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Abstracts:

     [[he generator eeordinate method is formulated so as to be suitable• for a

descripticm of the transiti6n regton nuelei. To. take finto account the pairing

correZaticm the BCS wave 1]mcti(m censtructed with various single particle.

sPates in the deformed potential well is used as an intrinsic wave function,

f)?om which eigpnstates of angular momentum are projected out. Using the quadru-

poZe deformati(m parameters B, y and the gap par,arneter A as gonerator coordinates,

the trial wave fUnctian is constructed by superposing the projected wave func-

tions with va]rtous values of B, y and A. Such a choice of the gpnerator coordi-

nates enables us to treat the rotation, the su?face-vibration,s and the pairtng'

vibrati(m Ln a unified way. The gener'ator Åëimctian, which se]7ves as a weight

functian, is chtained by solving ari integraL equation derived thr,ough the varia-

ticmal prdnciple. :t is shcwn that ou7projected wave f'Lmeitcms have the same

symetry properties as those of wave f"unetions g;iven by the Bchr modeZ. [Ihis

rnethod is first applied to a sehematic pairing vibraticm probZem. Xt seems that

this method is powefma enoug*i in the description of real nuelei.' Seccmd, the

energy surface of Cdi;6 is caLculated as a fNmction of the deformatian pa]?ameters

B, y.



                         gl. [ntroduction

     It is well known that in the nuclei far from the ct'ouble closed sheil the

law-lying excited states have collective nature.• We restriet ourselves to the

doubly even nuelei tn this paper.
                                                      '
     [n the regton of the spherical nuclei, the energy spectra and the elect]?o-

magnetic properties of the 1ow-lying excited states are at'least qualitatively

                                                                          'well descnibed as the vibration in the f)?ame work of the Bdh]7 rnodel with the

harmonic potentiai of deformatiopi' 2' 3' 4)'. The ndercscopic treatment based

cm iinearrtzation approxirnatian of the equation of motian5'6) is equaiiy success-

fuL in the description. [Iriere are obser,ved, however, many deviatians from the

predicted harmmic vibratian such as violatian of the systematics of excitatian

energsr, splitting of the two.phonan triplet states, rnissing of one or two mem-

bers of the trtplet and so on. 1turthermore unexpectedly La]pgo quadmpoie rno- '

ments of the first 2+ states have been observed irl the typvcaL vibrati(maL nu-

clei7). zt was shcwn by Tamura and udagawa8) that existing rnodels, which start

f)7om harmcmic vibrati(ms axDund a sphericaJ shape carmot expLain such laa?go

qua(inapole moments. [[herefore, anharmonic effects rmst be taken into account

                                        9)more rigorously in a theoretical treatment .

     Ihe low--]ying excited states of the deformed nuciei canstitute several rota-
tionaL bands whose energy spectra seern`to obey the I(z + 1) ruLel,2,4). [[hese

spectra are understood as the rotati.an of a defomed nucleus as a whole, which

is given as a lirniting case ,in the BOh]? model. A micrcscopic rnethod to evaLuate
the momefits of inertia is the cranking modellO); rn order to reproduee the order

of magpitude of expertmentalty obtaixied mornents of inertia it is essentially irrb

porttantll) to use wave ttncticns in which the pairdng com7e Latian is taken dnto

account. Deviatiens of the energy spectra th7om the Z(: + 1) ]nde a)?e aLways '



observed in actual nuclei. Digny works have been perfo;,rmed to explain the devta-

ticms f)?om var?ious points of view, which rnay be classirted into three gr'oups;

                                                                 12, 13)(1) the rotatian-vibraticm eompling including the centrifugal stretching .,
(2) the coriolis anti-pairing effeeti2'i e'i5), (3) higher order gffects of the

             16)                . However, if all of these effeets are taken into aecountcnanking rnodel
simuLtaneotsiyi9), theoretical estirnate of the deviation becomes too zargo.

[[here axe two defeets in the usual treatrnents (1) semi-classicaLnature of the

cranking model and (2) the special assumpti(m about the nuclear shape.

    IFh?pm the above-menti(med facts we can see that there are rnany edfrtculties

fin. the usuaL treatments in which all nuelei are divided lnto two categories, i.e.,

spherieal or deformed, ,and the approxirnation of haimonic vibratian either around

                            Ka spaericaL shape or a deformed shape.
                                                                   '      L    Besides sphericat and deforrned nuclear regions of the periodic tabZe there

is a regton of anset or disapperance of nuclear deforTretian, whieh is caLled the

transition regton. Propervties of the 1ou-lying exctted states of nuclei in this

regtan axe very rrruch different from the predietians of either the ph(mari rnodel or

the rotaticmaJ model. [[he experimental evidences sugepst a strong vibratian-

rotatian coupling. rt is expected that a more nigorous rnethod to treat the low-

Lying excited states of these heavy nucZei should be developed. .

 , [here are experirnental evidences that nuclear shapes ehange with not cmLy

rnass ntmer but aLso excitation energy. For exaTTple, at higher excitatian energ"r

rotationaLspe'ctra18) were 6bserved in the double closed sheu nuclei oi6. [[his

fact shows that even the double elosed shell nucleus can be deformed. [Ihe pos--

       -,.sibility of variaticm of the nuciear shape with excitatian energy rnay be comm

th aLl nuclei. So there ax?ises an interesting problern to investigate how the nu.

Blear shape va 7ies with increastng excitation energy.

    Ba ?angpr and Kumar19,2012i) made a lot of caicuzEwtans to gpt nueiear energy



sumfaces and investigated collective motions in the transitiari regtan nuclei with

the aid of the Bdhr iTx)del. [[he "pairing-•plus-quadrupole rnodel"22) was errployed. '

rt is shown that dependence of the potential energy of deformatiati an nGn-axiaLity

is ' very inrportant to explain va2 tous prqperties of low-tying excited states of the

transitian regian nuclei. Rather good agreements with expermntal resuLts were

obtained. Howevbr, the method used has some defects: (1) [[he pairing-pius-

quad]Mpo:e rnodel is too simple to be a reatistic descripti(m of nuclei because the

other rnuZtipoZe c(ymp(ments of the nuclear force than rnanopole and quadr)mpoZe cmes

are neglected. (2) Exeharige characters of the nucleax' force are not cansidered

at all. (3) As they pointed out in their series (V), the fluetuatians in the

                                                             'energy gap.A .are not ccmsidered.

     in studying the prcperties of the low-lying excited states of heavy nuciei
fa]7 ftron the double closed shen, the gpnerator coordinate rnethod (GcM)23 - 28)

seems most appropntate. This method is based an the va 71aticmal method and is

superior to bhe rnacroscopic treatment of the collective motian (Bchr model)

because redundant variables inherunt to the Bohr rnodel- are integrated out and

interactions between nucleons are cansidered rigorous Ly. in the GCM triaLwave

functicms are eigenstates of angular momentum•in cantrast to the usual seif-
consistent rteld rnethods29). Equilibrium deformations and fluctuaticus around an

equtlibriurn deforrnation in excited states can be described nattu?aLly. [[his rnethod

has been a] ready applied to the transitian regton nuclei by (inishi and yoshida27)

                                                                          '                                                                     28) •,with restriction to aptally syimetrtc defo]mation and to light nucle: by Uhe .

                                                               'A pu)rpose of the present paper is to gener,aMze their fo2rmlatian to axiaLly nari-
                                                             '
symmetric defoimatlon.

     Since the generator coordinate method is based en the varTiaticmaL principle,

it is very rnuch inportant to chooseatriaLwave fNmezaan w,hb.ch smu, ates the

actuaJ wave 7unction as far as possible. ]in choice oe generator cooa?dtn. ates. we



should rnake fuli use of successful results obtained by rnany authors in the course

of various atterrpts.

     It has been estahlished that the low-lying excited states of the heavy nu-

cXei far from the double closed shell a7e closqly'ecmneeted ntth. quadrmpole defor-

rnaticm of the nuclear' density as can be seen f)?om the strvucture of the Bdhr rnodell,2)

Since the nuclear force is of short-Jrango nature, we can reascmably expect that a

nuclean feeZs a field of the sanb shape as the nuclear density, For the sakd of

                     'simplicity, we employ the antsotropie hamic oscillator potentiaL welZ with
variious quadrupole deformaticms30) without restrtctian to axiaL-symetry as the

gonerating Cield. [[he par,ameters B and y which charaetenize deformations ar,e used

as generator coordiantes.
                                                                    '  ' After Bdhr, Motteason and pines31) pointed out the extstence of ari eneigy gap

in the intrtnsic excitaticut spectrum of nuciei, it was proposed by Beliaev32) to

appZy the BCS wave function for a description of nuclei. [[his wave functicm has

attained many successes partv7icuLarly in caZculatians of various rnatrix elements of

transiticm4'83) and moments of inertia. [[hough the Bcs wave functicm, which is

speeirted by a value of the energy gmp, can explairi rnany properties of nuclei,

there ]?ernain residuaL interactions which are not taken into account in it. A

more favou ?able wave imction can be dbtained by superposing BCS wave fLmction

with various energy gaps. in this way fluctuations a]?bund an equilibnium energy

                                                                'gap can be ecmsidered34,35'36). so we empioy the energy gap A as another genera-

tor coordinate.

   '     intrinsic wave ftnetions prepared in the above-rrenticmed way a?e not eigen-

                                      'states of angular momentum. Using the projecti(m operator introduced by Peierls
         24)and Yoccoz            , eigenstates of angular rnornentum are projected out from the intrinsic

wave imctians. [[his kirid of angptar mmntum projeetion is just a quanturn rnecha-

ntcaz treatrnent of nuclear rvtaticns37). '



    Fluctuations around an equiZibrtum defonratian rreyh be inteapreted as the $Qe•

                                                                .called suJ?face vibratians including 3-and y-vibrations ar.d fluctuatians axDund an

eqtulibniurn energy gap is the palmbig vibraticm. Ou?inethod enables us to •t]?eat

the nuclear rotati(m, the surface vibraticns and the patring vibraticm in a uni--

rtedW[[hay
e'

HIIdiillll;llUlaanLusCOg?dii:1fitisa]tresgllChneasCiCnOll?tlpOafrta\te:IIEIgri.eCra:gLyiY5ndtheinterac-

tian between nucleons with aj1 the exchango characters. [[fie interaetian can be cf

any non--singular raedal dependenee.

   - [n Sec. rX our fo]malism is developed. [[he present method is applied to a

schernatic problem of the pairirig vibration in Sec UZ. n the subsequent Sec-

tians an energ"r surfaee of Cd`i6 is ealculated, and some discussians are, gt.ven.



                g'2. Descrdption of the Formalism

2-1. Single-Pa]ttiele States in Quadrupole Field

    As mentioned in Sec. Z, we use the following generating field to

single particle wave functicms,

        H3'=- :llMil v'a+ lil (c,}lx'a+ (pl v'a+ cDi z'a)+ci•'s" +)V ,

          -----h's?h+Haag, '
where M is the nuelean Trnss and Hsph stands for a spherical rteld ap.d

a deformed field. After a transformatian of the variables

        Cit= '!il'c-%(p,t) gc',, ...

was performed, these are gtven as

        H,teK-"'!t\SEL!2/ )[-Ra+T2]+cii,g+'DÅë ,

         Htsk=kL3{ty9g5et32(k>[gik,:ligY2,We,`,)V'f(8+9i.IkiiiliÅíI2( 2e,v()V)s2+twt,(2,si)z2)

Introducing pa ?amters ctts, Hdef can be written as

         Hdkag='"boo(p,v)r2Z,,.ctmlliCva(S9) .

 n the coordinate system whose axes eoincide ntth the prinetpal axes

lipsoid (2-1), or's can be chosen as •,

obta in

        '

     (2-•1)

H     for def

     (2-2)

        '     '

     (2-3)

     (2-4)
.

        '

     (2-5)

of the el-• ''



                                                                    '              4     oci=ci-2=v'Ezl'xpaStg) of`=oc,=o, cto=rpceas. -ci"6z

                                           '

[[he, n, in the 3, y--representatian,

     1-i,in{s = •-'Vl(ubce, Y> "tf A [ee" (t- ltt> (3+ c`ro (t+ }tr) af+ ccrt} V• xa)7 , (2-7)

and' co2= wt (A. v) k t-• 2;Cliit3 ca6 (x --• ;Iig >),

      co; = co3(R, t) [i - 2NEIIi fi ca6 (r+ 2-3-X )] ,

      coz9-co,g(B,r)(1-2e.Pc6bk]. .', (2-8)

Fhrpm the volume conServation, alo(3. y) is deterntned by

                                                            '      ca)ocp,g) ,tob(iitso) {[1 -2"2ii] 13 ut(v-•i,!L" )l:• '[t-2if1`Iit; Pcas(t+ 2n,V-)]i[i-2,kiyl spcots g] l',YS (2Lg)

where

       kcJo<Fno>n 41'A'S MeV,

a,vta

       A;'- •yvtatxus ttwwvt15ort .

    We expand the eigenf'uncticms of Hg in tems of the anes of Hsph which are

denoted as Åëct, or being an abbreviation of a set of quanturn numers (nctZctjctmor).

                                                        'Sinee Hdef eauses Arn = 2 rrrtxing, the energy rnatrix is divided ixito two pa?ts,

one of wptch belangs to m=j,J - 2, .. ., t-j + i, and the other to m=J- 1,

j - 3, . . . , .j. [ntroducing a quanturn nurnder q, we assign q = i/2 to the wave

functians belangtng to the former grDup and q = •-1/2 tio .the rernainivngs. Denoting

the expansian eoefrtcients. byaaq,ct(B,y), the eigenfunetions Vuq(B2 y) of Hg are



g. zven as

        "Llrorz(p, y>=gt Cl.x,.(p, y)ab. , (2,-pt]•O)

i"Jhex e• u r•- en. re ser. au s a f:,e tr oC o F.hen ( t, v. f;tnit., uTTt ypt.u ftbers t;htui (l .

We-wt?ite down the seeular equaticns abeyed by (N.'s,

        i,,,"9,"K,qm.<aor'LetlH}1bm6> :'Eoryaae2gb,xb (2-zia)

        .IZ,..>a,or-K,a-M.<`Z•"""ptIH3kb-vvtf>",Eor.saor.n,b-rre . . (2-iib)

Here mct >O irrplies that the summation is made over rnct =•..,-3/2, Y2,

5/2, •,• • , and g stands for (nalaj.q). Noticing that < ctIHglB > is real and

< a-m.IHgtb-rnB > = (-)ja-Mor'(jb'r'b) < amorIHglbrrb >, we ean see that OLay2?am.

and (-•)ja-Mct. cta-y2,a.-rnct dbey the sarre seclua? equatian qnd (jL 's are reaJ

quantities. [[hen we got

           Eorta=Eor-y. =' Eor , (2- L2)
      '
         '
and the following priase cenvention is used,

                        .                        e" -)net         ' ae)ssLm.=(eS> (Ze-n,a-"td. . (2-:3)
                                                         '                                              '
 bind•er t]ae above phase conventfion, the tirr,ie ]reveTsed state fYlfle:.tt

 Of NICa3 is coinnected 'uo 'NICordg as f.onows, , 6

                                                       '            'NIt.7 -- <d)5`"3 'x;c.-g . , .(2"4)



2--2. [VrtaL Wave lihanctians and Symetry Properties

    '

    Siriee the patring co=relatian plays an essentialkx irrportant roie in low-

lying excited states of heavy nuclei as mentianed in See. Z, we empZoy wave

functi(ms taken aceount of the patning corrreiati6n for• int]zinsic cmes. [[hese

                                                                  '                                     '
can be obtained by applying the BCS prceedure to the folZowing generating Hant1-

tanian,

                                                                  '      H?=.i}1<Eex'X)Cx<P'V>Ce•t,<P,t>"'a.2ts.,x9'ork`?'X'Clt"iNx<P'OCii'(e'OCor'$'(p•k), (2.zs)

where Cu+q(B, y) is the creatian operator of a nucleari in a state labelled by
                                      .quantum nurrioer o, q whieh assigri an orbit in the defomed field specirted by B

and y)and A is the chemieaLpotential which ensuxes the expectatian vaZue of the

nucZean nuruber operator to be the neutrcm or proton nLLmber. Here it should be

noted that the Hamiltonian (2.l5) is enty a gonerating cme, and g is the strength

of the pairing interacticm used to get wave functicms talcen account of the pair-

ing com?e:atian. [[herefore g is a vaxtable to gonerate wave fLmctians ntth va ?i•-

                                                                     'ous energy gaps. ••
    According to the usuaL BCS theory, we perform the Bogoliubov-VaJatin trans-

                                                                   'formatian ,

        aj"$ '= axc3Ci-VortCvts"' , (2.z6)

                                                                   '         Cs'ts=`Uctcter't+V%ct.ts- , (2.i7)

      +      aq is the creation operator of a quasi-pax,tic e. [[he coeftieients of thewhere ct

transformatlon, Uaq and"V'uq, axe gtven as



       RAn,NZ"i 'liii' s,EE.,i:A>s)-Ai} •

                   t . (L2, L8 ).'
                 '       ivrflNZ= 'IS5i- <iEEe.x{ .-.A?`+4a L

where A islcalled the energy gxap. [[he quantities A and X are deterrrrined by solv-

                                         'ing the BCS equations: .            '
         •lill-=iil3; <iG:ii.i:isfx:A>i+4z , , '(2.lg)

         2N=Zer.3[S-cEEor.ls..i:iX>i.Aal2 (2'20)

                                           'where N is the neutmn or proton number. by operating the tirne reversaJ opera-

tian (m eq. (2.16), we get . '                             '
                                   '
          O<Lv]•lii" =' 'Lk ls Cpt'"i': 'V 'Urz C.,,x. ' 1 (.2.2z)

an the other•hand, fh?om the definition we have

            ++           ctorgA' '-' Uei Cv3" +Vrz"'Cng. (2•22)

          '                                                  '
IFh?om eqs. (2.2Z), (2.22), (2.18) and (2.]2) it is clear that we ean use the foZ-

  .                      t t tttlowing Phase conventiop .                ,           axre.u.i.--u.=+i[i+sEEE"i'k;fi:ii.. ik>`,4iX,,' '

                                                     (2.23)
           v%=v.i=.•vv"+t[i-kst,fzX.,

[[h- e Bcs wave :imctian is gtven as



                                                              '        (ii?o<Pt6) = 'IiS <'Uv<9't'">+ 'UorI (?k">C'e)s<?X6>(.'".tk- <?t4) )So> , (2'24)

                                                                   '
where IO> starids for the nueleon vaeuum. [[his wave fuLictian is the quasi-

particle vacuum; ctÅëo(ByA> -- O. [[hus the intmbisic wave functians are abtained.

    [[he BCS wave fLmction (2.24) can be wirttten as follows ntthbut any approxirna-

                                                                    '
                                                                        '                                                           '                                                  '             '                              '                                                    '   .
                                                     '        (\l,tpg6>=[l;Uy(?t4))eixp[5iVIilll;leSK,et,",))c,',tscpt6)e".•n-<Fta)1io>, (2•2s)

                                                        '
because exti?a terms appeai2ing when the rtght-hand side is expanded in a power

series vanish identically.. (AllNKcs are assurned not equaJ to ze]?o; if sorne of

                                                                   'them axe zero, eq` (2.25) should be rnodirted.) The expressian (2.25) is of a
                                                                   '
form ccmvenient to the later development. Ihe nuclean operators in the exp(ment

expressed on the deformed well basis are now transforuÅíd into the sphericaJ basis.

Itny spherical basis may be used, but it ls ccmvenient to choose so that the single

partiele states with vax'ious va Lues of deformati(m pararneters Tnay be expressed as

simply as possible. We rnake an approxiJnation to neglect the dependence of

halo(B y) on deformatian pa]?axneters (eqs. (2.9) and (2.10)). ]n this case, as a
                                         .
spherical basis we can use the single pa]fticle states of Hsph in eq. (2.3) with

repiacernent of coo(B y) by coo(B = O). [[he intrinsic wave fimctian (2.25) may be

                                t /trewritten in terms of the nuelean operator deftned in the sph gntcaL potentiaL

                           .we12 and the results are gtven by -
                                            '                                                               '                                                                  '
                                                         '
                                                                 '
       'ÅëoCPt")"[T!S'UorSPk6>)2h`P(lf{le?lil.e<et4)c',"icllM">,' . (2•26)

where C+or is the creatian operator of a nucleati in an e:genstate of Hsph specirted

by quantum niimber or = <nalajamor). The reiation C+ ct and Ceq(B y). is just the sarre



as eq. (2.iO), that is,

, '  Ci<IBS)";}Cktcyg,ot(F,g)C,'i'. (2•27)

                                                                         'Here, fct3(ByA) are given as . ,
                                                                    '

             Fntp(f3e4>.=E.k2<e)E'Zaez.,cfioa.,x.FgeoYX}Iliiil3C(p8,,P)., (2'•28)

            '                                                           '                                                                     '                                          'and' have the following prcperties
                                                                       '
            '           '             F.73(/et6)=-'fprct (7ei?tA>, (2.2g)

                              t"                              J"-M" tjb•. VVLR            Sa-ta.,b-.1 (fS t4)=('i) fi." (P t4), (2.30)

             '
where subscript g stands for (nalaja).

    [[he intrmsic wave functians gtven by eq. (2.26) is not an eigenfLmction of

                   +angular, momentum. [[he]efore it is necessary to projeet out the wave functian ,

III.It.hf.:'iifil•ilillle..9111gl"gZtart.rTl;lllg"jgllltlill,,agg.;g!.:iTc6mpcment iva•• [[his prcJectian can be

            'P.,.=lllriiii.ige,d"gS,id"tSlpu,vvsasdo:+,(ysz>R6ex (2•3i)

in eq. (2.3Z) the rotation operator RÅëex is deftned by '

         gljx.e'iYJa e'"JS e'iZJR, , (2.32)
                                                                 '
             '
where Jz, Jy are z-, y-components of anguCLaa? momenturn operator and DKi2t((Åë e x) is



the hemitian canJugate of the ordiriary representatian of rotatianal group. [[he

                                  'projected wave function is gtven by

         `{\) :MK <pgA> s'i IPcuK fp. (p k> .

                    --- Sl,l"gSlxS,",tw' "eds Jsli+,<gsx> (l?, (A t4; n), , (2.33)

where

         (I}.(f3 2A;R)- YT.r 'uesp t4>l `th(?[rlE Zp3IP.E(F g4; a> c: cp' INe>, (2.345

and S) stands for EuLertan angles (Åë, e, Å~). [[he qunatities forB(B y A; st) are

        S.fi<R t4; n) = ' ei ('"ct ""P)9J.4i .pe, ei C'"I""i) X<3'. vb.3,,vtp i,u• bu.. vvtR>

                                                                '
                • <5', ,",' 3',ta51J rvC,vvv'> di:,r,.,,v..'.t..s (e) Åí.,,,• b.i ()e tA). '(?•35)

[n eq. (2.35) dJ Myl,(e) is defined by removing the Åë and x dependent factors th?om

Dfu,(Åë e x) . [[he projected wave function (2.33) ccnstitutes a triaZ wave

function for vaniatianal calculatian.

    At this stagp, it, rnay be usefUl to Lnvestigate the syrrTretry properties of

`v'"e pr,ojected wave fXmctions (2.33).

(Z) [[he intrinsic wave fXmctian (2.26) has the following prcperty

                               t.

        Åëo(P•"t,A) -' i?oog Åë?.(B,t,4>. (2•36)



P]?oof: [[he expiicit expressians of both sides of eq. (2.36) are gtven by

                                                         '                                                          '
       (h,(t3•' t• A) = [" 'Lke<pt" te4)11 ebc pi[rl 2iR} Åí.1 (,B.-•8, 6) ( o'i" cf'; 1 NO> ,

where

                           tt

       +tlF<F•'t•A>=,2,z(es3-Zaeg,ot(p•-y)ae.w(p.-blk'iIIIiil[Af".'2ef,di

and

       Roog `I?,(F, t,o = ['{l uq•(p. t,4)leecp [li if3 fv (A. t.4i ooT'2') cct" cp" M o>,

where
                                                        '

       5I.lg(iet4;oog>=.Z,3<-D'a'Z(k.3,,(/B•oa..7.A</e.oZLiltSSEZgAj2xt.((A,i,,>).ee"T'rC""'"A)

Ln order to prove eq. (2.36), we rnust knou the relatian between aaq,a(3,

and aaq,ct(3, y>. ![he seculaa7 equations for these quantities axe ,

        i
                     ,    ' liil OL ez. ct (F• V) <pt i H3<p•t) lp> = En (e• t> avz.p (A• t) ., .

                                              '                  '                                                    '       ' ElCitez,ct(P'-Q,<ctlHa(P•'Y)l6>"Eor3(A•"'l)aor3•p(A'-2)2

                                                   '                                                        '
where the'  explicit form of Hg(.3, y) is given in eq. (2,1). Xf we use the

                                                      '
                           .                               -s
                '         H3(F•k)"`i?"o! H}(p,"bS?o"g ,

               '

 (2.37a)

    '

   '

 (2e37b)

 (2.38a)

 (2.38b)

-Y)

 (2.39a)

 ( 2-. 39b )

relatian

 '

 (2.40)



where R"i is the inverse of R, the matrix element appearing in the Zeft-hand side

of eq. (2.39) becornes

                                                                   '
         <cts He<F,-*>N p>= e'i{5<"""'`e> <ctN HacFs)le>. (2.")

                                                '
If we insert eq. (2.4i) into eq. (2.39b), it is seen that the two secuLar equa-
                                                         -"Ev".
tions are i,dentical. The quantitiesauq,ct(B, y) andaaq;ct(B, -y)e are

 equal to each other except an arbitr.ry coramon pvhase. Since "l )G -.'",

 convenieniG to rnake bo'th of thern real, we use t'ne foliowiÅ}nA,{' p)h-ase

       aH ' convenuiO"a.z,.(A..g)e-i{}("aNeg). a.x..(p,r). ' -' (2'42)

                                                             '
It is also cleaa? that the energy eigenva Lues of the seeul.ar equaticms- (2.39a) and

(2.39b) aa7q equai to each other,

                    '

          Eorg(A•8)sEei(7e,eb. . (2.43)
                                                               '
Fh?om eqs. (2.19), (2.20); (2.23) and (2.43), we got

which is

it can be

  V..cte,-LA) = '"V.r(p,t,4>

  ax. ep,- X. 6) U. (p V 4)

                      tt
                      '
a short Åíorm of two equations.

 easily proved that '

             '  liY'U`orCp,t,4> = T.T"NAe(F rt•a)

              '

)

By ma}dng use of eqs.

          (2.44)

(2.42) and (2.44)

          (2.45)

s



and

S.?(p.•-x•4>- fde (P,X,4;OOcr'z"' > • (2.46)

[[hus eq .( 2 . 27 6) is P roved.

Cperating the projection operator on the both

       P:vtK(\i.(F•-t• a> =' (bi )K PrMK (lft,(6,8,6) ,

sides of eq.(2 .56), we got

(2.47)

where the expre'ssicm of the rtghtthand side Å}s obtained as fol:ows:

           31r) AK i?,,!. <I},(p t 4> = SraQ dS:: (R) Ra'R,,x. <\}, (f.• x 6)

                                                           '                         = Slaa;,cLsli"IIKa> 4sli'it. <oo@.) 1?a (b.(p t4) '

                                    ,

                         =r (i 't)K P;MK<I},(pt6). (2•47a)

                                                                      '

From eq. (2.47) it ts satd that there do not exist odd-K eompanchts in oua? pro-

jected wave functions. [[he symetry prope]fty 'considered'here corrrespands to the

R2--syrrrnetry of the Bchr rn6deil',2,21).

(2) 71ien we ean prove the follouing relation:

dl)o<peg•A)= Rorx <I>o <F• t• 4)

(2.48)

Proof: We write down the

  3?oTrr (b (p, v,4) a

 right-hand side

[1Ii!] xkor(F t4>lee(t)[ilr

 of eq. (2.48),

\R fde (P t4 ;oz "di) q' ci )le>.



Then, we proceed as follows;

                                   s4        Åíae<Ptsi"; OTt") e,,.sÅía,N'b,,,i(F8A>`{S) i'.•(otrw)eLSj"'?..i(Qtrtr) ,

                                                         '                                                 '                                                                 '                                 h"                          .                .' =,2,tc'•S4'1e'"('M""t)c-bj"r"fces)J"'"S•aeg.adts.(p•t)(lv-3,b-v,'f(fit)twh'((BFtvAA))

                  "- fclr (P8`), (2.4g)

where eq. (2.l3) and the relaticn, mct + m3 = even, for nan-vanishing fctB(B,y,A)

were used. [[hus eq. (2.48) is proved direct]"r.

                        i    [[his equation presents another useful re Lation:

        'P,,K (b, (FtA) =el)r PL'M-,c (b.(p tA>. (2.so)

                           '
in deriving the above equatian, the same technique as used in eq. (2.47a) was

used. It foilows that the projected wave fhmction with odd spin has not K=O

                                                                    'companent. [[here does not extst a state wiPh r = 1 ainang the prcjected wave

fLmcti(ms. [[he symtry propertty (2.50) eorrespands to Ri-syrnmetry of the Bdhr

       '                                                           '(3) FinaLly the syrnrrEtry prcperty, which con?espands to the R3-syrnmetry of the

Bdhr rnodezi,2,2Z), is proved. we start by prcving the foncming reiatian:

                                                             '
         <l>, (P• g+}tr• A)= j?o g•g (l), (fi• t• 4>. , (2.si)

                                                                      '
                        '                      ,
Proof: We gtve here the expressian of the rtght-hand side of eq. (2.5Z),

         RoigE`l>o(P•t•4)=[T!iYiAorgeVa))eh(p[i:e-+de(pt6;oEg)Col'ci}10>, . (2•s2a)



where

                                                            '                                 ,      S.p <F k4 ;og g) =i,,E.., b.i<p t4) qK91:'l ,"k, <o" ") e<gg' .i (o gg).. . . (2.s2b)

                                                                   '
Sinee the deformd potential well Hg(B, y + l} T) i.s canneeted with Hg(B, y) by

                                                                   '                                -1       FNa(e•V)"RoEE Hi<p•Y+}">R.s" , (2•53)
        '                 '                           (3, y + 2 T) can be written asthe secular equatian for a
                        oq ,ct                           .3
       2F [Z.,,aeMt• q"4 (P• t"} tr)o<91g' ,.• (o ;' g>1 < q'r": t He(p, 'bt bta?>

                           '                  '                                             ttt                      tt
     = E.i( 6• t+ iu)[;ilit aez, b"i <g• x. lsc>JS2; .i (b gg >i . . (2.s4)

                                                                    '                                 '

[[his is identicaLwith eq,, (2.39a). [[herefore the ene'rgy eigenvaLues of eq.

       '(2.54) eFre equal to those of eq. (2.39a), ,

        Edrg <18,t+gT) .r Ec7 ()B• g), '' (2.ss)

and, moreover, we got

                                       .' .x         ( Z'cz•ct(IB• t" t'ST)x IIIii, acr3,a,n,`, (LtB, oae :,.,i (o 1} g)ds:A" ,,i, (o-T-.g)e`7? (2•56)

  'wbere the phase factor, d;Z, was inserted to gua?antee that both of auq,ct(B, y)

and a 6q,.(B,y+grr) be real. From eqs. (2.19), (2.20), (2.23) and (2.55),

we get
          'U.•(iB.kt•gvr> = 'v.r (F.t)

                                  . (2.57)
          `U.(f}.V.iZ) 'Usst(p,b +•



rf we substituie eqs. (2.56) and (2.57) into eqs. (2.52a) and (2.52b), the

                                                      'va Lidity of the (2.5)) wiZl be seen.

    Using eq. (2.51), an iJrportant prcperty of the projected wave funeticm can

be obtained,

                                                                      '        PrNK(l>,(F},8,i}tr•ZS) ::il,feLS:K•<og">'P:hK(li>,<e,v•A). (2•58)

                                                                         '

    Xn the above cansideration concerning the syrnmetry properties, anly the

quadrupole nature of the deformation was used. [2herefore the results obtained

are valid for any other single paafticZe tield with quadr,upoZe deformatian than

the anisotropic harmonic potential weZl.

    According to the method of the generator coordinate, the wave funetian which

describes the collective motian is expressed as superpositian of the projeeted

wave ftmctians ÅëmK(B,y,A)'whth vartous values of the deformatian pa?arreters and

the enei?gy gap parameter. If the generator, fNmction is denoted by fKE}n(B,y,A),

then the wave functian is gtVen by

      '                                                         '
  '         `5Cil(,7:.?gX,Q ""A <d"k ZS)..,<p,k,A>'sl.'?etA>, (2.59)

                                                                  '
where Am and Bm are taken to be sufficient Ly laa?ge. [[he integraZ dorrvain of the

variable y is reduced from [o, 2T] to [o, l; T] by using eqs,. (2.47) and (2.ss)21).

[[he quantum nuruber n specifies the mode of the collective motian. [[he gonerator
                 "Ifhmctian f4K'n(3,y,A) is deeermined by rmg the following expectatian va Lue of

       'the energy statiariary with respect to any variatian of the generator imetian:

                                                         '       '
                                            '    '                                               ' '''E:n'-'<llllli,I,,,MnNIH,gXkE,Nl.k.:>"">.' (2'6o)



where H represents the Hamiltonian of the systern of nuelecms under cansideratian.

[[he candition rnaklng the above expectation vaZue of the energy statiariaxsT leads

to the Lntegral equatian

     :ii. Sdg'ak'aA'[Hr,,,<pt4,p,t'A,)-Er. N:,,(Ft4,p'tZ')ISIIil'P(p't'4')"o. ' (,.6,)

               '
                                                        '[[he projected energy kemeZ Hi2K,(ByA, B'y'A') and overLap kemel NilK,(ByA,'Biy'At)

                 'are defined by

                       '       HZKK,<Ft4•p'V'A') = <<I>:MK<Ft4>1 H i(II?r.K,(e'X'4')>

        NR,,<Fk4,ptt'At> 1

    When we solve the integral equatian (2.61), the synmetry pthoperties (2.47),

(2.50) and (2.58) prcvide sufficient boundaary canditians.

2•-3. CaLculatian of Kernels and Matrix Elernents

    [[his subsecti(m is devoted rnainly to the evaluatian of the two kerneis

                                    'defined in (2.62)., To avoid e(mplextty, we use the abbreviated notatiari in

foll(ndng discussicms:

     '     5-.(Ft6), Sap'SdtSd4=" SaX , Q=e (g,S,k) .

       '                                                 '       ;
                       'rf eqs. <2.33) and (2.34) into eq. (2.62), then the following gxpressicut is

                                      1•obtained by using the invarlanee of the E[amiltonian undetsr rotatian and the

      'c:osure pthopervty of the D-fLmction.29):

the



         N:K•(8,8') =SdadLSill",,<R) rvt<s,6';`t) ,

         Y`IZKK, <8,5') -ill <6, 6'; ftr> (2.63)
                     '
               '
where

       t-rt(q g';.a> = N(6>N<6') <ole-cp[',"'PeSett<S)(fiCct) 1 e't?[5e.Iit'?•<S;'R>C'itc'p,XXe>

                   '       g(s,s'; n) H. • (2.64)
                                          '
 n eq. (2.64) N(6) is the normaUzatian constant gtven by

       N<s)= TS' V.< s) .
               or

                                                              '                                                          '
    'rt is nou necessary to gtve the explieit form of the Hamiltanian. dssuming

that the effective interaetian is a two-body interactian which has no hai?d core,

it is represented as •
       H=.\pEqeCpt"Cp'l37il,,VdArs cbe' ci csct. ' (2.6s)

                                                                      '
[[he single parvticie ene,rgy is expressed by ectB, which rnay eontain the kinetic

energy and other single particle potential such as the spin;orbit force if neces-

sa)7y. [[he rnatntx element of the effective interactian is giVen by VorB6y, which

satisrtes the following antisymrnetric relation:

          '
                         '        Vyse ='Vpct st =-Veclss = VActrs (2.66)



    [[he rnatrdx eiement,n(;,ByA, B'y'A'; Åëex) is eva Luated as fouovvs39):

                                                                '       `Yl•(S,6:' n> '-- N(S)N(6') eo(p[i,}TT{Q.(1+ M(8.S'; a>)" , , (2•67)

where

                                      '       Mcle(8• S(j n)= -• ll5 Set\(s3 s2> Sgp (s)• . c2.6s ).

                                                                    '

According to the method gtven in ref. 39>, the other matrix element hC6, 6T, st)

                                                                      '                                                                '  ' K(s,6'; a>/n (s, 6'; ft> =Z EctA P.A (S, 6'; a) -

                                                              '                             '
                                                                   '      +.IZ,,sVof2s' rS ['il' Pgr(5•S:' a).j/?es(<ST•g;' n)+ iRv (6,6;' n) `x,s(s,s;• n>, (2•6g)

  '
                                                        'where the gpneralized density and patr metrices are defSxied by

                 '                                              '

       J9es(s,s';a>=(iM.,<6M'62s\>s•;a).).p, . , (2•7oa)

                                                                 '

       5Zvs(s,s';n>=li]F.}(s)['i:.rilrzasTasM(s,6t;n))}fi, • (2•7ob)

       )`ctE(5'S';n)--Z}(im.M(s,6t•a)}.gSsp(6';'R). (2•70C)

    [[he energy kemelj h(6, 6t; st), can be brought tn"vo a form canventent to the
                  .numer'icaL eomputatians using the techntque developed by Bar?anger5). [[he rnatrix '

elernent of the effective interaction is wt?itten in two ways; the ane is eon-

v6hient to treat the patrimg type interaction



         VptntS " '- {i liMI q(a bc-ak ;J><Sq va st jb yhp la t,t><i, ,"t i" v"s sJM> , (2•7Za)

                                       ,                                                                   '

and the other is useful for describing the pa fticle-hole interaetian

                                                                 '                                                       '         VotFts '-- ->lllMi F(acdb;S>Sv <Sg w`ct 3'c"vvttlJ'M> sA <ja zasj,-vhpt JM>, (2'Z b)

           .-             Jc'taX 'where Sy = (-Z) . Next the density and the pair rhatntces are expanded as'

                          '                                                               '                           --          9,b;;H(6,6'; a> =.Z.. .;/"S'-"?< j`Md 5b-vv'e t:M> ?ofp(S• S'; n) (2.72)

                                               ,

                                                                  '
           taas;JN (S,S2R) a,1,Z. ..l5 J'"?n" 5b ,np1Tpt> ')i.A (8.5'; a).• (,2.73)

                    '                                                                  '
                                                                         '
[[hen, the energy kernel is expressed as

           a(s.s'; n)= Z.p Ev Pab;ao

                 '
         +JZ.t [' XF(aMc;S)'('i)i"V'"'M.P.b,JM 9,a;J-" +'iS G(Åë6cd;J> M-.b;J. x,ajJMII. (2'74)

    [[he process of the nurnerieal calculation is as follows: AfNter' the single

pai?ticle states in the defonned field (2.1) are' dbtained, the BCS equatians are

solved. [[hen, the itigr!insic wave furictlcns are constructed. [[he energy kernel

and the overZap kernel axe ca Lculated as a function of B, y, A and the Eulerian

       tangles. ]bom these kemels the projected overlap and energy kerne Ls are calcu-

lated by eq. (2.63). When the integr,aL equatian (2.61) is soZved, the eigpn-

fXmctian and the comrespanding energy eigonva Lue EX axe obtained.

    Since -the intrinsie wave fXanctions have varaous vaLues of K, we are forced



to perform integratian over aZl of the Eulerian angles. [[his procedure to

evaluate the projected kernels reqixrres a lar!ge amount of computatian tirrR. A

method to reduce the computation tirne is developed by rnaking use ct' some symmetry

                                                                      'properties of•the density and pair matrices, and explained in Appendix. '

                                                  '    Cnrzce the wave functian is (ubtained we ean ealculate the va7ious nuclea?
t'

quantities such as the rrngxietic rnornent, the quacintpole mornent and the transiticm

probability of eleetric and rnagpetic radiaticms. To caLeulate these quantities

                                                  'we. .need the matrix element of the generaL one-body tensor ope aPot O:,' whose ex-

pression is gtven:

    <TIYt."M'iIO:l'iller"M>-,8,"•.Z,ii,IK.<rMhzrc'M'>,E,l.<rT-Lkvir'K,'>

             '                                               '                        '  •S,}sl/j:i',(ft>dftSS:,,1"(s')lili("`(s>d8d6'<a"Ok"b>S).b,k.(6p'6;a)`n(6:s;n), (2.7s)

where the reduced rnatrix element is gtven by

                                                          '      <asi Ok"b> -- "15iil.; iT+t .Z.7<jsv"Ti h2ijetvae><jahctlOks!jbvnfs> .

                              '

[[he rnethod explained in Appendix to reduee the integr,aL dornain of the

angles can be used in che evaLuatian of the n]atrtx elernent (2.75).

(2.76)

Eulerian



     g3J. Application of the GCM to a Schematic Pairing Vibration Problem

     '
   .We apply the GCM to a system of n-pax'ticles moving in .two nan-degpnerate

j-she:Zs and interacting via the palnlng force..Being arnenable to exact treat-

ment, this two-level pmblem has been cariveniently usei to see how weil Va ?ious

                 'models work.
                                          '                                                                      tt
     n this problem the Hamiltonian, is given as

          Hlt a.,q<"• c; -• Si• ;,is ct ce• cfcj . , (3-i)

                                   '
    [[he eneruy of the' system is ootatned by solving the following integraL

equatian,

                                                '                                                            '
         S[ <Vc`s>'IFs l Alt(t6> -- Elt<'"n(A>INI'N(4')>)liza <ab dA!i O, (3.2)

                                                                   it

where fn(A) is the,gonerator fimetian co]n?esponding to an energy eigenva Lue En

and tp(A) is the BCS wave fhanction ot the generating Harndltanian

          H.'= Z; <EteA)cl ci'- l}•li. <s.j :ctC"',y cr'cj. , (3-3)

                       i

[[he eomrespanding wave f'Lmction is gLven by

                                      '
          `'<llr7. -= gS"tV(A>S(A>aA. (3-4)

Expressicms for the kerne]s are



   <-Nv•(A)sHk•V<A')>- <dV(4>trNV'c`s')li>(;i.!bEi ,,,,'."ili12.l.',"i,t`A.`'i..,.,.., ,

    -.si}.z,{.,tt;".l.2:.i'i,`."'ilF,,.,.,,,,t,}Z-S}?.Ii,ill,ltsilieiilliins{ntxi`.",Slil2xl,ifii•',,,">.,ca•,:tpmt.",`i,•""•i"S,•(4)v,(6sl)s-,,

                            '
                                                        '

    <ANV-(4>1-,Y•<6t)>-pt•• T.r<•Lk{<a>ULC4')+V.7•(4)•V7{(4')). . (3-6)

                     ,

    Nurnenfeal calculatiar)s are made for the case of ji = j2 = 19/2, N = 20 and

ez - ei =O;51YkeV. [[he excitaticut energy, Ei - EQ, is plotted agatnst G in Fig. i

   .                                                                 'and the generator imctions,•fn(A), axe. illustrated in IMg. 2. In FtLg. 1

predieticms pf the linearization method axe atso gtven.

    rt can be seen that the GCM works well enough except the regtan where the

energy gEtp com7esponding to the HamiZtcmian (3-l) takes yery srnall va Lues, while

the linearization method breaks down in a physically iriteresting regi.an where the

energy gap assmes about O.6 IVteV. Since the values of energy gap lie O.5,v Z.5

MeV in•nuclei fai? f)?Om the doubie closed shell, the GCM seerns a very satisfying

method to treat thOse nuclei. ' .•



                               116     S4. Energy Surface oÅí Cd

     Xn this section the method developed so Åíar is appiied to

an actuai nucleUS. Because of the restricted memory capacity oÅí
                                              'the eompgters we can use, the full calcuiation is impossible at
                                                     'present. We compute the intrinsic energy
                                                     '          E(e.k,4>= <Åë,(p,?,A)lFli(l?.cp,g,6>>, (4-i)

          '
which has a simpZe form

                                                               '         ".Zp ap 9ab•xxo +;2MZ [-kF(qbac;s)(-t>j`-ktM.jZ,b;m gdi•ÅíF.H+3q'<icxbcd ;J) Ka$rrM )c,a;J"]

              .                                               -The Åíirst term oÅí eq.(4-2) is the single particle energy part. '

orhe second term is the contribution from the particle-hoXe inter-

action and the third term 'is that from the particXe-particZe inter-
   '                                         'action.
                                          '
     orhe values oÅí the quadrupoZe deformation parameters, P and
  '
y, and the energy gaps, Ap and `t2Sn, at which the intrinsic energy

is minimum can be interpreted to give the equilibrium deÅíormation

of the nucleus considered. The corresponding wave function is

ex' p'ected to be a pretty good approxima.tion oÅí that obtained wit]L
the Hartree-Bogoliubov gaXculati.on40). Moreover, the dependence

o-R the energy surface, E(B,y,A),, on the parameters in the

neighboUrhood oÅí the equiXibrium gives us inÅíermation concerning

the nature of the'vibration, because the energy surface is reason-
                                   t
ably interpreted as the potential energy of the deformations.
     [Ehe caicuza'tioh is carried out fdr cdliL6,. As mentioned in
                                                             '          ,                                                                'Sec.1,, this nucleus has long been considered from the energy

<g-2)
e



spectrUm as a typical spherical nucXeus maki.ng b.armonic vibrqtion

about spherical'shape. However, the recentZy observed quadrupole
                                                   'moment oÅí the lst excited state is quite Zaber.e, which reveals the

existence of large anh' armonic effects. Therefore it is important

to investigate the nature of the existing anharmonicity by calcu-
                                           '                                                      'lating the energy surface. •
                  '     A criticaZ point is the choice of the nucleon•-nucieon inter-

action. Our formalism can be used ÅíoT any nucleon--nucZeon inter-

action which 'has no,hard core. We choose the interaction used
by metrich et al.40) which is of Gaussian shape with reasonable

range and of Rosenfeld exchange character. This interaction was
                  'uced in the seif-consistent calculation and succeeded in explaining

the gTadual appea]?ance and disappearance' oÅí deÅíormations as a
                                                       '                                              'function oÅí particle number. We do not fix the strength of the
                               'interaction to the one used in ref.40), but vary it so that the

energetically most favourable values oÅíAn and Ap may be

close to experimentai ones,

             An •-• l•4 MeV

             Ap -- 1.6MeV.

     '                                                              'Then the strength turns out tb be two thirds oÅí the o]Le in ref.40).

                                                               'The parameters of the interaction are tabuZated in reable I.

     We include only the kinetic energy in the single particle
                                         '                                                          '                                                         'energ;y matrix eiemgnts

            Eotp,= <ctI'T1p>

            ''rhe phenomenological shifts oÅí the single particle energy are



,necessary in the calculation taking account o.Åí oniy one major
shen28), where the kinetic energy is independent oÅí deÅíormation.

In the present investigation all single-part:,cle states of principal

quantun number N=4,5 for neutrons and N=5,4 for protons are

inciuded.
                      '   '     The condition of volume conservvation (2-9) is,not considered

and the o'scillator frequency is kept fixed for alZ values of

deformation pararneters. Mhis approximation, whose main eÅífect

is some reduction of the kinetic energy at large' deformation, is
                         X16not at all serious in Cd                            , because the equilibrium deformation
i' s spherieal,.

     orhe intrinsic wave functions are constrmcted according to
                                                               '             'the procedure described in subsections (2-1) and (2-2) with
                                              'the parameters sfirritten in Table rl. The ?esults oÅí the calcuZation

are • given in Mable UZ. They may be summarized as foiZows:

1) orhe kinetic e] ergy part increses with increasing ener,gy gaps

as UZustrated in Fig.5. This Åíact is easy to understand, because

'U'he diffuseness of the Fermi level means the inc]?ease in the

number of particles in the upper shell.

2) ''lhe particle-partiele interaction 'part decreases with increasing

energy gaps as shown in Fig.4. This may be a reason why the so--

caXled pairing force modei works well.

5) The particle-hole interaction pa]?t decreases also with inc]?easing

energy gaps a$ shown in Fig.5, but the variation is smal: (-100/o)

compared with that of the particle-particle interaction.

     Mhough the illustrations (Figs.5,4 and 5) az?e made at B=O
                                                                  '     'as examples, these'  eharacteristics are common to ali deÅíormation.



4) The most favouTable values of the energy .gap parameters are

determined mainly by the kinetic energy and the particle-particZe

interaction parts. The totaX energy varies very slowly with energy

gapS in'the neighbourhood of a minimum (Fig.6). Therefore the

energy surface as a function of quadrupole deformation parameters

can be obtained with reasonabie aceuracy with the energy gap pana-

meters determined throUgh the eq.(2-15) "in which the strengths

oÅí the paiz7ing forces are fixed as Gn=25.0/A, Gp=28.0/A .

5) The kinetic energy part increases with increasing deformation

parameter B (Fig.8).
6) 'The particle--particXe and' Phe particZe-hole inte]?action parts

Sg/Lll?gaS)?S With inCi?eaSing B, and the variations are compa]?abie

     Mhe eonclusion oÅí the present calculation is that the 'equi-
librium shape oÅí cdli6 is spherical aJLd that the anharmonicity

'-1'- f] X,' -`1(Mi )() i'ldetrt t; ( '1,' ;L { ,;:; . 't7n -- '7d ) .



      S5. Discussion

      Mhe calculation cax?ried out in the preceding section surpasses
                                                                     ' the past caZculations in that it uses the realistic nucleon-nucleon
              '
 interaction with natural radiai dependenee and exchange character-

 and at the same time allows for axtally.non--symmetric deÅío]?mation.
                                     ,      The main results oÅí the calculations made in Sects.5 and LF

may be summarized as follows:
                                                              '
 l) Mhe mode oÅí pairing vibration can be treated successfully in
                                                 '                                                       '                                                              ' the framework of the method developed in this paper in the case

 that the equUibrium values of the energy gaps are large. Other-

wise, the quasi-particle excitations, which are not included in
                                                                ' our BCS configurations, will be important.
                                                          '
 2) The equilibriun values of the energy gaps are mainiy determined

 as a result oÅí the competition of the kinetic energy and the

 particle-•particle interaction whereas the particle-hole• inter-
                                                                  ' action plays a negligible role. The dependence of the total energy

 on 'the gap parameters are very small. ,
                                                                   '                                                       '
 5) It is not onZy the particle-hole- but particZe-particie inter-

 action that gaines energy by guadrupoi.e deformation.
                                 IX6 4) The equUibrium shape oÅí Cd                                      is sphentcal and the calcu-
'

                       '                          ' lated energy surface is consistent with the energy spectrum. T4e

 deviations Åírom the phonon spectrum may be attributed to the

 y-dependent anharmonicity.
      Mhe core con$'i sting of all, nucleons in the lower orbits was

 assumed; to be spherically symmetric in Sec.i-. This is only an
'

                      ' assumption. Mhis •assumption is•oÅí course not realistic and in
                                    1,t the stbongly deÅíoimed nucleus tshis leads to to"o smail guadrmpole



moments. The problem oÅí how to treat the coi:e

is leÅít for the future.

     The preceding calculations were perform()d

the computdr HIMAC 5020E at the University o.Åí
time required' is about 5 minuites for each set

 more accurately

 by making use Of

Mokyo. Mhe'computing

 oÅí parameters.
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                           Appendix

                                                                '                                                                 '
    The rnethod developed to reduce the integral dornain of the EuLertan angies

is explained.

    Ciperating,a factor depending on Åë amg the three factors in RÅëex anto the

bra vectQr in eq. (2.32), the rnatrix M defined in (2.68) can be rermtten as

                                              '      IViolf(g•i';gSz)=-']ll Fag(g',Sz>GeE(s,s)), ' (A•z).

                                             '
where

      -F.g(sS x)s S.k <s; o,S ,x ), (A.2)•

      qgA (5;S)>E FIAf <8j -s?,o,o). (A.3)

Deilining a rnatrix M(i) by

                           X        CI)       Mofp<$•63' gSX)=":i: Fctg(8'; SX)G)gA (Sj.sp). A.4)

another kmd of the •density and patr matrices cannected ntth M(l) are introduced:

                                                  '       S)i)'(g,S3 9•S•Z)=[-{:.:'iill:lilMo)(s s., ybx> ].], , '' (A'5)

                                                                         '       Xg'"(S,g';5pDX)=['r:triilSE{;g;;g;'53ir,I sc"s,s.;Dx)FX(S'2'bX)!.A, .. (A•6)

       ')"•i:i<s•s';s,sz)=[G(s;g)-r:.liliili[Sli2iiliillllkii"ili(c\)'({il/LXS.)].h. (A•7)

                                                                '



It ean be easi]"r seen frcm the definitians of fctB, (2.28), that there axe re-

                      '
                                                       '                        '
    '

      GofAC8J 2rc'Y)"G(p (s; x-s,>nG} (s;y). (A•8)

      ]E"7 (sjS.2n-x)nEA(6;S,n-x)=Ffl(g;S,z), (A•9)

       '      F" (s; pt` .s,x) .. <.1)"'t"'"1 F.; (s; D,x>, (A.Io)

                                                   '
Using eqs. (A.8) ,v (A.10), the properties of M and M(1) are verdfied,

                                               '
      jVl.f(8,6'; 2tey. e,X)a 1"letp <8,8:' T-y, S, x>zn M` }X( s,s'; g. D,z), ' (A: U)

      Mctp(g,8'; 9, S. 2rc-X)= M,F<S,5;• Ep, S,z)= M".fi' (s, S3 g.b.x). (A.i2)

                                               '
                                                      'If we put eqs. (A.8) .v (A.12) into eqs. (2.70a) .v (2.70c) and (A.5).v (A.7),''

                                                  'then the foZlovtmg properties of the two kinds of density and patr rnatrices are

                               'veni,fied:,

                '                                                           '
       S?pte(S• S'; 2rc'-S?• S• C>" S?de (6•6'j ?t'9. S. )c> --• S? 'p'"<S,5'; SgSX), , (A• 13)

                   '

       iP,fr3-(i{.6'; Y, S. cic-X>=.S?.p (S,6'; g, S, rr- t) :.S G(s,s'; s?. s.z), (A•X4)

                                                            '                                   '
                     '       X.R(S•S',' 2tt"S?, S•N)"-- X.E8•SI' ?reY• ;SL•Z) " 7(:2'eX(S.5:' s}Sz)., ' '(A•i5)

       7?•7e (S,g'; S?. S. 2n-Z)a ?, C7e (S,g;' :?. &. Z- X)m X."),' (6r.S'; Sl S, )s) (A. L6)



       -       Xor2flCf.SC' 2rc'Ef?• e•ce>u iii.ps(S,s'; T-Lg, s.x) . 5?:>"(s. s.; y. s. z.). (A'i7)

                                                        '       kf,(6,83 tb, e. 2ir- t):i?.p (s.s;• g.}, 7r•- c). zJ"}(s.s.; y, s. x). ' (A• i8)

Hbs. (A.13) tv (A.18) a3e sufÅíicient to reduce the integi?al dornain of the vax'iables Åë

and x f)?om [O,2rt]to [O, g].' Here we defHne the second kix}d of the overiap and

                                                                   '                                                   '

                                                       .t
                                         '        vt" '( s,s'; gs z)= • Ni(s)N <s i) wKp [e 'r,{ iv,, "+ ",ta '(6,s1• gsx))}1 , (A. ig )

        k"'(s.s';gDx)s sil`i'(s,6';ysx>/tvrt"'cs,s';y,s.z) ' '

       za .Zp Ev •PJ] '( 6•S :' fP S'`'> +.Zp,s Vv2Bet [l• JÅí'i (s,6';spsz)Lf?i'} (s.s;`spex)+i n",)`,' }s.s:•yoz) ni`}(s.s:• yezli!iA • 20 )

                                                                   '

[[hpm, the projected kernels of the integral eq. (2.6S) is wrri.tten as

        Hr,,, <8,6') - EZ. N:,• <6,6') '

     •d- 2S7.r.c`'"bsds dEK•(e)[ g,"'e{tg) e`KYS]ldf x{(f}(s;s;g?&x>-E:.)•rt(6.6;• s)sx)eiK'X

                                                            '       +( ki"'(s,sl•ysc>-E=.)trL"(' s,6:' s)sx)e'iKft} -t: c.c.11 . ' (A.2i)

     [[hen we make the reduction concerrtmg the variabZe e. First, let us

prove the follcwtng equation,

                                          '
         M•tfs(S,6'; Y•1'S,'X.> =(et>""-"P IVi:i(S,s'; y. s,x). ("'22)

          '

Proof: From the definition the left-hand side of eq. (A.22) is wnitten as



         IVI.i(s,s'; g, dir,-s,z) t -;il F.sc6'; z-S, x)G}p (s;y),

         '
making use of eq. (A.10),

                                         -
                       . -.4<...t)"Yt""'} F.;(s'; }. x)Gl sp (s;g)

                                                '                               '
                                  •ct)                       . <-1 )e"•`'zaR lvl.p (s.s;• g, s.X),

                                          '           '.' wts+vnpza gven , llcrz •vavt-vwh} Gtrp .

[[hus eq. (A.22) is direQtly pr,oved.

    [Ehen it is easy to prove the reZati(m

                                          '                                                          ,           9.fi(s,s'; <s), iit-s,x> :<-s>"Nt""'P si?Se'<s,SJ fp,s. t). (A•23)

Proof: We expand the left-hand side of eq. (A.23) in a power s6ries,

                     co
        P.f( 5•5 :' 9• er-O• X) =,X. Si)nkZ,v., hM.qk<a•s;' g, tr-S.K> r"Skh,<S•S; Y,tr- e,Z) ••- Mk. p(s,51' y,tr-e.z )

                  '
then inserting the relatian (A.22) thto the right-band side,

                   '                 '                  '     .".7co.,<•--t)",Z."s.i.>""gt'wth"'"h""""""'taeIViitss,s1•gsx)M`i',(s,6;•y&z)•--M`,'Lp(s.s;•ysz)

                                '      .,.(.-t)'vvaot'MA ,s ?.1'(s,sfJyez)• .

                           '
                    '[[hias the proof is eompleted. We can prove the simlaa? relati(ms of the pair

rnatrtces in just the sarrR way,



        5iictA(6•,6'; S). T-iS,X)=<-hf)'"`"'"P va:)2, (s,s:•yex). (A•24)

                                                                      '
                                   '        xctp ((s,7s;• s?, tr"s. x) .,c...t)rna,t'")e ),/;,<,s,s:, s, sz). (.A. 2s)

                                                                    '

[[he last step is to prove the relations

         ]I3(E,st; sp, •7,,..{>,x>= k"'(8,6'; sl S,X). (A.26)

                                             '

                                                                          '        `n (8,6'; y?, vr-S,X>= OQ•" '( 6,5'; Sfr, Sr, C). (A.27)

                                                                        '                                                                      '

[[he prcof of the secand relatian is easy. We prove h.ere the firs9 ane. '

llt29tOtf8n Uasting eqS' (A'23) '" (A'25) the ieft-hand side of eq. (A.26) can be

     '         'Iilt (8, s'; sf. 'n,-S. z) =ZE.R Pi '(s, s'; s) s•z) (.. D`"'g-'"A

                   '       '
      -:7ii,jl, svofF ts [ s- (- Dr"A,t-tags?.ot}( s, 6 :• fe sx>c. o"1 -"si(Ap.i, )( s, E ;, sp {> z)

              +Z (s 1)"art""At >"'z',j '(s,s;• fbsx)<-o'"t""SK:}(s,6'; g, S. Z) .

                                                                 '
Sinee the rnatrix elements ectB and Vct3y6 canserve the Tnagnetic quantum number,

all the phase factors ,,appearing in the ]?ight-hand side disappear, and eq. (A.26)

is shown to be valid.
       ,
    All the prepar,atians are eompleted. [[he kerneZ in the integraL equaticm

becornes .

     [H:,,(s,s5 -•Er. Nr,,,<s,6'))= 2SIIA6ylN•sds(ai,,4s)v4,"(s)+(tidi•K•(S>vAK-kt(S)>, (,.2s)



where

A,,• (s> =--

S]tF`s?e`KEgsx,
[( k(s,s'; gsx>   r-En >n(6 5

';gsx) e` Kbe

+ ( k" '(s,s <
'
9SX)- Er

.
> ri'ks,6

'; sp E> x) (itK'X. ,.e.

1. (A.29)

[[he computatian Pime rnay be la rrgo ly reduced by using this method.
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                   Figure Captions

                                                            '
    Energy of the Zst excited state relative to the groundz.

    state is plotted against the pairi.ng Åíorce strength G
                                                      '    in eq.(5-i). Mhe solid curve is the repuit of the GCM,

    the dashed cureve is the one oÅí the exact caicuZation

    and the dash-dot curve is the one oÅí the iinearization

                                                      '
 2a-2g. nihe generating function, f(g), i.s plotted against

    g Åíor the value of G written in .the figures.
                                                            '
5. orhe kinetic energy part of eg.(4-2) in MeV versus the
                                              '    energy gaps at P=O. .' ,                                      '                                        t4. 'The particXe-particle interaction part oÅí ea..(4-2) in
                                            '    MeV versus the energy gaps at B=O.
                                                   '5. The particXe--hole interaction part oÅí eq.(4--2) in MeV

    versus the energy gaps at B=O.

6. The total energy of eq.(4-2) in MeV versus the energy

                                                      tt    gaps at B=O.

7a-7d. The energy surface$ are piotted as a function of
                                   be    P at each mesh of y, O',20 ,2"O and 6o".
                                .                                                   '
    The lowest one among the energies tabuiated in {Dable IXI

                                                   '    at each set of B and y are adopted. ,
                    ' 8-•iO. Plot of the kinetic energy pa'-"t, the particZe-

    particle interaction- and the particZe--hole interaction

    part.against B with y=O, ]?espectively.



Table X.

Mabie

TabXe

zx.

IZX e•

             Tabie Captions

Parameters of the interaction used in the calculation

of Sec.4. Mhe interaction is w]?itten as
                                         '   V " < Vw + Ve'Pr - VM'Pc'P"r '" VHrPz > V(r>,

   VCr>" expC- yZ/r.Z],

with obvious notations.

Parameters used in the construction of the intntnsic
                                    ,wave functions in Sec.4. K and p is o' f the same
                 ,meaning as in ref.50)e '
Results of the caicuiation carried out in Sec.4. The

colums B and y give t]Le values oÅí the deÅíormation

parameters at which the computation is performed. , •

:2Z.;gi Il•lli.g. fig..aXg.,gS ?•g;e.g22.gx:'r:2g ,Åí;gg,.e.gara'-

respectiveiy, which are used in the constTvtction of •

the intrinsic wave Åíunctions, and the columns 4 n •

and Ap give the corresponding energy gaps. The

COIums Ek, Eph} Epp gnd Et give the kinetic
ene)rgy-, the particle--hoie interactio]L--,' the particle-

particZe interaction part and the total energy in MeV,

respectively. .
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