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1. Introduction

Let Z* be the d-dimensional cubic lattice space, and let {Y;(t)};czs be indepen-
dent copies of a one-dimensional Lévy process Y (¢) defined on a probability space
(Q, F, PY). Regarding {Y;(t)};cz¢ as random noises, we consider the following lin-
ear stochastic partial differential equation (SPDE) over z°,

(1.1) déi(t) = kA&(t)dt + &(t—)dY;(t) (i € Z%),

where x > 0 is a constant and A = {a(i,5)}; jez¢ is an infinitesimal generator of a
continuous time random walk on Zd, ie.

(12) a(0,i)>0 (i#0), Y a(0,)=0, a(i,j)=a(0,j—1i) (i,j€Z
i€z?

and

A =Y ali,5)g.

jezd

Under a mild assumption on Y'(¢) the equation (1.1) is well-posed and the solution
defines a linear Markovian system in the sense of Liggett’s book([7], Chap. IX).
When {Y;(t)} are independent copies of a standard Brownian motion, (1.1) is
called parabolic Anderson model which has been extensively studied in [10], [8], [2],
[3] from the view-point of intermittency. On the other hand when Y;(t) = —N;(¢) +t¢
and {N;(t)};cze are independent copies of a Poisson process with parameter one,
(1.1) defines a linear system with deterministic births and random deaths introduced
in [7], which was discussed from the view-point of ergodic problems. This process
is a dual object of the survival probability of a random walker in a spatially and
temporally fluctuating random environment, for which an asymptotic analysis was
executed in [9]. The present form of the equation (1.1) was first treated in [1] where
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36 T. Furuoya and T. SHIGA

an asymptotic analysis of the moment Lyapunov exponents for solutions of (1.1)
was discussed under a stronger moment condition on the Lévy measure.

In this paper we are concerned with asymptotic analysis of the sample Lyapunov
exponent for the solutions of (1.1). Let ¢(z) be the characteristic exponent of the
Lévy process Y (),

2
(1.3) ¥(z) = —%% + /182 +/

(e‘/__lz“ —1—+v—1zul <|u| < 1)) p(du),
R\{0} 2

where I(A) stands for the indicator function of A C R, a and 3 are real constants,
and p is a Radon measure in R\ {0} satisfying

(1.4) / min{u?, 1} p(du) < oco.
R\ {0}

In order to formulate the sample Lyapunov exponent we restrict our consideration
to the situation that (1.1) admits nonnegative solutions with finite mean, which is
realized by the following condition.

Condition [ A]

(15) p((—OO, _1)) = 07

and

(1.6) du) < oo.
/(Loo)up( u) < 00

Under the condition [A] there exists a unique nonnegative L'(v) solution with
£(0) =1 (i € Z%), which is denoted by £!(¢) = {€(t)} (The definition of L'(~)
solutions are given later). We first establish that there exists a constant A such that

(1.7) tll%EY ('%logéil(t) - )\D =0.

A = A(KA4;Y) is called sample Lyapunov exponentin L'-sense. In the section 3
we prove this result in a general setting and discuss some relations between the
sample Lyapunov exponent and the almost sure Lyapunov exponent. In the section
4 we derive some inequalities on A(kA;Y), from which it follows that A(kA;Y) is
continuous in £ > 0 and Y in a suitable sense.

Our main concern of the present paper is to investigate an asymptotics of
A(kA;Y) as k N\, 0. Assume further that Y (¢) has zero mean, so that (1.3) turns
to

(1.8) W(z) = — =22 + / (eV=1 — 1 — v/“1zu)p(du).
R\{0}
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Let

aZ

(19) %av=—3~544)wmu+w—umwm,

which coincides with the sample Lyapunov exponent in the non-interacting case,
i.e. kK = 0. Note that —oo < Ao(Y) < 0 in general, unless Y(¢) = 0.

In particular if we consider a two dimensional stochastic equation instead of
(1.1), it is possible to obtain its precise asymptotics as x \, 0 under some moment
condition on the Lévy measure p at a neighbourhood of —1, which is discussed in
the section 5. In the final section we discuss asymptotic estimates of A\(kA;Y) as
Kk \, 0 in two extremal cases involving a moment condition of p around —1, which
combines with the inequalities on A(xA4;Y’) to get a continuity result of A(kA4;Y)
at kK = 0.

It is to be noted that the moment condition on p at a neighbourhood of —1
is significant for an asymptotics of A(kA4;Y) as x \, 0. In fact it is shown that if
p({—1}) > 0, it holds A\(kA;Y") = log « for small k > 0, which extends the previous
result in [9]. On the other hand if p = 0 and a # 0, i.e. Y (t) = aB(t), it is known
that A(kA;Y) — Ao(Y) = 1/log(1/k) for small k > 0, which was recently obtained
by [3]. For a general Y (¢), under a moment condition on p at a neighbourhood of
—1, we obtain the same lower bound estimate as in the Brownian case and a slightly
weaker upper bound estimate for A(kA4;Y) — A\o(Y) as « \, O than the case.

2. Well-posedness of the SPDE and Feynman Kac formula

Let J be a countable set, A = (a(3, j))i,jes be a J x J real matrix satisfying
that,

2.1 a(i,j) >0 (i#5), Y a(i,j)=0, and supla(i,i)| < oo,
jeJ ieJ

and let {Y;(t)}ics be independent copies of a one-dimensional Lévy process Y (t)
with the characteristic exponent (z) of (1.3). It is assumed that {Y;(t)}ics are
defined on a complete probability space (Q2, F, PY) with a filtration (F;) such that
{Y;(t)} are (F;)-adapted and {Y;(t +r) — Yi(t);i € J,r > 0} are independent of F;
for each t > 0.

Let us consider the following linear stochastic equation:

t+
> a(6,5)8(s)ds + /0 £(s—)dYi(s) (ieJ).

Jje€J

22) &m—mm=A

To formulate a solution of (2.2) we first fix a positive and summable vector v =
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{7i}ies satisfying that for some constant I" > 0

(23) > ila(i, ) <Tv; (G €J),
i€J

and denote by L'(v) the totality of vectors £ = {£;};cs such that

l€lLrcy) = 7iléil < oo.

i€J

£(t) = (&i(t))ies is an L(vy)-solution of (2.2) if the following three conditions are
satisfied;
(a) foreach i € J, &(t) is an (F;)-predictable and right continuous process with
left limit defined on (Q,F, (), PY),

(0)  lE@®)]IL2(4) is locally bounded in ¢t > 0, PY-a.s.
(©)  £&(t) = (&(t)):cy satisfies the equation (2.2).

The last term of (2.2) is the Itd’s stochastic integral which is interpreted as
follows. Consider the Lévy-Itd’s decomposition of Y;(t),

24) Yilt) = aBi(t) + Bt + /

uN; (dsdu) + / ulN;(dsdu),
[0,t]x (Jul<1/2)

(0,t]x (Ju[=1/2)

where {B;(t)} are independent copies of a standard Brownian motion, {N;(dsdu)}
are independent copies of a Poisson random measure on [0,00) x R\ {0} with
intensity measure dsp(du), and N;(dsdu) = N;(dsdu) — dsp(du) (i € J). Then

t+ t ¢
(2.5) &i(s—)dYi(s) = a/o &i(s)dBi(s) +,3/0 &i(s)ds

0
+ / u;(s—)N;(dsdu)
[0,¢]x (Ju|<1/2)

+ / ué;(s—)N;(dsdu).
[0.t]x(Jul>1/2)

To guarantee the well-posedness of the equation (2.2) we impose the following
condition.

2.6 d .
(2.6) /(|u|>l) |ulp(du) < oo

Theorem 2.1. Assume (2.6). Let £(0) = {£;(0)} be an Fo-measurable random
vector satisfying ||£(0)||L1(y) < oo P¥-a.s. Then the equation (2.2) has a pathwise-
unique L' (vy)-solution.
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To be selfcontained we give a proof of the theorem breafly, although it may not
be novel except an L'(v) argument, which is needed due to the weaker assumption
(2.6) than in [1]. We may assume that EY (||£(0)]|11(y)) < oo.

1. Let {J,} be an increasing sequence of finite subsets of J with Un>1Jn = J.
For n > 1 consider the following finite-dimensional equation.

Q7 €M) =&0) + /0 3 (i, )E (s)ds + /0 t+g§")(s—)dyi(s) (i€Jy)

JjE€J

M () = &(0) (i€ T\ Jn).

It is easy to see that (2.7) has a pathwise unique solution {5,5") (t)}. Moreover letting
™ () = SUPp<s<t l£§")(s)|, by the condition (2.6) one can see that

EY(nM(t) <oo (i€ J).

2. We claim that there is a constant C > 0 such that for every n > 1,

r+
@9 & (s | [ & 6ane) < 160+ S [0 s
0<r<t Jo 0

To show this we apply the following maximal inequality for martingales.

Lemma 2.1. For 0 < p <1, there is an absolute constant C, > 0 such that for
everyt > 0,

29) EY ( sup o / "€(s)dBy(s) + / uéf")(s—)Ni(dsdu)l”)
0 [0,7]x (Jul<1/2)

0<r<t
P/2 t p/2
<G, <a2+ / |u|2p<du)) EY ( / 5§”>(s>2ds) )
(lul<1/2) 0

Proof. The maximal inequalities for continuous martingales are found in
Theorem IIL.3.1 of [6], not all of which are valid for discontinuous martingales in
general. However the inequality (2.9) can be proved for the discontinuous martingale
without any change of the argument there. O

)

Thus by (2.9) we have a constant C; > 0 such that

EY | sup
0<r<t

@ / £ (s)dBy(s) + / ue™ (s—) N, (dsdu)
0 [0,r]x (Jul<1/2)
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1/2 P
< <a2+ / |u|2p(du>> EY [ & (s)2ds
(lul<1/2) 0

1y ™ wlo(du (n)
< BV (7 () + q( v et ))/ Y ()ds

which yields (2.8) with

c=c? (a? T / |u|2p<du)> 18+ / fulo(du).
(Jul<1/2) (Ju|>1/2)

3. Combining (2.7) and (2.8) we get

EY (o (1)) < 2EY (1&:(0)]) / 23" Ja(i, /)| EY (") (s))ds

jeJ
+C / EY (n;™ (s))ds,
from which
(2.10) EY (™ (t)) <23 (e™M);EY (1&;(0))),
JjeJ
where

M;; = 2[a(i,5)| + Céi; (3,5 € J).
Particularly by (2.3) and (2.9) it holds that

2.11) EY (In™ ()]l 1)) < e?™+OEY ([€0)|z1)) -

4. For n > m, set

1™ (6) = sup €7 (r) — €M (r)].

0<r<t
Applying the same argument as in the step 2 we get

EY (™™ (1)) < 1(Jm)() > M; /EY (™™ (s))ds

jeJ
+1(J \ J) () (BY (0™ (2)) + EY (1€:(0)])),

from which it follows

212 EY(In™™ (0)|11(y) < te®TFOL STy (BY (187 (1)) + EY (1€ (0)))).
FE€EIN\Im
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Moreover by (2.10) the r.h.s. of (2.12) vanishes as n and m tend to co. Accordingly
there exists an L*(vy)-valued stochastic process £(t) = {&;(t)}scs such that for every
t>0

n—o0

lim EY( sup [|¢™(r) — §(r)llzry)) =0.
0<r<t

Furthermore it is obvious that £(¢) = {&;(¢)}ics is an L!(v)-solution of (2.2).
The proof of the pathwise uniqueness is routine, so it is omitted.

ReEMARK 2.1. The condition (2.6) is necessary for the solution of (2.2) to have
finite first moment, that is

EY(|&@®)]|Fo) < oo (i € J).

It would be rather delicate to discuss the well-posedness of (2.2) without the
condition (2.6).

Next we discuss Feynman-Kac representation for the solution of (2.2). Let
(X(t),P;) be a continuous time Markov chain with state space J generated by the
infinitesimal marix A = {a(7,7)}. We denote the associated transition matrix by

Qt = (Qt(l7]))

Theorem 2.2. Under the same assumption as in Theorem 2.1 the solution
£(t) = {&(t)} is represented by

t+

t+
@13) &) =E (ﬁx(t)(o)exp / WZxoo)(s) Nx<t_s)<ds,{—1}>:o),

where {Z;(t)} are complex-valued independent Lévy processes given by

(2.14) Z;(t) = aB;(t) + / log(1 + u) N;(dsdu)
[0,t]x(Jul<1/2)

+ / log |1 -+ u| N (dsdu)
[0,t]x (Ju|21/2,u~1)

+ mt + v/ —17N;([0, ] x (—o0, —1))

with

2
(2.15) m= (log(1+ ) — w)p(du) + 8 - 5,
(Jul<1/2)
t+ t+
Zxs(s) =3 / I(X(t = s) = j)dZ,(s),

j€J
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and

t+

t+
Nt (ds, {~1}) Z/ X(t - s) = j)N;(ds, {~1}).

j€J

Proof.  First we note that the r.h.s. of (2.13) converges absolutely PY-as.,
because under PY, the distributions of fOH' dZx (t+—s)(s) and Z;(t) coincide for given
t > 0 conditioned on {X(s)}o<s<¢, and

EY (|exp Zi(t)|)

= exp (%2 + /(u#oy_l) <|1 +ul—1- (|u| < ) log(1 + u)) o(du) + m) t.

Thus,

iEZJ%EY (Ei (’gx o)exp(;/t+ X(t—s) =j)de(s))'))

= Y VBB (|€x ) (0))EY (| exp Zi(1)])

i€J
=Y %Y Qi(6,5)EY (1&0))EY (|exp Zi(t)])
i€J jeJ

< eTEY(J[E0) 12 () EY (lexp Zi(t)]) < oo
The rest is essentially the same as the proof of Lemma 3.1 of [9]. For p > 0, let
YP() = Yi(t) + e PNi((0, 1] x {-1}).

Using It6’s formula (cf. [6, Theorem 11.5.1]) we have

t+
@16 exp |3 [ 1K~ 5) = )dZ;(6) Ny s {-1)) | -

JjeJ
=/ (expz/ t—s):l)(le(s)—le(ds,{—l}))>
leJ
x S I(X(t—r) = 5)dY P (r).
JjeJ

Set

€7() =K | ¢ IR (ds, {~
i x@(0)exp | > (t —s) = 7)(dZ;(s) — pN;j(ds,{-1})) | | -
JjeJ
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Using (2.16), Markov property of (X (¢),P;) and a stochastic Fubini theorem one
can easily see

P () — 3 Quli, 5)€(0)

jeJ

t+
= / (§X(t (0) exp / (dZx (s (5) = PNx (1) (ds, {~1}))dY ), _ S)<r>)
/ S Qo (i EP (r—)aY P (r),

JjEJ

so letting p — oo, we obtain

t+
£°9(t) = Eq (fx(t)(o)exp / dZx (- (s / Nix(t-s)(ds, {~ 1}>—0)
0

and

@17) €)= 37 Quli, ) (0) = / S Qo (i, HES (r- )Y (7).

JEJ JjeJ

It is easy to see that {£;(¢)} itself satisfies the equation (2.17) and that the pathwise
uniqueness holds for solutions of (2.17). Therefore &;(t) = £(°°)( t) holds for every
t>0, i€ J, PY-as, which completes the proof of Theorem 2.2. O

Corollary 2.1. Suppose that the condition [A] is fulfilled. Then the equation
(2.2) has a unique nonnegative L*(v)-solution, if

£(0) ={&(0)} € L'(v), and &(0)>0 forall i€J PY-as.

The proof is immediate from Theorem 2.2 because {Z;(t)};cs are real-valued
processes due to the condition (1.4).

3. Sample Lyapunov exponent

We first establish an existence theorem of sample Lyapunov exponent in L*-
sense for a class of stochastic partial differential equations in a general setting. Let
G be a topological abelian group with a Haar measure m. Suppose that we are
given a system of random kernels {p“(s,y;t,2);0 < s < t,z,y € G} defined on a
probability space (€2, F, P) with a filtration (F})o<s<: that satisfies the following
conditions.

[B-1]p“(s,y;t,z) is a jointly measurable non-negative random field in (s, y;¢, )
satisfying that for 0 < s <r <t and y,z € G,

p“(s,y;t,x) =/ m(dz)p” (s,y; 7, 2)p* (1, 2; 1, T).
G
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[B-2] (independent increments)
(i) forany0<s<t, {p“(s,y;t,x);z,y € G} are F! measurable and
(i) forany0<t; <ty <-- <ty {Fg', F?,---,F;_} are independent.
[B-3] (homogenuity) For any h > 0,z € G, the probability laws of {p“(s, y;t, x);
0<s<tzxy€G}and {p*(s+h,y+2;t+h,z+2);0<s<tzxycG}
coincide.
[B-4] Let uf (t,z) = [, m(dy)p“(0,y;t,z). There exists a constant o > 0 such that
for every t > 0,

Euf(t,z) + Fuf(t,x)™ < oo.

Then we obtain

Theorem 3.1. Under the conditions [B-1]—[B-4] there exists a constant A such
that

1
(3.1) lim E <— log u‘f(t,x)) =supE (1 log u‘f(t,m)) =\
t—oo t t>0 t

Moreover for every p > 0,

P

3.2) tlim E ‘% loguf(t,z) — A =0.

We call X the sample Lyapunov exponent of {p“(s,y;t,z);0 < s < t,z,y € G}.

Corollary 3.1. Suppose that u* (0, x) is an F3-measurable nonnegative random
field satisfying that

(3.3) E(u®(0,z)) + E(|logu“(0,x)|) is bounded in z € G,
and set

(3.4) w(ts) = [ mdy)u 0,05 0,1:t,0)
Then

(3.5) th&E l% logu®“(t,z) — A| = 0.

The proof of Theorem 3.1 is rather standard in the situation that the moment
Lyapunov exponent v(p) = lim;_(1/t) log E(u(t,z)P) is well-posed in a neigh-
bourhood of p = 0, for which the condition [B-4] is an essential requirement. In
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fact, it will be shown that X\ of (3.2) coincides with the left derivative of ~(p) at
p=0.
We may assume 0 < @ < 1 in [B-4]. For —a <p <1, let

My(t) = Euf(t,z)P.

Noting that M, (t) is constant in z € G by [B-3], and set

1
~v(p,t) = 7 log M, (t).

Lemma 3.1.
(i) M(t)=¢e* (t>0) for some realc.
(i) For—a<p<0o,

o1 1 .
(3.6) v(p) = tllglo : log M,(t) = %1>1£ 7 log M,(t) exists,
and
(3.7) Y(p) Zcp for pé€[-a,0]

(i) For0<p<1,

1
(3.8) ~v(p) = tlim % log M, (t) = sup 7 log M,(t) exists,
—00 >0
and
(3.9) v(p) <cp for pelo,1].

(iv) ~(p) is a convex function of p € [—a,1] with v(0) = 0, so that the left and
right derivatives ' (p—) and ' (p+) exist for —a < p < 1. In particular v(p)/p
is non-decreasing in p € [—a,0) U (0,1], and

) _ ) _
3.10 lim —* =+'(0—) and lim — =~+'(0+).
(3.10) lim =7 =70-) and lim == =~/(0+)
Proof. First we note that by [B-1] to [B-4]
Ml(t+8) :Ml(t)Ml(S) (t,SZO),

which yields (i). Next by [B-1]

Wt + 5,7) = ( /G m(dy)uf(s,yws,y;s+t,w>) /G m(d2)p* (s, 23t + 5,7),
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where

-1
(B.11)  p¥(s,y;s+t,x) =p“(s,y;s +t,2) (/ m(dz)p® (s, z;t + s,x)) .
G

Using this, [B-2]-[B-4], and Jensen’s inequality with a convex function z? (p < 0),
we see the subadditivity of log M, (t), i.e.

My(t+s) < Mp(t)Mp(s) (s> 0,t>0),
and
My(t) > M, (t)~! > My ()P = e
Thus we get
lim llogMp(iE) = inf ! log M,(t) > cp (—a<p<0),
t—oo ¢ t>0 ¢t

which yields (3.6) and (3.7) and a similar argument yields (iii). (iv) is elementary,
so omitted. L]

The following lemma follows immediately from Lemma 3.1 by a standard large
deviation argument to use the exponential Chebyshev inequality and (3.10).

Lemma 3.2.
(1)  For any € > 0 there exist c(e) > 0 and t(e) > 0 such that for t > t(e)

(3.12) Pu¥(t,z) < et(v’(o—)—e)) < et
and
(3.13) P(u¥(t,z) > et(v’(0+)+e)) < e—clot,

(ii) Foreveryp>0ande>0
(3.14) lim E(|loguf (t, 2)|P;uf (¢,2) < et'(0-)=)y = g
—00

(iii)) For everyp >0

(3.15) E ([%logu‘l"(t, x)

P
) is bounded int > 0.
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REMARrk 3.1. From (3.12), (3.13) and the Borel-Cantelli lemma it follows that

(3.16) lim sup log uf(n,z) <+'(0+) P-a.s.
and
(3.17) lim mf - loguf(n,z) >+'(0—) P-a.s.

Accordingly, if v(p) is differentiable at p = 0, it holds

1
(3.18) lim —loguy(n,z) =4'(0) P-a.s.

n—oo N

However it seems extremely difficult to verify the differentiability of v(p). On the
other hand it is obvious that

(3.19) hrn 1nf log uf (t,z) < liminf — log u¥(n,z) PY-a.s.

n—oo

It should be noted that the equality in (3.19) does not hold in general, which will
be discussed later, (see Theorem 3.3).

The following lemma is a key point for the proof of Theorem 3.1.
Lemma 3.3.

(3.20) lim E(logul (t,z)) =~'(0-).

t—oo t

Proof.  Since log M, (t) is subadditive in t > 0 if p < 0,

. log M,(t)
tv(p,t) = E(logu¥(t,z)) = lim ——2~
v(p,t) = E(log uy (¢, z)) L —

is a superadditive function of ¢ > 0, which implies

1 1
(3.21) lim ~E(logu{(t,z)) =sup— E(logul (t,z)) <sup-log E(u{(t,z)) <c.
t—oo t t>0 t t>0 t

Noting that y(p,t) is convex in p, so that v(p,t)/p is nondecreasing as p " 0, we
see that for —a < p < 0,

o Yst)  v(p)
Jim Blloga (,2)) = Jim liy T22 > 17
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which yields

1
(3.22) Jim ZE(log uf(t,z)) >~ (0-).

On the other hand by (3.6) and (3.21)

1 . (pt)
lim = FE(loguy(t,z)) = sup lim ——~=
Jim +(ogus (t2)) = sup lim 12
i t
< lim sup 1®:1) _ pppy 20y 90)
p/0t>0 P p/0 p p/0 D
which yields
1
(3.23) Jim ;E(log uf(t,z)) < +'(0-).
Hence (3.20) follows from (3.22) and (3.23). U

Proof of Theorem 3.1. Let X(t) = (1/t)loguf (t,z) —~+'(0—), then by Lemma
33

(3.24) t{r{; E(X(t))=0.
Moreover by Lemma 3.2 we have
(3.25) tl_lglo E(X(t): X(t) < —e) =0 for every € > 0.
(3.24) and (3.25) imply
Jim B(X(t)) = 0.

Moreover combining this with (3.15) we see that for any p > 0,
; Py —
lim E(X(t)?) =0,
which completes the proof of Theorem 3.1. O

Proof of Corollary 3.1. Note that by (3.11) and Jensen’s inequality,

log u® (¢, ) — log uy (t, z) = log (/G m(dy)u®(0,v)p* (0, y; t,a:))

zj/mwm%wmwwmﬁun
G



SAMPLE LYAPUNOV EXPONENT 49
Using logz <z — 1 (z > 0), we have
|logu®(t, ) — log uf (¢, z)| S/Gm(dy)(lloguw(O,y)l +u*(0,y) — 1)p*(0,y; ¢, z).
Hence (3.3), [B-2] and [B-3] imply that
E(|logu®(t,z) — logu$(t,z)|) is bounded in ¢t > 0,
thus (3.5) follows from Theorem 3.1. O

ExampLE 3.1. Let G = R% m be the Lebesgue measure on R?, and {W (¢, z) :
t > 0,z € R} be a continuous centered Gaussian field defined on a probability
space (2, F, PY) with filtration {F;} satisfying that for each t > 0, W (t,-) is Fs-
adapted and that

(326) EW(W(s,z)W(t,y)) =tAsC(z—y) (s,t>0,z,y€eR?,

where C(z) is assumed to be a bounded smooth function on R?. Then W (s, z) has a
continuous modification. Let us consider the following stochastic partial differential
equation (SPDE):

u(t,z) 1 8*W (t,x)

(3.27) ek §Au(t, z) + u(t, ) 9i0%

It is easy to see that the SPDE (3.27) admits a fundamental solution
{p*(s,y;t,x);8,t > 0,z,y € R?} which satisfies the conditions [B-1]~[B-3]. In
this case [B-4] can be verified as follows. For an R%-valued continuous function
f(t) one can define a stochastic integral fot dW (s, f(s)) that is a centered Gaussian
process satisfying that

EW</OtdW(s,f(s))/dng ) /C f(s) —g(s))ds

Using this stochastic integral we have Feynman-Kac representation for the solution
of (3.27) as follows.

¢ C(o)t
(3.28) uf(t,z) =E, (exp/ dW (s, B(t — s))) exp —%,
0
where (B(t),P,) is a d-dimensional Brownian motion. Obviously EW (u¢ (¢, z)) = 1.
On the other hand, noting that

(w§'(t,2)) " <Eq <eXP/O —dW (s, B(t — s))) exp (20)t
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we get
EY((u(t,2))™") < expC(O)t,

which verifies the condition [B-4]. Accordingly by Theorem 3.1 the sample
Lyapunov exponent is well-defined for the SPDE (3.27).

Next we apply Theorem 3.1 to show existence of the sample Lyapunov exponent
for the solutions of the stochastic equation (1.1).

Now let J = Z%, and let us consider the stochastic equation (2.2) with A =
{a(z,7)} satisfying (1.2).

Theorem 3.2. Suppose that (1.2) and the condition [A] are fulfilled, and let
£1(t) = {&} (t)}icza be the L' (vy)-solution of the equation (1.1) with £;(0) = 1 for all
i € Z°. Then {€}(t)}icze are non-negative and there exists a constant X such that
for every p > 0,

p
) 0.

The nonnegativity of {¢}(t)};cz4 follows from Corollary 2.1. Let {p“(s,;t,j);
0<s<tij€ Zd} be the fundamental solution of (2.2). Choosing F! as the
o-field generated by {Y;(r) — Yi(s);s < r < t,i € Z%} and taking F{ the o-field
independent of {F!;0 < s <t < oo}, it is easy to verify the conditions [B-1]-[B-3].
In order to apply Theorem 3.1 it suffices to verify the condition [B-4], which will
be reduced to the following lemma.

(3.29) Jim EY (}% log &1 (t) — X

Lemma 3.4. Let{n;(t)};cze be the solution of the following stochastic equation,

S~ ali, j)n; (s)ds — /0 (=) (ds, [-1,%)) (i € 2.

jezd

t
(3.30) mi(t) — 1 = /0

Then
t+

1
NX(t—s) (ds7 [_17_5)) = 0) ’
0

and moreover for every 0 < a < 1

(3.31) m(t) =P (

(3.32) EY (n:i(t)™®) < oo for everyt > 0,i € Z°.

Proof. (3.31) follows from Theorem 2.2, and (3.32) follows from a combina-
tion of Lemma 2.3 and 2.4 in [9]. (I
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Proof of Theorem 3.2. By Theorem 2.2 we have

t+ t+
(3.33) £} (t) = E; (exp/(; dZx(t—s)(5) : A Nx(t—s)(ds,{-1}) = 0)

t+ t+ .
> E; (exp/0 dZ&(t_s)(s) : ; Nx(t—s) (ds, [_1,_5)) — 0) ,

(3.34) Zi(t) = aB;(t) + / log(1 + u) N;(ds, du)
[0,8]x(|ul<1/2)

where

+ / log(1 + u)N;(ds, du) + mt
[0,t] x (=1,—1/2]U[1/2,00)

where m is of (2.15), and

(3.35) Z0() = Zi(t) — / log(1 + )N (ds, du).
[0,¢]x(—1,—1/2]

Define a random variable U and an event A by

t+ t+ 1
U= exp/ dZ:Y(t—s)(s)7 A= [/ NX(t—s) (dsv [_17 _5)) = O:I .
0 0

Then it is easy to see that for every p > 1 and ¢t > 0
EY (Ei(U™?)) = EY (exp —pZy(t)) < oo.

Also using Jensen’s inequality and Holder’s inequality we see that for 0 < o < 1
and p, ¢ >1with 1/p+1/¢g =1,

EY(Bi(U: A)™®) < EY (Ei(U™* : A)P;(A)~17%)
< EY (By(U~P) /PP, (A) /9717 )
< EY(Ei(U_ap))l/pEY(Pi(A)l_Q(l+a))l/q-

Hence choosing g > 1 close to 1, by (3.32) we have
EY (E;(U : A)™*) < oo.
Combining this with (3.33) we obtain
EY (£ t)™®) < oo for t>0,i€Z%

Thus the condition [B-4] is verified and the proof of Theorem 3.2 is completed.
U
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By virtue of Theorem 3.1 the sample Lyapunov exponent in L!-sense is well-
defined for a class of SPDEs satisfying the conditions [B-1]-[B-4]. However the
almost sure sample Lyapunov exponent is not well-defined in general. Concerning
this problem we have the following result. Recall v(p) is the moment Lyapunov
exponent of £} (¢), which is well-defined by Lemma 3.1.

Theorem 3.3. In the situation of Theorem 3.2 assume that

(3.36) p({-1})=0 and |log(1 + u)|p(du) < oo.
(-1,-1/2)

Then

(3.37) lim inf % log £1(t) = v/(0-=) = A(4;Y) P —a.s.,

and

(3.38) li?l»sogp % logél(t) < (04) PY-as.

To the contrary if either p({—1}) > 0 or

(3.39) / |log(1 + u)|p(du) = oo,
(-1,-1/2)

then

(3.40) lim inf % log€l(t) = —c0  PY-a.s.

Proof. 1. p({—1}) = 0 implies that &} (t) > 0 holds for every ¢ > 0, so that
by It6’s formula

(3.41) log€l(t) — log€l(s) = %dmzi(t)—zi(s) (s <tyiezd),

where Z;(t) is of (3.34). From this it follows

. 14y _ 1 ; (4) — 7
(3.42) né%lﬁlE‘H—l log&; (t) — logé&; (n) > a(0,0) + nStxgiﬂ Zi(t) — Zi(n),

and

(3.43) log&l(n+1)— sup logé&l(t) > a(0,0)+ Zi(n+1)— sup Zi(t).
n<t<n+1 n<t<n+1
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Since (3.36) implies that {sup, <;<,41 |Zi(t) — Zi(n)|} are i.i.d. random variables
with finite mean, we have

(3.44) lim ~ sup |Zi(t) - Zi(n)| =0 PY-as.

n—00 N p<t<ntl

thus a combination of (3.42)—(3.44) with (3.16)—(3.17) implies (3.38) and

(3.45) lim inf % log€}(t) > +/(0-), PY-a.s.

n—00

Therefore (3.37) follows from (3.45) and Theorem 3.2.
2. Next assume (3.39) since it is trivial in the case p({—1}) > 0. It is easy to
see that

(3.46) lim sup ! logél(t) < oo PY-a.s.

t—oo t
Let i € Z* be fixed, and let {(7,U)} be the sequence of random variables such
that
Ni(dsadu)l[O,oo)x(—l,—l/Q) = Zé(ri",Ui")(dS,du),
n=1
where 65 ) stands for the unit mass at (s,u). Note that {U]*}n—12,.. is an i.id.
sequence with distribution cp|(_1,_1/2) and it holds that
(3.47) lim 1 =,
where ¢ = p((—1,—1/2))~. Moreover (3.39) implies that

1
(3.48) lim sup ;] log(1+UM)| =00 PY-a.s.

n—0o0

Since
& () = L+ UM)E (),

by (3.47) and (3.48) we have

1 1
2limsup 7| log €} (¢)]  limsup — log €} (") — log €} (7 -)|
t—o0 n—oo 1

1 n
= lim Ellog(l + U
=00 PY-a.s.

Thus (3.40) follows from this and (3.46). O
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4. Inequalities for the sample Lyapunov exponent

By Theorem 3.2 the sample Lyapunov exponent is well-defined for the SPDE
(1.1) over Z% under the condition [A], which is denoted by A(k4;Y).
Recall that

2

oo < oY) =5+ /[ (log(1-+1) ~ W) < 0,

then Ao(Y) > —oo holds if and only if

@.1) p({-1}) =0 and / log(1 + u)|p(du) < co.
(=1,-1/2)

Let Y'(t) be another Lévy process with the characteristic exponent

(4.2) Y'(2) = —(—6122—22 +/ (eV=T2" — 1 — =1zu)p (du).
(-1

?w)

Theorem 4.1. Assume that
(4.3) lo| < lo’| and p<y.

Then the following inequalities hold.

(4.4) A4 Y) < A(4Y) <0
(4.5) %/\(K,A,Y) < %)\(K’A, Y) if 0<k<k.
(4.6) 0 < AA4;Y) = Ao(Y) S AMAY') = (YY)

whenever p and p' satisfy (4.1).

Corollary 4.1. Suppose that p and p’ satisfy (4.1). Then \(kA;Y) is continuous
in (k,Y) in the following sense.

(4.7) %)\(KA,Y) - %)\(n’A,Y)

1 1
< ‘; - ?‘ [Ao(Y)].
(4.8)  |A(KA,Y) = A(kA,Y')| < lo? = ()]

T /( Hog(1-+1) ~ullp — e (),
—1,00

where |p — p'|var Stands for the total variational measure of p — p'.
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For the proof of Theorem 4.1 we apply the following comparison lemma which
is a modification of the comparison theorem of [4].

Let F be the totality of bounded C2-functions defined on [0,00)’ depending
on finitely many components and having first and second bounded derivatives such
that D;D;f >0 (i, € Z%).

Lemma 4.1. Assume the condition (4.3). Then for the solutions £(t) and &' (t)
of the equation (2.2) associated with Y (t) and Y'(t) and £(0) = &£'(0) > 0, it holds
that

(4.9) EY(f((t) < EY'(f(€'(t)) for feF and t>o0.

Proof. It is sufficient to prove (4.9) in a simpler situation that J is a finite
set and p is compactly supported in (—1,0) U (0,00) because general case can be
reduced to this case by a standard approximation procedure. Let 7; and T} be the
transition semi-group of the Markov processes £(t) and £’(t), and denote by L and L’
their infinitesimal generators respectively. In this case it is easy to see the following
perturbation formula,

(4.10) T.f —T/f = / J(L = LT, fds.

Note that if f € F,
(a')? = a2
(4.11) (L'-L)f(x) = B E— ZD?f(:c)
ied
+ Z/ — f(@) — z;uD; f(x))(p' — p)(du)

ieJ loo)
>0

y

where
(riz)i = (1w and (nie);=x; (j#4).

Because the second term of the r.h.s. of (4.11) is

Saf ([ @die-ps@i)w - zomr ser

i€J

On the other hand it holds that

(4.12) T,feF if feF,
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since by making use of the fundamental solution p“(s,;t, ) of the equation (2.2)
T;f can be represented by

)

which yields (4.12) by straightforward differentiations. Therefore (4.9) follows from
(4.10)—(4.12). 0

Proof of Theorem 4.1. Let &(0) = €/(0) =1 (i € Z%). By Lemma 4.1 we
have

0> EY (log &(t)) > EY (log £4(t)),

which yields (4.4). Note that by a time rescaling

(4.13) IasA,Y) = La (KIA,Y (i)) ,
K K K

Hence a combinaiton of (4.4) and (4.13) yields (4.5). To show (4.6) note that by
Theorem 2.2

t
&) =E; (exp/ dZX(t_s)(s)) exp Ao(Y)t,
0
where

Z;(t) = aB;(t) + / log(1 + u)N;(ds, du).
[0,] % (~1,00)

By the assumption (4.3) we may assume that the probablllty laws of({Y/(-)}, PY")

and ({Y;(-) + Yi(- )} PY x PY) coincide, where (¥;(t), PY) are independent copies
of a Lévy process Y( ) associated with (& ()2 —a2,p=p —p). Then

t t
&(t) = E; (exp/ dZ x (t—s)(5) exp/ dZX(t_S)(s)) exp \o(Y')t,
0 0

where {Z;(t)} are independent copies of a Lévy process {Z(t)} satisfying
EY( Z(t)) = 0 corresponding to Y (t). Using Jensen’s inequality we see
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AAY") = Xo(Y') = A(A;Y) + Ao(Y)

1 ~ t t
= lim ?EY x EY (log (I['Ez exp/ dZx(1—s)(8) exp/ dZX(t_S)(s))
0 0

t—oo

which yields (4.6), since

~

EY ( /0 t dZX(t_S)(s)> = EY(Zi(t)) = 0. 0

Proof of Corollary 4.1. Using the scaling property (4.13) and (4.6) we have

AKAY) =\ (H/A,Y (%))'
(o))

which yields (4.7). (4.8) follows immediately from (4.6). O

1 1 1
“AMrAY) - ZAKAY) ==
AwAY) - A AY) =

Next we discuss a comparison of the sample Lyapunov exponents between
finite systems and infinite system of (2.2). Let A, = (—n,n]% N Z% and let
AM = {a™(3,5)} be a A, x A,, matrix induced by A = (a(, j)), i.e.

a™(i,j)= > a@i,k) (i,j € An).

k—je2nzd

We denote by A(™)(4;Y) the sample Lyapunov exponent of (2.2) with J = A,
and A™ = (a(™ (4, 7)). Furthermore we denote by A\(?)(k;Y) the sample Lyapunov
exponent of the following two dimensional stochastic equation,

t -
(4.14) 1(t) — £(0) = /O (Ea(s) — &1(5))ds + /O £ (s=)dY; (s)
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t+

t
&lt) - &0 =x [ (@) -&(e)ds+ [ s,
0 0
where
(4.15) k=Y a(0,))
j€Z4,j:0dd
and {Y1(t),Y2(t)} are independent copies of Y (¢).
Theorem 4.2.
(4.16) A (k;Y) <A™ (A4;Y) < A(A4;Y).

For the proof of the theorem we apply another comparison theorem. Let {J,, }
be a partition of J, {¥,(t)} be independent Lévy processes associated with the
characteristic exponent % (z) of (1.1), and set

Yi(t) = Yo (t) if i€ J,.
Let us consider an equation similar to (2.2);
t t+ R
@ ) =m0 = [ ol imeds+ [ ms-)ifis) ()
0 jer 0

where 7(0) = {7;(0)} is assumed to be non-negative and E(||n(0)|z1(y)) < oo.
By the same method as Theorem 2.1 one can show that (4.17) has the pathwise
unique L!(y)-solution n(t) = {n:(¢)}.

Now we compare it with the solution of (2.2).

Lemma 4.2. Let f € F. If£(0) = n(0), then for everyt > 0,

(4.18) EY (f(€(t))) < EY (fF(n(®))-

Proof. It is essentially the same as Lemma 2.2 of [9] where a special case is
treated, so we omit it. O

Proof of Theorem 4.2. Let J; and J, be the set of all odd points and the set
of all even points in A, respectively. For i € Jp,, we set Yi(t) = Y,(t) (p =1,2). For
the solution (62 (2), £{?(t)) of (4.14) with & (0) = &(0) = 1, we set n;(t) = £2(¢)
fori € J, (p = 1,2). Then {n;(t) }ica, is a solution of (4.17) with J = A, and A",
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Furthermore let £(™)(¢) = {51-(") (t)}sen,, be the solution of the equation (2.2) with
&(0) =1 (i € A,). Then by Lemma 4.2 we have

EY (log £ (1)) < EY (log £ (t))

which yields the first inequality of (4.16). The second inequality of (4.16) can be
proved in a similar way. U

5. Two dimensional case

Recall the two dimensional stochastic equation

t t+

@18 &) &) =« / (€a(s) = eNds+ [ &a(s-)dvi(o)
t t+

&x(t) — £(0) = / (€2(s) — &2(s))ds + / £2(s—)dYa(s),

and denote by A (x; Y') its sample Lyapunov exponent. In this section we inves-
tigate an asymptotics of A(?)(k;Y) as k \, 0.

Theorem 5.1. Assume that (1.8), the condition [ A] and the following (5.1) are
Sfulfilled.

(E8)) p({-1}) =0 and (log(1 + u))2p(du) < oo.
(=1,00)
Then
(5.2) AD (1, Y) = A(Y) ~ ——— as & \,0.
log(1/x)
where
1
(5.3) c=3 (a2 + /(—1,00)(10g(1 + u))zp(du)> .

Here a(k) ~ B(k) as k \, 0 means lim.~ o a(x)/B(k) = 1.

Let 5 be a Radon measure on R\ {0} defined by the following relation: for
every continuous function f > 0,

(5.4) / pdu) f(u) = / pldu) (f (log(1 + w)) + £(~log(1 +1))).
R\ {0}

(_lvoo)

Note that the condition (5.1) is equivalent to

(5.5) / pldu)u? < oco.
R\{0}
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Let Z (t) be a Lévy process with the characteristic exponent

(5.6) h(z) = —o? + / (e¥ 72" — 1)j(du),
R\ {0}
and consider the following stochastic equation

(5.7) C(t) —¢(0) = / t K(e=S) — e ds + Z(1).
0

The equation (5.7) has the unique solution, which defines a one-dimensional Markov
process (((t), P;) with the infinitesimal generator

(58) Lf(x) = (e — ) f'(x) + a*f"(z) + /R o @)~ 1A,

It is easy to see that ({(t), P;) has the unique stationary probability measure u(*)
which is characterized by

(5.9) / p)(dz)Lf(z) =0 for fe C3(R),

R
where C!(R) stands for the set of all C'-functions defined on R with compact
support.

Note that u(®) is indeed a symmetric measure on R, and that (5.9) is valid for
f(z) = z? by the condition (5.1) so that

1
(5.10) 2&/ p® (dz)e®s = = / p(dz)z® + o
R 2 Jr
= [ plduiog(1+w)? +a.
(_1»°°>
A2 (k;Y) is given in terms of u(*) as follows.
Lemma 5.1.

(5.11) AD (1Y) = No(Y) = /s/ p) (dz)e® — k.
R

Proof.  Let (&(t),&2(t)) be the solution of (4.14) under an assumption that
the distribution of log &; (0) coincides with (%) satisfying (5.9) and &,(0) = 1. Then
by Corollary 3.1 we have

(5.12) AP (k;Y) = Jim %Ey(log& ().
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Let

(5.13) ¢(t) = log 2—8

From (4.14) it follows
t
(5.14) log & (t) — log €,(0) = / (€76 — 1)ds + aBy(t) + Ao(Y)t
0
+ / log(1 + u)Nl (ds, du),
[0,8]x (—1,00)
and
t
(5.15)  ¢(t) = ¢(0) = / k(eS¢ — e$)ds + aB (t) — aBs(t)
0
+ / log(1 + u)(N1(ds, du) — Na(ds, du)),
[0,8]x (—1,00)

which is equivalent to (5.7). Note further that ((¢) is stationary, so that it follows
from (5.14) that

B (g €1(0)) ~ B (05:(0)) = t ([ uda)e™™ ~1) + 2ol ).
R
Thus (5.11) follows from this and (5.12). O

Proof of Theorem 5.1. First we give the upper bound. By (5.10)

(5.16) R/R;L(")(d:c)e“’:c =c,

where c is given in (5.3).

Set

(5.17) M(k) = /]Ru('“)(dac)ez.

Since g(z) = zlogz is convex, using Jensen’s inequality we get
g(M(x)) < ~.

Hence denoting by g~! the inverse function of g(z) = zlogz in (1,00), we have
that for small k > 0,

M <7 ()~ (1osS)

K
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which yields

i kM (k)
5-19) B SUP 3 Tog(1/m)) =

Thus we obtain the upper bound.
To get the lower bound we first assume

2

(5.19) o = /Rﬁ(dw)(e” 1) = /(_1'00) pldu) " < .

Then (5.9) is valid for f(z) = e® and

(5.20) K (1 — /R p (da:)e2“”) + (€1 + a?)M (k) = 0.

Using Jensen’s inequality and (5.16) we have

(5.21) /R 1) (da)e?® > M (k) exp(M (k)1 /R ) (dz)e )
= M(k)exp TA;(?)

Setting

he(z) = Tes — %CE with ¢ = ¢1 + o2,
by (5.20) and (5.21) we get
(5.22) he(kM(k)) < K.

Since h.(z) is decreasing in (0,c) and kM (k) vanishes as k \, 0 by (5.18), setting
z(k) = h (k) we see

(5.23) kM (k) > z(k) for small kK > 0.

Note that h.(z(k)) = k implies that (k) — 0 as « \, 0 and
_c

Lzlog L+c—2 <log —}—logc—2 for small x > 0,
z(K) z(k) kK z(k) K

from which and (5.23) it follows

)\(2)(&; Y)- Ao (Y) > liminf M > liminf M— >ec.

5.24) liminf
(5:24) ) log(1/k) ~ wN\0 log(1/k) N0 log(1/k) —
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Thus we have shown the lower bound under the assumption (5.19). However it is
easy to remove (5.19) by virtue of Theorem 4.1. In fact let Y (™) () be a Lévy process
with the characteristic exponent ¥ (z) of (1.8) with («, p,,) where p,, is the restriction
of p on [—1+ 1/n,n|. Then by (5.24)

A2 (k; Y ) = No(Y(™) 1
lim inf ' >-|a? +/ p(du)(log(1 + u))?
K\0 log(1/k) 2 [=141/n,n] (du)(log( )

for any n > 1,

so by Theorem 4.1 we get

AP (5 Y) — Ao (Y) A@ (1Y) — X (Y ™)

lim inf > lim liminf =
0 log(1/K) = noeo a0 log(1/k) ©
which yields the lower estimate of (5.2). O

6. Asymptotical estimates of A(kA;Y) as k \, 0

In this section we investigate asymptotical estimates of the sample Lyapunov
exponent A\(kA;Y) as k \, 0 for the SPDE (1.1) over Z% in two extremal cases
depending upon singularity of the Lévy measure p at the neighbourhood of —1.

Let us begin with a non-singular case that satisfies (4.1). Recall that the solution
€1(t) = {€}(t)} with the initial condition &;(0) = 1 (i € Z%) is represented by the
following Feynman-Kac formula;

t
a 10 =i (exp [ dZxin (o)) exp ¥,
0
where (X (), P;) denotes a continuous time random walk generated by A,
(6.2) Zi(t) = aB;(t) +/ log(1 + u)N;(ds,du) (i € Z%),
(0,t]x(—1,00)

and by (4.1),

a2

(6.3) —00 < A(Y) = Y + /( . )(log(l +u) — u)p(du) < 0.

To investigate asymptotics of A(kA;Y") as k \, 0 we use the following expression,
1 t
(6.4) A(rA;Y)—X(Y)= tlim zlog]Ei (exp/ dZX(S)(s)> in L}(PY),

since for fixed t > 0, {Z;(s) : 0 < s < t,i € Z%} and {Z(t) — Zi(t — s) :
0<s<tie€e Zd} have the same probability law under PY, which inherits that
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E;(exp fot dZx(1—s)(s)) and E;(exp [ dZx(s)(s)) have the same distribution under
PY.
For technical reason we impose the following stronger condition than (4.1).

Theorem 6.1. Assume further that A = (a(i,j)) is of finite range, ie. for
some R > 0,

a(0,j) =0 for jeZ* with |j|> R,

and that
1
(6.5) / p(du) < oo.
(-1,-1/2) 1 tu ()
Then there exist constants c; > 0, co > 0 and kg > 0 such that
1 log(log(1/k))
6.6 _ < : — < ¢cg——nat 22 .
( ) C1 log(l/K,) < A(K}A,Y) )\0(Y) < ¢ log(]_/K,) (0 < K< Ro)

Next we consider the following extremely singular case,

(6.7) p({-1}) > 0.

Theorem 6.2. Assume (6.7) in addition to the situation of Theorem 3.2. Then
it holds

(6.8) AkAY)=logk as k£ \,0.

For the proof of Theorem 6.1 we adopt the method of [8] where is exploited an
approximation of the continuous time random walk on Z? by a discrete time stochas-
tic process. However unlike the case of Brownian motions in [8], [3], Lévy process
Y (t) lacks sufficient moment conditions which makes arguments more complicated.

In what follows we normalize a(0,0) = —1. First we mention the following
lemma from [8].

Lemma 6.1 ((Lemma 3.2 of [8])). Let (X (t),P;) be a continuous time random
walk on 7% generated by kA, and let Tl, be the number of jump times of X (-) up to
time t. Then (I1;) is a Poisson process with parameter k. Moreover there is a discrete
time Z%-valued stochastic process ()? (n)) satisfying that

(6.9) | X(n)-X(n—-1)|<R (n=12,..),
(6.10) /0 I(X(s) # X[s])ds < 211,

EIDT, =t{1 <m<nX(m)#X(m-1)} <M, and [, =0]=[I, =0).
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Lemma 6.2. Conditioned on the sample paths X(-) and X(-), it holds that

t
(6.12) EY (exp / dZX(s)(s)> =Mt p._gs.,
0
and
t
(6.13) EY (exp | d(Zx(s)— Z¢,,)(s) ) < e Pi—a.s.,
A (s) Xs)
where
2 u?
c=2a*+ 2/(_1’00) . up(du)‘

Proof.  Since fot dZx (s)(s) is equivalent to the Lévy process Z;(t) of (6.3) for
P;-a.s. fixed X (), (6.12) is obvious.
Note that the L.h.s. of (6.13) is

EY (exp / Y (1) =)~ I(R1 = 7)) dzj(s>)

jezs
=ex I(X(s) = j # X|[s])ds a_2 u — log(1 + u))p(du
p(gzj/ (X(s) =3 # Xls) <2+/(_1m)< (1 +u)n ))

+ 3 [ 1606) 25 = Rtsyas

« (%_ + /(_Lw) (H% — 1+ log(1 + u)) p(du)>>

t
— exp (2 [ 1x66) # Risyas)
hence this and (6.10) yield (6.13). ]

Lemma 6.3. Assume the condition (5.1). Then there exists a constant C; > 0
such that

(6.14)  PY(Z(t) > M) <exp—CitA\? for 0<A<1 and t>0.

Proof. Note that

012 a2

M(a) = log EY (expaZ(1)) = 5 + /(_1 oo)((1 +u)® —1—alog(l + u))p(du)
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is a C2((0,1])-function, and by (5.1)

(6.15) M"(04) = a® + / (log(1 +u))?p(du) < 0o
(_1700)

Setting
L()\) = sup (zA—M(z)) (A>0),

0<2<1

by the exponential Chebyshev’s inequality we get

(6.16) PY(Z(t) > Xt) < exp—tL()\).
So it suffices to show that
— L))
(6.17) C = 0<H>1\f<1 2 > 0.
But as easily seen, L(0) =0, L(A) > 0 (A > 0) and
L(X) 1
li -
A0 A2 2M7(04)’
which yields (6.17). O

Proof of Theorem 6.1. Let 0 < € < 1 be fixed.

1. Note that
(6.18) lim — log]Eo (exp/ dZx(s)(s) : I, = O)
n—oo 0
= tim L (Z(n) + log Po(IL, = 0)
= —K.

2. Using Fubini’s theorem and (6.12) we have

Y (IEO (exp/ dZx(s)(s) : I > en)) - el’\O(Y)'"IPO(Hn > en)
0

smo(exp<“@ i)
= exp (o (e (20 - 1)),

so that by Chebyshev’s inequality for every § > 0,

PY (% log Eo <exp/0n dZx(s)(s) : I, >en> > (k+06) (exp(l)\oiY”) —1))
<o (con (e (P2) 1)),
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which is summable in n > 1. Hence by the Borel-Cantelli lemma it holds that that

(6.19) lim sup 1 log Eq (exp/ dZx(s)(s) : I, > en)
0

n—oo N

<k (exp (M) - 1) PY-a.s.

3. Let W is the totality of Z%-valued paths w = (w(m))o<m<n such that
|lw(m)—w(m—1)] < R (1 <m < n)andthat {1 <m < n:w(m)# wim-1)} =k.
Note that for a function §(r) defined on [0, €], if

n k n
/ dZ,,(5)(ds) < né <;) for every 1 <k <en and we W},
0

then

From this it follows that

" II
PY (]EO <exp/ dZX(s)(s) 1 <11, < en) > Eg (exp 2né (7") 10, < en))
0

[en]

<SS P (/OndZw[s](s) > né (%)) +

k=1wewy

pY (EO (exp <n5 (“H_n> +/ d(ZX(S) - Z)’f[ ])(5)) 1<, < €n>
n 0 S
11,
> Eq (exp2n5 (——) (11, < en))
n

[en] 2
< ZnC’kRde exp (—Cm& (g) )

k=1

oo lou () )
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x Eq (exp (né (%) + cl'[n) :1<10, < en)

= Ji(n) + J2(n) (say,)

where at the last inequality we used Lemma 6.3 together with Chebyshev’s inequality.
Using Stirling formula we get

[en]

2
Ji(n) < const. E k™12 exp (-klog k + 2dklog R — Ciné (k) ) .
n

n
k=1

So, letting
1

(6.20) C16(r)? = 3rlog - + 2drlogR,
r

we get

[en]
J1(n) < const. Z k=12 exp 2k log E,
n
k=1

which yields that {J;(n)} is summable.
Next choose a small € > 0 so that §(r) of (6.20) is increasing in r € [0, €], then

J2(n) < exp(n oilige{cr —é&(m)}.

Accordingly, for small €, {J3(n)} also is summable, thus the Borel-Cantelli lemma
implies that PY -almost surely

1 n
lim - log Eg <exp/ dZx(5(s) 1 <10, < en)
0

< lim 1 log Eg (exp 2nb (&> (11, < en)
n—soo N n

~ sup (26(r) — I(r))
0<r<

/ 1 1
< const. sup rlog — — rlog —
0<r<e T K

~, log(log(1/x))
log(1/k)

which completes the proof of the upper bound of (6.6). On the other hand the lower
bound of (6.6) follows from Theorem 4.2 and Theorem 5.1 since the condition (5.1)
is satisfied by (6.5). Therefore the proof of Theorem 6.1 is complete. ]

£\ O,
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Proof of Theorem 6.2. The proof is reduced to the case @ = 0, and p = &;_3,
for which (6.8) was proved in [9], so that by virtue of Theorem 1.4 of [9], for

Y'(t) = —N((0,t],{-1}) + p({-1})2
(6.21) AMrA;Y )~ logk as Kk \,0.
Furthermore, by the comparison result of Theorem 4.1 we obtain the upper estimate

of (6.8).
On the other hand by Theorem 2.2

t t
622 €(t) =E (exp / o) (s) /O qu_sxds,{—l}):o),

where
Zi(t) = aB;(t) +/ log(1 + u)N;(ds, du)
[0,¢] % ([u[<1/2)
+ log(1 + u)N;(ds, du) + Bt,
[0,t]x(—1,-1/2]U[1/2,00)
with
1
8= / (I <1u| < 5) log(1 4+ u) — u) p(du).
[_1100)
Let

Z1(t) = aBi(t) + / log(1 + u)Ni(ds, du).
[0,¢]% (|ul<1/2)

By the proof of Theorem 6.1

o, . log(log(1/)
Z : — < —
(6.23) tliglo tE <log E; <exp /o dZX(t_s)(S))) < const log(1/x)

for small & > 0.
By the previous result in [9] we know that
.1 K 1
(6.24) lim = logP; / Nx(—s) | ds, | |u] > 5 =0
t—oo t 0 2
~logk for small x> 0.

Noting that by the Schwarz inequality

([ o (422) -9
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t t 1 1/2
< E (eXP/O dZ'y (1—)(5) 2/0 Nx(t-s) (ds, (Iul > 5)) = 0)

t 1/2
x E; (exp —/ dZ%(t_s)(s)>
0

t t 1/2
< e”'E; (exp/ dZx (4-5)(8) : / Nx(t-s)(ds,{=1}) = 0)
0 0

t 1/2
x E; (exp—/ dZS((t_s)(s)) ,
0

by (6.22)—(6.24) we have a constant C' > 0 satisfying that
A(rA;Y) > Clogk for small k>0,

which combines with (6.23) to complete the proof of Theorem 6.2. Ul

A combination of Theorem 6.1 and Theorem 4.1 yield a continuity result of
AkA;Y) as k \, 0 as follows.

Theorem 6.3. Assume that A = (a(i,j)) is of finite range.
()  If(5.1) is fulfilled, then lim o A(KA;Y) = Ao(Y) > —oo.
(ii)  While if (5.1) is violated, then \o(Y) = —oco0 and lim~ o A(kA;Y) = —o0.

Proof. Let Y(™(t) be a Lévy process with the characteristic exponent (1.7)
with pp, = p|(—141/n,00) in place of p. Then Theorem 6.1 is applicable for Y (®)(t)
and it holds

(6.25) lim, ArA; Y M) = A (Y™),

Also by Theorem 4.1,

(6.26) M(Y) < AKkA;Y) < AM(kd; Y V),

Since limy, 00 Ao(Y ™) = X\o(Y) > —o0, (6.25) and (6.26) yield (i) and (ii). O

REMARK 6.1.  Assume the condition [A] together with } - 4 |712a(0, §) < oo,
and that Y (¢) has zero mean.
(1) Ifd=1or2, for every k > 0 it holds that

(6.27) Jlim &(t) =0 in probability (i e 7%
for every nonnegative solution of of (1.1) &(t) = {&(t)} satisfying

sup;ez¢ B (£:(0)) < oc.
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(ii) If d > 3, there is a constant kg > 0 such that (6.27) holds for 0 < & < kg.

Proof. (i) can be proved by the same method as Theorem 4.5 in [7], Chap.
IX. For (ii) apply Theorem 6.3 that asserts that A(kA;Y) < 0 for small £ > 0.
Moreover Corollary 3.1 implies (6.9). Il

REMARK 6.2. Let d > 3, and let (Q, F, P, £(t) = {&(t)}) be a linear Marko-
vian system associated with (1.1). Remark 6.1 implies that if x > 0 is small, any
Z-shift invariant stationary distribution y satisfying E*(£;) < oo coincides with 6o
(the point mass at & = 0 (i € Z%)). On the other hand if

(6.28) / u?p(du) < oo,
(u>1)

for a large k > 0, (2, F, P¢,&(t) = (&(t))) has non-trivial stationary distributions,
that can be proved by making use of standard second moment computations as in
[7], Chap. IX. However if (6.28) is violated, it holds E;(&;(t)?) = oo for t > 0,
so that the second moment arguments are not applied. In this case it is an open
problem how to show existence of non-trivial stationary distributions for a large
K > 0.
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