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Introduction

A smooth function f on a compact smooth manifold M is called a Morse
function on M if the critical points of f are all non-degenerate. A Morse
function f on M is called a nice function on M if

Index of f at p = f(p) for any cirtical point p of f.

The existence of a nice function was proved by S. Smale and successfully used
by him in solving the Poincaré¢ conjecture (Smale [4]). For any Morse function
f on M, the Morse inequality:

Number of critical points of f> dim Hy(M, K)

holds for any coefficient field K. A Morse function f is called economical for
K if the equality holds in the above Morse inequality for K.

The purpose of the present note is to show that for a symmetric R-space
M (For the definition of an R-space, see Section 1.) we have a nice function
on M, which is also economical for Z,, by choosing a suitable spherical function
on M.

Recently A. Hattori constructed as follows a nice function on the Grassmann
manifold of m-subspaces of (m-+n)-space F™*” over F=R, C or the algebra H
of real quaternions: Let

xlj

Xy

x=|%  |eFm (1<j<m)

xm+nj.

be an orthonormal basis of an m-subspace x of F™*” with respect to the standard
metric > a;a@; of F™*", where a— & is the canonical involution of F. We put

liz\ﬁx,.jx,.]. (I1<i<m—+n).

j=1

Then Hattori’s nice function f is given by
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ﬂ@=w4§§ﬂrﬂ@%t9} d=dimgF.

The class of symmetric R-spaces includes the Grassmann manifolds and we
can confirm that our spherical functions for them are nothing but Hattori’s
nice functions.

In addition we shall show that for an R-space M we have another economical
Morse function on M for Z, by choosing a suitable length function on M de-
fined by means of an imbedding of M into a Euclidean space, which generalizes
length functions on classical groups constructed by S. Ramanujam [3] and is
essentially the same as our spherical function.

1. Spherical functions on R-spaces

We recall here the notion of R-spaces and some properties of them. Let
G be a connected semi-simple Lie group with finite center and g the Lie
algebra of G. An element Z of g is called real semi-simgle if adZ is a semi-
simple endomorphism of g whose eigenvalues are all real. For a real semi-
simple element Z of g, the sum n*(Z) of positive eigenspaces of adZ is a
nilpotent subalgebra of g. A subgroup U of G is called parabolic if there exists
a real semi-simple element Z of g such that U is the normalizer in G of n*(Z).
The quotient space M=G/U of a connected semi-simple Lie group G with finite
center modulo a parabolic subgroup U of G is called an R-space.

Let M=G/|U be an R-space and Z a real semi-simple element of the Lie
algebra g of G such that U is the normalizer in G of n*(Z). Let f bea maximal
compact subalgebra of g, which is perpendicular to Z with respect to the
Killing form (,) of g and g=f+p be the Cartan decomposition of g with
respect to £. 'Then the maximal compact subgroup K of G generated by f is
transitive on M=G/U (Takeuchi [5]). It follows that if we put K*=KN U,
we have M=K/K*. Moreover we have (Takeuchi [5])

(*) K* = {x€K ; AdxZ = Z} .
The smooth function fx on M=K/K* for X&) defined by
fx(x0) = (AdxZ, X)  for x€K

where o is the origin of M, is a spherical function on M=K|K * associated with
the representation (4d, p) of K.

Now we take a maximal abelian subalgebra §~ of p containing Z and
extend it to a Cartan subalgebra h of g. Let g¢ be the complexification of g
and o the complex conjugation of g¢ with respect to the real form g of gc. The
real part §, of the complexification h¢ of § is equal to \/—1H"+5~, where
ht*=phNt. The root system T of g, with respect to §¢ is identified with a subset
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of B, by means of the duality defined by the Killing form (, ) of gc. We intro-
duce a linear order > on b, in such a way that for any « =% we have

caax—a and >0 = ca>0,

a>0 = (a,Z)>0.

The Weyl group W of g¢ on f is a subgroup of the orthogonal group on §, with
respect to the Killing form of gc. For an element s of W we put

P, = {ast; a>0, s'a<0}.
We denote the cardinality $®,-1 of ®,-1 by n(s) and call it the index of s. We
put §,={a €¥%; (@, Z)=0} and define
W' = {s&eW; so = a5, D,NE, = ¢} .

Then for any element s of W' we can find an element a(s) of the normalizer
in K of §, such that Ad a(s)=son}, The element a(s)"'o of M does not depend
on the choice of a(s) so that we shall denote the element a(s) "o by s .

Now we take an element H of §~ such that (o, H)=%0 for any root a with
oa=£ —a. Then (Takeuchi-Kobayashi [6], Takeuchi [5]) s+— s "o gives a bijective
correspondence of W* to the set of critical points of fy. Moreover (Takeuchi
[5]) s7"0 is the “‘origin” of the n(s)-dimensional cell V' of the standard cellular

decomposition M= U V, of M, which is economical for Z, in the sense that
sew!

{V,; s€ W'} gives a basis of Hy(M, Z,).

Theorem 1. Let H, be an element of the negative Weyl chamber of 9~,
that is,

(a, H)<<0 for any positive root ot with oo+ —a.

Then the spherical function fy on M is a Morse function and for any element s of
W* we have

Index of fu, at s”'0 = Index n(s) of s.
Corollary. fy is an economical Morse function on M for Z,.
Proof. For X&f and s&€ W' we have
(X (57%0) = - (Ad (exp X a()") Z, H)l -
— (%(Ad exp tX) (5" Z) | 1o, H0> — ([X, sZ], H,)
= —(s'Z, [X, Hy)).

It follows that the Hessian J( of fy at s7'o is given by
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H(Xs ™, Vso) = (s"Z, [X, [V, H)J]) for X,Yet.

Now we want to find a basis of the tangent space M -1, of M at s™'o, convenient
for the computation of the quantity (s7'Z, [X, [Y, H,]]).

Let 7 be the anti-linear automorphism of g¢ such that 7|f=1 and 7|p=
—1. Then there exist root vectors {X,} of g with respect to b with [X,, X _,]
=—(2/(a, a))a and 7X,=X_,. For apositive root o with ca+ —a we define
S,etand T,ep as follows. If ca=a, S,=1+7X, T,=(1—7)X. Ifoca<a
and a+toa is not a root, S,=(14+7)1+0)X, Sp=1+™W—1(1—0)X,,
T,=1—7)(1+0)X,, T,,.=(1—"W—1(1—0)X,. If ca<a and a+oca is a
root, Sm=\/2_(1+‘f)(1+0)Xm Sw=\/2—(1+7)\/——1(1—<’)Xm Tw=\/7(1_7)
(14-0)X,, Too=v2 (1—7\/—1(1—0)X,. Let A denote the orthogonal pro-
jection to h~ of an element A of §),. Then we have (Takeuchi [5])

1) [H, S,)]=(a, H)T,, [H, T,]=(a, H)S, for HEY,

2) [Sa To]=#/(@, @)a,

3) a*B = ([Su Te, 5):{0}
On the other hand, f is spanned over R by the centralizer f, in f of §~ and {S,}.
But t,s'o=Ad a(s)"'f, 0=1{o} since Ad a(s)f,=¥, because of s§”=b~ and since

£, is contained in the Lie algebra of K*. It follows that the tangent space M-,
of M at s7%o is spanned over R by {S,s'o}. We have from 1), 2), and 3)

ﬂ(SmS—IO, SBS—IO) = (S—IZ, [San [SB’ HO]])
= —(8, H)(s7'Z, [Sa» T])
0 if a*pB

T M H) (7 0) if a—B.
@, a)

We note here that —4(a, H,)/(@, @&@)>0. Now we need the following lemma
giving the signature of (s7'Z, ).
Lemma 1. For a positive root o we have

1) ca+—a and (s'Z, a)<0
= (s7Z,a)<0
e ae P
2) cat+—a and (s'Z, a)>0
e (s7Z,a)>0
Proof of Lemma 1. Assume that ca=—a. Then (s7'Z, a)=(Z, sa)=
(¢Z, osa)=(Z, sca)=—(Z, sa)=—(s"'Z, a) so that (s7'Z, a)=0. Therefore
it suffices to show that
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(s7Z,a)<0 = sa<0.

If (s7'Z, a)<0, then (Z, sa)<<0. It follows from the choice of our linear order
on b, that sa¢<<0. Conversely if sa<<0, then —sa>0 and s (—sa)=—a<<0
so that —sa = ®,-1. But since ®,NT,=¢ because s is an element of W, we
have (s7'Z, a)=(sat, Z)#0. On the other hand we have (sa, Z)<0 from the
choice of the order again. Thus we have (s7'Z, a)<0.

From the above lemma we see that the negative space M ~;-1, of 4 is spanned
by {S,s '0; a =®,-1} and the positive space M *;-1, of K is spanned by {S,s '0;
a>0, (s'Z, a)>0}. But dim M=4#{ac¥t; (a, Z)<0}=#{acF; (s'Z, a)<0}
since the Lie algebra of U is the sum of non-negative eigenspaces of adZ on g
(Takeuchi [5]). It follows from Lemma 1 that dim M=#{a>0; (s'Z, a)<<0}
+#{a<0; (s7'Z, a) <0} =4 D,-1-+#{a>0; (s Z, a)>0}. Therefore the Hessian
4L is non-degenerate and the index of fy; at s”'o=dim M ~;-1,=# P,-1=the index
n(s) of s. q.e.d.

Remark. If X is a regular element of p, that is, there exists an element
k of K such that H,—=AdkX is an element of the negative Weyl chamber of 5.
then f is always an economical Morse function on M for Z,, since then fx(x0)=
fa(kxo) for k€ K. If M is the Grassmann manifold over C or H, the dimensional
consideration of cells yields that f for regular X is an economical Morse function
on M for any coefficient field.

2. Nice functions on symmetric R-spaces

Throughout this section we assume that the eigenvalues of adZ are 0, 1 and
—1. Then the inner automorphism exp ad 7/ —1Z of g¢ is involutive, leaves
f invariant and is extended to the automorphism 6 of K. Let K,={keK;
Ok=k}. Then K* lies between K, and the connected component of K, It
follows that M=K/K * is symmetric. Conversely, if M=G/U is an R-space such
that M=K/K* is symmetric, then U is determined by an element Z of g such
that eigenvalues of adZ are 0, 1 and —1 (Nagano [2]).

Lemma 2. (Takeuchi[5]) Let{a,, -, a;} be the fundamental root system
with respect to the linear order on Yy, we have chosen in Section 1. Then for any

element s of W* there exist fundamental roots ct;, +-, a;,,, such that
B nes) 27, so: 2
Z—sZ =3\ p:%iyy  Di, = (Z, saz,) _
k=1 (s s, (s, i)

Let B——:%Z a and §,=8. It is known that 2(3, «;)/(a;, a;)=1 for any

>0
7, thus we have (8, o)>0 for any positive root «. It follows that for any posi-

tive root @ with ca4—a we have (—3§,, a):_—(%(&—i—aa), a>=—%((8, a)
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+(3, o))<0 since ca>0. Therefore —3§, is an element of the negative Weyl
chamber of §~.

Theorem 2. Let M=G|U=K|K* be a symmetric R-space. Then

f= f_ﬁ% dim M
is a nice function on M.

Proof. Recalling that dim M=#{ac¥; (@, Z)<0}=#{a<¥; (o, Z)> 0}
and considering that (a, Z)=0 or 1 for any positive root «, we have (Z, §,)=
(Z, 8)27 > (Z, a)———% dim M. For an element s of W* we take an expression

>0

of Z—s'Z as in Lemma 2. 'Then we have

fis70)= (s'Z, —80)+%dim M
= —(sZ, 8)+(Z, 8) = (Z—s"'Z, §,)
— (Z—s5Z, 3)
. n(s) Z(ai,‘: 52 o

= =n(s).
k=1 (ai,’ ai,‘

It follows from Theorem 1 that f(s7'0) equals the index of f at s'0. q.e.d.

3. Length functions on R-spaces

Now we come back to a general R-space M=G|/U=K/K*. The group
K acts on p under the adjoint action as isometries of Euclidean space p with
respect to the Killing form (, ) of g. Owing to the equality (*) in Section 1,
we may identify M=K/K* with the K-orbit through Z in p. Then the
spherical function fx on M is nothing but the height function on M with respect
to the direction X €, that is,

x(Y)=(Y,X) for YeMcCy.
Now we consider the length function Ly on M from the point X of p defined by
Ly(Y)=(Y—-X,Y-X) for YeMCp.
Then we have
Lx(Y) = —2(X, Y)H(Y, Y)+(X, X) = —2f(V)+(Z, 2)+(X, X).

It follows from Section 1 that if H is an element of §~ such that (a, H)=0 for
any root & with ca==—a, then s+—s7'Z gives a bijective correspondence of W*
to the set of critical points of L.
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Theorem 3. If X is a regular element of p, then the length function Ly on
M is an economical Morse function for Z,. In particular if H, is an element of
the positive Weyl chamber of )™, that is,

(a, H) >0 for any positive root o with ca+ —a
then for any element s of W* we have
Index of Ly, at s7'Z = Index n(s) of s .

Proof. It follows from Remark in Section 1 and the above equality that Lx
is an economical Morse function for Z,. Moreover Theorem 1 implies the
second statement since —H, is an element of the negative Weyl chamber of ™.

The second statement may be derived as follows by means of the diagram
of the symmetric pair (g, ), which will give another proof of Theorem 1. The
classical Morse theory for geodesics yields that if s™'Z is a non-degenerate critical
point of Ly,

Index of Ly, at s7'Z = 3} &(t)

0<t<1

where () is the multiplicity of the point ¢H,+(1—#)s'Z if this is a focal point
relative to M along the transversal geodesic segment {TH,+(1—7)s"'Z; 0<7<1}
to M and 3(¢)=0 otherwise. On the other hand it is known (Bott-Samelson [1])
that Ly is a Morse function on M and

3(t) = #{a>0; ca+ —a, (a, tH+(1—1)s7'Z) = 0} .

But for a positive root a with s+ —a, the equation (o, tH,+(1—t)s'Z)=0
has a solution ¢ such that 0<<¢<C1 if and only if («, s7*Z)<<0. It follows from
Lemma 1 that 3} §(¢) equals the cardinality of ®,-1, that is, the index #(s) of s.
0<t<1
q.e.d.
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