;, ***, ¥34-224-1
Xyzmy ***y Xpu-12q- Hence the above description of Dy shows that the coefficient of
Xzp-124 i0 (Dg a) (I}, =+, I,-;) is equal to zero. This implies a,(l,, -+, I,-,) is
equal to zero for any m. Hence w(x) is in fact zero. This completes the proof
of Theorem 6.1. Q.E.D.

7. Proof of the irredicibility of W (A) (Case IV)
In this section we set g=so(n-+2, C) and prove the irreducibility of W(\)

in case IV. We use .the notations in Section 2. In particular the Lie sub-
algebra g(—1) is given by
000
g(—)={|x 0 0 ||xeC"}.
02x 0

We identify H(\) with H(g(—1)). Let (x;) 1<j=<n be the standard coordinate
system on g(—1)=~C" and {E;};., .., the standard basis of C". It is easy to
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see that E; acts on H(A)=H(g(—1)) as ~9 By the Poincaré-Birkhoff-Witt
theorem, we have 0x;

o(U(g)) v* = {Dv": DED.onu(g(—1))}

We introduce the following notations of matrices:

R e A L Bl I

We set I=[n/2] and, for j=1, -+, I—1, wet

0 0 -
o
"0 E
E, = .
i —'E O
0
0 0
If n is odd, then we set
0 0
o
E, = "0 e
—te 0
0 0
If n is even, then we set
0 0
(0]
E, = "0 E
—iE' O
0 0
Let
- -
0 te 0
Ep = o
0 "y

We prove the following Theorem.
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Theorem 7.1.  Suppose wE W(\) is annihilated by every @(E, ),j=1, -, I,
and @(Ejg), then w is a scalar miltiple of the highest weight vector v*.

We can assume that w is a weight vector and consider the weight of the

central element
1
<[ o)
—1
of g(0).

Lemma 7.2. Let y be the complex number defined by (1.4). Then the
element z acts on H(\)=H (g(—1)) as the following differential operator:

7.1) o) = x; O +2u.
=t 7 9x;

As a function on g(—1), v* has homogeneous degree —4u. Hence if the
veator w in Theorem 7.1 is a weight vector with respect to the ¢(2), then it is a
homogeneous function on g(—1). Hence w is a linear combination of the i-th
derivatives of v* for some nonnegative integer 7. Hence we assume that

000
(7.2) w(y) = a(x) (‘xx)"*"F for y= {x 0 O:l, x = (x;)
0 2% 0

where a(x) is a homogeneous polynomial in {x;} whose homogeneous degree is z.

Let U be the maximal unipotent subgroup of G(0) determined by the sim-
ple root veators {E, },., .. Since w is annihilated by {p(E,)};=1,-1-1, @ is
an Ad(U)-invariant function on g(—1). Since (‘ax)™?"" is Ad(U)-invariant, we
conclude that a(x) is also an Ad(U)-invariant polynomial. Here we need
Johnson’s result [3].

Proposition 7.3. The ring of Ad(U)-invariant polynomials C[g(—1)]V is
isomorphic to the polynomial ring with two indeterminates;

Clo(—DI =C[L,1)].
Here 1, and I, are given by the following formulas:
(7.3) L =x+v—1%, I, ="xx.

Lemma 7.4. The simple root vector Eg acts on H(N)=H(g(—1)) as the
Sfollowing differential operator:

(7.4) o(Eg) = 2(x,—/—1 %) (@(2)+2u)—1I, ( aix V=i aixz )
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where @(2) is given by Lemma 7.2 and I,=*xx.

If we set J=,—\/ 1 and D=— — /=T -2 then DI,=2].

0x, 0x,

Proof of Theorem 7.1.

If dA=0, then W(A) is the 1-dimensional trivial g-module and Theorem is
obvoius.

Suppose dA#0 and w=w(y)=a(x) (‘xx)"?~’ is annihilated by all @(E, 7
j=1,+-+,1 and @(Ep). Here a(x) is a homogeneous polynomial in {x;} with
homogeneous degree i. We can assume :>0. By Proposition 7.3 we conclude
a(x) is an element of C[[,, I,]. By Lemma 7.4

o(Ey) w(y) = {2](p(a)+2)—I, D} afx) I3
= 2J(—4p—i+2u) a(s) [~ —(Da) (x) [T~ *1-+2(2p+) JI5 )
— D)) (@) I

Hence @(Eg) w(x)=0 implies (Da) (x)=0. Since a(x) has homogeueous degree
1, we can write it as the following form:

ax)= ) a ILIi%*,

1<k<[i/2]
Then
(Do) () = _2 a {D(I}) I1~*4-1% D(I{~%)
=19§[H2] 2a, 157 112 Y(RJI,+il,—2kI,)
= i 2 S (i— k) (w+28)+(i—2k) (w3 + - +ad)} .

Since >k in the summation of the above equation, we conclude that (Da) (x)=
0 implies a(x)=0. This completes the proof of Theorem 7.1. Q.E.D.

8. Reducibilities of generalized Verma modules

In this section we discuss the reducibilites of Verma Modules induced
from the maximal parabolic subalgebra p (Corollary 1.2). This gives a re-
presentation theoretic interpretation of the zeros of the b-function.

Let d\ be a one dimensional representation of p. Let C, be the re-
presentation space of dA. We define generalized Verma module V' (d\) by

V(d\) = U(g)®uq Car -

Jantzen [2] gave a reducibility criterion for V' (d\) using his formulas for deter-
minants of contravariant forms. (Jantzen’s result is, in fact, much more general.)
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Let x be the complex number defined by (1.4). By our construction of the
irreducible highest weight module W(\), we can recover Jantzen’s result in the
following form:

Coroltary 8.1. If —2u is a positive integer or a zero of the b-function b(s)
of f, then V (d\) is reducible.

Proof. If —2u is a positive integer, then the highest weight vector v*=
f~% of W(A) is a polynomial function on g(1). Hence W()\) becomes finite di-
mensional and V' (d)) is reducible.

Now we consider the case when b(—2u)=0. In case I the equation (1.5)
is given explicitly by the following Capelli’s identity (See Weyl [10]):

8.1) (det(0/0x;;)) det(x;3)° = s(s+1)--+(s+n—1) det(x;;) ™

(ie. b(s) = s(s+1):++(s+n—1)).
Suppose V' (d\) is irreducible. Then W(\) and V(d\) are isomorphic. But
then by the Poincaré-Birkhoff-Witt theorem, W(\) is isomorphic to U(g(—1))
as vector spaces. Then
a”

—1)" p(E, o E. (2))°"° Ena' " A=
(=1 o(E, w) P(Eze) * @(E o )) TR PR PR,

det(x;y)*

must be linearly independent, where ¢ runs over the set S, of all permutations
of {1,2,+,n}. (Recall (4.1) that E;;’s are basis elements of g(—1).) Since
b(—2u)=0, this contradicts to the Capelli’s identity. Hence V(d\) is also
reducible in this case.

Case II-IV can be treated completely analogously, the role of (8.1) being
played by the following formulas:

Case II
0 198 1 8]
Ox;;, 2 0xy, 2 Oxy,
13 38 :
det| 2 0%, Oxy C ) = s 12) e (s (n—1)/2) f ()
1 8 . . 9
__.2 6xln axnn._

where f(x;;) is the determinant of the #Xn symmetric matrix (;;).

Case III
J(0/0x;) f(%;;)° = s(s+2)-+(s+2n—2) f(2;;)*
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where f(x;;) is the Pfaffian of the 2z 2n antisymmetric matrix («;;) and given
explicitly by the following formula:

f(xij) = 2 Sgn(o') Xs(1)o(2)** " ¥o(2n-1)a2n) -
CfeSz”
T2 -1)<o@)

0(2i -1)<T(2i +1)

Case IV

(5 (2N (= w6c+a-22 (B, QED.
Si\ow,/ =

9. Final remarks

1. Using the result of Jantzen [2] (see also Enright, Howe and Wallach [1]),
one can verify that the statement of Corollary 8.1 is true in the exceptional case
(mentioned in Remark 2.1) also.

2. Let (G,, K;) be an irreducible Hermitian symmetric pair of tube type. Let
g, (resp. §,) be the Lie algebra of G, (resp. K,), and g,="1,D¥p, the Cartan decom-
position of g,. By convention we delete the subscript o to denote complexified
Lie algebras. So we have the decomposition g=t@p of the compexified Lie
algebra g. The Lie algebra ¥, has the 1-dimensional center Z=Rz, where the
eigenvalues of z under the adjoint action on p are 4-7. Let

pt = {xep|[z,x] =ix} and P~ = {x&p|[z,x] = —ix} .
If we set g(—1)=p~, g(0)="* and g(1)=>p*, then we have a Z-gradation
g =g(—D+g(0)+g(—1).

Then the pairs (G(0), g(4-1)) are irreducible regular prehomogeneous vector
spaces of commutative parabolic type. If A, a 1-dimensional character of g(0),
corresponds to a zero of the d-function, then it is known that the g,-module
W(\) is unitarizable. See [1], [7] and [9].
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