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Introduction

The group ©” of homotopy m-spheres acts on the diffeomorphism classes
of manifolds by connected sum. What properties of the manifolds determine this
action? In the former part of this paper we give sufficient conditions for
manifolds to vary or not to vary with the action of ®”. The inertia group I(M)
of a closed manifold M™ is the subgroup of ® consisting of the elements 3,

such that M#Z=M. ([4], [5])

Theorem 1. Let M** be a closed m-manifold, n>3. If there exists a
manifold W*", bW=M, such that H (W, M)=0 for each k<n and the natural
map: w(M)—n, (W) is onto, then M3, can be imbedded in S*" if and only if
3=.S8%*""'. Hence particularly I(M)=0.

Theorem 2. Let 3™ be a homotopy sphere which bounds an (n—1)-
connected manifold W*", n>=3. If a closed simply connected manifold M** is
“resonant” with W*", then we have

sel(M).

The definition of the word ‘‘resonant” is given in §2.
In the latter part of the present paper we define the signature for some kind
of bounded manifolds (§3) and improve a theorem of Novikov [6, Theorem 5.2].

Theorem 4. Let M** be a closed simply connected manifold, n even>3.
Let f, g: S "% —>T¥uv) be two admissible maps in the sense of Novikov ([6]),
where T*(v) is the Thom complex of the normal bundle v* of M, k large. If
there is a homotopy F between f and g such that the signature of F is zero, then
the manifold f (M) is diffeomorphic to g (M) with degree+1.

Theorem 4 is used to define a homomorphism B: 7,,.x(T*), S¥)—
I(M*"-"). In the forthcoming paper we shall discuss the relation between the
image of B and the extensibility of “almost diffeomorphisms”.

Theorem 1 and Theorem 2 are proved by the technique of surgery. Lemma
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3.2 is fundamental for the proof of Theorem 4.

See W. Browder [2], A. Kosinski [5] for another investigations on the action
of 8™.

The author wishes to express his thanks to Professor M. Nakaoka for his
advices and also to Professor Y. Shikata for his encouragement.

0. Notations

In this paper all manifolds, with or without boundary, are to be compact,
oriented, connected, and differentiable of class C~. The boundary of M will
be denoted by bM. M,=M, will mean M, is diffeomorphic to M, by an orient-
ation preserving diffeomorphism. M, 4 M, will mean the connected sum of two
manifolds M, and M,. Let ®™ be the m-th homotopy sphere goup. (See [4].)
Define bP*" to be the subgroup of ®"* consisting of homotopy spheres which
bound 7z-manifolds (i.e., stably parallelizable manifolds). For a closed manifold
M™ the inertia group I(M™) is defined to be a subgroup of 8™ consisting of the
elements 3™ such that M™4#3™=M". Define I(M; bP) to be the subgroup of
©*"~'[bP*" consisting of classes {=} such that M #3=M #3' for some Z'&bP.
As usual 8™, D™ denote the ordinary m-sphere and the m-disk respectively.

1. Proof of Theorem 1

Let W, M*"~! be manifolds, 6W=M, and let ¢: S?X D**"'"?—M be an
imbedding. Then a new manifold W’ is formed from the disjoint sum WU
(D?**x D*™'~#) by identifying ¢(x, y)€M=>bW with (x, y)eS?X D" '"?=
bD?*'x D**7'~? and ‘“‘rounding the corners”. By definition M'=bW" is the
manifold obtained from M by the spherical modification X(¢) (See [4]). We
shall say that this modification is p-dimensional, dim X(¢)=p. Let i: MCW,
i: M'CW’ be the inclusion maps. Put M,=M—Int ¢(S?x D**"*~?), and
assume 7>3.

Lemma 1.

() If1<p<2n—3 and if iyx: n(M)—>n(W) is onto, then i': m,(M')—>=(W')
is also onto.

2) If1<p<n—2 and if H (W, M)=0 for k<n, then H (W', M")=0 for k<n.
(3) Let p=n—1. Let $|S™'x0 represent an element Nn€H, (M). If
i ANEH, (W) is free, then H (W)=H(W') for k=n—1. If N\ is primitive
in the sense that p-n=1 for some pcH, (M) and if H,_(M)—H,_ (W), then
H,_ (M) —H,_(W"). ~

Proof. (1) The general position arguments show that z,(W)— =(W’)
and =(M")—>n(M g D?**'x D*-#?"") are onto. 'There is a commutative diagram:
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(M) (W)

m(M") —— m(M YD?" X D7) — ().

Hence ¢': 7,(M')—>m(W’)is onto. (2) From the homology sequence of triple
(W, M, M,), we see that Hy(W, M)=H (W, M)=0 for k<n since H (M, M,)
=H(S?X(S"'"2, %))=0 for k<n if 1<p<n—2. Hence H (W', M,)—
H, (W', W) is one to one for k<n. Since there is a commutative diagram:

Hk(Dp-(-lXSZn—Z-—ﬁ, SpXSZﬂ-2—p) _,Hk(MI, Mo)
Hk(DP+1><D2n—1—P’ SpXDzn—x-p) _’Hk(W" W) ,

it follows that H(M’, M,)——H (W', W) for k<2n—2. From a commutative
diagram: -

le( W,» Mo)

~__ |

H W', W)

H(M', M)

we see that H(M', M)——H, (W', M) for k<n. It follows that H (W', M’)

=0 for k<n. (3) Let p=n—1. If i\ is free, then 8: H, (W', W)—H,_(W)
is one to one. Hence H,(W)—H,(W’) is onto. Since H(W’, W)=0 for i+n
we see that Hy(W)=H(W’) for k-=n—1. This proves the former part of (3).
There is a commutative diagram:

H(M", M) — H, (M) —> H,_(M’) —>0
@ |

HW', W) —> H, (W) —> H, (W) —>0.
Since A is primitive, it follows that H, (M)—H,_(M). (See [4, p. 516]).
Hence H, ,,_I(MO)T»H,,_I(W) by our assumption.~We see also that H (M', M)
——H,( W', W) a:in the proof of (2). Applying five lemma to (d) we see that
H:_I(M ’)—?Hn_l(W'). This completes the proof of Lemma 1.

DEerFINITION. A sequence of spherical modifications,

X$) . X&) X(.)

M=M,—> M, ———> M,— - M,,
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is admissible if the following conditions are satisfied:
i) M,ee™ .
(i) dim X(¢p;)<dim X(¢p;) for i< .
(iit) dim X(¢p;)<n—1 for each 1.
(iv) if dim X(¢;)=n—1, then {¢;| S*"*x 0} is primitive in H,_,(M;_)).
(v) if dim X(¢,)=n—1, then M,_, is (n—2)-conected.

Lemma 2.
(a) If M satisfies the assumption of Theorem 1, then there is at least one admissible
sequence of modifications.
(b) If M satisfies the assumption of Theorem 1, then any admissible sequence of
modifications always reduces M to S,

Proof of Lemma 2. (a) Let M satisfy the assumption of Theorem 1.
Since M is a z-manifold, M can be reduced to a (n—2)-connected z-manifold
M’ by a sequence of framed modifications. ([4]) By (1), (2) of Lemma 1 there
is a simply connected 2n-manifold W', bW'=M', such that H, (W', M')=0
for k<n. Then Hk(M')—:»H,,( W') for k<n—1, and so W’ is (n—2)-connected.

Applying the Poincaré duality theorem to (W', M’') one sees that H,_,(M’)
is free. Therefore we can reduce M’ to a homotopy sphere M” by killing
primitive elements of H,_,(M'). ([4, p. 516]) Since the sequence of modifica-
tions which is given in the proof of [4, Theorem 6.6] satisfies the conditions
(i1), (iii), the former part (a) is proved. (b) Let M satisfy the assumption of
Theorem 1. Let an admissible sequence of modifications,

Xb) o LX)

r

M= M,

be given. If dim X(¢,)<<n—2, then we see that H(W,, M,)=0 for k<n by
(2) of Lemma 1 and that =,(M,)—m,(W,) is onto by (1) of Lemma 2. Since
M,=0" by (i), we see that W, is n-connected. Hence W, is contractible
by the Poincaré duality. By the Smale theorem M,=bW,=S5*""'. Thus we
may assume that dim X(¢,)<<n—2 and dim X(¢;;,)=n—1 for some ¢. Then
M; is (n—2)-connected by (v) and H(W;, M;)=0 for k<n by (2) of Lemma 1.
Hence H(M;)——HW,) for k<n—1 and W; is (n—2)-connected. Applying

the Poincaré duality theorem to (W;, M;) one sees that H, (W;)=0. By (3) of
Lemma 1 and (iv), H (W))=H(W;4,) for k=n—1 and H,_ (M;,)—H,_,

(W;4+:). Thus we see that W, is (n—2)-connected, H ,(W;,,)=0and H,_,(M,.,)
——H,_ (W,,). Since dim X(¢;;,)=dim X(¢;,,)= -+ =dim X(¢,)=n—1 by

(ii), (iii), we see that W, is (n—2)-connected, H,(W,)=0 and H,_ ,(M,)—
H,_ (W,) by (3) of Lemma 1 and (iv). Hence W, is n-connected by (i). By
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the Poincaré duality and the Smale theorem we see that M,=bW,=S*""".
This completes the proof of Lemma 2.

Lemma 3.

(¢) If M satisfies the assumption of Theorem 1 and M43, is a submanifold of
S®", then there is at least one admissible sequence of modifications by which M43,
is reduced to S*"'.

(d) If M is reduced to S*"~* by an admissible sequence of modifications, then M 3%
can be reduced to X by some admissible sequence of modifications.

Proof of Lemma 3. (c) Note that there is a topological manifold W, bW =
M43, such that H(W, M4 3)=0 for each i<# and the natural map: z,(M#3)
—m(W) is onto. Lemma 1 is valid for this topological pair (W, M43). By
“exchanging halndles” M is reduced to M’ which is an (7n—2)-connected
submanifold of S*" ([1]). As in the proof of Lemma 2 we see that H,_,(M’)
is free. Hence M’ is reduced to a homotopy sphere M” by killing primitive
elements of H,_,(M’). Since M"CS*", it follows that M"=.S*""" by the Smale
theorem. This completes the proof of (c). The latter part (d) is trivial.

Theorem 1. Let M*"* be a closed m-manifold, n>>3. Assume there exists
a manifold W*, bW=M, such that H,(W, M)=0 for each k<n and the natural
map: w(M)—=>n, (W) is onto. Then M43, can be imbedded in S* if and only
z:f‘ 2:S2ﬂ—1'

Proof. From (a), (b) if follows that M, W can be imbedded in S*. If
M#3 CS*, then it follows from (c), (d) and (b) that Z*"—'=S*""",

Corollary. Let M*"' satisfy the assumption of Theorem 1. Let D**~* be
an imbedded disk in M*™', Any orientation preserving diffeomorphism of M-
Int D can be extended to a diffeomorphism of M.

Proof. It is an easy consequence of the well-known isomorphism @"=
Dift +(S™~1)/e* Diff *(D™).

ReMARK. There ‘exists a manifold M**~' with I(M)=0 such that M satis-
fies all the conditions of Theorem 1 except that H, (W, M)=40. See Remark 1
in §2.

ExampLe. Let N”7' be a closed manifold imbedded in R*, n>>3. Then
the closed tubular neighbourhood of N is a manifold W** with boundary. It
is easily verified that the closed manifold 6= M?*"~" satisfies the conditions of
Theorem 1.

2. Proof of Theorem 2

Let M*"~" be a closed manifold and let W*” be an (n—1)-connected manifold
whose boundary is a homotopy sphere.
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DEerFINITION. M is resonant with W if there is a basis {A;, -*+, N,y gy **7,
.y of the free group H,(W) such that the following conditions are satisfied:

(1) 7\,,-'7\1-=0, 7\;,"[1:]-:8;,‘

for all 7, j (where 3, ; denotes a Kronecker delta, and a dot - denotes the intersection
number).

(2) there are imbeddings ¢;: S"—W, and +r;: S"->M X I such that
¢; represents the homology class A, H (W) and
(pa)Fc(¥:)=0Em,(SO(n))
for all z, where ¢(¢;), c(y;) denote the characteristic classes of the normal
bundles of ¢;, ;.

DEerFINITION.  An (n—1)-connected 2zn-manifold W with a homotopy sphere
boundary is elementary if H, (W)=Z@Z and in the case n even the signature
of W*"is zero. Then it is known that there is a basis {\, u} of H,(W) satisfying
the condition A-p=1, A-A=0. [4, p. 529]

Proposition 2.1. Let W*" be elementary with a basis {\, u} such that x- p=1,
AA=0. Let ¢: S"—>W?" be an imbedding which is a representative of \. Let
M?*"* be a simply connected closed manifold, n>3. If there is an imbedding
Yr: "M X I such that c(¢p)+c(y)=0€x,_(SO(n)), then bW €I(M).

Proof. Let N*” be a manifold obtained by the connected sum along the
boundary of W and M X I (using M x0). Then the boundary of N is M,U
—M,, where M,=M4#bW, M,=M. Using ¢ and 4» we can construct a new
imbedding ®: S"—N with trivial normal bundle, since ¢(¢)+¢(yr)=0. Then
@ represents an element x € H,(N, M,) such that x=i,\, where i: WC(N, M,).
Let &: S"XD"—>N be an imbedding which is an extension of ®. Let N’ be
the new manifold obtained by X(®).

Assertion 1. Hy(N', M,)=0 for i<n—2,
2. H, ,(N',M,)=0 and H,(N’, M,)=0, a=1,2.

Proof of 1. Let Ny=N-Int &(S”x D")=N"-Int &'(D"**'x S"""). Consider
the diagram:
!
- Hi(No» M1) g Hi(N, MI) - Hi(N) No) - Hi-l(NO) Ml) -

H;‘(N/; M1)
!

Hi(N/: NO)

H;_ (N, M,)
!
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where the horizontal line is the homology exact sequence of the triple {N, N,, M}
and the vertical line is the one of the triple {N’, N,, M,}. Since H(N’, N))=
Hy(D"*'x 8", §"x8"") and H(N, N))=H(S"x D", S"x S"), we see that
Hy(Ny, My)——H{N', M,) for i<n—1 and that Hy(N,, M,)—>HN, M,) for
i<n—2. Since H (N, M,)=H(W, ¥*)=0 for i<n—1, it is proved that H(N', M,)
=0 for i<n—2. Similarly H(N', M,)=0 for i<n—2.

Proof of 2. Consider the diagram:
T Jx Ex ny n QR QA-1
H(W)— H,(N, M,) — H, (N, N,)«— H,(S"xXD", S"xS"")=Z

where j is the inclusion (N, M,)C(N, N,) and e is the excision map. We see
that ey'ojyoix(A)=0 and ex'ojyoiy(n)=1 since A+A=0 and A-p=1. Hence
H, (N, M,)-~H,(N, N,) is onto. Since H,_,(N, M,)=0, we have H,_(N,, M,)
=0. From the above vertical sequence it follows that H,_,(N’, M,)=0. In the
case i=n, the above diagram is

/
H, (N, N) <2 H, (D" x 8™, §"x §") = Z
) k~ n
0 —> H(Noy M) —*> HN, M) >3z 0

H, (N', M)

0.

We see that kyodoel(l)=x=iy\. Since H, (N, M,)=Z@Z has the basis
{14\, ixu}, the map 9 is onto. Hence H,(N’, M,)=0. Similarly H,_(N', M,)
=0, H,(N', M,)=0. This completes the proof of Assertion. By the Poincaré
duality theorem we see that H/(N', M,)=0 for all 7, a=1,2. The general
position arguments show that N’ is simply connected. By the A-cobordism
theorem we see that M,=M,, i.e., M4bW=DM. This completes the proof of
Proposition 2.1.

Lemma 2. Let H be a free abelian group of rank 2r. Let ® be a symmetric
or skew-symmetric bilinear form over H. Assume that there is a basis {\,, -+, \,,
By s Wt Such that ®(n;, n))=0, ®(\;, p;)=38;;, i, j=1, <=, r. Then we can
choose a new basis {x,, Y1, %5, Y,y ***, X,, V,} Which satisfies the conditions;

D(x;, x;) =0, D(x;, y,) = 8;5,
D(y;, ¥;) =0 if ij, and x;=N\; for i, j=1, -+, 7r.
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Proof. Define x;, y; inductively by x,=2\,, y,=p,, and
i-1
X =Ny Yy = p;F k};} D( Yoy 1) Xp

where —(+) is used in the symmetric (skew-symmetric) case. Then the
condition is satisfied.

Proposition 2.2. Let W be an (n— 1)-connected 2n-manifold with a homotopy
sphere boundary, n>3. Assume that the signature of W is zero in the case n even.
Then there are elementary manifolds W,, -, W, such that W=W, 3 ---#W,,
where 2r is the rank of H, (W) and 3 denotes the connected sum along the boundary.

Proof. Since H,(W)=H is a free abelian group of rank 27, and the inter-
section number matrix has determinant + 1 by the Poincaré duality theorem,
we see that the matrix of intersection numbers, with respect to a suitable basis,
is a direct sum of matrices of the form

0 1

it o)
by Lemma 2 ([4, p. 529].). Hence Corollary 2 is a direct consequence of Wall
[7, Lemma 4]. This completes the proof of Proposition 2.2.

From Proposition 2.1 and Proposition 2.2 we obtain the following result
which is slightly sharper than the statement in the introduction.

Theorem 2. Let 3**°' be a homotopy sphere which bounds an (n—1)-
connected 2n-manifold W, n=3. If a closed simply connected manifold M***
is resonant with W, then bW,, bW,, ---, bW, I(M), and so especially bW e I(M),
where {W} is a suitable elementary decomposition.

Remark 1. (E. H. Brown and B. Steer [3]) Let = be the (4k+-1)-dimen-
sional Kervaire sphere. Here we assume that bP***=2Z, It is known that
there is 2k-connected manifold W*+* bW=73.,, which has following properties:

(i) Hyn(W)=ZDZ with a basis {\, u}.

(ii) there is an imbedding ¢: S***'— W which represents \.

(i)  c(¢) is equal to the characteristic class ¢(7(S*"')) of the tangent

bundle of S****.
On the other hand V,.,,, the tangent sphere bundle to S***, satisfies the con-
dition that there is an imbedding +r: S**'—V,, ., , X I with ¢(y)=—c(r(S*)),
since the tangent disk bundle to S**** has a nowhere zero cross-section(2k--1;
odd!). Hence the hypothesis of Proposition 2.1 is satisfied. Thus Z<I(V).

Remark 2. For each elementary (n—1)-connected manifold W?" we have
always the manifolds M*"~* such that bW e I(M). For example, if W*" satisfies



AcCTION OF 62"-1 155

the hypothesis of Proposition 2.1, there is x&x,_,(SO(n—1)) such that iyx=
—c(¢), because A-A=0 ([7, Lemma 2]). Let B be the (n—1)-disk bundle
over S” with the characteristic class x. Let B,, B, be two copies of the manifold
B, Form M~ by identifying bB, with bB, in the disjoint sum B, U —B,.
Then clearly M is resonant with W, hence bW e I(M).

3. The relative signature

Let n be even. Let N*” be a 2n-manifold with bAN=M, U —M,. Suppose
there exist continuous maps 7,: N—M,, a=1,2, such that

a) the map 7,04, is homotopic to the identity map of M, where i, is the
inclusion map: M,CN, a=1,2,

b) there exists an orientation preserving homotopy equivalence z: M,—M,
such that the map %or, is homotopic to the map 7,.

Lemma 3.1. Let j,: NC(N, M,), k,: (N, M,)C(N, M,UM,) be the
inclusion maps. Let G=Z or G=R. Then

(1) 2,*: H¥(N; G)—=H*(M,; G) is onto,
(2) ju*: H¥(N, M,; G)—=H*(N; G) is injective,
(3) k,*: H¥(N, M,UM,; G)—=H*(N, M,; G) is onto,
(4) Imj*=Imj*cC H*¥(N; G), Ker i,*=Ker i,* CH*(N; G) and
(5) the following diagram is commutative :

,*

H*(N; G) —— H*(M,; G)
B*
W M, G)

Proof. By a) we have the split exact sequences:

0 — Hy(M,; G) —> Hy(N; G) — H4(N, M,; G) = 0,

(3.1) ¥ i*
0 — H*(N, M,; G) =" H*(N; G) —— H*(M,; G) > 0.

Applying the Poincaré duality theorem to (3.1)4, we see that &,* is onto. From
the commutative diagram:

H*(N, M,UM,; G)

‘/k/ &*
H*(N, M,; G) H*(N, M.; G)

i Ja
H*(N; G),
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it follows that Im j,*=Imj,*. By (3.1)* we see Ker{,*=Kers,*. Thus (1)~
(4) are proved. Since Z*or,*=id, we see r,*oi,*x—xe=Ker ;,*=Ker i,* for
xH*(N; G). Hence i*or,*oi,*x—i*x=0. Since r,*=r*oh* it follows
h*o1,* x=i,*x. 'This completes the proof of Lemma 3.1.

Now we may define a homomorphism »: H*(N, M,; G)—~H*(N, M,; G)
by the relation vok*=k,*. By (2) and (3), we see that the map » is well-
defined and an isomorphism. Define a symmetric bilinear form

¢: H*(N, M,; RYQH"*(N, M,; R) > R
by the formula
P(x, y) = <zUw(y), [N, M,UM,]>,

where [N, M\UM,]eH,, (N, M,UM,) is the fundamental class of the mani-
fold NV.

DEerFINITION. The relative signature of N is the signature of the bilinear

form ¢.

Let p be an orientation preserving homeomorphism: M,—M,. Then an
oriented topological manifold W?*" is formed from the disjoint sum NU M, x [
by identifying (x, 0)e M, x I with x&M,CN and (x, 1) with p(x)EM,CN.

" Now we can state a fundamental lemma to prove Theorem 4.

Lemma 3.2. The signature of the manifold W is equal to the signature of
the bilinear form ¢.

Proof of Lemma 3.2. Consider the Mayer-Vietoris sequence in cohomo-
logy for the couple {N, M, x I}, where N, M, x I are considered the subspaces
of W: :

— H/Y(N)PH (M, xI)—H/"\(M,UM,)—H{(W)—H/(NYOH (M, xI)—

Identifying H*(M,xI) with H*(M,) by the inclusion: M,—M,x0, and
H*(M, U M,) with H*(M,)® H*(M,), the above sequence becomes:

(3.2) — H/7Y(N)QH™(M,) —i» H-(M,)H’'~(M,) _/_A_) Hi(W)
— H{(NYQHI(M,) —> -,
where
4(x, y) = (i*x—y, L*x—(p7)*y) EH*(M)DH*(M,)
for
(x, y) EHHN)OH*(M,) -
We denote by X the kernel of the restriction:

H"(W; R) - H*(M,; R).
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Considering (3.2) with real coeflicients, we see that (Im A)"cX. We put
B=(Im A)*. Leti: Wc(W, M,xI), j: NCW be the inclusion maps. Since
Im *=X, we may define the linear map

p: X — HN, M,; R)

so that the following diagram is commutative:
i
H"(W, M,xI; R) ——>
e* =~
7
(3.3)  HYN, M’M,; R) J*1X

k¥ i
H*(N, M,; R)———> H"(N; R),
where e is the excision map. From (2) of Lemma 3.1, we see that the map
w is well-defined and Ker p=Ker (j*|X). From the exactness of (3.2) it

follows Ker p=B. Since p is onto by (3) of Lemma 3.1, there is a subspace
A of H*(W; R) such that

w|lA: A— H"(N, M,; R)
is the isomorphism and X=A4@B. Let C be a subspace of H*(W; R) such that
H*"(W; R)=X®C.

Assertion. (1) <{xUy, [W]> = ¢(u(x), u(y)) for x, yeA,
(2) <xUy, [W]>=0 for x€B, yeX,
(3) dim B = dim C,

where [W]eH,,(W) is the fundamental class of W.
Proof. Using (3.3) we see that for x, ye X

lxUy, [W]> = G*x" Uiy’ [W]>  (i*; onto)
= {e*x'Ue*y’, [N, M,UM,]>
= {k*e*x' Uk*e*y’, [N, M,UM,]> (naturality)
= {u(x)Uvou(y), [N, M,UM,]> (definitions of y, v)
= (u(x), 1(y)) -

Hence (1) is proved. Since B=XKer p, we have (2).
(3) By (3.2) we see that

dim H*(W; R) = dim B+dim (Ker ¢)",
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dim (Ker ¢)* = dim H*(N; R)+dim H*(M,; R)—dim (Im ¢)” and
dim B = 2 dim H"(M,; R)—dim (Im ¢)"*.
The Poincaré duality theorem implies that
dim H*'(M,; R) = dim H*(M,; R) .
From (3.1)* it follows
dim 4 = dim H*(N, M,; R) = dim H"(N; R)—dim H"*(M,; R) .
Using these formulas we have
34 dim B—dim C = dim (Im ¢)"—dim (Im ¢)"~".

Define
¢': H¥(M,; RY®H*(M,; R) — H*(M,; R)YOH*(M,; R)
by
0'(x, y) = (=, (k7)*x—(p™)*y), (x, ) EH*(M,; RYDH*(M;; R),
where 427" denotes the homotopy inverse of #. From (5) of Lemma 3.1 it follows
that the diagram:

’

4 .
H*(M,; RY®H*(M,; R) ——> H*(M,; R)YDH*(M,; R)

lixeid //ﬁ//a
H*(N; R)Y®H*(M,; R)
is commutative. By (1) of Lemma 3.1 we see that Im¢’'=Im¢. Hence dim (Im
g)*=dim (Im £'y*. By (3.4) we have
dim B—dim C = dim (Im ¢')"—dim (Im ¢")*"*.

In order to prove dim (Im¢’)"=dim (Im¢’)"~?, we need the following diagrams:

hop)*
™5 R) ) H*(M,; R)
K K
Hom (H,_,(M,; R), R " Hom (H,_(M,; R), R),
(o (M5 R, B) gy Hom (Ho (M R), R
3.5
) o (7o), |
H, (M; Ry ——— H,_,(M,; R)
4 T
HP(M,; R) «————— HY(M,; R),

(hop)*
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where « is the isomorphism defined by Kronecker product, = is the isomorphism
of Poincaré duality. The upper square is commutative by the naturality and the
lower square is commutative since A 'op is degree +1. Let E"*, E" be the
subspaces of H""(M,; R), H*(M,; R) corresponding to the eigenvalue 1 of
(h™*op)*: H¥(M,; R)—~H*(M,; R). From (3.5) it follows that dim E"7'=
dim E”. Since (Ker ¢')"'=E”*" and (Ker ¢')"=E", we see that dim (Ker¢')*™*
=dim (Ker 4’)". Hence dim (Im ¢£')""" is equal to dim (Im ¢’)*. This com-
pletes the proof of Assertion. Lemma 3.2 is a direct consequence of Assertion
and the following lemma.

Lemma 3.3. Let © be a real symmetric non-degenerate bilinear form over
V a real finite dimensional vector space. Let A, B, C be the subspaces of V such
that V is isomorphic to the direct sum AGB®C. If P(x, y)=0 for x€B, ye A
DB and dim B=dim C, then the signature of the form ® is equal to the one of the
form ®| A the restriction of @ to A.

Proof. We can prove the lemma if we note the following facts.

1) Let {5}, {c;} be the basis of B, C. Then the matrix (®(b;, c;)) is non-
singular.

2) If a symmetric non-degenerate bilinear form ¥ over D@E, dim D=
dim E<C oo, satisfies the condition ¥(x, y)=0 for x, y= D, then the signature of
¥ is zero.

4. A homomorphism 3

In this section it is assumed that M**~* is a closed simply connected manifold
with a base point b, n>>3. Denote by »* the normal bundle of M, k large.
Denote by T*(») and S* the Thom complexes of »* and the fibre over b respec-
tively. Hence S*C T*®).

Lemma 4.1. For a map h: (D****, S*™"**— (T*v), S¥) we can find a

new map
B': (DPk, SRy s (TH), S

such that

a) the map h' is homotopic to the map h,

b) the map h'| D***: D**** T 1) is t-regular over M,

c) the map h'|S*" 1k Sk Sk is t-regular over b,

d) the manifold

(hl l Szn—1+k)—1(b)
is a homotopy (2n—1)-sphere.

Proof. We can easily find a map A" satisfying the conditions a), b) c).
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From [4, Theorem 6.6] it follows that 4" can be deformed to a map A’ satisfying
all the conditions. The following lemma is clear.

Lemma 4.2. Suppose two maps h, h': (D%, S*"7'*¥) — (T*w), S*)
satisfy the conditions a)~d). Then

(hlszn—1+k)—1(b) — (hllszn—l+k)—1(b):#:2
for some 3. cbP™.

Define a map
B': i (TH(), S*) — &' [bP?"
by
Br(x) — {(h I S2n—1+k)—1(b)} E@zn—l/bpzn

for x and the representative % satisfying a)~d). Then it follows from Lemma
4.2 that B’ is well-defined and a homomorphism.

Proposition 4.1. Im B'CI(M; bP).

Proof. For xEm,,.(T*), S¥), let h be the representative of x satisfying
the conditions a)~d). Put

(N, bN) = (M x I, M x 1)4(h~ (M), (k| S™"+*)7(B)) ,

where # denotes the connected sum along the boundary. Then there is an
imbedding
F: N— Stk [
such that
1) F(Mx0)=F(N)nS*+#x0,
2) F(Mx 14(h| S7+9)7(B) = F(N) N S+ 1, .
3) the manifold F(N) orthogonally approaches the boundaries S**~"+¥x I.

By the Pontrjagin-Thom construction we have a map
F: Sk I — THk®@)
such that
1) F, F(8*'+kx [ are t-regular over M,
2) (Fy)'(M)=Mx0 and the map F, induces the homotopy equivalence:
(Fo) (M) — M,

3) (F)(M)=Mx14(k|S***¥)"(b) and the map F, induces the homo-
topy equivalence:

(F)(M)— M,
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where F(x)=F(x, t) for (x, t)S**'**x I. From the following theorem of
Novikov we see that

Mx0=Mx14(h| S +F)(b)H%=
for some S bP?*. This proves that 8'(x)eI(M; bP).

Theorem (Novikov [6, Theorem 5.2]). Let two maps f and g: S '*F—
T*(v) be t-regular over M. Suppose the maps

fIf7M): f7(M) —> M and
glg(M): g"(M)—>M

are the homotopy equivalences. If f and g are homotopic, then we have

(M) = g7 (M)#=
for some S bP™".
Let n be even. Suppose a map F: S*~'*#x [—T¥#(v) satisfies the following
conditions:

1) Fand F|S*'*¢x [ are t-regular over M,
2) F|S*™'*kxiinduces the homotopy equivalence:

(F| S7=1+kx )=(M) — M

for 7=0,1. Then it is easily verified that the manifold F~'(M) satisfies the
conditions a), b) in §3.

DrriNiTION.  The signature of F is the relative signature of the manifold
F~(M).

Theorem 4. Let n be even. Let f, g be as in the theorem of Novikov. If
there is a homotopy F between f and g such that the signature of F is zero, then we
have

F) = g7(M).

Proof. Recall the proof of the original theorem of Novikov [6, p. 304].
When we reconstruct the map F by the means of spherical modifications to kill
the groups Hy(F (M), f(M)), Hx«(F (M), g7'(M)), the relative signature of
F~(M) is invariant by Lemma 3.2, since the signature of closed topological
manifolds is invariant under the spherical modifications. Therefore the last
obstruction for A-cobordism is the relative signature of F (M), which is zero
by the assumption. Hence we see that f~(M)=g (M). This completes the
proof of Theorem 4.

We also see that the relative signature of F~'(M) is divisible by 8 when we
do not assume the triviality of the signature of the homotopy F. This proves
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Proposition 4.2. Let n be even. The signature of any homotopy F between
f and g in the theorem of Novikov is always divisible by 8.

Lemma 4.3. Let n be even. For xEn,, (T*1v), S¥) there exists a map
h: (DPE, S14ky o (TH), S¥)
such that

(1) & represents the element x,
(2) & satisfies the conditions b), c), d) in Lemma 4.1,
(3) the signature of the manifold h™'(M) is zero.

Proof. By Lemma 4.1 we can find a map %’ satisfying the conditions (1),
(2). Construct the map F as in the proof of Proposition 4.1.  From Proposition
4.2 it follows that the signature of the homotopy F is divisible by 8. Clearly the
signature of F is equal to the signature of the manifold (2")"(#). Hence we
see that the signature of (A’)7(M) is divisible by 8. It is known that for any
number o=0 (mod 8) there exists a homotopy sphere 3 which bounds a
z-manifold W with the signature o ([4]). Using this manifold W, we can
deform the map 4’ to the map % which satisfies the conditions (1), (2), (3). This
completes the proof of Lemma 4.3.

Lemma 4.4. If h and h’ are two maps satisfying the conditions (1), (2), (3)
in Lemma 4.3. Then we have

(hISZn—1+k)—1(b) — (hl ’ Szn-—1+k)—1(b) .

Proof. Let H be the homotopy between % and 2. We may assume that
the maps H and H|S*""'*#x I are t-regular over M and b respectively. Then
the manifold H (M) has the boundary

(F)(M)UH[S*THEXD)TH(B)U —(R) (M) -

Since the signature of boundaries is zero, we see that the signature of the
manifold (H|S**~**#x I)7'(b) is zero by the condition (3). Since (H|S*"*#¥x
I)7'(b) is a z-manifold which boundaries are the disjoint sum

(hl l Szn—1+k)—1(b) U __(h ’ S2n—1+lz)—1(b) ,
it follows from [4, Theorem 7.5] that
(h/ISZn—1+k)-l(b) — (hlszn—u_k)—l(b) .

This completes the proof of Lemma 4.4.
Now we can define a homomorphism

B: o THw), S*) - @



by
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B(x) = (k| S4B,

where x, & are as in Lemma 4.3 and nis even. From the proof of Proposition 4.1
and Theorem 4 it follows

(1]
(2]

[3]
(4]
(3]
[6]

(71

Proposition 4.3. Im BCI(M).
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